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Abstract

Abstract

In nuclear fusion research, a variety of diagnostics have been devised for the 
measurements of different physical quantities, such as electromagnetic radiation in 
different wavelength intervals. The radiation, including the soft X-ray spectral range, 
Ha emission as well as others, can be recorded by specifically designed detectors with 
different sampling frequencies. Commonly, only the line-integrated observations are 
possible due to the fact that the detectors have to view the plasma from a position 
outside of the plasma. Therefore, tomography algorithms have been developed to infer 
the local information of the targeted physical variable from a number of line- 
integrated data.

This thesis presents a Bayesian Gaussian Process Tomographic (GPT) method 
applied to both soft X-ray and bolometer systems. For the ill-posed inversion problem 
of reconstructing a 2D emissivity distribution from a number of noisy line-integrated 
data, Bayesian probability theory can provide a posterior probability distribution about 
many possible solutions centered at a single most probable solution. The combination 
of Gaussian Process (GP) prior and multivariate normal (MVN) likelihood enables the 
posterior probability to be a MVN distribution which provides both the solution and 
its associated uncertainty. The GP prior enforces the regularization on smoothness by 
adjusting the length-scale defined in a covariance function. Particularly, a non- 
stationary GP has been developed to improve the accuracy of reconstruction by using 
locally adaptive length-scales to take into account the varying smoothness at different 
positions. The parameters embedded in the model assumption can be optimized 
through maximizing a joint probability of them based on a Bayesian Occam’s razor 
formalism. In contrast with other tomographic techniques, this method is analytic and 
non-iterative, thus it can be fast enough for real-time applications under an 
approximate optimization state. The uncertainty of the solution accounting for both 
measurement uncertainty and prior ignorance can be directly assessed from the 
posterior distribution.

This tomographic method has been implemented for four experimental setups: the 
soft X-ray diagnostic systems for W7-AS and TJ-II stellarators, and the bolometer 
reconstructions for WEGA stellarator and the JET tokamak, benchmarking favourably 
with the methods which are currently in use for those experiments.
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Zusammenfassung

Zusammenfassung

In der Fusionsforschung wurde eine Vielzahl von Diagnostiken entwickelt, um 
verschiedene physikalische Größen, wie die vom Plasma abgegebene
elektromagnetische Strahlung in verschiedenen Wellenlängenbereichen, zu messen. 
Die abgegebene Strahlung, einschließlich Röntgenemission, Ha-Emission und andere, 
kann durch speziell konzipierte Detektoren mit verschiedenen Abtastraten erfasst 
werden. Im Allgemeinen sind jedoch nur linienintegrierte Messungen möglich, da die 
Detektoren von einer Position außerhalb des Plasmas beobachten. Aus diesem Grund 
wurden Tomographiealgorithmen entwickelt, um aus einer Anzahl von 
linienintegrierten Messungen auf die lokalen Werte der zu ermittelnden physikalischen 
Größe zuschließen.

In der vorliegenden Arbeit wird ein Bayessches Tomographieverfahren 
vorgestellt, welches auf sogenannten Gaußschen Prozessen beruht (Gaussian Process 
Tomography oder kurz GDT) und welches auf Röntgen- und Bolometer-Diagnostiken 
angewendet wurde. Für unterbestimmte Inversionsprobleme liefert die Bayessche 
Wahrscheinlichkeitstheorie eine a posteriori Wahrscheinlichkeitsverteilung über viele 
verschiedene Lösungen, deren Maximum bei der wahrscheinlichsten Lösung liegt. 
Durch Kombination einer Gaußprozess (GP) a priori Wahrscheinlichkeit und einer 
multivarianten normalverteilten (MVN) Wahrscheinlichkeitsschätzung kann die a 
posteriori Wahrscheinlichkeitsverteilung durch eine multivariante Normalverteilung 
angegeben werden, die die Lösung sowie die damit verbundene Unsicherheit liefert. 
Die GP a priori Wahrscheinlichkeit erzwingt jedoch eine Regularisierung mit einer 
einheitlichen Glättung durch Anpassen der Längenskale, die durch eine Kovarianz- 
Funktion definiert ist. Um vorzugsweise auch eine Variation der Glättung an 
verschiedenen Positionen berücksichtigen zu können und damit die Genauigkeit der 
Rekonstruktion zu erhöhen, wurde eine nicht stationäre GP a priori Wahrscheinlichkeit 
entwickelt. Die in der Modelannahme eingebetteten Parameter können durch 
Maximierung ihrer gemeinsamen Wahrscheinlichkeit optimiert werden, deren 
Berechnung auf einem Bayesschen Occams Razor Formalismus basiert. Im Gegensatz 
zu anderen Tomographieverfahren ist diese Methode analytisch und nicht-iterativ, so 
dass sie für Echtzeitanwendungen schnell genug ist. Die Unsicherheit der Lösung 
unter Einbeziehung der Messunsicherheiten, sowie der a priori Unwissenheit kann 
direkt aus der a posteriori Wahrscheinlichkeitsverteilung berechnet werden.

Das vorgestellte Tomographieverfahren wurde für vier experimentelle 
Konfigurationen implementiert und im direkten Vergleich mit den gegenwärtig 
verwendeten Rekonstruktionsalgorithmen an den jeweiligen Experimenten erfolgreich 
getestet. Es handelt sich hierbei um die Röntgendiagnostiken der beiden Stellaratoren 
W7-AS und TJ-II, sowie um die Rekonstruktion von Bolometer-Messdaten am 
Stellarator WEGA und am Tokamak JET.
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Symbols and Abbreviations

Symbols and Abbreviations

Symbols and 
abbreviations

Meaning

ß Ratio of the plasma and magnetic pressure

l/27T Rotational transform of the magnetic field lines

A sh Shaffanov shift

V'p’V', Poloidal and toroidal magnetic flux surfaces

SXR Soft X-Ray

p(x) A probability (density) function of the variable x

y\x Conditional random variable

MVN Multivariate Normal distribution

MAP Maximum a posterior estimate

SVD Singular-Value decomposition

PI Determinant of matrix ^

7 , A Transpose of vector x or matrix A
Set

Distributed according to

N(x|//, L)
Multivariate normal distribution with mean vector y and covariance 

matrix 1

In Identity matrix with a dimension n

k(r, r ') Covariance function evaluated at positions r

y \x ,p (y \x ) A conditional random variable y  given x and its probability (density)

W Real space with a dimension of p

GP Gaussian Process

k(d) Stationary covariance function with an argument of distance d

0 Parameters for the model assumption

GPT Gaussian Process Tomography

NSGPT Non-stationary Gaussian Process Tomography

LOS Lines-Of-Sight
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1. Introduction

1. Introduction

1.1. Nuclear fusion

Energy supply is becoming increasingly critical for the development of human society. 
At present, most of the energy still comes from fossil fuels which might be depleted 
within decades. Moreover, a vast consumption of the fossil fuels causes severe 
pollution, posing another urgent issue facing the world. Thus, a mix of safe, clean and 
substantially adequate energy resources will be required for the solution of 
aforementioned problems.

The safety of nuclear fission still hinders its extensive application on energy 
production, especially taking unpredictable natural disasters into account. In contrast, 
nuclear fusion, as one of the most promising alternative energy resources, has the 
advantage of safety, abundance and cleanness. In summary, the fusion energy has 
three primary advantages: 1) safety of a fusion reactor; 2) the deuterium fuel is 
virtually inexhaustible and the lithium fuel is plentiful in the earth crust; 3) the main 
end product of fusion reaction is the harmless helium gas. Nevertheless, the fusion 
energy still has its problems to be solved: 1) the radiological risk may arise from the 
radioactive tritium fuel; 2) the materials of plasma facing components can be activated 
by the neutrons produced in the deuterium-tritium fusion reaction. In reality, the 
extreme complexity of fusion science is still preventing its practical application.

An operational fusion power plant is achieved based on the following ignition 
condition in terms of three critical parameters, plasma density temperature T and 
confinement time xE:

nî E
21 T > ------------

<ov> Ea
( 1.1)

where Ea is the kinetic energy of particle andnjrEis the Lawson parameter. Eq.(l.l) 
is the Lawson criterion which provides a relationship between Lawson parameter and 
plasma temperature T under an ignition condition. A triple product of nt, te and T can 
be explicitly written as:

niTzE>ZxWxrrfikeVs (1.2)

Eq.(1.2) is often used to assess how near an experimental device approaches to an 
ignition condition, as an operating threshold of a realistic thermal nuclear fusion 
reactor. The difficulty of achieving fusion relevant fusion plasmas can be seen from 
the typical ignition condition given by ni = 1020m 3, T = \0keV and te = 3s . The
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1. Introduction

particular challenge is posed by achieving a substantially large value of Te .

1.2. Fusion devices and basis of fusion plasma

Currently, devices designed with various magnetic configurations are under 
investigation as potential fusion reactors. The tokamak and stellarator are considered 
to have the most promising configurations, both having individual advantages and 
disadvantages.

1.2.1. Tokamak

The tokamak is an axisymmetric torus with a strong toroidal magnetic field B# and 
relatively small poloidal magnetic field Be as shown in Figure 1. The actual field B is 
basically a combination of B^ and Be, spiraling around the torus to form nested 
magnetic flux surfaces, which are required for the MHD equilibrium. Main 
components of a tokamak include a set of field coils as displayed on the right side of 
Figure 1. In a typical operation of tokamak discharge, once neutral gas is injected into 
the vacuum vessel and often pre-ionized, the Ohmic transformer will produce a loop 
voltage around the torus and lead to a toroidal plasma current I#, which is then 
ramped up and maintained for the —flatop” portion of the pulse. For tokamak, the 
poloidal magnetic field Be required for the equilibrium is generated principally by the 
plasma current itself. Consequently, the helical magnetic fields arising from a 
combination of B<pand Be can be achieved by the external toroidal field coils together 
with plasma current. The optimum combination of B<p and Be is based on an analysis 
of macroscopic stability -the optimum being defined in terms of maximum achievable 
stable ß  (the ratio of plasma pressure to the pressure of external magnetic pressure) 
[1]. For an equilibrium confinement of the plasma current, the fast charged particles 
ideally follow a trajectory and spiral around the helical field lines. In addition, 
equilibrium also requires an externally applied vertical magnetic field component Bv, 
which couples with the plasma current to produce an inward force in order to prevent 
an expansion along the major radius.

Tokamak is considered as one of the most promising candidate to be a real fusion 
reactor in future. It earns this recognition mainly due to excellence in a simple 
configuration and relatively good confinement of thermal plasma and fast ions. 
However, tokamak has its problems to be resolved. Firstly, a requirement of 
maintaining the large toroidal magnetic field is highly cost and technologically 
complex. Secondly, current driven instability or even disruption may occur. Finally, to 
improve physics performance, some forms of costly and high-technology power 
sources e.g. microwaves, neutral beam, still have to be used to drive the plasma
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1. Introduction

current even though a so called bootstrap current from the plasma itself may be 
hopefully enhanced to tackle this problem in future.

Ohmic transformer
Position control coils i

Shaping cpils

Figure 1: A schematic diagram of a tokamak and on the right hand side a poloidal cross-section with 
supporting coils for the realization of MHD equilibrium.

1.2.2. Stellarator

The stellarator is another toroidal device with an inherently 3D configuration. In 
contrast to a tokamak, the stellarator does not need current for the plasma confinement 
and achieves an intrinsically steady state operation. Therefore, it can avoid the current 
disruption which usually results in an unfavorable fatigue of or even dangerous to the 
wall materials. Vanishing toroidal current also means the nonexistence of the poloidal 
magnetic field component. However, to achieve plasma confinement in a toroidal 
device, the magnetic field lines have to be helically twisted by the poloidal field in 
order to prevent polarization of the plasma by the drifting differently charged particles 
[2]. Without the externally driven toroidal current in a stellarator, some external coils 
are needed to generate a poloidal field component. In a classical way, these coils are 
often a set of / dipole coils winding around the torus with a periodicity number n. The 
combination of these helical-shaped coils and toroidal field coils can generate the 
helical magnetic field lines. In a more advanced way, a set of modular coils can be 
designed to solely generate helical magnetic field lines. The stellarator Wendelstein 7- 
X [3,4,5] is a device presently under construction in Greifswald with such an 
optimized design as shown in Figure 2. Its coil system is composed of 50 modular 
non-planar coils and 20 planar non-circular coils with a five-folded toroidal symmetry.

The currents in these modular and auxiliary planar coils can be adjusted to realize 
different magnetic field configurations. In a standard case when the modular coils 
have equal currents and no current in the planar coils, the poloidal cross-sections of

3



1. Introduction

the magnetic fields at four different toroidal angles </>=0, 9 , 18,27 are displayed in 
Figure 2. Other magnetic configurations with specific characteristics (i.e. low or high 
shear, mirror) can be performed by adjusting the currents in the coils. Since the 
magnetic flux surfaces ensure that plasma pressure is constant within them, they can 
be ordered by their effective radius % , of a specific torus with a cylindrical cross- 
section whose volume is as the same as enclosed by the magnetic surface.

The stellarator is capable of a steady state operation since a constant driven 
current for plasma confinement is not necessary anymore. However, a 3D nature of 
the stellarator inevitably increases the complexity of its design and the analysis of 
measurements, leading to higher cost and more demanding engineering. Moreover, to 
be a viable fusion reactor, the stellarator still has to overcome some challenges with 
respect to its physics performance.

R(m) R(m)

Figure 2: A coil system designed based on plasma optimization criteria in stellarator Wendelstein 7-X 
(left) and the poloidal cross-sections of magnetic flux surfaces at different toroidal angles ^ in a 
standard case (right).

1.3. Fusion physics

1.3.1. MHD equilibrium and force balance

In order to sustain the hot plasma inside a device, one has to confine and keep it away 
from the vessel wall. The best way to do it is to use strong magnetic fields with an 
appropriate configuration. MHD theory describes the interactions between the plasma 
and electromagnetic fields from a macroscopic point of view and is particularly 
relevant to the situation when the magnetic fields are used to confine the hot plasma 
[6]. When the plasma is in a steady state, the following MHD equations are frequently
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1. Introduction

used, where B is the magnetic field,/» the plasma pressure and the current density:

V x 5  = A07 (1.3)

V -B  = 0 (1.4)

O
II

1 ^
 

1
> (1.5)

and a force balance equation:

■S
'

II X bo
l

(1.6)

In order to assess the plasma performance, an important physical parameter ß  is
formulated as:

ß  = P
B2/ 2//0

(1.7)

In practice, ß  is used to indicate the merit of the confining magnetic field and it is 
typically below 10%. The achievement of a maximum achievable in a stable state 
was a key task of the stellarator Wendelstein 7-AS [7,8], the predecessor of 
Wendelstein 7-X.

1.3.2. Magnetic flux surfaces, plasma current and Shafranov shift

From the force balance equation (Eq.(1.6)) at an equilibrium state, it is known that 
B-Vp= 0, which implies the magnetic field lines must lie within the surfaces of 

constant pressure without a component of perpendicular to the surfaces. Hence, 
these surfaces are referred to as magnetic flux surfaces. In a confined plasma the 
pressure and flux contours coincide, forming a set of closed, nested toroidal surfaces 
as show in Figure 3(a). Similarly for the plasma current Eq.(1.6) gives 
which implies the plasma current flows within the magnetic flux surfaces (Figure 
3(a)). Therefore, the plasma current flows between the flux surfaces and not cross 
them. The rotational transform i/2n  is an important parameter used to describe the 
magnetic field pitch on a toroidal flux surface, defined as,

lf2n  = ^  = ? ^  
dy/t r ■ B,

( 1.8)

where y/ P, Bp are the poloidal magnetic flux, field strength, and y/t, Bt the toroidal 
magnetic flux, field strength, r and R are the minor and major radii of the torus. 
Another relevant parameter, the safety factor*/ is defined as <7 = 2n/1, which denotes 
the number of toroidal rotation necessary for one poloidal rotation on a magnetic flux 
surface. Because the field pitch varies across different flux surfaces, q(r) is often
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1. Introduction

expressed as a function of the minor radius.
For the equilibrium plasma, the current;is governed by Eq.(1.5) and Eq.(1.6), 

and can be divided into two components /H, j ± ,which are parallel and perpendicular 
to the magnetic field B as shown in Figure 3(a). Since the function of j± is to balance 
the force of pressure gradient, /N is necessary to satisfy the condition V • j  = 0:

>i = ^ i x Vp  (1-9)

(  B „  > __ x B '
w  p J

= -V p-V =  2 Vp
Vffxff 

B3
( 1.10)

In practice, the parallel current /] is called Pfirsch-Schltiter current [9] that arises from 
the pressure gradient. On the other hand, the perpendicular current j± essentially has a 
vertical component which causes charge accumulation in the up and low parts of the 
plasma torus. This charge accumulation can then be prevented by jn through an 
opposite vertical component /±.

The Pfirsch-Schlüter current /N has a vertical component which can lead to a 
dependent horizontal displacement A(r) of the magnetic flux surfaces. The 
displacement of the plasma axis Ash -  A(0) called Shafranov shift, which is 
approximately given by Ash « 4tt2R ■ ß / i 2. Then the maximal allowable displacement 
of the plasma center Amax = a limits the maximal achievable ~ R /a . As a 
consequence, the limitation of ß mm can be adjusted by changing i or the ratio 
< j n>/< j L >, which was one of the main goals in W7-AS optimization. In W7-AS,
the Shafranov shift has been revealed through an outward displacement of the Soft X- 
ray reconstruction by GPT method [10,11] relative to the vacuum magnetic flux 
surfaces (Figure 3(b)).
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1. Introduction

T(r);

(a) 0.2

Jtotal 0.1

J*P. S .y Z(
m

)
O

-0.1

-0.2

(b) W7-AS #51755 -3

.8 1.9 2 2.1
R<m)

Figure 3: (a) Schematic of the nested magnetic flux surfaces and plasma currents within them, (b) In 
W7-AS the Shaffanov shift was estimated by the displacement of a soft X-ray tomography with respect 
to the vacuum magnetic configuration [11]. The green and red lines indicate the locations of the 
magnetic axis and tomography center, respectively.

1.3.3. Resistive instability, tearing mode and mode analysis

Fusion plasma encounters a wide range of microscopic and macroscopic instabilities, 
which set various stability limits that ultimately determine the maximum achievable 
performance in term of plasma pressure (indicated by ß ), density. Ideal MHD can 
describe the essence of plasma physics in a relatively simple way under the 
assumption of zero resistivity (no parallel electric field and plasma is frozen to the 
magnetic field lines). The ideal MHD instabilities such as the ideal kink and sausage 
instability modes are normally violent and fast, thus a plasma which is ideally unstable 
cannot last long. Moreover, the modes which are stable in an ideal MHD case may 
become unstable if a finite resistivity is taken into account in the Ohm’s Law:

tjj --E  + vxB ( 1.11)

where 7 is the plasma resistivity. Once E  is neglected for its low strength compared to 
B  , the balance force j*B  can be written as:

-  -  -  B
Fs = j x B  = —------- -------- (1.12)

When 7 approaches to be zero, Fs is large enough to prevent the deviation of plasma 
from magnetic field lines. If the magnitude of B  is too small, even though 7 is very 
small, the balance force may still be not strong enough to prevent the deviation of 
plasma from magnetic lines. If a perturbation occurs and is driven by a force Fdr, this 
driving force may easily exceed the stabilizing force Fs . Plasma resistivity allows the
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1. Introduction

magnetic field lines to reconnect, as a result, the plasma may become unstable and this 
type of instability is called resistive instability.

The resistive instabilities exist for all magnetic configurations, since the onset can 
occur at ß  value well below the ideal limit. In particular, the instability of tearing 
mode is critical for the tokamak with a strong bootstrap current. According to the 
instability condition of tearing mode , when the tearing mode index a ' is positive at 
the rational flux surfaces in which the safety factor is rational q(r)=l, 3/2, 2, it 
indicates the discontinuity of y/'/yj across these flux surfaces and thus is sensitive to 
the local current density gradient. As a result, tearing modes grow and the magnetic 
islands are formed at the surfaces as shown in Figure 4. The resistivity is negligible 
over most of plasma except these resonant surfaces where the contribution of x B to 
the Ohm’s Law (Eq.(l.ll)) goes to zero [12].

For the experiments in W7-AS, a variety of different current density and 
rotational transform profiles have been carried out in order to assess the operational 
limits imposed by current driven instabilities such as tearing modes and disruptions 
[13]. The OH transformer can be utilized to control the configuration by driving 
current and used to assess the effects of magnetic shear on confinement and MHD 
stabilities. In the experiments with induced current, it was found that the disruptive- 
like events associated with tearing mode are strongest at the rational surface with 
z=l/2 and less pronounced at others. In a discharge with sufficiently induced current 
and /= 1/2 in most intermediate region, a pronounced m—2 tearing mode (Figure 4(b)) 
has been revealed by a perturbed soft X-ray emissivity distribution deduced by a 
Singular-Value Decomposition (SVD) analysis on a time series of reconstructions 
obtained from the GPT method [10,11],

-► -0.2» ■ ■ ■ .
f 1.8 1.9 2 2.1

R(m)
Figure 4: (a) Schematic plot of the tearing mode with magnetic islands of m= 1. 2 at rational surfaces 

where q{r)=\, 2. (b) An m=2tearing mode is explored by the perturbation component of soft X-ray 

reconstruction [11].
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1. Introduction

1.4. Impurities and radiation losses

1.4.1. Impurities and radiations

Impurities enter the plasma via the interaction between plasma and wall of 
vacuum vessel or the plasma facing components. For a reactor, the helium ash as the 
fusion reaction product needs to be exhausted from the plasma. The impurities are 
mainly of two types. First, low-Z impurities e.g. carbon and oxygen are completely 
stripped from their electrons in the hot plasma core and contribute to core radiation 
losses through an enhancement of emission induced by acceleration of charged 
particles, the so-called bremsstrahlung radiation. Second, high-Z impurities e.g. iron 
and tungsten, are usually partially ionized and produce line radiation. The radiation of 
impurities which is primarily a function of density and temperature can result in a loss 
of the plasma stored energy, thus a maximal tolerable concentration of certain 
impurities has to be taken into account for ignition condition.

The radiation produced by the deceleration of a charged particle during a collision 
is called bremsstrahlung, and the charged particles also produce cyclotron radiation 
through cyclotron motion. Because electrons undergo large acceleration due to their 
much lighter mass than ions, their radiation is much stronger and predominant over 
ions. There is also a relationship between plasma temperature, density, radiation 
frequency and origin place of the plasma radiation. For instance, at the low 
temperature plasma edge, visible radiation is mainly emitted and at the high 
temperature plasma core, ultraviolet and soft X-ray radiations are of importance. This 
enables designation of distinctive regions of plasma and such a distinction is useful for 
the design of different diagnostic systems with a target of specific frequency range of 
radiation from a specific region.

1.4.2. Bremsstrahlung radiation

The dominant radiation loss in a fusion plasma is due to Coulomb interaction between 
electrons and ions. It is known as free-free Bremsstrahlung radiation and occurs 
during the orbit deflection period while the electron is experiencing an accelerated 
motion [1], The power radiated by an electron undergoing acceleration a during a 
Coulomb collision is [12]:

p = - r — i tt2 (1-13)
6  7T£0C

The acceleration a is caused by a Coulomb force Ze2 ] An£omer2 arising from a collision 
with a Ze charged ion with a separation distance r to the electron.

The spectral power emitted into An steradians per unit frequency can be
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1. Introduction

expressed in terms of the emissivity /(v) (power per unit angle per unit frequency per 
unit volume) [14]:

4 n j{v)  = n ^ Z 2f  &2 1 32n2
14 ns0) 3'J3m2c3U T J

„-hv/T —e g (1.14)

where vis the frequency and g  the gaunt factor for the quantum correction. ne,me,Te 
are the electron density, mass and temperature.

Through an approximation of g — 2 •sß/7r and an integration with respect to the 
impacted space and frequency range, the bremsstrahlung radiation power per unit 
volume can be expressed explicitly as [12]:

Pbr=535x\0~31 Z 2neniT^2W nf3, Te in keV (1.15)

Both the fusion power and bremsstrahlung radiation is proportional to wenf. However, 
the fusion power increases much rapidly with temperature in the regime of fusion 
interest (Te > 10 keV).

1.4.3. Soft X-Ray (SXR) radiation

The bremsstrahlung process generates a continuous spectrum of soft X-ray (SXR) 
radiation (in the energy range of \00eV to 10 According to the spectral power 
density dPhJ d v  for various electron temperatures, the maximal Pbr occurs in the 
vicinity of photon energy equal to the electron temperature Te . This can be interpreted 
due to the fact that for the low frequency range the frequency width Avis
accordingly low, thus less power is available even though the significant power per 
unit frequency in this range. On the other hand, for the high frequency range h v » T e, 
the spectral power density decreases exceedingly fast in an exponential form and thus 
still less power is available. The radiation in the spectral range hv « Te corresponds to 
the SXR region of the hot plasma. With the merits of sufficient intensity and optical 
thinness of the plasma, the SXR radiation from plasma can be observed in a very high 
time resolution. In practice, this is facilitated by a sensitive detector which usually is a 
semiconducting diode, on which charge is liberated by incident photons above a 
certain energy threshold. The charge is proportional to total power carried by the 
photons [14].

