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ABSTRACT

In this work, we present a recursive scheme targeting the hierarchical construction of anisotropic LTSN

solution from the isotropic LTSN solution. The main idea relies in the decomposition of the associated
LTSN anisotropic matrix as a sum of two matrices in which one matrix contains the isotropic and the other
anisotropic part of the problem. The matrix containing the anisotropic part is considered as the source of
the isotropic problem. The solution of this problem is made by the decomposition of the angular flux as a
truncated series of intermediate functions and replace in the isotropic equation. After the replacement of
these into the split isotropic equation, we construct a set of isotropic recursive problems,that are readily
solved by the classic LTSN isotropic method. We apply this methodology to solve problems considering
homogeneous and heterogeneous anisotropic regions. Numerical results are presented and compared with
the classical LTSN anisotropic solution.

1. INTRODUCTION

A great variety of methods to solve the SN approximation of the neutron transport
equation is found in the literature. Among the approaches having analytical
representation of the solution for this type of problem, we mention the LTSN method.
The basic idea consists in the application of the Laplace transform to the SN first order
matrix differential equation, as well as, the spectral decomposition procedure to the
associated matrix to perform the analytical Laplace transform inversion of the transformed
solution. This methodology has been applied to a broad classes of SN transport problems,
including the multidimensional SN nodal ones. For illustration we mention the works: for
homogeneous and heterogeneous medium [1, 2, 3], for multigroup models [4, 5], radiative
transfer problem [6, 7, 8], time-dependent SN problem [9],and SN nodal problem [10, 11].
Further, the mathematical analysis of the LTSN method was completed with the works
of Pazos et al. [12, 13], once the authors have proved the convergence of this method in
the framework of the strong-C0 semigroup theory.



Focusing the attention to the searching of a general solution of the SN approximation,
considering anisotropic scattering in multilayered slab domain disregarding the standard
procedure of continuity of flux and current at interface, in this work, we present a
recursive scheme targeting a hierarchical construction of anisotropic LTSN solution from
the isotropic LTSN solution. Without loosing generality, we specialize the application
to monoenergetic neutrons. The main idea relies in the decomposition of the associated
LTSN anisotropic matrix as a sum of two matrices in which one matrix contains the
isotropic components meanwhile the another one the anisotropic part of the problem.
The matrix containing the anisotropic part is considered as a source of the isotropic
problem. The solution of this problem is made by the decomposition of the angular flux
as a truncated series of intermediate functions and replace in the isotropic equation. After
the replacement of these into the split isotropic equation, we construct a set of isotropic
recursive problems that are readily solved by the classic LTSN isotropic method. We
apply this methodology to solve problems considering homogeneous and heterogeneous
anisotropic regions. Numerical results are presented and compared with the classical
LTSN anisotropic solution.

2. LTSN SOLUTION FOR HOMOGENEOUS SLAB

In order to construct a hierarchical solution, in the sequel, we discuss the LTSN

method specialized for monoenergetic neutrons considering anisotropic scattering in a
homogeneous slab domain. For such, let us consider the SN problem:

µn
d

dx
ψn(x) + σtψn(x) =

σs
2

L∑
`=0

β`

N∑
k=1

ωkP`(µk)P`(µn)ψk(x) +Qn(x), (1)

and subject to the following bondary condition:

ψn(0 ) = fn, if µn > 0, (1a)

ψn(x0) = gn, if µn < 0. (1b)

Here we adopt the standard notation for the SN approximation. Recasting equation (1)
in matrix form, we get:

d

dx
Ψ(x)−AΨ(x) = Q(x), (2)

where the components of the square matrix A of order N are defined as:

aij =


−σt
µi

+
σsωj
2µi

L∑
`=0

β`P`(µi)P`(µj) se i = j

σsωj
2µi

L∑
`=0

β`P`(µi)P`(µj) se i 6= j

, (3)
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In adition the vector Q(x) of order N is the column vector with the form Q(x) =
[Q1(x)/µ1, . . . , QN(x)/µN ]T , and the angular flux vector Ψ(x) is given by:

Ψ(x) =

[
Ψ1(x)
Ψ2(x)

]
=



ψ1(x)
...

ψN
2

(x)

ψN
2
+1(x)
...

ψN(x)


, (4)

Here the vector Ψ1(x) and Ψ2(x) are vectors of order N/2 with the main feature that the
components of vector Ψ1(x) are the angular fluxes in the positive directions meanwhile the
components of vector Ψ2(x) are the angular fluxes for the negative directions. Considering
this notation, the boundary condition is written as:

Ψ1(0) =

 f1
...

fN/2

 and Ψ2(x0) =

 gN/2+1
...
gN

 . (5)

Applying the Laplace transform to equation (2) and using the spectral decomposition
procedure for the matrix A, we come out with the following result for the solution of the
problem (2) [1].

