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Abstract 

Computational thermodynamic, also known as the Calphad method, is a standard 
tool in industry for the development of materials and improving processes and 
there is an intense scientific development of new models and databases. The 
calculations are based on thermodynamic models of the Gibbs energy for each 
phase as a function of temperature, pressure and constitution. Model parameters 
are stored in databases that are developed in an international scientific 
collaboration. In this way, consistent and reliable data for many properties like 
heat capacity, chemical potentials, solubilities etc. can be obtained for multi-
component systems. A brief introduction to this technique is given here and 
references to more extensive documentation are provided. 

Introduction 

This text intends to introduce the Calphad method used to model thermodynamics for 
multicomponent systems. The implications when it concerns dealing with many 
components and phases with strong deviations from ideality will be clarified. For an 
extended text please refer to Saunders [15], Hillert [6] or Lukas et al. [10]. 

The most important implication of thermodynamics is the second law, which defines 
the equilibrium state of a system. Thermodynamics gives relations between many 
observable properties like temperature, volume and heat. Some of these properties are 
also state variables, i.e., they are independent how the system reached its current state. 
With models how these state variables depend on temperature, pressure and composition, 
using experimental and theoretical data for a system, one can assess parameters which 
make it possible to calculate how a multi-component system will behave when changing 
different external variables. Such calculations are in principle only valid at the equilibrium 
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state but, as will be explained below, with a consistent thermodynamic modelling one can 
extrapolate the thermodynamic state variables and properties also very far from the 
equilibrium state. 

Some important relations 

In the basic thermodynamics, we learned that many observables, like temperature T, 
pressure P and volume V, are also variables of the state of the system, i.e., they are 
independent how that state was reached. 

We then introduced several additional state variables (or functions) that are not 
observables but define important relations between them. The state variable mostly used 
for thermodynamic modelling is the Gibbs energy, G which is a function of temperature 
T, pressure P and the amount of the components of the system iN , where i specifies the 
component. 

),,( iNPTGG =      (1) 

The Gibbs energy G  has a minimum, i.e., 0=dG , at the equilibrium of a system kept 
at constant T, P and amount of components iN  and we express dG as: 
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Partial derivatives are an important part of thermodynamics and from the derivation 
of the Gibbs energy we know that: 
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where S is the entropy and iµ the chemical potential of component i . 

In order to model the thermodynamic properties of a system, we must consider that 
all thermodynamic systems consist of several phases and each phase must be modelled 
separately. As the Gibbs energy is an extensive property, we can formulate it also as a sum 
of the contributions from all stable phases: 

( )αα

α

α
im xPTGNG ,,∑=     (6) 

where αN is the number of moles of components in phase α per mole formula unit of 
the phase and α

mG  is the molar Gibbs energy of the phase. The molar Gibbs energy 

depends on T, P and the mole fractions of the components of the phase, α
ix . The total 

amount of each component is also obtained by summing over all phases: 
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The sum of mole fractions is unity both in each phase and for the whole system as we 
have: 
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The separation of the Gibbs energy into the sum over all stable phases is important as 
it makes it possible to model each phase separately.  

The chemical potential of a component was defined above as: 
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For an expression of the molar Gibbs energy, we can convert this to: 
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The difference is due to the fact that the molar Gibbs energy is for a system with fixed 
size and the ix are not independent as their sum is unity. 

When we use this equation for a component i of a single phase, we will call it a partial 
Gibbs energy and denote it iG . At equilibrium, the partial Gibbs energy for the 
components must be the same in all stable phases and equal to the chemical potentials of 
the components.  

Modelling the molar Gibbs energy 

In this section, the basic techniques to model the molar Gibbs energy of a phase 
depending on its structure will be explained. Advanced topics such as magnetic 
contributions and short-range ordering are found in the references. 

In the models, the Gibbs energy for a phase normally extends all the way to the pure 
elements even if the element is not stable for that particular phase. Estimates of the 
relative stability of such phases, known as “lattice stabilities” are very important in the 
modelling. Also for stable phases, like the liquid, extrapolations of the Gibbs energy to 
temperatures where the phase is not stable are important. 

