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ABSTRACT

An accurate and efficient method for reconstructing pin to pin of the nuclear power density 
distribution, involving the analytical solution of the diffusion equation for two-dimensional 
neutron energy groups in homogeneous nodes, is presented. The boundary conditions used 
for analytical solution are the four currents or fluxes on the surface of the node, which are 
obtained by Nodal Expansion Method (known as NEM) and four fluxes at the vertices of a 
node calculated using the finite difference method. The analytical solution found is the 
homogeneous distribution of neutron flux. Detailed distributions pin to pin inside a fuel 
assembly are estimated by the product of homogeneous flux distribution by local 
heterogeneous form function. Furthermore, the form functions of flux and power are 
used. The results obtained with this method have a good accuracy when compared with 
reference values.

1. INTRODUCTION

Increasingly coarse mesh nodal methods have been used in the analysis of nuclear reactor 
cores. But, as we know, these methods provide only average values, while for the safety 
analysis of the reactor is necessary to know the distribution of power density pin to pin. So to 
obtain those distributions using the average values of the nodal calculations are used the 
methods for reconstruction of the pin power distribution. The reconstruction process involves 
a fundamental assumption, that is, distributions detailed pin to pin inside a fuel assembly 
(FA) can be estimated by the product of a homogeneous flux distribution by local 
heterogeneous form function. While the homogeneous flux distribution takes into account the 
effects of FA on the vicinity of the core, the form function loads the heterogeneity of FA (pin 
fuel, water holes, burnable poison pins). Under this assumption, the first and most important 
step in the reconstruction process is the determination of the homogeneous flux distribution, 
which should be based on the results of the Nodal calculation performed for homogeneous 
FAs.

Reconstruction methods of the pin power developed in the past two decades, differed on how 
to represent and generate a homogeneous flux distribution. Initially, two-dimensional 
polynomials [1] were used to represent the homogeneous flux distribution for all energy 
groups, and then exponential functions were introduced to improve the accuracy of
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calculating the distribution of thermal flux [2], More recently, analytical functions were used 
in both groups energy [3] and polynomial methods have been developed with greater 
accuracy [4], All of these reconstruction methods cited need to calculate, from the results 
nodal available, the flux at the vertices of each node. Note that each method adopts a different 
way to calculate these fluxes at the vertices of the node.

The analytical method uses the analytical solutions of the diffusion equation for two energy 
groups in nodes to calculate the homogeneous flux distribution. These solutions satisfy a set 
of boundary conditions in a two-dimensional geometry isolated and lead to a higher accuracy 
in comparison polynomial methods. The boundary conditions needed should be constructed 
through the flux and average current known of the nodal calculating of coarse mesh.

This problem of calculating boundary conditions can be assessed using finite difference 
techniques, procedures interpolation approximation methods that use one-dimensional 
diffusion equation or a combination of these techniques.

Thus, we propose in this paper, to incorporate methods of reconstructions in the literature or 
combinations of these methods to the Nodal Expansion Method, known as NEM [5], We use 
the analytic method presented in reference [6] in combination with the boundary conditions 
which use the flux at the vertices obtained by the method proposed by Smith [7], These 
fluxes in the comers and fluxes or currents on the surfaces of the nodes represent the 
minimum set of boundary7 conditions to be used by the analytical reconstruction method 
proposed here. For this reason, the calculation of fluxes in the comers is actually the first step 
of the reconstruction process of pin power.

The analytical method for reconstmction pin to pin developed in this article, uses analytical 
solutions to represent and generate a homogeneous distribution of neutron flux in both energy 
groups. These analytical solutions that satisfy a given set of boundary conditions leads to a 
higher precision compared to polynomial methods. The boundary conditions needed to 
calculate the homogeneous flux distribution are the four liquid currents on the surface of the 
node (or four fluxes on the surfaces of the node) and four fluxes in the corners of the node.

