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ABSTRACT

The Synthetic Scattering Function (SSF) allows a simple description of the incoherent 
interaction of slow neutrons with hydrogenous materials. The main advantages of this model reside 
in the analytical expressions that it produces for double-differential cross sections, energy-transfer 
kernels, and total cross sections, which in turn permit the fast evaluation of neutron scattering and 
transport properties.

In this work we briefly discuss basic features of the SSF, review some previous applications 
to a number of moderating materials, and present new Monte Carlo results for a fast time-response 
moderator concept based on methane at low temperatures.

1. INTRODUCTION

The Van Hove scattering function S(Q,co) is the central quantity to describe the interaction of 
thermal neutrons with condensed matter, as it embodies all the dynamical and structural information 
about a scattering system [1], First-principles theories were developed in the past to evaluate the 
scattering function, most of them based on the essentially exact Zemach-Glauber formalism [2], but 
the resulting expressions are usually not quite amenable for calculation. Moreover, a detailed 
knowledge of the scattering function over a wide range of energy (/zoo) and momentum (/zQ) transfer 
is not required in many cases, and in fact only those interactions which are more operative under a 
given condition must be carefully accounted for in order to attain a reliable evaluation of the 
magnitudes of interest in each case.

As far as neutron moderators are concerned, the compromise solution adopted in standard 
nuclear data libraries involves the inclusion of scattering cross sections for some common moderators 
at a few selected temperatures, and data for any different material or physical condition must be 
constructed from pieces of information actually corresponding to those cases found in the existing 
files.

Those aspects were part of the main motivations for the development of a 'Synthetic 
Scattering Function' T(Q,co;E0) [3], which incorporates the main dynamical characteristics of the 
molecular unit, still retaining a high degree of simplicity in its formulation. In other words, the 
Synthetic Scattering Function (SSF) was devised to describe a real scattering law in an approximate 
way, bearing in mind that the full dynamics of the atomic motion is not accounted for in a detailed 
manner. Amongst others, application examples of the SSF have involved the evaluation of neutron 
cross sections and thermalization properties of several moderator materials. The possibility of 
calculating those quantities in a fast and accurate way, permits the production of group constants for 
any specific material, at any temperature, any degree in the Legendre expansion, and over any 
required energy mesh.

The characteristic features of the synthetic model have been recently reviewed [4], and we 
will just briefly discuss here some of its predicted results for the cross sections and other integral 
magnitudes for selected moderating materials. The case of methane at low temperatures will be
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treated in some detail, before presenting our predicted results for a specific moderator concept based 
on that material.

2. THE MODEL

The synthetic scattering function has been developed to the extent of producing analytic 
forms for a variety of magnitudes [3, 5], and their accuracy has been verified in a number of cases
[6], We will summarize here the main features of this formulation, emphasizing its incoherent 
character.

The double-differential scattering cross section of a molecular unit is written, in terms of the 
synthetic model, as [3]

d  2 a (Th . -

n ~ l T‘(Q ,4;r
CO, E0), ( 1)

dQ. d E
where N is the number of dynamically nonequivalent atomic species, and n, represents the number of 
atoms of each equivalent atomic species with a bound scattering cross section o b. T( Q, 0), E ri) 
stands for the basic expression of the Synthetic Scattering Function (SSF):

T ( Q , co, E 0) =  — (2)
d r ~  '  - - - - -  -

where k0 and k denote the modulus of incident and scattered neutron wave vectors, respectively, 
Q = k 0 —k  and hOJ= E0 — E  are the momentum and energy exchanged in the collision process. 
S  T(| r ( Q,Oj) is the scattering law for the neutron interaction with a quasi-rigid molecule, and the
second term on the right-hand side of Equation (2) is a corrective one which accounts for processes 
where the neutron exchanges energy with the m internal modes of the atomic species, by creating or 
annihilating one phonon. The summation over inelastic processes is performed under the assumption 
that the internal modes are represented by Einstein oscillators, each with eigenfrequency (0X, and 
effective mass 1V1. These quantities are obtained from a realistic frequency spectrum and, in 
particular, the effective masses associated to each of those motions are taken from the areas of the 
corresponding part of it, and constrained to satisfy a proper normalization condition [3],

