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Abstract 

The principles that support the risk-informed regulation are to be considered in an integrated decision-
making process. Thus, any evaluation of licensing issues supported by a safety analysis would take 
into account both deterministic and probabilistic aspects of the problem. The deterministic aspects 
will be addressed using Best Estimate code calculations and considering the associated uncertainties 
i.e. Plus Uncertainty (BEPU) calculations. In recent years there has been an increasing demand from 
nuclear research, industry, safety and regulation for best estimate predictions to be provided with their 
confidence bounds. This applies also to the sub-channel thermal-hydraulic codes, which are used to 
evaluate local safety parameters. The paper discuses the extension of BEPU methods to the sub-
channel thermal-hydraulic codes on the example of the Pennsylvania State University (PSU) version 
of COBRA-TF (CTF). 

The use of coupled codes supplemented with uncertainty analysis allows to avoid unnecessary 
penalties due to incoherent approximations in the traditional decoupled calculations, and to obtain 
more accurate evaluation of margins regarding licensing limit. This becomes important for licensing 
power upgrades, improved fuel assembly and control rod designs, higher burn-up and others issues 
related to operating LWRs as well as to the new Generation 3+ designs being licensed now (ESBWR, 
AP-1000, EPR-1600 and etc.). The paper presents the application of Generalized Perturbation Theory 
(GPT) to generate uncertainties associated with the few-group assembly homogenized neutron cross-
section data used as input in coupled reactor core calculations. This is followed by a discussion of 
uncertainty propagation methodologies, being implemented by PSU in cooperation of Technical 
University of Catalonia (UPC) for reactor core calculations and for comprehensive multi-physics 
simulations. 
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1.  Introduction   

The principles that support the risk-informed regulation are to be considered in an integrated decision-
making process. Thus, any evaluation of licensing issues supported by a safety analysis would take 
into account both deterministic and probabilistic aspects of the problem. The deterministic aspects 
will be addressed using Best Estimate code calculations and considering the associated uncertainties 
i.e. Plus Uncertainty (BEPU) calculations. The main tools for performing design and safety analyses 
of nuclear power plants (NPPs) are computer codes for simulation of physical processes. The current 
trends in nuclear power generation and regulation are to perform design and safety studies by “best-
estimate” codes that allow a realistic modeling of nuclear and thermal-hydraulic processes of the 
reactor core and the entire plant behavior including control and protection functions. These best-
estimate results should be supplemented by uncertainty and sensitivity analysis.  

Realistic methods are referred to as “best-estimate” calculations, implying that they use a set of data, 
correlations, and methods designed to represent the phenomena, using the best available techniques. 
As compared to the traditional conservative calculations (in which the results obtained are interpreted 
with additional safety margins) the best-estimate evaluations result in increased plant operation 
flexibility and improved performance. The regulations also require that the uncertainty in these best-
estimate calculations be evaluated. For this reason, it is necessary to identify and quantify all the 
sources of possible input uncertainties, and then apply comprehensive methodologies to propagate 
these uncertainties through the nuclear design and safety analyses procedure to the predictions of 
output parameters of interest.  

Different uncertainty and sensitivity methodologies have been developed and utilized in nuclear 
reactor analysis. Two main approaches have been adopted in the current practice: 

a. Statistical methods, which are utilizing statistical sampling based on statistical propagation and 
processing. In these methods in order to incorporate uncertainties into the process usually many 
runs of the computer code are required and the result is a range of results with associated 
probabilities; 

b. Deterministic methods, which are using sensitivity analysis based on first-order perturbation 
theory. The perturbation theory has been developed in order to extend its applicability to estimate 
higher order variations; however, the computational overhead of higher order perturbation theory 
is often overwhelming and do not justify the development effort required for their 
implementation. 

In nuclear engineering applications the tendencies have been towards using of deterministic methods 
for cross-section uncertainty propagation in multiplication factor (keff

In recent years there has been an increasing demand from nuclear research, industry, safety and 
regulation for best estimate predictions to be provided with their confidence bounds. This applies also 
to the sub-channel thermal-hydraulic codes, which are used to evaluate local safety parameters. The 
paper discuses the extension of BEPU methods to the sub-channel thermal-hydraulic codes on the 
example of the Pennsylvania State University (PSU) version of COBRA-TF (CTF). 

