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Abstract 

In this work, the phase-field method and its application to microstructure 
evolution in reactor fuel and clad are discussed. The examples highlight the 
capability of the phase-field method to capture evolution processes that are 
influenced by both thermal and elastic stress fields that are caused by 
microstructural changes in the solid-state. The challenges that need to be 
overcome before the technique can become predictive and material-specific are 
discussed. 

Introduction 

The phase-field technique is an efficient simulation approach for modelling microstructural 
evolution. A distinct advantage of the technique is that there is no need to explicitly track 
complex evolution of interfaces, such as grain boundaries or bubble surfaces. Therefore, it 
was originally developed for the simulation of liquid-solid transformations associated with 
solidification to capture the morphological evolution of single/multiple dendrites [2]. 
Since then, it has been used to model a large range of physical phenomena ranging from 
sintering [3,4] to fracture [5].  

The phase-field model has been used to model microstructure evolution in fuel  
since 2009 [14]. It has proven to be well suited to the application due to the ease with which 
multiple physics can be coupled to account for the impact of the large stress and temperature 
gradients that form within the reactor fuel. It has also been used to model hydride 
formation in the cladding. This report summarises the phase field method and discusses 
its application to model reactor fuel and cladding. 

Methodology 

In the phase-field method, the individual phases and their crystallographic variants are 
described by a set of non-conserved order parameters. The interface between two phases 
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has a gradient in one of the order parameters that varies from 0 to 1 at the corresponding 
interface. Therefore, the technique is called a “diffuse interface” model as opposed to the 
sharp interface front-tracking models. In addition to the gradient in the order parameter, 
there are also gradients in the local concentrations at the diffuse interface from one phase 
to another. The order parameter and the concentration gradients are coupled at the 
interface. Microstructure evolution simulation involves solving for the time-dependent 
order parameters and concentrations within the simulation domain that is driven by a 
reduction in the total energy of the system. The total system energy is represented by the 
functional, F given by: 

𝐹𝐹 = ∫𝑓𝑓𝑏𝑏𝑢𝑢𝑏𝑏𝑘𝑘 + 𝑓𝑓𝑔𝑔𝑟𝑟 + 𝑓𝑓𝑒𝑒𝑏𝑏    (1) 

where fbulk is the local bulk free energy density of the phases that exist, fint is the interfacial 
energy at the phase boundaries associated with gradients in concentration or order 
parameter, and fel is the elastic energy associated with the lattice volume misfit between 
the two phases. The local bulk free energy density is the free energy per unit volume of 
the bulk phases that exist at a given temperature usually expressed in terms of a function 
of the concentrations and the non-conserved order parameters, whose coefficients are 
obtained by fitting thermodynamic data for the phases at the temperature of interest. The 
form of the free energy curve depends on the problem of interest. 

The second term in the free energy expression is the gradient energy, which is an 
energy penalty associated with gradients in the long-range order parameters and/or 
concentrations, represented as: 

𝑓𝑓𝑔𝑔𝑟𝑟 = ∑ 𝛼𝛼𝑝𝑝
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where α and β are the gradient energy coefficients for the order parameter and 
concentration, respectively, and p refers to the n non-conserved order parameters in the 
system. In the case of grain boundaries belonging to the same phase, the gradient energy 
term arises mainly due to gradients in the non-conserved order parameter that gives rise 
to grain boundary (GB) energy. 

The last term in Equation 1 is the elastic energy, fel, which is specific to microstructure 
evolution in the solid-state due to mismatch in the lattice parameter and heterogeneous 
elastic properties between the precipitate and the matrix phases. The contribution to the 
total elastic energy comes from the lattice inhomogeneous strains, transformation strain 
or the Eigenstrain due to the difference in the specific volumes of the matrix and the 
precipitate, bubble pressure and external strain. Various methods have been developed to 
vary the local elasticity tensor as a function of the composition [16,29,1,8]. However, each 
of these interpolation schemes is unable to reproduce analytical predictions of the elastic 
strain and strain energy profile at the diffuse interface [9]. While the total elastic energy 
calculation becomes relatively simple for the homogeneous elasticity approximation where 
the lattice inhomogeneous strain is zero, the elasticity solution becomes more complicated 
for the inhomogeneous elasticity cases. In such cases, a perturbation technique [12] can be 
used to compute the displacement fields in the matrix and precipitate phases.  