The following shows the analytical solution of two-dimensional diffusion equation. In section 
3 the determination of the flux in the comers of the node. In section 4, the determination of 
the coefficients of the expansion distinguishing the use of currents or average fluxes on the 
surfaces of the nodes as boundary conditions. Section 5 is shown and specified the EPRI-9 
benchmark used to generate reference values, generated with a program of finite difference of 
fine mesh. Section 6 shows the numerical results obtained with the method, and finally, in 
section 7 the final conclusions. 2

2. ANALYTICAL SOLUTION OF TWO-DIMENSIONAL DIFFUSION EQUATION

The homogeneous two-dimensional flux distribution is determined analytically by solving the 
diffusion equation in two energy groups, to homogeneous node. The diffusion equation in 
question is found by integrating the diffusion equation along the axial direction of the node, 
of each layer in which the FA is divided. And thus a tridimensional distribution (3D) power 
pin can be obtained. The result of the integration of 3D diffusion equation for the two energy 
groups (2G) results in:
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(1)-D^V2̂ " (x,y)+S^1(|)" (x,y) = — ̂ vS^(|)”(x,y)-L"z(x,y)
K eff g=i

and

-D" v 2̂  ( x ,y ) + ^ ( x ;y) = Z ^" (x,y)-  Ln2z (x, y), (2)

where Dg, 1^, vZ" and 2". are the average nuclear parameters that characterize the node n.

L^(x,y)s-L(J2zr(x,y)-J£zi(x,y)) , (3)
a z

is the tenn of transversal leakage, with a" being the height of node n while J^(x,y) and 
,fy(x, y) are the currents in the superior and inferior parts of the node. The transversal leakage 
tenn Lngz (x,y) is approximated as follows:

Lngz(x,y) = D K ^ (x ,y ),g gzT g v (4)

with B” thus determined:g2

Jn _ Tn 
p n  _  '  gzr J gzl

êZ ~~
(5)

The effective multiplication factor (kefr) and the average values J^ , J7, and <|y are obtained

from the coarse mesh nodal calculations. Now, being Zj1 = and using the
definitions:

D„ s
"d ? 0 '

, I n s
" I? o ' , Fn =

'vS?j vl"2" and c|)n(x,y) = f (x ,y )
_ 0 D?_ ytl yll 

__Zj21 ^ 2  _ 0 0 >2(x,y)_
(6 )

The Eqs. (1) and (2) can be written in the following matrix form:

V2 f  (x, y) -  {D'1 [Zn -  - L F n ] } f  (x, y) = 0 . (7)
kefF

The Eq. (7) can be solved analytically knowing the boundary conditions in the node. And. as 
previously mentioned, boundary conditions chosen are four fluxes or average currents on the 
surfaces of the node and fluxes in the four comers of the node. The average current and 
average fluxes on the surface are taken directly from the nodal solution. And, as a result of 
this choice, the average flux at the node, which can be obtained by solving the Eqs. (1) and 
(2) automatically satisfy the nodal balance equation used in the coarse mesh nodal method 
according Joo [6],
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Then, with the choice of eight boundary conditions, the analytical solution of Eq. (7) can be 
determined as follows:

f (x ,y )  = Rnr (x ,y )  =
a" a" £”(x>y)
1 1 _ ^ (x-y)_

(8)

where a" = (Z"2 + (B"z + Áf )D2) / X" and Rn is a similarity transformation matrix that 
diagonalizes the matrix

(9)

such that the modes §"(x,y) and E ̂  f x. y) are solutions of the Helmholtz equation

V2̂ ( x 5y) = ^ ( x , y ) ;  i = l,2 ( 10)

being

—b + -\/b̂ - 4 a c

2a
and =

- b -  Vb2 - 4 a c

2a ( 11)

where:

a = D"D2, b = ( I ^ -  —  vS^)D” +S"D^ and c = ( ^
keflf

_v v n V »  
V Z " f2 - ' 2 1 ' ( 1 2 )

veff veff

Therefore, the general solution of Eq. (10) is the following:

^n(x,y) = c"¡sii(p"x) + c"1cn(p1nx) + c^sn(P1ny) + c"1cn(p1ny) + C s S n (^ x )c n (^ y )  +

B "  R n  R n  R n R n R n
+ c^sn( ̂ j= x)sn( ̂ j= y) + c"cn( x)sn( ̂ j= y) + c*cn( ̂ j= x)cn( ̂ j= y)