) predictions for criticality 
neutronics calculations while the statistical methods have been applied to thermal-hydraulics and 
coupled thermal-hydraulics/neutronics calculations.  

The paper also presents the application of Generalized Perturbation Theory (GPT) to generate 
uncertainties associated with the few-group assembly homogenized neutron cross-section data used as 
input in reactor physics core calculations. Cross-section uncertainties are one of the important input 
uncertainty sources in reactor core analysis and coupled neutronics/thermal-hydraulics calculations. 

The use of coupled codes supplemented with uncertainty analysis allows to avoid unnecessary 
penalties due to incoherent approximations in the traditional decoupled calculations, and to obtain 
more accurate evaluation of margins regarding licensing limit. This becomes important for licensing 
power upgrades, improved fuel assembly and control rod designs, higher burn-up and others issues 
related to operating Light Water Reactors (LWRs) as well as to the new Generation 3+ designs being 
licensed now  (ESBWR, AP-1000, EPR-1600 and etc.). The extension of BEPU methods to coupled 
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three-dimensional neutronics/thermal-hydraulics codes requires higher than linear order uncertainty 
analysis techniques capable of treating the non-linear thermal-hydraulic feedback phenomena as well 
as approaches allowing for combination of different input sources of uncertainties, and 
computationally efficient in dealing with large size of input parameters often associated with realistic 
reactor models. The paper discusses uncertainty propagation methodologies, being implemented by 
PSU in cooperation of Technical University of Catalonia (UPC) for reactor core calculations and for 
comprehensive multi-physics simulations. 

2. Uncertainty Quantification of Sub-Channel Thermal-Hydraulic Calculations 

In the past few decades the need for improved nuclear reactor safety analyses has led to a rapid 
development of advanced methods for multidimensional thermal-hydraulic analyses. These methods 
have become progressively more complex in order to account for the many physical phenomena 
anticipated during steady state and transient LWR conditions. In safety analyses, there are two 
families of thermal-hydraulic codes that are commonly used. Each family was developed for solving 
specific transients with a particular degree of detail in the simulation.  

System codes were developed for modelling the entire primary system, including heat exchangers, 
pumps and other components, yet they use a relatively coarse nodalization that introduces some 
inaccuracies in the analysis. In the system codes coolant channels typically represent lumped regions 
of core. Sub-channel codes apply a finer discretization to the LWR core, and therefore, reduce some 
of these inaccuracies but with reduced flexibility and at a higher computational cost. They focus on 
mass exchange between “sub-channels” on pin-by-pin scale, and can use arbitrary geometry. 
Channels can represent multiple scales. The sub-channel codes are usually applied for core/vessel 
modelling and utilize inlet and outlet are boundary conditions. Advanced thermal-hydraulic sub-
channel codes are widely used for best-estimate evaluations of nuclear reactors safety margins of 
LWRs. 

As mentioned above the sub-channel codes are used for fuel bundle and reactor core thermal-
hydraulic analysis and safety evaluation. The results of sub-channel code predictions are subject to 
some uncertainties. Input uncertainties in sub-channel calculations can arise from model limitations, 
approximations in the numerical solution, nodalization, homogenization approaches, imperfect 
knowledge of boundary and initial conditions, scaling effects, user effects, programming errors, and 
compiler effects. The various sources of uncertainties can be classified as: 

a. Operational uncertainties; 

b. Geometry uncertainties; 

c. Modeling uncertainties; 

d. Code uncertainties. 

These input uncertainties are propagated through sub-channel simulations to determine the uncertainty 
in fuel temperature prediction (when the fuel rod model is utilized), which is related to the Doppler 
feedback prediction, as well as the uncertainty in predicting moderator parameters, which are related 
to the moderator feedback prediction, such as moderator temperature, density, and void fraction. 
Uncertainty analyses consider some or all of the various sources of uncertainties and calculate the 
uncertainties of thermal hydraulic code predictions. In other words, uncertainty analyses determine 
how a code propagates the corresponding input uncertainties. The improved and validated PSU 
version of the thermal-hydraulic sub-channel code COBRA-TF - CTF is used in conjunction with the 
GRS uncertainty analysis methodology [1]. The GRS methodology has been previously applied to 
wide range of problems but not to sub-channel thermal-hydraulic calculations. It is an efficient 
statistical uncertainty methodology, based on order statistics, and in this application is combined with 
the well-known Phenomena Identification and Ranking Table (PIRT) process.  
The operating conditions, such as the reactor power and coolant flow rate, vary over time. These are 
also called as boundary condition effects, as they are used to define the main operating conditions of 
the core. These variations are small during steady-state conditions but still carry some uncertainty that 
will propagate to the output parameters. Example of uncertainties in boundary condition effects in 
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sub-channel calculations is given in Table 1 based on data provided by the OECD/NRC Pressurized 
Water Reactor (PWR) PSBT benchmark [2]. The Probability Density Function (PDF) is the assumed 
distribution function for each parameter. 

