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ABSTRACT 

 
Fracture probability of pressure vessels containing cracks can be obtained by methodologies of easy 
understanding, which require a deterministic treatment, complemented by statistical methods. However, more 
accurate results are required, methodologies need to be better formulated. This paper presents a new 
methodology to address this problem. First, a more rigorous methodology is obtained by means of the 
relationship of probability distributions that model crack incidence and nondestructive inspection efficiency 
using the Bayes’ theorem. The result is an updated crack incidence distribution. Further, the accuracy of the 
methodology is improved by using a stochastic model for the crack growth. The stochastic model incorporates 
the statistical variability of the crack growth process, combining the stochastic theory with experimental data. 
Stochastic differential equations are derived by the randomization of empirical equations. From the solution of 
this equation, a distribution function related to the crack growth is derived. The fracture probability using both 
probability distribution functions is in agreement with theory, and presents realistic value for pressure vessels.  
 
 

1. INTRODUCTION 
 
In PWR pressure vessels, the fracture mechanisms are basically associated with the effects of 
crack incidence and crack growth, of which the practical result is the reduction of mechanical 
strength of the metal. The uncertainties that are presents in the physical phenomena must be 
treated by statistical approaches in fracture analysis. Johnston [1] has considered in this 
analysis three important events: the crack incidence, nondestructive reliability, and the crack 
propagation. 
 
Lees [2] has affirmed that approaches of easy understanding of the failure in pressure vessels 
requires deterministic treatment, complemented by statistical methods. Thomson [3] has 
proposed a method for calculating the fracture probability of pressure vessels based on the 
occurrence of three independent events: crack incidence, non-detection of cracks, and critical 
crack growth. The fracture probability is obtained by multiplying the probability of each one 
event.  
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In order to obtain a more rigorous result of fracture probability, we use the Bayes’ theorem to 
update the crack incidence distribution, considering the reliability of the nondestructive 
inspection (NDI). This implementation is an important improvement in the Thomson 
methodology. Another improvement is obtained by using a stochastic approach for crack 
growth modeling. Kozin and Bogdanoff [4] have considered several probabilistic models for 
crack growth process, and the stochastic models could better adjust the experimental data. In 
this model, the statistical variability of the crack growth is expressed by random functions 
that allow to introduce conveniently the uncertainties in governing equations.  
 
Thus, the improved methodology becomes more rigorous and realistic by updating the crack 
incidence distribution and solving a stochastic crack growth equation. The performance of the 
methodologies can be checked in an example case. 
 
 

2. PROBABILISTIC APPROACHES 
 
In this section we present the improvement on the Thomson methodology, using the Bayes’ 
theorem and stochastic modeling.  

2.1.  Thomson Methodology 
 
Thomson has proposed a methodology based on the probabilistic fracture mechanics for 
predicting the structural reliability of pressure vessels. In this methodology, three probability 
are considered: 
 
1) The probability that a initial crack size between x0 and x0 +dx0 will be present, a(x0); 
2) The probability that a crack will not be detected by NDI, B(x0); and 
3) The probability that a crack will grow to a critical size xc before the next inspection, C(x0). 
 
Then, the fracture probability of a pressure vessel at the next inspection is given by  
 

PF = a(x0 )B(x0 )C(x0 )dx00

xc! . (1) 

 

2.2. Bayes’ theorem 
 
The nondestructive inspection is performed in order to prevent the potential fracture of 
pressure vessels. The Bayes’ theorem [5] is used to update the crack incidence distribution 
after the realization of the inspection. The updated crack incidence is obtained by 
 

aupdated (x0 ) =
a(x0 )B(x0 )

a(x0 )B(x0 )dx00

xc!
, 

(2) 

 



INAC 2013, Recife, PE, Brazil. 
 

where aupdated(x0) is the updated crack incidence distribution. Thus, the improved 
methodology for the fracture probability is given by 
 

PF =
a(x0 )B(x0 )

a(x0 )B(x0 )dx00

xc!
C(x0 )dx00

xc! . 
(3) 

 
In Eq. (1) the crack incidence is obtained a priori of the inspection, while in Eq. (3) the crack 
incidence is known a posteriori of the inspection.   