1.4.4. Total radiation

Besides the bremsstrahlung, there exist other radiation processes such as line 
radiation, recombination radiation etc., which compose the total radiation of fusion 
plasma. It is already known that the fusion power density is primarily a function of ion
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1. Introduction

temperature Tt which is strongly coupled with electron temperature Te through 
Coulomb collisions. However, Te is limited by the radiation losses. Therefore, the total 
radiation losses strongly affect the fusion power density and attainability of the 
ignition condition [15]. The processes contributing to the total radiation power mainly 
include radiative recombination Pre, dielectronic recombination Pdu bremsstrahlung 
radiation TV, line radiation Pu and cyclotron radiation Pay. The total radiative power 
loss per volume is:

Ptotal ~  Pre T  Pdi ~P P i ""P Pbr "P KgyPcy ( 1 . 1 6 )

where Kcy denotes the fraction of cyclotron radiation, which is always small due to the 
fact that the plasma is optically think with respect to cyclotron radiation. In practice, 
the cyclotron radiation is routinely used to diagnose the local electron temperature at a 
specific flux surface. Plasma is almost transparent for other radiations apart from 
cyclotron radiation.

A calculation model used to compute the steady-state impurity radiation and 
mean-square charge state < Z 2 > of 47 atoms for the density range (ne < 1022) and 
temperature range (Te = 0.002 -1 00ke F) has been established in this work based on 
[16,17] and used in this thesis to simulate emissivity distributions. As shown in 
Figure 5(a), the total radiation power of the impurities can be calculated through their 
cooling rate obtained by this model. In a more advanced model given by the IONEQ 
code [18] where the excitation states of atoms are taken into account, the different 
radiation processes contributing to the total loss can be calculated separately as shown 
in Figure 5(b).

Figure 5: (a) Total radiation power of He, C and Fe calculated from their cooling rates, (b) Radiation 
power of Fe from different processes: line radiation, ordinary recombination, dielectronic recombination 
and bremsstrahlung. The line radiation dominates up to 10 keV.
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1. Introduction

1.4.5. Soft X-Ray diagnostics

The detection of SXR radiation is particularly capable of exploring the transient MHD 
phenomena in the plasma core since the plasma is optically thin for SXR emission and 
sufficient amounts of photons can be recorded within a very short time interval (less 
than millisecond). Importantly, the tomographic reconstruction of the emissivity 
distribution from the line-integrated data of several cameras can resolve mode 
structures, rotating perturbations, etc., even in the plasma core which is otherwise 
difficult to explore with high spatial and temporal resolution. A typical setup of the 
SXR diagnostics consists of pinhole cameras with photon-diode detectors and filters 
(Figure 6), which are opaque for visible and infrared wavelengths. The higher energy 
photons are less and less detected since the higher energy photons are not fully 
absorbed in thin detection layer and thereby the sensitivity of the detectors strongly 
decreases.

In the early stage of SXR applications, the tomographic reconstruction of the 
emissivity distribution was firstly feasible with a single camera, i.e., a fan views the 
same direction. In this case, an assumption of emission symmetry (typically circular 
symmetry) was required to obtain reconstruction results. Afterwards, the multichannel 
measurements with at least two cameras were employed to reconstruct possibly un- 
symmetric structures. Presently, the soft X-ray multi-camera tomography system 
(XMCTS) [19,20] which achieves a dense coverage of the plasma by as many as 400 
(20 cameras with each containing 20 detectors) channels has been constructed for the 
use in W7-X stellarator for reliable and accurate reconstructions in future experiments.

sh ie ld  system  w ith  p in h o le  an d  filte r |

p inh o le

c a m era body

g rap h ite  foil
fib e r op tics  

illum ination  system

internal co o l- 
ing system

beryllium
filte rlayer

Figure 6: Schematic sketch and photo of the SXR camera applied in W7-X stellarator [21]. A typical 

setup of SXR camera comprises a number of Si-surface barrier diodes with a rectangular active area. A 

pinhole is located in the front of the detector array to control the beam width of the viewing chords. The 

Beryllium foil above the pinhole is used to filter out the lower energy photons outside of the SXR 

range.
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1.4.6. Bolometer diagnostics

Similar to the SXR diagnostics, the bolometer diagnostics implements the line- 
integrated measurements, but with respect to the total radiative power from both the 
photons, additionally in visible and IR range as well as the energetic neutrals. The 
measurement of total radiation power from plasma is important for the study of energy 
confinement, power balance and impurities analysis. The information on the local 
radiative power density can be obtained by the tomography algorithms similar to that 
applied to the SXR diagnostics.

As shown in Figure 7, a typical bolometer detector consists of a foil on top of 
which is the absorber layer used to receive the radiative power from plasma. The gold 
interwoven meanders with a resistance of R0 are on the rear of the foil. The radiation 
power onto the absorber layer is monitored by its temperature change AT and the 
actual resistance R of the gold meanders relates to AT by [22],

R = R^(\+aAT) (1.17)

where R0 is the reference resistance with a typical value of IkQ.. In addition, a very 
thin thermal conduction layer is used to transfer the heat from absorber layer to the 
heat sink for cooling down. The incident power P can be calculated from the power 
balance equation [22],

, , ^dAT(t)  (0P(t) = C-----— + C- (1.18)
dt t

where C is a calibration factor related to the heat capacity of the absorber layer and 
heat sink, andr is the cooling time constant. Through the electronic design of a special 
bridge circuit [22], the temperature change AT in Eq. (1.18) can be converted to an 
output voltage AU(t) , leading to the bolometer equation,

P m = u d ^ m 1 + MMn\(U 9) 
S’ v dt / 

where S (in V/W) is the sensitivity. Both S and rare determined by the calibration 
process of the diagnostics.

Thermal sink R a d ia tio n  Absorber layer

Au meander
Thermal conducting layer

Figure 7: Schematic structure of a typical bolometric detector.
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1.5. Line-integrated measurement

For the arrangement of SXR diagnostics, the detector arrays have to be located outside 
the plasma to avoid the destructive high temperature. Therefore, they can only 
measure line-integrated data with respect to the relevant emission. For example, the 
total power p  collected by a detector from the incident photons is determined by three 
factors: 1) spectral emissivity G(r, v), which denotes the emitted power per volume 
and frequency v ; 2) solid angle Q of the cone subtended by the detector-pinhole 
structure; 3) spectral efficiency r/(v) of the detector with regard to the emitted 
frequency. Assuming the power is radiated isotropically from a certain volume within 
the plasma, the total power collected by one detector / equals an integral over the 
entire frequency range A vand the beam path Si [23],

Pi =\s dr\^dvG(r,v)Cll rh(y)(i.20)

In order to formulate the line-integrated data in a compact and simplified form, 
some rational approximations will be used for computation of the double integral in 
Eq.(1.20). Firstly, the integral of volume can be converted into a line-integral if the 
beam width is so small to justify the assumption of a constant emission on the surface 
area A(s) which is perpendicular to the axis s of the viewing cone. Thus, 
dr —>A(s) x ds is satisfied and Eq.(l .20) can be rewritten as,

p' J J ^ i , dsL d v G ^ v )’i,(v )  (i-2i)

where (AQ)/ is called etendue as a geometric parameter and allowed to be taken out of 
the integral. This is justified by a theorem of geometrical optics about the conservation 
of etendue in [24]. As a consequence, the line-integrated data is represented by the 
chord brightness in W/m (or irradiance in W/m sr.),

In order to eliminate the integrand Tj(v) in Eq.(1.21), a further approximation is 
used to assume the difference in detector response can be taken into account by a 
calibration factory for every detector, which allows the Eq.(l .22) to be rewritten as,

dt ds f(r),with /( r )  = Jd v G (r,v ) (1-23)

where /'(r)is  the spatially varying emissivity in the unit of , namely the 
emissivity distribution which we want to reconstruct from the inversion of a number 
of line-integrated data in a tomography problem.

Eq.(1.23) is exact in the case of spectrum-independent detectors, which is usually 
not so in reality. In fact, the spectrum-dependence can be taken into account by
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expressing the calibration factor equivalently as a spectrum-average efficiency < Tjl >v 
[23],

C! =<rh
f ds\ dvG (r,)
J S, J A v  v

l s dsL / v ö Cr’v )
(1.24)

where, G(r,v) is reasonable approximation to the unknown spectral emissivity. For an 
instance of pure hydrogen or deuterium plasma, the spectral emissivity is a 
distribution of ne,Te,

GJ r - n ;
■JW,

exp hv

kJe
(1.25)

where kB is the Boltzmann’s constant and h is Planck’s constant. The dependence of 
G0on r can be reflected by its variation within different flux surfaces. Additionally, 
the distribution G0 has to be cut off at the low energy limit determined by the 
transmission of detector p(v). Therefore, an approximation of the unknown spectral 
emissivity G(r,v) can be formulated as,

G(r,v) = p (v )-G 0(r,v)(1.26)

Eventually, the line-integrated data can be simply expressed as a function of the 
emission f  ( r ) ,

d ,- c ,  \ d s f{r ) ,l- \,2 ,...,M  (1-27)is,

where the integral is along the line-of-sight of detector /. Eq.(1.27) provides the 
essence of the tomography problem, and mathematically, it is also known as the 
Fredholm equation of the first kind (IFKs), which concerns the solution of f  (r) from 
its known integrals with fixed integration limits. A system of IFKs is always 
underdetermined since the constraints from a finite number of measurements dt cannot 
guarantee a unique solution of f  ( r ) . This means, there may be other solutions besides 
the true solution of f  ( r)that exactly satisfy the Eq.(l .27).

More generally, the function f  (r)may represent any physical entity (e.g., density, 
temperature), which we want infer from a data set related to it. As will be explained in 
following chapter, such problems are called inverse problems where the IFKs arise 
frequently. A key property of IFKs is that it is difficult to obtain useful solutions by 
straight methods. In practice, it becomes more difficult to resolve due to additional 
uncertainties induced by the data noises and approximations.
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1.6. Combined analysis of fusion diagnostics based on 
Bayesian probability theory

Scientific inference on the physical quantities of interest from the measured data is at 
the heart of any experimental research work. The twofold processes of a scientific 
inference typically consist of a forward prediction model from physics to 
measurements and an inversion from the measured data to physical quantities of 
interest. A forward model is a predictive and deductive process, used to describe the 
functional relationship between the physics model and measurements. The practical 
measurement is often afflicted with systematic and statistical errors due to various 
factors e.g. unavoidable flaw of the experimental data, limited spatial and temporal 
sensitivity of the applied instrumentations and inevitable approximations. To establish 
a consistent forward model, all the factors inducing errors should be taken into 
account to be able to adequately explain the data. An inversion from the measured 
data to the physical quantities is an inductive and inferential process and often 
constitutes an ill-posed problem with many possibilities of solutions due to the 
deficiency of measurement constraints.

The data analysis for the inference of physical parameters of fusion plasma is a 
formidable task due to fact that a large number of (several dozens up to over a 
hundred) complex diagnostics have been designed to explore many aspects of fusion 
plasmas. The measurements from the heterogeneous diagnostics provide redundant 
and complementary information on the physics. In a traditional data analysis scenario, 
the data from separate diagnostics are analyzed independently without an intensive 
consideration of the physical interdependence among different diagnostics. The 
ignorance of this inter-dependence implies the losses of information from the whole 
diagnostic system and thus may result in data inconsistency of different diagnostics. 
The sequential fashion of traditional data analysis means that the outputs of one 
diagnostics, which bears uncertainty, may be directly used as inputs of another 
diagnostics for the production of other outputs. The error propagation during this 
sequential analysis can increase the uncertainty of the final results, essentially due to 
the lack of constraints from the interdependence. In contrast, a joint analysis of 
several interdependent diagnostics using Bayesian probability theory can improve the 
analysis results [25,26].

As an example, the joint analysis of three diagnostics, polarimetry, interferometry 
and magnetics can be formulated by Eq.(1.28) in a Bayesian probability way [27],

p{ne’Te,7|alldata) = p (<7polarimetry\ne,Te, j ^ x p |«e)x p | y )  x p (ne,Te,j)  (1.28) 

Here a joint posterior probability over all the physical parameters on inference is
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obtained by a multiplication of the likelihoods of all participated diagnostics to a joint 
prior probability over them. A systematic and elaborate error analysis of diagnostics is 
a prerequisite of this joint analysis.

A large size inference framework MINERVA for fusion data analysis has been 
developed through the integration of many sub-models of each diagnostics, using the 
concept of Bayesian Graphical Models [25,28]. All the work described in this thesis is 
based on the modular conception of this inference framework. Each model is 
represented as a set of nodes and possibly connected with other nodes by some 
functional nodes. Additionally, a large number of sophisticated algorithms e.g. grid 
discretization, optimization and constraints etc. commonly used in fusion data analysis 
have been developed into a library as a powerful and convenient tool of the whole 
framework. The models of some diagnostics have been successfully established within 
the MINVERVA framework [10,11,29,30,31]. In this work, models for the bolometer 
and soft X-ray diagnostics have been built up in this framework, and modified for the 
implementations to multiple diagnostic systems from different places [10,11]. The 
method used in the models has been compared extensively with maximum entropy 
method, and also other inversion methods applied in analyzed systems. This method is 
proven to produce convincing results and generally make agreements with 
independently calculated results by other methods.
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2. Tomography problem and Singular-Value 
Decomposition (SVD) analysis

This chapter starts with the description of the general inverse problems, followed by a 
more specific tomography problem for the reconstruction of a 2D emissivity 
distribution by the inversion of line-integrated measurement. Finally, the SVD 
analysis that is frequently used to examine the spatio-temporal features of a time 
series of reconstructions is presented.

2.1. In verse problems

2.1.1. Forward and inverse problems

In scientific practice, a physical system of interest is often studied by establishing a 
theoretical model about that system so that one can predict the outcomes of the 
experiments/measurements on it once some input parameters (which can be the 
physical quantities e.g. temperature, density profile) are given. Generally, the 
theoretical model used to predict the experimental results is referred to as a forward 
problem, whereas the inverse problem is about the inference of physical parameters 
from the measured data of real experiments on that system. A forward problem 
typically prescribes the functional relationship (denoted by G) between the physical 
parameters /  and data d,

For the tomography problem, /  defines a 2D emissivity distribution which can be 
represented either by a function in a continuous case or by a vector in a discrete case. 
d  denotes the line-integrated measurement with respect to the emissivity distribution. 
In practice, the data d is often a function of time and space. Since noise is unavoidable 
in the process of data acquisition, the real experimental data should be envisioned as 
the superposition of an ideal data d,nje from perfect measurement and a noise term^,

In most cases, s is assumed to follow a normal distribution. Eq.(2.2) provides a 
forward model which projects the physical parameters / to the data d through a linear 
or nonlinear function G. Such a forward model is always deterministic and has a 
unique prediction of d  from a single f.

The task of the inverse problem is to infer the possible solution of /  from d  which

G( f ) = d (2.1)

(2.2)
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unavoidably suffers from noise. A typical inverse problem concerns the issues of 
solution existence, solution uniqueness and instability of the solution process. These 
difficulties can be overcome by thinking in a probabilistic way. Recalling Eq.(3.3) as 
the Bayesian approach to inverse problem, the quantities f , d, s are expressed by 
probability distributions. The prior probability of /  imposes necessary regularization 
on the solution process of/ , in the meantime, the likelihood of d  ensures the data fit 
within a required misfit. This misfit is described based on the statistical property of the 
data noise. Finally, the solution is represented by a posterior probability of /  
conditioning on d, e. In this way, the probabilities of each of the multiple possible 
solutions can be specified explicitly and the uncertainty of the final solution can be 
visualized by the disorder of many possible solutions.

2.1.2. Linear Gaussian inversion (LGI)

The Linear Gaussian Inversion (LGI) is a useful and fast technique to resolve the 
inverse problems when the normal probability distribution is a consistent model for 
the quantities to be inferred [30]. The application of LGI requires the uncertainties on 
the quantities approximately to be Gaussian and the forward function G in Eq.(2.2) to 
be linear. If these requirements are satisfied, Eq.(2.2) is about a linear mapping 
(through G) from the physical parameters f  to data d , which can be modeled in the 
following way. The prior of f  is modeled by a MVN distribution centered at the 
mean //, with a covariance matrix 'Lprior,

where C\ is a normalized constant.
The likelihood of the measurement is also described as a MVN distribution 

centered at the measured data dmeas with a covariance matrix ,

The diagonal elements of£d defines the data variance. The solution of /  is represented 
by a posterior MVN distribution which is equal to the product of prior (Eq.(2.3)) and 
likelihood (Eq.(2.4)),

Since the function G is linear, the posterior is also a MVN with a posterior mean (see

(2.3)

(2.4)
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App. 8.1),

i f l  post —  VYl prior “i" “I" S  prior G  TH prior

and a posterior covariance matrix,

(2.6)

(2.7)

The posterior probability of /  becomes maximum at the point of mpost . After 
optimization of the hyper-parameters embedded in the prior model assumption, mpost 
is maximum a posteriori (MAP) estimate which is considered to be the most likely 
solution of f  in the sense that it is nearest to the prior point Hprior > and meanwhile, the 
data dmeas can be predicted adequately through the functional relationship Gmp0st. In 
addition, uncertainty of the resulting solution is represented by the posterior 
covariance in Eq.(2.7).

As a consequence, the result of LGI is completely analytic without any iterative 
algorithms, enabling it to be a fast approach used to resolve the inverse problems. In 
the case when the assumption of normal distribution is strongly violated, then a non- 
Gaussian prior needs to be taken into account for the prior. The combination of a non- 
Gaussian prior with the Gaussian likelihood will lead to a posterior probability 
distribution whose best (the so-called maximum a posterior, see section 3.1) estimate 
is more difficult to find. In this situation, the properties of the posterior probability 
needs be analyzed by drawing many samples from it through the computationally 
expensive Markov chain Monte Carlo (MCMC) method.

2.2. Tomographic reconstruction by inversion of line- 
integrated data

2.2.1. Introduction

The hot plasma approaching fusion conditions emits a wide range of electromagnetic 
radiation with photon energies from a few to thousands of eV, as well as energetic 
charged and neutral particles. Measurement of these emitted photons and particles can 
provide useful information about relevant physics processes in the plasma. Several 
non-intrusive diagnostic systems have been designed to provide line-integrated 
measurements along the viewing lines of detectors, including the objects of soft X-ray 
emission, total radiative power and neutron radiation. These line-integrated 
measurements can often receive significant amount of useful signals within a very 
short time interval, thus the line-integrated measurements can be used to observe fast 
perturbative phenomena (e.g. sawtooth oscillation, mode rotation). Nevertheless, in
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the first instance, such measurements only provide line-integrated information of the 
observables. Therefore, suitable algorithms are required to reconstruct the local 
information from the line-integrated data. Due to the limited number of lines-of-sight 
and data noise, the inference of a reliable reconstruction is not trivial.

Historically, a variety of techniques for tomographic reconstruction for plasma 
physics applications have been developed, starting from a standard Abel inversion [32] 
method which was used for circular plasma cross-sections in tokamaks. When the 
assumption of circular symmetry is not hold for the elongated plasmas, the Cormark 
method [33,34] has been used to give an analytic solution by decomposing the 2D 
quantities into their harmonics. Other methods based on linear least squares 
techniques [35] and restricted Fourier analysis [36,37,38,39] have been developed for 
asymmetric plasmas. The Minimum Fisher Regularization (MFR) [23,40] algorithm is 
a method for the tomography problem when the sought reconstruction is smooth, 
especially in the low intensity regions. In this work, the Equilibrium-Based Iterative 
Tomography Algorithm (EBITA) [41] and the Maximum Entropy (MaxEnt) [42] 
methods with which our results have been compared are both based on numerical 
iterative algorithms. These algorithms are able to recover structures with localized 
perturbations from high harmonics. As all the methods using iterative algorithms, 
MaxEnt also has the drawback of high computational time cost. EBITA overcomes 
the drawback of high computational time by using additional information on the 
magnetic flux surfaces, which needs to be derived from equilibrium calculations. In 
contrast, a novel tomography method has been developed in this work with the 
primary advantages of enhanced uncertainty analysis of the resulting solution and a 
fast non-iterative algorithm for the potential of real-time application [10,11].

2.2.2. Modeling of Soft X-Ray (SXR) tomography

The newly developed method has been applied to the SXR imaging system in the W7- 
AS stellarator which was in operation until 2003 [7]. The experimental setup of this 
diagnostic system is schematically illustrated in Figure 8. It consists of a total of 
M=256 lines-of-sight in one poloidal cross-section, achieving a substantial coverage 
of the plasma [43,44,45].

To compute the emissivity distribution expressed by in Eq.(1.27), the area 
where we want to reconstruct the emissivity distribution is discretized into a grid of 
30x30 square pixels. Discretizing the 0.2m x 0.2m emitting region into a 30x30 grid 
gives rise to iV=900 free parameters. Each parameter denotes the emissivity quantity 
of the individual pixels. The size of the pixels should be small enough to justify a 
constant emission within each pixel. The extension of the emitting area is chosen to
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cover the whole plasma cross-section with sufficient margin for the possible plasma 
shifts and expansions. It is important to ensure that the discretization provides an 
adequate approximation to the continuous problem and desirable to see whether the 
variation of discretization has a significant effect on the obtained solution. In our case, 
the choice of a grid dimension 30x30 is a tradeoff between feasibility of computation 
and requirement of resolution. Obviously, a higher dimension of grid is always 
preferred for high-definition, but it leads to an increase of computational 
dimensionality and hence is limited by computer capacity; a lower dimension means a 
larger area of the pixels and leads to a coarse reconstruction. If the area of the pixels is 
larger than the resolution of the actual emissivity distribution, the reconstruction 
cannot be resolved correctly. Such a discretization will bring in additional uncertainty 
to the reconstruction, but the resulting uncertainty is negligible if the size of the pixels 
is small in comparison with the resolution of the actual emissivity distribution. For the 
boundary condition, the emission around the boundary which is defined partially 
based on the vessel wall is set to be zero. With this discretization, the matrix 
formulation of Eq. (1.27) can be written as,

d m — Rmxn • f  n (2.8)

where the column vector f  N represents the emissivity quantities from all the pixels 
and the contribution matrix R  arises from the forward calculation, whose element Ry 
denotes the contribution from a unit emissivity pixel j  to the channel i. In Eq.(2.8), the 
number of unknowns N  is larger than M, a direct inversion will encounter the typical 
difficulties such as existence, uniqueness and instability of the solutions.
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Figure 8: A schematic view of the miniature soft X-ray system (MiniSoX diagnostic system) in W7-AS 
shows the eight compact detector arrays. The dashed black lines indicate the magnetic flux surfaces of 
a typical plasma in W7-AS. The projection space of the lines-of-sight can be found in [43].

2.2.3. Forward modeling of line-integrated measurements

The forward modeling of the line-integrated measurements is essentially the 
formulation of the contribution matrix in Eq.(2.8), through which the line-integrated 
data can be predicted for a given emissivity distribution. The forward modeling is 
built upon the 2D or 3D structure of the beam determined by the active area of diode, 
size of the aperture and distance between them as shown in Figure 9. In reality, the 
size of the beam is a realization of the tradeoff between detector response (for 
sufficiently high signal-to-noise ratio) and required spatial resolution. If the toroidal 
extension of the detectors is small and the emissivity variation along the toroidal 
direction is negligible (which is mostly satisfied for tokamaks), the tomography 
algorithms can be reduced to a 2D reconstruction of the emissivity distribution in one 
poloidal cross-section. Furthermore, the finite beam-width projected onto the cross- 
section is often neglected and approximated by an exact line-integral, the so called 
lines-of-sight. However, if the beam-width is comparably large, such an 
approximation may blur the reconstruction, and even worse, gives incorrect modeling 
of the measurements, especially when the plasma cross-section is large and highly 
unsymmetric.
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Figure 9: In W7-AS, the combination of rectangular diode and aperture determines the beam to be a 
frustum of a pyramid. The photons inside the volume of beam are considered to be collected by the 
detectors (by courtesy of A. Weller).

Figure 10 illustrates how the line-integral is implemented in the particular case 
when the beam width is necessary to be taken into account. The integral is carried out 
based on the intersections between the pixels edge and the beams. The contribution of 
one pixel is equal to the product of the length of intersected segment of line and the 
emissivity quantity of that pixel where the segment is located. Once the beam width 
needs to be considered, the segment of line is replaced by the intercepted area. The 
deflection of the emission is neglected in this model.

The visualization plot of the contribution matrix (Figure 11) presents the 
contribution of N=900 pixels to the M=256 lines-of-sight.