(13)

with ()" = J á" I while sn and cn represent functions determined in accordance with the sign

of Á¡", that is.

s n ip »  =
J sen(Pfu) 
|senh(P|'u)

if
if

Á" > 0 
Á" < 0

and cn(Pfu) =
[cos (Pi'll)
I cosh(PI'u)

if Á" > 0 
if ÁÍ1 < 0 '

(14)

Imposing, then the eight boundary conditions, one can calculate the eight coefficients of Eq. 
(13) and thereby determine by Eq. (8), the analytical solution of the Eqs. (1) and (2). This 
solution, as already stated, represents the homogeneous distribution of neutron flux.
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3. DETERMINATION OF FLUX IN THE CORNERS OF THE NODE

The fluxes in the four corners of the node are part of the boundary conditions necessary7 for 
obtaining the analytical solution of the Eqs. (1) and (2). These fluxes are obtained taking into 
account a corner of a node and the nodes that have in common that corner, as shown in 
Figure 1 (b).

lr rr

11 rl

(a)

—n -1  — n -1 — n —n

^ g  'k g x r M V  4>g

— n -1 — n,het — n

M^gyl M’gll M'gy,

— m -1 — m

M V M^gyr

—m -1  — m -1 — m —m

T g x r M V  ^ g

(b)

Figure 1: Definition of the corners of the node (a) and corner common to nodes n, n-
1, m-1 and m  (b).

Figure 1 (a) shows the settings for the four comers of a node, and the average fluxes 
heterogeneous for such comers, are estimated, assuming that the fluxes distributions are 
separable [7]:

<xi (-<><,! (y) (15)

where the one-dimensional fluxes (mÇ ,(x) e i|/"yl (y)) are transversely integrated. Then, the
average flux in the common corner to four nodes is determined by the average of the four 
estimative of the heterogeneous flux in the comers:

-n ,h e t  _  1 ,  f  n M ^ V ^ i  . f  n-1 M & W  , m- l  M ^ ‘mC  . f  m M ^ M ^  
T g J l  — 4  V J-gll + i grl ^ n -1  ' l' 1 grr ^ m -1  i ' i glr }- (16)

where v|/‘iis are tlie average fluxes on surfaces of node, derived from the nodal calculation, to 
u = x,y and s = 1, r . Whereas m, n-1 e m-1 are the nodes that share with the node n its lower 
left corner, as shown in Figure 1 (a).

Remembering that the average values given by Eq. (16) are heterogeneous values and to 
calculate the homogeneous flux distributions is need homogeneous data, obtained by

<PgST
—- n ,h e t  / j ? n  
i gST '  ^  gST (17)
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where the fgnST (to s, x = 1, r ) are the discontinuity factors [8] in the comers of the nodes, 
derived from the homogenization process.

4. DETERMINATION OF COEFFICIENTS

Once known the four fluxes in the comers of the node, according to Eq. (16), it is possible to 
find all eight coefficients of Eq. (13). The data for this may be the four average currents on 
the surfaces of the node or four average fluxes on the surfaces of the node and four fluxes in 
the corners of the same node, noting that it will be shown in the following two ways. Thus, 
keeping in mind Eq. (8) and the fact that

Vgus = ¿ R '( u .v ) d v , I" EEgus
V 0

-Dn—  ü7n (u) 
gd u Tgu

and =<l>g(x",y"), (18)

to u = x, y and s = 1, r with u" = 0 , u" = a" and s.x = 1. r , have, respectively, for the average 
fluxes on the surfaces, average currents on the surfaces and average fluxes in the corners of 
the node as boundary conditions that:

C = R n C ,  ^ C (U )du ~ = -R n DñX  and $ l = K \ (19)

Then, using the Eq. (13) into Eq. (19) one can determine the coefficients of Eq. (13). In order 
to facilitate the calculation we defined the following equations:

Bna
0 = S e= sn(0); C = cn(0); S = sn ( 0 > Í  (\ \

vV2y
and C = cn _ 0_

j
(20)