Ψ(x) = B(x)Ψ(0) + H(x), (6)

Here B(x) = L−1 [(sI−A)−1], and the vector H(x) is written as:

H(x) = B(x) ∗Q(x) =

∫ x

0

B(x− ξ)Q(ξ)dξ, (7)

Here L−1 denotes the Laplace inversion operator. To this point it is important to mention
that from the spectral decomposition procedure, it turns out that the vector B(x) reads
like:

A = XDX−1, (8)

Here D is the diagonal matrix whose components are the eigenvalues of the matrix A.
On the other hand, the matrix X is the matrix of the eigenvectors of matrix A and X−1

its inverse. This procedure leads to the following analytical representation of the LTSN

solution for the problem (1) expressed as:

Ψ(x) = B(x)Ψ(0) + H(x) = XeDxX−1Ψ(0) + H(x) (9)

Once the solution for homogeneous slab is known, the LTSN solution for multilayered
slab is then obtained applying the boundary condition combined with the condition of
continuity of the angular flux and current at interface. Solving the resulting linear system
for the integration constants we attain the searched LTSN solution for the multilayered
slab.
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3. A HIERARCHICAL SOLUTION FOR MULTILAYERED SLAB

To extend the hierarchical solution discussed SN problems with anisotropic scattering in
a multilayered slab domain, we rewrite equation (1) like:

d

dx
ψn(x) +

σt
µn
ψn(x)− σsβ0

2µn

N∑
k=1

ψk(x)wk =

σs
2µn

L∑
`=1

β`

N∑
k=1

P`(µk)P`(µn)ψk(x)wk +
1

µn
S(x, µ) (10)

To solve this problem following the idea of the Decomposition method [8], we recast the
equation (11) as an isotropic SN equation considering the contribution of the anisotropic
effect as a source term. By this procedure we have:

d

dx
ψn(x) +

σt
µn
ψn(x)− σsβ0

2µn

N∑
k=1

ψk(x)wk =

N∑
k=1

(
L∑
`=1

σsβ`
2µn

P`(µn)P`(µk)

)
ψk(x)wk +

1

µn
S(x, µ) (11)

Reformulating equation (11) as a first order linear matrix differential equation, we get:

d

dx
Ψ(x)−AIΨ(x) = ACΨ(x) + Q(x) (12)

Here Ψ(x) is the vector whose entries are the angular fluxes in the discrete directions,
AI is the isotropic matrix , AC is the matrix whose components refers to the anisotropic
scatering terms, namely AC =

∑L
`=0 A`, where the components a`ij of matrix A` for

` = 1 : L are expressed as:

alij =
σsβlwj

2µi
P`(µi)P`(µj) (13)

Finally, the vector Q(x) is the source term defined as Q(x) = [Q1(x)/µ1, . . . , QN(x)/µN ]T .
We now solve equation (12) expanding the vector Ψ(x) in the ensuing truncated series:

Ψ(x) =
∞∑
k=0

Ψk(x) (14)

Replacing this expansion in the equation (12), we obtain:

d

dx

∞∑
k=0

Ψk(x)−AI

∞∑
k=0

Ψk(x) = AC

∞∑
k=0

Ψk(x) + Q(x) (15)

Given a closer look to equation (15) we promptly realize that this equation has (M + 1)
unknown functions Ψk(x), k = 0, : M . Following the decomposition method idea, we solve
this equation constructing a recursive system of equations. Obviously, this procedure is
not unique. The criteria for our choice comes from the fact that all equations of the
recursive system attained have known analytical representation for the solution. We must
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notice that the first equation is a SN isotropic equation meanwhile the remaining ones are
also SN isotropic equations with the source term carrying the information of the effect
of anisotropic scattering contribution. This procedure leads to the following recursive
system: 

d

dx
Ψ0(x)−AIΨ

0(x) = 0

d

dx
Ψk(x)−AIΨ

k(x) = ACΨk−1(x), k = 1, 2, ...,M.

(16)

To fulfill the boundary condition of the original problem we assume that the
initial equation satisfies the boundary condition of the original problem, meanwhile
the remaining equations satisfy the null boundary condition. As consequence the
aforementioned equations only have the particular solution. The choice of the numbers
of equations to be solved is conditioned to the prescribed accuracy desired. Once this
recursive system is solved, we obtain the searched solution for the SN equation in a slab
considering anisotropic scattering in terms of the isotropic solution.

To generalize this sort of hierarchical solution for multilayered slab, let us now consider
the same anisotropic problem given by equation (12) for the following multilayered slab
depicted in Figure 1.