Figure 10: (a) Two schemes of line-integral without and with considering the beam-width, (b) The 
beam-width needs to be taken into account for a large and elongated plasma cross-section like in JET 
[46], where the length of beam can reach more than one meter such that the beam width becomes rather 
significant at the end of beam path. Moreover, the elongation makes the parallel and vertical beams 
unsymmetric and this unsymmetry may become severe as the plasma cross-section becomes large.

24



2. Tomography problem and Singular-Value Decomposition (SVD) analysis

1

■'in i •%, sü, ........................................................................... "& ' <

........ ,1,1,1.....................
,  .- j. t .  * , * . tf. *-c v  v  *k 'V ^  ^v W W W W  W \ \ \  \  \  \  \  \  \  \  T* ? a r,v % V >. ^ ^ ’a * ft V, %  ̂ t• ■&  ̂ t, U a, c,  ̂  ̂ fi f* P 'J

1 ^nn _ • . _ , ____.___ Rnn1 pixel num ber 600 9 0 0

Figure 11: Visual representation of the contribution matrix (normalized) for the SXR diagnostic system 
in W7-AS (dotted lines separate the diodes into the cameras). This contribution matrix describes the 
contribution of each emissivity pixel (abscissa) to the lines-of-sight (ordinate). The value (represented 
by the color-bar) at a position (y) indicates the contribution of pixel i to the channel j.

2.3. Singular-Value Decomposition (SVD) analysis

2.3.1. Principle of SVD

In mathematics, an M*N ( M>N)matrix X  can be expressed as a mutual 
transformation between a pair of nonzero vectors u, v corresponding to non-negative 
scalars:

X  • v = su
=* _ _ (2-9)
X  -u= sv

where the Hermitian transpose denoted by -+■” implies a complex conjugate transpose, 
or simply a transpose equal to X  in the real space. By convention, we refer to u, v as 
singular vectors and s as singular value. The singular vectors u, v have different 
dimensions M, N, respectively, and they are usually normalized to one in Euclidean 
space,||w|| = ||v|| = l.

It is often that multiple singular vectors exist, so Eq.(2.9) can be written as:

(2.10)
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where S has the same size as X  with its diagonal elements equal to the singular values, 
i.e. Smn -  sm5mn which are sorted in a descending order. In the real space, the singular 
vectors are always perpendicular to each other and satisfy the orthogonal condition, 
i.e.« -« = 1, v • v = 1. The formula of SVD in terms of the matrix can be neatly 
expressed in a matrix form:

X  = V-S-U*(2.11)

The diagonal elements of S are the singular values (they are equal to the square root of 
eigenvalues of the covariance matrix with regard to the time average of the data, see 
App.8.2), indicating the weight/importance of different vector components.

2.3.2. Application of SVD in spatio-temporal data analysis

As a useful mathematical technique, the SVD has been successfully applied to explore 
the evolution of spatio-temporal features, especially the coherent and fluctuating 
components of a targeted physical quantity, e.g. magnetic field, emissivity distribution 
etc [23,47,48].

In order to explore the emissivity distribution in terms of its temporal evolution 
and spatial structures, the diagnostics are often designed to measure different parts of 
the emitting regions simultaneously by multiple cameras with a high sampling 
frequency in the range of kHz to MHz. Accordingly, the data is acquired in the form of 
time series from a number of M  different channels. If the time series comprises N  
time points with a time interval At, then the data set can be represented as a 
rectangular matrix:

X  = |^x(0),x(A /),...,x((V -l)A /) J
x, (0) ••• x ,((V -l)A /)

**(0) *„((W -1)A()
(2 .12)

The data set X  can be either raw or processed data subjected to specific treatment. 
For instance, the raw data can be the line-integrated data from a number of channels 
and the processed data can be the spatially resolved emissivity distribution (expressed 
by the emissivity quantities from a number of pixels). In practical applications, the 
SVD can be employed to the raw data for the discovery of the hidden phenomena such 
as sawtooth and snake-like perturbations, or to a time series of reconstructed 
emissivity distribution for the mode structure analysis. Above all, only if the 
spatial/temporal measure preserves in the rows/columns in the data set X  and the 
condition M>N is satisfied, can the SVD be applied for its spectrum analysis via 
Eq.(2.11).

In this work, we focus on the application of SVD analysis to the tomography

26



2. Tomography problem and Singular-Value Decomposition (SVD) analysis

problem. Thus, each column of X  constitutes the emission from all the different pixels 
(position indices form one dimension) at the same time point and the rows correspond 
to the time series (time indices form another dimension). The spatial and temporal 
eigenvectors are contained in the columns oft/, V . The spatial eigenvectors or -topos” 
represent the spatial spectrum of X  , and the temporal eigenvectors or —chinos” 
represents the temporal spectrum. The total weight of one data set can be given by

M N
^ = L 2 X  (2.i3)

i=1 y=l

It is also known that following relationship exists according to the property of SVD
[23],

W ^ j^ s l  K = trm(M,N) (2.14)
i=1

Accordingly, the relative weight of each component corresponding to Sk can be 
calculated by,

which is a useful quantity to indicate the significance of the different components of 
structures coupled in the reconstructed emissivity distribution. If there is a pair of 
identical singular values, namely the degeneration of solution exists, it implies the 
existence of dynamic phenomena such as rotating MHD modes and therefore the 
temporal evolution of the rotating modes can be revealed by taking into account their 
corresponding —chinos”. The method developed in this work uses a so-called 
Gaussian Process (which will be introduced in chapter 3) as a prior model for the 
emissivity distribution such that the final solution is expressed in a probabilistic form 
-a  posterior probability, from which many samples of the reconstructions can be 
generated. Since the SVD analysis on a time series of one sample set can reveal the 
structure of different modes, an analysis on many samples can display the disorder of 
individual modes and provides the reliability of each resolved mode.
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3. Theory

In the first part of this chapter Bayes’ theorem is introduced mainly explaining its 
fundamental ingredients: prior, likelihood and evidence with respect to their respective 
roles as regularization, data constraint and model optimization in practical 
applications. Secondly, the concept of Gaussian Process (GP) and the application of a 
GP prior for regularization in the Bayesian inference are covered. Thirdly, details of 
the non-stationary GP as an extension of the standard stationary GP are given as well 
as its application to the tomography problem. Finally, the general review of the Non- 
stationary Gaussian Process Tomography (NSGPT) is presented.

3.1. Bayesian probability theory

Bayesian theory provides a rigorous mathematical framework for the scientific 
inference in a probabilistic way. As a universal approach to data analysis, Bayesian 
theory has been extensively exploited in a wide range of scientific disciplines from 
machine learning to medicine. Bayesian data analysis provides practical methods for 
making inference of the unknown quantities of interest from the measured data using 
consistent probabilistic models for both unknown physical quantities and measured 
data. Such an inference is based on the information both from the measurements and 
our prior knowledge of the unknown quantities before any measurement. The prior 
probability used to express our knowledge of the physical quantities before any 
observation can be updated to a posterior probability once measurements are 
available. The usage of probability theory enhances the ability of uncertainty analysis 
of obtained solution and consistency check of model assumption. Additionally, the 
generality and flexibility of the Bayesian framework allow it to deal with a variety of 
complicated problems.

3.1.1. Introduction

We start from two fundamental rules of probability theory, the sum and product rules
[49,50,51]:

Sum rule: p(X \Y )  + p (x \Y )  = 1 ^  ^
Product rule: p ( X , F) = /?(X |T)xp(Y)  = p (Y \X)x .P(X)

where X,Y are two interrelated propositions and X  denotes the negative proposition of 
X  Then, the reliability of these propositions is quantified by their probability, p(-). The 
sum rule can be generalized to the idea that the sum of the probabilities of all the
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possibilities of Xis equal to one. The product rule states that a joint probability, p(X, Y) 
of X J  is equal to the product of a probability p(Y) and a conditional probability,

P i r n -
Bayes’ theorem then can directly be deduced from the product rule:

In a specific application, X  can be used to denote a set of unknown quantities to be 
inferred. Y denotes the measured data obtained from the observation of X. Therefore, 
the relationship between X  and Y can be formulated through a conditional probability 
p(Y\X,I) to account for the dependence of Y on X. For the tomography problem, X, Y 
correspond to the emissivity distribution and a number of line-integrated data, 
respectively. /  denotes the relevant background information e.g. description of the 
uncertainty that arises from the formulation of the functional dependence, and its 
conditioning is often neglected to avoid vagueness of the calculation. The prior 
probability p (X \I )  can be used to express our initial knowledge of X  acting as a 
required regularization on the solution. The likelihood p(Y\X,I) is the probability of 
predicting measured data Y from a given X  under a selected model assumption. The 
posterior probability p(X\Y,I) is proportional to the product of the prior and 
likelihood, thus it combines the information both from our prior knowledge and 
measurements. Finally, the evidence p (7 |/) is  the probability of obtaining measured 
data Y under a model assumption specified by /  without a dependence of X, hence it 
can be used to optimize model assumption by maximizing the probability of different 
model assumptions solely based on the information of measurement. The details of 
optimization criterion of model assumption will be given in section 3.1.7.

Essentially, Eq.(3.2) provides a probabilistic model for the inference of X  from 
another relevant quantity Y, in which the most likely solution occurs at the maximum 
probability and its associated uncertainty is provided by the spread of the probability 
distribution. In contrast with the conventional way of expressing the solution by a 
single value, the probabilistic presentation creates an effective way to provide a 
solution together with its associated uncertainty accounting for our incomplete 
knowledge of the physical quantities and imperfect condition of measurement.

In this work, Bayes’ theorem has been applied to resolve the tomography problem 
where a 2D emissivity distribution needs to be inferred from a number of noisy line- 
integrated measurements. To this end, Eq.(3.2) can be expressed in a specific form:

where the vector /  denotes the emissivity quantities from a number of gridded pixels 
after discretization of the emitting region and d denotes the measured data from a

p(X\Y,I)  = p (Y \X , I )xp (X \ I )  
P(Y\I)

(3.2)

(3.3)
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diagnostic system which observes the line-integrals of a 2D emissivity distribution. Mt 
stands for alternative model assumptions from which the optimal one needs to be 
selected by maximizing the evidence term p(d\Mt) . For the ease of understanding, in 
the following context we will keep using the notations with physical significance in 
Eq.(3.3), rather than the general form in Eq.(3.2). Frequently, the maximum a 
posterior (MAP) estimate is taken as the most likely solution and it is defined as,

f M4P=argm axp( f \d ,M i) (3.4)
7

3.1.2. Marginalization of conditional probability distribution

The conditional probability distribution p(x|y) encapsulates the dependence of x ony. 
Given thaty is a nuisance parameter of no interest to us, but appears in the calculation, 
it is routinely omitted by a marginalization of the probability distribution through an 
integration with respect to y. Suppose a probability p(x, y) which has a compound 
proposition x, y , its nuisance parameter y can be eliminated by a marginal integration,

p(x) = \hyp(x\y)p(y)<fy = \hyp(x,y)dy (3-5)

where Ay designates the reasonable range of y. Eq.(3.5) becomes more explicit if it is 
written in a discrete form,

P(x ) = YsP(x’yi) (3-6)i

where y t denotes all the possibilities of proposition y .
In practical data analysis, the nuisance parameters can be e.g. the unwanted 

background signals present in many experimental measurements or some instrumental 
parameters which are hard to calibrate. Thus, marginalization is a useful method in the 
model selection to cope with the nuisance parameters which are necessary to the data 
analysis but of no interest to us.

3.1.3. Multivariate Normal (MVN) distribution

The probability distributions in Eq.(3.3) should be assigned in conformity to the 
statistical property of the physical quantities to be inferred. For a simple case, a 
uniform probability distribution X  ~ U\a, b] can be used to express an unbiased and 
fair estimation of X  within a bounded range. Similarly, other kinds of probability 
distributions e.g. Poisson, student-t etc. can be used as alternative probabilistic models 
with their distinctive features. Here, we focus on the Multivariate Normal (MVN) 
distribution that is greatly useful because of the Central Limit Theorem [52], which 
states that physical quantities that are expectedly to be the sum of many independent
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processes (e.g. measurement errors) often closely approach to a normal distribution.
Consider a column vector x =[x1,x2,...,xw]7 obeying a MVN distribution, which is 

expressed asx ~ N(//, X), in principle it can be fully specified by the mean vector //  
and the covariance matrix I . The MVN probability distribution is expressed by:

p(x\ju,t) =------ 1 = 1/7 ex p (- j - (x - / / ) r S (x - / / ) ) ;  x, ju<eR n (3 .7)
(2tt)NI2\l \ V 2 ’

where 2 is a positive definite matrix. Eq.(3.7) can be understood as a probabilistic 
model parameterized by //, X. An important characteristic of the MVN distribution is 
that if x follows a MVN distribution, the conditional and marginal distributions of any 
subset are still MVN distribution. A useful formula for conditioning a joint MVN [53] 
is:

_ / ' — -  = =

X
~  N

Mx
9

l.xy

- 7 - \ J ‘y - JL xy M
l

J
P  (a  h )  ~  |  A x  X jr y X jy  ( j y  ( 3 - 8 )

Eq.(3.8) states that if x ,y  are MVN and they form a joint MVN, then the MVN of x 
conditioned ony is MVN given by Eq.(3.8), and x, y  are interchangeable.

3.1.4. Likelihood function

To study a physical system, relevant measurements of that physical system have to be 
designed and exploited. Afterwards, the measured data are collected and analyzed for 
the inference of unknown physical quantities f  of that system. In order to infer the 
values of f  , the functional relations between f  and have to be explicitly 
established and the statistical properties of the measurements have to be specified. 
These definitions determine the model of the data analysis [54]. Since the 
measurement is expected to follow a specific probability distribution, the behaviour of 
the data then can be investigated by the histogram of many repetitive measurements 
which manifest the probability distribution. The histogram helps to suggest a 
probabilistic model for the development of the likelihood function used for the 
Bayesian inference. For instance, if the histogram looks approximately normal, then 
the normal distribution would be an appropriate probabilistic model for the likelihood.

In order to complete an inference based on the Bayesian theorem (Eq.(3.3)), both 
the prior probability and likelihood function have to be approximated and fully 
specified. The information from measured data has to be encoded into the posterior 
probability through the likelihood function. The likelihood function is a joint 
probability over a set of independent data conditioned on the
physical quantities f  to be inferred. Because of the independence between 

dl,d 2,...,dM , the joint probability of d equals to the product of their individual
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probabilities,
M

p(d \ f ) = T l p ( di \ f ) (3-9)
!=1

As shown in the right part of Eq.(3.9), the construction of a likelihood function relates 
to the determination of a probabilistic model through which the data can be predicted. 
In most experiments, the random noises on the measurements adhere to the 
independent and normal distribution with a zero mean and a covariance matrix whose 
diagonal elements are the variance of the noise,

wheres is the noise vector and! defines its variance.
According to the specification of the error in Eq.(3.10), the distribution of a single 

data d  can be formulated by a univariate normal distribution,

Eq.(3.11) depicts the essence of the data generation process in a probabilistic way, 
with the expected value of data equal to nd and its variance crj, thereby the measured 
data d can be understood as an arbitrary sample from the probabilistic model applied 
to the likelihood function and any repetitive measurement will follow the rule of that 
probabilistic model. For an MVN likelihood, the variance o] can be estimated based 
on an elaborate error analysis of the experimental data to ensure the description of the 
data variance to be consistent with the noise on experimental data.

Concretely, the MVN likelihood function for the independent and identically 
distributed (i.i.d.) data setZ) = \dx,d2,...,dM^  is formulated as a MVN with a diagonal 
covariance matrix :

where R is the sum of squares, or the residual between the measured data d t and its 
predicted value jut , which is often taken as an indication of the data misfit. As a data 
constraint, the residual needs to be minimized along with a required regularization on 
the solution. As shown in Eq.(3.14), maximization of the MVN likelihood is 
equivalent to the least-squares problem.

(3.10)

(3.11)

(3.12)

Since the covariance matrix is diagonal, Eq.(3.12) can be simplified to,

(3.13)
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3.1.5. Prior and Regularization

For the tomography problem [10,30], reconstructing emissivity distribution from a 
limited number of line-integrated data constitutes a discrete inverse problem that is ill- 
posed and underdetermined. In order to stabilize the problem, besides the data 
constraint, additional information needs to be incorporated as a regularization on the 
required solution. For a Bayesian application, the prior plays the role of a regularizer 
that is often specified as a probabilistic model possessing consistent feature with the 
underlying process. Computational ease is another important factor for the prior 
choice. In practice, various regularization approaches exist and the most classical 
Tikhonov regularization [55] gives rise to a regularized solution of f  by minimizing 
the weighted combination of a least-squares residual and 2-norm regularization:

Fs = arg min (||(?7 -  d\2 + « \ f f 2) (3.15)

where or is a regularization parameter which determines the weight given to the 
minimization of a 2-norm regularization relative to the minimization of a squared 
residual, which therefore controls the property of the regularized solution and needs to 
be calculated based on a certain optimization criterion. In section 3.2, the concept of 
Gaussian Process (GP) will be elaborated as a regularization approach applied in this 
work within the Bayesian interpretation.

For a Bayesian approach to the tomography problem described in this work, the 
regularization is imposed by a prior that is formulated by a probabilistic model to 
express our knowledge of the unknown physical quantities before any measurement. 
Without going into details about the GP at this moment, we introduce generally how a 
GP prior plays the role of regularization for Bayesian inference. The primary 
advantage of a GP prior is that is allows the probabilistic model to be a MVN 
distribution such that the regularization can be enforced by controlling properties 
(such as the smoothness of the random process) of this specific probabilistic model. In 
particular, the regularization on the smoothness coincides with the characteristics of 
the diffusion process, and it can be effectively and flexibly exercised or even in a 
locally adaptive approach. In contrast with the Tikhonov regularization in Eq.(3.15), 
the regularization realized by a GP prior in the Bayesian model can be interpreted 
through a logarithmic form of the posterior probability (cf. Eq.(3.3)),

log/?( 7 |7 ^ ) 0c lo g ^ (^ |7 ,0 ) + l o g ^ ( 7 |^ ) c c - I ^ ( G ;. ( 7 ) - i/,.)2+ 7 r S 7 )  (3.16)

where 6 comprises all the model parameters embedded in the GP prior in contrast to a 
single regularization parameter «  in Eq.(3.15). Typically, the model parameters of a 
prior are called hyper-parameters. In Eq.(3.16), minimization of the term /  2 /
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plays the role of regularizing the solution of f  via the covariance matrix Z . The 
covariance matrix is derived from a covariance function which always has a crucial 
parameter, the so-called length-scale that is used to control the smoothness of the 
solution in a GP prior. All the details about GP will be given in section 3.2.

3.1.6. Non-negative constraint realized by truncated MVN

For the inference of physical quantities e.g. emissivity distribution and temperature 
profile, the non-negativity of their values needs to be enforced in the prior. For the 
tomography method in this thesis, non-negativity is enforced by a truncation of the 
MVN distribution, limiting the values of samples from (—oo, +oo) to a non-negative 
domain [0, +oo) by assigning zero probability to negative values p(x < 0) = 0 . 
Sampling from such a truncated MVN distribution is non-trivial due to the analytically 
intractable normalizing constant for a truncated MVN distribution. In Bayesian 
inference, Gibbs sampler [56] has been effectively used in various problems as one of 
the simplest Markov Chain Monte Carlo (MCMC) algorithms. The Gibbs sampler 
proceeds based on a set of conditional probabilities:

{jp(x1|x2,...,xJV);p (x 2|xi,x3,...,xJV);...;jp(xJV|xi,...,xiV_i)} (3.17)

The simulation of (x, }"can be obtained by one cycle of Gibbs sampling from above 
univariate distributions and updated by recursively replacing old values with new 
values. The procedure includes three steps:

1 .Start from an initial state: X  = [x[0), a40),...,x^)]r
2. Run the iterations j =  1, 2,..., Q .

generate x, /+1) from p{xx \x2n ,x(3J)
generate x2+l) from p(x2\x[i+l),x\j ) ,x

generate x(f l> from p (xN |x1°'+1), x2j + i ) x (̂ })

„ „ , . , , , (1) —(2) —(ß) ,
3. Return the simulated values: { X,X ,..., }.

Accordingly, an MVN distribution truncated to the positive domain R + can be 
expressed by:

p®  = ^ 7 W ("J ) / < J s , r )  (3'18)
where p(X  e M+)is a normalizing constant of the truncated MVN which is close to the 
normalizing constant of the non-truncated MVN if the truncation is slight and I  
defines a required condition o f J e l +. In Figure 12, the samples from a truncated 
MVN with /u -  [0,0]1 and covariance matrix 2 = [1,0.5; 0.5,0.3] are successfully 
limited to the non-negative domain. Meanwhile, the mean of the distribution does not
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anymore coincide with the non-truncated mean, but moves slightly to the positive 
direction due to the truncation. For the usage of a GP prior, as done in this work and
[30], the MVN frequently has a strong correlation acting as a smoothness regularizer, 
for that reason a vector aligned method has been developed to more effectively 
simulate the truncated and highly correlated MVN by a new Gibbs sampler [57].

Figure 12: (a) 10000 samples drawn from the 2D truncated MVN with an exclusion of negative values, 
(b) Histogram of a pair of correlated variables. The wide spread of x\ indicates its relatively large 
uncertainty compared to x2.

3.1.7. Optimization of model assumption: Bayesian Occam’s razor

In practice, it is often that more than one probabilistic model can be used as a prior to 
explain the data and the property of these probabilistic models is controlled by the 
parameters embedded in a model. Therefore, it is required to select a probabilistic 
model that is most consistent with the underlying process (which is referred to as 
model comparison), furthermore, the property (e.g. smoothness) of the selected 
probabilistic model has to be optimized by maximizing the probability of the model 
parameters conditioned on measurements. The optimization process can be understood 
as searching for an appropriate model complexity under the condition that a 
reasonable data fit is satisfied. Bayesian Occam’s Razor is the key rule of model 
optimization stating that if a simple model is able to predict the measured data 
adequately, it should not to be replaced by a more complex model or else an increase 
of the model complexity will be penalized automatically by a decrease of probability.

Recalling the Bayes’ theorem (Eq.(3.3)), the evidence term p(d\Mt) is a crucial 
quantity used to justify a model assumption. The evidence is also called marginal 
likelihood since it originates from the following marginal integration with respect toy :

p(d\Mi) = \p (d ' \ f ,M i) p ( f \ M i) d J  (3.19) 

The evidence p(d\Mi) can be understood as the probability of yielding data by a
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given model Mt and therefore it can be taken as an effective tool to justify the model 
assumption based on the Bayes’ rule:

p(M i \d) = -̂ rc ) (3-20)

Eq.(3.20) states that the posterior probability over a given model Mt is
proportional to the product of the likelihood and prior p(M ,) . To be
unbiased, the prior p(Mf) is assumed to be flat such that the posterior is only 
proportional to the likelihood that is the evidence. The principle of the evidence used 
to optimize the model assumption is clarified intuitively by the figure firstly appearing 
in MacKay’ thesis (1991) [58]:

Figure 13: The abscissa represents all the possibilities of data and the ordinate indicates the probability 
(the evidence) of a given model assumption Mt versus all the possibilities of data. An over simple 
model assumption normally cannot adapt to data adequately even though it can assign large probability 
to each of them due to the unity of a probability. In contrast, an over complex model can adapt to many 
possible data sets but assigns little probability to each of them. As a consequence, the optimal model 
occurs at a suitable model complexity between an over simple and an over complex model. The figure 
is reproduced based on [58].

In this work, both the prior and likelihood are chosen to be MVN. The properties 
of the model assumption are specified by the hyper-parameters 9 embedded in the 
probabilistic model, which has to be optimized in the light of measured data. In 
principle, the optimization of 9 should be accomplished by maximizing the posterior 
probability p(t?|öT) over#, which is proportional to the evidence p(d|#) under the 
assumption of a uniform prior p(9) . Since both the prior and the likelihood are MVN, 
and the functional relationship is linear, the integral in Eq. (3.19) can be carried out 
analytically and gives a MVN over d under a model assumption specified by 9 , 
leading to the following expression about the logarithm of the evidence:

\ogp(9\dM ) °c \og p (9 m |0) = —̂
/  =prior\  _  - prim 1 i = p n o r \ ‘ - M

loĝ Erf j-(dM-jud ) [Zd j (dM-/ud )J —— log(2 r̂)(3.21)
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—prior — p rjor —

where hd ,pd are functions of the model parameters6 . Eq. (3.21) combines a data
a ^  Dviov t  p rio r  ^  urior

fit term - 1/2 {dM-pd j  (Ed ) ( d M - ju d ) and a complexity penalty term
1= prior  I

-l/21og(|Zd ) . Maximizing this expression with respect to the hyper-parameters
gives the most likely values of the hyper-parameters in light of the data. This 
optimization procedure automatically penalizes over complex models (e.g. model 
assumption with large overall scaling and small length-scales) that would over fit the 
data. This is because even though the over complex models are able to explain a larger 
range of data sets, each one has a lower probability than a typical dataset explained by 
a less complex model (since the evidence has to be normalized to 1 as a probability in 
the data space). If the model cannot fit the data adequately, the probability of that data 
under the model assumption will also be low, so maximization of the evidence leads 
to a tradeoff between model complexity and data fit. In practice, an optimal model 
assumption is achieved by maximizing the probability in Eq.(3.21) using a 
multivariate optimization algorithm, e.g., conjugate gradient on this equation to find 
the optimal values of the hyper-parameters.

