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1. Introduction 

 

 Uncertainty and sensitivity analyses, associated to best-estimate calculations become 
paramount for licensing processes and are known as BEPU (Best-Estimate Plus Uncertainties) 
methods. A recent activity such as the BEMUSE benchmark1 has shown that the present methods are 
mature enough for the system thermal-hydraulics codes, even if issues such as the quantification of the 
uncertainties of the input parameters, and especially, the physical models must be improved2

1 BEMUSE Phase VI Report: “Status report on the area, classification of the methods, conclusions and recommendations”, 
OECD/NEA/CSNI/R(2011)4, March 2011. 

. But CFD 
codes are more and more used for fine 3-D modelings such as, for example, those necessary in dilution 
or stratification problems. The application of the BEPU methods to CFD codes becomes an issue that 
must be now addressed. That is precisely the goal of this paper. It consists of two main parts. In the 
chapter 2, the specificities of CFD codes for BEPU methods are listed, with focuses on the possible 
difficulties. In the chapter 3, the studies performed at CEA are described. It is important to note that 
CEA research in this field is only beginning and must not be viewed as a reference approach 

2 T. Skorek, A. de Crécy, “PREMIUM – Benchmark on the quantification of the uncertainty of the physical models in the 
system thermal-hydraulic codes”,  OECD/CSNI Workshop on Best Estimate Methods and Uncertainty Evaluations, 
Barcelona, Spain, November 2011.  
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2. Uncertainties in CFD: generalities 

2.1.  The sources of uncertainties in CFD 

Theoretically, the sources of uncertainties are the same for CFD codes as for system codes.  
But for system codes, the uncertainties of the physical models, the boundary and initial conditions and 
the material properties are generally the most important ones, and consequently other uncertainties 
such as those related to discretization of the equations are neglected. That is not the case for CFD 
codes. A possible list of the uncertainties to be considered is given below (see also chapter 2 of  3

− The uncertainties related to discretization, sometimes called “numerical errors”. They are the 
differences between solutions of the exact equations and the discretized equations. In 

). 
They are: 

3, the 
authors distinguish the “spatial discretization errors”, coming from the discretization of the 
spatial derivatives, the “time discretization errors” coming from the discretization of the 
derivatives versus time, the “iteration errors” depending on the value of the residuals and the 
round-off errors. Richardson’s method, quoted in 3

− The simplification of the geometry. The geometry of the different parts of a reactor is complex 
and miscellaneous and consequently its precise description is not always possible. More 
precisely, one can distinguish: 

, makes it possible to know the numerical 
errors, by using 2 or 3 more or less refined meshings and by knowing the order of the different 
numerical schemes. Nevertheless some conditions must be fulfilled for its application: the 
behavior of the output with respect of the size of the cells must be of polynomial type, and the 
use of different schemes must not lead to bifurcations, in other words the solution must be 
stable.  

o The non-controlled errors; 
o The errors coming from a voluntary simplification in order to avoid numerical 

problems or too long calculations, for example for the description of the wire-wrapped 
fuel rods in reactors of SFR type; 

o The use of a porous medium for some volumes. 
− The uncertainties related to the physical models, also called “modeling errors”. These 

uncertainties are of two kinds: 
o The uncertainty of the constants of the models. One can quote for example the 5 

constants: C1, C2, Cµ, Prk and Prε
o The choice among different models: for example the different models of turbulence 

(RANS: k-ε or k-ω, LES, etc.), making or not a hypothesis of non-compressibility, 
physical amounts such as viscosity or conductivity depending or not on temperature, 
etc. 

 of the k-ε model;  

− The initial and boundary conditions. Taking them into account can be more difficult than for 
the system codes. For example, an experiment will provide only flow rates as boundary 
conditions whereas the code uses velocities: a hypothesis must be made for the density. 
Another difficulty is that hypotheses must be done for the inlet profiles: flat, parabolic, 
logarithmic, etc. Besides CFD codes need to give a turbulence rate at the inlet, and its 
definition is often arbitrary. 

− The user’s effect. As explained above, it is present for a lot of sources of uncertainties: choice 
of the numerical schemes, geometrical modelling, choice of the physical models, description 
of the initial and boundary conditions. Another origin of the user’s effect is the analysis of the 
results: the users can consider a non-converged solution or not completely master the post-
processing tools.  

