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1. Introduction 
 
The ~1mm diameter TRISO coated particles, which form the “elemental” units of PBMR 
nuclear fuel, has to be close to spherical in order to best survive damage during sphere 
pressing. Spherical silicon carbide layers further provide the strongest miniature pressure 
vessels for fission product retention. To make sure that the final product contains 
particles of acceptable shape, 100% of kernels and coated particles have to be sorted on a 
surface-ground sorting table. Broken particles, twins, irregular (odd) shapes and extreme 
ellipsoids have to be separated from the final kernel and coated particle batches. Proper 
sorting of particles is an extremely important step in quality fuel production as the final 
failure fraction depends sensitively on the quality of sorting.  
 
After sorting a statistically significant sample of the sorted product is analysed for 
sphericity, which is defined as the ratio of maximum to minimum diameter, as part of a 
standard QC test to ensure conformance to German specifications. In addition a burn-
leach test is done on coated particles (before pressing) and fuel spheres (after pressing) to 
ensure adherence to failure specifications.  
 
Because of the extreme importance of particle sorting for assurance of fuel quality it is 
essential to have an in-depth understanding of the capabilities and limitations of particle 
sorting. In this report a systematic scientific rationale is developed, from fundamental 
principles, to provide a basis for understanding the relationship between product quality 
and sorting parameters.  
 
The principles and concepts, developed in this report, will be of importance when future 
sorting tables (or equivalents) are to be designed. A number of new concepts and 
methodologies are developed to assist with equivalence validation of any two sorting 
tables. This is aimed in particular towards quantitative assessment of equivalence 
between current QC tables (closely based on the original NUKEM parameters, except for 
the driving mechanism) and any other sorting table. Note however that the QC tables are 
set up under carefully controlled conditions as passive test devices to assess product 
samples from manufacturing plant tables for consistency and efficiency of sorting. In 
other words, there is no particular reason why the design of QC tables should be copied 
to the plant or vice versa. Both kind of tables, however, must sort out very close on 100% 
of odd-shaped particles and must be designed and operated with this goal in mind 
according to the guidelines provided in this report.  
 
2. Description of a sorting table 
 
A sorting table (Figure 1) consists of a table with flat metal surface, which is almost 
perfectly level along one direction (defined as the x-direction in this document) but with a 
small angle of inclination (φ) along the perpendicular y-direction. The z-direction is the 
vertical direction, along which the gravitational force acts. Particles are fed onto the table 
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near the XY origin at a steady rate, designed to optimise throughput whilst removing 
unacceptable particles to the waste fraction.  
 
The table is mounted on leaf springs, restricting oscillation to the XZ plane, with the 
major component of the motion along the x-direction and a slight up and down periodic 
motion along the z-direction (Figure 2). The forces acting on the particle are different for 
different half cycles of an oscillation period (explanation in Section 3.2.4 of this report). 
The resulting asymmetry causes the particle to be shuffled in the x-direction.  At the same 
time particles are free to roll down the incline in the y-direction under the force of 
gravity.  
 
Spherical particles tend to run straight downhill in the y-direction and need very little 
activation to do so. As a result they will follow more or less straight downhill trajectories. 
On the other hand, odd-shaped particles will tend not to roll and will be transported 
across the table (x-direction) towards waste fraction buckets by the shuffling motion of 
the table. Particles with in-between properties will follow in-between trajectories. This 
selective property of the sorting table is exploited to sort particles into different 
receptacles or buckets according to shape. 
 

 
      

Figure 1: Schematic of a sorting table showing the principle of operation 
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Figure 2: The table is mounted on leaf springs and oscillates around a fixed angle, with an elliptic 

rocking motion (both x and z displacement), at the resonant frequency of the system. 
 
The waste fraction will be found in buckets almost directly across (x-direction) from the 
particle dispenser while the product fraction will be in the remaining buckets (comprising 
of the down-hill component). A proper definition of waste and product relies on table 
properties and product specifications.  
 
2.1 Table motion  
 
2.1.1 Harmonic oscillation and resonance 
 
A sorting table is mounted on leaf springs (Figure 2). The table-spring-system has a 
natural or resonance frequency at which it will oscillate when set in motion. Without a 
drive mechanism the amplitude will decay with time due to friction. However, if energy 
is supplied near the resonance frequency of the system the table amplitude can be kept 
constant with minimum energy input. The exact waveform of the drive mechanism is not 
important when the only requirement is energy supply at the resonant frequency. Only 
when the motion changes from purely resonant to forced oscillation does the waveform 
of the drive mechanism starts to impose its character on the overall motion of the table. 
 
Consider a mass m attached to a spring system with stiffness constant k (leaf springs in 
this case). We ignore damping. The differential equation for the motion follows from a 
combination of Newton’s and Hooke’s laws: 
 

kx
dt

xdm −=2

2

           (2.1-1) 

 
A solution is: 
 

txx ϖsin0=           (2.1-2) 
 
Here fπϖ 2= is the angular frequency and f the frequency of the vibration. When 
substituted into (2.1-1) it follows that: 
 

m
kf

π2
1

=            (2.1-3) 
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This is the natural or resonant frequency of the system. The stiffness constant can be 
derived from the slope of a graph of force versus deflection in a cantilever experimental 
set-up for any given leaf spring system. When the system is driven at or near the resonant 
frequency the maximum amplitude response is achieved for a given input power. At the 
same time small disturbances or changes in load will also influence the amplitude most 
sensitively so that reproducibility may be compromised. For this reason vibration tables 
(especially those with electromagnetic drives) are often operated slightly off resonance. 
 
2.2 Power considerations 
 
From the sinusoidal form (2.1-2) and the definition of work, we find the energy equation 
to be: 
 

txmxxmE ωω 22
0

2 sin−== &&          (2.2-1) 
 
After integration over an oscillation cycle the average power is found to be: 
 

32
0

22 fxmP π=           (2.2-2) 
 
Here P is the power in watt, m the vibrating mass in kg, x0 the amplitude in meter and f 
the vibration frequency in Hz. We see that the power depends strongly on amplitude and 
even more so on frequency. For an amplitude of 1×10-3 m and a frequency of 50 Hz, 
equation (2.2-2) becomes: 
 

)(467.2)( kgmWattP ≈         (2.2-3) 
 
Under these conditions the power rating for a 25 Kg table amounts to ∼62 W. A 100 W 
drive unit should therefore suffice to drive a 25 kg table. 
 