3.1.8. Maximum Entropie regularization

The Maximum Entropy (MaxEnt) regularization is frequently used in image 
reconstruction and other related applications where the positivity of solution is 
required. The tomography method developed in this work has been compared with 
another Bayesian based method which uses the MaxEnt regularization [42].

In thermodynamics, entropy is a measure for the disorder of a system, similarly, 
in statistics it is a measure of uncertain information of a system and justified to 
produce the most objective solution from the mathematical point of view. For an 
instance, the uncertainty /(x) of a random event x should be equal to zero, if its 
probability p(x) = 1 holds. In order to define the uncertainty /(x) associated with the 
probability p(x) , the following two factors need to be taken into account. First, an 
inverse relationship between the uncertainty and probability is required based on the 
fact the smaller the probability the larger the uncertainty becomes. Second, the 
uncertainty should allow to be additive for independent events. To meet these two 
requirements, the uncertainty is formulated as [59],

I (x )  = - C - \ n p ( x )  (3.22)

where C denotes a constant. As a measure of the uncertainty, the entropy can be 
computed by a summation in terms of a set of discrete xt ,

S .= -C -X > (* ,)ln /> (* ,), (3-23)
i=1
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In the MaxEnt method [42], the data constraint is also achieved by an MVN 
likelihood,

p(d \ f ) °ce x 2= E (3.24)

where d is the measured data and G denotes a functional forward model which maps 
the emission f  to the measured data. <jd denote the data variance.

The principle of maximum entropy is applied to derive an entropic prior which 
contains the prior information on the unknown parameters f , but beyond that they are 
as uncertain as possible. The entropic prior is constructed based on the representation 
of entropy,

_____  . N f / 2 f

\ r n j j
(3.25)

where S is the entropy information with respect to a default model m and a is a 
positive constant used to control the balance between the prior regularization 
represented by the entropy term S and the data constraints represented by the data 
m isfit/2. The default model m stands for a reconstruction when the role of entropic 
prior is maximum, and to which the solution of f  approach in absence of any 
measured data. Once a is optimized, the most likely solution is given by the largest 
posterior occurring at the maximum of

(j>(aj) = a S - ^ x 2 (3.26)

The parameter nr can be marginalized through an integration,
oo

p ( f )  = j d a P ( f \ a ) P ( a )  (3.27)
0

3.2. Gaussian Process (GP)

This section starts from the basic idea of a Gaussian Process (GP) and the construction 
of covariance functions applied to a GP prior, in addition how the GP idea can be used 
to resolve the tomography problem. The versatility of GPs allows it to resolve a wide 
range of problems in science and engineering. GPs have been applied extensively to 
different disciplines such as machine learning, geophysics, etc. and are still attaining 
increasing attraction. A repository of GPs can be found in [59].
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3.2.1. Introduction

A Gaussian Process (GP) [60,61] is a generalization of the MVN distribution to the 
function space, so it can be looked upon as a probability distribution over functions 

f(r) instead of vectors /  . A GP is fully specified by a mean function, w(r)and a 
covariance function, &(r,,r7) -The mean function m(r) determines the concentration 
location of the probability. The covariance function k(ri,Tl) mainly defines the 
correlation between function values at any two locations r,,r, and therefore can 
control the properties (e.g. smoothness, differentiability) of the function samples from 
the probabilistic model. Under a GP assumption, the probability distribution function 
of f  (r) at any discrete set of locations r = [n , , rN ]T will form a MVN distribution 
whose mean vector / /  and covariance matrix I can be derived through the mean 
function //, = m(r,) and the covariance functionX,, = k{r-,,ry), respectively. Thus, a GP 
can set up a probabilistic model directly for the underlying function, and no further 
parameterization for the formulation of the function is necessary, as a consequence, a 
flexible non-parametric model [62] can be realized.

In this thesis, a Bayesian tomography method with a GP prior for the inference of 
a 2D reconstruction of emissivity distribution from line-integrated data is 
implemented. As known in most inversion techniques, the underlying emissivity 
function f (r)(r  is the spatial position) is represented in a parametric form whose 
parameters need be optimized by minimizing the combination of a misfit function and 
a regularizer. In contrast, for the Gaussian Process Tomography (GPT) method [63], a 
non-parametric model is achieved by setting up a probabilistic model directly on the 
underlying function f{r) . The regularization on the underlying function can be 
imposed by adjusting the hyper-parameters embedded in the covariance function. The 
GP model of /(/ [enables any subset of function values /  = [fl, f 2>— »Afto follow a 
MVN distribution,

N [ f i r )  m(r),£ (r ,r  )) (3.28)

Because the key property (e.g. smoothness, magnitude, differentiability) of the 
function samples from the probabilistic model is determined by the covariance matrix 
X(r,r ) which is derived from a covariance function. Thus, it is of great importance to 
construct a rational covariance function that is consistent with the characteristics of 
underlying process. Additionally, the most likely values of the hyper-parameters 
embedded in a covariance function need to be found via an optimization procedure.

For the Bayesian point of view, a set of measured dat&d = [dv d2,...,dM]7 can be 
considered as a sample from an intrinsic probability distribution, which is expressed 
by the likelihood:

39



3. Theory

p{d\f{r) ,^d)(3.29)

where crd denotes the data variance as a model parameter embedded in the likelihood. 
Eq.(3.29) essentially describes a data generating process conditioning on /'(r)and 0. 
If the likelihood is N(d|m</, crj) , then the mean md can be computed from a 
determined f(r)  with a variance al . If the combination of a prior with the likelihood 
leads to a posterior belonging to the same class of probability distribution, then such a 
prior is called a conjugate prior. The GP allows the prior to be MVN and satisfies the 
conjugacy with the MVN likelihood, favorably giving rise to a MVN distribution.

3.2.2. Covariance functions

As mentioned above, the construction of a covariance function is crucial for the GP 
application since it encodes our assumptions on the underlying process. Before giving 
the definition of covariance function, we first recall the covariance of two real-valued 
random variables u and v, which is defined as,

cov(w, v) = E  [(« -(v -  E’(v))] (3.30)

where notation E denotes the expected value of a random variable. Consider a random 
process x ( r )which is dependent on the spatial positionr, the covariance function is 
defined to give the covariance of any two random variables at positions r and r ,

k(r, r) = cov(x(r), x(r )j (3.31)

In essence, the covariance function defines both the variance of individual variables 
and also the correlation between variables from different positions.

A GP model enables any finite number random variables to be MVN and uses the 
covariance functions to control the properties of the random process. In reality, there 
are a variety of choices of covariance functions, and we can specify a wide range of 
models just by specifying the covariance functions applied to the GP. Typically, a 
stationary covariance function has an argument of the distance r - r  between 
two positions and the distance d  is always scaled by a constant length-scale /. Thus, 
the stationary covariance functions are invariant to the translations of different 
positions. In most cases, the stationary covariance functions works effectively when 
the smoothness of the underlying process is approximately constant everywhere. Two 
widely used stationary covariance functions are the so called Squared exponential 
(SE) and the Matem covariance functions as shown below:

£SE(cO = c r " e x p ( - ^ A = llr — r II (3.32)
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vMatem (d) = cr. '}~v I 'Jlv d_\V l^2v_d_
r(v) \  / ) (3.33)

where in both equations, is a scale factor for the variance and determines the 
magnitude of the random variables; lis a constant length-scale used to determine the 
smoothness of the random process or how quickly the random process is allowed to 
vary within a certain distance. In Eq.(3.33), T is the gamma function and K v is the 
modified Bessel function of the second kind of order v [64], and v is a smooth 
parameter in Matem covariance function.

Since the smoothness regularization is a critical ingredient of the tomography 
problem, in the following we will elucidate how the smoothness of a random process 
is effectively controlled by the length-scale 1 of the SE covariance function 
(Eq.(3.32)). Given that an underlying function / ' (r) is  modeled by a GP, any finite 
number of discrete function values obey a MVN distribution N ( /( r)  | ju f (r),Yf(r,r )), 
where the covariance matrix £ /  is derived from the SE covariance function in 
Eq.(3.32). The plots of a covariance matrix with a dimension of 100x100 are shown 
in Figure 14 , the correlation width of a covariance matrix is directly determined by 
the length-scale / defined in the SE covariance function in Eq.(3.32). The smoothness 
of the random process of a MVN distribution is connected with the correlation width 
of the covariance matrix as shown in Figure 15. For an MVN distribution to which a 
covariance matrix (Figure 14(a)) with a large correlation width is applied, the samples 
are characterized by a large smoothness as shown in Figure 15. Reversely, for an 
MVN distribution using a small correlation scale, the samples become less smooth. As 
demonstrated, the smoothness property of a MVN distribution can be effectively 
controlled by the length-scale defined in a covariance function in a GP prior, which is 
the heart of the Gaussian Process tomographic method described in this thesis.

The explanation of the Matem covariance function (Eq.(3.33)) is given in Figure 
16 to illustrate the impacts of its parameters v, /, ay on the random process to which a 
Matem covariance function is applied. The first panel in Figure 16 shows the 
decrease of variance k(d) as the distance d  becomes larger and the trend of decrease is 
different for three specified v. The impact of the parameters on the properties of the 
random process is examined with respect to different aspects as shown by panels (b), 
(c) and (d), where the function boundary is [-3,3], Other types of covariance
functions can be found in App.8.3.

41



3. Theory
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Figure 14: The contour plots of two covariance matrices with different correlation width, (a) The large 
correlation width of a covariance matrix derives from a large length-scale defined in a covariance 
function and it produces very smooth function samples. In contrast, the small correlation width in panel 
(b) derives from a small length-scale and produces less smooth function samples.

Figure 15: The smoothness of samples from a MVN distribution can be controlled by adjusting the 
correlation scale of the covariance matrix. The smooth samples (black lines) are generated from a MVN 
distribution to which a covariance function with a large length-scale is applied, while the less smooth 
samples (red lines) are generated from the usage of a small length-scale. The shadow area indicates the 
variance of the samples.
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Figure 16: (a) Decrease of the covariance against the distance in Matem covariance function for three 
specified values of v. (b), (c) and (d) show the resulting function values generated from different 
choices of individual parameters: in (b) v controls the smoothness of the function values; in (c) / 
controls the allowable variance within a certain distance, and in (d) cr, is used to scale the magnitude of 
variance.

3.2.3. Gaussian Process regression

In the data analysis, GP regression is very useful for the inference of an underlying 
function when a set of data are measured, especially when the data noise approaches 
to be independently and normally distributed. In practical applications, the accuracy of 
the inference result depends on both quantity and quality of the measured data, which 
are limited by the experimental conditions such as observation density, reliability and 
precision of instrumentation etc. Here, we use a simulation case to demonstrate the 
principle of a GP regression for the inference of a presumed underlying function 
expressed as:

f(r) = r-cos(r) (3.34)

In Figure 17, the exact values of Eq.(3.34) from 12 different positions have been 
computed and normal noise is added with a standard deviation ofcrn= 0.1. In the 
following, these simulated function values are taken as synthetic data for the inference 
of the underlying function in Eq.(3.34) through a GP model. In order to check the 
impact of data density on the uncertainty of solution, the synthetic data are generated 
deliberately to have more data points in the region rs(0,4) than in re(—4,0). In this 
case, the derived uncertainty of the solution is expected to be larger in the region of 
low data density re(—4,0) than in the region of high data density re(0,4). For this GP
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regression, the Matem covariance function (Eq.(3.33)) with a fixed v=3/2 has been 
used, and the optimization of other two crucial hyper-parameters l, a  j is 
accomplished by maximizing the logarithm of evidence (Eq.(3.21)) based on Occam’s 
razor rale. Figure 17(a) presents the inference result of the underlying function after 
optimization of all the hyper-parameters. In this GP regression, the data noise is 
described by a hyper-parameter cr„ and optimized for its most likely value. If the data 
noise is improperly described in an extreme case cr„ Oas shown in Figure 17(b), the 
accuracy of the solution of the underlying function is degraded. Moreover, the 
deduced uncertainty cannot cover the discrepancy between the inferred and hue 
values. In order to show the importance of another hyper-parameter /, the solutions 
obtained from the usages of a too large or too small length-scale are presented in 
Figure 18. As shown, when the length-scale is too large, the inferred function is too 
smooth to fit the presumed function adequately. On the contrary, when the length- 
scale is too small, the inferred function will over-fit the assumed function and the 
deduced uncertainty becomes unreasonably large. In addition, the optimal value of 
the hyper-parameters CTj and / can be estimated through maximizing the evidence as 
illustrated in Figure 19.

Figure 17: GP regression for the inference of an assumed underlying function (red dashed line) from 
synthetic data (red crosses) under different assumptions of data variance, (a) In an optimal case, the 
mostly likely data variance (denoted by crn) is chosen based on Occam’s optimization criterion. The 
inferred function (blue line) makes a good agreement with the presumed underlying function. The 
uncertainty of the inferred function is indicated by its ±2a confidence intervals (grey area), (b) In an 
extreme case under the assumption of zero data variance an = 0 , the accuracy of the solution is 
degraded in comparison with the optimal case in (a), particularly, a significant discrepancy occurs in the 
region re(—4,0). The uncertainty is inconsistent since it cannot explain the misfit between the predicted 
data and synthetic data.
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Figure 18: GP regression with improper length-scales, (a) An over large length-scale makes the solution 
too smooth to be able to fit the data points (red crosses) adequately. Moreover, the uncertainty of the 
solution indicated by the ±2cr confidence intervals (shadow area) cannot cover the data misfit, implying 
the inconsistent model assumption, (b) An over small length-scale makes the solution much less smooth 
(corresponds to an over flexible model assumption) and fit the synthetic data exactly. However, the 
uncertainty is unreasonably large as a result of an improper model assumption.
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overall scaling, af
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Figure 19: Optimization of two crucial hyper-parameters /, a  j is visualized by 2D scan of the evidence 
against different possible values of /, cry . For the ease of interpretation, the evidence is expressed 
identically in a proportional form-l/log(/?(/, oy)|data) . As shown, the maximum evidence occurs at 
the location where the optimum values of hyper-parameters / = 1.5, ay = 2.2 exist.

3.3. Non-stationary Gaussian Process

In the previous section 3.2.2, the stationary covariance functions for the GP 
application have been introduced and the constant length-scale in the stationary 
covariance functions basically determines a constant smoothness everywhere for the
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random process. Such a stationary GP model is valid on the premise that the 
smoothness of the underlying process keeps roughly constant everywhere. The 
limitation of the stationary GP arises when the smoothness of the underlying process 
varies strongly at different positions. In this situation, the non-stationary GP needs to 
be developed to adapt to the varying smoothness by using locally adaptive length- 
scales.

In this section, firstly, the principle of constructing non-stationary covariance 
functions is presented. Secondly, we focus on the specification of the non-stationary 
covariance function that is applied for the improvement of the GP Tomography 
method in this work. Finally, we present an overview of the non-stationary Gaussian 
process tomography (NSGPT) method based on the Bayesian hierarchical model.

3.3.1. Derivation and construction of non-stationary covariance 

functions by using kernel convolutions

The necessity of non-stationary covariance functions has been gaining increasing 
attention recently as Higdon formulized the general construction of a non-stationary 
covariance function through the so-called process convolution approach [65]. Such an 
idea was extended by Paciorek to produce a class of closed form non-stationary 
covariance functions that share the sample path properties of the stationary covariance 
functions upon which they are based [66]. The basic idea in [65] is that, a stationary

spatial process z(r) can be represented as a moving average of a Gaussian white 

noise x(r) -a  white noise process convolved with a kernel k(r) , and then the non- 
stationarity in the spatial covariance function can be accounted for based on the 
process convolution approach.

Specifically, any stationary Gaussian Process z(r) that has a stationary covariance 

function C(d) given by [65],

can be expressed as the convolution of a Gaussian white noise process x(r) with a 
convolution kernel [65]:

where r and d  are the position and distance in real space R 2 and they are written as 
vectors to denote their components in each dimension. Here we focus on the two- 
dimensional case since our work is concerning a 2D reconstruction. It’s worth noting 
that the stationary covariance function in Eq.(3.35) has a single argument of the 
distance. Moreover, a white noise process x is explained as a process for which

C(<f)= f k ( r )k ( r  — d )d rJR2 (3.35)

(3.36)
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zA = [ x (r )dr  ~ N(0,<j2area(A))and (3.37)
J A

is hold for any sub-regions A and B contained in the real space R 2.
The kernel in Eqs.(3.35) and (3.36) can be given by the two-dimensional standard 

Gaussian kernel,

= ~ exp( -~ ^ r ^) (3-38)

which accordingly yields the following Gaussian covariance function through 
Eq.(3.35),

C s (d) = exp(-d d'j (3.39)

The stationary specification in Eq.(3.39) can be extended to be non-stationary by 
adding a covariance matrix Z(r)to Eq.(3.38) [65],

fc(r;E(r)) = — exp(—f / E  <r)r\ (3.40)
2^r|s(r)| 2

where E (r) is  referred to as kernel matrix, which is a function of spatial position. If 
we use kj (•) to denote a local kernel centered at the position rwith a spatially varying 
kernel matrix X(r)  . Once k- (•) is specified for all r e M2, the non-stationary spatial 
covariance between any two positions r and r is then,

CNS(r, r) oc [ 2k-r(u) k_,(ü)dü (3.41)J R r

With the usage of the Gaussian kernels, a non-stationary covariance function can 
be constructed in the following form [66],

Cro ( r , r ' j  = c72|E(r)|1/4 £ (r ') | |(z (r)  + E (r ') ) /2 | e x p [-ß ( r ,  r ) ] ,  (3.42)

with its exponential component in a quadratic form:

Q(r, r) = ( r - r )  [(S(r) + l ( r  ))/2 ] ( r - r )  (3.43)

where the kernel matrix Z(r) is the covariance matrix of the Gaussian kernel. 
Eq.(3.42) is essentially a Squared exponential covariance function, but instead of 
using a constant kernel matrix, we average the spatially varying kernel matrices from 
two positions r and r . The evolution of the local kernel matrices 2 (r )  in space will 
produce a non-stationary process. Eq.(3.42) has been generalized to derive the non- 
stationary covariance functions CNS (r, r ) from the stationary covariance Cs( | r - r  |) 
by the following theorem given in [66].
Theorem: suppose Q(r, r )  is defined as in Eq.(3.43), for an arbitrary stationary 
covariance function Cs( | r - r  |) which is positive definite on real space with a 
dimension of p, then the following formulation provides the general form of

47



3. Theory

constructing a non-stationary covariance function, positive definite on M.p ?

C ^ ( r , r )  = |S(r)|V4|j ( r ) | ,4K ^r)+ 2K r) ) /2 | 'P Cs ( ^ ^ ? ) ) (3.44)

The non-stationary covariance function applied in this work is constructed based 
on the Squared exponential covariance function (Eq.(3.42)). In the 2D case, the kernel 
matrix Z(r;)has the following symmetric structure,

llCr) pW /,(r)/2(r)l
pCr)kCr)l2{r) /22(r) J

where /i(r),/2(r), p(r) are parameters that made up of the kernel matrix. The 
specification of these parameters can be used to control the local features (e.g. 
inhomogeneity, anisotropy) of the process. Since we focus on an inhomogeneous 
(variation under spatial shift) and isotropy (no variation under rotation), the local 
kernel matrix in Eq.(3.45) can be simplified to,

Z(F) =
l \ r )

0
0

l\r)_
(3.46)

where /(r)is called local length-scale which controls the smoothness of the random 
process. The usage of local length-scale l(r) is the heart of the non-stationary GP 
tomography method developed in this work, which advantageously enables the 
inference to adapt to the variable smoothness of the emissivity distribution. However, 
the estimation of the local length-scale from many positions is not trivial, which is 
also the most challenging part of this method. In our case, this is tackled by modeling 
the local length-scales by a stationary GP process, thereby the local length-scales from 
many positions form a MVN distribution and can be estimated all together simply 
through a finite number of model parameters from that probability distribution. The 
stationary Gaussian process model for a fast evaluation of the local length-scales is 
based on a so-called hierarchical Bayesian model which will be detailed in the 
following section. A sophisticated explanation of the local kernel matrix (Eq.(3.45)) 
has been given in [67] by representing the local kernel matrix as an ellipse such that 
the local features (e.g. anisotropy, inhomogeneity) correspond to the rotation, shrink 
and stretch of the ellipse. Above theory has been taken as a basis for the development 
a non-stationary GP tomography method interpreted in the following sections.

3.3.2. Non-stationary Gaussian Process for tomography problem

In this work, a non-stationary Gaussian Process (GP) has been developed to extend the 
Bayesian tomography method in [63]. Our primary focus is on the realization of non-
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stationarity which is particularly helpful when the smoothness of emissivity 
distribution is variable among different regions. For instance, the distribution of soft 
X-ray emission, its smoothness is usually small in the plasma center due to the large 
gradients there and possible occurrence of mode structures, whereas its smoothness 
around plasma edge is relatively large due to the low emission and weak mode 
structures. In contrast with the assumption of constant smoothness, the accuracy of 
reconstruction can be improved by taking into account the difference of smoothness 
between plasma center to edge. With the usage of a non-stationary GP, this can be 
achieved by assigning the local length-scales (Eq.(3.46)) distinctively between plasma 
center and edge. As a consequence, the small length-scales are assigned for the plasma 
center to favorably resolve the fine structures, in the meantime, the edge of 
reconstruction can keep properly smooth by assigning large length-scales for plasma 
edge.

To apply the non-stationary GP in this method, a non-stationary version of the 
Squared exponential covariance function (Eq.(3.32)) has been developed based on the 
knowledge of extending a stationary covariance function to be non-stationary (see 
Eq.(3.44)),

= _ .1/4,= - ,1/4kNS (n,rj) = a2f \Z(ri)\ |Z(ry )| 2(r,) + 2(o)
- 1/2

exp -i n - r j ) 7
2 (n ) + £<>;)

( n - h ) (3.47)

where £(r, ) is the 2D kernel matrix given by Eq.(3.46), which is made up by a single 
parameter -the local length-scale l(r) . From the exponential part of Eq.(3.47), the 
covariance between two locations is calculated from the average of two local kernel 
matrices at locations h  and r j , therefore the local characteristics at both positions 
affect the overall covariance.

For the practical application of the non-stationary covariance (Eq.(3.47)) to 
tomography problem, we want the local length-scales to locally adapt to the varying 
smoothness of the emissivity distribution. To enable the evaluation of a large number 
of local length-scales from many discrete positions, we need to find a low
dimensional representation of the local length-scales as a function of position. As said 
before, this is achieved by modeling the local length-scales as a random process 
through a stationary GP [61,68]. As a consequence, upon the inference of the 
emissivity distribution, there is another inference process for the local length-scales by 
an independent Gaussian Process GP, . Eventually, two Gaussian Processes are used 
together: one stationary Gaussian Process GPi used to infer the local length-scales, 
and a second non-stationary Gaussian Process GPf used to infer the emissivity 
distribution by means of the local length-scales derived from GPi. Each of these two 
processes has a number of model parameters associated with it, which can be fixed as 
empirical values, or optimized simultaneously based on the information of measured
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data, as described in the section 3.1.7 about model optimization.
At this moment, we focus on the explanation about the inference of local length- 

scales by the stationary Gaussian Process GP/. In Figure 20, the emitting region is 
divided into three regions whose extensions can either be empirically fixed or 
dynamically adjusted based on the coverage of poloidal flux surfaces. In case of soft 
X-ray emission (Figure 20), the region around edge is assumed to have a uniform

~ e  ~
length-scale which is denoted as l (r) , similarly, the region in the center is assumed 
to have uniform but a smaller length-scale which is denoted as / ( ). The unknown 
local length-scales / (r) within the region in between can be inferred from / (r) and 
l (r) since the local length-scales are modeled by GP which embodies the correlations 
between the length-scales through a stationary covariance function. The argument is 
used to indicate the spatial position for each local length-scale. Afterwards, the 
combination of / (r) and l ( r) is denoted as support length-scales l (r) whose values 
are supposed to be known and initialized at empirical values. They will be treated as 
additional model parameters of the full inference and optimized together with all other 
hyper-parameters. The dimensions of the vectors / (r), l ( ) and / (r) are equal to the 
numbers of the gridded pixels enclosed by their corresponding regions. In this way, 
this method is not only computationally feasible for large data sets, but also 
guarantees a rather flexible adaption to the varying smoothness among different 
regions. In order to further simplify the computation, some unimportant model 
parameters can be fixed as approximately optimal state. For instance, since the 
calculation is insensitive to the smoothness of local length-scale process, the length- 
scale of GP, can be fixed to be an empirical value based on the size of emitting region.