3 European Commission, 5th Euratom Framework Programme 1998-2002, ECORA, Contract n°FIKS-CT-2001-00154, F. 
Menter et al., “CFD Best Practices Guidelines for CFD Code Validation for Reactor-Safety Applications”, February 2002. 
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− Software errors. They include both “bugs” and mistakes in the documentation. Such errors are 
generally considered as negligible. 

 

2.2. The difficulties specific to CFD codes 

 

The first difficulty specific to CFD codes  is the CPU cost of a code run, generally higher by 
far than the cost of a run performed with a system code. 

Another difficulty comes from the large variety of the modeled objects, which correspond to 
different parts of a nuclear reactor.  

But the main difficulty comes perhaps from the large variety of uncertainty sources, described 
in §2.1. In particular, it seems compulsory to consider a new type of input variables, the so-called 
categorical variables (which can be present for system codes, but are rarely taken into account). 
Discretization schemes are a typical example of such variables: for instance, the user has different 
choices for the time scheme: explicit Euler, Runge-Kutta order 3, Cranck-Nicholson, etc. These 
different choices correspond with different “levels” of the variable “time scheme”, which are neither 
numerical, nor continuous. Consequently this variable requires a specific treatment, especially for 
sensitivity analysis.  

Using an approach based on the propagation of the uncertainty of the input parameters (as for 
system codes) poses the question of the quantification of these “input” uncertainties. This question is 
already difficult for system codes, especially for the physical models, and that is why the PREMIUM 
benchmark2

For the first kind of uncertainties, expert judgment is rather difficult to apply. Indeed an expert 
can have an idea of the range of variation of a physical model in a system code, because he has a 
representation of the associated physics, even if it is approximate. That is more complicated for 
constants of turbulence models or wall laws. Besides, statistical methods of inverse quantification of 
uncertainties such as those expected in PREMIUM benchmark

 is launched. But it is more difficult for the CFD codes for the reasons detailed in both 
following paragraphs. As explained in §2.1, the modeling errors, i.e. related to the physical models are 
of two kinds: i) uncertainty of the constants of the models, ii) choice of the models.  

2

The second kind of uncertainties: “choice of the models” is described via the use of 
categorical variables. The quantification of the uncertainty of the categorical variables (for the choice 
among different physical models, but also among different discretization schemes) is a difficult issue, 
not yet solved nowadays. It must be performed by giving a probability to each level of the variable. 
Without any information, the hypothesis of equiprobability can be made. In the opposite case where 
the user has more confidence in a level than in another one, this quantification becomes very arbitrary.  

, can also be theoretically used. But 
such methods require having experiments with few influential physical parameters. Such experiments 
exist in CFD but correspond to very specific configurations: plane channel, homogeneous isotropic 
turbulence for example. There are also more sophisticated experiments (jets, plumes, flows with 
obstacle, etc.), but this time all the physical parameters are influential together.  

Nevertheless, at least for numerical schemes, this issue is less relevant if the calculation is 
mesh-converged: in this case, all the schemes are equivalent. But the notion of converged calculation 
is not always obvious and involves an increase of the CPU cost.  

In other methods, not based on the propagation of the “input” uncertainties, the user considers 
several experiments at different scales, devoted to the same transient as that considered for uncertainty 
analysis (e.g. Pressurized Thermal Shock in the reactor case). The accuracy of the output, i.e. the code-
experiment difference, is estimated for these different experiments and extrapolated to the case for 
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which uncertainty analysis has to be done. The extrapolated value of the accuracy represents the 
desired uncertainty. Even if it is not clearly written, these methods seem close to the UMAE developed 
by University of Pisa for system codes4

3.         The studies performed at CEA 

. The advantage of such methods is that the notion of sources 
of uncertainties is no more considered and the difficult issue of quantifying their uncertainty is 
avoided.  A drawback is that it requires having at its disposal a lot of experiments at different scales 
for the same kind of transients. In addition, the method used to extrapolate the accuracy is not clearly 
defined. Another difficulty comes from the need to take into account the experimental uncertainty of 
the output considered for the different experiments, because, contrary to the system codes, the 
accuracy is often of the same magnitude as the experimental uncertainty. Finally, it is important to 
note that such methods do not provide sensitivity measures, unlike methods based on propagation of 
“input” uncertainties.  