 
2.3 Drive mechanisms 
 
For a table operating at, or very close to, resonance the characteristic frequency and the 
shape of the oscillation curve is not determined by the drive mechanism. The latter are 
only needed to supply energy at the resonance frequency of the system in order to sustain 
steady amplitude. Only when the drive operates in an of-resonance, forced oscillation, 
does the shape of the oscillation curve become dependent on the drive shape. From a 
viewpoint of equivalence this relative independence of the exact drive mechanism on 
table motion is an important aspect of sorting table behaviour as the original NUKEM 
QC tables utilized a DC motor with an eccentric drive and the PBMR QC tables utilize 
electromagnetic drives. 
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2.3.1 DC motor with eccentric drive 
 
Figure 3 shows a schematic of a table driven by an external drive arm while Figure 4 
illustrates a simplified eccentric drive attached to such an arm. 
 

 
Figure 3:  Schematic of a sorting table with an eccentric drive 

 
 

 
Figure 4: The essential geometry of an eccentric drive mechanism. 

 
 
The horizontal motion transferred to a sorting table by an eccentric as shown in Figure 3 
is: 
 

( )1sin1cos 22 −−+= θδθρ lx       (2.3.1-1) 
 
Here ρ is the radius of the eccentric axis and δ  is a small parameter defined as: 
 

l
ρδ =           (2.3.1-2) 



PER-1000/8

The amplitude varies as a sine wave plus a perturbation. The perturbation becomes 
negligible if δ << 1. Let us differentiate the displacement twice: 
 

( ){ }ttttx ϖϖϖδδϖρϖ cossinsin1sin 2/122 −
−−−=&     (2.3.1-3) 

( ) ⎥
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−
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ϖδ
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ϖδ

ϖδϖρϖ&&   (2.3.1-4) 

 
The maximum of the acceleration (at the turning points of the table) is seen to be: 
 

[ δρϖ += 12x&& ]        (2.3.1-5) 
 
The percentage difference between the end-point acceleration of a pure sine oscillation 
and the eccentric driven oscillation is thus δ %.  
 
In the NUKEM instrument the drive arm was attached to the table with another small leaf 
spring. This means that the table is not rigidly coupled and therefore not obliged to follow 
the drive signal wave shape. Instead it has freedom to oscillate like a pure sine wave on 
the master leaf springs, the main function of the eccentric drive being to supply energy in 
resonance with the leaf spring system. The NUKEM table, to a good approximation, thus 
oscillated as dictated by the natural table frequency and did not reflect the wave shape of 
the eccentric drive. 
 
 
2.3.2 The electromagnetic drive. 
 
The electromagnetic drive utilizes an electromagnet as shown in Figure 5. The magnetic 
field strength at the head of the electromagnet is directly proportional to the current 
through the coil. A force is exerted across an air gap on a magnetic material and transfers 
motion to the table. The magnetic force on the table is inversely proportional to the 
square of the air gap. If the air gap is large, large coil power is needed to exert a force of 
a given magnitude. So large amplitude oscillations can only be excited for large air gaps. 
For this reason the amplitude is limited (to ~ 1mm) in electromagnetic drives. 
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Figure 5: Schematic of a sorting table with an electromagnetic drive. 

 
The current oscillation in the coil is a good approximation to a pure sine wave under zero 
load conditions. With a load present the situation is different. For instance, consider an 
electromagnetic drive with a mean air gap l and working amplitude ρ. The ratio of forces 
at the endpoints of the oscillation is: 
 

2

2
2
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
−

=
ρ
ρ

l
l

F
F

far

near         (2.3.2-1) 

 
Then if l = 2.5 mm (QC sorting table) and ρ = 1 mm, the ratio is 0.44.  The magnitude of 
the drive force thus differs by ~44% at the two extremes of the oscillation. Fortunately, 
like in the case of the NUKEM drive, the EM drive is not utilised to operate in a 
dominant forced oscillation mode but is only needed to supply energy in resonance with 
the leaf spring system. Again it is the latter that determines the nature of the motion. In 
off-resonance operation the drive force will indeed attempt to push the table into forced 
oscillation. Under these circumstances the force imbalance of the electromagnetic drive 
will show up as an asymmetry in the sine wave. Similarly, if an eccentric drive is 
operated in of-resonance some asymmetry will appear in the table oscillation. 
 
Thus, for both the DC eccentric drive and the EM drive, the drive motion deviates from a 
pure sine wave. The table motion, however, approximates a pure sine wave at a 
frequency determined by the leaf spring properties and the table mass. We shall see in the 
section on forces and particle transport that the exact smaller details of wave shape is not 
crucial as long as the overall acceleration forces at the extremes of the motion supply g-
forces that falls within a preset design interval. It remains important though to measure 
the table waveform and to operate close enough to resonance to prevent appreciable 
distortion.  
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2.3.3 Deflection of leaf springs during motion 
 
When the table oscillates the leaf springs undergo curvature and sideways deflection as 
shown in Figure 6. We show in Appendix A that the leaf springs deflection (for practical 
design lengths) has completely negligible effect on its length.  
 
 

 
Figure 6: (a) Schematic of leaf spring geometry and (b) co-ordinate system that relates the final 
vertical height after deflection, zmax, to the original height l. 
 
We can thus ignore curvature and consider the deflection as if it occurs like a rigid 
angular displacement through a small angle increment dθ around the design angle θ as 
shown schematically in Figure 7 below. 
 

 
Figure 7: Vertical and horizontal displacement for small deflection around a fixed angle. 

 
It follows directly from Figure 7 that: 
 

θθ dLdz cos=         (2.3.3-1) 
θθ dLdx sin−=         (2.3.3-2) 

 
The ratio of vertical to horizontal displacement is independent of the length of the leaf 
spring and depends only on the design angle of the leaf springs: 
 

θε cot=≅
dx
dy         (2.3.3-3) 

 
This parameter is important for particle motion as will be seen during later sections.  
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3. Particle properties and particle motion 
 
3.1 Particle shape definitions 
 
Figure 8 depicts some typical particle form deviations from spherical that can be 
encountered. The PSA measures sphericity, which is simply the ratio of the maximum to 
the minimum diameter. This value contains no shape information but only describes the 
extend of distortion for a given shape. 
 