Figure 20: Division of the emitting region into three different sub-regions where distinctive length- 
scales are assigned. The local length-scales of the regions outside the green line and inside the red line 
are specified as r ( r )andT(r ) ,  respectively. The unknown local length-scales / (r) of the region in
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between can be inferred from T (r) and T (r) by using a Gaussian process regression. The blue contour 
lines indicate a typical coverage of poloidal flux surfaces and the real plasma cross-section is subjected 
to an outward Shafranov shift.

Within the GP model, the unknown length-scales l (r) can be inferred from the 
support local length-scales l (r) based on a GP regression. Since the local length- 
scales are modeled as a GP, the length-scales at any discrete locations obey a MVN 
distribution,

/ ( r ) ~ N ( / / ( r ) , E ( r , r )) (3.48)

where ju(r) is the mean of the local length-scales and Z(r, r ) is the covariance matrix 
of all the local length-scales. Eq.(3.48) can be regarded as an overall process 
governing both support and unknown local length-scales. To separate the support and 
unknown length-scales explicitly, we rewrite their joint probability (Eq.(3.48)) as the 
following decomposed form,

T { r )
~ N

f
ju\r)

?
Z E»

\

j ( r ) _ V
j u  (r)_ J.* J

(3.49)

where,_// (r) and ju (r) are the mean vectors of (r) and l (r). The _sub-matrices 
E, E*, E** composes the compound matrix E(r, )in Eq.(3.48). In detail,I,£** are two 
independent covariance matrices for / and / , respectively; X* is a covariance matrix

~s
that defines the correlation between / and / . These covariance matrices are derived 
from the Squared exponential covariance function in Eq.(3.32):

k[r\ ,  n ) k ( n , n ) •• k(r\,r)

k(r i ,  n ) k(ri,r2) •••• k ( r 2 , r p )
(3 .5 0 )

k[rp,  r i ) k[rp,n) •••• k[rp,r)
PxP

k(r\,r\) )
E* =

k(rp,ri) ■■■ )J PxQ

(3.51)

_* _* _ * _ *
k (r i, n  ) ••• i, tq)'

-k(rp, r \ ) ••• k{rQ, r Q). Q'Q

(3.52)

~S  - *

where P and Q denote the dimensions of the vectors l and . According to the 
following formula about conditioning a joint normal distribution [53]:
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X
/

a A C \ ._____ _______ _
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(3.53)

the conditional normal distribution over the unknown length-scales/ can be derived 
from the joint normal distribution Eq.(3.49) ) as follows:

(3.54)

Since the prior mean of both support and unknown length-scales // (r) and // (r) are 
set to be zero as an unbiased assumption, Eq.(3.54) can be rewritten as:

/*|/S I . )  (3.55)

The maximum a posterior (MAP) estimate of the unknown local length-scales/ is 
given by the mean of the posterior normal distribution in Eq.(3.55):

/ * = Z * 2 1r  (3.56)

Eq.(3.56) is the final expression used to infer the values of unknown local length-
-*  ~s ~s

scales / from the support length-scales/ . When the support local length-scales / are 
optimized together with other hyper-parameters, they are simultaneously used to infer 
the values of / . Eventually, all the local length-scales are optimized together to 
provide a plausible estimation of the local length-scales, which will be used by 
another Gaussian Process GPj for the inference of emissivity distribution.

An implementation of this non-stationary GP for a ID case is demonstrated in 
Figure 21. In order to emphasize the dependence on position, a significant unit of 
spatial position r is used in place of an arbitrary unit for the stationary case in Figure 
14. Contrary to the stationary covariance matrix, the correlation width of a non- 
stationary covariance matrix (Figure 21(a)) can be adjusted by specifying the local 
length-scales (Figure 21(b)) in the non-stationary covariance function from which the 
covariance matrix is derived. Correspondingly, the samples from a normal distribution 
using this non-stationary covariance matrix have large smoothness at the region where 
large length-scales are assigned and fast variation at the region with small length- 
scales.
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(a) non-stationary covariance matrix

position, r

Figure 21: (a) The contour plot of a covariance matrix derived from the non-stationary covariance 
function kNS ( r ? rf) for a Gaussian Process, (b) The profile of position dependent length-scales at 
different positions r. (c) The samples from a normal distribution using the non-stationary covariance 
matrix.

3.4. Non-stationary Gaussian Process Tomography 
(NSGPT)

3.4.1. A hierarchical Bayesian model for the NSGPT method

As illustrated before, the emissivity distribution / (r) is modeled by a non-stationary 
Gaussian Process GPj , upon which the local length-scale l(r) is modeled by a 
stationary Gaussian Process GPt. As a consequence, two Gaussian Processes are used 
together: one latent stationary Gaussian Process GPi used to infer the local length- 
scales, and a second non-stationary Gaussian Process GPf used to infer the emissivity 
distribution relying on the local length-scales derived from GPi Each of these two 
processes has a number of model parameters associated with it, which can be fixed as 
empirical values, or optimized based on the information of measured data. Therefore, 
these two processes constitute a Bayesian hierarchical modeling framework for the 
inference of emissivity distribution and the schematic illustration of the overall 
structure of this hierarchical model is presented in Figure 22. A complementary 
explanation of this hierarchical model is given by a list of the notations in Table land 
these notations will be reviewed in the following section for the comprehensive 
formulation of this NSGPT method.
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Hierarchical model for the non-stationary GP tomography

Figure 22: A hierarchical model is applied for the realization of a non-stationary GP prior in the 
Bayesian inference_of emissivity distribution. The prior of the emission / ( r )  relies on two classes of 
model parameters 9/  and l(r) . Upon the prior, we set up a hyper-prior for l(r) with its own model 
parameters#/. The model parameters from both the prior and hyper-prior compose the joint hyper
parameters 9 = {9f,9i}.

Table 1: Notations used in a hierarchical model of the non-stationary GP tomography method.

The first layer for the inference of locally adaptive length-scales,

A stationary GP over local length-scales l(r) p(l) , probabilistic model of l(r)
Support local length-scales l g at center and edge
Unknown local length-scales / g Rß at other positions
Hyper-parameters of GP, Oi={ah lh lc, l e}

The second layer for the inference of emissivity distribution, GP}

A non-stationary GP over emission f  (r) p(f\l ,  d ) , probabilistic model of / (r)
Measured data set (line-integrals) ~dMe R M
Inference of emissivity distribution f  e Ma' at locations r
Hyper-parameters of GPj 0/={<7/}

Joint hyper-parameters 0 = {0f,6h}
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3.4.2. Formulation of the NSGPT method

According the Bayes theorem (Eq.(3.3)), the general idea of this NSGPT method can 
be summarized in a compact form:

p ( f„ \d M ,e ) = p ( d u | g ) . e={crf ,<7„i„i‘, i ‘}
p\dM\6)

(3.57)

where f  N and (Im are the emissivity distribution and measured data, respectively. 0 
denotes all the model parameters embedded in the construction of a non-stationary GP 
prior and they need to be optimized based on the Occam’s razor optimization criteria 
(in section 3.1.7) . In Eq.(3.57), the posterior probability of is proportional to the 
product of the prior and likelihood. In the following, we interpret how the prior and 
likelihood are formulated.

The usage of a GP prior enables f  to obey the MVN distribution with a mean 
/Uj and a covariance matrix £ /:

— - 1 / I  — — T =  ̂ — — \
P ( / jvI°>>0  = -------- , = 1/2 exP - - ( / , v ~ A / )  Z f ( f N- juf )\ (3.58)

(2^)"'2|S/ | v 2 ’

where <7/, / denote the parameters of the non-stationary covariance function 
(Eq.(3.47)) that is used to derive the covariance matrix . Specifically, is a single 
parameter and / is an evaluation of the local length-scales from all the positions where 
the emission needs to be inferred. The local length-scales are evaluated by using an 
independent GP model with the following Squared exponential covariance function,

kSE (d) = exp 4 ) , H
2 If!  I

— ! II

-r (3.59)

where crl is a parameter related to the amplitude of the length-scales and h determines 
the smoothness of the length-scale, which is typically comparable with the size of 
emitting region. Since the complete GP regression of the local length-scales is 
conducted based on two presumably known parameters lc and V (see section 3.3), 
there are totally four model parameters (6i = {at, h ,lc, le}) used to effectively control 
the overall process of the local length-scales. The application of such local length- 
scales in the non-stationary GP achieves a rather flexible regularization on the 
smoothness of the reconstruction.

The likelihood in Eq.(3.57) is formulated as a MVN distribution based on the 
assumption of independent and identically distributed noise on the data (section 3.1.4). 
The likelihood is formulated as another MVN over the measured data whose mean 
is equal to the product of the contribution matrix R  and a given f N :
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p{dM\fN,s) 1

{ln)M'2
(3.60)

where E<* is a diagonal covariance matrix with its element e being the data variance. 
The value of s is estimated by the optimization process together with the empirical 
analysis on the raw data.

To account for both regularization and data constraint, the prior and likelihood 
need to be combined and give rise to a posterior probability. Since both the prior and 
likelihood are MVN, and the relationship between f N and du is linear, the Linear 
Gaussian inversion (see section 2.1.2) is applicable. Therefore, the posterior 
probability over f N is a MVN:

P { f N \dtt,0) = -
1

(2 0 N/2 — po st

2 /
wexP(-i(7„^n'(r)'(7,-^r)) w—  v o s t \ T  l = P O S t \  1 —

with the posterior mean,

ft™* = n f  +(i? Edi? + E / j  R J.d[dM-Rjuf  ̂ (3.62)

and the posterior covariance matrix,

-PfOst = x  + 2yi J (3.63)

where 6 = {ay, <jt, h , l c, le) denotes all the model parameters embedded in the 
construction of the non-stationary GP prior. juPf°s‘ is the mean of the posterior 
probability and coincides with the MAP estimate, thus it provides a single most

___  =  post

probable solution of f  N. E/ is the covariance matrix of the posterior probability and 
its diagonal elements define the variance of the solution as an indicative of uncertainty 
of the result. The uncertainty of solution can be analyzed intuitively by generating 
many samples from the posterior distribution, to get a range of many possible 
solutions from the posterior probability. The advantage of MVN posterior is that the 
generation of many samples can be carried out directly by using the Cholesky

= post

decomposition of the posterior covariance matrix E/  ,

1 = LL (3.64)
— post = —

and the samples from the posterior distribution can be generated through juf  +Lx, 
where! is a lower triangular matrix in Eq.(3.64) andx consists of independently 
normally distributed variables with zero mean and unit variance.

In addition, we can also get analytic expressions of the posterior probability for 
arbitrary linear functions of the emissivity distribution f  N . According to the 
knowledge of linear transformation of a vector of MVN variables, an linear function
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O f f ,

h = M  f + c , (3.65)

will obey the following MVN distribution,

(3.66)

Eq.(3.66) can be used to get an analytic egression for the posterior distribution of the 
total emission if the linear operator M  is specified as a summation function. 
Alternatively, using the same way (Eq.(3.64)), a sequence of samples /?2,...can be 
drawn from Eq.(3.66) for an uncertainty analysis of h by examining disorder of many 
samples.
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4. Non-stationary GP tomography (NSGPT) 
of soft X-ray diagnostics

To assess the performance of the implementation of Non-stationary Gaussian Process 
Tomography (NSGPT) method with respect to other existing methods, firstly, we use 
the simulated data for a benchmark with the standard MaxEnt method [42] in terms of 
both resolved solution and its associated uncertainty. Secondly, an elaborate error 
analysis of the experimental data is presented as a foundation for a reasonable 
estimation of data variance defined in the tomography algorithm. Thirdly, we 
introduce the application of this method to W7-AS data [43], as well as the Singular- 
Value Decomposition (SVD) analysis on the reconstructions for the exploration of 
MHD perturbation modes demonstrated for both simulated and realistic situations. 
Finally, another implementation of this method to data from the diagnostics in 
stellarator TJ-II [69] is presented.

4.1. Selection criterion of reconstruction region

Generally, the reconstruction region to be considered for tomographic inversion is 
determined based on both the extent of the emitting zone and the coverage of lines-of- 
sight (LOS). In principle, we want the reconstruction region to be as large as possible 
to obtain information in a wider area, but this is limited by the attainability of 
coverage since the inclusion of regions which are almost not observed by 
measurement tends to increase the global uncertainty of the solution. On the other 
hand, the choice of a too small reconstruction region would result in a loss of the 
information in the excluded area where a significant level of emission may exist. The 
grid of the reconstruction region can be defined in various ways. In this method, the 
square grid is preferred to preserve the uniformity of the reconstructed emissivity 
distribution. As an example, the discretization of reconstruction region in the poloidal 
plasma cross-section observed by the SXR system Minisox in W7-AS [43] is 
illustrated in Figure 23.
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1.8 1.9 2 2.1 2.2
R(m)

Figure 23: Finite-element discretization of the reconstruction region by dividing the poloidal plasma 
cross-section of W7-AS, where the MiniSoX-Tomography system was located, into a grid of 30x30 
squared pixels. Only the pixels (the yellow region) within the vacuum vessel wall are taken into 
account for the calculation. The typical flux surfaces (red contours) are presented for reference. A total 
of 256 detectors achieve a sufficient coverage of the reconstruction region except the outmost comers. 
The black line indicates the boundary of the vacuum vessel.

4.2. Benchmark by simulation
4.2.1. Analysis of simulation results

The simulated emissivity distribution shown in Figure 24 is calculated based on the 
magnetic flux surfaces of a standard W7-AS magnetic configuration [70] at the same 
toroidal location. The artificial line-integrated data (in Figure 25) can be calculated by 
multiplying the contribution matrix with the simulated emissivity distribution. A 
normally distributed random noise with a zero mean and a 12.5% of the average of the 
data set as standard deviation is added to this artificial data. The quantity of 12.5% is 
chosen based on an error analysis on the experimental data in W7-AS along with the 
optimization criterion regarding the data variance, which will be detailed in section
4.3.2. For the realistic experimental data, apart from the random noise, the 
unavoidable systematic error arising from the inaccuracy of the model (such as the 
geometry of LOS) is always unknown to us, and therefore can’t be taken into account 
in this simulation case. The artificial data set is used as input data for the inference of
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reconstructions by both NSGPT and MaxEnt methods for the assessment of their 
performance.

The MaxEnt method [42] is also based on the Bayesian theory and discretization 
the reconstruction region into grid of pixels. Contrary to the NSGPT, MaxEnt uses an 
entropic prior to impose the regularization (Eq.(3.25)). In order to relax the constraint 
d f =Gj(f) in Eq.(3.26), the Lagrange multiplier is applied to achieve an 
unconstrained maximization of,

} ( a , f , d J )  = a S - ^ ( d l - d ' ) 2/ ^ + a ' £ A J( d f - G l ( f ) )  (4.1)
^ j j

Maximizing (f> with respect to f  results in an expression [42],

fi =m, ,exP (“ Z y MßÄj ) (4-2)

which constitutes a most likely solution of the reconstruction f  .
Figure 26, Figure 27, Figure 28 present the comparison of reconstructions by the 

NSGPT and MaxEnt methods. The Root-Mean-Square Deviation (RMSD) was used 
to examine the discrepancy of reconstructed /  with respect to the simulated 
emissivity distribution f ,

RMSD^f] (4.3)

The RMSD of the reconstructions by NSGPT and MaxEnt are 1.6% and 2.6%, 
respectively, indicating the accuracy of the overall condition of the two 
reconstructions in this specific case. The accuracy of a reconstruction can be 
examined from different aspects such as magnitude, position, shape etc. It is found 
that the position of the emissivity peak is accurately reconstructed by both methods 
and the discrepancy relative to the shape and magnitude is also small (Figure 26). 
However, for the reconstruction around the edge where the emissivity intensity is low, 
MaxEnt tends to produce the wiggly contours, especially on the inboard side of 
reconstruction, which does not completely agree with the simulated emissivity 
distribution. In fact, without regularization on the smoothness the MaxEnt method 
produces noisy reconstructions which are manifested by the wiggly contours, and in 
particular the wiggly edge is a typical feature of MaxEnt reconstructions.

Figure 27 shows ID profiles of the reconstructions at R=2.0m and R=l.9m, 
respectively. Generally, due to the larger numbers of LOS in the central position 
(R=2.0m) than in the edge, the reconstructed profiles by both methods achieve a better 
agreement with the simulated profile in the center than in the edge. In addition, the 
NSGPT method can provide the uncertainty of its solution by showing the 95% 
confidence intervals of the reconstruction. The relatively small uncertainty of the
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reconstruction around the edge is a consequence of the zero boundary condition 
applied in NSGPT, which assumes no emission at the first wall. In Figure 27(b), the 
profile from MaxEnt reconstruction keeps a small positive value at the two edges, 
rather than decreasing to zero like the simulated emission.

Since an adequate data fit is indispensable to a credible reconstruction, the misfit 
between predicted data and artificial data is checked in Figure 28. In general, the 
predicted data calculated from the NSGPT reconstruction is able to fit the artificial 
data adequately and the misfit is reasonably covered by the 95% confidence intervals, 
justifying the self-consistency of model assumption applied in the NSGPT.

For the NSGPT method, a non-stationary Gaussian Process prior has been applied 
to taken into account the varying smoothness between plasma center and edge as 
described in section 3.3. This is achieved by making the length-scale locally adaptive 
instead of using a constant length-scale everywhere. With the position dependent 
length-scales, the reconstruction is capable of adapting to the locally varying 
smoothness of the realistic emissivity distribution. A distribution of the optimal local 
length-scale is displayed in Figure 29. As shown, the local length-scale is smaller in 
the center than around the edge. Such a locally adaptive length-scale is beneficial to 
the recovery of fine structures in the center, at the same time, maintain proper 
smoothness around the edge. The effectiveness of this locally adaptive length-scale is 
verified by comparing the reconstructions arising from different usages of locally 
adaptive and constant length-scales. For the usage of a constant length-scale, the 
optimum value of a constant length-scale is 0.25m. However, in order to show a clear 
comparison, two reconstructions arising from a constant length-scale equal to 0.2m 
and 0.4m are plotted in Figure 30. For the case of 0.2m, the reconstruction makes a 
good agreement with the simulated distribution in the center but not around the edge. 
This is because the choice of 0.2m only defines a proper smoothness for the center but 
not for the edge. Subsequently, the reconstruction around the edge becomes wiggly 
because of the assignment of an over small length-scale for the edge. For the case of a 
0.4m constant length-scale, such a large length-scale is suitable for the smoothness 
around the edge but not for the center, thus the accuracy of the reconstruction is 
degraded in the center. The degradation is manifested by a global distortion of the 
reconstruction indicated by its large RMSD. The specific details about how the locally 
adaptive length-scale adjusts the smoothness of the reconstruction are shown in 
Figure 31, in which the reconstructed emissivity profiles arising from different usages 
of a small, large constant length-scale and locally adaptive length-scale have been 
compared. Generally, the reconstructed profile by locally adaptive length-scales makes 
the best agreement with the simulated profile both in the center and edge. As a 
consequence of improper smoothness, the reconstructed profile by a small constant
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length-scale varies too fast compared to the simulated profile; the reconstructed 
profile by a large constant length-scale varies too slowly to follow up the simulated 
profile.

This NSGPT method also has the strength on uncertainty analysis in virtue of the 
probabilistic representation of the involved variables. The derived uncertainty of the 
reconstruction depends on the quantity and quality of the measurements, as well as the 
approach how the regularization is imposed. In Figure 32, the uncertainty of NSGPT 
reconstruction is represented by the posterior standard deviation of the reconstructed 
values under the assumption of a constant length-scale. Because a constant 
regularization is applied, the difference of uncertainty reflects the relative density of 
measurement coverage at different regions. As shown, the uncertainty is large around 
the edge, especially in the comers where few viewing chords pass through. Besides, 
the uncertainty on the right side is generally larger than the left side since only one 
camera is located on the right side in contrast to four cameras on the left side (cf. 
Figure 23). To extend the uncertainty analysis, we also calculate the uncertainty 
(Figure 33) after removing three cameras #1, #2 and #8. As a consequence of the 
reduction of viewing chords, the uncertainty increases remarkably on the right hand 
side. This uncertainty analysis provides a useful tool to determine whether an 
appropriate extension of the reconstruction region has been chosen for the tomography 
algorithm (section 4.1). In our case, the plausibility of reconstruction region is 
confirmed by avoiding a wide area with high uncertainty appearing around the 
boundary.

R(m)
Figure 24: A 2D emissivity distribution in the same poloidal cross-section as in Figure 23, was 
simulated based on a typical magnetic configuration in W7-AS. For the ease of comparison, the 
maximum is normalized to be one. The artificial line-integrated data used for testing different 
tomography algorithms is calculated through a forward mapping of this simulated emissivity 
distribution to the line-integrals.
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Figure 25: To compare the different tomography methods, this artificial line-integrated data calculated 
from the simulated emissivity distribution is taken as input. Red dots: artificial data without errors; 
green diamonds: artificial data with independently normally distributed random noise is used as input 
data.

Figure 26: Reconstructions by (a) NSGPT and (b) MaxEnt methods using the artificial data with noise 
added. Both methods produce consistent reconstructions apart from a wiggly boundary in the MaxEnt 
reconstruction. For comparison, the black contours show the simulated emissivity distribution.
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(a) Interception at R=2.0m
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Figure 27: Vertical profiles at (a) R=2.Om and (b) R=l.9m from the reconstructions by two methods. 
Both methods produce accurate reconstruction in the central position R=2.0m, whereas at R=l.9m the 
profile by MaxEnt does not decrease to zero but keeps a small positive value. The wiggly boundary of 
MaxEnt reconstruction is a manifestation of small positive values around the edge. The green dots 
denote the NSGPT reconstruction with 95% confidence interval given by the error-bars.
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Figure 28: Comparison between the predicted data from NSGPT reconstruction and the input 

artificially noisy data. The misfits between the predicted and input data are adequately covered by the 

presumed data variance given by the error-bars. Red dots: predicted data with their 95% confidence 

intervals; green diamonds: artificially noisy data used for the inversion of reconstruction.
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Figure 29: Distribution of the locally adaptive length-scales in a reciprocal form (in unit of 1 /m), which 
is used by a non-stationary Gaussian Process to deal with the problem of varying smoothness between 
plasma center and edge. Contrary to a constant length-scale everywhere, the application of such locally 
adaptive length-scales enables the regularization to be adjusted flexibly according to the varying 
smoothness at different sub-regions and thereby improves the accuracy of the reconstruction in 
comparison with a constant length-scale.
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Figure 30: Comparison of the reconstructions arising from the usage of a constant length-scale: (a) a 
small constant length-scale l=02m (corresponding evidence= 937.3), and (b) a large constant length- 
scale 1=0 Am (corresponding evidence^ 900.2). The evidence indicates the extent of optimization. The 
evidence corresponding to the usage of optimal locally adaptive length-scales (cf. Figure 29) is 974.1. 
The usage of a small constant length-scale realizes a consistent reconstruction in the center but makes 
the edge wiggly. In contrast, the usage of a large constant length-scale makes the reconstruction too 
smooth to be able to fit the data and therefore the accuracy of reconstruction degrades as indicated by 
its relatively large RMSD.
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(a) Optimal profile of locally adaptive length-scales at Z=-0.076m
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Figure 31: Comparison of the reconstructions by using different assumptions of the length-scales, i.e. 
locally adaptive and constant length-scales. To compare in detail, the profile of the optimal locally 
adaptive length-scales is presented in (a) together with the reconstructed emissivity profiles intercepted 
at the same position as shown in (b). Without using the positivity constraint, the reconstruction (green 
dotted line) on the right hand side even becomes negative due to the improper usage of an over small 
constant length-scale.
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Figure 32: (a) Distribution of the posterior standard deviation of NSGPT reconstruction by an optimal 
constant length-scale. Due to the constant regularization, the posterior standard deviation reflects the 
uncertainty of reconstruction at different positions, which is determined mainly by the coverage of LOS 
(cf. Figure 23). As shown, the uncertainty is generally larger around the boundary than in the center, (b) 
The profiles of standard deviation intercepted in the parallel and vertical directions show clearly the 
increase of uncertainty at the edges.
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(a ) P o s te r io r  s ta n d a rd  
d e v ia t io n  w ith  re d u c e d  L O S

(b) In te rc e p t io n  a t Z = 0 m

R(m) Z (m )

Figure 33: (a) Distribution of the standard deviation after removing cameras #1,#2 and #8. Due to the 
reduced coverage on the right side, the standard deviation increases remarkably compared to the left 
hand side, (b) and (c) Comparison of the standard deviations before and after removal of the cameras at 
Z=0m and R=2m.