3.1. Introduction 

 

The CEA approach is based on the propagation of the uncertainty of input variables, of real or 
categorical type. Two studies were performed, both devoted to the treatment of the categorical 
variables. The considered cases are in 2-D and with monophasic flow. The CPU time per code run is 
short, no more than two hours. The list of the uncertain input variables was established in order to be 
plausible, but without being exhaustive. Ranges of variation for real input variables were arbitrarily 
defined; the levels of the categorical variables were considered as equiprobable. In both cases, 
experimental data are not considered. These studies are only aimed at defining the methods to take 
into account the presence of categorical variables.  

These 2 studies were carried out with the CFD code Trio_U5

 

, developed by CEA.   

3.2.  First study: deterministic approach based on analysis of variance 

 

The first obvious difficulty due to the presence of categorical variables is the sensitivity 
analysis. Indeed, as categorical variables have not real values, classical measures such as correlation or 
regression coefficients6

The first study

 cannot be used.  
7

4 F. D’Auria, N. Debrecin, G. M. Galassi, “Outline of the Uncertainty Methodology based on Accuracy Extrapolation 
(UMAE)”, Journal of Nuclear Technology, Vol. 109, No. 1, pg. 21-38, 1995.  

, performed at CEA and funded by IRSN, tackles only this issue. The studied 
case is air at 50°C entering a rectangular channel with obstacle as shown in figure 1. The inlet velocity 
has a linear profile: low at the bottom of the channel, higher at the top. The flow is laminar (Re ≈ 500). 
The CPU cost is low, around 15 mn per code run, for 125 meshes along the x-axis and 100 meshes 
along the y-axis. The output is chosen because it is the most sensitive one: it is the standard deviation 

 
5 C. Calvin, O. Cueto, P. emonot, “An object-oriented approach to the design of fluid mechanics software”, 
Mathematical Modelling and Numerical Analysis, 36 (5), 2002.  
6 A. Saltelli, K. Chan and E.M. Scott, “Sensitivity Analysis”, Wiley series in Probability and Statistics, Wiley 
(2000). 
7 A. de Crécy, “CFD codes : Analysis of variance in the case of a 2-D flow with obstacle”, Technical meeting 
IAEA-OECD (NEA) on Application of deterministic Best Estimate safety analysis, Pisa, Italy, September 21-25, 
2009.  
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of the pressure behind the obstacle, on the symmetry axis, calculated during the time interval [80, t] s, 
80s being the time of stabilization of the calculation.  

 

20B 5B 

8B 

x 

y 

B 

Figure 1: Geometry of the considered case in the first CEA study: channel with obstacle 

 

Eight input variables are considered: real variables such as entering mean velocity or 
viscosity, but also three categorical variables which are the time scheme, the convection scheme and 
the pressure solver. The levels of these variables are indicated in table 1. The uncertainty on the 
meshing is also taken into account with 3 levels: the reference meshing with 6 cells along the obstacle, 
a coarse meshing with 5 cells along the obstacle and a fine meshing with 7 cells along the obstacle. 
For each case, all the cells have the same size inside the channel; consequently and for instance, all the 
cells are smaller in the fine meshing than in the reference meshing. 

 
Table 1: Categorical variables for the case “flow with obstacle” 

 
Description of the variable  Number of 

levels 
Numbering of 
the levels 

Description of the level 

Time scheme 4 1 Explicit Euler  
2 Runge-Kutta order 3 
3 Cranck-Nicholson 
4 Implicit diffusion 

Convection scheme  3 1 Quick 
2 Centered order 4 
3 Centered order 2 

Pressure solver 4 1 PCG (Preconditioned 
Conjugated Gradient) 
threshold 10

2 

-6 
PCG threshold 10-5 
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3 PCG threshold 10
4 

-8 
Cholesky 

In this study, classical tools of Analysis of Variance (ANOVA) are used. The interest is that 
commercial softwares of ANOVA know how to deal with categorical variables, because such 
variables are usual in industrial problems. The approach is the following: 

− One model between the output y and the inputs is supposed. In our case, a second order 
polynomial model is chosen. It includes quadratic effects for the real variables and all the 
interactions of order 1, for both real and categorical variables. 