 
 

Figure 8: Some typical particle shapes. 
 
Multi-faceted particles of hexagonal nature in cross-section are often observed and are 
most probably the result of a period of coating growth that occurs while the particles are 
part of a stationary pile at the bottom of the coater. This is because coating growth will 
then only be able to occur in the open spaces between particles. The facets on the 
particles will then tend to reflect an approximate hexagonally dense packed geometry. 
Coating growth during the suspended state in the spouted bed reactor is expected to be 
homogeneous and isotropic.  
 
3.1.1 Single Flat Spot Particles as reference for motion analysis 
 
For the purposes of this document the author introduces the concept of a single flat spot 
particle (SFSP). The example on the extreme right of Figure 8 is a single flat spot 
particle. Even though idealized particles with only one well-defined flat area on the 
surface (as depicted in Figure 8) may be rare indeed, the shape provides a convenient 
idealization for analysis of particle motion on a sorting table. As no single coated particle 
is an exact sphere it is extremely common in practice to find local small areas on the 
surface of coated particles that approximate ideal flat spot behaviour. In this sense 
particles with “flat” spot areas on their surface are the norm rather than the exception. For 
the analysis of the stability and motion of a particle whilst sitting on such a flat area such 
as particle flipping, shuffling and mean free down-hill path length it is sufficient to 
consider it as a SFSP. The presence of multiple flat areas per particle can then be treated 
by averaging over a statistical distribution.  
 
A half-particle is a special case of an SFSP.  As a half-particle most likely represent a 
broken particle we define it (for the purposes of this document) as a particular type of 
SFSP that is unacceptable and has to be sorted out with ~ 100% probability by a properly 
designed and operated sorting table. A SFSP shape is also convenient for systematic 
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studies. Figure 9 shows a schematic picture of a SFSP with a spot depth δ. The 
relationship between the spot depth parameter and sphericity is easily seen to be: 
 

δ−
=

d
ds          (3.1.1-1) 

 

 
 

Figure 9: Schematic of a single flat spot particle with depth parameter δ. 
 
 
3.2 Particle forces and motion 
 
The forces acting on a particle during sorting are gravity, acceleration due to table 
oscillation, static friction and dynamic friction. The latter includes energy dissipation 
between particle and table as well as air resistance effects while particles are in motion. 
Depending on the relative magnitude of forces and the shape of particles they can slide, 
flip over or roll. On one extreme we have particles that we would want to slide only, such 
as half-particles. They should experience pure shuffling motion in the x-direction as a 
result of the vibratory movement and end up as waste. On the other extreme we have 
“spherical” particles in meta-stable equilibrium that will roll downhill as soon as they are 
agitated in the least. These are the most desirable shapes for fuel manufacture. In-
between particles can become trapped on small “flat” spots temporarily and their overall 
sorting trajectory will be determined by their respective downward and side-ways mean 
free paths. 
 
Suppose a particle is trapped on a flat spot at a given instance in time. The acceleration 
forces on it can cause it to flip over onto a round section or another flat spot. In the first 
instance it can start a down-ward rolling action and in the second instance it may become 
trapped on the next flat spot. If the acceleration force does not succeed in flipping a 
particle but is still large enough to overcome static friction the particle will slide along on 
the flat spot. Flipping dominates sliding when friction is high and/or flat areas are small 
and vice versa. In the extreme of very low friction transverse shuffling also becomes 
negligible as we shall see later. For extremely low friction downhill sliding may therefore 
dominate. If the angle of inclination of the table is too large, bad particles may thus end 
up in the product.   
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Particles trapped on small flat spots will be flipped regularly (at ~ 50 Hz) and will 
therefore experience ample opportunity for partial rolling. The flipping motion can 
therefore be viewed as a mechanism to “increase effective sphericity” of the particle and 
promote down-hill motion in a tumbling fashion. We shall refer to such motion, which 
should be the preferred down-hill mode for the majority of particles, as quasi-rolling. 
 
3.2.1 Static friction 
 
The force of static friction keeps a stationary particle from moving relative to the table 
and depends on the surface properties of both table and particle. For a given table, which 
has to be surface-ground to attain the correct properties, the friction force can be assumed 
constant for a fixed particle shape and type. For tables at very small angles of inclination 
we can assume the normal component of the force to be practically equivalent to the 
particle’s weight. The force of friction is proportional to the normal component of the 
particle weight and for a particle on a stationary table and is defined as:  
 

mgFf η=          (3.2.1-1)                                         
 
Here η is the static coefficient of friction. When the table is made to accelerate in the 
horizontal plane an inertial force appears as a result of the mass of the particle. This force 
is always opposite to the table motion. That is, if the table accelerates towards the right 
there will be a reactive force on the particle towards the left. If this force exceeds the 
force of static friction the particle will start to move across the surface of the table. The 
total distance moved depends on amplitude, frequency and dynamic friction. Though an 
exact treatment of the motion can be quite complicated we can glean some important 
features from a simplified analysis, as will be demonstrated in following sections. 
 
3.2.2 Down-hill motion of particles 
 
When a spherical section is on the table the particle will roll and when a small flat spot 
(say) is at the bottom the particle will only be able to slide until it tips over again after 
which rolling can commence once again, etc. We shall consider a model for down-hill 
motion that does not depend on either rolling or sliding but treats the problem as an 
average general quasi rolling motion under the influence of a dissipative forces (air and 
table surface friction) proportional to the instantaneous speed of the particle. Then if the 
particle moves down the table, inclined at angle φ with respect to the horizontal, the 
differential equation describing its motion is: 
 

y
y kumg

dt
du

m −= φsin        (3.2.2-1) 

 
The solution to this equation is 
 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=

− t
m
k

y e
k

mgu 1sinφ        (3.2.2-2) 
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Integration yields the distance traveled as a function of time: 
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⎠
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⎠
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⎞

⎜
⎝
⎛=

− t
m
k

eg
k
mt

k
mgy 1sinsin

2

φφ      (3.2.2-3) 

 
Measurement of the down-hill motion of coated particles of general spherical shape on 
the QC table revealed an average speed of the order of 0.06 m/s. The table inclination 
angle was 1.40. Empirical selection of different k/m choices in the above equations 
revealed that a value of ~ 4 s-1

 provides average speed and distance values in agreement 
with observation. The equations predict that 90% of the terminal velocity is reached 
within 10% of the elapsed time. Thus, if mean speed is calculated over the distance 
travelled, values close to the terminal speed will be found. To good approximation we 
can thus assume terminal speed and mean speed to be equivalent. 
 