Table 1. Estimated accuracy and PDFs of the operational parameters 

Quantity Accuracy Range PDF 
System pressure ±1% Normal 
Flow ±1.5% Normal 
Power ±1.0% Normal 
Inlet fluid temperature ±1.0 °C Flat 

  
The geometry of the bundle and core affects the way coolant flows and other parameters pertinent to 
sub-channel simulations. The components of the bundle, such as the fuel rods and channel spacers, 
carry some uncertainty in their manufactured tolerances. The outer cladding diameters as well as the 
surface roughness of the cladding are the only tolerances from the fuel rod that should be considered 
since the flow is only exposed to this portion of the rod. The example of such manufacturing 
tolerances for a PWR bundle are given in Table 2, which is based again the OECD/NRC PSBT 
benchmark data: 

Table 2. Manufacturing tolerances for a PWR bundle 

Item Tolerance 

Heater rod diameter 0.02 mm 

Heater rod displacement 0.45 mm 

Flow channel inner width 0.05 mm 

Flow channel displacement 0.20 mm 

Power distribution 3 % 

The effects of these tolerances are important to quantify because tolerances are built into everything 
that is manufactured and there is almost no way to eliminate this uncertainty from a nuclear reactor 
analysis. Other uncertainties can actually be improved but the manufacturing uncertainties are 
accepted as inherent and fixed. There can be also a physical distortion of the bundle or the test 
assembly that occurs when the system is in operation due to the heat that causes thermal expansion of 
the various components. The system will lose some accuracy as is it simplified in order to be used as 
code input, since it is difficult and impractical to exactly model every detail of the reactor core exactly 
as it is. There are also uncertainties associated with axial and radial power distributions of the fuel 
rods, which are input to sub-channel codes. The use of computer codes for analysis of the sub-channel 
thermal-hydraulics of a reactor is based on approximations that are determined from interpolations of 
known data. The correlations are mostly valid over a range of temperatures but lose accuracy near 
either side of these ranges. 

As it has been previously discussed, there are various groups of uncertainties that can affect the 
desired output values. The parameters that have the largest effect are the most important to study due 
to their significance on the results of the test cases. The boundary condition effects are expected to be 
largest with variations in the coolant mass flow rate and the power. Of the geometry effects, those 
with the largest anticipated importance are the sub-channel area and the heated perimeter. The 
hydraulics parameters are built into the codes and are grouped under code uncertainties; the important 
ones are the mixing coefficient and the equilibrium distribution weighting factor in the void drift. 
Another code uncertainty with large expected effects on the output is the interfacial friction factor. 
The input uncertainty parameters in CTF sub-channel calculations have been ranked using the PIRT 
approach [3] and the OECD/NRC BFBT benchmark [4]. The PIRT is a useful framework for 
identifying and ranking significant phenomena. PIRT is a guide for considering which phenomena are 
significant for uncertainty analysis. The comprehensive BFBT experimental database leads one step 
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further in developing modeling capabilities by taking into account the uncertainty analysis in the 
benchmark. The uncertainties in the input data (boundary conditions) and geometry as well as in the 
code models are the main sources of “errors” in the simulated results which are of importance to be 
compared with the measurement uncertainties. Therefore, uncertainty analysis has been performed for 
the void distribution in a Boiling Water Reactor (BWR) bundle. The chosen uncertainty input 
parameters with their suggested accuracies and PDFs are given in Table 3. The selection of 
uncertainty input parameters was guided by the PIRT. Exit pressure, inlet flow rate and temperature, 
and bundle power are selected as boundary conditions uncertainty parameters. The sub-channel flow 
area represents the geometry uncertainty parameters. As modeling uncertainty parameters the single-
phase mixing coefficient, the two-phase mixing multiplier, the equilibrium distribution weighing 
factor in the void drift model, the nucleate boiling heat transfer coefficient, and the flow regime 
dependent interfacial drag coefficients are analyzed. The accuracy of the boundary conditions and 
geometry parameters are provided by the BFBT benchmark specifications, while the accuracies of the 
modeling parameters are the published uncertainties of the corresponding correlations used in CTF. 