− The Design Of Experiments (DOE) corresponding to the model is generated. We have chosen 
a D-optimal DOE. It is important to note that this DOE is purely deterministic: only the ranges 
of variation of the real variables are used, with a large majority of the points at the boundaries 
of these ranges of variation and only few points at their center: no function of density is 
necessary. The categorical variables are sampled by assuming an equiprobability of their 
levels. 125 code runs are performed with Trio_U.  

− The polynomial regression is built with the 125 points of the DOE. Finally results of ANOVA, 
i.e. the contribution of each effect (linear, quadratic or interaction) to the total variance of the 
output is obtained.  These results, for example: “The viscosity explains 3.7% of the total 
variance or the numerical schemes considered together explain roughly 25% of the total 
variance”, can be viewed as sensitivity analysis results.  

The way of doing for obtaining regression coefficients for the categorical variables is as 
follows. Each categorical variable with n levels is replaced by (n-1) real coded variables, the values of 
which are equal to 1, -1 or 0, as explained below for the pressure solver. Let us denote it as X. It has 4 
levels (cf. table 1). Three real coded variables, denoted as X1, X2 and X3

 

 are associated to it, according 
to the table 2.    

Table 2: Principle of the coding of the categorical variables 

 
Levels of the variable X : pressure solver  Value of X Value of X1 Value of X2 
PCG threshold 1.10

3 
1 -6 0 0 

PCG threshold 1.10 0 -5 1 0 
PCG threshold 1.10 0 -8 0 1 
Cholesky -1 -1 -1 

The variable X being replaced by the 3 variables X1, X2 and X3, 3 regression coefficients x1, x2 
and x3 are estimated by usual techniques of regression by least squares.  When X is at the level 1 (PCG 
threshold 1.10-6), the effect of X is equal to x1, when X is at the level 2, its effect is equal to x2, idem 
for the 3rd level. Finally, if X is at the forth level (Cholesky), its effect is equal to x4 = -x1-x2-x3

This coding, which is not the only one possible, enables to take into account categorical 
variables for the determination of the regression and for ANOVA. If the DOE is orthogonal, the 
formula giving the part of variance explained by a categorical variable X is: 

.   

Contribution of X to the total variance =  , with: 

o n: the number of levels of X 
o pk
o x

: the probability of the level k 
k: the regression coefficient of the kth coded variable 
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If the DOE is not orthogonal, as it is the case for a D-optimal design, approximations exist for 
the estimation of the contribution of each categorical variable X (cf. 8

At the end of this study, the issue of sensitivity analysis with categorical variables is 
considered as being solved. The used approach with the coded variables has nevertheless the drawback 
to increase the number of regression coefficients to be estimated.  

).  

In addition, as written before, the used approach is deterministic. The 125 performed code 
runs do not enable to have directly uncertainty analysis results because the points of the DOE are not 
sampled according to the probability density function (pdf) of the input variables. Nevertheless, a 
probabilistic approach can be used by considering the polynomial regression: the input variables are 
sampled a very large number of times according to their pdf, the value of the output being at each time 
calculated by using the regression. Order statistics can then be used to derive percentiles and 
consequently performing uncertainty analysis. Sobol’s indices8

3.3.   Second study: probabilistic approach 

 can also be used, always with the 
regression, in order to have sensitivity measures. These probabilistic methods have however the 
drawback to consider the regression instead of the CFD code itself. Metamodels more sophisticated 
than the polynomial one can be considered, provided that they are able to take into account categorical 
variables: one can quote, for example, neural networks or kriging.  

This time, a probabilistic method close to that often used for system codes and based on 
propagation of the uncertainty of input parameters1

The considered physical case cannot be described, for confidentiality reasons, according to a 
request of IRSN, which funded the study. Nevertheless, the main features of this case can be quoted 
and are: stationary calculation and turbulence described via a k-ε model. One reminds too that it is a 2-
D case, in monophasic, as already written in §3.1.  

 is used. For sensitivity analysis, at least two 
methods are tested, including a method close to that developed in the first study, but by considering 
only a first order regression. 