The configurational entropy is very important especially at dilute solutions or for 
systems with strong short order (sro). In Calphad, a simple ideal mixing of the 
constituents on the different types of sites in the phase is used in most cases. This has 
been one of the main criticisms of the Calphad technique for long time but for systems 
with 10-15 components the Calphad models are the only realistic method due to other 
uncertainties in the modelling. With better data and faster computers in the future more 
elaborate configurational entropy expressions may become more common. 
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Based on these estimates, the Calphad technique has an assessment procedure to fit 
the model parameters for the Gibbs energies for the phases in a system to experimental 
data on chemical potentials, enthalpies of mixing and transformation, heat capacities, etc. 
recalculating the same data from the model with varying the parameters to minimise the 
difference. 

Modelling the gas phase 
The Gibbs energy of formation of each gas molecule j as a function of T and relative to 
some reference states (SER) of the elements i in the molecule (usually the stable state at 
298.15 K and 1 bar) is denoted )(TGj

° : 

)15.298()( ∑−=°

k
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ijijj HbGTG    (11) 

where jib  is the stoichiometric ratio of element i in the molecule j . As there is no 

zero point for the enthalpy, the individual values of jG  and )15.298(SER
iH are 

meaningless. The pre-superscript “°” indicates that the parameter is for a single pure 
molecule. For gas molecules, such Gibbs energies are today calculated by first principle 
techniques taking into account all vibrational and rotational degrees of freedom of the 
molecule. There are several databases available with values of )(TG j

° for several 1 000 
different molecules. 

The molar Gibbs energy of an ideal gas is the sum of these Gibbs energies, weighted 
by the fraction of each molecule, jy , an ideal configurational entropy of mixing and the 
total pressure P : 
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where R is the gas constant. This can be derived from the equation of state for one 
mole of a single component gas RTPV = as: 
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and the partial pressure of a gas molecule, jP  in an ideal gas is given by Dalton’s law: 

jj PyP =      (14) 

At equilibrium, the chemical potential of a gas molecule j is equal to the sum of the 
chemical potentials of the components i multiplied with the stoichiometric factor, jib : 

∑=
i

ijij b µµ      (15) 

As an example, the chemical potential of A2B is given by: 

BABA µµµ += 2
2

    (16) 
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Modelling a crystalline solid phase 
In the gas phase, we did not include any interactions between the molecules. For the 
condensed phases, this must be made and we have also other contributions, so we will 
write the general expression for the molar Gibbs energy as: 

m
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m
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m GGSTGG ++−=    (17) 

where m
srf G is called the surface of reference for the phase, m

cfg S  is the configurational 

entropy, m
EG  is the excess Gibbs energy and m

physG are special contributions due to 
ferromagnetic transitions or other particular physical properties of the phase.  

Surface of reference and end-members 

We will first discuss how the surface of reference and the configurational entropy can be 
modelled for different phases. 

A solid phase normally has a well-defined crystalline structure and each such structure 
is treated as a separate phase. The model for the phase takes into account as much as 
possible the specific structure but considering that the modelling should extrapolate to 10-15 
components, some simplifications are often used. This is not only due to the speed of 
computation but also because of lack of experimental or theoretical data in many binary 
and ternary systems. In particular, if the phase is not stable in these systems but may 
dissolve significant amount of these elements in higher order systems. 

For a phase with a single set of lattice sites, we can use a substitutional solution of the 
constituents i and the surface of reference is: 

∑=
i

iim
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For example, for a phase where the A atoms occupy an FCC lattice and the interstitial 
B atoms another octahedral sublattice. We must take into account which constituents 
occupy the different sublattices in the modelling and for a system like A-C-B, the A and C 
atoms occupy the normal FCC lattice sites whereas B and vacancies (denoted “Va”) 
occupy the interstitial sites. We have: 

(A,C)1(B,Va)1     (19) 

The surface of reference for this ternary system has four terms: 

BCBCBABAVaCVaCVaAVaAm
srf GyyGyyGyyGyyG ::::

 +++=   (20) 

This model has four end-members representing the possible combinations of one 
constituent in each sublattice. The end-member represents a pure compound with fixed 
composition and this is the reason for the name Compound Energy Formalism (CEF). 
For the system above, (A:Va) represents pure A in the FCC lattice and VaAG :

  is its Gibbs 
energy function relative to the selected reference state for A. The same for (C:Va) even if 
FCC-C is never stable at normal temperatures and pressures. The end-member (C:B) 
represents the stoichiometric cubic phase that is stable in the C-B system and BCG :

  is its 
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Gibbs energy relative to the reference states for C and B. Finally, the end-member (A:B) 
represents a meta-stable phase in the A-B system. 

