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SUMMARY 

II 
 

SUMMARY OF THE THESIS 

 

The thesis includes the study of alpha – alpha  interactions and apply 

them to the nucleus of the 16O by using Hartree-Fock method for bosons.  

The used potentials are Ali-Bodmer potential, Modified Woods- Saxon 

potential, Fish-Bone I (FB-I) and Fish-Bone II (FB-II) potential. 

 

Also, the properties of nuclear structure of 16O nucleus are calculated 

such as binding energy, form factor and  root mean square radius. The 

results we have obtained were compared with previous results in the  same 

field of research topic. 

 

This work requires knowledge of different kinds of potentials and the 

difference between the phenomenological and microscopic interactions and 

research in Hartree-Fock method and nuclear models, especially shell 

model.  

 

The content of the present thesis can be summarized as the 

following: 

The first Chapter, (Introduction), presents detailed informations 

about the nuclear structure, clustering, alpha clustering and nuclear models 

especially the shell model. Also, a review of previous researches in the 

research topic ( phenomenological alpha- alpha interactions). 

 

The second chapter, (Alpha-Alpha interactions), many types of  

phenomenological alpha – alpha interactions and its various forms are 

displayed, including what has been used in the thesis. 



SUMMARY 

II 
 

         The third chapter, (Derivation of Hartree-Fock Method for Bosons), 

illustrates the theoretical calculations which have been used in the thesis, 

the derivation of the Hartree-Fock method for bosons, the variational 

method and the derivation of binding energy, form factor and root mean 

square radius equations. 

 

The fourth chapter, (Numerical Results and Discussion), includes 

the present theoretical results of the nuclear structure of 16O nucleus using 

the previous four potentials, and comparing our present results with the 

experimental and previous theoretical ones. 
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CHAPTER ONE 
 

INTRODUCTION 
 

The discovery of radioactivity of uranium by Becquerel in 1886, 

ushered in a new branch of physics, viz. Nuclear Physics. The existence of a 

heavy positively charged nucleus within  neutral atom was established by 

Lord Rutherford in 1911. The main differences between nuclear and atomic 

physics are due to the important facts, that the distances of nuclear physics 

are of the order of a million times smaller and the energies a million times 

larger than those of atomic physics. During 1920’s quantum mechanical 

formalism was developed by Schrodinger and Heisenberg. Also, nuclear 

isotopes were discovered and mass spectroscopy was developed. But there 

was no understanding of the nuclear structure until the beginning of 1930’s.  

The experimental discovery of the neutron, in 1932, by Chadwick was the 

beginning of the era of modern nuclear physics, the nuclear physics which 

we know today.  

Heisenberg (1932) suggested the hypothesis that nuclei are made up of 

protons and neutrons and this proton-neutron model forms the basis of all 

subsequent theories of nuclear structure. 

The important characteristics of nuclei can be considered as:  

• Binding energies 

• Nuclear Radii 

• Nuclear charge distribution 

• Nuclear moments 

The masses of atoms are measured using mass spectrographs. The measured 

atomic mass differs from the nuclear mass by the mass of the electrons. The 



Chapter 1                                                                               Introduction                                     
 

Page 2 
 

nuclear mass is found to be less than the sum of the masses of its constituent 

particles. Using the mass-energy equivalent principle (E=MC2 ) of the 

special theory of relativity, we find that there is a difference between the 

energy of the nucleus and the energy of its constituents, which is called the 

binding energy. 

About the nuclear radii, all experimental evidence points to the fact that 

nuclei have a well defined size. The radius R of the nucleus is approximately 

proportional to A1/3 : R= r0 A1/3, where A is the mass number and the 

constant r0 may will be different for different measuring method. The 

methods of measurements are classified as nuclear or electric methods 

according to whether nuclear or electric probes are used. Nuclear methods 

are based on neutron or proton scattering by nuclei, while electric methods 

are based on scattering of electrons by nuclei and spectra of µ-mesic atoms. 

In general, the nuclear methods give 

 r0 ≈1.3 to 1.5 fm (1 fm= 10-13 cm) while the electric methods give r0 ≈ 1.2 to 

1.3 fm (Srinivasa Rao K. and  Sridhar R., 1968). 

Very often we are first aware of the simple object, and only later do we find 

that it has a structure; thus the alpha-particle was known through studies of 

radioactivity long before it was found to consist of two neutrons and two 

protons, and these nucleons themselves were later found to have a quark 

substructure. 

It is possible and useful to consider a complicated object as a simple one 

ignoring many features of its internal structure, thus we can take the concept 

of clustering  into consideration and this is the essential idea of it.   

      The concept of clustering is very widely used in physics. The concept of 

alpha- clustering has found many applications to nuclear reactions and 

nuclear structures. The alpha cluster behaves as a subunit of the atomic 
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nucleus and exhibits characteristic phenomena which cannot be described by 

single-particle models like the shell model.  Even when we are well aware of 

the substructure it is still useful for many purposes to treat the complex 

structure as a single entity. Many such clusters are possible in principle         

, but the formation probability depends on the stability of the  cluster , and of 

all possible clusters the alpha particle is the most stable due to its high 

symmetry and binding energy. Thus a discussion of clustering  in nuclei is 

mainly confined to alpha-particle clustering (Hodgson P.E., 1994). For the 

α-nuclei 8Be, 12C, 16O, 20Ne, 24Mg, 28Si, 32S, the  geometrical equilibrium 

configuration of the α-particles are generally assumed to belong to the 

symmetry point groups  D∞h, D3h, Td, D3h, Oh (or alternatively  D4h) , D5h, 

D6h, respectively. Also, the configuration of the previous nuclei can be called 

Dumbbell, Triangle, Tetrahedron, Trigonal bipyramid, Octahedron, 

Pentagonal bipyramid and Hexagonal bipyramid respectively (Koster G.F., 

1957). 

 If the simplest geometrical structures for the small 4n nuclei are assumed ( 

Fig. 1.1), then it is found that the binding energies of these small nuclei is 

equal to the sum of the binding energy of the alpha-particles themselves (~28 

MeV) plus a small contribution from the bonds between alpha particles (Table 

1.1).          

 
 Fig. 1.1: Possible molecular structures of the simpler 4n-nuclei ( Brink et al., 1970). 
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Table 1.1: The binding of the small 4n nuclei 

            * hexagonal bipyramid, + body-centered cube, ** intersecting tetrahedron and octahedron               
(Goldhammer, 1963). 

 

The cluster models are based on the assumption that nuclei can be usefully 

thought of, not only in terms of protons and neutrons, but also as aggregates 

of small “clusters” of nucleons, the most important of which being the alpha 

particle (two protons and two neutrons). The alpha particle model of the 

nucleus is older than the proton-neutron model. It was first introduced by 

Gamow in 1929 (Gamow G., 1929) as a natural extension of his successful 

investigation of α-decay. The idea went out of favour when the neutron was 

discovered and Heisenberg (Heisenberg W., 1933) and Majorana (Majorana 

Nucleus Number of 

alphas 

 

Number of 
bonds  
 between 
alphas 

Balpha (MeV) Balpha/Bond 

(MeV) 

4He2 1 0 0.00  
8Be4(unstable) 2 1 -0.10 -0.10 
12C6 3 3 7.26 2.42 
16O8 4 6 14.40 2.40 
20Ne10 5 8 19.15 2.39 
24Mg12 6 12 28.46 2.37 
28Si14 7 15 38.44 2.56 
32 *

16S  8 18 45.38 2.52 

36 +
18Ar  9 20 52.02 2.60 

40 **
20Ca  10 24 59.05 2.46 
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E., 1933) had developed their simple and satisfying theories of nuclear 

structure . subsequently the α- particle model has been revived in different 

forms(Brink D., 1966): 

1- The first of these (resonating – group method) was introduced by 

Wheeler ( Wheeler J.A, 1937) in 1937 when he tried to construct a 

wave function of  8Be consisting of two α-clusters: 

                            

)1.1(
4
1

)]()()([
4

1

212211









=

−−−=

∑
=i

ill

ji

rR

RRRrRrA χφφφ

 

  In this wave function )( 11 Rri −φ  and )( 22 Rr j −φ  describe α-clusters with 

centers of mass R1 and R2  respectively, )( 21 RR −χ describes the relative 

motion of the clusters and A is the antisymmetrization operator. 

 

        2- the second approach was introduced by Margenau (Margenau H.,  

1941)   in 1941. He also constructed a wave  function for 8Be consisting  

of two α-clusters: 

 

 In this wave function ),...,( 41 rrRψ  and ),...,( 85 rrSψ describe α-clusters with 

‘fixed’ centers; R and S are the mean positions of the centers of mass of the 

two clusters and A is the antisymmetrization operator. 

      

)2.1(],...,(),...,([ )8541 rrrrA SR ψψφ =
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        3- A third, physically different, approach was introduced by  

Whefelmeier(Whefelmeier W., 1937) and developed by Wheeler 

(Teller E. and Wheeler J. A. , 1938), Dennison (Dennison D.,  1940 

& 1954) and Kameny (Kameny S. L., 1956). It is assumed that 8Be 

may be treated as a system of two α- particles with no internal 

structure which obey Bose- Einstein statistics. 

 

The alpha-particle model has some face validity(Cook N.D., 2006) because 

of the fact that the binding energy per nucleon for the smallest 4n nuclei (A 

≤ 40) is higher than those of neighboring nuclei – indicating unusual 

stability whenever nuclei have a 4n-multiple of nucleons and there is a peak 

for each of the alpha-cluster nuclei, indicating a special stability of  such 

nuclei (Fig. 1.2).  

 

 
             Fig. 1.2 :The binding energy per nucleon (BE/A) for the smaller stable nuclei 

(Krane K.S., 1987) . 
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Broadly speaking there are two different kinds of nuclear models:  

(1) Strong interaction models (SIM) 

(2) Independent particle models (IPM) 

The SIM is based on the assumption that the nucleons are strongly coupled 

to each other because of their strong and short range interactions. The IPM is 

based on the assumption that nucleons move nearly independently in a 

common nuclear potential. Experimental evidences suggest that the 

assumption of IPM are the more nearly correct, at least for low energy 

phenomena, though the coupling of nucleons by virtue of their mutual 

interactions can be neglected. The models in addition to being differentiated 

according to whether they presuppose  strongly correlated or nearly 

independent motion of nucleons, can also be differentiated with respect to 

their emphasis on nuclear spectra or on nuclear reactions. These  

assumptions of nuclear  models are summarized in (Table 1.2) 

Table 1.2: Assumptions of  the nuclear models (Moszkowski, 1957) 

 

Model Type Assumptions  

Independent 
particle nuclear 
models (IPM) 

 Nucleons move nearly independently in a 
common potential 

Strong interaction 
models 
        (SIM) 

 Nucleons are strongly coupled to each other 
because of their strong and short range 
interactions 

Liquid drop model SIM Nucleus is regarded as a liquid drop with 
nucleons playing the role of molecules 

Fermi gas model IPM Nucleons move approximatelyindependently in 
the nucleus and their individual wave functions 
are taken to be plane waves 
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Continue: Table 1.2 

  
Potential-well 

model 

IPM Nucleus is regarded as a simple real potential-
well 

Compound 

nucleus model 

SIM  Whenever an incident nucleon enters the 
nucleus, it is always absorbed and a compound 
nucleus is formed.The mode of disintegration of 
the compound nucleus is independent of the 
specific way in which it has been formed 

Optical model 
(cloudy crystal 
ball model; 
complex potential-
well model) 