The evolution equations for phase-field simulations include the time-dependent 
Ginzburg-Landau (TDGL) equation for evolving the non-conserved long-range order 
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parameters, and the Cahn-Hilliard (CH) equation for evolving the conserved 
concentration field.  The TDGL equation is given by: 

𝜕𝜕𝜂𝜂𝑝𝑝
𝜕𝜕𝑡𝑡

= −𝐿𝐿𝑝𝑝
𝛿𝛿𝛿𝛿
𝛿𝛿𝜂𝜂𝑝𝑝

      (3) 

where Lp is a kinetic coefficient for the matrix-precipitate interface related to the 
interface mobility, and the derivative on the right hand side is the functional derivative of 
the free energy expression in Equation 1 with respect to the order parameter. The CH 
equation is given by: 

𝜕𝜕𝜕𝜕(𝑟𝑟,𝑡𝑡)
𝜕𝜕𝑡𝑡

= 𝑀𝑀∇2 𝛿𝛿𝛿𝛿
𝛿𝛿𝜕𝜕(𝑟𝑟,𝑡𝑡)      (4) 

 

where M is a kinetic coefficient for atomic mobility related to solute diffusion.  

The nucleation of the precipitate is not carried out explicitly in the phase-field 
simulations because of the small length and time scales involved. It is possible to 
incorporate analytical nucleation and nuclei growth models based on the local conditions 
of thermodynamic undercooling, temperature and interfacial energies [27]. Alternatively, a 
Langevian noise term can be added to the TDGL and CH equations that is related to 
fluctuations in the long-range order parameter and concentrations to form a second phase 
from a supersaturated parent phase [19]. 

Phase-field models can be made quantitative and material-specific by relating the 
phase-field parameters to real physical quantities. The interfacial energy is related to the 
interface width and the energy barrier associated with the interface. For a specific material, 
since the energy barrier and the interfacial energy are fixed, the interface width is also 
fixed. Typically, the interface width in real materials is of the order of Angstroms. If the 
interface has to be defined by a minimum number of spatial locations, the total physical 
system size that can be simulated becomes extremely small given that the size of other 
microstructural features (precipitate, grain, etc.) is much larger than the interface width. 
The usual approach is to artificially increase the interface width by having an additional 
degree of freedom to keep the interfacial energy constant [25]. The kinetic parameter in 
the simulations is the phase-field mobility, which is obtained using an analytical 
expression that relates mobility to the interface width, interfacial energy, gradient 
coefficient, interface concentrations and the solute diffusion coefficient [17].   

The evolution equations (3) and (4) have been solved in the simulation domain using a 
host of numerical techniques. The earliest phase-field simulations used a fixed grid to 
represent the domain, where the gradients were approximated using finite difference [6]. 
A semi-implicit Fourier spectral method based on second-order backward difference [7] is 
a well-documented approach for simulating solid-state phase transformations. The basic 
advantage of this approach is that partial derivatives of the order parameter and 
concentration are reduced to ordinary time derivatives in the Fourier space and the 
second order derivatives are reduced to the Fourier transform of the function multiplied 
by a vector in the Fourier space. Finally, the finite element method has also been used to 
solve the phase-field equations, due to the simplicity to couple to multiple physics and the 
flexibility in domain shape and boundary conditions [31,32]. 
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Application to reactor fuel 