A possible Gibbs energy surface of reference is shown in Figure 1. 
Figure 1. The sublattice model (A,C)1(B,Va)1 for the fcc phase in the A-C-B system:  

The Gibbs energy surface of reference for a reciprocal system 

 

 

The configurational entropy 

In CEF, the configurational entropy assumes ideal mixing on each sublattice and this is 
simply: 
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As the configurationel entropy is evaluated separately for each sublattice, it will be 
zero for each end-member, i.e., when the phase has perfect long range order. There are 
more elaborate forms of the configurational entropy proposed by Cluster Variation 
Method (CVM) developed by Kikuchi [9] that also describes short-range ordering. 

The excess Gibbs energy 

The excess Gibbs energy is used to model the remaining part of the Gibbs energy needed 
to describe the difference between the real Gibbs energy and the contributions from the 
surface of reference and the configurational entropy. As we cannot measure the Gibbs 
energy directly we can only use indirect data like chemical potentials, enthalpies and 
solubilities.  

For the simplest type of models with a single substitutional lattice, the excess Gibbs 
energy can be written as a sum of terms multiplied with two or more fractions: 
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where ijL  and ijkL are, respectively binary and ternary interaction parameters. It is 
possible to have quaternary parameters or higher order parameters but rarely used. These 
parameters often depend linearly on temperature and, in many cases, also on composition. 
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The composition dependence of the binary parameters is most often described by a 
Redlich-Kister series: 

( ) ij
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The upper limit of the sum, n , should never exceed 3 as higher powers will extrapolate 
badly to multi-component systems for the composition dependence of ternary parameters 
[10].  

For phases modelled with several sublattices, we can have the same kind of 
interactions on each sublattice. For the A-C-B system, the excess Gibbs energy will be: 
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The first four terms represent binary interactions. They can be composition dependent 
as in Equation 23. The last term is known as the reciprocal parameter and is important to 
describe the contribution to the Gibbs energy due to short-range ordering. 

Ionic constituents 

In spinels and other oxide phases, the constituents have a net charge. Even if the 
electrons can jump easily from one ion to another it is possible to use ions as constituents 
and include them in the configurational entropy. For the spinel phase in the Fe-O system, 
called magnetite with the ideal stoichiometry Fe3O4, the following model has been 
adopted [13]:  

(Fe+2,Fe+3)1(Fe+2, Fe+3,Va)2(O
-2)4. 

In a normal spinel we have only di-valent ions on the first sublattice and only tri-
valent on the second but magnetite is an inverse spinel at low temperature with mainly 
Fe+3 on the first and equal fraction of Fe+2 and Fe+3 on the second. At higher temperature, 
the magnetite becomes more random and can also have deviations in stoichiometry 
towards higher oxygen content. This is modelled, according to experimental data, with an 
increase fraction of Fe+3 ions and addition of vacant sites on the second sublattice. 
Another example is the UO2±x phase that has the C1 structure (Figure 2). 

Figure 2. C1 structure (CaF2 type) of UO2 

 

A complete modelling of the thermodynamic properties of the UO2±x fuel was 
performed by Guéneau et al. [4]. The simplest sublattice model including interstitial 
oxygen in the octahedral sites is: (U+3,U+4,U+5)1(O

-2,Va)2(O
-2,Va)1. The three-sublattice 
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model leads to 12 end-member parameters to be determined from experimental data. 
New relationships were proposed by Sundman et al. [14] in order to relate these 
parameters to the energies of formation of point defects (interstitial and oxygen vacancies, 
as well as electrons and holes).  

This model has been applied for the description of oxygen potential data in AmO2-x by 
Besmann [17]. The model on UO2±x fuel developed by Guéneau et al. has been extended 
to the description of (U,Pu)O2±x fuels by Guéneau et al. [4] and (Pu,Am)O2±x fuels by 
Gotcu et al. [18]. 

Magnetic and other physical contributions 

In some phases, there is a significant contribution to the Gibbs energy due to 
ferromagnetic transitions. This depends on the value of the Curie temperature and the Bohr 
magneton number, both of which depend on the temperature. This has been modelled with a 
phenomenological model proposed by Inden [8]. The details are given in [10]. 