IPM A modification of the potential-well model in 
which the potential is made complex to account 
for elastic scattering as well as nuclear reactions. 
The latter effectively remove nucleons from the 
beam of incident particles 

Alpha particle 

model 

SIM Alpha particles can be regarded as stable subunits 
inside the nucleus 

Shell model IPM Nucleons move nearly independently in a 
common static spherical potential which follows 
the nuclear density distribution 

Single particle 

shell model 

IPM Same as shell model and: specific properties of 
odd-A nuclei are due to the last unpaired nucleon 

Many particle 

shell model 

IPM Same as shell model and: coupling between 
loosely bound nucleons due to mutual 
interactions is taken into account 

j-j coupling model IPM Same as many particle shell model and: Each 
nucleon is characterized by a definite value of 
angular momentum 

Unified model IPM Nucleons move nearly independently in a 
common, slowly changing non-spherical 
potential. Both excitations of individual nucleons 
and collective motions involving the nucleus as a 
whole are considered 
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Continue: Table 1.2 

Collective model IPM Same as unified model except: only collective 
motions involving the nucleus as a whole are 
considered 

Rotational model 
(strong 
coupling model) 

IPM Same as unified model and: Nuclear shape 
remains invariant. Only rotations and particle 
excitations are assumed to occur 

Spheroidal core 
model 

IPM Same as unified model and: Deformations of the 
nucleus into a spheroidal shape results from the 
polarization of the core, the bulk of nucleons in 
filled shells, by a few nucleons in unfilled shells 

 

 

   From these above models, the more appropriate one in the present calculations is 

the shell model. The striking phenomena connected with definite numbers of 

protons and neutrons have been interpreted as an indication that neutrons and 

protons within the nucleus are arranged into shells within the nucleus, like 

electrons in atoms. Each shells limited to a certain maximum number of electrons 

of a given sort. When a  shell is filled, the resulting configuration is particulary 

stable and therefore of low energy. The theories devised to describe the nature of 

these shells are all based on the independent- particle model. 

 The first shell model was proposed by Dmitry Ivanenko (together with E. Gapon) 

in 1932. The model was developed in 1949 following independent work by 

several physicists, most notably Eugene Paul Wigner, Maria Goeppert-Mayer and 

J. Hans D. Jensen, who shared the  Nobel Prize of Physics in 1963 for their 

contributions. The shell model is partly analogous to the atomic shell model 

which describes the arrangement of electrons in an atom, in that a filled shell 

results in greater stability. When adding nucleons (protons or neutrons) to a 
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nucleus, there are certain points where the binding energy of the next nucleon is 

significantly less than the last one. This observation, that there are certain magic 

numbers of nucleons: 2, 8, 20, 28, 50, 82, 126 which are more tightly bound than 

the next higher number, is the origin of the shell model. It is assumed that the 

nucleons move under the influence of a common potential V(r) and that the 

interaction between the nucleons can be treated as a small perturbation. It is 

therefore very surprising that this model can be used successfully to explain not 

only the main features of the magic number phenomena, but also more detailed 

properties such as the spins, magnetic moments, and level spectra of many nuclei 

( Blatt John M., Weisskopf Victor F., 1979). 

 

 
       Hartree-Fock theory dates back to the 1927 after the derivation of the 

Schrodinger equation in 1926. The Hartree-Fock theory has already been 

successfully used to calculate the intrinsic states and excited states of nuclear 

in the shell model. In computational physics and chemistry, the Hartree- 

Fock(HF ) method is an approximate method for the determination of the 

ground – state wave function and ground state energy of aquantum many –

body system. By invoking the variational method, one can derive a set of N-

coupled equations for the N spin orbitals. Solution of these equations yields 

the Hartree–Fock wave function and energy of the system, which are 

approximations of the exact ones. The Hartree-Fock  is also called, 

especially in the older literature, the self consistent field (SCF) .                                                                        

      The Hartree-Fock approach assumes that the exact, N-body wave 

function of the system can be approximated by a single Slater determinant 

(in the case of where the particles are fermions) or by a single permanent (in 

the case of bosons ) of N spin –orbitals.  
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1.2. Literature Review 

 Early reviews of the α-particle model (αPM) of nuclei [(Rosenfeld (1948), 

Dennison (1954), Glassgold and Galonsky (1956)] recognized the 

importance of the α-α interaction. These reviews described the qualitative 

features of the αPM, but these features had to wait until the middle of the 

last decade to be verified by scattering experiments which had a direct 

bearing on the α-α interaction. 

 

In 1951, Haefner R.R.  tried to construct an alpha-alpha potential which 

reproduces the experimental phase shifts. He proposed phenomenological α-

α potential “Haefner potential “  and used it to determine the properties of 

the 8Be assuming that it is a 2α system. 

 

In 1958, Nilson R.  used the Haefner potential in the analysis of their α-α 

scattering results . A quantitative test of the 2α-model of Haefner seemed to 

be to see how well it can reproduce the experimental phase shifts, and in this 

connection Nilson et al. calculated the various phase shift 0 2 4, ,δ δ δ with 

Haefner’s potential. 

 

In 1958, Vander  Spuy E. and Pienaar H.J. made a phenomenological 

analysis of α-α scattering up to a bombarding energy of about 6 MeV. They 

investigated whether a velocity-independent, two-body  α-α interaction can 

represent the phase-shift data and also what features of the interaction are 

predicted phenomenologically. 
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In 1960, Igo G. made an optical-model analysis of the elastic α-α scattering 

for bombarding energies ranging from 23.1 to 47.1 MeV by using a complex 

part in the Igo potential. Also he calculated reaction cross section. 

 

In 1964, Endo et al. used l-dependent optical potential in calculating phase 

shift and they found that their phase shift for E(lab) about 40-50 MeV agree 

well for low l with those obtained by Igo (1960) . He made an investigation 

of the extent to which α-α scattering can be explained in terms of an energy-

independent potential. 

 

In 1965, Darriulat et al. introduced a complex wood- saxon potential in an 

attempt to fit the real parts of the α-α scattering phase shifts for energies 

between 53 and 120 MeV. They measured the differential elastic cross 

sections at “center of mass  c.m. ” energies between 26 MeV and 60 MeV. 

   

In 1966, Ali S. and Bodmer A. R. proposed phenomenological α-α potential 

so called “Ali- Bodmer potential” and they mentioned that their potentials 

are in good agreement with those obtained by Darriulat et al. . Ali and 

Bodmer discussed the relations between their results and of Darriulat et al. 

ones. Also they used the flexible four-parameter shape for their potentials 

which is composed of Ali-Bodmer potential plus coulomb potential and used 

it in discussing the phase shift at different parameters. 

 

 In 1970, Lim T.K. calculated the binding energy, root mean square radius 

and elastic form factors of 3-α system by using l-dependent α-α potential 

“Ali-Bodmer potential” . He found that the calculation of binding energies 

of 3-α system does not agree with experimental, also the tri-particle 
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representation of the ground state of A=12 nuclear system fails to give the 

elastic form factor and the root mean square radius . 

 

In 1972, Vautherin and D. Brink D.M.  used  skyrme's interaction to 

calculate  the binding energy and radii of 16O and 208Pb for all closed –shell 

nuclei and also to calculate the electron scattering angular distributions . 

 

In 1974, Mendez-Moreno R. M. and Moreno M. analysed critically the 

possibilities and limits of the α- particle model. By using the variational 

calculations, they calculated the elastic form factor and the ground state 

energy of 12C of the Ali-Bodmer and Darriulat et al. potentials at different 

quanta . Also they calculated the elastic form factor and the energy of the 

ground state and the first two excited 0+ states of 16O using the Ali-Bodmer 

potential.  

 

In 1976, Wadia W. and EL- Shal A.O. used Hartree –Fock procedure to 

calculate the binding energy, the root mean square radius and the intrinsic 

quadrapole moment of the 3α-system and compared with those of the ground 

state of 12C nucleus. This was by using the Haefner potential and Ali-

Bodmer . Hartree –Fock procedure is applied to asystem of  N- identical 

bosons.  

 
In 1976, Rahman M. and Chowdhury S.M. calculated the binding energy 

of 12C and its root mean square radius by using the non-local separable 

potential given by Yamaguchi (Yamaguchi Y., 1954) which has also been 

used by Harrington (Harrington D. R., 1966) , leung and park ( Leung 
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C.C.H. and Park S.C., 1969) The formalism included coulomb potential in 

anatural way. 

 

In 1977, Aguilera-Navarro V.C. and Portilho O. calculated the lower 0+ 

and 2+ energy levels, elastic and inelastic charge form factor, and transition 

widths of the 12C nucleus using variational method taking as a trial function 

a linear combination of harmonic – oscillator eigenfunctions in an 

approximation of 10 quanta. They presented the 12C nucleus as three finite 

structureless α particles interacting through phenomenological potentials due 

to Ali and Bobmer. In their opinion, the results obtained fairly support the α 

model for 12C. 

 

In 1977, Baz A.I. et al. evaluated the energies and widths of the levels of the 

α-α system 8Be and the phases for α-α scattering and this by using Woods-

Saxon potential.  

 

In 1979, Portilho O. and Coon S.A. postulated a Gaussian three-body 

potential among α particles and adjust its parameters and studied the 

influence of it when be added to the Ali-Bodmer α-α potential on elastic and 

inelastic form factors, transition widths, Coulomb energy and charge radius 

of the 3-α system. They found that a good fit to experimental energies of 

low-lying 0+ and 2+ states of 12C. The 3-α potential improved results found 

with the Ali-Bodmer potential alone. They found the 0 2 + state to be a (non-

rigid) linear chain and the ground state to be a triangle of α particles. 

 

In 1980, Schmid E.W. tried to find a new method of deriving resonating 

group kernels from the nucleon-nucleon interaction and a new optical model 



Chapter 1                                                                               Introduction                                     
 

Page 15 
 

which stimulates the resonating group model and does not violate the pauli 

principle. Because of the fish bone like structure of the interaction, they 

called the method the “fish- bone method” or “fish-bone model”  and the 

optical model the “fish- bone optical model”. 

 

In 1996, Massen S.E. et al. investigated the effects of fluctuations of the 

nuclear surface on the harmonic oscillator elastic charge form factor of light 

nuclei, while simultaneously approximating the short –range correlations 

through a Jastrow correlation factor. Inclusion of the surface – fluctuation 

effects within this description, by truncating the cluster expansion at the 

two- body part, is found to improve somewhat the fit to the elastic charge 

form factor of 16O and 40Ca. 

 

In 1999, Massen S.E. and Moustakidis H.C. derived an analytical 

expressions of the one - and two - body terms in the cluster expansion of the 

charge form factors and densities of the s–p and s–d shell nuclei with N=Z. 

These expressions are used for the systematic study of the effect of short 

range correlations on the form factors and densities. 

 

In 2000, Filikhin I.N.  and Yakovlev S.L. calculated the binding energies, 

the root -mean -square radii and charge form factor of  12C and 16O nuclei, 

also the ground and the first excited state of the 16O nucleus are investigated. 

The calculations are performed on the basis of the s-wave differential 

equations for the Faddeev and Yakubovsky components. They used Ali-

Bodmer potential in their calculations. 
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In 2004, Yang Y.  and Run Li Q. constructed an α-folding model to describe 

the α scattering on 12C based on the α-particle structure of the 12C nucleus, 

the folding model gives satisfactory description of the elastic scattering 

differential cross sections over a wide energy range. The elastic scattering 

angular distributions for the α+ 12C system at seventeen incident energies 

between 13 and 172.5 MeV have been analysed by using the folding model 

based on an α-particle model for the nucleus 12C. By comparing the 

theoretical results with the experimental data satisfactory agreement is 

obtained. 