Table 3. Input uncertainty parameters 

Parameter Accuracy PDF 
 1. Pressure ±  1 % Normal 
 2. Flow Rate ±  1 % Normal 
 3. Power ±  1.5 % Normal 
 4. Inlet Temperature ±  1.5 C Flat 
 5. Subchannel Area ±  0.5 % Normal 
 6. Single-phase mixing coefficient  2σ = ±  42 % Normal 
 7. Two-phase multiplier of the mixing 

coefficient  
2σ = ±  24% Normal 

 8. Equilibrium distribution weighing factor 
in the void drift 

2σ = ±  14 % Normal 

 9. Nucleate boiling heat transfer coefficient 2σ = ±  24 % Normal 
10. Interfacial drag coefficient (bubbly flow) 2σ = ±  32 % Normal 
11. Interfacial drag coefficient (droplet flow) 2σ = ±  26% Normal 
12. Interfacial drag coefficient (film flow) 2σ = ±  36 % Normal 

  
The developed calculation model with CTF for high-burnup 8×8 BWR assembly consists of 80 sub-
channels, 40 axial nodes, and 140 transverse connections between sub-channels (gaps). Selected 
results of the performed uncertainty and sensitivity analysis for test cases 4101-13 (see Figure 1), 
4101-69 (see Figure 2), and 4101-86 (see Figure 3) of the BFBT benchmark database are shown in 
this paper. The GRS methodology was applied in this study with two-sided tolerance intervals and the 
sample size N is selected to be 153 (for better statistics as compared to the minimum required 93) for 
β=0.95 and γ=0.95. 

The observed discrepancies between predicted by CTF and measured void distribution are believed to 
be due to two major factors: the previously indicated CTF tendency of void fraction over-prediction, 
and asymmetrical void measurements in regions with otherwise quite symmetrical power load. 
Nevertheless, it can be seen that the largest deviations are in the corner sub-channels and in the sub-
channels connected to the water rod or, in other words, in fluid volumes bounded by unheated walls. 
The operational conditions for each case are given in the tables. The three cases being analyzed 
spanned over operating conditions presented in a BWR. 
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COBRA-TF uncertainty analysis of void fraction (case 4101-13)
CDF + PDF of consequence no.12 with two sided TOLERANCE LIMITS

Sample size = 153 , β = 0.95 , γ = 0.95
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COBRA-TF uncertainty analysis of void fraction (case 4101-13)
CDF + PDF of consequence no.40 with two sided TOLERANCE LIMITS

Sample size = 153 , β = 0.95 , γ = 0.95
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Figure 1. Uncertainty analysis of case 4101-13 
COBRA-TF uncertainty analysis of void fraction (case 4101-69)

CDF + PDF of consequence no.25 with two sided TOLERANCE LIMITS
Sample size = 153 , β = 0.95 , γ = 0.95
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COBRA-TF uncertainty analysis of void fraction (case 4101-69)
CDF + PDF of consequence no.49 with two sided TOLERANCE LIMITS

Sample size = 153 , β = 0.95 , γ = 0.95
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Figure 2. Uncertainty analysis of case 4101-69 

NEA/CSNI/R(2013)8/PART2

288



COBRA-TF uncertainty analysis of void fraction (case4101-86)
CDF + PDF of consequence no.2 with two sided TOLERANCE LIMITS

Sample size = 153 , β = 0.95 , γ = 0.95
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COBRA-TF uncertainty analysis of void fraction (case4101-86)
CDF + PDF of consequence no.32 with two sided TOLERANCE LIMITS

Sample size = 153 , β = 0.95 , γ = 0.95

 
Figure 3. Uncertainty analysis of case 4101-86 

3. Propagation of Uncertainties in Coupled Three-Dimensional Neutronics/Thermal-Hydraulic 
Calculations 

Understanding the uncertainties in key output reactor core parameters associated with coupled core 
simulation is important in regard to introducing appropriate design margins and deciding where 
efforts should be directed to reduce uncertainties. The extension of BEPU methods to coupled three-
dimensional neutronics/thermal-hydraulics codes requires higher than linear order uncertainty analysis 
techniques capable of treating the non-linear thermal-hydraulic feedback phenomena, as well as 
approaches allowing for combination of different input sources of uncertainties, and computationally 
efficient in dealing with large size of input parameters often associated with realistic reactor models. 

