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Most of the project was carried out during Jul. 1, 2010 to Sept. 30 , 2011. During the 
no-cost-extension period (Oct. 2011 - Sept. 2012), we mainly worked on the paper which 
was later subm itted for publication. The report is a slightly modified version of the report 
subm itted in 2011.

Sum m ary
The focus of the project is on the development and customization of some highly scal

able domain decomposition based preconditioning techniques for the numerical solution of 
nonlinear, coupled systems of partial differential equations (PDEs) arising from nuclear fuel 
simulations. These high-order PDEs represent multiple interacting physical fields (for exam
ple, heat conduction, oxygen transport, solid deformation), each is modeled by a certain type 
of Cahn-Hilliard and /o r Allen-Cahn equations. Most existing approaches involve a careful 
splitting of the fields and the use of held-by-held iterations to obtain a solution of the coupled 
problem. Such approaches have many advantages such as ease of implementation since only 
single held solvers are needed, but also exhibit disadvantages. For example, certain nonlinear 
interactions between the fields may not be fully captured, and for unsteady problems, stable 
time integration schemes are difficult to design. In addition, when implemented on large 
scale parallel computers, the sequential nature of the held-by-held iterations substantially 
reduces the parallel efficiency. To overcome the disadvantages, fully coupled approaches have 
been investigated in order to obtain full physics simulations.

The time integration of the Cahn-Hilliard equation is nontrivial. The nonlinear fourth- 
order term  imposes severe time-step size restrictions for explicit methods. Under the overly 
simplihed assumption th a t the mobility is a constant, one can use a semi-implicit method 
th a t treats the fourth-order term  implicitly, while the nonlinear second-order term  is treated 
explicitly. This technique allows a somewhat larger time step than  explicit methods while 
avoiding the use of nonlinear solvers. However, in this project we are interested in the more 
realistic variable mobility case for which a fully implicit m ethod was developed.

Standard techniques for converting an explicit m ethod to an implicit m ethod don’t work 
because the free energy functional is nonconvex. A certain splitting of the energy becomes 
necessary so th a t the energy law can be ensured. For this particular case of interest, we 
obtained a splitting, which is not necessarily unique, of the energy functional into a pure 
convex part and a pure concave part. Here the convex energy has a contractive behavior 
while the other part is expansive. The time step limit can be relaxed and an energy stable 
scheme was obtained by treating the expansive term  explicitly and the other part implicitly.

The evolution of the phase held problem admits various time scales. For the Cahn- 
Hilliard equation, typically, the minimization of the chemical energy results in very fast 
development in the early stage of the phase separation. Later on, in the coarsening process, 
the dissipation of the interfacial energy is orders of magnitude slower. Therefore, an adaptive 
time step control is necessary in the numerical simulation. For this purpose, we developed 
an adaptive time-stepping strategy th a t is analogous to the switched evolution/ relaxation 
method previously used for the compressible Navier-Stokes equations.

To solve the large sparse nonlinear system of equations at every time step, we apply 
a Newton-Krylov-Schwarz algorithm. Low-order homogeneous boundary conditions for the 
subdomain problems are imposed in the Schwarz preconditioner. W ith the new approaches,
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larger time steps can be taken and good strong stability results have been obtained on an IBM 
B G /P  with up to 32K (32,768) processors. Two classes of problems have been investigated 
so far. First, a generic problem based on the Cahn-Hilliard equation, and second, the fully 
coupled model involving a Cahn-Hilliard equation and an Allen-Cahn equation. The la tter is 
of great interests to Center for Materials Science of Nuclear Fuels at INL and the Materials 
Science Division at AND.

We also develop a numerical algorithm for simulating the spinodal decomposition de
scribed by the three dimensional Cahn-Hilliard-Cook (CHC) equation, which is a fourth- 
order stochastic partial differential equation with a noise term. The equation is discretized 
in space and time based on a fully implicit, cell-centered finite difference scheme, with an 
adaptive time-stepping strategy designed to accelerate the progress to equilibrium. At each 
time step, a parallel Newton-Krylov-Schwarz algorithm is used to solve the nonlinear system. 
We discuss various numerical and computational challenges associated with the method. The 
numerical scheme is validated by a comparison with an explicit scheme of high accuracy (and 
unreasonably high cost). We present steady state solutions of the CHC equation in two and 
three dimensions. The effect of the therm al fluctuation on the spinodal decomposition pro
cess is studied. We show th a t the existence of the therm al fluctuation accelerates the spinodal 
decomposition process and th a t the final steady morphology is sensitive to the stochastic 
noise. We also show the evolution of the energies and statistical moments. In terms of the 
parallel performance, it is found th a t the implicit domain decomposition approach scales 
well on supercomputers with a large number of processors.

The outcomes of the project so far include (1) customized algorithms for time integration, 
linear and nonlinear solvers, and parallel algebraic preconditioners, (2) customized PETSc- 
based high performance software, and (3) trained PhD student and research associate.

K ey A ccom p lishm ents

• Introduced an energy-stable nonlinearly implicit time discretization scheme for the 
Cahn-Hilliard equation in 2D and 3D.

• Introduced a restricted additive Schwarz preconditioner with low-order boundary con
ditions for the Jacobi an system.

• Introduced an adaptive time stepping scheme for the Cahn-Hilliard. equation

• Obtained good strong scalability of the algorithms with up to 32K processors on an 
IBM BG/P.

• Studied several phase separation cases with constant and variable mobilities.

• Extended the energy stable implicit m ethod to a system of equations consisting of 
a Cahn-Hilliard and an Allen-Cahn equation. This system is used to model phase 
separation of multi-materials in a fuel cell. A void expansion case was studied and 
results are similar to these obtained by INL.
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• Generalized the model to the three-dimensional Cahn-Hilliard-Cook equation which 
incorporates a Gaussian-distributed therm al fluctuation source term.

• Software was made available to Lois M clnnes’s group at Argonne National Lab who is 
working on a related project.
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