 

In 2005, Fedotov S. I. et al. calculated the width of excited 0+
2 state of 12C 

nucleus using modified Ali-Bodmer potential. 

 

In 2008, Schwierz N. et al. reviewed and optimized the parameters of the 

Wood-Saxon potential  to the experimental single-nucleon spectra around 

the doubly-magic nuclei between 16O and 208Pb. They obtain a 

parameterization which is applicable over the whole nuclear chart for 

nuclides between 16O and the heaviest elements. This potential provides a 

good description of the nuclear mean field leading to quality single-particle 

spectra, nuclear radii, prediction of drip-lines, shell closures and other 

properties.   

 

In 2008, Orabi M. et al. found that the well known  local potentials Buck-

Friedrich- Wheatley and Ali-Bodmer which reproduce very well the αα  

phase shifts are not successful for describing  the 12C nucleus as a 3α  

system.   
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In 2008, Papp Z. and Moszkowski S. examined the α-α interaction in the 

fish-bone model. They determined the α-α potential such that it reproduces 

the S, D and G wave phase shift up to 20 MeV and they reexamined the two-

α and the three- α system and determined a new fish-bone-type α-α potential 

which provided a good description to the two- α and three- α observables.   

 

In 2011, Day J. P. et al. determined the α-α fish-bone potential by 

simultaneously fitting to two-α resonance energies, experimental phase 

shifts, and three-α binding energies. They found that, essentially, a simple 

Gaussian can provide a good description of two-α and three-α experimental 

data without invoking three-body potentials. 
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The Aim of The Work: 
 

1- Studying the different forms of phenomenological α-α  interactions. 
 

2- Applying  Hartree-Fock “HF” procedure on 16O nucleus. 
 

3- Calculating  some nuclear structure properties of 16O nucleus such  as 
binding energy, root mean square radius and form factor.   

 
4- Comparing the results with the experimental and theoretical ones 
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 CHAPTER TWO 
 

Alpha-Alpha Interactions 
 
 
2.1. Nuclear Potential: 
 
A basic problem in the nuclear physics is the motion of the free electrons 

which have a conclusive influence on the abundance of metallic clusters. 

These electrons are moving in well defined orbitals, around the central 

nucleus and in a mean field potential which is produced by the positively 

charged ions and the rest of the electrons(Ayse Berkdemir et al., 2004)  In 

the mean field potential, the details of the potential are described by free 

parameters such as depth, width and the slope of the potential, which have to 

be fitted to experimental observation. Therefore, a mean field potential is 

always empirical ( Brack M. , 1993). 

 

The potential is the most important nonobservable physical quantity in 

quantum mechanics. It is not an observable, yet it determines all the physical 

observables. There are two ways of determining the quantum mechanical 

potential. If the quantum system has a classical counterpart, one can use the 

correspondence principle. Otherwise, potential can be determined  by 

calculating observables and comparing them to experiments. 

 

Almost all, so-called elementary, particles are in fact composite particles 

made of even more elementary particles. These constituents are fermions 

that obey the Pauli principle (i.e., they cannot occupy the same quantum 

state). The Pauli principle and the internal structure and dynamics of the 
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constituent fermions can lead to a very complicated potential for the 

composite particles. 

The simplest way to model the Pauli effect is to use a repulsive short-range 

potential, which suppresses the wave function at short distances. The 

parameters of phenomenological potential are determined either by the 

inverse scattering method or by fitting models to experiments. In most 

models, local potentials are used. Generally, these models cannot provide an 

acceptable description of three-body data, which results in the need for 

three-body potentials (Day J. P. et al., 2011). 

Two body data alone cannot determine the potential uniquely, one needs 

three-body data as well. To determine the potential unambiguously we need 

to know the internal part of the wave function as well. In order that we gain 

some information about the internal part of the wave function we may add a 

third particle to the system. The third particle feels not only the asymptotic 

part, but also the whole wave function. So, three-body observables are 

sensitive not only to the asymptotic part, but also to the whole two-body 

wave function. Therefore, to determine the potential uniquely, we need to 

study both two-body and three-body systems (Papp Z. and Moszkowski S., 

2008). 

A successful way of describing nuclear interactions is to construct one 

potential for the whole nucleus instead of considering all its nucleon 

components. This is called the macroscopic approach. For example, 

scattering of neutrons from nuclei can be described by considering a plane 

wave in the potential of the nucleus, which comprises a real part and an 

imaginary part. This model is often called the optical model since it 

resembles the case of light scattered by an opaque glass sphere. 
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Nuclear potentials can be local or global: local potentials are limited to a 

narrow energy range and/or a narrow nuclear mass range, while global 

potentials, which have more parameters and are usually less accurate, are 

functions of the energy and the nuclear mass and can therefore be used in a 

wider range of applications (Krane K.S., 1987) . 

2.2. Some  Phenomenological Interactions  

 
 2.2.1. Haefner Potential: 

 

One of the earliest phenomenological α-α potentials was proposed by 

Haefner ( Haefner R.R., 1951) and was of the form: 
 

2  

2 2 2      

4 e / r                              r R
( ) ( 2 .1)

  D  q / 2  r     r R
V r

µ

 >= 
− + < h

 

 
 
where r is the α-α separation, D is a constant(the well depth parameter), µ 

the reduced mass and q2 is a parameter. Haefner used this potential to 

determine the properties of 8Be assuming that it is a 2α system. This 

potential is repulsive for small r (representing the effect of the Pauli 

principle operating between nucleons of the α clusters), attractive for 

intermediate r, and is Coulombic outside r.  
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2.2.2. Van Der Spuy and Pienaar Potential:  

 

Van Der Spuy and Pienaar (Vander Spuy E. and Pienaar H.J, 1958)  

made a phenomenological analysis of α-α scattering up to a bombarding 

energy of about 6 MeV. They investigated whether a velocity-independent, 

two-body α-α interaction can represent the phase-shift data and also what 

features of the interaction are predicted phenomenologically. 

They considered the following α-α potential: 

1

1 N
2

,  r  r
                                           

( ) (2.2)                                          ,  r  r  r

4 ,  N

V r V

e r r
r

αα

∞ ≤

= − < ≤

 >


 
 
 

where the three parameters (r1,rN,V) are the hard core radius, the nuclear 

interaction range and the well depth, respectively.   

 

     2.2.3.  Igo Potential:  

 

       Igo (Igo G., 1960) made an optical-model analysis of the elastic α-

α scattering for bombarding energies ranging from 23.1 to 47.1 MeV. He 

used a complex potential: 
 
 

0

( ) ( 2 . 3 )
1 e x p [ ( ) / ]

V i wV r
r r d
+

=
+ −
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where the parameters V, W, r0  and d were required, by agreement with the 

angular distributions taken at eight different energies, to be -112 MeV, -1 

MeV (for bombarding energies near 40 MeV), 1.8 fm and 0.6 ± 0.1 fm,   

respectively. The real parts of the phase shifts obtained for this potentia1 

were in good agreement with the preliminary  values of Snyder (Burcham et 

al., 1958) ,  in the energy range 23-42 MeV. The imaginary parts of the 

phase shifts were close to zero. The introduction of a nonzero W, necessary  

to reproduce the total reaction cross section, had a negligible effect on the 

real part of the phase shifts.                 

 

2.2.4. Endo, Shimodaya, and Hiura Potential : 
 
 

Endo, Shimodaya, and Hiura (Endo O. et al., 1964) made an 

investigation of the extent to which α-α scattering can be explained in terms 

of an energy-independent potential and used the following l -dependent 

potential:                                              
 

( ) ( )( ) ( ) ( ) 2 2 ( )     
1 1 0 0 c       V  V  exp r  V  exp   r         r r (2.4)   µ µαα = − + − ≥l l l l

 

where the rc
( l ) hard –core radius, V1

( l ), μ1
( l ) are two l -dependent free 

parameters of the repulsive part, the parameters V0 and μ0 of the attractive 

part being fixed to -325 MeV and 0.29 fm -2. Endo et al. argued that the use 

of such a completely real part may not be realistic. 
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2.2.5. Darriulat  Potential : 
 
 

Recently, Darriulat, Igo, Pugh, and Holmgren ( Darriulat P. et al., 

1965), in an attempt to fit the real parts of the n-n scattering phase shifts for 

energies between 53 and 120 MeV, introduced a complex Woods- Saxon 

potential of the form 

( ) ( ) ( )

( ) ( )

1 1

1 1 1 2 2 2

1 r   
3 3 c

     V r  u 1 exp{ r r /a } –  u 1 exp{ r r / a }

  i w 1 exp{ r r /a }  V            (2.5)

αα

− −

−

= + − + −      

− + − +  
 

where the first term represents the repulsive core, the second  term (larger 

ranged) represents attractive potential, the third term accounts for  inelastic 

processes  and the fourth term is the coulomb potential due to a uniformly 

charged sphere of radius Rc. Darriulat et al. (Afzal S. A. et al., 1969)  also 

tried to fit the phase shifts for all partial waves using the same potential but 

failed. Then they took recourse to an l -dependent potential and used a 

different set of parameters for each partial wave. As pointed out by Darriulat 

et al., these potentials suffer somewhat from the ambiguity which is 

characteristic of any Wood - Saxon parametrization. 

 

2.2.6. Ali and Bodmer's Potential:  
 

The "standard model" for the α-α interaction is the Ali-Bodmer 

potential (Afzal S. A. et al., 1969 - Ali S. and Bodmer A. R., 1966). By the 

1960s good experimental data on alpha-alpha scattering was available. Ali 

and Bodmer (Ali S. and Bodmer A.R., 1966) made a detailed study of 
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potentials which fitted the scattering phase shifts. They obtained many 

equally good potentials and looked for ways of distinguishing between them. 

All their potentials had a repulsive part with a strength RV  which depended 

on the angular momentum l  and an attractive part with a constant strength 

AV . Soon after Ali and Bodmer's work on the α-α potentials several groups 

postulated that the 12C nucleus was built from three elementary alpha-

particles and calculated the structure of its states with Ali and Bodmer 

potentials (Brink D. M., 2008). Visschers and Van Wageningen (Visschers 

L. L. and Van Wageningen R., 1971) found that the Ali and Bodmer 

potentials gave a ground state binding energy which was too small and failed 

to give a reasonable energy for the Hoyle state. Fedorov and Jensen 

(Fedorov D. V. and Jensen A. S., 1966) added a 3-body force to one of the 

Ali and Bodmer potentials and were able to choose the parameters so that 

the energies of the ground state and the Hoyle state.  