Significant microstructure evolution takes place within the fuel during its lifetime in the 
reactor. This evolution degrades the material properties of the fuel, which impacts the fuel 
performance and can result in loss of reactor efficiency and eventual failure. The phase-
field method is a powerful tool for modelling this evolution, due to its flexibility. The 
earliest published application of the phase-field method to nuclear fuels was in 2009 [14], 
in which the accumulation and transport of fission products and the evolution of gas 
bubbles were modelled. The model took the interaction between gas atoms and defects 
and elastic inhomogeneity into account. Since then, the model has been applied to gas 
bubble evolution [14,20], GB migration [34], gas and GB interaction [14,21], dislocation 
loop formation [15,18] and the impact of microstructure on thermal conductivity 
[32,23,34]. The application of phase field on irradiation effects is summarised in a review 
article [22]. Three of these efforts will be highlighted in more detail, below. 

During its lifetime in a reactor, various mobile point defects are generated within the 
fuel. These defects include vacancies and interstitials on both the oxygen and uranium 
lattices, as well as gaseous fission products. The gas atoms tend to segregate to GBs and 
to vacancy clusters to form bubbles. The behaviour of interstitials and vacancies on the 
uranium lattice (the oxygen lattice is fast moving and thus was ignored) as well as gas 
atoms were predicted by a phase-field model, resulting in predictions of GB bubble 
nucleation and growth, as shown in Figure 1 [21]. 

Figure 1. Snapshots throughout time of the nucleation and growth of intergranular gas bubbles in 
a polycrystalline grain structure (the figure on the right is a close-up) (bubbles existing on GBs 

are lenticular shaped, whereas bubbles on triple junctions have a curved triangular shape 

 

The coalescence of intergranular gas bubbles is an important process in fission-gas release in nuclear fuels [21]. 

In addition to vacancies clustering to form voids, interstitials can cluster to form loops. 
These loops play an important role as segregation sites and can block dislocation and GB 
motion. While loops play an important role in fuels, they are also critical in the behaviour 
of irradiated structural materials. In [15] and [18], a phase-field model of interstitial loop 
formation is presented. An example of an interstitial loop simulation is shown in Figure 2. 
They found that elastic interactions around the loop enhance the growth kinetics. 

Grain growth and GB migration also play an important role in fuel behaviour. Due to 
the high temperatures and large temperature gradients, GBs are mobile within reactor fuel. 
As the grain size impacts various phenomena, including creep, thermal conductivity and 
fission gas release, it is important to know how the temperature gradient impacts the grain 
growth within the fuel. A phase-field model of grain growth including the temperature 
gradient driving force has been developed [34]. A two-dimensional simulation of grain 
growth in the presence of various temperature gradients was conducted, showing that the 
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temperature gradient does not impact the change in the average grain size but does impact 
the grain size distribution (see Figure 3).  

Figure 2. Snapshots of the morphology evolution of an interstitial loop during aging  
(a) in 3D, and (b) the projection on the plane of the interstitial loop [18] 

 

 

Figure 3. Polycrystal simulation domain, (a) where the initial grain configuration  
shows the adapted mesh  

 

(a) 

 

    (b)     (c) 

The constant temperature gradient is also shown. Note that the values for Tmin and Tmax vary for the different 
gradients, ranging from Tmin = Tmax = 2050 K for no gradient to Tmin =1950 K and Tmax =2150 K for ∇T = 0.8 K/μm. The 
final grain configuration after 2000 minutes is shown in (b) with no temperature gradient and in (c) with a gradient of 
0.8 K/μm, where grain B has disappeared. Note that with the temperature gradient, the grains are smaller on the cold 
side and larger on the hot side [34]. 