The quantities JLl0 , T0 and F  represent the effective mass, temperature and vibrational factor, 
respectively, that the scattering nucleus would present in the interaction, and they depend explicitly 
on the incident neutron energy E0. In this manner, a kind of envelope represents the combined effect 
of the quantum excitations of the system’s internal modes, and a simple prescription is obtained to 
handle situations ranging from cases in which the incident neutron cannot excite any of the 
X-oscillator levels, through those cases when that mode becomes fully excited in the collision and a 
quasi-classical treatment of it is applicable.

Under those conditions, S Tq r ( Q,Oj) may be written as:
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The reduced number of input parameters required for the SSF and the analytic character of 
the derived expressions, make this formalism a powerful and practical tool for describing the slow 
neutron - molecule interaction. In particular, it provides in a straightforward manner analytic 
expressions for the scattering kernels,

« £ - £ W ^ < n  <4)
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and the total scattering cross section

dCldE
(5)

The usual expansion of the double-differential cross section in Legendre polynomials, leads 
to the definition of the energy-transfer scattering kernels. These are the coefficients of the Legendre 
polynomials, which appear when the Boltzmann equation is solved to simplify its geometrical 
complexity:

In the context of the SSF formalism, it has been shown that each of those quantities can be 
obtained from the successive derivatives of the zero-order scattering kernels with respect to the 
vibrational parameter [7, 8], or by a direct integration method [9],

3. TYPICAL RESULTS

The Synthetic Model has been applied to a variety of hydrogenous molecular systems [10], 
for which its incoherent character is quite valid. In those cases, different magnitudes were predicted 
and compared with available experimental data or previous theoretical results. We present here some 
typical examples to illustrate and discuss the merits and limitations of the SSF.

3.1 Cross Sections

The thermal neutron total cross section is an integral magnitude that by itself cannot give a 
measure of the quality of a bound atom model, but agreement of its predictions with experimental 
values is a necessary condition that must be satisfied. In Figure 1 we show measured and calculated 
values for the total cross section of light water and Plexiglas [11], where a very good agreement is 
observed over the complete thermal range. However, a small discrepancy is apparent at the lower 
energies, due to the crudeness of our assumption of a single 'lattice' mode to describe the actual 
dynamics associated to the H20  molecular diffusion, or the PMMA skeleton motion. These are

dCldE
(6)
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Figure 1. Total cross section of light water and PMMA
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typical results for many molecular systems, where the solid or liquid state effects on the motion of 
the molecular unit may become noticeable for neutron energies below 1 meV.

The use of metallic hydrides as moderating materials has been considered since early times 
as an interesting possibility [12], From the point of view of the synthetic model, the hydrogen atom 
in those systems can be seen as conforming a pseudo-molecular unit, with characteristic frequencies 
related to the acoustic and optical modes of vibration in its lattice cage. As an example, we show in 
Figure 2 the scattering cross section of H in ZrFF as predicted by this model, compared with the 
NJOY calculation [13] and a measurement performed at our laboratory [14], There is a very good 
agreement between the three sets of data, except over the energy region where the optical oscillator 
levels are excited in the collision, while the quasi-classical approximation involved in our model 
formalism only produces a smooth envelope to the phonon-like contributions. Besides such lack of 
detail, which is of no major importance for the thermalization process, the evaluation based on the 
SSF formulas is indeed much faster.

100

Experiment
NJOY
SSF

1E-3 0.01 0.1 1

Energy (eV)

Figure 2. Cross-section of H in zirconium hydride.

3.2 Thermal Diffusion Parameters

According to our prescription, the behavior of a neutron field inside a specified medium is 
determined by the Boltzmann transport equation with appropriate boundary conditions and the 
analytic scattering kernels supplied by the SSF. However, some transport coefficients can be readily 
evaluated by performing simple integrations of those formulas with a weighting spectrum, and the 
results for thermal neutron diffusion constants, lengths, and thermalization times corresponding to 
several moderating materials have been already presented [4].