Ali and bodmer's  potential is a combination of repulsive and attractive 

Gaussians in the form.                         :                                                                                                                    

2 2 2 2

(2.6)( ) R Ar r
R AV r V e V eµ µ− −= −

 

where (VR,µR) and (VR,µA) are the depths and inverse ranges of the repulsive 

and attractive parts, respectively. They are phenomenological potentials in 

the sense that their parameters are fitted in order to reproduce the 

experimental phase shifts associated with α- α scattering . They reproduce 

δ0, δ2 , and δ4 . They used the potentials (d0 d2 d4) and (e0 e2 e4) whose 

parameters are listed in (Table 2.1) (Aguilera-Navarro. V.C., 1974). 
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Table 2.1: Two sets of Ali-Bodmer potential 
 
 

 
VA(MeV) 

 
µA(fm-1) 

 
VR(MeV) 

 
µR(fm-1) 

 

d0 
  

-130 
 

 
0.475 

 
475 

 
0.7 

 

d2 
 

 
-130 

 
0.475 

 
320 

 
0.7 

 

d4 
 

-130 
 

 
0.475 

 

 
10 

 
0.7 

 

e0 
 

-150 
 

 
0.5 

 
1050 

 
0.8 

 

e2 
  

-150 
 

 
0.5 

 

 
640 

 
0.8 

 

e4 
  

-150 
 

 
0.5 

 
0 

 
- 

 

 Ali and Bodmer gave the α-α scattering phase shifts for different sets of 

parameters (Mendez-Moreno R. M. et al., 1974) .                                                                        

            
2.2.7. Buck   Potential:  
 

Buck  et al. (Buck B. et al., 1977) potential has the form as follow: 
  
  

2( ) 122.6225 exp( 0 .22 ) (2 .7 )V r r M eVα α = − −  
 
This potential can accurately reproduce the measured α-α scattering phase 

shifts for center-of-mass(c.m) energies up to 20 MeV and approximately 

reproduces the experimental data for energies up to 40 MeV. 
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2.2.8. Buck, Friedrich and Wheatley(BFW) 
 

            Buck, Friedrich and Wheatley(BFW) added the coulomb potential 

CV (r)  to the equation (2.7) was of the form   

( ) 2  
0 0  C      V r V  exp( r )  V (r)                                 (2.8)α α η= − +  

with V 0 = −122.6225MeV, η0 = 0.22 fm−2 and the coulomb potential 

( reVC /4 2= ).  

In the method of Buck, Friedrich, and Wheatley (Buck B. et al., 1977) a 

deep potential is adopted, and it is assumed that the few lowest states are 

forbidden by the Pauli principle. Modifying the Buck, Friedrich and 

Wheatley (BFW) potential by adding a small repulsive core leads to about 

the same quality of fits (Abdullah M.N.A. et al., 2006) . 

 
 
2.2.9. Woods–Saxon potential: 
 

The effective potential was taken to have the form of an l-dependent 

hard wall plus an attractive potential being constant in respect to different 

momenta. For the attractive long range part, the usual Woods-Saxon form 

has been adopted. The complete interaction is given by:  

   

The variable r and the parameters V0 , R0 and a have their usual meaning and 

Rc stands for the radius of the hard core. A modified Woods-Saxon 

{ }1( ) [1 exp( )/ ]
(2.9)

c

c

V r V r R a r R
r R

−= − + − >

= ∞ ≤
o o



  Chapter 2                                                    Alpha-Alpha Interactions 
 

Page 28 
 

distribution was assigned to the repulsive potential. The form of the 

attractive part remained the same as before. For the sake of completeness,  

 

the following equation gives the full interaction  . 

 

The parameters employed in the computations are R0=2.4 fm, a=0.5 fm, 

V0=53.8 MeV, Rc=2.1 fm, ac=0.1 fm, and α=3. 

Thus the attractive potential is seen to be shallower than in the previous 

case. The depth of the repulsive part had to be chosen to be three times 

deeper than V0. At the same time radius and especially diffuseness of the 

repulsive part are smaller than the ones for the real part ( Baz A. I. et al., 

1977). 

 

2.2.10. Skyrme's Potential:  

Tony Hilton Royle Skyrme, (1922–1987) was a British physicist. He 

first proposed modeling the effective interaction between nucleons in nuclei 

by a zero-range potential (Skyrme T., 1959). An idea still widely used today 

in nuclear structure (Bender M., Heenen P. H., 2003). Skyrme effective 

interaction potential has been widely used to investigate the properties of 

nuclear matter. This is because it produces simple  analytical expressions to 

deal with. The original form of Skyrme's interaction can be written as 

(Mansour H. M. M. and Metawei Z., 2006 ) :               

{ }1 1
0( ) [1 exp( )/ ] [1 exp( )/ ] (2.10)c cV r V r R a r R aα− −=− + − − + −o
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2 2

0 0 1 1 2 2

3 3 (2.11)

1(1 ) (1 )( ) (1 )
2

1. (1 ) ( )
6

SkyrmeV t x p t x p k k t x p

k k t x p R

σ σ σ

α
σ

δ δ δ

δ ρ δ

′= + + + + + +

′ + +

 

where δ=δ(ri –rj ),  
1 ( )
2 i jk
i

= ∇ − ∇  is the relative momentum operator acting 

on the wave function to the right and k ′  is the adjoint of k . Pσ  is the spin-

exchange operator, R=(ri+rj)/2.      

  
 2.2.11. The Chien-Brown potential : 
 
   
           The Chien-Brown (Chien W. S. and Brown R. E., 1974) potential 
has the form :  
 
                                                                                                 

2 2

( ) ( ) ( 2 . 1 2 )r r
r DV r V e V rµ

α α
−= +

,    
               VD(r)= 0 2{1 ( ) [1 ( )]}

r
D rV e e
r r

γ
γφ λ φ λ

γ

−

− ++ − −   
                                 
  
 
                         

1
22 3( ) ( )

3 4
rα γ

λ
α± = ±  

where Φ is the error function.   
 
the following reduced matrix elements are needed to calculate the 

Hamiltonian matrix elements  
                                                       

2

0

3 /8
016DV V e γ α=
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2

2

2 , 2 ,

( 2 , 2 , ) { } , (2 .13)

c

n n l

p c
p l

n l V V n l

B n l n l p I V V
α α α

α

α α α α α α

α α α α α α

ε ε
′+ +

=

′< + >

′= +∑
 

Where 
2

0/ m cε ω= h , Ip are Talmi integrals defined by 

 

 

2 2 2

0

2{ ( )} ( ) (2 .14)3( )
2

r p
PI f r e f r r d r

p

∞
− +=

Γ +
∫   

And from error function integral tables, we get 
2

2 1 22

1 2 1 3{ ( )} ( , , ; ) (2.15)
2 2 1(1 )

p
a aI ar F P

r aa
φ

π
= −

++  

The other Talmi integrals necessary to evaluate Ip{VD(r)} were calculated 

numerically. 

  2.2.12. Fish-bone  potential  : 
The fishbone potential of composite particles simulates the Pauli 

effect by nonlocal terms. The α-α fishbone potential be determined by 

simultaneously fitting to two-α resonance energies, experimental phase 

shifts, and three-α binding energies. It was found that, essentially, a simple 

aussian can provide a good description of two-α and three-α experimental 

data without invoking three-body potentials. Many authors adopted the 

fishbone model because, in their opinion, this is the most elaborated 

phenomenological cluster-model-motivated potential. The variant of the 

fishbone potential has been designed to minimize and to neglect the three-
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body potential. Therefore, they can try to determine the interaction by a 

simultaneous fit to two- and three-body data ( Day J. P. et al., 2011) . 

Fish-bone potential of the α-α system was determined by Kircher and 

Schmid (Kircher R. and Schmid E. W., 1981) . The harmonic oscillator 

width parameter was fixed to a = 0.55 fm−2 and The local potential was 

taken in the form 

2
2

0
4 2( ) exp ( ) erf ( ) (2 .16)

3l
e av r v r r
r

β= − +

 

where ν0 = -108.41998MeV and β = 0.18898fm-2. While this potential 

provides a reasonably good fit to l = 0 and l = 2 and l = 4 partial wave phase 

shifts, it seriously overbinds the three-α system as shown in ( table 2.2) . The 

experimental binding energy of the three-α (12C) system is E3α = -7.275 

MeV. 

 
Table 2.2: L = 0 three- binding energy as a function of subsystem angular 

momentum Lmax in case if  fish-bone potential of Kircher and Schmid (FB-1) and the 
results of Papp Z. and Moszkowski S. (FB-2). 

Lmax 

 

FB-1 
Potential  

FB-2 
Potential  

2 0.057 -0.313 
4 -15.47 -7.112 
6 -15.63 -7.273 
8 -15.63 -7.275 

 
One may conclude that there is a need for three-body potential. This was the 

choice Oryu and Kamada (Oryu S. and Kamada H., 1989) adopted. They 

added a phenomenological three-body potential to the fish-bone potential of 

Kircher and Schmid and found that a huge three-body potential is needed to 

reproduce the experimental data. But, Faddeev calculations(Papp Z. and 
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Plessas W., 1996)  reveal that the l = 4 partial wave is very important to the 

three- α binding and, for this partial wave, the fit to experimental data is not 

so stellar. So Papp Z. and Moszkowski S.( Papp Z.,  Moszkowski S., 2008) 

concluded, that it may be possible to improve the agreement in the l = 4 

partial wave and achieve a better description for the three- α binding energy 

in the point view of the these authors. 

 

 Thus as a local potential, two Gaussians plus screened Coulomb potential : 

2
2 2

1 1 2 2
4 2( ) exp( ) exp( ) erf ( ) (2.17)

3l
e av r v r v r r
r

β β= − + − +  

 

where ν1, β1, ν2, β2 and  a  are fitting parameters. In the fitting procedure 

Papp Z. and Moszkowski S.  incorporated the famous 8Be, l  = 0 resonance 

state at exp
2E  b  = (0.0916 -0.000003i) MeV, the 12C three- α ground state 

energy exp
3E  b = -7.275 MeV, and the l  = 0, l  = 2 and l = 4 low energy phase 

shifts. With parameters ν1 = -120.30683493 MeV, β1 = 0.20206127 fm-2, ν2 = 

49.06187648 MeV, β2 = 0.76601097 fm-2 and a = 0.64874009 fm-2 , they 

achieved a perfect fit.  

 

For the l = 0 two-body resonance state they get E2b = 0.09161 – 0.00000303i 

MeV, and for the three-body ground state E3b = -7.27502 MeV. Notice that 

unlike with the Ali-Bodmer potential, they achieved this agreement by using 

the same potential in all partial waves. Having this new α-α fish- bone 

potential from the fitting procedure, they also calculated the first excited 

state of the three- system. This state is a resonant state, and they got 3E  res
α  = 

(0.54- 0.0005i) MeV, which is again very close to the experimental value. 



 Chapter 3        Derivation of Hartree-Fock Method for Bosons 
 

Page 32 
 

 
CHAPTER THREE 

 
Derivation of Hartree-Fock Method for Bosons 

 

3.1 Hartree–Fock method 

3.1.1. Brief History: 

 In 1927, D. R. Hartree introduced a procedure, which he called the self-

consistent field method, to calculate approximate wave functions and 

energies for atoms and ions. Hartree was guided by some earlier, semi-

empirical methods of the early 1920s (by E. Fues, R. B. Lindsay, and 

himself) set in the old quantum theory of Bohr. 

Hartree sought to do away with empirical parameters and solve the many-

body time-independent Schrödinger equation from fundamental physical 

principles, i.e., ab initio. His first proposed method of solution became 

known as the Hartree method. However, many of Hartree's contemporaries 

did not understand the physical reasoning behind the Hartree method: it 

appeared to many people to contain empirical elements, and its connection 

to the solution of the many-body Schrödinger equation was unclear. 

However, in 1928 Slater J. C. and Gaunt J. A.(Gaunt J. A., 1928) 

independently showed that the Hartree method could be couched on a 

sounder theoretical basis by applying the variational principle to an ansatz 

(trial wave function) as a product of single-particle functions. 
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In 1930, Slater (Slater J. C., 1930)  and V. A. Fock independently 

pointed out that the Hartree method did not respect the principle of 

antisymmetry of the wave function. The Hartree method used the Pauli 

exclusion principle in its older formulation, forbidding the presence of two 

electrons in the same quantum state. However, this was shown to be 

fundamentally incomplete in its neglect of quantum statistics. 