Anyway, the foremost is the method developed for this study, which is detailed below. Among 
the considered outputs, there are two scalar quantities: the first one is simple since it is a temperature 
at a given point and a given time; the second one is more complex since it is a maximum value of the 
temperature profile at a given time. 24 input variables are of real type: for instance, boundary 
conditions, physical properties of the fluid, constants in the k-ε model, etc. There are only 3 
categorical variables. The first one is related to the initial conditions with 3 possible levels 
corresponding with 3 different configurations, the second one is the time scheme with also 3 levels 
and the last one is the type of boundary condition at the outlet with 2 levels: imposed pressure or 
imposed pressure gradient. Like in the first study presented in §3.2, more attention was paid to the 
applicability of the method than to the definition of the uncertain input parameters and the 
quantification of their uncertainty. In particular, only input variables which can be easily modified 
from the input data deck are considered. 

Uncertainty analysis is usually performed by using order statistics. And just to apply them, 
there is only one hypothesis, which concerns the probability density function (pdf) of the output: it 
must be continuous, in other words the different values of the output obtained by sampling the input 
variables must be all different. The presence of categorical variables introduces a certain degree of 
discontinuity of this pdf. More precisely, if there were only categorical variables, the pdf would be 
“perfectly discontinuous”, with a succession of peaks, each of them corresponding to the value of the 
output for a given combination of the levels of the categorical variables. With the mixing of 

8 I.M. Sobol, “Sensitivity estimates for non linear mathematical models”, Mathematical Modelling and Computational 
Experiments, 1, 407-414, 1993.  
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categorical and real variables, the pdf of the output is smoother. Nevertheless, it seems possible to 
have the case, where, for a given level of a categorical variable, the continuous real input variables 
have no effect. Consequently, each time that this level is sampled, all the values of the output are 
strictly equal. Such a theoretical case is illustrated in figure 2, for an output of temperature type: there 
is a discontinuity when the temperature is equal to 1000°C.  

 

 
Figure 2: An example of discontinuity of the pdf of the output, resulting from the 

presence of categorical variables 

In the figure 2 (on the right), it is apparent that the value of the temperature equal to 1000°C 
corresponds to any probability between 70% and 85%, which is a somehow difficult situation for 
uncertainty analysis. 

One out of the goals of the study presented in this §3.3 is to check that this situation does not 
occur. Consequently, the 24 real and the 3 categorical input variables are sampled according a SRS 
(Simple Random Sampling) DOE. This sampling takes into account the pdf of the real inputs, whereas 
a hypothesis of equiprobability is made for the levels of the categorical variables. 100 code runs of 
Trio_U are performed. One checks that, for each output, two strictly equal values are never obtained. 
As a consequence, order statistics can be used without problem: quantities such as 2.5% and 97.5% 
percentiles can be derived. However, this promising result is perhaps due to the low proportion of 
categorical variables among all the input variables and must be checked in other studies.  

The values of the scalar outputs obtained with the 100 code runs are also used for sensitivity 
analysis. A first method similar to that presented in §3.2 is used, each categorical variable with n 
levels being replaced by (n-1) coded real variables. But this time, the considered regression is of linear 
type, the DOE is simply SRS, and takes into account the pdf of the inputs. 

A second method based on coefficients of correlation is used. The definition of the 
contribution of each input to the total variance of the output is different depending on the nature of the 
input, real or categorical. For the real variables, let ρ be the coefficient of correlation of the X real 
input parameter with the output y. The contribution of the X parameter to the total variance of y is 

equal to , where  is the empirical variance of y. The categorical variables are 
treated with the following method. Let X be a categorical variable, with n levels. Let ek be the mean 
value of the output y when X is at its level k, i.e. E(y/X). Let pk be the frequency of the number of 

cases where X is at its level k (close to 1/n if the levels are isoprobable). Finally, let  be the mean 

value of the ek, considering all the levels: . The contribution of X to the variance of y is 

the empirical variance of the ek: , in other words the conditional variance of the 

expectation value of y knowing X: .  
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Both sensitivity methods give very similar results for the first scalar output (temperature at a 
given point and a given time): the dominant parameters are the same and their sensitivity is very close 
in both methods. The coherence between both methods is only qualitative for the second scalar output, 
of type maximum. The three dominant parameters are the same, but their sensitivity is significantly 
different, depending on the method. This result can be explained by the complex nature of the output, 
which is a maximum, and also by the fact that the linear regression is of poor quality with a coefficient 
of determination equal to 0.42.  