Figure 1: Multilayered slab domain

Once the solution is known for a homogeneous slab, we solve the problem in multilayered
slab defining the matrix Ak for a generic slab, like:

akij =


−σ

k
t

µi
+
σksωj
2µi

L∑
`=0

βk` P`(µi)P`(µj) se i = j

σksωj
2µi

L∑
`=0

βk` P`(µi)P`(µj) se i 6= j

, (17)

for k = 1, 2, ..., K. Considering this notation, we recast equation (2) like:

d

dx
Ψ(x)−

(
A1 + δ2(x)(A2 −A1) + ...+ δK(x)(AK −A1)

)
Ψ(x) = Q(x) (18)

where δk(x) is the delta Kroenecker for xk−1 < x < xk and Q(x) = δ1(x)Q1(x) +
δ2(x)Q2(x) + ...+ δK(x)QK(x). Writing equation (18) as:

d

dx
Ψ(x)−A1Ψ(x) =

K∑
k=2

δ(x)k(Ak −A1)Ψ(x) + Q(x) (19)
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and procceding in similar manner like aforementioned for the anisotropic scattering
problem, we come out with the following recursive system of equations

d

dx
Ψ0(x)−A1Ψ0(x) = 0

d

dx
Ψi(x)−A1Ψi(x) =

K∑
k=2

δk(x)(Ak −A1)Ψi−1(x)

(20)

for k = 1 : K, which is readly solved by the same procedure. It is noteworthy to emphasize
that likewise in the anisotropic problem, the SN problem for multilayered slab is also solved
in terms of the solution for a homogeneous slab. This procedure reveals the hierarchical
feature of the proposed solution.

4. NUMERICAL SIMULATIONS

Once the convergence of the LTSN method is proved, the question left out to be answered
is the convergence of the solution of the recursive system discussed. Therefore in our
first attempt, in Figure 2 we show the heuristic numerical convergence of the scalar flux
obtained for the SN anisotropic problem considering N = 100 and degree of anisotropy
L = 82, with the following parameters: σs = 0.95 cm−1, σt = 1 cm−1; x0 = 1 cm; with
boundary condition ψ(0) = 1 for µ > 0 and ψ(1) = 0 for µ < 0.

Figure 2: Heuristic numerical convergence of the scalar flux ( n
cm2s):

N = 100, L = 82 and x0 = 1 cm

Given a closer look to Figure 2, we promptly realize the good agreement between the
results attained with the ones of the LTSN method, considering 17 recursions, we mean
particular solutions. Now we are in position to analyze the numerical convergence of the
results attained by this methodology. For such, in the sequel, we report the numerical
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results obtained as well its validation by the comparison between these results and the
ones of the LTSN method, which converges to exact results when N goes to infinity [13].
To this end let us consider the problems:

1. Anisotropic SN problem in homogeneous slab, with the parameters: σs = 0.95
cm−1, σt = 1 cm−1; x0 = 1 cm; with boundary condition ψ(0) = 1 for µ > 0 and
ψ(1) = 0 for µ < 0. In Table 1, we present a numerical comparison between the
results attained and the ones of the LTSN method. We must notice that the source
integrals are evaluated by Gaussian quadrature scheme with M = 50 approximating
the previous angular flux in the source term by cubic-splines technique using either,
natural and clamped conditions.

Table 1: Numerical Comparison of the results obtained against the ones of
LTSN method for N = 40, 100, 300 and L = 8, 82, 299 for x = 0, 0.5 and 1.0

METHOD RELATIVE ERROR

L N

εr =
∣∣∣Recursive−LTSN

LTSN

∣∣∣
LTSN

RECURSIVE
Natural S. Clamped S Natural S. Clamped S.

Scalar Flux φ(0)

8
40 1.29152736E+00 1.29152767E+00 1.29152735E+00 2.43496910E-07 2.40712675E-09
100 1.29160705E+00 1.29160807E+00 1.29160701E+00 7.92902425E-07 2.51559638E-08
300 1.29162029E+00 1.29162317E+00 1.29161991E+00 2.22718524E-06 2.91957507E-07

82
100 1.22874893E+00 1.22875224E+00 1.22874883E+00 2.69870937E-06 7.78696999E-08
200 1.22876792E+00 1.22877506E+00 1.22876741E+00 5.81519047E-06 4.17319554E-07
300 1.22877137E+00 1.22878138E+00 1.22877015E+00 8.14127543E-06 9.96206031E-07

299
300 1.19333229E+00 1.19336322E+00 1.19332900E+00 2.59210948E-05 2.75936116E-06
400 1.19333804E+00 1.19337742E+00 1.19333169E+00 3.30064170E-05 5.32214140E-06

Scalar Flux φ(0.5)