And making use of such definitions and the average currents as boundary7 condition we have:

rn = ^-er,, = or2 - s^q. ç
1 S - 0 C ’ 2 0S ' 3

eq. cn _ 9 e4 - s~Cg
S-0C  ̂ 4 0S

= ç, - sc;. = q .
sc ’ 6 s2' 7

5 , -sc;. esç4 - ec(r3 +r4)
9SC 0SC2-2CS2

(21)

X

E  - E  -  E  + Ec>tr >̂lr Jll >̂rl rr 1
1 E  -  E  + E  -  EJrr J  lr Jll Jrl

1 1
n i

3̂ 4
E  + E  -  E  -  E

J r r  >̂lr 1̂1 ¿ r l

r 3
r 4

E  + E  + E  + E|_̂>rr ¿ I r 1̂1 r̂lj

a ( l - V  

Q| v  i ,

(22)
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where Q = -1 for cn = cos and Q = +1 for cn = cosh.

But making use of average fluxes on the faces of the node as boundary conditions we have:

C? =
ecr,-Vísç, e(i; 4 - r,) - (ec - V2s)c q ecr4 - ^ s £ 5 

s(ec - Vis) ' ! ec - s ’ 5 s(ec - s) ’
, _ efe-r,)-(ec-V2 s)c q _ j^scy ^  . 

4 ec - s ’ 5 sc ’ 6 s2 ’
r n _ ^ - s c * .  

7 '  sc  5
C" -

(ec + s)ç4 - ec(r1 + r3)
(ec - V2s)cc + (sc - V2sc)c

(23)

and

X
E . ■ E . " E  + EJrr ^>lr T>11 T>rl rv

E  + EJ xr T? xl

1E  ■ E , + E  " EJ rr ^>lr >̂11 >̂rl r2 2 E  - ETJ xr J xl
4

E  + E  - El  " E^>rr ^>lr >̂11 >̂rl
r 3
r4

0 E  + E*̂ yr yl

X E  + Ê  + Ê  + ÊL ^rr ^>lr T>11 T>rl_ l  - l^>yr T)yl

(24)

5. PRESENTATION OF THE BENCHMARK EPRI-9

The EPRT-9 benclunark is a small reactor PWR [9], with a quarter geometry of the core and 
zero flux condition on the boundary. The active core height is 120 cm, top and bottom 
reflector also water with 20 cm each, totaling 160 cm. The reactor was divided into 160 
divisions of 1.0 cm each.

It has eight FAs surrounded by a baffle 2.8 cm of thickness and water reflector without 
control rods inserted, and two types of FAs (Cl, C2) having different enrichments. The FAs 
this problem have 15x15 fuel cells of 1.4 x 1.4 cm2 each. Figure 2 shows this reactor, 
together with the detailed shape of each fuel assembly present.
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21.0 cm

(a) H Water (b) □ Fuel

Figure 2: Configuration to a quarter symmetry of the benchmark EPRI-9 (a) and the
heterogeneous geometry of the FAs (b).

Table 1 shows the nuclear data for different types of cells that compose the FAs.

Table 1: Heterogeneous nuclear data.

Types groups S ag ( cm 1) 2 sg ( cm 1) D g ( c m ) v ^fg (cm ')

C 1
1 0.0130 0.0200 1.5000 0.0065

2 0.1800 0.0000 0.4000 0.2400

C 2
1 0.0100 0.0200 1.5000 0.0050

2 0.1500 0.0000 0.4000 0.1800

Baffle
1 0.0032 0.0000 1.0200 0.0000

2 0.1460 0.0000 0.3350 0.0000

Water
1 0.0010 0.0350 1.7000 0.0000

2 0.0500 0.0000 0.3500 0.0000

The reference results for the benchmark were obtained with a finite-difference program (FD) 
using the nuclear data of Table 1, with an eighth symmetry of the core. Each fuel cell has 
been divided into 5x5 meshes with 0.28 cm each, while the core is axially divided into 160 
plans 1.0 cm thick, totaling 7,224,000 meshes. The heterogeneous flux distribution pin to pin 
on each FA was calculated with the active core divided into 120 plans and replicated to 
quarter symmetry. The convergence parameters used to calculate the effective multiplication
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factor and neutron flux were, respectively, 10 7 and 10 "6. The computational time and 
number of iterations were 32216 seconds and 15492, respectively.