Uncertainties in predictions of key reactor core parameters associated with LWR core simulation 
occur due to input data uncertainties, modeling errors, and numerical approximations in neutronics, 
thermal-hydraulic and heat transfer models. Input data for core neutronics calculations primarily 
include the lattice averaged few group cross-sections. 

In the current established calculation scheme for LWR design and safety analysis the lattice averaged 
(homogenized) few-group cross-sections are an input to core calculations. The few-group cross-
section uncertainties (few-group covariance matrix) are obtained using the SCALE-6.0 44-group 
covariance matrix as input to the TSUNAMI-2D sequence with GPT in SCALE 6.1[5]. The obtained 
few-group cross-section uncertainties then can be propagated to uncertainties in evaluated stand-alone 
neutronics core parameters.  

Lattice physics responses of interest include kinf, two-group homogenized cross-sections, assembly 
discontinuity factors, kinetics parameters, and power peaking factors for pin power reconstruction. 
Each non-k response can be written as a response ratio and requires GPT calculations. These 
responses include Capture (Σc1, Σc2), Fission (Σf1, Σf2), Neutron-production (νΣf1, νΣf2), Diffusion 
coefficient (D1, D2) and Downscatter (Σ1→2). 
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Table 4. Assembly kinf values and associated uncertainties 

Reactor type Case k %Δk/k Major contributor

HZP 1.11 0.50 238U (n,γ)

HFP (40% void) 1.08 0.56 238U (n,γ)

HZP 1.41 0.46 238U (n,γ)

HFP 1.39 0.47 238
U (n,γ)

HZP

HFP 1.31 0.76 238
U (n,n')

Type 1 (UOX 4,2% 235
U) 1.25 0.49 238

U (n,γ)

Type 2 (UOX 4,2% 235U+ UO2Gd2O3 2,2% 235U) 1.12 0.49 238
U (n,γ)

Type 3 (UOX 3,2% 235U+ UO2Gd2O3 1,9% 235
U) 0.96 0.53 238

U (n,γ)

Type 4 (MOX) 1.07 0.97 238
U (n,n')

BWR

PWR

VVER

GEN III

 
One can define 9-dimensional response vector R = [Σa1, Σa2, Σf1, Σf2, νΣf1, νΣf2, D1, D2, Σ1→2] for two-
group assembly homogenized cross-sections and obtain a corresponding covariance matrix in which 
the diagonal elements are the % standard deviations, while off-diagonal elements are the correlation 
coefficients.  

The obtained results for different LWR types and cases, shown in Tables 4 and 5 and Figure 4, 
indicate the following tendencies: 

a. Group 1 (fast) cross-section uncertainty is~2-3 times larger than Group 2 (thermal) cross-
sections uncertainty; 

b. Uncertainty Contributions: 

• A major contributor to Group 1 (fast) cross-sections is U-238 inelastic scattering; 

• U-238 inelastic scattering uncertainty is quite large; 

• 40% void (and higher) exhibit larger k∞ due to harder flux spectrum.  

c. Uncertainty (Correlation) Contribution: 

• U-238 inelastic scattering uncertainty is quite large, and dominates correlation coefficient. 

The next step is to propagate the few-group cross-sections uncertainties in stand-alone core 
neutronics calculations. PSU and UPC are exploring the so-called hybrid approach similar to the 
efforts performed elsewhere [6] in which the SCALE sequence is combined with front end 
perturbation engine based on statistical sampling. TSUNAMI-2D provides a generalized GPT 
method within SCALE-6.1 to generate covariance matrices for assembly averaged cross-sections 
(as described above). The stochastic method is used to propagate these uncertainties in core 
calculations to the output parameters of interest. This method is named as the two step method. 
For core calculations, normally cross sections of different fuel assemblies are necessary. 
Generally, there will be correlations between cross sections of different fuel assemblies (in 
particular, if these are similar). The complete covariance matrix (for all cross sections of all fuel 
assemblies) has to be determined. Another option is to perform statistical sampling at the level of 
multi-group cross-sections and associated uncertainties (multi-group covariance matrix). In this 
all the correlations are taken into account implicitly. This method is called the random sampling. 
The primary difference between the random sampling and two-step methods are the moment at 
which the perturbations are applied and the origin of the covariance matrix. 
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Table 5. Two-group cross-section uncertainties 