4. Conclusion 

This paper deals with the relatively new and complex issue of uncertainty and sensitivity 
analyses for CFD codes.  

In the first part of the paper, the difficulties specific to the CFD codes are listed, as well as the 
different sources of uncertainties, more numerous and various than for the system codes. Two possible 
approaches are mentioned for uncertainty analysis. The first one lies on the propagation of the 
uncertainty of input variables, as it is often done for system codes. But, in CFD, some input variables 
are of categorical type: the variables have different levels which are not numerical. It can be the case 
of the time scheme, the levels of which being for example explicit Euler, Runge-Kutta order 3, 
Cranck-Nicholson, etc.  Another difficulty, more important for CFD codes than for system codes, is 
the quantification of the “input” uncertainties: those of the classical real input variables, as for system 
codes, but also the determination of the probability of each level for the categorical input variables. A 
second approach lies on the extrapolation of the accuracy of the output, i.e. the code-experiment 
difference, calculated for several experiments devoted to the study of the same phenomena and at 
different scales. Finding sufficiently numerous experiments and defining a proper way to extrapolate 
the accuracy, are difficulties to be solved for this second approach. 

In the second part of the paper, the CEA approach is presented. It is based on propagation of 
“input” uncertainties, i.e. of the first type approach among both possible approaches quoted above. 
Two simple studies were performed, where solutions are proposed to take into account the presence of 
categorical variables, both in uncertainty and sensitivity analysis. 

CEA work on the issue of BEPU approaches for CFD codes is only beginning and must be 
completed. To this end, another study is planned where, unlike the two former ones, experimental data 
are available. This study is aimed at checking uncertainty results with respect to experimental data. As 
a consequence, a special attention will be paid to the list of input variables. The issue of the 
quantification of their uncertainty seems too difficult to be considered now. This latter point must be, 
of course, improved. 

Finally, CEA, in collaboration with EDF, intends to tackle another difficulty specific to CFD 
codes: the high CPU cost of a code run. To this end, the method based on autoregressive models will 
be tested9

9 M.C. Kennedy and A. O’Hagan, “Predicting the output from a complex computer code when fast approximations are 
available”, Biometrika, 87, 1, pp. 1-13, 2000.  

.  For this method, one considers that the CFD code can be run with different levels of 
sophistication, depending for example on the refinement of the meshing. Efficiency of uncertainty 
analysis is improved by combining few expensive runs of the most complex level of the code (with a 
refined meshing) with more numerous and relatively cheap runs performed with the simpler levels of 
the code (with coarse meshing).  
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1. Uncertainties in CFD: generalities

• Theoretically, the sames as for system codes, but really more numerous
and miscellaneous.

• « Numerical errors »: uncertainties related to the discretization of the 
exact equations:

– Time discretization errors;
– Spatial discretization errors;
– Iteration errors;
– Round-off errors…

Richardson’s method estimates the numerical error by:
– Using 2 or 3 more or less refined meshings;
– Knowing the order of the different numerical schemes.

But some conditions must be fulfilled:
– Polynomial behaviour of the output with respect to the size of the cells;
– No bifurcations when using different schemes.

Sources of uncertainties in CFD
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• Simplification of the geometry:
– Non-controlled errors;
– Voluntary simplifications;
– Use of porous medium for some volumes.

• “Modeling errors”: uncertainties related to the physical models:
– Uncertainty of the constants of a model:

Example: C1, C2, Cµ, Prk and Prε of the k-ε model
– Choice among different models: 

Example: Turbulence: RANS (k-ε or k-ω), LES, etc.

• Initial and boundary conditions: 
– Necessary hypotheses on the inlet profiles;
– Definition of a turbulence rate at the inlet. 

• User’s effect:
– For the uncertainties quoted above;
– Analysis of the results: post-processing, considering a non-converged 

solution.

• Software errors: bugs, documentation. Considered as negligible.

November 16-18, 2011

1. Uncertainties in CFD: generalities
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1. Uncertainties in CFD: generalities

• High CPU cost of a code run

• Large variety of the modeled objects

• Large variety of the sources of uncertainties:

Example: the time scheme can be:
Explicit Euler, Runge-Kutta order 3, Cranck-Nicholson, etc.