The FAs and baffle with reflector were homogenized and nuclear parameters obtained 
(average cross sections, discontinuity factors and form functions) were used in the 
calculations nodal.

Part of the results for this benchmark is presented in the next section together with the results 
obtained with the proposed method for reconstruction pin to pin the of the nuclear power 
density distribution.

6. PRESENTATION AND ANALYSIS OF RESULTS

In this section we present the results for the reconstruction of power and its comparison with 
a reference solution for the benclunark presented in the previous section. This reference was 
previously generated in order to evaluate the performance of the analytical method for 
reconstruction pin to pin of the nuclear power density distribution, proposed in this paper (as 
shown in section 4).

Using the homogenized nuclear parameters [10], the average values were obtained using the 
nodal method NEM with 2x2 nodes by FA and coarse mesh in the axial direction 
(24cm). Table 2 shows the multiplication factors found by the calculations of reference (fine 
mesh) and nodal (coarse mesh), and the relative deviation percentage between them and 
Table 3 shows the average power in each FA (shown in Figure 3 (a)) found both with the 
average powers of the fine mesh calculation (FD) as the nodal calculation (NEM). Moreover, 
we also show the relative percentage deviations between them.

Table 2: Multiplication factors and deviation. Table 3: Average powers and deviation.

Mesh K e f f Error (%)

Fine 0.903609
- 0.004

Course 0.903573

0.852 0.613 FD
0.851 0.609 NEM
-0.06 -0.72 Error(%)
1.214 1.211 0.613
1.217 1.209 0.609
0.23 -0.18 -0.72
1.431 1.214 0.852
1.438 1.217 0.851
0.45 0.23 -0.06

Observing Table 3, making use of homogeneous nuclear parameters, the nodal calculation 
program reproduces very well the multiplication factor and average power at FA. The 
average values calculated with program NEM were collapsed to 1 node by FA and with these 
average values and homogeneous nuclear parameters was obtained the pin power distribution 
using the analytical reconstruction method proposed here.
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Figure 3 shows the positions of the FAs and the divisions in the axial direction of the reactor, 
to better understand the analysis results. As this core has one-eighth symmetry, only the 
results are presented for FAs 1, 2, 3, 5 and 6. For comparison, the results of reference were 
collapsed for 7 divisions shown in Figure 3 (b) and use the relative deviation percentage for 
calculating the errors.

Reflector

7 8

4 5 6

1 2 3

Figure 3: Positions of FAs (a) and axial divisions (b).

In Figures 4 and 5 are presented for each FA and each axial division the power of reference 
and reconstructed in the pins where the greatest percentage relative deviations occur. 
Moreover, are also shown in these figures, the maximum deviation in the FAs and the 
location (row? and column), where this deviation occurs.
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Figure 4: Maximum deviations in the pin power distribution, making use of the average
currents on the faces as boundary conditions.
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Figure 5: Maximum Deviations in the pin power distribution, making use of average 
fluxes on the faces as boundary conditions.

By analyzing the results shown in Figures 4 and 5, it can be seen, distinguishing the use of 
currents and fluxes on the surfaces of the nodes as boundary conditions, respectively, for FAs 
localized within the core of the maximum deviation values are approximately 2% for both 
cases. And as for the FAs in position 6 located at the periphery of the core, there is a 
substantial increase of the maximum deviation with values of 9.9% and 11.8%. Note also that 
for FAs in positions 3 and 5, which are also located on the periphery, that the maximum 
deviations are 3.4%. 2.7% and 3.5% and 2.8%. This decrease in the deviation occurs because 
the FA at position 3 have only one face to the region of the baffle with reflector and the FA in 
position 5 have only one comer facing this region, unlike the FA at position 6 which has two 
faces turned to the region of the baffle with reflector.

However, another observation that can be seen in figures 4 and 5, the differences in the pin 
powers where the largest deviations are found, these differences are very small and are 
around 0.02 for FAs located within the core. 0.03 for FAs in positions 3 and 5 and 0.04 for 
FA at position 6. Such small differences when compared with higher reference values 
generates low percentage errors, since the opposite occurs when compared with low reference 
values, which is the case from the periphery of the core.