3.2.3 Analysis of forces on particles during an oscillation cycle 
 
The important quantity that determines the relative motion of particle and table is the net 
acceleration. Because of the nature of its motion the table has a horizontal and a vertical 
acceleration component. The ratio of the vertical to horizontal acceleration is determined 
by the angle of the leaf springs and is an important parameter for motion. We define this 
ratio as: 
 

||a
a ⊥

=ε          (3.2.3-1 

 
When the table accelerates upward the net acceleration on the particle consists of gravity 
plus the acceleration of the table. The maximum particle weight on the table surface is 
increased and becomes: 
 

( )2max ϖεAgmF +=⊥         (3.2.3-2) 
 
During the opposite cycle, when the table accelerates downward, the particle weight on 
the table is reduced and the minimum weight component on the table surface is: 
 

( )2min ϖε ⊥⊥ −= AgmF         (3.2.3-3) 
 
In fact if the maximum acceleration of the table exceeds gravity the particle becomes 
weightless for a short period of time following the moment of down-swing of the table. 
The table runs away from the particle for a short period of time and the particle will 
experience some bounce when it catches up with the table again. In this way sorting 
selectivity may be sacrificed. Normally then, the table acceleration and the parameter ε is 
chosen so that particles remain in sufficient contact with the table surface so as to leave 
sorting of large flat spot particles effective. 
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3.2.4 The force mechanism behind particle shuffling 
 
Figure 10 shows the displacement, velocity and acceleration graphs for a pure sine wave 
as well as force components at the end-points of the motion. We shall now assume that a 
particle is permanently trapped on a flat surface (say a half-particle) and analyse the 
mechanism by which it gets shuffled across in the x-direction. 
 
The force of friction is proportional to the perpendicular weight component and therefore 
varies from maximum during the start of the up-and–forward cycle to minimum during 
the start of the down-and-backward cycle. During the forward cycle the table runs up into 
the particle and forward under it so that the particle experiences a backward reaction 
force. When this reaction force exceeds static friction, the particle will slide backwards 
relative to its original position on the surface of the table. The sliding distance will 
depend on the relative magnitudes of the reaction and friction forces and the energy loss 
due to sliding (dynamical friction effects). For the opposite cycle conditions are reversed. 
The table runs away from the particle in the vertical direction so that its effective weight 
is reduced. At the same time the table moves horizontally backward relative to the 
particle so that it tends to slide forward relative to the table surface. 

 
Figure 10: Waveforms and force components on a coated particle during an oscillation cycle 
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The essentials of the motion model are summarized graphically in Figure 11. Negative 
acceleration is defined as opposite to gravity. During the negative cycle the acceleration 
vectors of the table point upward and to the right. The effective weight of the particle is 
thus higher, which leads to increased friction with the table. The inertial force on the 
particle is opposite to the horizontal acceleration vector of the table and thus points to the 
left in Figure 8. When the inertial force exceeds friction the particle will slide to the left 
relative to its original position on the table. Higher friction implies increased damping 
and reduced displacement. 
 
 

 
Figure 11: Force asymmetry causes net transport of particles. 

 
 
During the positive acceleration half-cycle the situation is reversed. The table 
acceleration vectors point downward and to the left respectively leading to reduced 
friction with the table and a particle inertial force towards the right. The particle slides 
towards the right under the influence of this force with larger displacement due to lower 
friction.  
 
The combined effect of a full cycle is that the particle undergoes a net displacement Δx to 
the right. The velocity of particle motion in the x-direction is thus equal to: 
 

xfux Δ=          (3.2.4-1) 
 
Here f is the frequency of the table and Δx the net displacement per cycle.  Notice that the 
net motion is the result of an asymmetry of forces with respect to half cycles of motion.  
 
From the preceding qualitative discussion the transverse transport speed is expected to 
drop with increasing smoothness of the table surface and disappear altogether in the limit 
of zero friction. On the other hand, high friction together with high vibration frequency 
and amplitude will lead to fast transport. 
 
In the limit of exceptionally high friction it will be energetically advantageous for the 
particle to jump rather than to slide (friction coefficient greater than 1). Under such 
circumstances the motion can in fact reverse (-x direction). This happens if the friction 
force during the first upward motion is so large that it propels the particle upward while 
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the table moves forward underneath it. The particle meets up with the table again during 
the start of the next upswing cycle of the table and the process is repeated.  
 
3.2.5 The effects of table inclination angle 
 
We consider perfect uniform spheres with a single flat spot for the analysis of down-hill 
rolling criteria as this puts upper bounds on table inclination. The real situation is much 
more complicated but we shall use this ideal reference case to characterize the ability of a 
table to restrict downward motion of particles with high sphericity.  
 
Consider therefore a perfect sphere trapped on a flat spot on a table inclined at angle φ 
with respect to horizontal as shown in Figure 12. We also consider the case where the 
rolling action takes place in the ZY plane only.  
 

 
 

Figure 12: Schematic of an ideal sphere rolling down an incline. 
 