Different choices, neither numerical, nor continuous 
⇔ different levels of the categorical variable “time scheme”.

The classical measures of sensitivity:
– regression coefficients 

– or correlation coefficients 
can no more be used.

November 16-18, 2011

Difficulties specific to CFD codes

A new type of input variables: the categorical variables
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• Quantification of the uncertainty of the input variables:

• Constants of the physical models: 
– Expert judgement more difficult to be applied than in the case of 

system codes;
– Difficulties to find experiments suitable for inverse methods:

• Simple experiments have too specific configurations: plane channel, 
homogeneous isotropic turbulence, etc.

• Other experiments are already too complex: plumes, jets, flows with 
obstacle, etc.

• Choice of the model:
– It is a categorical variable. A probability must be given to each 

level. Very arbitrary. Making an hypothesis of equi-probability?

• Categorical variables same problem as for the choice among 
different models for the physical models. 

November 16-18, 2011

1. Uncertainties in CFD: generalities

The modeling errors

The numerical errors
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• Methods not based on propagation of uncertainties of input 
parameters:

Extrapolation to the reactor case of the accuracy (the code-experiment 
difference) of different experiments:

– Describing the same transient (ex: PTS)
– At different scales.

• Main advantage: 
– Avoid the difficulties about the list of the input parameters and the 

quantification of their uncertainty.

• Drawbacks:
– Need to have at one’s disposal a lot of experiments.
– How to extrapolate the accuracy?
– How to take into account the experimental uncertainty of the outputs?
– Sensitivity analysis is not included in the method.

November 16-18, 2011

1. Uncertainties in CFD: generalities
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2. The studies performed at CEA

• Two studies, devoted to the treatment of the categorical variables.

• Considered cases:
– Monophasic, 2-D, laminar or turbulent;
– CPU cost: less than 2 hours per code run.

• Input uncertain parameters: 
– Their list is plausible but not exhaustive.
– The quantification of their uncertainty is somehow arbitrary:
– Examples:

• ±10% for the real variables;
• Equiprobability for the different levels of the categorical variables.

• No comparison with experimental data for the uncertainty bands of the 
outputs.

• Used CFD code: Trio_U.

November 16-18, 2011

CEA approach based on propagation of 
uncertainty of input parameters.
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• Goal: Perform sensitivity analysis despite the presence of categorical 
variables. 

• Studied case: 2-D laminar non-stationary flow with obstacle .

November 16-18, 2011

2. The studies performed at CEA: first study

Deterministic approach based on analysis of variance (ANOVA)
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• Meshing: all the cells are identical. Their size is varied to estimate the 
sensitivity to the meshing.

• Other variables: of real type. Examples:
Inlet velocity, viscosity, profile of inlet velocity, etc.

November 16-18, 2011

2. The studies performed at CEA: first study

Description of the variable Number of levels Numbering of 
the levels 

Description of the level 

Time scheme 4 1 Explicit Euler  
2 Runge-Kutta order 3 
3 Cranck-Nicholson 
4 Implicit diffusion 

Convection scheme  3 1 Quick 
2 Centered order 4 
3 Centered order 2 

Pressure solver 4 1 PCG (Preconditioned 
Conjugated Gradient) threshold 
10-6

2 PCG threshold 10-5

3 PCG threshold 10-8

4 Cholesky 

• 3 categorical variables: 
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• Classical tools of ANalysis Of VAriance (ANOVA) know how to deal 
with categorical variables:

– A meta-model between the output Y and the input Xi is chosen: 
second order polynomial with:

• Quadratic effects for the real variables;
• All the interactions of order 1.

– The Design Of Experiment (DOE) corresponding wit the meta-
model is generated: D-optimal DOE with 125 points.

– The regression is built with the 125  points of the DOE. 
– Results of ANOVA: Contribution to the total variance of the output 

Y of each effect (linear, quadratic, interaction of order 1):
• Total of the numerical effects ≈ 25% of the total variance,
• Viscosity = 3.7% of the total variance. 

November 16-18, 2011

2. The studies performed at CEA: first study

• Real variables:
- A great majority of the points at the bounds of their interval of variation.
- Few points are at the center of the interval of variation.

• Categorical variables:
- Hypothesis of equiprobability.