4.2.2. Discussions and conclusions from simulations

A simulated emissivity distribution with a regular smoothness and shape has been 
used to assess the performance of NSGPT and MaxEnt methods. In general, both 
methods can produce reconstructions accurately which are consistent with the 
simulated distribution. The satisfying result of both methods is mostly attributed to the 
dense coverage of the reconstruction region achieved by a large number of lines-of- 
sight which provide sufficient information on the emissivity distribution. Nevertheless, 
a slight dissimilarity between the two methods was found on the reconstruction around 
the edge. The MaxEnt reconstruction tends to have a wiggly edge which is not 
consistent with the simulated distribution for this specific case. A similarly wiggly 
edge also occurs in the standard GPT reconstructions when a too small constant 
length-scale is improperly assigned for the edge. This is improved by using the locally 
adaptive length-scale to distinguish the varying smoothness between plasma center 
and edge. However, for the MaxEnt method, the entropic prior regularizes the edge in 
the same way as in the center, and therefore the edge is as noisy as the center. A 
wiggly edge (that arises from a high model complexity) is considered to be less likely 
than a smooth edge (that arises from a low model complexity) if both of them can 
achieve a reasonable data fit. In other words, there is no reason to prefer a wiggly edge 
if a smooth edge can also predict the measured data within a required error. The 
assumption of a constant data variance for all the channels is deemed as another
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reason for the wiggly edge since such an assumption overestimates the variance of 
data that have small values.

The primary difference between two methods is the approach to regularization. 
For the NSGPT, the concept of the length-scale is used in the GP prior to control the 
smoothness of the underlying emissivity distribution that is essentially a diffusion 
process. Once the correlation scale between the emissivity pixels is imposed by the 
length-scale as the onset of regularization, a fast computation of the reconstruction 
becomes feasible. The length-scale is then optimized to define a suitable smoothness 
for the reconstruction. Furthermore, it can be improved to be locally adaptive by using 
a non-stationary GP. In contrast, the entropic prior applied to MaxEnt method does 
not assume any correlation between the emissivity pixels though it is complemented 
through the so called -preblur” [42,71] concept. For MaxEnt, the non-negative 
constraint is enforced by expressing the emission in an exponential form, whereas it is 
realized by using the truncated MVN by Gibbs sampling in the NSGPT method.

It is also worth emphasizing that this assessment is conducted based on a specific 
case. The results may vary if the simulated emissivity distribution has different 
features such as strongly peaked, or widely extended. To sum up, in this typical case, 
the NSGPT method produces accurate reconstructions and the application of a non- 
stationary prior can effectively improve the accuracy of the reconstructions by a non- 
stationary GP prior. The uncertainty analysis provides an insight into the reliability of 
the solution.

4.3. Application to the soft X-ray diagnostics in W7- 
AS stellarator

4.3.1. Analysis of experimental data in W7-AS

The SXR diagnostic systems in fusion record the data in the form of time series of 
signals from a number of channels viewing different parts of the plasma so that the 
tempo-spatial information on the emission can be acquired. In W7-AS, the temporal 
frequency can be adjusted (maximum 20 samples per ms) for different experimental 
scenarios. A large frequency is preferred to observe fast phenomena, but a too large 
frequency disadvantageous^ increases the noise to signal ratio. In addition, the data is 
deteriorated by a variety of sources of noise, e.g. background noise, quantization of 
the signal, as well as the non-statistical noises due to the electromagnetic 
contamination, variation among different detectors etc., most of which are almost 
impossible to be thoroughly accessed. In order to investigate as much detail as 
possible about different aspects of the noises, a deliberate error analysis on the
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experimental data has been carried out based on a summary of many discharges with 
the aim of characterizing the different noise contributions.

There are a total of 8 cameras with each camera consisting of 32 channels. The 
central channels are designed to observe the plasma centre and thereby are often 
referred to as -high-level” channels; correspondingly, the channels at two sides are 
called 4ow-level”. The typical setup of data acquisition system for SXR diagnostics is 
illustrated in Figure 34. The uncalibrated raw data as the output of AD convertors 
need to be preprocessed through a calibration process which normally comprises 
scaling and offset removal. The calibration factors of the SXR system in W7-AS are 
presented in Figure 35 along with the solid angles of the detectors. The difference in 
the calibration factors is solely attributed to the different solid angles of the detectors.

D iode a rray&  p re a m p lifie r
&  d iffe re n tia l cable d rive r a d  co n ve rte r

Tw isted 
pa ir cables

i _

Figure 34: Representation of the data acquisition system of Soft X-ray diagnostics. A variety of noise 
sources are encountered from each component, thus resulting in random and systematic errors.

The characteristic of the uncalibrated raw data without plasma discharge is 
analyzed in Figure 36. As shown, the SXR photons from the plasma induce diode 
current which will be converted into signal voltage through transimpedance amplifier. 
The quantization as an intrinsic feature of digitalization will bring in uncertainty but 
normally in a very small level. In addition, the time-series of data exhibits a wave- 
trend variance whose amplitude will become about three times larger once the plasma 
discharge starts as highlighted in Figure 37, which also shows that for the calibrated 
data, the wave-trend variance of low-level channels is larger than the high-level 
channels since the low-level channels have larger calibration factors. Due to the rather 
low emission around plasma edge, the low-level channels can hardly receive any 
emission, and therefore the wave-trend variance even dominates the signals of low- 
level channels. It is worth mentioning that even though the low-level channels cannot 
detect much emission from the plasma, they still provide valuable information for the 
reconstruction of boundary in a tomography problem.
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In order to verify the amplifying effect of plasma on the data variance, the data 
from different experiments without and with plasma are compared in Figure 38. A 
deep insight into the data variance can be provided by plotting the histogram of a time 
series of data from a low-level channel under the condition of with and without 
plasma discharge as presented in Figure 39. For the case of without discharge, the 
time series of data has small variance and its average is closed to zero. In contrast, for 
the case of with discharge, the data variance becomes large and its average approaches 
to the negative values as an offset. Such an intrinsic variance will dramatically reduce 
the reliability of data if the plasma emission is too weak such that the useful signal 
cannot predominate over the variance. Figure 40 demonstrates the comparison of the 
data from two different discharges with strong and weak emission. As shown, the data 
appears to be rather noisy when the emission is weak and this can also happen through 
the use of a too large sampling frequency which decreases the signal to noise ratio. 
Compared to the high-level channels, the low-level channels are degraded more 
severely due to their lower detection of emission and their applied large calibration 
factors which further amplify the variance.

,-4

3  !
a)

x 10

oto

.9 E 
ro o
=9 5  

£  0CÖ
O

(a) C a lib ra tion  fa c to rs

if)
-9 ■aco ro

O £
CO

..............^>
, 

................ c
-..

...
J

>
*

....
....

.-

c... c
"

....
....

..*
**

**
....

.....
..

c
....

.^
....

....
....

...
....

.

c....
....

...
....

.^
__

__
__

__
_

(*+ 4 
*  *  *  *  *  *

x 1 0 ’4 (b) So lid  an g les

A_ o  o  
o o o o  o o

_______ I

A:a/ y \
j_______ i_______ i

I

Ao o  
o o o o  o o/ \

j_______ I

Ao o  
o o  o  o  o o/ \ 

i_______

A
i_______

A
i_______

32 64 96 128 160
C hanne l num ber

192 224 256

Figure 35: Display of calibration factors and solid angles of all the SXR detectors in W7-AS. (a) 
calibration factors and (b) solid angles for the 256 detectors. The solid angles decrease from the middle 
to the two sides of each camera. The difference in solid angles leads to different calibration factors of 
detectors.
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Figure 36: Quantization and a wave-trend variance (highlighted by green dashed lines) of the 
uncalibrated raw data are displayed by the time slice of low-level (Chi) and high-level (Chi6) 
channels. These time slices are taken before the start of plasma discharge during which a low sample 
frequency is applied. The quantization and wave-trend variance remain during the whole plasma 
discharge.

Time traces of two channels from shot#56140

Time (in sec.)

Figure 37: Time traces of the calibrated data from a low-level (Chi) and a high-level (Chi6) channel. 
Because the calibration factor of low-level channels is larger than high-level channels, the amplitude of 
variance for low-level channels is larger than high-level channels. In particular, the variance of low- 
level channel increases once the discharge starts at around 0.1 second, even making the data have 
significantly negative values.
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Figure 38: Examination of the data variance under the condition without and with plasma: (a) without 
plasma discharge, the data variance remains quite similar before (phase I) and after (phase II) the 
increase of sampling frequency, (b) with plasma discharge, the data trace is divided into three phases. In 
phase I (before the start of discharge), the data variance is similar to the situation in panel (a). In phase 
II (discharge starts but sampling frequency remains low), the data variance increases remarkably and 
retains until in phase III when the high sampling frequency is applied to a normal sampling frequency 
of SXR measurement. Subsequently, the data variance will keep invariable during the whole plasma 
discharge.
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Figure 39: Histograms of a time series of data from a single low-level channel under different 
experimental environments: (a) without plasma discharge, the mean of distribution p is closed to zero 
and has a small standard deviation a. (b) with plasma discharge, the mean u is slightly far apart from 
zero as an offset and the standard deviation is relatively large.
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(a) C a lib ra ted data obta ined from  a re lativ ly strong em ission

0 32 64 96 128 160 192 224 256
Channel num ber

Figure 40: Comparison of two data sets recorded from strong emission (a) and weak emission (b), 
respectively. In the first case, the amplitude of useful signal predominates over the data variance. 
Therefore, the accuracy of data is expected to be high. In the latter case, the useful signal is not 
dominant in comparison with the data variance. Thus the data suffer from severe uncertainty, 
particularly for the low-level channels.

4.3.2. An error model based on the error analysis of experimental 

data

For most tomography algorithms a certain percentage of the maximum data is used as 
the data error [42,23]. Instead of using the maximum data, in this work we use the 
average of individual data set as a reference of the data error, which is considered to 
be a more stable quantity. In this error model, a single constant error level is assumed 
for all the channels at the same time point during a discharge. The error level is 
quantified by the standard deviation crd which is treated as a model parameter so that 
its most likely value can be estimated through the evidence optimization (Eq.(3.21)). 
With the real-time analysis in mind, in order to avoid having to perform a full 
optimization for each time in real-time application, we tried to find the most likely 
value of <jd through the evidence optimization on many data sets from a large number 
of pulses and time slices, and compare different possibilities of ad with the average of 
each data set. In Figure 41, the most likely value of <jd occurs around 12.5% of the 
average of the data set and an approximately linear relationship between them has 
been found. Therefore, 12.5% is used in the following as an approximate value of a 
most likely standard deviation of each single data set. Note that the large value of 12.5% 
is due to the significant portion of low-level channels that produce rather small data.
In general, 12.5% of average data also roughly amounts to 2.5% of the maximum data
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for each data set. We can then use this heuristic relationship to read off an 
approximately optimal error level from the average of data set, and keep the rest of the 
model parameters constant, to perform fast inversions.

Figure 41: Scatter plot of the average of each data set against possible values of the standard deviation 
<jd . The most likely values of the standard deviation occur around 12.5% of the average of each data 
set. A linear relation between the most likely standard deviation of one data set and the average of data 
set is found around the choice of 12.5%. The possible values of the standard deviation are chosen to be 
within a maximal range of percentage level (from 2.5% to 25%) of the average of each data set. The 
most likely standard deviations of many data sets appear around 12.5% of the average of data set.

4.3.3. Reconstructions by NSGPT and comparison with the 

Maximum Entropy (MaxEnt) method

The NSGPT method has been implemented on the W7-AS stellarator and compared 
with MaxEnt method for an assessment of its performance. In this comparison, two 
distinctive data sets with remarkable difference in intensities from two pulses are 
chosen as input data of the NSGPT and MaxEnt methods. The comparison of 
reconstructions using the first data set with strong intensities is shown in Figure 42. 
The central regions of both reconstructions have an elliptic shape which is consistent 
with the magnetic flux surfaces. Moreover, a 3^4 outward displacement of the 
emissivity peak relative to the axis of the flux surfaces is a consequence of the 
Shafranov shift. Specifically, for the edge, the NSGPT reconstructions appears to be a 
smoothly triangular shape which coincides with the flux surfaces, whereas the MaxEnt 
reconstruction still displays a wiggly edge as observed in the simulation case. In 
Figure 43(a), the profiles intercepted at R=2.0m from two reconstructions agree very 
well. However, the discrepancy of the profiles at R=\.9m in Figure 43(b) become 
pronounced, especially at the right hand side the profile by MaxEnt even shows a 
second maximum. Figure 44 provides the information about the misfit between 
predicted and experimental data, as well as the presumed data variance marked by the
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error-bars. The sufficient cover of the misfits by the error-bars testifies the self- 
consistency of the applied model assumption.

In Figure 45, the uncertainty of the reconstruction is represented by the 
distribution of the derived standard deviation. As shown, the uncertainty around the 
edge decreases dramatically due to the usage of zero boundary condition as an 
additional constraint on the reconstruction. Assuming the SXR emission to be zero 
around the boundary is consistent with the SXR physics and justified by the low data 
level of low-level channels. One hundred reconstruction samples are generated from 
the posterior probability to visualize the uncertainties of the reconstruction in Figure 
46. The spatial extension of three contour lines with fixed values is examined in 
Figure 47. It is known that their spatial extensions along the R direction are generally 
smaller than0.02m. The ID profiles intercepted at R=2m and Z=0m are presented in 
Figure 48. Generally, the dense coverage of the emitting region achieved by a large 
number of LOS enables the global uncertainty of solution to be small. Moreover, the 
usage of zero boundary condition further decreases the uncertainty around the 
boundary through assigning higher credibility to the pixels located at the outmost edge. 
Any one of the reconstruction samples is actually a possible solution but with a lower 
probability compared to the MAP estimate. Once the line-integrated data is calculated 
from these reconstruction samples, their predicted data will also fit the experimental 
data within the presumed data variance as shown in Figure 49.

In order to also assess the performance of the two methods in face of complex 
structures from the emissivity distribution, another experimental data set is chosen 
from a pulse which has perturbed behaviors in the plasma center. The selected data set 
has small intensity with the implication of low signal to nose ratio. As shown in 
Figure 50, the reconstructions from two methods successfully reveal an m=3 mode 
structures distributed symmetrically around the axis of the flux surfaces. The 
magnitude of the perturbation is clearly displayed by a 3D plot in Figure 51. The 
comparison of reconstructions by two methods and the data fit are given in Figure 52, 
Figure 53 and Figure 54.

In W7-AS, the dependence of the maximum achievable thermal/magnetic 
pressure ratio ß  on the equilibrium magnetic flux surfaces has been investigated as one 
experimental issue [72]. Here ß, as an indicative parameter, is maximized; the 
equilibrium flux surfaces are calculated using equilibrium code Variational Moments 
Equilibrium Code (VMEC) [73], which is a numerical tool widely used for planning 
experiments and equilibrium analysis. Such a code involves the solution of a set of 
MHD equations through finding the minimum total energy of the magnetically 
confined plasma system, so can rapidly solve MHD equilibrium configuration. Since 
the emission relevant parameters, e.g., plasma density, temperature are often assumed
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to be constant along the contours of flux surfaces, it is expected that for a stable 
discharge the basic features of the reconstructed emissivity distribution will coincide 
with the equilibrium flux obtained by VMEC, hence the ß  induced effects on 
equilibrium flux surfaces can be investigated by tomographic analysis. The 
reconstructions by NSGPT in Figure 54 clearly present an outward shift frequently 
occurring during the experiments of high ß  performance [72] and also the consistent 
structures between reconstructions and equilibrium flux surfaces except a large 
indentation in the inboard side.

Figure 42: Comparison of the reconstructions by (a) NSGPT and (b) MaxEnt using the experimental 
data from W7-AS. The black contours show the flux surfaces derived from the equilibrium calculation 
of the vacuum configuration. Apart from an outward shift of the emissivity peak due to Shafranov 
shift, the emissivity distribution generally coincides with the flux surfaces.
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CO

0.4

0.3

c  0.2 o
CO

E 0.1
LU

• NSGPT 0.15 NSGPT
$ * !o MaxEnt ‘  i o MaxEnt

l  l 0.1
i

V

o ®0 1
l

i io i l

Oi
io 0.05 f

I i
*

* 8 8 8 8 9 ' > 0

i
*

• t t f * *

oi eo°< 
°*i2,

- 0.2 - 0.1 0 0.1 0.2 - 0.2 - 0.1 0 0.1 0.2 
Z(m) Z(m)

Figure 43: Comparison of the ID emissivity profiles intercepted at (a) R=2.0m and (b) R=l.9m from the 
reconstructions by two methods using the experimental data of shot #56316. The blue dots show the 
reconstructed profile with 95% confidence intervals under the zero boundary condition.
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Figure 44: The fit between the predicted data from NSGPT reconstruction (greed dots) and the 
experimental data (red circles). In general, the misfit is satisfactorily covered by the presumed data 
variance marked by the error-bar.
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Figure 45: Distribution of posterior standard deviation of the reconstruction under zero boundary 
condition. Since the prior assumption assigns smaller variance for the boundary, the posterior standard 
deviation accordingly becomes small around the edge.
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R(m)
Figure 46: One hundred reconstruction samples are generated from the posterior probability distribution 
to provide a direct visualization of the uncertainty of the solution. Any of the samples can be considered 
as a possible solution of the reconstruction. The relatively narrow spreads along each contour line with 
fixed value indicate the small variation between different samples. Such a high reliability of the 
reconstruction can be acquired thanks to the large number of channels installed in W7-AS, which 
achieve a dense coverage of the emitting region. Three contour lines with fixed values are selected to 
examine their extension in space (see Figure 47).

(a) C o n to u r #1 (b ) C o n to u r #2 (c) C o n to u r #3

Figure 47: Spatial extension of three representative contour lines (see Figure 46) at the edge, 
intermediate and inner of the reconstruction (along the axis of Z=0m) and the histogram plots are 
produced from 1000 reconstruction samples. Overall, the spatial extension of each fixed contour line is 
smaller than 0.02m.
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(b) Interception at Z=0m

-0.2 -0.1 0 0.1 0.2 1.8 1.9 2 2.1 2.2
Z(m) R(m)

Figure 48: Vertical and parallel interceptions of 100 samples of reconstructions (c.f. Figure 46) provide 
the uncertainty of solution under applied model assumptions and coverage of measurement. The red 
lines show the MAP estimate which is considered to be the most probable solution.

Figure 49: The predicted data from 100 samples of reconstruction, each of which is able to fit the 
experimental data within the presumed data variance.

79



4. Non-stationary GP tomography (NSGPT) o f soft X-ray diagnostics

(a) NSGPT
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Figure 50: Comparison of the reconstructions by two methods using the experimental data with a 
pronounced m= 3 mode structure in plasma center. The emission is weak because of the low 
performance of physical parameters. The flux surfaces derived from the equilibrium calculation of the 
vacuum configuration are shown by black contours.

(a) NSGPT (b) MaxEnt

Figure 51: 3D plots of the reconstructions highlight the magnitude of perturbation relative to the 
equilibrium component.
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Figure 52: Comparison of the reconstructed profiles intercepted at (a) R=0m and (b) Z=0.lm from the 
reconstructions by two methods. The blue dots show the reconstructed profile with 95% confidence 
interval.
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Figure 53: Fit between the predicted and the measured data in an experiment with rather weak emission 
where the presumed data variance is relatively large. As expected, the misfits between predicted and 
measured data are well covered by the presumed data variance (error-bars).
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R(m) R(m)
Figure 54: Reconstructions by NSGPT at two different time points for a high ß plasma from pulse 
#51755 show a strong outward shift, which coincide with the equilibrium flux surfaces (black contours) 
calculated by free boundary VMEC calculations except a large indentation in the inboard side 
frequently appearing in the ß high case. The green and red lines indicate the locations of the magnetic 
axis of the vacuum and finite ß configurations, respectively. In this experimental scenario, a strong 
inward displacement of the axis of vacuum configuration is achieved by decreasing the total magnetic 
field.

4.4. SVD analysis for identification of mode structures

In fusion, the SVD analysis is a useful tool to reveal the spatio-temporal features of 
the plasma if time series information is available. Essentially, it expands a spatial and 
temporal dependent physical quantity / (r,t) into a set of components which are 
orthogonal in space and time so that the simultaneous occurrence of coherent 
structures can be disentangled at each time point, also with their time evolution 
provided. Its application to the SXR tomography can reveal the equilibrium and 
perturbed mode structures during the MHD events, e.g. tearing modes, formation of 
magnetic islands, or mode rotation. In the following, the SVD analysis based on 
simulated data is initially presented as a preliminary test for the check of its efficiency. 
Subsequently, real experimental data are used to verify the NSGPT method with 
respect to a mode analysis by SVD.

4.4.1. SVD analysis on simulated data

Based on the typical plasma configuration in W7-X, one hundred emissivity 
distributions are simulated to represent the time series of reconstructions with mode 
perturbations in the plasma center, prepared for the SVD analysis. The mode 
perturbations include the presence of m= 3 and 2 modes which respectively 
encounter half and three cycles of rotations during the 100 points (Figure 55). If we
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assume the 100 points are recorded within 1 ms, the m=3 and m=2 modes corresponds 
to the typical rotation frequencies of frot = 0.5kHz and frot = 3kHz. In this way, the 
features of these modes are described in accordance with the realistic tearing mode in 
terms of structures and dynamic (see section 1.3.3). The simulated emissivity 
distributions at three different time points are displayed in Figure 56. As shown, the 
existence of the perturbation modes does not affect the general structure remarkably 
due to its slight significance in comparison with the equilibrium mode. Since the 
simulated emissivity distribution at each time is a superposition of equilibrium and 
perturbations modes, we perform the SVD analysis on the time series of distributions 
to test its ability of resolving the entangled mode structures, and the results are shown 
in Figure 57. In panel (a) the square of singular value indicates the significance of 
different mode structures. The -topos#l” in panel (b) presents the spatial structure of 
the dominant equilibrium mode and its very small phase shift revealed by the 
-ehronos” in panel (b) indicates its quiescent state. The two decomposed components 
of m=3 mode in panels (d) and (f) have almost equal singular values as an indication 
of mode degeneration, and these two components are coupled to form a dynamically 
rotating m=3 mode. The -ehronos” in panels (e) and (g) show that the dynamic of 
these two components is reflected by a phase shift of one and a half periods, which is 
equivalent to a frequency of fchr =1.5kHz . According to the relationship between fchr 
and frot (mx f chr = f rot), it is known that the rotation frequency of the m=3 mode is 
0.5kHz. The principle of analyzing other existing modes is the same as the case of the 
m=3 mode. From panels from (h) to (k), we can know that there is another m=2 mode 
with a rotating frequency of 2kHz. The equilibrium and perturbation modes which 
compose the total emissivity distribution at the first point are resolved by the SVD 
analysis as shown in Figure 57. In practice, a movie recording the evolution of each 
mode structure during a selected time range can be made to show the dynamic of the 
perturbation modes.
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R R

Figure 55: Schematic representation of the m=3 and m=2 tearing modes. These mode perturbations 
often locate at the inner or intermediate of the plasma and have a typical rotation frequency of several 
kHz. The rotation of the modes will result in the oscillation of local structures, whose spectrums can be 
resolved by the SVD analysis on a time series of reconstructions.

Figure 56: Display of the simulated emissivity distribution based on the typical configuration of W7-X 
[19] with rotating modes residing in the inner of plasma (by courtesy of T. Henning).
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Figure 57: Results of the SVD analysis on a time series of simulated emissivity distributions: (a) 
Singular values indicate the relative significance of each corresponding component. The equilibrium 
mode has the most dominant significance. The significance of m=3 mode is comparable to m=2 mode. 
The -topos” (left column) and (b) the -ehronos” (right column) indicate the spatial and temporal 
features of each decomposed components. The -topos” reveals the structures of existing modes and 
-ehronos” reveals the phase shift of the components.

85



4. Non-stationary GP tomography (NSGPT) o f soft X-ray diagnostics

Figure 58: The equilibrium and perturbed modes at the first time point and their significances.