It was then shown that a Slater determinant, a determinant of one-particle 

orbitals first used by Heisenberg and Dirac in 1926, trivially satisfies the 

antisymmetric property of the exact solution and hence is a suitable ansatz 

for applying the variational principle. The original Hartree method can then 

be viewed as an approximation to the Hartree–Fock method by neglecting 

exchange. Fock's original method relied heavily on group theory and was too 

abstract for contemporary physicists to understand and implement. In 1935 

Hartree reformulated the method more suitably for the purposes of 

calculation. 

The Hartree–Fock method, despite its physically more accurate picture, was 

little used until the advent of electronic computers in the 1950s due to the 

much greater computational demands over the early Hartree method and 

empirical models. Initially, both the Hartree method and the Hartree–Fock 

method were applied exclusively to atoms, where the spherical symmetry of 

the system allowed one to greatly simplify the problem. These approximate 

methods were (and are) often used together with the central field 

approximation, to impose that electrons in the same shell have the same 

radial part, and to restrict the variational solution to be a spin eigenfunction. 

Even so, solution by hand of the Hartree–Fock equations for a medium sized 

atom were laborious; small molecules required computational resources far 

beyond what was available before 1950. 
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3.1.2. Definition: 

The Hartree–Fock method is also called, especially in the older literature, the 

self-consistent field method (SCF). The solutions to the resulting non-

linear equations behave as if each particle is subjected to the mean field 

created by all other particles . The equations are almost universally solved 

by means of an iterative process. This solution scheme is not the only one 

possible and is not an essential feature of the Hartree–Fock method. 

The Restricted Hartree–Fock method, where the atom or molecule is a 

closed-shell system with all orbitals (atomic or molecular) are doubly 

occupied. Open-shell systems, where some of the electrons are not paired, 

can be dealt with by one of two Hartree–Fock methods: 

• Restricted open-shell Hartree–Fock (ROHF) 

• Unrestricted Hartree–Fock (UHF) 

Restricted and unrestricted HF: 

• HF calculations with equivalent spatial orbitals for electrons with 

spins up/down are called restricted Hartree-Fock method. 

 

• If different orbitals are used, we have unrestricted Hartree-Fock 

method                                  
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3.1.3. Hartree –Fock Procedure for Bosons 
  
DDeerriivvaattiioonn::  
  
   We consider a system of  N identical bosons(El-Shal Azza O., 1977) 

described by a Hamiltonian of the usual form:      

 
 
 

where t(i) is the kinetic energy operator of the i th  particle and v(i,j) the 

two-body interaction.We assume that the ground state of the system is 

described by the symmetric wave function  

     

 
where each boson occupies the same lowest HF- orbital λ, the HF- orbitals  

are conveniently determined by expanding in terms of a known orthonormal 

set of single-particle wave in the functions       form. 

  
  
 
 
where the set of orbitals both filled and empty is assumed to form an 

orthonormal set of wave function *
j j

j

m mλ λ
λ λδ′

′=∑  

The expansion coefficients    are determined requiring the expectation 

value of the Hamiltonian (3.1) to be stationary with respect to the state 

defined by Eqs. (3.2) and (3.3). thus the coefficients mj are determined from 

the variational condition  

  
 

jm λ

1 1
( ) ( , ) ( 3 .1 )

N N

i i j
H T V t i v i j

= > =

= + = +∑ ∑

(1, 2,....., ) (1) (2) ..... ( ) (3.2)N Nχ λ λ λ=

j >

*, (3 .3 )j j j
j j

m j m mλ λ λ
λ λλ δ′

′= > =∑ ∑

* 0 ( 3 . 4 )j j
jj

H N e m m
m

λ λ
λλ χ χ∗

 ∂
− = ∂  

∑
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Where eλ is a Lagrangian multiplier. Eq. (3.4) is an eigenvalue problem of 

the form  

 
 
 
 
 
where :  
 
 
 
 
is the HF-Hamiltonian.  eλ  are energies of the single particle orbitals, and        
 
 
 
is the symmetrized two –body matrix element. Eqs. (3.5) are solved by the 

well-known iteration process. Only the coefficients of the lowest orbital 

enter in Eq. (3.6) during the iteration process . The ground state energy of 

the system corresponding to the lowest HF- orbital λ  would be given by:  

 

 
Or, equivalently, by  
 
 
 
3.2. Hypergeometric Functions 
 
3.2.1.  The Hypergeometric  Series  
 
The series: 
 

2. ( 1) ( 1)1 .... (3 .10)
1 . 1 .2 ( 1)

x xα β α α β β
γ γ γ

+ +
+ + +

+  

( , ) ( 3 .5 )j j
j

h i j m e mλ λ
λ=∑

,

1( , ) ( 1) (3.6)
2 k l s

k l
h i j i t j N m m ik v jlλ λ∗=< > + − < >∑

( 3 . 7 )
s

i k j l i k j l i k l jν ν ν= +

1 ( 1) (3.8)
2

E N t N N Vλ λ λλ λλ= < > + − < >

( ) ( 3 . 9 )
2
NE t eλ λ= +
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is of great importance in mathematics . Since it is an obvious generalisation 

of the geometric series 

                       
2 ( 3 . 1 1 )1 . . . . ,x x+ + +

 
it is called the hypergeometric  series.  is readily shown that, provided γ is 

not zero or a negative integer , the series is absolutely convergent if x  < 1, 

divergent if  x > 1, while if  x  = 1 the series converges absolutely if  γ > 

α+β.   It is convergent when x  = - 1, provided that  γ > α+β-1 . 

 

If  we introduce the notation  
 

( ) ( )( 1)...( 1) (3 .12 )
( )r

rr α
α α α α

α
Γ +

= + + − =
Γ  

We may write the series (3.10) in the form  
 

2 1
0

(3 .1 3)
( ) ( )( , ; ; ) ,

!( )
rr r

r r

F x x
r

α β
α β γ

γ

∞

=

= ∑
 
The suffixes 2 and 1 denoting that there are two parameters of the type α and 

one of the type γ . 

 
3.2.2. The Hypergeometric Equation  
 
In certain problems it is possible to reduce the solution to that of solving the 

second order linear differential equation  

 
2

2 (3 .14)(1 ) { (1 ) } 0d y dyx x x y
d x dx

γ α β α β− + − + + − =   
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in which α, β,  and γ are constants. For instance, the schrodinger equation for 

a symmetrical- top molecule, which is of importance in the theory of 

molecular spectra can , by simple transformations, be reduced to this type. 

An equation of this type also arises in the study of the flow of compressible 

fluids. Indeed it can be shown that any ordinary linear differential equation 

of the second order whose only singular points are regular singular points, 

one of which may be the point at infinity, can be transformed to the form 

(3.14). For that reason it is desirable to investigate the nature of the solutions 

of this equation, which is called the hypergeometric equation.  

We may write the hypergeometric equation in the form:   
 

2 2

2 (3.15)

(1 ...){ ( 1) }
(1 ...) 0

x y x x x x y
x x x y

γ α β

αβ

′′ ′+ + + + − + +

− + + + =
 
 
3.2.3. The Confluent Hypergeometric Function  
 
If we replace x by x/β in equation (3.14) we see the hypergeometric function  
 
2 1 ( , ; ; / ) ( 3 . 1 6 )F xα β γ β

 
 
is a solution of the differential equation  
 

2

2

11 1 0 (3.17)x d y dyx x y
dx dx

α
γ α

β β
    +

− + − + − =    
    

 
 
So that letting β → ∞ we see that the function  
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2 1l i m ( , ; ; / ) ( 3 . 1 8 )F x
β

α β γ β
→ ∞

 
 
is the solution of the differential equation  
 

2

2 ( ) 0 ( 3 . 1 9 )d y d yx x y
d x d x

γ α+ − − =

 
 
From the definition of (β)r , we see that 
 

( )l i m 1 ( 3 . 2 0 )r
rβ

β
β→ ∞

=

 
 
So that the function (3.18) is the series  
 

0

( ) . ( 3 . 2 1 )
( ) !

r
r

r r

x
r

α
γ

∞

=
∑

 
 
and this series we denote by the symbol 1 1 ( ; ; )F xα γ . This function is 

called a confluent hypergeometric function, and the equation (3.19) is the 

confluent hypergeometric equation . 

 

Equations of the type (3.19) occur in mathematical physics in the discussion 

of boundary value problems in potential theory, and in the theory of atomic 

collisions(Sneddon Ian N., 1961) .  
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There are several common standard forms of confluent hypergeometric 

functions: 

• Kummer's (confluent hypergeometric) function M(a,b,z), introduced 

by Kummer , is a solution to Kummer's differential equation. There is 

a different but unrelated Kummer's function bearing the same name. 

• Whittaker functions (for Edmund Taylor Whittaker) are solutions to 

Whittaker's equation. 

• Coulomb wave functions are solutions to Coulomb wave equation. 

The Kummer functions, Whittaker functions, and Coulomb wave functions 

are essentially the same, and differ from each other only by elementary 

functions and change of variables. 

3.3. Clebsch-Gordan Coefficients 
 

3.3.1. Definition 
 
Once we have obtained the eigenfunctions which diagonalize the square and 

z-component of the angular momentum (Rose M.E., 1957), there arises the 

problem of finding the wave functions for a compound system of two 

angular momenta. The necessity for compounding angular momenta arises 

when we deal with a single particle whose total angular momentum is a sum 

of two parts (orbital and intrinsic spin), or with two or more particles and 

also when we consider scattering or emission/absorption processes between 

states of well-defined angular momentum. 

Let the eigenfunctions for the angular momenta j1 and j2 be Ψjlml and Ψ j2m2 

, respectively. Then  
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     1 1 1 1

2
1 1 1( 1) ( 3 .2 2 )j m j mJ j jΨ = + Ψ   

  

2 2 2 2

2
2 2 2( 1) (3 .23)j m j mJ j jΨ = + Ψ

 
 

1 1 1 1 2 2 2 21 1 2 2; (3.24)z j m j m z j m j mJ m J mΨ = Ψ Ψ = Ψ  
 
To keep the notation simple, the same symbol Ψ; has been used for both 

eigenfunctions, even though they refer to completely different spaces and 

may have different structure as in the case of orbital and intrinsic spin 

eigenfunctions. We shall call the direct product 

                                         

1 1 2 2
( 3 . 2 5 )j m j mΨ Ψ

 

 the uncoupled representation. In the uncoupled representation  2
1 1, zJ J   and , 

2
2 2, zJ J  are diagonal.  The total angular momentum (vector) operator J is 

defined by 

 
                                               

1 2 ( 3 . 2 6 )J J J= +
 
 That the sum of two angular momenta is also an angular momentum may 

be proved by showing that the commutation relation J X J = iJ is satisfied. 

Thus,  
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1 2 1 2

1 1 1 2 2 1 2 2

, ,

, , , , (3.27)

x y x x y y

x y x y x y x y

J J J J J J

J J J J J J J J

   = + +   
       = + + +      

    
 
Since angular momenta in different spaces commute, the two middle  

brackets vanish and 

 

1 2, (3 .2 8 )x y z z zJ J i J i J i J  = + = 
 
The commutation rules are therefore valid for the sum of any number  of 

angular momenta. 