2.3.  Stochastic model 
 
The stochastic model provides realistic results for predicting the fracture probabilities caused 
by crack growth. Zhang and Wang [6] have proposed a stochastic model by combining the 
stochastic theory with experimental data. This model is constructed through the 
randomization of Paris-Erdogan equations, 
 

dx
dt
= X (t)C!Km , 

(4) 

 
where X(t) is a random process function, C and m are empirical constants, and ΔK is the 
stress intensity factor range. The stochastic equation can be simplified by taking the 
following transformation: 
 

Y (t) = X (t ')dt ' = dx '
C!Kmx0

x

"0

t

" . 
(5) 

 
The random process Y(t) can be approximated by 
 

dY (t) = µX dt +! X dB(t) , (6) 
 
where µX and σX are the mean value and standard deviation of the X(t), respectively, and B(t) 
is the Wiener stochastic process. Then, the solution of the Eq. (6) is given by 
 

V (t) =Y (t)!Y (t0 ) =
1

C"Km(1!m 2)
(x1!m/2 ! x0

1!m/2 ) . 
(7) 

 
Finally, the probability that a initial crack size will grow to a given crack size, in time interval 
t, is given by the following density function 
 

f (x | x0 ,t) =
1

!V 2"
exp ! 1

2
V (t)!µV

!V

"

#
$$

%

&
''

2(

)

*
*

+

,

-
-
dV
dx

. 
(8) 

 
where µV and σV are the mean value and standard deviation of the V(t), respectively. 
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3. EXAMPLE PROBLEM 
 
Consider a PWR pressure vessel in which nondestructive inspections are performed at two-
years intervals. This pressure vessel is subject to a stress cycle of constant amplitude equal to 
20 MPa with a frequency of 0.001 Hz. Calculus of fracture mechanics gives a critical crack 
size of xc = 55.7 mm. 
 
Lidiard [7] has presented an as-fabricated crack size incidence distribution given by  
 

a(x0 ) = 0,16e
!0,16x0 . (9) 

 
According to PISC report [8], the non-detection probability of crack size x0 is given by 
 

B(x0 ) =1!"
ln x0 !3,135
0,667

#

$
%

&

'
( , 

(10) 

 
in which !(.)  denotes the standardized-normal distribution function. 
 
By the regression analysis in Temple [9], the mean crack growth rate for PWR pressure 
vessels is 
 

dx
dt
= 6,65!10"5#K1 . 

(11) 

 
The relationship of crack growth rate with stress intensity factor amplitude from an 
experimental procedure [10] has provided the following statistics of the random process X(t): 
  

µX =1,03 , (12) 

! X = 0,273 . (13) 
 
Using the Eq. (8), the probability that a crack size x0 will grow to critical size xc before the 
next inspection interval t is 
 

C(x0 ) =1! f (x | x0 ,t)dxx0

xc" . (14) 

 
Finally, the fracture probability of a pressure vessel after two-year inspection interval using 
the Eq. (3) is PF =1,96!10

"5 . The order of magnitude of this result is in agreement with 
estimations from the literature. For example, Wannenburg [11] has appointed the value of 
5!10"5 / year  as a failure rate limit for pressure vessels. 
 
The new approach of the Eq. (3) is more rigorous than that of Eq. (1), since the probability 
curve converges asymptotically to unit value as time tends to infinity. This behavior is not 
noted when using the Eq. (1). The figure 1 shows both probability curves along the time. 
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Figure 1: Probability curves using a priori and a posteriori crack incidences. 

 
 

4. CONCLUSIONS  
 
The result of the fracture probability for PWR pressure vessels using the Bayes’ theorem is 
mathematically more rigorous than the original Thomson methodology, and the stochastic 
model for crack growth allows that the uncertainties from the experimental data be 
incorporated more realistically in the Paris-Erdogan equation.  
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