Suppose the sphere tips over sufficiently to start rolling down the incline. It will roll for 
the circumferential distance determined by the angleχ, gaining energy, before it ends up 
on the flat spot again (for perfect head-over-heel rolling action in the ZY plane). If the 
energy gained exceeds the value needed to tip the particle over again, it will keep rolling 
in a tumbling motion while gaining momentum. For a flat spot with depth parameter δ  
the distance rolled along the plane is: 
 

( )( )ddl δπ 21cos 1 −−= −        (3.2.5-1) 
 
Here d is the particle diameter. The energy gained during the role is equal the potential 
energy liberated whilst falling the height φsinlh = . This energy is sufficient to lift the 
particle out of the flat spot depth δ only if h exceeds δ . Thus, for the particle to have a 
chance of becoming stuck on the flat spot after one roll-over h must be less than δ and we 
have: 
 

([ )]⎟⎟⎠
⎞

⎜⎜
⎝

⎛
−−

≤ −
−

dd δπ
δφ

21cos
sin 1

1       (3.2.5-2) 

 
If we make use of the relationship between flat spot depth and sphericity given by 
equation ( 3.1.1-1 ) we find:  
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We can use equation (3.2.5-3) to construct a table of sphericity values versus critical 
angle below which a SFSP will not roll down spontaneously if flipped over. The results 
are shown in Table 1. 
 
Table 1: Sphericity versus critical roll angle for SFSP’s 
Spericity φ (degrees) 
1.05 1.01 
1.06 1.22 
1.07 1.43 
1.08 1.64 
1.09 1.85 
1.10 2.06 
1.20 4.15 
1.30 6.19 
2.000* 18.56 
*Corresponds to a half-particle 
 
Note that an angle of 1.40 will allow a SFSP with sphericity less than 1.07 to roll down 
relatively freely but prevent particles with higher sphericity from going straight down 
when flipped. They can still find their way down by a combination of flipping and rolling 
if conditions allow it. 
 
In practice the situation is much more complicated. We may have many flat spots per 
particle so that a particle may get stuck on a flat spot again even before it rolled the 
maximum distance. On the other hand the vibration can shake particle off flat spots 
almost the instant the get stuck on them and cause them to move downhill in a relatively 
unimpeded fashion without ever becoming stuck. We can thus say that the action of the 
vibration field is not only to transport particles in the x-direction but also to present them 
as “smoother” particles for the down-hill action. All these effects merely indicate that 
there is a high probability that particles with s > 1.07 will not simply roll down-hill 
unimpeded like perfect spheres if the angle of inclination is as low as ∼ 1.5 0.  High s 
particles will thus always experience some sorting action along the way. 
 
What has been left out of the current analysis is the ability of flat particles to slide 
downhill under the action of dynamic friction because of the table agitation. For very 
smooth table surfaces this will also restrict the size of the inclination angle. 
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3.2.6 Flipping versus sliding 
 
We have seen that particles can role (perfect spheres will) or become trapped on a flat 
spot or due to some other geometric feature that affords stability against rolling. We shall 
choose the SFSP as test case. Because of the vibratory motion of the table a trapped 
particle can be flipped over from its flat spot and will start rolling. It is beneficial to 
ensure sorting table conditions conducive to flipping when particles have sphericity 
factors close to 1. In this way good product does not become stuck on small irregularities 
and end up in the waste fraction as a result.  
 
We have already analyzed how far downhill a spherical particle with a single flat spot of 
a given dimension can roll. We now try to asses under which conditions a spherical 
particles with a flat spot of a given dimension will tumble. Figure 13 shows such a 
particle under the influence of the horizontal and vertical acceleration forces. 

 

 
 

Figure 13: Force moments on a Single Flat Spot Particle 
 
In the figure we show a SFSP with a flat spot radius Δ and a flat spot depth parameter δ. 
The relationship between Δ and δ is: 
 

2

⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛=Δ

dd
d δδ          (3.2.6-1) 

 
For 1<<dδ  Equation (1) simplifies to: 
 

dδ≅Δ          (3.2.6-2) 
 
Notice from Figure 13 that flipping will take place if the particle does not slide under the 
action of the horizontal force and the moment due to horizontal acceleration exceeds the 
moment due to vertical acceleration. Therefore there are two simultaneous conditions to 
ensure flipping. If we ignore the downward shift in centre of mass due to the presence of 
the flat spot (an approximation that only holds for small flat spots) we can write the 
flipping conditions as follows: 
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⊥⊥ <<
Δ aaa

d
η||

2         (3.2.6-3) 

 
Thus if  we will have flipping during both half cycles provided: 0>⊥a
 

η<Δ
d

2          (3.2.6-4) 

 
Otherwise tumbling only takes place during the half cycle where . Thus if the 
static coefficient of friction is 0.4, particles with flat spots such that 

0>⊥a
4.02 <Δ d  will flip 

during at least some phase of the cycle. As a result they will move downhill easier as 
their vertical mean free path of motion becomes extended.  
 
When the flat spot size parameter dΔ2 is larger than the static friction coefficient the 
particle will shuffle with low probability of being flipped over. As a result such a particle 
has a good probability of ending up as waste. Note that statistically flipping still occurs 
because of localised defects and striations on the table surface or because particles fall 
free for short distances and may therefore turn through an angle and become flipped. At 
meso scale level  η is thus more like a statistical quantity with a more precise average 
value only when averaged over a larger area. In practice we indeed find that particles 
with large flat spots can also flip but with lower probability than in the case of small flat 
spots. Also note that large flat spot particles will also have a much enhanced change to 
become trapped on a flat spot again after flipping and will thus have a reduced mean free 
path for down-hill or y-motion.  
 
Despite the fact that flipping of particles is inherently statistical in nature equations based 
on average values, such as equation (3.2.6-4) still point out that an average increase in 
friction leads to an increased probability that “bad” particles may end up in the product. 
The selectivity of which particles belong to the product fraction is thus in part controlled 
by surface finish. 
 
3.2.7 Semi quantitative analysis of transverse particle shuffling. 
 
A friction force proportional to the speed of the particle seems to describe the down-hill 
motion of coated particles reasonably well. We shall therefore again adopt a similar 
model for cross-table particle motion. We assume that the lateral sliding motion of a 
particle, relative to the table surface, is dominated by the maximum acceleration near the 
tuning points of the table. In this simple model we consider the full motion to be 
approximated by the acceleration at the end points that act for a brief period of time δt to 
produce an initial velocity u0 with which the particle starts a sliding motion that damps as 
a result of friction. We therefore start the analysis of the motion with a given initial 
velocity and a dynamic dissipation force that slows it down. The equation of motion is: 
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ku
dt
du

−=          (3.2.7-1) 

 
The solution to this equation is 
 

kteuu −= 0          (3.2.7-2) 
 
We do not at this stage have prior knowledge of the correct initial velocity to insert in 
(3.2.7-2). We shall simply for now express the initial velocity as a friction C of the 
maximum table velocity: 
 

fACu π20 =          (3.2.7-3) 
 
C can be considered as an empirical constant for a given particle type and table 
parameters such as surface finish, inclination angle, leaf spring angle, etc. 
   