We seek a representation in which J2 and Jz, as well as J1
2 and J2

2, are  

diagonal with eigenvalues j(j + 1) and m, respectively. This coupled  

representation  Ψ jm is connected with the uncoupled representation of  

(3.25) by a unitary transformation 

 

1 1 2 2

1 2

1 2 1 2( ; ) (3.29)jm j m j m
m m

C j j j m m mΨ = Ψ Ψ∑
 
The numbers j1, j2 and j are said to form a triangle, and this relation is 

denoted by Δ(jl j2 j), which is symmetric in the three angular momenta.    

The elements of the transformation C(j1j2j; mlm2m) are called Clebsch-  

Gordan (or Wigner) coefficients. For brevity we refer to them as “ C-coef 

ficients”. 
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3.3.2. Symmetry Relations of the Clebsch-Gordan Coefficients: 
 
The symmetry relations have been derived independently by Racah (Racah 

G., 1942) and Eisenbud (Eisenbud L., 1948) from explicit expressions for 

the C-coefficients. Three independent symmetry relations are 

  
1 2 3

1 2 3

1 1

1 2 3 1 2 3 1 2 3 1 2 3

2 1 3 2 1 3

1
2

3
1 3 2 1 3 2

2

( ; ) ( ) ( ; , , ) (3. 30a) 

( ) ( ; ) (3.30b) 

2 1( ) ( ; , , )
2 1

(3. 30c) 

j j j

j j j

j m

C j j j mm m C j j j m m m

C j j j m mm

j C j j j m m m
j

−

+ −

+ −

= − − − −

= −

 +
= − − − + 

 
These results are derived below from an explicit expression for the C-coef 

ficients, and they will be used to derive all further results. The phases in the 

relations (3.30) are all real since by virtue of Δ(jl j2 j3), jl +j2+j3 is an integer; 

moreover, (-)n = (-)-n for integral n. Thus 1 2 3j j j+ + is also an integer and 

1 2 3( ) j j j+ −− is real. The first relation (3.30a) shows that an overall change in 

the sign of the projection quantum numbers is equivalent to a change in 

phase. According to (3.30b), the same change of phase is obtained on 

interchanging the roles of the two angular momenta j1 and j2 which are being 

added, together with their projections ml and m2. The third symmetry 

relation (3.30c) shows that, when the resultant j is interchanged with an 

addend, here j2, the square root of a statistical weight ratio as well as a phase 

factor is introduced. The lack of symmetry is not surprising in view of the 

special role played by the resultant j3 and its projection m3. In (3.30) it 

should be noted that the third projection quantum number is always the sum 
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of the first two, since otherwise the coefficients vanish. For clarity we 

continue to write all  three projection quantum numbers for the time being.  

Some other useful symmetry relations, which can be derived from  those 

given in (3.30a-c), are the following. Using (3.30a), (3.30b), and  (3.30c) 

again, ,we find 

 

1
22 12 2 3( ; ) ( ) ( ; , , )1 2 3 1 2 3 3 2 1 3 2 12 11

(3. 31a) 

j m j
C j j j m m m C j j j m m m

j

+ +
= − − −

+

 
  
 

 
If we use (3.30c), (3.30b), and (3.30a), the result is 

 

 
 
Using (3.31a), (3.30b), and (3.30a), we derive the result 
 

 
 
Again, the structure of these relations should be studied closely. A convenient 

description is the following: Whenever j3 is interchanged with  either j1 or j2, as 

in (3.30c) or (3.31a), the projection quantum number  m3 associated with it 

1
22 131 1( ; ) ( ) ( ; , , )1 2 3 1 2 3 3 1 2 3 1 22 12

(3. 31b) 

jj m
C j j j m m m C j j j m m m

j

++
= − −

+

 
  
 

2 1
32 2( ; ) ( )1 2 3 1 2 3 2 1
1

. ( ; ) ( 3 .  3 1 c )  
2 3 1 2 3 1

jj m
C j j j m m m

j

C j j j m m m

+ +
 = −
 + 
 

−
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changes sign, and the projection quantum number associated with the angular 

momentum which is not interchanged with  j3 remains the same. The phase 

factor depends on the quantum numbers not involved in the interchange. The 

statistical weights in the  square root involve j3 (in the numerator) and the j-

number which is  interchanged with j3 in the denominator. In (3.31b) and 

(3.31c) there  are two transpositions of the j-numbers, and they appear as a 

cyclic  permutation of j1, j2, j3. 

Wigner’s closed expression(Wigner E.P., 1931) for the C-coefficients is  

3 1 2

2 2

1 2 3 1 2 3 ,

1
3 1 2 3 1 2 1 2 3 3 3 3 3 2

3
1 2 3 1 1 1 1 2 2 2 2

2 3 1 1 1

3 1 2 3 3 1

( ; )

( )!( )!( )!( )!( )!
[(2 1) ]

( 1)!( )!( )!( )!( )!

( )!( )!( )
! ( )!( )!(

m m m

j m

C j j j mmm

j j j j j j j j j j m j m
j

j j j j m j m j m j m

j j m j m
j j j j m j j

υ

υ

δ

υ υ

υ υ υ υ

+

+ +

=

+ − − + + − + −
× +

+ + + − + − +

+ + − − +−
×

− + − + − + −
∑

2 3

(3.32)
)!m−

 

The index ν assumes all integral values such that none of the factorial 

arguments are negative. In fact 1/( -n)! = 0 for n a positive integer.  All the 

arguments of the factorials are integers.  The derivation of the symmetry 

relations from this expression is fairly  tedious, but may be greatly facilitated 

by using, instead, an expression  of Racah's (Racah G., 1942 ) 
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[

]

[

3 l 2l 2 3 l 2 3 m ,m +m  

1 2 3 3 1 2 3 2 1
3

1 2 3
1
2

1 1 1 1 2 2 2 2 3 3 3 3

1 2 3 1 1 2 2

3 2 1 3 1 2

C(j j j ; m m m ) = 

( )!( )!( )!(2 1)
( 1)!

( )!( ) !( ) !( )!( )!( ) !

( ) ( )!( )!( )!
!

( )!(

j j j j j j j j jj
j j j

j m j m j m j m j m j m

j j j j m j m

j j m j j m

υ

υ

δ

υ υ υ
υ

υ

+ − + − + −
× +

+ + +

× + − + − + −

−
× + − − − − + −

× − + + − −

∑

] 1) ! (3.33)υ −+

 

Once more, the integral index ν assumes only those values for which the 

factorial arguments are not negative, and again this is automatically 

achieved. 

Some proerties of frequently encountered C-coefficients can be 

deduced from the symmetry relations. If the three angular momenta are  

integers, for example, the orbital angular momenta 1l , 2l and 3l   , and if  all the 

projection quantum numbers vanish, (3.30a) gives 

 

1 2 3
1 2 3 1 2 3( , 0 0 0 ) ( ) ( ; 0 0 0 ) (3 .3 4 )l l lC l l l C l l l+ −= −

 

Since l 3 is an integer, 3 3( ) ( ) ,l l−− = − and for this C-coefficient to be non-

vanishing we require that 1 2 3( ) 1l l l+ +− =  or 1 2 3l l l+ + must be even: 

1 2 3 1 2 3( ; 0 0 0 ) 0C l l l u n less l l l= + + is even  

This C-coefficient is called the parity C-coefficient since, as will be seen  

later, it contains the parity selection rule. 

Next, consider the C-coefficient with j2 = 0, and therefore m2 = 0.  

From the conservation rules 1 2 3( )j j j∆ and m3 = m1 + m2, we know that  
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  )0;0( 3131 mmjjC  vanishes unless j1 = j3 and m1 = m3. Further, the symmetry 

relation (3.31a) is 

1 2 1 21 3 1 3 3 1 3 1( 0 ; 0 ) ( 0 ; ,0, ) (3.35)j j m mC j j m m C j j m mδ δ= − −
 

The minus signs on the projection quantum numbers on the right can  be 

changed by application of the first symmetry relation (3.30a), 

 

This C-coefficient occurs for the case when no angular momentum is added 

to the angular momentum j1, i.e.,  

 

And so 

              

1 3 1 31 3 1 3( 0 ; 0 ) (3 .3 8)j j m mC j j m m δ δ=  

By means of the symmetry relations and (3.38) we can evaluate any C 

coefficient when any one of j1, j2, or j3 is zero.  

 
3.3.3. Evaluation of Clebsch-Gordan Coefficients: 
 
Numerical values of the C-coefficients are not often used directly since  a 

great deal of the analysis can usually be accomplished with the aid of the 

orthogonality relations  and the symmetry relations .  However, on occasion 

numerical values are needed for the minimum j  equal to some small number 

1 1 1 11 1 1 1( 0 ; 0 ) ( 3 . 3 7 )j m j mC j j m mψ ψ=

1 3 1 3

1 3 1 3

1 3 1 3 3 1 3 1

1 1 1 1

( 0 ; 0 ) ( 0 ; 0 )

( 0 ; 0 ) (3.36)
j j m m

j j m m

C j j m m C j j m m

C j j m m

δ δ

δ δ

=

=
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and the m-values having specific values. Condon and Shortley  (Condon 

E.U. and Shortley G. H., 1935) give tables of the coefficients most 

frequently needed, i.e., C(j1 j2 j ; mlm2 m) for j2 = 1 3,1, ,2
2 2

. Further 

tabulations are given by Saito and Morita for j2 = 5
2

 and by Falkoff, 

Calladay, and Sells (Saito R. and Morita M., 1955 - Falkoff D.L. et al., 

1952) for j2 = 3. These tables are applicable, of course, ,when anyone of the 

angular momenta has one of the  above values, since the symmetry relations 

allow its transposition to  the second place. A decimal tabulation due to 

Simon (Simon A. 1954) is also available  for cases where the angular 

momenta are all less than 9
2

 . 

 

The derivation of the explicit formulae (3.32) and (3.33) is rather  lengthy. 

We can devise a rather simple method which is capable of  giving equivalent 

results except that a phase depending on j3 is left arbitrary. From what has 

been said so far, this phase is not defined, and  (3.32) or (3.33) result when a 

specific phase convention has been adopted. Examples  of  tables which be 

used are discussed in Appendix I (Institute of Atomic Energy, 1965). 

 

3.4. Variational Mehod 
Most of the problems in physics cannot be solved exactly, and hence need to 

be dealt with approximately. There are two common methods used in 

quantum mechanics: the perturbation theory and the variational method. 

The perturbation theory is useful when there is a small dimensionless 

parameter in the problem, and the system is exactly solvable when the small 
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parameter is set to zero. The variational method is useful to study the ground 

state, but not very useful for the study of excited states. On the other hand, it 

is not required that the system has a small parameter, nor that the system is 

exactly solvable in a certain limit. Therefore it has been useful in studying 

strongly correlated systems, such as the fractional Quantum Hall effect. The 

study of multi-electron atoms relies on the Hartree–Fock theory based on the 

variational method.  

Thus, it can be said that, in quantum mechanics, the  variational method is 

one way of finding approximations to the lowest energy eigenstate or ground 

state, and some excited states. This allows calculating approximate 

wavefunctions such as molecular orbitals.  The basis for this method is 

the variational principle ( Griffiths, D. J., 1995).   

The variational method works best for the ground state, the Hartree–Fock 

method and the Ritz method (Walter Ritz, 1909) both apply the variational 

method.  

 

3.4.1.Variational Method for Finding the Ground State Energy 

The idea is to guess the ground state wave function, but the guess must have 

an adjustable parameter, which can then be varied (hence the name) to 

minimize the expectation value of the energy, and thereby find the best 

approximation to the true ground state wave function. This crude sounding 

approach can in fact give a surprisingly good approximation to the ground 

state energy (but usually not so good for the wave function). 