4.4.2. SVD analysis on experimental data in W7-AS

The MHD stability is a key issue in W7-AS. In particular the pressure driven 
instability at modest ß  often appears as low-frequency quasi-coherent mode around 
low order rational values of the rotational transform i [74], In plasma #56723, one 
hundred data sets within a time window of 1 (from 239.0ms to 240.0ms) before the 
transient collapse induced by a large m=2 mode perturbation are used for the 
reconstruction of the poloidal structure of the rotating perturbation modes, examined 
by SVD analysis on the selected time series of the reconstruction. One hundred 
reconstructions are calculated by using the NSGPT method. Three of the 
reconstructions at the start, intermediate and end of the selected time window are 
shown in Figure 59. As shown at the end of the time window, the m=2 perturbation 
mode enhances dramatically until the hot plasma core breaks apart. Figure 60 and 
Figure 61 present the SVD results of singular values, -topos” and —ctonos”, which 
provide an insight into the significance and evolution of each perturbation mode 
structure. The -topos” in Figure 61 shows that the dominant equilibrium distribution 
coexists with the m=2, 4 perturbation modes. In addition, the —chonos” reveals the 
stationarity of equilibrium mode and rotation of perturbation modes with a frequency 
of a few kHz. The uncertainty of each resolved mode structure can be examined 
through the SVD analysis on many samples of the reconstructions (Figure 62). As 
demonstrated, the uncertainty of each resolved perturbation mode increases as they 
become less significant, thus the uncertainty analysis of the NSGPT method can 
provide information about the reliability of each resolved mode. In Figure 63, the 
profile of the rotational transform I = 1/2 in most minor radius validates the existence 
of a pronounced m= 2 mode structure.
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Figure 59: The SXR emissivity reconstructions calculated by the NSGPT method at three different time 
points from pulse #56723 in W7-AS. The evolution of mode structures is explored by the SVD analysis 
on a time series of reconstructions.
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Figure 60: Logarithmic plot of the singular value against index of each corresponding component. The 
first singular value indicates the significance of a dominant equilibrium distribution and the other 
singular values give the significance of the secondary components. The second and third singulars are 
equal, implying a pair of coupled components which actually comprise a rotating m= 2 perturbation 
mode. The fourth and fifth singular values indicate the significance of a rotating m=4 perturbation 
mode.
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Figure 61: Results of SVD analysis on a time series of reconstructions by NSGPT method. The -4opos” 
and -ehronos” provide information on the spatial structures and temporal evolution of each component. 
As opposed to the quiescent equilibrium distribution, the m=2,4 perturbation modes respectively 
experience a phase shift of four and eight periods, implying an identical rotation frequency of 2kHz.
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(a)Equilibrium (sign.=91.52%) (b)m=2 perturbation(sign.=7.90%)

R(m)

Figure 62: SVD analysis on a time series of 50 reconstruction samples can be used to examine the 
uncertainty of each resolved mode. The black dashed lines show the flux surfaces under vacuum 
configuration. In panel (a), the equilibrium distribution approximately coincides with the flux surfaces. 
The narrow spread of the emissivity contour lines implies the relatively high reliability of the 
equilibrium part. The spread increases notably in cases of (b) and (c), indicating the higher uncertainty 
of perturbation modes. The chaos in panel (d) is an indicative of the pure noise of the residual 
components rather than the existence of more mode structures.

toc
CD

CD
Co
3o

U.ÖÖ-

0.50-I— ■

0.45-

0.40-

0.35- 
0

1 =  1/2 t = 0.23 s

-parab. pressure profile 
■broad pressure profile

0 5
r f  a

Figure 63: The calculated profiles of*, which can be taken as a physical explanation of the perturbation 
modes, further confirms the existence of m=2 mode resolved by the SVD analysis. In contrast with the 
assumption of a parabolic pressure profile, the broad pressure profile leads to a more flat iota-profile 
close at a value equal 1/2 [75].
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4.5. Application to the soft X-ray diagnostics in TJ-II 
stellarator

4.5.1. Experimental setup

Another implementation of the GPT method was carried out on results from the TJ-II 
stellarator [76,77]. TJ-II device is a medium size (R=l.5m, a=0.2 to 0.25m, B=IT) 
stellarator with four periods and a helical magnetic axis. Its magnetic flux surfaces are 
completely determined by means of various sets of coils. The 3D twist of the helical 
magnetic axis of the configuration is generated through two central coils: one circular 
and one helical. The toroidal field is produced by 32 coils which are placed in 
meridian planes with their centers following around the central circular coil. As a 
consequence, the combined action of these magnetic fields achieves bean-shaped 
magnetic surfaces. The particular shape of a strongly bent plasma cross section creates 
the motivation of testing this GPT method in TJ-II.

The experimental setup of a SXR diagnostic system, which comprises 5 cameras 
each consisting of 16 detectors, is shown in Figure 64 [69] . The plasma emissivity 
(up to 10 keV) is measured by using thep-n silicon photodiodes arrays of 16 detectors. 
The signals are sampled at 2 MHz. In Figure 65, a total of 80 lines-of-sight pass 
through the strongly bended plasma cross-section.
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Figure 64: Schematic diagram of the setup of a soft X-ray diagnostic system in TJ-II stellarator, which 

is composed of five cameras each camera having 16 detectors. A total of 80 viewing chords pass 

through the poloidal cross-section of the plasma.

4.5.2. Reconstruction by GPT and comparison with the Equilibrium- 

Based-Iterative-Tomography-Algorithm (EBITA) method

With a relatively small number of lines-of-sight in TJ-II, the standard GPT has been 
implemented instead of its non-stationary version. This is because the constant 
smoothness assumption of the standard GPT is flexible enough to produce 
reconstructions which are consistent with the all the measured data. The performance 
of GPT will be assessed by comparing with an iterative numerical technique 
Equilibrium-Based-Iterative-Tomography-Algorithm (EBITA) method applied to 
resolve SXR tomography problem in TJ-II [36].

In order to avoid the drawbacks of high time costing and possibility of non-real 
solution, the EBITA method uses the vacuum flux surfaces derived at the same 
measurement time as the starting point for the search of solution. As the GPT method, 
EBITA also adopts the finite-element model in which the emitting region is 
discretized into a number of pixels. Therefore, the predicted data from a channel j  can 
be calculated in the following form,
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d  = R f (4.4)

where /  denotes the emission from all pixels. R is the contribution matrix.
The idea of inferring /  is to distribute each detector data among different pixels 

along its line-of-sight, weighting the process according to the emissivity of each pixel. 
The local emissivity from a pixel i is then determined by [36],

where Wi is the emissivity weight (initially obtained from the magnetic flux surfaces) 
for the pixel i. d f ed is the predicted data by an integration with respect to the 
emission along the line-of-sight j. Q  is the contribution of the pixel i to different 
channels. Substituting the emission in Eq.(4.5) to Eq.(4.4) can be used to obtain the

— pred
values of predict data d  . Therefore, the misfit between the predicted data dp and 
measured datacT“5 can be provided by,

where T is the total amount of measured data. Successive iterations can be made by 
substituting the weight at each pixel by the local emissivity deduced from previous 
iteration. Evolution of Err in Eq.(4.6) will be taken as a measure of the convergence

The comparison of the reconstructions by GPT and EBITA is shown in Figure 66 
with reference to the vacuum flux surfaces. Since a low- ß  plasma (typically, 
< ß  >= 0.2) is performed in TJ-II, the vacuum flux surfaces are considered to be a 
good reference for the emissivity distribution. In general, the reconstructions by both 
methods coincide with the flux surfaces in terms of a bean shape. In addition, both 
reconstructions concentrate in the inner part of the plasma and make a good agreement 
in terms of the extension. However, a significant disagreement between the 
reconstructions and the vacuum flux surfaces takes place at the two ending tips where 
relatively few lines-of-sight pass through. In Figure 67, the severe noise of 100 
reconstruction samples around the ending tips shows clearly the large uncertainty over 
there. The spatial extension of three contour lines with fixed values is examined in 
Figure 68 and their spatial extensions along the R direction are generally smaller than 
0.04m. In order to provide more details about the uncertainty, two interceptions at the 
center and edge are given in Figure 69. As shown, the reconstruction around the edge 
is subjected to higher uncertainty due to the lower coverage of line-of-sight. In 
addition, the uncertainty of the reconstructions in TJ-II is generally larger than in W7- 
AS due to its lower measurement resolution (depending on both the number of LOS

(4.6)

[36].
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and extension of emitting region). In TJ-II, the misfit between the measured data and 
predicted data from GPT method is satisfactorily covered by the presumed data 
variance (Figure 70).

E
N

Coverage of viewing chords in TJ-I

- 0.2
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Figure 65: The coverage of 80 lines-of-sight achieves a moderate observation density of the emitting 
region. The typical flux surfaces derived by the equilibrium calculation of the vacuum configuration are 
shown by the red contour lines. The reconstruction region is determined by the boundary of flux 
surfaces and discretized into 30x30 square pixels.

R(m) R(m)
Figure 66: Comparison of the reconstructions by the GPT and EBITA methods using the experimental 
data in TJ-II stellarator. Both reconstructions coincide with the flux surfaces in terms of shape and 
location. In addition, they both concentrate in the plasma center.
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Figure 67: One hundred reconstruction samples are generated to examine the uncertainty of the 

reconstruction result in TJ-II. In general, the uncertainty is small enough to avoid strong overlap of 

different levels of contour lines with fixed values. An exception of slightly higher noise occurs at two 

ending tips where fewer LOS pass through. Without using the zero boundary condition, the edge is 

subjected to higher uncertainty than the center. Three contour lines with fixed values are selected to 

examine their extension in space (see Figure 68) and the interceptions at two specific positions (red and 

green lines) are given in Figure 69.
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Figure 68: Spatial extension of three representative contour lines (see Figure 67) at the edge, 
intermediate and inner of the reconstruction (along the axis of Z=-0.2m) and the histogram plots are 
produced from 1000 reconstructions samples. Overall, the spatial extension of each fixed contour line is 
smaller than 0.04m.
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Figure 69: Interceptions of 100 reconstruction samples at the center and edge (c.f. Figure 67) provide 
uncertainty of local reconstruction, (a) Interception from point (1.45m, -0.3m) to another point (1.8m, 
-0.1m). (b). Vertical Interception at position R=\.12m. The MAP estimates (red lines) are considered to 
be the most probable solution.
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Figure 70: Fit between the predicted and experimental data in TJ-II. The misfits are satisfactorily 
covered by the presumed data variance, confirming the self-consistency of the calculation model 
applied in TJ-II.

4.6. Discussion and conclusion on SXR reconstructions

Both the standard GPT and non-stationary GPT have been implemented for two SXR 
diagnostic systems for the reconstruction of the emissivity distribution and produce 
convincing results through the simulation benchmark and comparisons with different 
inversion methods. The reliability of results is further confirmed by a good 
correspondence with the magnetic flux surfaces. The accuracy of the reconstruction 
results has been examined by the uncertainty analysis in the GPT method. In reality, a

95



4. Non-stationary GP tomography (NSGPT) o f soft X-ray diagnostics

variety of factors affect the accuracy of the reconstruction result, including the 
measurement resolution (depending on both the number of LOS and extension of 
reconstruction region), the approach to imposing the regulations (e.g. regularization 
on smoothness, zero boundary condition), the measurement errors (which is described 
as a reasonable data variance). Above all, the measurement resolution plays the 
primary role of determining the global uncertainty of the reconstruction result. The 
regularizations should be imposed in conformity to the well-built knowledge and the 
experimental evidence. For instance, the smoothness is considered to be a necessary 
feature of the diffusion process like the emissivity distribution. The zero boundary 
condition is validated by the very low level of data from the channels passing through 
the boundary. An estimation of the measurement errors is never trivial in practice, but 
it appears that the solution will keep stable if the presumed data variance is defined 
within a reasonable range.

For the implementation in W7-AS tokamak, the NSGPT method has been 
implemented since the large number of LOS enables us to assess the performance of 
the non-stationary GP. The NSGPT is compared with the MaxEnt method and the 
discrepancy of the reconstructions by the two methods is generally small. The features 
such as the mode structure, strong outward shift under different discharge conditions 
are successfully recovered through the reconstructions of both methods. For the 
MaxEnt reconstructions, a wiggly edge is discovered in both simulation and 
experimental data when a smooth emissivity distribution is used in the simulation case. 
Moreover, the entropic prior tends to produce noisy reconstructions [42]. Thus, it is 
believed that the wiggly boundary from MaxEnt reconstructions arise from the 
regularization approach of an entropic prior rather than the actual structure of 
emissivity distribution. As a useful tool for mode analysis, the SVD analysis of a time 
series of reconstructions by NSGPT method is applied to explore the temporal 
evolution of different mode structures. The quiescent state of equilibrium mode and 
rotation of perturbation modes are accurately resolved by the test of simulation case. 
The uncertainty analysis by NSGPT method shows that the reconstruction results in 
W7-AS reach a relatively high accuracy which is mostly attributed to the large 
number of available LOS.

For the implementation in TJ-II stellarator, the standard GPT has been applied 
and compared with the EBITA method. The strongly bent plasma cross-section allows 
for an assessment of performance in a particular circumstance with irregular 
geometry. The vacuum flux surfaces are taken as a useful reference for the 
reconstruction due the low- ß  plasma in TJ-II. Generally, the reconstructions by both 
methods are consistent and make a good agreement with the vacuum flux surfaces in 
terms of shape, extension. In contrast to the EBITA, the GPT method does not need
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any information from the magnetic flux surfaces obtained from extra calculation. The 
uncertainty analysis by GPT shows that the accuracy of the solution is globally less in 
comparison with W7-AS due to the low measurement resolution in TJ-II.
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5. Implementation of Gaussian Process 
tomography to bolometer diagnostics

5.1. Tomography of bolometer signals for the divertor 
region in JET tokamak

5.1.1. Experimental setup

In JET the bolometer system used for the total radiation measurement is composed of 
three separate parts, the vertical and parallel bolometric cameras for the main-vessel, 
as well the cameras for the divertor region [46] (see Figure 71). Specifically, both the 
vertical and parallel bolometric cameras (called KB5V and KB5H, respectively) 
consist of 24 channels with a maximum sampling frequency of 5kHz. They are mainly 
used to observe the radiation from the main plasma, with a few channels also 
observing the divertor region. There are seven divertor bolometric cameras each 
having four channels. This divertor bolometer is equipped with the same type of 
detector heads as the main-vessel bolometer.

For the analysis of the experimental data, the signal of some channels drift 
considerably (even to very large negative values) during the experimental discharges 
and thus fail to produce reliable data. Moreover, some other channels are broken and 
do not produce any data. As a result, the channels which can produce reliable data 
need to be carefully selected and used for the reconstructions. For the selection of 
reliable channels, the time trace of each channel has been examined and the channels 
which produce large negative signals are eliminated. Because of the great difference 
of radiation pattern between the main-vessel and divertor region in terms of strength 
and localization, here we focus on a separate reconstruction of divertor region as 
shown in Figure 72 where only the reliable divertor channels are plotted. The lines- 
of-sight of the two divertor channels #65 and #66 reach outside of the divertor region. 
Therefore, besides the radiation from divertor, these two channels also collect 
radiation from the main plasma. For the measurement of these two channels, an 
approximation is used to presume the contribution of radiation from main plasma is 
negligible in comparison with the radiation from divertor. This approximation is 
considered to be valid based on the evidence that the main-vessel channels generally 
produce much lower signals than the divertor channels, which will be further 
interpreted later.
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Figure 71: The coverage of LOS from an updated bolometer system in JET (sketched is the poloidal 
cross-section). The bolometer system is composed of the vertical (red) and parallel bolometric cameras 
(blue) for the main-vessel, together with the bolometric cameras for the divertor (green). A few main- 
vessel channels also observe the divertor region. In practice, a subset of the channels does not produce 
any signal or yields unusable data.

Figure 72: Lines-of-sight from nine channels which yield reliable data and are used for the 
reconstruction. Two channels (#65 and #66) reach outside the divertor region and receive radiation from 
the main plasma. For these two channels, an approximation is used assuming that the contribution of 
radiation from main plasma is negligible in comparison with the divertor (c.f. Figure 79).
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5.1.2. Reconstruction by the GPT method

The standard GPT is applied due to the limitation of a rather small number of LOS 
available in JET. It is not possible to assess the performance of the non-stationary GPT 
with such few LOS. The application of the GPT method to JET starts from two 
different discharges; one is a standard discharge without nitrogen seeding and the 
other is a nitrogen seeded discharge [78], The nitrogen is injected in order to reduce 
the power flux onto the divertor plates by radiating the energy before it reaches the 
divertor plates. In the case of the nitrogen seeded discharge, the reconstruction of the 
total radiation (Figure 73) shows that most of the radiation concentrates around the 
region between X-point and inner strike point. For the reconstruction, the data from 
nine reliable divertor channels are used as input data (Figure 74). If more data from 
eight additional main-vessel channels are also taken into account, the revised 
reconstruction (Figure 75) does not change evidently. However, a small difference has 
been found that the second emission maximum at the top of reconstruction in Figure 
73 disappear in the revised reconstruction (Figure 75). This is because the artificial 
structure such as the second emission maximum may appear if the measurement at the 
same position is insufficient and this artificial structure will become less pronounced 
as more measurement is available. The data fit for the revised reconstruction is shown 
in Figure 76. From the selected data set, we can see that only those channels which 
pass through the inner divertor region produce a strong signal. For comparison, the 
reconstruction of an adjacent discharge without nitrogen seeding is also presented in 
Figure 77 using both main-vessel and divertor channels. In comparison with the 
reconstruction from the nitrogen seeded discharge (Figure 73), this reconstructed 
radiation distribution reveals an almost identical position of the radiation peak, but 
with much lower radiation amplitude. It demonstrates that the nitrogen seeding 
successfully enhances the divertor radiation up to about three times but does not vary 
the topology of the radiation distribution strongly.

For comparison, the reconstruction deduced from the tomography algorithm 
applied in JET [79] (hereafter called JET algorithm) is presented in Figure 78. The 
JET algorithm starts from the diffusion equation of the radiation represented by 
e(R,Z,t),

where D is an anisotropic diffusion tensor and s denotes the sources of radiation. In 
order to take into account the flux surfaces constraint, the diffusion coefficient D is 
divided into two components Dy, D±, which are parallel and perpendicular to the local 
magnetic field lines, respectively. Since the contribution from the sources and sinks 
needs to be minimized, minimizing the radiation sources in Eq. (5.1) and considering

(5.1)
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a least-square data constraint results in the requirement of minimizing the following 
term [79],

2 M  f  jp r e d  _  jm eas \

J  (V • (  DWe))  dRdZ +
i= 1 V

(5.2)

where d pred,d meas are the predicted and measured line-integrated data, a is a weight 
factor controlling the balance between the regularization and data constraints. 
Increasing a can smooth the reconstruction, but will result in a larger discrepancy 
between d predand d meas . A typical ratio of the diffusion coefficients D /  Dy is 
presumably equal to 0.1. Tests have shown that the resulting reconstruction does not 
strongly depend on this ratio and significant effect of this ratio on the reconstruction 
can only be detected if the ratio is changed by several orders of amplitude. In 
addition, it is thought that an improvement can be made by assuming a space 
dependent ratio D /D  instead of a constant one and , /  should be larger around 
the highly localized X-point than in the main plasma [79]. This issue is still under 
discussion. As shown in Figure 78, the reconstruction by JET algorithm shows that 
the radiation peak is also located at a position close to the strike point and X-point. 
However, the result of JET algorithm shows a broaden emission compared to the GPT 
reconstruction. The wide spread of the reconstructed radiation distribution by JET 
algorithm causes a lower radiation amplitude, accordingly. Moreover, the 
reconstruction exhibits a clear tendency of following the flux surfaces due to the usage 
of the flux surfaces constraint.

In order to substantiate the conjecture of negligible radiation strength in the main- 
vessel in comparison with the divertor region, the radiation distribution from the 
main-plasma is reconstructed separately only using the main-vessel channels as shown 
in Figure 79, along with the plot of position and data intensity of all lines-of-sight. In 
the reconstruction of main plasma, a localized radiation peak appears at the top of 
divertor region, but its maximum amplitude is merely about one tenth of the divertor 
radiation (cf. Figure 77). Apart from the small area of radiation peak, most of the 
main plasma has a very small level of radiation compared to the divertor region. A 
further proof of the small radiation level from the main plasma is given by Figure 
79(b) which shows that only the channels which observe the inner divertor region 
produce strong signals. The reconstruction of the main plasma region provides useful 
information about the localized radiation on top of divertor, but it is considered to 
suffer from ambiguity due to the poor observation resolution, especially due to a lack 
of vertical lines-of-sight above the divertor. Apparently, the radiation peak is strongly 
impacted by one of the most dominant parallel channel and thus appears to be a long 
tail pattern along its line-of-sight.
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Figure 73: Reconstruction of the total radiation distribution inferred by the GPT method solely from the 
data of nine divertor channels during the nitrogen seeded discharge in JET tokamak. Most of the 
radiation concentrates in the inner divertor region and deposits on the lower vertical tile where the inner 
strike point is located. The second emission maximum at the top will disappear as more channels are 
included for this reconstruction (c.f. Figure 75). (Green lines denote the LOS used for this 
reconstruction; red lines denote magnetic reconstruction by EFIT)
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C hannel nu m b er
Figure 74: Fit between the predicted data and used experimental data with the presumed data variance 
marked by the error-bars. Some data sets (black circles) from adjacent time points (with a time interval 
of 2ms) are also plotted to show the dynamic of the radiation evolution.
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Figure 75: Reconstruction is resolved at the same time point as in Figure 73 but with more channels 
included. The newly added channels include four vertical and four parallel channels, all of which 
measure both the main plasma and divertor region.
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Figure 76: Fit between the predicted data and experimental data for the nitrogen seeded discharge in 
case of eight additional channels are taken into account. The additional channels include four vertical 
channels (from #12 to #15) and four parallel channels (from #34 to #37). Other main-vessel channels 
which do not observe the divertor region generally produce much lower signals, thus they can be taken 
as an evidence of negligible radiation from the main plasma compared to the divertor.
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Figure 77: Reconstruction of the total radiation in the divertor region during a standard discharge 
without nitrogen seeding. The radiation strength is about one third of the nitrogen seeded discharge and 
most radiation concentrates between the inner strike point and X-point where the most radiation power 
is generated.
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Figure 78: Reconstruction of the total radiation resolved by the tomography method applied in JET 
[79]. The blue lines mark the LOS used for the reconstruction (by courtesy of P. Drewelow).
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Figure 79: (a) Reconstruction of the total radiation from the main plasma in JET (shot #83361 at 
time= 15.387s). The radiation peak at the bottom is believed to arise from remaining radiation from 
divertor region. The poor observation resolution is not capable of an accurate reconstruction of the 
radiation peak but can only tell its approximate position. The green lines show the channels used for 
this reconstruction, (b) Position and data intensity of all lines-of-sight at the same time point. A single 
parallel channel (at the bottom) passes through the emissivity peak in the divertor and produces the 
strongest signal.

5.1.3. Bolometer tomography in a Type I ELMy H-Mode

Another implementation of the GPT method is based on an experimental campaign in 
JET with the purpose of investigating the Type I ELMy-H-modes (known as Edge 
Localized Modes associated with H-mode) at high input power and plasma current 
[46]. The Type I ELMy H-mode leads to quasi-periodic violent relaxation phenomena 
and it is a critical scenario for operation of large size fusion devices with very high 
plasma density and plasma energy [80,81], The drawback of this operating regime that 
is associated with the ELMs periodic power loading on the plasma facing components 
lies on the high erosion of the plasma-facing components. The energy drop of the 
plasma during the ELMs mostly contributes to the radiation in the divertor region with 
an extremely fast power deposition (about several 100/«). From the divertor physics 
point of view, in JET it is a particularly interesting issue concerning the rather short
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inner divertor leg and consequent proximity of the X-point to the inner divertor target.
The analysis of experimental data during the ELMs is presented in Figure 80. The 

data sets of all the channels from 20s to 21s with a time step of 2ms is plotted to the 
show the signals of a few representative channels, all of which pass through the 
divertor region where the radiation is dominant and therefore yield the most important 
data during the ELM phase. In addition, the occurrence of the most dominant data 
implies the high localization of radiation distribution in the divertor during the ELMs. 
The time traces of three selected channels which pass through the emission peak are 
shown in Figure 80(b). This provides an insight into the temporal evolution of 
radiation along the specific lines-of-sight. Figure 81 shows the time traces of three 
important channels in three different phases. The first phase is a ~30ms duration of a 
slow increase of radiation before the ELM crash, which is followed by the second 
phase, of a ~4ms duration with exceeding radiation during the ELM crash. After the 
crash, it is followed by the third phase (~16ms) as a compound ELMs of different 
types. The data sets of all channels at six selected time points are plotted in Figure 
81(b) and the data set during the crash (at 20.894ms) dominates over other data sets at 
other time points. The radiation distributions reconstructed by the GPT method using a 
truncated MVN are presented in Figure 82. As shown, the inner divertor target is 
always a place with significant radiation. It is important to know that the radiated 
power is determined by the radiation from particle release due to ELM-target 
interaction together with the changes of the local plasma parameters provoked by the 
ELM [80]. The significant increase of the divertor radiation during the ELM crash is 
interpreted as an indication of carbon evolution from the divertor plane due to the 
material ablation.
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Figure 80: Display of the bolometer data during the ELMs. Panel (a) shows the data from all the 
channels during ELMs within a time range of Is. Because several main-vessel channels observe 
radiation from divertor, they also produce very strong signals. Panel (b) shows the time traces of data 
from three selected channels giving an insight into the dynamics of the radiation along the LOS. 
Channel #7 (vertical) and #38 (parallel) are two main-vessel channels whose lines-of-sight pass through 
the radiation peak in the divertor. Channel #64 is a divertor channel whose time trace varies much more 
smoothly than the main-vessel channels.
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Figure 81: In order to study the dynamics of the radiation distribution in the divertor during an ELM, 
the data sets at six different time points are used to reconstruct the radiation distribution, (a) Time traces 
of three selected channels before, between and after the ELM. The data variation is different between 
the main-vessel and divertor channels. The third time point t3 corresponds to the crash of the ELM when 
a large amount of power is radiated within a very short time scale in the divertor, (b) Display of the six 
selected data sets used for the reconstruction.
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Figure 82: The total radiation distributions in JET divertor before, during and after the ELM. For the 
radiation distributions before and after the ELM crash, they exhibit consistent structure with the 
radiation peak located at the inner divertor target. In panel(c), at the ELM crash (time=20.894v), there is 
a sudden deposition of a significant amount of energy onto the divertor plane where the strike point is 
located.
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5.2. Bolometer tomography in WEGA stellarator

5.2.1. Experimental setup of the bolometer diagnostics in WEGA

WEGA is a classical five-period and 1=2 stellarator with a major radius of R=12cm, a 
minor radius of the vessel of r=\9cm and a maximum plasma radius of a ~ l \cm 
[82,83]. There are two types of microwave heating systems (2A5GHz and 28GHz) 
used for obtaining plasmas by means of electron cyclotron resonance heating. In 
addition, the electron Bernstein wave (EBW) heating is studied in WEGA stellarator 
for the over-dense operation ( ne (r = 0) = 1.7 x 1019 m 3) beyond the density limits of the 
available wave frequency [84]. The typical electron temperature is about 20eV. The 
plasma radiation is measured by a gold-foil bolometer system composed by two 16- 
channel AXUV-diode cameras, where only 8 channels of each camera can be used 
simultaneously due to the limitations of the data acquisition system. The gold-foil 
absorber has high sensitivities in the UV and SXR range but is less sensitive to the 
low energetic photons due to reflectance. Due the low temperature of plasma in 
WEGA, the radiation mostly comes from the line emission related to ionization 
process, whereas the contribution from bremsstrahlung is trivial. Since the ionization 
process is a strong function of the temperature and the temperature is always high in 
the plasma center, the radiation distribution is expected to be peaked in WEGA. From 
previous work in WEGA bolometer, the Au-foil bolometer system has been used to 
demonstrate the peaked radiation profiles deduced by Abel-inversion from the 
measured line-integrated data. The result is consistent with the simulated radiation 
distribution based on the WEGA plasma parameters [85,86]. There are a total of 16 
lines-of-sight and each sight line has a significant beam width due to the finite spatial 
extent as shown in Figure 83. The spatial resolution around the plasma axis is about 
4 cm.