Now, if we ignore backward motion and consider forward motion over a half cycle only, 
insert (3.2.7-3) in (3.2.7-2) and integrate we find the transverse travel distance per cycle 
to be: 
 

( )
⎥⎦
⎤

⎢⎣
⎡ −−

=Δ
k

fkfACx 2exp12π       (3.2.7-4) 

 
Particles that run down hill while the table vibrates provide a means to estimate the 
coefficient k under realistic dynamic conditions. Measurement of down-hill travel times 
(see Section 3.1 above) revealed a value for k of the order of 4 s-1.  The exact value is 
fortunately not crucial as the expression in square brackets in equation (3.2.7-4) does not 
dependent sensitively on the choice of k. In fact, we find for f = 54 Hz that the expression 
in square brackets has the approximate value 0.009 for a range of k that varies from 4 s-1 
– 20 s-1.  When we use this value in equation (3.2.7-4) we get (f = 54 Hz): 
 

CAx 3≈Δ          (3.2.7-5) 
 
Note that this displacement per cycle refers to the same quantity that appears in 
equation (3.2.4-1).   

xΔ

 
In the previous treatment we simply introduced a transport parameter C with the 
knowledge that it will in general depend on some basic table parameters. We shall now 
attempt to find a relationship between C and those parameters. The initial velocity can 
also be written in the form: 
 

tau δ=0          (3.2.7-6) 
 
Here a is the maximum acceleration (at the end-point) and δt the time interval over which 
it effectively acts to produce the initial velocity. Now, since a cycle of motion in a given 
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direction is of the order of half a period we find in exact analogy with (3.2.7-4) that the 
displacement at each end is: 
 

( )
⎥⎦
⎤

⎢⎣
⎡ −−

=
k

fktax 2exp1δ        (3.2.7-7) 

 
An expression of the nature of (3.2.7-7) holds for each turning point so that the net 
displacement per cycle can be estimated as: 
 

( ) ( )
⎥⎦
⎤

⎢⎣
⎡ −−

−=−=Δ
k

fktaaxxx 2exp1
1212 δ      (3.2.7-8) 

 
The acceleration available to the motion, after static friction has been overcome is: 
 

( )[ ] ( )[ ]{ }AgAAgAaa 2222
12 εϖηϖεϖηϖ +−−−−=−      

 
                    (3.2.7-9) A22ηεϖ=
 
In the special case where  we have gA ≅2εϖ ga η2≅Δ . 
 
If we insert (3.2.7-9) into (3.2.7-8) we have the final expression for the net displacement 
per cycle: 
 

( )
⎥⎦
⎤

⎢⎣
⎡ −−

=Δ
k

fktAx 2exp12 2 δηεϖ       (3.2.7-10) 

 
Comparing equations (3.2.7-10) and (3.2.7-4) we find: 
 
 

tfC δεηπ4=          (3.2.7-11)  
 
Now we see that the transport parameter C can be expressed in terms of the table 
frequency, coefficient of static friction and the ratio of vertical to horizontal 
displacement. The effective time over which the acceleration acts to produce an initial 
velocity for sliding is now a new free empirical parameter. 
 
Measurement of the transverse or shuffle speed show that the distance travelled per cycle 
is very close to one horizontal working amplitude (h = 2A). It then follows from equation 
(3.2.7-5) that: 
 

66.0≅C          (3.2.7-12) 
       
With this value, derived from experiment and f = 54 Hz, η = 0.4, ε = 0.3 in equation 
(3.2.7-11) we get an estimate for the time parameter: 
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Tt 44.0=δ          (3.2.7-13) 

 
Here T is the oscillation period of the table. The theoretical model, though considerably 
simplified, describes the observed motion reasonably well and indeed predicts a shuffle 
speed that is proportional to the product of frequency and working amplitude.  This is in 
qualitative agreement with experiment, which indicates that the simple model contains all 
of the important features to describe the shuffling motion of particles on the table. Note 
also that this motion does not depend on particle mass but only on frequency, the ratio of 
vertical to horizontal motion and the friction properties of the particles with the table 
surface. 
 
Note however that the theory applies will break down for too high ε values. This is 
because particles will then be in free fall above the surface of the table and bounce upon 
return. A totally different motion regime then applies. To understand these limitations we 
shall now analyse the dependence of the particle motion on the leaf spring angle. 
 
 
3.2.8 Dependence of particle motion on leaf spring angle 
 
Consider the case where the vertical acceleration component exceeds gravity (high ε). 
The table then runs away from the particle on the downswing. We now have the 
possibility of bouncing when the particle catches up with the table again. The table starts 
to leave the particle behind when it begins with its downward acceleration (at the top of 
the motion). Let us consider a particle that falls one vertical working amplitude ( hε ) and 
meets up with the tables when it is exactly in its bottom position.  The energy liberated 
during the fall is equal to the potential energy: 
 

hmgE p ε=           (3.2.8-1) 
 
For a perfectly elastic collision, bouncing can not be higher than the distance that the 
original particle fell. If we require this energy to be less than the amount necessary to flip 
a half-particle we have to set the bounce height to approximately ½d, where d is the 
particle diameter. This corresponds to the condition: 
 

h
d
2

≤ε            (3.2.8-2) 

 
For a table working amplitude equal to particle diameter (d = h) we find: 
 

5.0≤ε           (3.2.8-3) 
 
This translates to a leaf spring angle . As the angle becomes larger the transport 
gets slower. A proper sorting table design then demands a safe no-bounce criterion on 
half-particles whilst maintaining of maximum transport. The NUKEM sorting table is set 

04.63≥θ
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at ≈ 700, which translates to 36.0=ε . This means that a particle, even under perfectly 
elastic conditions, can achieve a bounce equal to 36% of its diameter (Figure 14). 