The begining with a single particle in a potential, 2 /2 ( )H P m Vr= +
r

. If the 

particle is restricted to one dimension, and we’re looking for the ground state 
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in any fairly localized potential well, we can start with the family of 

normalized Gaussians, 2
1/ 4

/ 2, xe αα
ψ α

π
− = 

 
: just find  , ,Hψ α ψ α  

,differentiate the result with respect to α , setting this to zero (and checking 

that you have in fact found a minimum.) . 

To gain some insight into what is happening, suppose the Hamiltonian  
2 / 2 ( )H P m V r= +

r  has the set of (unknown to us) eigenstates  

                                                

( 3 . 3 9 )nH n E n=
 

Since the Hamiltonian is Hermitian, these states span the space of possible 

wave functions, including our variational family, so: 

 

, ( ) ( 3 . 4 0 )na nψ α α= ∑
 

From this,  

                          

2
0

, ,
( 3 .4 1)

, , n n

H
a E E

ψ α ψ α
ψ α ψ α

= ≥∑  

 

For any ,ψ α .(We do not need the denominator if we have chosen a family 

of normalized wave functions, as we did with the Gaussians above). 

Evidently, minimizing , ,
, ,

Hψ α ψ α
ψ α ψ α

 as a function of α gives us an upper 

bound on the ground state energy, hopefully not too far from the true value 

(Michael Fowler, 2007). 
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3.5. Solutions in a Three-Dimensional Space 

     We consider solutions in a three dimensional variational space spanned by 

the orthonormal states 1  , 2  and 3  . In this case, we have twenty-one 

different symmetrized two-body matrix elements. 

A HF-orbital λ will have the general form 

 
 
 
 

 
 
Where 
 

 
And assume that the coefficient mj ‘s are real. 
 
     To investigate the HF-solutions, we have to specify the alpha-alpha 

potential. The specific combinations chosen as the basic states depend on the 

symmetry of the intrinsic structure that is expected from the molecular 

alpha-particle model. Now we chose basic states which are invariant with 

respect to the transformation of the symmetry group Td . Therefore, we 

chose our three basic states as 

 
 

  

 

3

1

(3.42)j
j

m jλλ
=

=∑

, (3.43)j j j j jj
j

m m m mλ λ λ λ
λλ

λ

δ δ′∗ ∗
′ ′ ′= =∑ ∑

1 0 0 (3.44)s=

{ }12 0 2 0 2 (3.45)
2

f f= − −
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Where η is a parameter determined from the Td symmetry. 

Here the oscillator shell model wave functions are given by 
 

 

Where: 

 
Where 

β0=(ħ/mαω)1/2 is the oscillator parameter and )(
!

)( anz
n

naz
a
n ze

dz
d

n
zeZL +−

−

=  is 

Laguerre function. 

 

3.6. Matrix Elements of the Kinetic and Potential   
Energy 

     Considering HF-solutions with mixed parity (where it is important in 

nuclear calculations), therefore we have only twelve non-vanishing two-

body matrix elements for the potential energy vijkl and three matrix elements 

of kinetic energy namely t11 , t22 and t33 .Therefore the non-vanishing HF-

Hamiltonian will be 

 

 

 

2 2 2
11 11 1111 1 1212 2 1313 31/ 2( 1) (3.49)h t N v m v m v m = + − + + 

( ) ( )12 21 1122 1221 1 2 1223 1322 2 31/ 2( 1) (3.50)h h N v v m m v v m m= = − + + +  

( )2 2
13 31 1232 2 1333 3 1133 1331 1 31/ 2( 1) (3.51)h h N v m v m v v m m = = − + + + 

{ }
2

13 0 0 ( 0 4 0 4 ) (3.46)
2

g g gη
η

= + + −
+

, ( ) ( , ) , (3.47)n mr n m R r Y θ φ= l l

r
l

1/ 23 1/ 2 2 2 2 2
0 0 0 0( ) 2 ( 1) / ( 3 / 2) ( / ) ( / ) exp( / 2 ) (3.48)n nR r n n r L r rβ β β β+ = Γ + Γ + + × − 

l l
l l
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3.7. Nuclear Density, Form Factor and Root Mean 
Square Radius 
 

The parity projected part of the nuclear density distribution, normalized to 

unity, which corresponds to a HF-solution as defined by Eqs. (3.44-3.46), is 

found to be 

 

 

 

 

The form factor is given by the following expression:  

 

 

2

2 2 2
22 22 2121 1 2222 2323 3 2123 1 31/ 2( 1) 2 (3.53)h t N v m v m v m v m m = + − + + + 

( )23 32 2231 1 2 2233 2332 2 31/ 2( 1) (3.52)h h N v m m v v m m= = − + +  

2

2 2 2
33 33 3131 1 3232 3333 3 3133 1 31/ 2( 1) 2 (3.54)h t N v m v m v m v m m = + − + + + 

3 2/3 2 6 6 2 2 2 2 2 2( ) (1/ ) (8/105)( / )( 2 /9 ) exp( / ) (3.56)0 1 0 2 3 0 0r m r m m r rρ β π β β β = + + −  

*( ) ( ) ( ) (3.55)r r r dnlm nlmρ ψ ψ τ= ∫
r r r

)58.3()()(4)( 2
0 drrqrjrqF ∫= ρπ

( ) ( ) . ( ) ( 3 .5 7 )0F q F q F qα=
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Where: 

j0  is Bessel function. And using  

 

 where Whittaker functions Mκ,μ(z) is solution of Whittaker's equation that 

can be expressed in terms of Kummer function M by 

 

And  

 

therefore the form factor corresponding to the spherical part of the density 

distribution (3.56) is 

 

where q is the momentum transfer. The expression of F0(q) has to be 

multiplied by a form factor                             which account 

for the α-particle distribution where βα is fitting parameter.   

 

2 2 2 2 4 4 2 2 6 6 2 2( ) [1 (3 4 ) /6 ( 2 )/120 ( 4 )/8400 0 2 3 0 2 3 0 2 3
8 8 2 2 2/15120]exp( /4) (3.62)0 3 0

F q q m m q m m q m m

q m q

β β β

β β

= − + + + − +

+ −

2 2( ) exp( / 4)F q qα αβ= −
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As known the coefficient of           in the expression of  F(q) in 

powers  gives the mean radius(Hodgson P.E., 1971) and by taking 

the square root of the mean radius, we will get the the root mean square 

radiud "r.m.s. radius" 

 

where m2, m3 are expansion coefficients 
 
 
 
 
 
 

 

2

6
1 q−

2q

1 132 2 22 2( 3 4 ) ( 3 . 6 3 )2 3 02
r m m β< > = + +
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CHAPTER FOUR 
 

NUMERICAL RESULT AND DISCUSSION 

 

By using four potentials of  Ali-Bodmer potential, Woods-Saxon 

potential, Fish bone I (FB-I) and Fish bone II (FB-II) and by fitting with βα 

(Bf) parameter in  form factor equation , we have got the results of the static 

and dynamic properties of the 16O nucleus such as the binding energies, root 

mean square radii and form factors and comparing with  experimental 

elastic scattering charge form factor (Sick L., and McCarthy J.S., 1970) 

and other theoretical ones such as HF (Hartree-Fock  using Skyrme – type 

wave function ), HO+SRC (Harmonic Oscillator+Short Range Correlation) 

and HO (Harmonic Oscillator potential)( Massen S.E. and Moustakidis 

H.C., 1999)  . A computer simulation search program has been introduced 

to solve this problem (Fortran). 

 

4.1. Gaussian’s Potential  Calculations 
  
  Using the  Gaussian’s potential  as in equation(2.6), we have the following:  

 
 

Table 4.1 
The parameters used in our calculations of the Gaussian potential of 16O  

 
 

Nucleus 
 

VA(MeV) 
 

µA(fm-1) 
 

VR(MeV) 
 

µR(fm-1) 
 

16O 
 

130 
 

0.5 
 

260 
 

0.8 
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Table 4.2 
The calculated binding energies and root mean square radii of 16O using the 

Gaussian potential at different values of Bf 
 

Root Mean Square Radius  Binding Energy    

Bf=1.6  Bf=1.5  -12.97 MeV  Theoretical 
2.73  2.64  

2.71 fm -14.40 MeV  Experimental 
 
 
 

0 1 2 3 4 5
1E-5

1E-4

1E-3

0.01

0.1

1

|F
ch

(q
)|

q(fm-1)

 HF
 HO+SRC
 HO
 Theo.(Present

                   Work)
 Exp.

 
 
 
 

     In Fig.(4.1) , we have plotted the charge form factors of  16O by using the 

Gaussian potential using the second set of parameters given in table (4.1) 

which give good results of binding energies and root mean square radii 

comparing with experimental results(-14.40 for  binding energy and 2.71 for 

Fig. 4.1: charge form factors of 16O nuclei using the Gaussian potential (Bf =1.5) 
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root mean square radius) (Mendez-Moreno R.M. et al., 1974) . Also, the 

form factor gives a reasonable results comparing with the experimental 

elastic scattering charge form factor (Sick L., and McCarthy J.S., 1970), 

and with the previous theoretical curves; HO (harmonic oscillator potental), 

HO+SRC(short range correlation) and HF( Hartree fock using Skyrme – 

type wave function) .  

Here, in Fig(4.1), the form factor  have  two maximum and two minimum, 

thus we can say that, our results at Bf=1.5 are satisfied and we can conclude 

that  the changes in Bf parameter can improve the results of the root mean 

square radius and form factor. 
 
 
4.2. Modified Woods-Saxon Potential Calculations 
 
 Using the Modified Woods-Saxon potential as in equation (2.10), we have 

the following results of the binding energies, root mean square radii and 

form factors: 

 

Table 4.3 
The parameters used in our calculations of modified  

Woods-Saxon potential of 16O  
 

Nucleus 
 

V0(MeV) 
 

 
R0(fm) 

 
a(fm) 

 
Rc(fm) 

 
ac(fm) 

 
α 

 

16O 
 

55 
 

2.4 
 

0.5 
 

2.1 
 

0.1 
 

6.45 
 
 
 
 
 
 
 



  Chapter 4                                   Numerical Results and Discussion 
 

Page 59                                             
 

Table 4.4 
The calculated binding energies and root mean square radii of 16O using the 

modified Woods-Saxon potential at different values of Bf 

 
Root Mean Square Radius  Binding Energy    

Bf=1.4  Bf=1.3  -14.44 MeV  Theoretical 
2.716 fm  2.640 fm  

2.71 fm -14.40 MeV  Experimental 

 

 

 
 

0 1 2 3 4 5
1E-5
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1

|F
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                  work)
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    Fig.(4.2) is the charge form factors of 16O nuclei using the modified 

Wood-Saxon potential using the parameters given in table (4.3) which also 

give very good results of binding energies and root mean square radii (Table 

4.4). 

Fig. 4.2: charge form factors of 16O nuclei using the modified Wood-Saxon potential (Bf =1.3) 
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It was found that, in case of 16O nucleus (Bf =1.3), we have very good 

agreement with experimental values in our calculations and also with the 

other theoretical cases.  

Here, in Fig(4.2), we got three maximum and three minimum and the 

behaviour of the theoretical curve is very close to the experimental one 

except the third maximum, the values are not coincident with the 

experimental points. 

 

we can say that, our results of binding energy and root mean square radius 

and form factor at Bf=1.3 are very good . 

 

0 1 2 3 4 5
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 |F
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                   work)
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Fig. 4.3: charge form factors of 16O nuclei using the modified Woods-Saxon potential (Bf =1.4) 
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    Fig.(4.3) is the charge form factors of 16O nuclei using the modified 

Wood-Saxon potential at Bf =1.4 using the parameters given in table (3) 

which also give a very good results of binding energies and root mean 

square radii (Table 4). 