Modelling the liquid 
The liquid is the most complicated phase to model. There are no fixed lattice sites in 
liquids. Anyway, many use a quasichemical model with an unphysical value of 2 for the 
number of bonds par atom. The reason a more physical value cannot be used is that we 
will then have a negative configurational entropy when the short-range order is so strong 
the phase would like to have long-range ordering, but is prevented to transform to such a 
state, because there are no sublattices [11,7]. 

Another approach is to model the liquid with molecules, known as associates, 
representing the compositions for short-range ordering. This sometimes gives wrong 
values for the partial enthalpies (and entropies) at dilute solutions.  

Another model is to accept sublattices in the liquid, not assuming any fixed positions 
in space but only that cations and anions would never occupy the same positions. This is 
the one preferred as it has consistent extrapolations to simple regular models as well as 
strongly ionic ones. The main problem with this model is that it creates spurious 
miscibility gap in the liquid, mainly due to the lack of experimental information to 
determine reliable model parameters. This kind of model is used, for example, to model 
the liquid phase in the U-Pu-O-C system [4] using the following constituents:  

(U+4,Pu+3)P( O
-2,Va-Q,PuO2,O, C)Q 

where the first sublattice contains the cations and the second one is filled with anions, 
hypothetical charged vacancies and neutral species. P and Q, the site numbers for the two 
sublattices, vary with the composition of the liquid to maintain electrical neutrality. 

Calculation of equilibria and phase diagrams 

With models of the molar Gibbs energy for the relevant phases, the equilibrium can be 
calculated by minimising Equation 6 for the relevant set of conditions. According to 
Gibbs phase rule one must set one condition for each component and two more for T 
and P: 

pnf −+= 2      (25) 
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where f is the degrees of freedom, n  is the number of components and p is the 
number of stable phases. If P is constant the 2 must be replaced by 1 and if also T is 
constant by zero. A unary system with 1=n  has no degrees of freedom if three phases 
are stable, we have an invariant equilibrium. If one changes T or P from this point one of 
the three phases will disappear. 

When we have many components, the number of phases that must be stable to have 
an invariant equilibrium increases. For a binary system with fixed P, the most common 
conditions for phase diagrams, we have also three phases stable at an invariant equilibrium. 

All general softwares for thermodynamic calculations (Thermo-Calc [1], FACTSAGE 
[2], PANDAT [3], MTDATA [5], Gemini ….) also allow conditions to be set on the 
chemical potentials or activities of the components. The activity, ia  of a component i is 

simply related to its chemical potential iG as: 







=

RT
Ga i

i exp      (26) 

The reference state for the element must be specified for both chemical potentials and 
activities.  

The assessment procedure 

The Calphad technique is based on experimental data and its aim is to get a description of 
these experimental data as accurate as possible. The methodology is explained in Figure 3. 

The first step consists in the critical analysis of the available data in the literature. 
Three kinds of data have to be analysed: the phase diagram data (phase boundaries), 
thermodynamic quantities such as chemical potential, heat capacity, enthalpy of formation 
and crystallographic data to define the sublattice model to describe the solid phases. The 
data are selected with an evaluation of their uncertainty. 

The thermodynamic parameters corresponding to the sublattice model for each phase 
are then selected to be optimised using an iterative least square method to minimise the 
difference between the experimental and the calculated data from the model. 

The main limitation of the Calphad method occurs when there is a lack of 
experimental data on some systems which are difficult to investigate experimentally. In 
that case, first-principle calculations can be useful to determine, for example, data of 
enthalpy of formation at 0 K for some phases. Examples of such studies on actinide 
systems by Turchi et al. can be found, for example, on the Pu-Am system [16]. 

Databases using the Calphad method are developed for nuclear material applications. 
A review was recently published by T. Besmann [20]. Among them, the NUCLEA and 
MEPHISTA databases are developed by Thermodata in Grenoble, France, for severe 
accident applications (thermodata.online.fr). The FUELBASE is a database for advanced 
nuclear fuel applications developed in CEA France in collaboration with European 
partners [4]. The NEA Project on Thermodynamics of Advanced Fuels International 
Database (TAF-ID) was started in 2013 among six countries such as Canada, France, 
Japan, Korea, the Netherlands and the US, co-ordinated by the NEA [21]. The objective 
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is to develop a thermodynamic database covering different types of fuels including minor 
actinides, fission products and structural materials. Databases on metallic fuels are developed 
in the US by P. Turchi et al. [16] and in Japan by Kurata [19].  
Figure 3. Methodology to develop a thermodynamic database using the Calphad method [10] 
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