8
40 9.23291595E-01 9.23291583E-01 9.232916067E-01 1.35235130E-08 2.35786919E-10
100 9.23270277E-01 9.23270254E-01 9.23270280E-01 2.50134469E-08 2.96801281E-09
300 9.23266975E-01 9.23266940E-01 9.23267001E-01 3.76124913E-08 2.86596962E-08

82
100 9.20236033E-01 9.20235946E-01 9.20236044E-01 9.48577179E-08 1.16823431E-08
200 9.20232504E-01 9.20232382E-01 9.20232556E-01 1.32356137E-07 5.60778268E-08
300 9.20231862E-01 9.20231733E-01 9.20231969E-01 1.40602090E-07 1.15400616E-07

299 300 9.17597949E-01 9.17598010E-01 9.17597815E-01 6.64963321E-08 1.46020046E-07
400 9.17597706E-01 9.17597775E-01 9.17597468E-01 7.49663905E-08 2.59895521E-07

Scalar Flux φ(1.0)

8
40 6.05927902E-01 6.05927144E-01 6.05927918E-01 1.24996426E-06 2.72586821E-08
100 6.05833459E-01 6.05831055E-01 6.05833708E-01 3.96819109E-06 4.11224326E-07
300 6.05817762E-01 6.05812100E-01 6.05820681E-01 9.34622059E-06 4.81831570E-06

82
100 6.61464964E-01 6.61457451E-01 6.61465738E-01 1.13583419E-05 1.17015645E-06
200 6.61445488E-01 6.61430755E-01 6.61449954E-01 2.22735630E-05 6.75207446E-06
300 6.61441943E-01 6.61423066E-01 6.61451930E-01 2.85395812E-05 1.50987331E-05

299 300 6.89685604E-01 6.89628990E-01 6.89719585E-01 8.20880090E-05 4.92699187E-05
400 6.89681561E-01 6.89614394E-01 6.89742763E-01 9.73888579E-05 8.87383993E-05

Analysing the results from the above Table, we readly notice the good agreement
between the results attained with the ones of the LTSN method. Further, this
argument is reinforced looking the error encountered also displayed in Table 1.

2. Anisotropic SN problem in heterogeneous slab. Next we present results for
the following twolayered slab, considering the parameters shown in Figure 3. Let us
consider the heterogeneous problem with the parameters:
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Figure 3: Parameters of the twolayered slab for problem 1.

The results achieved and comparison with the ones of the LTSN method, as well, the
relative error appears in Table 2. Analysing the results from this table, we readly
notice the good agreement between the results obtained with the ones of the LTSN

method.

Table 2: Numerical comparisons for the Scalar Flux φ(x) - Heterogeneous
Slab

Scalar Flux
(

n
cm2s

)
φ(0) φ(1) φ(2)

LTSN Method 1.17085781E+01 3.04359597E+00 1.78464813E+00
Recursive LTSN 1.17085753E+01 3.04357400E+00 1.78456427E+00
Relative Error 2.44055151E-07 7.21961793E-06 4.69857935E-05

Our intention in solving the discussed problems is to show the feasibility and simplicity
of the associated algorithm to solve this kind of neutron SN problems.

5. CONCLUSION

In this work we report an improved version of the LTSN method for the solution of neutron
transport problem, without loosing generality, for monoenergetic neutrons and anisotropic
scattering in a multilayered domain. In fact, the novelty relies on a hierarchical solution
construction for the neutron transport problem with anisotropic scattering in multilayered
slab domain. It is necessary to point out that the LTSN approach solves this kind of
problems evaluating the eigenvalues of the LTSN matrix for all layers of the domain.
Further the global solution is found applying the boundary condition combined with the
condition of continuity from the angular fluxes and current at interfaces. By the proposed
technique we eliminate the aforementioned procedure. In fact we only need to calculate the
eigenvalues for the homogeneous slab domain. As a consequence we disregard the necessity
of construction of the global solution. In addition, this methodology solves anisotropic
problems just correcting the contribution of the anisotropic scattering effect as source
term. Another noteworthy feature of this approach relies in our motivation to choice of
the discussed recursive system. Indeed, the justification for our choice is based on the fact
that all equations of the recursive system have only particular solutions, except for the
initial one, which has a known analytical representation for the solution. From the results
attained, we must also remark that the choice of a suitable number of particular solutions
is a legit criteria for error control. Moreover, we need to mention that with a small number
of particular solutions (< 24), we obtained results processing good agreements with the
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ones of the LTSN method. Although, we have shown a heuristic numerical convergence
analysis of the recursive solution by increasing the number of particular solutions, the
proof of convergence is still an open question. Therefore for sake of completeness, we shall
focus our future attention in this direction. Furthermore, motivated by the simplicity of
this approach, we also intend to focus our future investigation in the task of extending
this formulation to the multidimensional SN nodal problems in heterogeneous cartesian
geometry domain.
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