Deterministic method 
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Way of doing for categorical variables:

• For each categorical variable X with n levels, (n-1) independent 
regression coefficients x1, x2, …xn-1 are calculated, by least squares:

– When X is at its level 1, the effect of X is equal to x1:
x1 must be added to the terms of the regression coming from the other input 
variables.
– When X is at its level 2, its effect is x2…  
– When X is at its level n, its effect is .

• If the DOE is orthogonal, the contribution of X to the variance of the 
output is:

pk being the empirical frequency of the kth level (close to 1/n if 
equiprobability).

• Drawback: The number of regression coefficients to be calculated is 
increased. 

November 16-18, 2011

2. The studies performed at CEA: first study
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• Goal: Perform uncertainty analysis with order statistics, and simple 
sensitivity analysis, despite the presence of categorical variables.

• Studied case: Stationary calculation, with turbulence described via a k-
ε model (not described for confidentiality reasons).

• 24 real input parameters: boundary conditions, physical properties of 
the fluid, constants in the k-ε model, etc. 

• 3 categorical variables: 
– 3 different configurations for the initial conditions;
– 3 levels for the time scheme;
– 2 types of outlet conditions. 

November 16-18, 2011

2. The studies performed at CEA: second study

Probabilistic method close to that used for system codes
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Uncertainty analysis:
• 100 Trio_U code runs are performed by sampling the values of the 

input parameters with a Simple Random Sampling (SRS) Design of 
Experiment (DOE). 

• Order statistics are used to obtain percentiles (ex: 5% and 95% 
percentiles).

• The only hypothesis to use order statistics: the probability density 
function (pdf) of the output must be continuous. Not checked if there 
are only categorical variables:

November 16-18, 2011

2. The studies performed at CEA: second study
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• Example of theoretical results with a mixing of real and categorical 
variables:

• For a given level of a categorical variable, the continuous real 
variables have no effect. 

• Considered case: all the 100 values of the output are different, the pdf
of the output is perfectly continuous. 
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2. The studies performed at CEA: second study
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Sensitivity analysis: 2 methods:

• Method 1 based on regression coefficients: The same as that used in the first 
study, but by considering a linear regression. 

Other difference: SRS sampling, taking into account the pdf of the inputs 
probabilistic method.

• Method 2 based on correlation coefficients:
• For the real variables X:
Contribution of X to the total variance of Y =  
• For the categorical variables X:

– pk = empirical frequency of the kth level (close to 1/n if equiprobability).
– ek = mean value of Y when X is at its level k.
– = mean value of the n ek.

Contribution of X to the total variance of Y = , i.e.:
the conditional variance of the expectation value of Y knowing X:

• Both methods give the same dominant parameters. 
Measures of sensitivities are very close for the outputs of type scalar at a given 
time and at a given point. 
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2. The studies performed at CEA: second study
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3. Conclusion

PART 1: Generalities about uncertainties in CFD

With respect to the system codes:
• More sources of uncertainties;
• More systematical presence of categorical variables:

Time schemes, convection schemes, type of boundary conditions, etc.
• More difficulties to quantify the uncertainties of the input variables, 

especially the levels of probability of the categorical variables;
• Those difficulties can be avoided by extrapolating the accuracy of the 

outputs, obtained in different experiments devoted to the same kind of 
transients. But:

– Are always experiments available?
– How to extrapolate the accuracy?

• Higher CPU cost.

November 16-18, 2011
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3. Conclusion

PART 2: Studies performed at CEA

• CEA method  based on propagation of the uncertainty of input variables. 
• Two studies tackling the difficulty of the presence of categorical variables. 
• Difficulties specific to the categorical variables:

– Prevent to use classical sensitivity measures;
– Introduce a certain discontinuity in the pdf of the output. 

Forthcoming studies at CEA

1. Using the second (probabilistic) approach for a case with experimental data.
• Goal: check that the uncertainty bands envelop the experimental data.

A special attention paid to the choice of the input parameters.
2. Solving the problem of the high CPU cost of a code run:
• Auto-regressive model between two kinds of modelings:

– A “cheap” and an “expensive” modeling, corresponding for example with a coarse 
and a refined meshing.

– Kriging for each modeling.
Question still pending: Quantification of the uncertainty of the input 
parameters, especially if they are of categorical type. 
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