It was found that, in case of 16O nucleus (Bf =1.4), we have very good 

agreement with experimental values in our calculations and also with the 

other theoretical cases.  

Here, in Fig(4.3), we got three maximum and three minimum and the 

behaviour of the theoretical curve is very close to the experimental one 

except the third maximum, the values are not coincident with the 

experimental points. 

we can say that, our results of binding energy and root mean square radius 

and form factor at Bf=1.3 are very good . 

 In general, the value of Bf = 1.3 gives more reasonable results than Bf=1.4. 

We can conclude that, the Modified Wood-Saxon potential gave excellent 

agreement with experimental results of  binding energy, form factor and  

root mean square radius.  

 
4.3. Fish-Bone Potential I Calculations 
 
Using the Fish-Bone potential I (FB-I) according to its equation (2.16), we 

have the following results of the binding energies, root mean square radii 

and form factors 
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Table 4.5 

The parameters used in our calculations of fishbone 
 potential of 16O  

 
 
 

 
 

 
Table 4.6 

The calculated binding energies and root mean square radii of 16O using the 
Fish-bone potential at different values of Bf   

 
Root Mean Square Radius  Binding Energy    

Bf=1.6  Bf=1.5  -24.873 MeV  Theoretical 
2.735 fm  2.649 fm  

2.71 fm -14.40 MeV  Experimental 
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Nucleus 

 
V0(MeV) 

 

 
β1(fm-2) 

 
a (fm-2) 

 

16O 
 

-10 
 

0.1889 
 

0.55 

Fig. 4.4: charge form factors of 16O nuclei using the Fish-bone I potential (Bf =1.5) 
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 Fig.(4.4) is the charge form factors of 16O nuclei using the Fish-Bone 

potential(FB-I) using the parameters given in table (4.5) which also give 

acceptable results of binding energies and root mean square radii (Table 4). 

It was found that, in case of 16O nucleus, we have satisfied agreement with 

experimental values in our calculations and also with the other theoretical 

cases.  

Here, in Fig(4.4), we got two maximum and two minimum and the 

behaviour of the theoretical curve is close to the experimental one in the first 

maximum but in the second maximum, the values are not coincident with the 

experimental points. 

we can say that, our results of binding energy and root mean square radius 

and form factor using the Fish-Bone potential(FB-I) are acceptable  . 

 
4.4. Fish-Bone Potential II Calculations 
 
using the Fish-Bone potential II (Fb-II) as in equation(2.17), we have the 

following results of the binding energies, root mean square radii and form 

factors 

 
Table 4.7 

The parameters used in our calculations of fish-bone 
 potential of 16O  

  

 
Nucleus 

 
V1(MeV) 

 

 
V2(MeV) 

 
β1(fm-2) 

 
β2(fm-2) 

 
a (fm-2) 

 

16O 
 

-140 
 

76 
 

0.2020 
 

0.7660 
 

0.6487 
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Table 4.8  

The calculated binding energies and root mean square radii of 16O using the 
Fish-bone potential at different values of Bf 

 
Root Mean Square Radius  Binding Energy    

Bf=1.4  Bf=1.3  -14.66 MeV  Theoretical 
2.694 fm  2.618 fm  

2.71 fm -14.40 MeV  Experimental 
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  Fig.(4.5) is the charge form factors of 16O nuclei using the Fish-Bone 

potential II(FB II) and using the parameters given in table (4.7) which also 

give very good results of binding energies and root mean square radii (Table 

8). 

Fig. 4.5: charge form factors of 16O nuclei using the Fish-bone II potential (Bf =1.3) 
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It was found that, in case of 16O nucleus (Bf =1.3), we have very good 

agreement with experimental values in our calculations and also with the 

other theoretical cases.  

Here, in Fig(4.5), we got three maximum and three minimum and the 

behaviour of the theoretical curve is very close to the experimental one 

except the third maximum, the values are not coincident with the 

experimental points. 

We can say that, our results of binding energy and root mean square radius 

and form factor at Bf=1.3 are very good . 
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Fig. 4.6: charge form factors of 16O nuclei using the Fish-bone II potential (Bf =1.4) 
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    Fig.(4.6) is the charge form factors of 16O nuclei using the modified 

Wood-Saxon potential at Bf =1.4   using the parameters given in table (4.7) 

which also give a good results of binding energies and root mean square 

radii (Table 4.4). 

It was found that, in case of 16O nucleus (Bf =1.4), we have a good agreement 

with experimental values in our calculations and also with the other 

theoretical cases.  

Here, in Fig(4.6), we got three maximum and three minimum and the 

behaviour of the theoretical curve is very close to the experimental one 

except the third maximum, the values are not coincident with the 

experimental points. 

we can say that, our results of binding energy and root mean square radius 

and form factor at Bf=1.4 are  good results . 

  

In general, the Fish-Bone potential II gave excellent results about all 

properties together such as binding energy, form factor, root mean square 

radius.  
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Conclusion 
 

This thesis has studied the phenomenological Alpha-Alpha interactions by          

using Hartree – Fock method, and applying some of these Alpha-Alpha     

interactions on 16O to study some properties of this nucleus. The results are 

summarized as follows : 

Using the Gaussian potential, Modified Wood-Saxon potential, Fish-Bone-I       

(FB-I) and Fish-Bone-II (FB-II), we have the following results: 

 

- In case of the Gaussian Potential, the binding energy and the root mean 

square radius (r.m.s) of 16O are in a good agreement with the experimental 

results. The form factor have  good results in first and second minimum. The 

first  maximum values are in a very good agreement with the experimental 

points but the values of the second one are not coincident with the 

experimental points. 

 

- In case of the modified Wood-Saxon Potential, the binding energy and the 

r.m.s radius of 16O are in a very good agreement with the experimental 

values. The form factor have good results in first, second and third 

minimum. The first and the second maximum values are in a very good 

agreement with the experimental points but the values of the third one are 

not coincident with the experimental points. 
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- In case of the Fish-Bone I (FB-I) Potential, the binding energy of 16O are in 

acceptable agreement with the experimental results.  The r.m.s radius are in 

very good agreemnent with the experimental values, also the form factor 

have  good results in first, second and third minimum but in case of the 

maximum values the experimental points are in a very good agreement in 

the first and second maximum but in the third one, the values are not 

coincident with the experimental points. 

 

- In case of the Fish-Bone II (FB-II) Potential, the binding energy and the 

r.m.s radius of 16O are in a very good agreement with the experimental 

values. The form factor have  good results in first, second and third 

minimum. The first and second  maximum are in good agreement with the 

experimental points but in the third one, the values are not coincident with 

the experimental points. 

 

- Summerizing the above results, we note that: Modified Wood-Saxon 

potential gives us more accurate results than the Fish-Bone II while Fish-

Bone II  gives us very good results better than  Gaussian one which gives us 

more accurate results than Fish-Bone I . 
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Examples  of  tables which be used  in evaluation of Clebsch-Gordan 

Coefficients are discussed in Appendix I (Institute of Atomic Energy, 1965). 
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ARABIC SUMMARY 
 

- 1 - 
 

 الملخص العربى
 

    ألفا الظاھریة واشكال العدید منھا وتطبیقھا على نواة ذرة -دراسة تفاعالت ألفاتتضمن الرسالة 

 للبوزونات فوك - وذلك باستخدام طریقة الھارترى 16- االكسجین 

  Fish-Bone I وModified Woods-Saxon وAli-Bodmer   المستخدمة ھى والجھود      

  الظاھریة.  Fish-Bone II و       

 و معامل التكوینو مثل طاقات الربط االكسجینذرة تم حساب خصائص التركیب النووى لنواة 

 العملیة والنظریة متوسط الجذر التربیعى لنصف القطر وتمت مقارنة النتائج التى حصلنا علیھا بالنتائج

  السابقة فى مجال موضوع البحث .

معرفة انواع مختلفة من الجھود والفرق بین التفاعالت الظاھریة یتطلب ھذا العمل 

  والمیكروسكوبیة والبحث فى طریقة الھارترى فوك والنماذج النوویة وخاصة نموذج القشرة 

  أبواب رئیسیة كاآلتى: وتتكون الرسالة من أربعة

  المقدمة : الباب األول

 أیضا النماذج النوویةو قودیة ألفاومفھوم العنقودیة وعنتوضیح للتركیب النووى وتم عرض 

ألفا -(تفاعالت ألفا استعراض ألبحاث سابقة فى موضوع البحثوخاصة نموذج القشرة وكذلك  وفروضھا

  .الظاھریة)

  ألفا - تفاعالت ألفا :  الباب الثانى

 ومنھا ماتم استخدامھ فى الحسابات  ألفا الظاھریة وأشكالھا المختلفة-كثیر من أنواع تفاعالت ألفاتم عرض 

. 

  فوك للبوزونات-:اشتقاق طریقة ھارترى الباب الثالث

فوك - توضیح الحسابات النظریة التى استخدمت فى الرسالة واشتقاق طریقة ھارترىتم 

   The Variational Method  طریقة حساب التغیر وكذلك اتللبوزون



ARABIC SUMMARY 
 

- 2 - 
 

معامل ومعادلة طاقات الربط  واشتقاق كل من   أبعادوذلك باستخدام دالة الفضاء فى ثالثة 

 متوسط الجذر التربیعى لنصف القطر.و التكوین

  ةالنتائج والمناقش :  رابعالباب ال

وذلك  ذرة االكسجینالنظریة الحالیة لخصائص التركیب النووى لنواة یحتوى على النتائج 

بالنتائج العملیة وبعض من التى حصلنا علیھا ومقارنة النتائج  السابق ذكرھا باستخدام االربعة جھود

  النتائج النظریة السابقة .

 



  الزقازیق جامعة
  ومـــــــالعل كلیة
  اءـــــالفیزی قسم

  

  
ألفا الظاھریة وتطبیقھا على نواة ذرة -تفاعالت ألفا

  16-االكسجین
  
  

  (الجزء التكمیلى) ماجستیررسالة 
  ةمن الطالبمقدمھ   

  أمنیة شاكر على على قندیل
  )٢٠٠8جامعة الزقازیق(–كلیة العلوم –بكالوریوس علوم فیزیاء 

  
  للحصول على 

  النوویةدرجة التخصص (الماجستیر) فى الفیزیاء
  
  
 

  اءــــم الفیزیــــقس
  ومـــــة العلـــــكلی 

  قـة الزقازیــجامع
 
  

٢٠١2 



 
  الزقازیق جامعة
  ومــــــــالعل كلیة
  اءـــــالفیزی قسم

  

  
ألفا الظاھریة وتطبیقھا على نواة ذرة -تفاعالت ألفا

  16-االكسجین
  

  
  ةمقدمة من الطالبرسالة 

  أمنیة شاكر على على قندیل
  )٢٠٠8جامعة الزقازیق(–كلیة العلوم –بكالوریوس علوم فیزیاء 

  
  جلنة اإلشراف العلمى

 
  
 والطبیعة الریاضة قسم  - النظریة النوویة الفیزیاء أستاذ

 الذریة الطاقة ھیئة -  النوویة البحوث مركز -النظریة
 المصریة

  الشال عمر عزة/  د.أ

 - العلوم كلیة - النوویة الفیزیاء أستاذ- الفیزیاء قسم رئیس
الزقازیق جامعة  

 العظیم عبد نصیف/ د.أ
 منصور

 

 