 

 
Figure 14: Bounce height for NUKEM table design 

 
If this condition is arranged to hold near the top of the working range it allows operation 
in the high transport regime where cross-table speed is approximately equal to the 
working amplitude times the frequency. At the same time bouncing is limited so that 
periodic overturning and consequent stepwise rolling of half-particles is prevented. By 
simply turning down the amplitude conditions can be selected where practically no 
bounce occurs. The limit of the no-bounce regime is encountered when the vertical 
acceleration component matches gravity. 
 

    gh =2

2
1 εϖ         (3.2.8-4) 

 

17.02
2 ≅=∴

ω
ε

h
g         (3.2.8-5) 

 
The value of 0.17 applies to a working amplitude of 1 mm and a frequency of 54 Hz. If 
we choose twice this value (ε = 0.34) as the top of the range, the range will be equally 
divided between no-bouncing and acceptable bouncing. This value is pretty close to the 
value selected by NUKEM value that determines leaf spring angle. 
 
3.2.9 Feed rate criteria 
 
The simplest particle dispensing model is to assume that table dislodges particles at a rate 
of ξ (ξ < 1) per cycle per row of particles behind the dispensing barrier. In Figure 15 
below, a bunch of particles inside the particle cage is shown as well as a half-particle 
shuffling across in the x-direction. If the average number of particle layers or tiers above 
the barrier is Nt then the dispensing rate is: 
 

tf Nξν 50=   s-1
         (3.2.9-1) 

 
The corresponding mass feed rate is: 
 

tp NmR ξ18.0=  kg.h-1        (3.2.9-2) 
 



PER-1000/25

Here mp is the particle mass in mg (~1.3 for coated particles and ~ 0.6 for kernels). 
 
 

 
 
Figure 15: Idealised representation of a four-tier layer structure dispensing 4 particles per second 
 
So if there are 4 rows of coated particles the rate is 0.94ξ kg.h-1. The number of rows of 
particles will increase with funnel dispensing rate. So for high feed rates the steady state 
average number of tiers will increase correspondingly. Note that equation (3.2.9-2) is 
based on a simple argument and the value of ξ as well as the accuracy of scaling need to 
be established experimentally. 
 
 
3.2.9.1 Particle interference as feed rate limiting factor 
 
We shall now develop a model of particle interference based on a probability argument. 
We consider bombardment of a shuffling half-particle (defined as unacceptable product) 
by other particles descending from higher up. If the energy of downward interaction is 
large enough to flip the half particle and many such reactions take place per unit time 
there will be a significant probability that the half particle will be deflected downhill in 
the y-direction. As the half particle is desired to undergo pure x-translation this defines an 
unacceptable interference condition. We introduce the situation depicted in Figure 16. 
 
 
 

 
Figure 16: Particles descending upon the path of a shuffling half-particle 

 
 
Figure 16 shows a half-particle shuffling across the table in the x-direction (dotted line 
represents the undisturbed travel path). The distance L represents the typical length of the 
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high-probability collision zone where normal particles descending from above pose a 
collision danger with the half-particle. The typical distance that a particle must move 
down the incline to topple a half-particle is: 
 

φsin2
dyt =           (3.2.9.1-1) 

 
Here d is the particle diameter and φ the table inclination angle. For an inclination angle 
of 1.50 we have a distance of about twenty particle diameters. So if the number of particle 
layers are less than ~ 20 the kinetic energy of the maximum speed particles is too small to 
topple half a particle. The feed rate corresponding to twenty tiers is thus clearly 
unacceptable The question then arises of what a practical upper limit to the feed rate 
might be. We shall develop an order of magnitude model based on statistics or 
probability of collision. 
 
The probability of collision with the half-particle for any particle crossing the collision 
line inside the gate is of the order:  
 

L
dPC ≅           (3.2.9.1-2) 

 
The collision frequency of downward moving particles with the half-particle during its 
transit period through the collision gate is of the order of. 
 

L
dNt

C
ξ

ν
50

≈          (3.2.9.1-3) 

 
Here Nt is the number of particle tiers behind the cage barrier. The shuffling motion is 
composed of 50 steps per seconds. We can now reason that as long as the downward 
perturbations per second is small compared to number of shuffle steps per second (50) of 
the half particle it will survive the transit without much downward displacement. Let us 
(somewhat arbitrary) limit the downward bombardment frequency to 10% of the table 
frequency so that νC ~ 5 Hz.  If we now use L ~ 10 mm in equation (3.2.9.1-3) we find Nt 
= 2 for ξ =1. The latter condition means that from the front of each of the two tiers one 
particle per second is dispended. This corresponds to a feed rate of 0.47 kg.h1 for coated 
particles. Note that particles originating from the top of a 2-tier height do not have the 
energy to topple the half-particle but can on the most cause it to slide downhill by about 
two diameters per collision.  
  
In practice we need to measure the dispensing fraction per tier (ξ). Though these are only 
order of magnitude calculations, they suffice to indicate that a sorting rate with 
acceptable inter-particle interference is of the order of 0.5 Kg.h-1.  For kernels the gate 
length L is visibly smaller than for coated particles, thereby increasing the probability of 
deflection. 
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3.3 Sorting parameters 
 
Sorting parameters refer to all those settings that can be changed in order to affect the 
outcome of the sorting process. Sorting parameters are: 
 

(i) Tilt angle of the table in the y-direction 
(ii) Flatness of the table surface 
(iii) Surface finish (friction properties) 
(iv) Ratio of vertical to horizontal displacement (leaf spring angle) 
(v) Frequency 
(vi) Amplitude 
(vii) Oscillation waveform 
(viii) Feed rate 
(ix) Stability of table and  support  
(x) Selection of product fraction angle 

 
Most sorting parameters are designed into the table or kept fixed, while the remaining 
parameters are changed to fit a particular sorting problem. 
  
Additional general design criteria: Earth properly to prevent static build-up and use non-
magnetic materials in the table design. Install a suction cup and uranium dust filter above 
the kernel table to prevent inhalation of uranium oxide dust particles. For plant tables the 
receptacles must be of intrinsic safe design from the viewpoint of criticality. 
 