In Figure 6 are presented the relative errors in the power distribution of each pin to the axial 
division 2, division where the largest deviations occur, distinguishing the case where the 
currents and average fluxes on the surfaces were used as boundary7 conditions along with each 
pin location. Note that these figures represent the detailed deviations of FAs.
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I

(a)

Figure 6: Relative errors in the pin power distribution for axial division 2, making use 
of the average currents on the surfaces (a) or the average fluxes on the surface (b) as the

boundary conditions.

■

'

Figure 7: Pin power distributions reconstructed using as boundary condition the 
average current (a) or the average fluxes (b) and reference (c) for the axial division 2.
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As shown in Figure 7, the pin power distribution detailed for axial division 2 , division where 
the largest deviations occur, are well planned for the two cases of boundary conditions. Also 
observed abrupt changes in power pins located in FAs in the periphery of the core due to 
strong absorption in the region of the baffle and the proximity to the reflector, making it very 
difficult to calculate a good estimation for the boundary conditions in these 
interfaces. Generating high deviations in these pins and tins is a problem observed in most 
power reconstruction schemes.

Such abrupt changes can be observed in another way in Figure 6, which shows the deviation 
in power distribution of each pin to the axial division 2, which have high values of positive 
and negative deviations in the row and column 30, explaining the fact that the distribution of 
power generated by reconstruction in this region suffers variations disordered due to the fact 
that there is no good homogenization for this region. It is also observed that the pins to the 
FAs 1 and 2, the maximum deviation pins are surrounded by water holes. One can draw 
attention to the fact that the majority of the pins percentage errors were below 1%.

As for the FAs at positions 3, 5 and 6, FAs located in the periphery of the core, the largest 
deviations are pins near the sides facing the baffle, but with lower errors for pins distant these 
faces.

It is noteworthy that the largest deviations are pins located in the divisions near the upper and 
lower reflectors because these pins are located in FAs that have one more side facing the 
reflector, and the two sides facing the baffle.

7. CONCLUSIONS

The present study aimed to investigate the efficiency and precision of the analytical method 
for reconstruction of the nuclear power density distribution. We obtained satisfactory results 
using this method with data from a high-level nodal method. These results when compared to 
the reference show that the relative errors for power distribution have good accuracy. Given 
these numerical results it can be concluded also that the power reconstruction method was 
able to achieve a good estimate of power value for the heterogeneous FAs located in the inner 
core. Proving that this analytical method can be recommended for reconstruction pin to pin of 
the power nuclear.

The major motivation has been attributed to use of an analytical reconstruction method needs 
to correspond designs currently required calculations, such as calculations in the execution 
speed and accuracy. We developed a computational modeling with the intention of obtaining 
accurate results, checking if they are relevant to the research and if the software could be 
used for a possible application. We had some difficulties, because during the calculations, the 
results found so far generated percentage relative deviations higher than expected in the 
heterogeneous distribution of thermal fluxes to the FAs near the baffle and reflector, also 
causing high deviations in the distribution of power in the same positions in FA. And it was 
not acceptable for a project of this level. After several attempts, applying the method 
homogenized data found in different articles, we arrive at more accurate answers, using the 
homogenized nuclear parameters of reference [10], knowing that they still can be improved 
by applying a better homogenization of the nuclear parameters region of the baffle and 
reflector for calculating nodal. Future can refine this method by calculating the boundary
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conditions at the comers of the nodes more accurate and better treatment for the transversal 
leakage term [1 1 ],

The tests were performed on a computer whose processor is an Intel core 2 duo with 2.5 GHz 
processing. 4GB of RAM and Windows 7 Ultimate platform. And the computational time 
spent during the reconstruction process, was below one second, showing that this method has 
great speed in the execution of the calculations.

We can make use of this method for calculations reconstruction pin to pin of the power 
seeking their application in reactor safety analysis and conclude that the reconstruction 
method proposed in this paper, reconstructs the distribution of power density in the reactor 
FAs, with good accuracy.
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