To verify the accuracy of the reconstruction by the GPT method, three data sets 
from different plasma discharges with magnetic axis locating at R=702cm,7l0cm and 
720cm are used for the reconstruction so that the difference of the locations between 
radiation peak and plasma axis can be examined [84]. A standard OXB-discharge [87] 
(with a deposition region r ~10mm) is applied as a localized heating of the plasma in 
all three cases. When the plasma axis is at R=720mm (Figure 84), the peak of 
reconstruction has a similar radial location. In the other two discharges when the 
plasma axis is shifted to R=702mm, 710mm (Figure 85), the peaks of the 
reconstructions also appear at positions close to the magnetic axes. These peaked 
radiation distributions are also consistent with the radiation condition based on the 
experiences of Abel-inversion and numerical simulation under WEGA condition
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[85,86]. However, the considerable disagreement of 100 reconstruction samples in 
Figure 86 testifies the high uncertainty of the reconstruction. Such a severe 
uncertainty is basically due to the small number of channels available in the WEGA 
bolometer. Through the reconstruction samples, uncertainty regarding different 
aspects of the reconstruction can be analyzed. For instance, the uncertainty of the 
radial position and the quantity of the radiation peak can be examined by plotting their 
histograms (Figure 87). As shown, the most likely radial position of the radiation 
peak locates around R=120mm but inclines to a smaller value. The most likely value 
of the maximal radiation value is around 0.014 but inclines to a smaller value. 
Generally, both measures suffer from severe uncertainty indicated by their wide range 
of possible values in the histograms. Figure 88 shows the fit of predicted data to the 
measured data in WEGA bolometer. The parabolic shape of the data sets from two 
cameras implies the peaked radiation distribution.

5

Figure 83: Schematic plot of the coverage of 16 lines-of-sight from two cameras (A and B) and the 
typical flux surfaces (black contours) in WEGA stellarator. The significant size of the aperture in front 
of the cameras results in large beam width.
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Figure 84: Reconstruction of radiation distribution when the plasma axis is located at R=120mm 
(marked by green line). As expected, the location of radiation peak approaches the position where the 
plasma axis locates. The typical plasma boundary in WEGA is given by the thick black line. The 
artificial structure appears at the top of reconstruction due to the imposed boundary condition.
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Figure 85: Reconstructions of another two discharges when the plasma axis is shifted to R=102mm and 
R=l\0mm, respectively. The radial position of the radiation peak is properly estimated near the position 
of plasma axis (marked by green line). The vertical position of the different discharges keeps around 
Z=0mm.
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Figure 86: One hundred reconstruction samples are generated from the posterior probability which is a 
widely spread distribution. The large disagreement of the samples indicates the severe uncertainty of 
the solution due to the rather sparse coverage of the reconstruction region in WEGA.
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Figure 87: Histograms of the radial position and quantity of the radiation peak (represented by the 
maximum emissivity pixel) from 5000 reconstruction samples exhibit their corresponding uncertainties, 
(a) The most likely position of radiation peak is around R=730mm but inclines to smaller values, (b) 
The maximum of the radiation has the most likely value of 0.013 with a possible range between 0.01 
and 0.015. Generally, due to a more flat distribution of (b) in comparison with (a), it is known that the 
estimation of quantity has a larger uncertainty than the radial position.
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Figure 88: Fit between the predicted and measured data in WEGA bolometer.
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5.3. Discussion and conclusion on tomography of 
bolometer systems

The GPT method has been applied to reconstruct the total radiation distribution from 
the line-integrated measurements of bolometer systems in the JET tokamak and 
WEGA stellarator. The reconstruction results are physically plausible, though they 
may be subjected to uncertainty due to the low observation resolution of the 
reconstruction region by a limited number of lines-of-sight.

For the implementation in JET, since the radiation distribution between the main 
plasma and divertor is very different in terms of smoothness and strength, it is difficult 
to optimize the model assumption of a combined reconstruction of the two regions. As 
a consequence, a separate reconstruction of divertor region has been implemented to 
focus on the radiation distribution in the divertor region under different discharge 
conditions. For the standard tomography algorithm used in JET, its reconstructions 
show an evident tendency of following the flux surfaces due to the flux surfaces 
constraint. In reality, a few channels which observe the radiation peak in the divertor 
produce dominant signals over other channels and these important channels are 
helpful to determine the position of the radiation peak. For example, the intersection 
of the two most dominant channels indicates a position close to the radiation peak. In 
addition, the reconstruction example of the ELM induced radiation shows that the 
radiation is stronger in the inner than in the outer divertor. The inner target and 
divertor plane are two positions where significant amount of power is deposited. The 
position of radiation peaks can be evaluated accurately but the evaluation of the
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localization of radiation peak is subjected to higher uncertainty. Due to the high 
inhomogeneity of the divertor radiation, it is necessary to enforce the non-negative 
constraint on the reconstruction by using the truncated sampling of MVN via Gibbs 
sampling.

The implementation to the bolometer in WEGA stellarator provides proper 
reconstructions of the radiation distribution which are consistent with the 
characteristic of centrally localized power deposition of EBW heating. The low 
temperature of plasma in WEGA implies that the plasma emission is dominated by the 
line emission which is closely related to the plasma temperature. Since the plasma 
temperature is determined by deposited power from the EBW heating, it is expected 
that the distribution of plasma emission has similar characteristics as the power 
deposition of EBW heating. The GPT reconstructions corroborate the peaked radiation 
distribution which is already proofed by previous work in WEGA. In addition, the 
position of the radiation peak makes a good agreement with the known position of 
plasma axis. Nevertheless, the uncertainty of the reconstruction is large which is 
confirmed by the considerable difference among the possible solutions of 
reconstruction. When the number of measured data is small, a nice reconstruction can 
be easily acquired by a suitable tomography method to predict the measured data 
satisfactorily, but the uncertainty of the resolved reconstruction would still be high if 
the measurement resolution is too low or the measured data are noisy.
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6. Conclusion and Summary

The primary purpose of this work is to develop new tomography procedures seeking a 
credible 2D reconstruction of the emissivity distribution with an enhanced capability 
of uncertainty analysis. In practice, an experimental setup with detectors performing 
line-integrated measurement from a number of lines-of-sight is a typical approach in 
fusion diagnostics, thus the local information needs to be inferred from the line- 
integrated data. The tomographic reconstruction from noisy line-integrated data 
constitutes an ill-posed problem. Normally, the information from the measured data is 
often not sufficient to infer a unique solution of the reconstruction, thus many possible 
solutions may exist. These possible solutions can even be very different if the 
information from the measured data is not sufficient to constrain them tightly. From 
the Bayesian point of view, the extent of the difference among many possible 
solutions reflects the uncertainty of the final solution. Therefore, once the solution is 
expressed by a probabilistic model which has consistent features with the problem 
being solved, the spread of that posterior probability distribution will provide the 
uncertainty of the final solution. In most cases, the uncertainty analysis is essential to 
provide an insight into the accuracy of the obtained results, especially when the 
measurement uncertainty is expected to be high.

In this work, a tomographic reconstruction based on the Bayesian probability 
theory and Gaussian Processes has been developed and extended. Implementations for 
four different diagnostic systems that produce line-integrated data have been carried 
out and benchmarked. Because of the difference on the physical parameters of 
different devices and targeted spectral range, the plasma emissions detected by the 
four diagnostic systems have very different features. The target of diagnostics in W7- 
AS is the SXR emission which is intimately related to the MHD behaviors and the 
large number of lines-of-sight enables the complex mode structures to be resolved. In 
TJ-II, the plasma cross-section is strongly bent with a modest number of lines-of-sight, 
the reconstructed emissivity distribution by GPT exhibits consistent geometry with the 
vacuum flux surface which is considered to be a reference of the emission profile in 
TJ-II. The bolometer system in JET detects the strongly localized radiation of divertor 
region with very few lines-of-sight. Another bolometer system in WEGA detects a 
regular plasma emission but also with very few lines-of-sight. Generally, the resolve 
of the tomography problem is easier for the SXR system than the bolometer system. 
This is mainly attributed to two reasons, one is the typically large number of lines-of- 
sight of the SXR diagnostics compared to the bolometer; another reason is that the 
SXR emission is often distributed more regularly compared to the total radiation 
detected by a bolometer system. As a result, the resolved reconstruction results for the
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bolometer systems are often subjected to a high uncertainty in comparison with the 
SXR systems.

The examples of the GPT (Gaussian Process Tomography) and NSGPT (Non- 
stationary Gaussian Process Tomography) methods presented in this thesis show that 
Bayesian Gaussian Process Tomography is a viable method to achieve a robust 
reconstruction in fusion plasma applications. It formulates a model for the underlying 
function in terms of a Gaussian Process, and provides uncertainties on the 
reconstructed functions. The uncertainty includes the influences both from lack of 
coverage of lines-of-sight and measurement errors. The parameters for the model 
assumption such as length-scales and data variance can be estimated using an 
optimization procedure based on the probabilistic Occam’s razor rule. Through the 
generation of many reconstruction samples from the posterior probability, the 
uncertainty of different aspects of the reconstruction regarding magnitude, shape and 
position can be examined. In this method, the emission from a large number of 
discrete positions is expressed as a vector which is modelled by a specific 
probabilistic form. Modelling the emission by a high dimensional random process 
achieves a high flexibility, laying the foundation for the extension to multiple 
diagnostic systems.

The approach to regularizing the reconstruction is crucial for a tomography 
method. The emissivity distribution is essentially described like a diffusion process 
where the smoothness should be guaranteed for the continuity of the emissivity 
distribution. The usage of a Gaussian Process prior in this method imposes the 
regularization by defining the correlation scales between any pair of function 
variables, which is a coherent way of describing the underlying process. The 
definition of the correlation as onset for regularization enables a fast inference of the 
reconstruction with a suitable smoothness determined by the optimization process in 
line with the measured data. Furthermore, the variation of the local smoothness 
between different regions can be taken into account by the locally adaptive length- 
scales adopted in a non-stationary Gaussian Process prior. Because the emissivity 
distribution from two adjacent time points are often similar (e.g. smoothness, strength) 
and their optimal model assumption are located closely, thus transferring optimal 
position from the previous time point to the next one can be done rapidly. In addition 
to the rapid optimization procedure, its analytic formulation and non-iterative 
algorithm enable this method to have the potential for a real-time application. For the 
case of very small number of lines-of-sight, the nonnegative constraint, realized via 
the truncated GP leads to a slower but more accurate solution.

The experimental conditions of the four diagnostics implemented by this method 
are different in terms of coverage of lines-of-sight and severity of error. Moreover, the
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actual emissivity distributions targeted by individual diagnostics have different shapes 
and extent of localization. For the SXR diagnostics in W7-AS with adequate coverage 
of the plasma cross-section, this method produces accurate reconstructions showing 
good agreement with the reconstructions by the MaxEnt method [42], as well as the 
equilibrium flux surfaces which are a suitable reference for the emissivity distribution. 
The SVD analysis on a time series of reconstructions successfully resolves the 
temporal evolution of the MHD mode structures in the plasma. For a different SXR 
diagnostic in the TJ-II stellarator that achieves a moderate coverage of a strongly bent 
plasma cross-section, the reconstructions by this method are generally consistent with 
the results obtained by the EBITA method [41], and even show a higher similarity to 
the vacuum flux surfaces. In the JET tokamak, for the reconstruction of divertor 
region where radiation is highly localized, the non-negative constraint becomes 
necessary. This method has been compared with another method applied in JET [79] 
and proved to produce physical plausible reconstructions. The reconstructions by both 
methods show a similar position of the emissivity peak, but the estimation of the 
emissivity amplitude is subjected to high uncertainty due to the very few lines-of- 
sight. The implementation of this method for WEGA stellarator produces 
reconstructions that are consistent with the characteristic of discharge condition, 
although it is subjected to high uncertainty due to the limited number of available 
lines-of-sight.

For the perspective of Bayesian probability theory in fusion data analysis, 
Bayesian inference offers a powerful tool to solve the problem of data modeling. 
However, the performance of Bayesian methods is crucially dependent on the way the 
data are modeled. Gaussian Process tomography provides a useful approach for the 
development of models of fusion diagnostics in which the physical quantities of 
interest can be known commonly at a number of discrete positions with uncertainty, 
and the Gaussian Process can be used to infer a continuous profile of these quantities 
together with the associated uncertainties.
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7. Outlook

Bayesian inference provides a powerful tool to tackle the universal problems of data 
analysis and the performance of Bayesian methods is crucially dependent on being 
able to set up an appropriate model for a given situation. In this work, we mainly 
focused on the development of the Bayesian model based on a GP prior. Bayesian GPs 
provide fully probabilistic predictive distributions, including estimates of the 
uncertainty of the predictions. Its flexibility can be increased by extending the 
standard GP with numerous guides as how to choose and construct the covariance 
functions. With the advent of many families of covariance functions with widely 
distinctive properties, it is believed that Bayesian GPs can be used to solve a variety of 
interesting and challenging problems in future applications, particularly in fusion data 
analysis which often concerns estimation of uncertainty and complex modeling. The 
great flexibility of Bayesian GPs allows it to be tailored to many problems with 
special requirements and here we propose two approaches generalizing its applications 
to fusion.

7.1. Flux surfaces constraint by a non-stationary 

Gaussian Process

In fusion plasma, the basic condition for an equilibrium state is that all the forces on 
the plasma are balanced everywhere (c.f. Eq.(1.6)), consequently, the magnetic flux 
surfaces on which the plasma pressure is constant are formed. These magnetic flux 
surfaces are often taken as an intrinsic coordinate of the physical parameters since the 
charged particles are confined prominently by the intensive magnetic fields. For the 
tomography of soft X-ray (SXR) emission, this physical implication motivates the 
assumption that the magnetic flux surfaces are also iso-emissivity contours [88], i.e. 
SXR emission is constant on each magnetic flux surface. This assumption appears to 
be valid according to the fact that in most situations measurements suggest the 
relevant physical parameters such as electron density and temperature (see Eq.(1.15)) 
on which the SXR emission depends are indeed approximately constant on the flux 
surfaces. In reality, constraining the emissivity within the flux surfaces is necessarily 
taken as a preferential regularization on the reconstruction when the information 
obtained from the measurement is not sufficient for a satisfying reconstruction of the 
emissivity distribution [89]. However, such an assumption may become invalid if the 
discrepancy between flux surfaces and iso-emissivity contours occur due to intensive
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phenomena such as impurities transport which can affect the topology of the SXR iso- 
emissivity [90,91].

In order to improve the implementation of flux surfaces constraint, based on the 
GPT, we propose a novel method that realizes a flexible constraint on the local 
smoothness instead of the emission itself. The transformation of the constraint from 
the emission itself to its local smoothness allows for a variation on each flux surface, 
thus advantageously achieving a more soft and reasonable way to implement the 
constraint. The extent of the poloidal variation can even be adjusted by manipulating 
the parameterization of the local kernel matrices. It is important to note that the 
distributions of most physical quantities (e.g. current, temperature) show different 
extent of adherence to the flux surfaces, for which reason the flux surfaces constraint 
is routinely employed to aid the reconstruction of the distributions when measurement 
is insufficient, thus it is important to examine the influence and validation of the 
enforced constraint.

The flux surface constraint essentially accounts for the anisotropy of the 
emissivity distribution [40], namely the diffusion along the magnetic field lines is 
expected to be stronger than in the direction perpendicular to the magnetic field lines 
as shown in Figure 89(a). In the application of non-stationary GP (see section 3.3), 
this anisotropy can be taken into account by representing the local kernel matrices as 
ellipses (Figure 89(b)). Correspondingly, the parameterization of the local kernel 
matrix (Eq.(3.46)) is reformulated in the following form [67],

a 0 cos (9) sin(0)
0 b -sin(6*) cos(<9)

where a and b are the minor and major axes of the ellipse. <9 is the direction angle 
(with respect to the R-axis) of the major axis. The anisotropy at a position can be 
intuitively represented by the location and geometry of the ellipse. Specifically, since 
each ellipse represents a local kernel matrix for a certain location, the center of the 
ellipse is at the same position specified for the local kernel matrix. The direction of the 
anisotropy is specified by G that is equivalent to the tangent direction of the field line 
at a certain point (Figure 89). The intensity of anisotropy is specified by a and b which 
are the reciprocal of local length-scales. As a result, the diffusion is strongest in the 
direction of 0 and decreases gradually to minimum in the perpendicular direction. The 
ratio of a to & indicates the degree of the anisotropy. In contrast to the realization of 
non-stationary GP in section 3.3 where each local kernel matrix is specified by a 
single parameter, this anisotropic and non-stationary kernel matrix is realized by using 
three parameters. In principle, the estimation of these parameters can be performed by 
setting a prior distribution on them as done in section 3.3, the optimal choice of the 
parameters will be the one that is most consistent with the measured data.
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(a) (b)
Figure 89: (a) Poincare plot of magnetic field lines within one poloidal cross-section. The flux surfaces 
lead to anisotropic emissivity distribution which is characterized by a stronger diffusion in the parallel 
direction (to the magnetic lines) than in the perpendicular direction, (b) The presentation of local kernel 
matrix as an ellipse used to account for the anisotropy of emissivity distribution. A local kernel matrix 
is parameterized by the minimum axis a, maximum axis b and azimuth angle 0, which determine the 
intensity and direction of the anisotropy at a certain position.
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8.1. Product of two Gaussian Probability Density 

Functions

It is known that the product of an arbitrary number of multivariate Gaussian 
probability density distributions (PDFs) are also Gaussian functions. Here, we provide 
the proofs for the case of the product of two Gaussian PDFs, but it can be extended to 
a product of arbitrary number automatically. This knowledge is frequently used in 
Bayesian inference when the prior and likelihood are modelled as Gaussian 
distributions. The idea is that if two processes are Gaussian ( a  ~ N( ma, £a) and 
b ~ N (mb,2*)),

then the product of two Gaussians forms another (non-normalized ) Gaussian whose 

mean mc and covariance z c can be expressed as formulations of ma, Xa, mi,, X/>.

Usually, the Bayesian applications do not need to know the specific values of the 
proportionality constants, Cu C2, but focus on the expressions of the posterior mean 
and covariance. The misfit function S(a)is a quadratic of a thus it can be formulated 
in a compact form,

where wc, Sc are mean vector and covariance matrix of p(c). The expressions of mc 
and Zc can be derived from their correspondences by expending 5(0) in Eq.(8.4),

(8.1)

(8.2)

and they have a linear relationship through a response matrix ,

b = Ra (8.3)

The product of the two Gaussians results in another compound Gaussian ), 

P (c) ~ p (fl) p (b) = Q ■ C2 ■ exp [-S  (Ö)],
(8.4)

(8.5)

(8.6)

121



8. Appendices

-a 'L c  mc -  -a  | z a ma+R j (8.7)

Through Eq.(8.6) and Eq.(8.7), the expressions of Ec and mcean be obtained,

SC= ( S „ + ? S 6 1̂ ) 1 (8.8)

8.2. Relationship between the Singular-Value 

decomposition and covariance matrix

In order to explore the spatial structure and temporal evolution of the coherent MHD 
modes in fusion plasma, the spectral analysis techniques are often used in the data sets 
which are produced from simultaneous measurements from different positions. These 
data sets are recorded as a collection V-dimensional discrete time series, and hence 
can be represented as an M yN  matrix X  with the rows for time series and the columns 
for spatial positions. If the covariance of these data sets is defined as the time average 
of the products of data as different positions (by Eq.(8.10)), then_the eigenvalues of 
this covariance matrix is equal to the square of Singular values of X  [47].

cu = <x] it) X j ( t )  >= — J 'x i(kAt)xi(kAt) = \X  X )  (8.10)
N to  v ,ij

where At is the time step. Because the covariance matrix C specified by Eq.(8.10) is a 
N yN  square matrix, the eigenvalue decomposition can be applied to it,

CÜ = Ü A  (8.11)

where U is composed by the spatial eigenvectors and the diagonal matrix A contains 
the eigenvalues h,...,XN. Since X  is a rectangular (not square) matrix, the singular 
decomposition can be applied to it,

X  = USV (8.12)

where V is composed by the temporal eigenvectors and the diagonal matrix S contains 
the singular values Si,..., Sm-

The relationship between the eigenvalues X,---,XN and singular values SX,...,SN 
can be derived as following,

Tj ~ä ü = i f x ' x ü = u ü s v r s u ü = ss (8.13)

Therefore, it has been proved that X=S2.

122



8. Appendices

8.3. Covariance functions for Gaussian Process

In probability theory, covariance is a measure of how much two variables are 
correlated, whereas the covariance function describes the covariance of a random 
process. A stationary covariance function is a function of x -  x ' , where x  denotes the 
input such as a spatial position. Given a set of discrete inputs, a N*N  covariance 
matrix can be derived from the covariance function, where N  is the number of discrete 
inputs. In order to construct a valid covariance function, the covariance matrix derived 
from the covariance function must ensure to be symmetric and positive semi-definite. 
Some commonly used covariance functions with distinctive features are listed below.

The y-exponential covariance function, which includes both exponential and 
squared exponential, is given by,

k(d) = exp (-(d /l)r^, d  = \x —x'\axi&0<y<2 (8 14)

where / is the length-scale.
The Rational Quadratic (RQ) covariance function is given by,

k‘eW = {1+̂ p) • a>0 (815)

It can be seen as a scale mixture of squared exponential covariance function with 
different characteristic length-scales.
The Linear covariance function is given by,

k(x, x r) = x x '  (8.16)

The Polynomial covariance function is given by,

k(x, jc') = (jc • x ’ + l)rf (8.17)

The new covariance functions can be generated by combine or modify existing 
covariance functions based the following rules [68].
1. The sum of two kernels is a kernel: consider a random process 
f(x) = fi(x )+ f2(x), where f ( x ) , f 2(x)are two independent random processes with

their covariance functions, ^(x,x'), k2(x,x ') . Then its covariance function is equal to 
kx{x,x')-\- k2{x,x>').
2. The product of two kernels is a kernel: consider a random process 
f ( x) = f  (-*0/2 (x) • Then its covariance function is equal to kx (x, x ’)k2 (x, xr) .

3. Convolution of two kernels is a kernel: consider an arbitrary kernel k(x, z) and 
its map g(x) = J  h(x, z) f  (z)dz , then the covariance of process g(x) is equal to
J  h(x, z)k(z, z')h(x', z'yjtzdz' .
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