As a typical example, we show in Figure 3 the fundamental decay constant of D20  at room 
temperature as a function of the geometrical buckling, where our calculation is compared with 
experimental data obtained by different authors [15],
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Figure 3. Decay constant of D20  at room temperature.

The 'density removed' diffusion constant D*0 and cooling constant C* of Polyethylene (PLE) 
at different temperatures are shown in Figure 4, as calculated through the SSF formalism. From 
these, and the value a +0 = 6328 cnrV(gs) for the (unit density) absorption term of the decay constant, 
the actual parameters a 0 (T) = p(T) a +0 , D„ (T) = D*,(T) / p(T), C (T) = C* (T) / p3(T), <L>(T) = p" 
'(T) [D*0(T) / a +0]12 , can be generated using the known density of the normal polymer or any 
effective density which may be of interest for a particular sample.
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Figure 4. The 'density removed' neutron diffusion constant and cooling constant of PLE.
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3.3 Scattering Kernels

The accuracy of the SSF to describe the angular dependence of the scattering process has 
been tested against high statistics experimental data [16], as it is shown in Figure 5 for a reactor 
experiment on light water. In this case, a Monte Carlo simulation based on the Synthetic Model is 
able to produce an excellent agreement with the experimental curve, accounting for a simultaneous 
description of multiple, inelastic and beam-attenuation processes into the sample, as well as the 
contributions due to the presence of a container.

From the point of view of neutronic calculations, the anisotropy in the scattering process is 
usually treated through the consideration of high order scattering kernels, Equation (6). The
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Figure 5. Angular distribution of neutrons scattered by FFO (k = 0.7045 A).

possibility of evaluating these quantities in a fast and accurate manner, allows the production of 
group constants for any system, any energy mesh, and any degree in the Legendre expansion, based 
on a model which describes the specific molecule present in the system. Analytic expressions for 
those kernels have been obtained from the SSF [7-9], and that situation has permitted materializing 
the possibilities referred to above [4].

4. A METHANE BASED MODERATOR CONCEPT

4.1 Synthetic Model for Methane

The SSF is particularly appropriate to describe a gas of spherical molecules, as CH4 at room 
temperature. In this case, due to the very low energies associated to the molecular rotational motion, 
these modes are thermally excited and a quasi-classical treatment of them is applicable in the frame 
of the SSF formalism. Therefore, at all incident energies below the lower vibrational energy, the 
neutron will 'see' the hydrogen atoms as having a mass equal to their Sachs-Teller mass (3.4 amu); 
the effective temperature and vibrational factor over this region correspond to the system's 
temperature and the zero-point motion of the vibrational modes. Those three parameters change as

Multiple
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the neutron energy goes over the latter modes energies (lumped into two Einstein oscillators at 0.17 
eV and 0.38 eV) according to the model prescription [3], The total cross section thus obtained is 
shown in Figure 6, where our calculations are compared with Melkonian data [17], with a good 
agreement between both sets.
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Figure 6. Scattering cross section of H in methane gas.

A great deal of work has been done on methane, prompted not only for being a theoretically 
accessible system [18], but also because of its interest as a cryogenic moderator for cold neutron 
sources [19], We can observe in Figure 7 that total cross section measurements performed on liquid
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Figure 7. Cross section of liquid (105K) and solid (80K) CH4. Experimental data from Rogalska
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(105 K) and solid (80 K) methane [20] are also very well described by the model using the same set 
of input parameters. However, at temperatures below that corresponding to the main peak in the 
rotational spectrum (~ 0.007 eV) these modes may be severely hindered, and the characteristics of 
the lower part of the frequency spectrum must be accounted for. This is accomplished by the 
introduction of two additional oscillators, one associated with the rotational band and the other one 
with the acoustic component, with effective masses constrained to satisfy a proper normalization 
condition. Total cross section predictions by SSF and NJOY [13] for methane at 20K are displayed in 
Figure 8.
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Figure 8. Total cross section of methane at ~ 20K

Neutron diffusion parameters were calculated for methane at different temperatures, using 
tabulated values for the density of the saturated liquid and the solid at 20.4 K. The calculation of 
those parameters was done according to their definition, in the frame of diffusion theory. The 
predicted values of the diffusion constant D0 and the cooling constant C are shown in Figure 9, and 
from those the decay constant - which characterizes the long-time behavior of the thermal neutron 
field inside a system after the injection of a fast neutron pulse - can be calculated for any defined 
geometry.