3.4 Statistical nature of sorting 
 
Particle sorting is inherently of statistical nature because of the following reasons: 
 

(a) Variation in the types and number of deviations from particle sphericity 
(b) Variation in surface roughness of the table 
(c) Variation in initial speed and direction (sensitivity on initial conditions) 

 
Sorting table design criteria must be such that, first of all, really bad particles have a 
negligible chance of ending up in the product fraction. Once this has been achieved the 
fraction of good particles in the waste fraction must be minimized without compromising 
the first objective. 
 
For a given batch of particles and a given set of sorting parameters a statistical decay 
parameter can be defined as follows. Run the batch of particles and measure the product 
fraction, whilst removing the waste fraction. Run the remaining (waste fraction removed) 
batch again and also determine the product fraction for run 2. Repeat this process several 
times (say 10 – 20 times) and plot the logarithm of the product fraction against run 
number. Because of the statistical nature of the process the product fraction will decay 
exponentially with run number. In particular the logarithm of the product fraction will 
show linear behaviour against run number as the number of runs increases. The slope of 
this line is related to the probability of a good particle ending up in the waste fraction. In 
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other words, this number is an economy merit number. The larger the number the less 
economic the process is. Conversely this table probability number can be used to 
characterize a batch of particles for fixed table parameters. 
 
For instance if NUKEM coated particles are used to determine the table probability factor 
then the same factor for a local batch is an indication of batch quality relative to the 
NUKEM particles. Should the NUKEM table probability factor have been measured 
(which was not the case) this would have been a macroscopic test for table equivalence 
when NUKEM particles are used. It is still an important figure of merit though as plant 
tables can be compared with QC tables etc. by using “standard” particle batches. 
 
 
3.5 Combined horizontal and vertical motion. 
 
We now make use of the fact that actual particle flipping and partial rolling is an 
inherently stochastic phenomenon. So far we know that near spherical particles will tend 
to roll all the way at roughly the same downward speed once they are agitated sufficiently 
to start this process. On the other hand, twins and broken particles should not be agitated 
often enough and sufficient enough to allow a significant probability of them being 
amongst the product.  We shall again use a SFSP with depth parameter δ as test particle. 
 
In direct analogy to the well-known Botlzmann relation 
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where particles are trapped in a potential well while being subjected to random 
excitations we can expect the probability of upsetting a particle from its flat spot to be 
given by a relation of the form: 
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Here mgδ is the potential energy trap of the particle sitting on the flat spot and 

( )2
2
1 xfm Δγ  the mean energy of shuffling times some empirical constant. The latter is to 
make provision for the fact that the energy available for upsetting the particle is not the 
energy for shuffling but some portion or multiple thereof. The reasoning here is that the 
particle moves with a mean kinetic energy and that variance in friction, such as 
mesoscopic grooves, protrusions and other irregularities and defects upsets the particle 
equilibrium.  
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If we use equations (3.2.7.6) and (3.2.7.1) in (3.5-2) we find the following expression for 
the probability of destabilisation of particles: 
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Here we have introduced an empirical constant D to account for a particle table and 
particle type. This equation provides us with a destabilisation or excitation probability. So 
if N(s) particles of sphericity s are placed on the table on their flat spots then the number 
that will be excited to roll during each cycle is pN(s). 
 
For particles with s <1.07 the probability of down-hill motion is high. We shall assume, 
to first approximation, that the down hill speed of al such particles is practically the same. 
The deflection angle α is thus only due to increased speed in the x-direction. Thus: 
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This group of particles behave roughly as a unit and are being swept at increasingly 
higher deflection angles as the table amplitude increases. 
 
 
For particles with s > 1.07 the excitation probability determines the probability of rolling 
while the typical distance of rolling follows from Section 3.2.5 and can be expressed as: 
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It follows that the deflection angle can be expressed as: 
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If we use the concept of the excitation probability as given by an equation of the form 
(3.5-3) it becomes possible to calculate the probability of finding unacceptable particles 
in the product section after proper empirical calibration of the destabilisation constant. 
This may, with proper care, be related to the failure fraction of fresh fuel spheres. Also 
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the waste fraction can be estimated for purposes of sorting optimisation in terms of cost 
and probability of failure. More work need to be done to confirm the validity of an 
equation of the form of  (3.4-3) as a means to predict failure and waste fraction. 
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Appendix A 
 

Leaf spring curvature and deflection during oscillation 
 

 
Consider a leaf spring with free length l, built in at the one end, and with a load W on the 
other end as in Figure  A1. 
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Figure A1: (a) Schematic of leaf spring geometry and (b) co-ordinate system that relates the final 
vertical height after deflection, zmax, to the original height l. 
  
The differential equation that describes the deflection in the y-direction as a function of 
the geodesic distance x along the curved spring is: 
 

( xlW
dx

ydEI −=
2

)          (A-1) 

 
Here E is the Young’s modulus of the spring, I the moment of inertia and W the load. For 
our purposes we can consider the material properties and load as constants and study only 
the case where a given spring is deflected a horizontal (y-direction). Equation (A-1) then 
becomes: 
 

( xlk
dx

yd
−=

2

)          (A-2) 

 
Integration with respect to x, together with the boundary condition that the deflection 
angle at origin is zero, yields: 
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−= )         (A-3) 

 
A second integration with the boundary condition that the deflection at the origin is zero 
yields: 
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1 xlxky −=          (A-4) 

 
It follows that the maximum y deflection, when x = l, is: 
 

3
3
1

max kly =           (A-5) 
 
From this we find the value of the constant in (A-2) to be: 
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3
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l
y

k =           (A-6) 

 
With reference to Figure A1 we can now calculate zmax for a given ymax as follows: 
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Therefore it follows that: 
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We normalize all quantities to a unit spring length, Then l =1 and k is expressed as a 
fraction. For ymax = 0.01l, we have k = 0.03 and we find: 
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This shows that for realistic values of ymax/l the distance zmax can be considered equal to l 
for all practical purposes. So the angle α in Figure A1 is equal to zero to a high degree of 
accuracy. Because the change in length due to deflection can be ignored the ratio of 
vertical to horizontal displacement is determined by the design angle θ of the leaf springs 
as shown in Section 2.3.3 of the main text.  
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