Application to fuel clad 

Zircaloy clads used for nuclear fuel containment are produced using a special deformation 
processing approach that results in the preferential formation of hydrides in the 
circumferential direction in the clad [28]. However, during dry storage, the clad 
experiences high temperatures that may exceed the solvus temperature of the 
circumferential hydrides, causing the hydrides to dissolve. During subsequent cooling of 
the fuel-clad assembly, tensile hoop stresses develop in the sub-solvus temperature range. 
Under these conditions, the hydrides re-precipitate in the radial direction of the clad, 
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which is highly detrimental to its room temperature fracture toughness [11]. Therefore, 
the ability to accurately predict the conditions under which significant hydride 
reorientation occurs is extremely critical for the safe, long-term dry storage of cladding 
tubes. Previous phase-field simulations of hydride re-orientation under stress were 
essentially two-dimensional [19] and were confined to a specific variant, γ hydride. More 
recently, pseudo three-dimensional simulations have been carried out for another 
metastable variant of hydride, ζ hydride that was considered to respond more readily to 
external stress because it is coherent with the zirconium matrix [36-38]. 

Figure 4. Three-dimensional phase-field simulations of hydride reorientation in the presence of 
external strain (a) δ hydride without external strain, (b) δ hydride with 1% strain along X,  

(c) δ hydride with 1% strain along Y, (d) γ hydride without external strain, (e) γ hydride with 1% 
strain along X, (f) γ hydride with 1% strain along Y, (g) ζ hydride without external strain,  

(h) ζ hydride with 1% strain along X and (i) ζ hydride with 2% strain along X 

 

Recently, full three-dimensional simulations of the growth of different variants of 
hydride were performed [26] using the phase-field method. Only a single variant of each 
hydride type was considered. Large three-dimensional simulations were carried out using 
parallel FFT libraries for solving the CH equation in Fourier space. The main objective 
was to investigate the potential for out-of-plane rotation of the growth direction from the 
basal plane. This is motivated by the fact that in zircaloy tubes manufactured by the 
pilgering process, the crystallographic texture in the axial-circumferential plane of the tube 
is close to basal so that the hydrides that form in the basal plane appear to be 
circumferential hydrides in the radial-circumferential plane. If radial hydrides form due to 
hoop stress, then the hydrides have to re-precipitate in an out-of-plane direction. The 
simulations show that of the three variants, ζ, γ and δ considered, the δ hydride has the 
highest propensity to reorient in the radial direction when external strain was applied in 
the basal plane. This was followed by γ and then by ζ. The fact that ζ shows the least 
tendency to rotate out of plane is due to the fact that the ratio of transformation strains in 
the z-direction compared to the x or y direction in the basal plane is the highest for the ζ 
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phase. Figure 4 shows the reorientation results obtained using three-dimensional 
simulations. 

Conclusions and future challenges 

The phase-field method is a powerful tool for modelling microstructure evolution coupled 
with additional physics in nuclear fuel and cladding materials. In order to develop better 
macroscopic models for fuel behaviour that are quantitatively informed by mesoscale 
models, the following barriers have to be overcome. First, many material properties and 
mechanisms that occur within the fuel are either not well understood or are unknown. 
Therefore, small-scale experiments and atomistic simulation is required to obtain this 
information. Second, the mesoscale models have not been well validated due to the 
difficulty in obtaining mesoscale data in reactor conditions. Thus, detailed separate effect 
experiments are needed to obtain data for validation. In addition, detailed microstructure 
characterisation on irradiated materials from integrated tests is also required. The 
application of the phase-field technique to hydride precipitation in clads is an on-going 
area of research that is driven by the complex materials phenomena that have not yet been 
fully addressed. Even though the phase-field simulations in their current form have been 
able to qualitatively capture the hydride reorientation under stress, significant 
advancement is required before predictive simulations can be performed. The approach 
for numerically capturing the elastic energy gradient at the diffuse interface requires 
accurate description of micro-plasticity effects in the vicinity of evolving precipitates, and 
the ability to efficiently incorporate anisotropies in the surface energy and inter-phase 
mobility in three-dimensional simulations. Finally, large time and length scales are needed 
to model the complex polycrystalline behaviour that takes place within the fuel and the 
clad. This can only be achieved using numerical approaches that are massively parallel and 
take advantage of numerical tools such as mesh and time-step adaptability. 
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