Finally, we show in Figure 10 calculated values of the decay time for a 25x25x5 cm3 
methane moderator as a function of temperature, whereas the variation of that magnitude with 
geometrical buckling is illustrated in Figure 11 for solid methane at 20 K. In this latter figure we 
have also included some data extracted from reported experimental work by the Hokkaido group 
[21, 22], which seem to support our calculations.
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Figure 9. Diffusion constant and cooling constant of CH4 as a function of temperature.
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Figure 10. The decay time of the fundamental mode for a 'standard' slab, as a function of temperature
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Figure 11. Decay time as a function of the geometrical buckling for methane at 20K.

Obviously, a shorter pulse width will be produced by a smaller assembly, but usually a 
severe penalty in terms of intensity loss has to be paid. We address to this question in the next 
section.

4.2 The Moderator

Calculations of neutron pulse time-width and intensity have been carried out for grids of 
small moderators placed side by side and decoupled by cadmium strips, a moderator concept 
introduced by us through previous publications [23-26],

Experience with thin moderators for time-of-flight neutron measurements convinced us that 
lateral dimensions played an important role in determining their time response. Consequently, a new 
system was extensively tested experimentally, which consists of an array of small moderators placed 
side by side, decoupled from each other in the low and thermal energy range, while still coupled for 
epithermal and higher energy neutrons, thus integrating a moderating assembly of maximum volume 
for those neutrons not yet prone to spend prohibitively large residence times in the moderator. The 
experiments showed that assemblies with the same grid pitch 'a ' (see below) conserved constant 
time resolution all through the wide range of thickness tested, thus allowing an optimum to be 
reached with respect to slow neutron production, while not paying any penalty in time resolution 
whatsoever.

The geometry chosen was that of square cadmium grids fdled with the selected moderating 
substance. It becomes appropriate at this stage, to recall earlier experiments by Day, Johnson, and 
Sinclair [27, 28], in which they tested what they described as “mosaics of polyethylene cubes 
separated by cadmium sheet"’, arriving at the conclusion that “inhomogeneous poisoning appears to 
be of no benefit”; a result which seems to be in accordance with ours, for those assemblies were not 
optimal in moderator thickness because their elements were constrained to cubic geometry.

We present new calculations, which aim at representing neutron emission from these 
moderator elements of very small volume. These calculations have been carried out with a Monte 
Carlo scheme developed locally and employed to attack different neutron scattering problems, such 
as inelasticity, multiple scattering and sample can corrections in neutron diffraction spectra. The
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moderator cross sections are generated by the SSF, and the validation of the calculation procedure 
has been extensively fulfilled through comparison with the comprehensive set of experiments 
described above, for more than forty different moderator assemblies, based on polyethylene or 
paraffin at room temperature, and with the scarce data available in the literature for methane at 20 K.

The notation (a x a) x b identifies a square grid of lateral dimensions 'a ' which for historic 
reasons is expressed in inches (1 inch is approximately one diffusion length in room temperature 
paraffin), and whose moderator thickness is "b' in mm. The Greek letter alpha stands for the time 
parameter in the exponential decay expressed in microseconds rather than its more usual reciprocal 
value.
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Figure 12. Calculated intensities produced by two grid assemblies as a function of moderator (20K) 
thickness.

The calculations were carried out on a PC, and the statistics displayed in the following 
graphs are limited to that obtainable within one to three days of CPU time for each case. The energy 
range considered to be of interest was partitioned in groups according to the following definition and 
symbols: Lo : E < IE-3 eV; Th : IE-3 < E < 5E-3 eV; H i : 5E-3 < E < 5E-2 eV.

In the first place, test runs were made to find out the optimum thickness value for the 
selected grids; the results are displayed in Figure 12. Those identified with the legend 'CH4-2' stand 
for calculations in which a CFfi model with a lower energy mode was employed.

Figures 13 a, b and c show the time response of each moderator for a thickness close to its 
optimum, for each energy group. The values for the time parameter of an approximate exponential 
decay - which will not necessarily be the fundamental mode - intended to represent the long-time 
behavior of each group, are quoted for the different regimes. In the case of the 'Hi' component, its 
short-time behavior is also fitted to an approximate exponential, considering that portion to be of 
interest, for its intensity will dominate a diffraction pattern to be recorded when that moderator is 
employed as neutron source.

In all the moderators displayed, the behavior of the energy groups is the same; 'H i' is in fact 
a quite low energy component, but nevertheless it still behaves at this low temperature as an 'almost 
epithermal regime', with a short moderation time and a complex combination of decay modes. 'Th' 
and 'Lo' exhibit a visibly longer moderation time, followed by an almost pure decay mode.
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In Figures 14 a, b and c, it is possible to compare the behavior within each group. The rise of the 
leading edge is similar for all the moderators within each energy regime, while the fall of the trailing 
edge is peculiar of each system and, for the grids, it is independent of moderator thickness, in 
accordance with all our previous experience with these arrays.

Table 1 summarizes the principal 'Lo' energy timing results from our preliminary 
calculations, and Table 2 displays intensity results for the two low energy groups relevant for a 
cryogenic moderator, where the Monte Carlo outputs have been normalized to the 'Lo' production of 
the optimal Slab.
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Figure 13. Calculated behavior of the neutron pulse for different moderator systems corresponding 
to three energy groups.
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Figure 14. Neutron pulse within each group, calculated for three moderator systems. 

Table 1. Principal 'Lo' energy timing results.

Moderator side depth alpha(Lo) risetime(Lo)
[cm] [cm] [microsec] [microsec]

Slab 50 25 5.0 141+30 22
Slab 42 25 4.0 150+57 22
(2x2)40 5 4.0 84±14 20
(1x1)40 2.46 4.0 54±9 18

Table 2. Intensity results for the two low energy groups.

Moderator side depth Intensity(Lo) Intensity(Th)
[cm] [cm]

Slab 50 25 5.0 0.92±0.09 2.77±0.13
Slab 42 25 4.2 1.0+0.1 2.94±0.13
(2x2)40 5 4.0 0.57±0.09 1.76+0.12
(1x1)40 2.46 4.0 0.22±0.05 0.80±0.08
(1x1)42 2.46 4.2 0.25±0.05 0.82±0.08
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5. CONCLUSIONS

The applications presented in the previous section are typical of the SSF predictions for 
hydrogenous materials, and serve to emphasize the flexibility of the synthetic function to model quite 
different molecular systems using a minimum set of input data with no adjustable parameters. The 
analytic expressions derived from the SSF are especially suited for the generation of group constants 
required in criticality, shielding, and safety calculations involving hydrogenous materials. 
Alternatively, whenever Monte Carlo calculations should be performed for a given problem, the 
synthetic model provides a very useful formalism to describe the specific material and physical 
condition.

The case of methane at different temperatures has been discussed in some detail, and the 
behavior of several parameters that characterize its moderation properties has been predicted and 
compared with the scarce available data or other calculations.

In fact, our final model for methane at 20 K will involve the connection of two regimes 
controlled by the incident neutron energy: a low-energy regime where the acoustic motion is 
described by a three-phonon approximation, and the rest of the energy range where the standard SSF 
formalism applies [29], The switching between both regimes is dictated by the onset of collisionally- 
induced excitations of the molecular rotations, as they dominate the slowing-down properties of the 
system except at the lower comer of the energy-temperature space. Indeed, this specific model retains 
the analytic character of all relevant cross sections, thus allowing us to perform refined calculations 
relative to the performance of solid methane moderators [30],

A previously tested moderator concept was explored using that moderating material, through 
Monte Carlo calculations based on the synthetic function. Our preliminary results indicate that it is 
possible to envisage the development of an intense and yet fast cold neutron source, with the use of 
an array of small, decoupled moderators.
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