 
 

 
 

 

 

 

Figure 4. Response Sensitivity to U-238 n,n’
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Sensitivity analysis and uncertainty quantification of tightly coupled reactor physics thermal-
hydraulic analyses require the development of not only first but also higher (at least second) order 
sensitivities. Analytic sensitivity methods (direct differentiation and adjoint methods) can be used in 
conjunction with an implicit solution approach to develop numerically efficient methods for 
addressing the issue of high dimensionality in uncertainty quantification in reactor simulations. 

A computational model can be considered as a function (frequently termed response function)  
y = f (x) where x is a vector quantifying the input state such as material properties, initial and 
boundary conditions, and geometry and y is a vector quantifying the model output, such as the 
solution field, or metrics of solution field at critical regions. For computationally expensive models, 
re-running the analysis may be time prohibitive and an approximate representation of the system 
response f (x) is used. One approach is the moment method where a Taylor expansion from a nominal 
input state x0 is used [7]. Using first order derivatives approximates the system response f (x) by a 
hyper plane. For non-linear systems, second or even higher order terms may be needed. An 
implementation of the moment approach in neutronics analysis is presented in [8]. An alternate 
approach in approximating the system response f (x) is to employ global models such as in 
Polynomial Chaos Expansion (PCE) and Stochastic Collocation (SC) methods [9], which employ 
orthogonal and interpolation polynomial bases respectively, and in global reliability analyses [10], 
which adaptively refine Gaussian process models. In order to address the scaling for each of these 
global methods in systems with highly dimensional input state x, gradient-enhanced versions can be 
employed using implicit or explicit approaches on structured or unstructured grids. 

Analytic methods for sensitivity analysis of non-linear and transient problems have been developed 
since the 70’s [11]. When implicit methods are utilized to solve the non-linear systems, analytic 
sensitivity methods can be very efficient. A non-linear system can be denoted as a residual vector 
R(u) = 0, where u is the unknown system response. Using the Newton-Raphson method, the system is 
iteratively computed as: 

  
(1) 

where dR/du is the Jacobian. For large systems, more than 90% of the computational time is devoted 
in computing and evaluating the Jacobian. In a sensitivity analysis, the response function  
f (x) = f (u(x), x) is expressed as a function of the system response u and input state x. Differentiating 
f with respect to each input state component xi results to: 

 
(2) 

Using the direct differentiation approach, the system response sensitivity du/dxi is computed by 
differentiating the residual equation: 

 
  (3) 

The sensitivity calculation of Equation (3) is performed after the iterative solution of Equation (1) 
using the same Jacobian. Thus, it only requires one back-substitution per xi. Typically, 1% additional 
computational time is required per state variable xi. The total computational overhead is proportional 
to the number of state variables p (rank of x). The adjoint sensitivity analysis method can be derived 
by augmenting the functional response function f = f (u(x), x) + λTR by a Lagrange multiplier λ 
noting that R = 0, which after differentiation results to: 
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  (4) 

The adjoint sensitivity calculation of Equation (4) also uses the same Jacobian as the analysis. The 
total computational overhead is proportional to the number of response functionals q (rank of f). 
Second order sensitivities can be obtained by a hybrid direct differentiation-adjoin method that results 
into p + q additional back substitutions. Sensitivity analysis for transient and coupled non-linear 
systems using both direct differentiation and adjoint methods are derived in [12]. The approach has 
been implemented in thermal-mechanical problems in [13]. 

The current state-of-art coupling in reactor safety analysis performed with coupled 
neutronics/thermal-hydraulic calculations is based on an explicit time integration method which works 
well when power is not changing rapidly or when detailed spatial feedback is not important. However, 
for analysis such as Boiling Water Reactor (BWR) Turbine Trip [14] and BWR stability transients, 
where fast power response and detailed spatial kinetics models are important, the time step size is 
limited by the error with the explicit treatment of the feedback parameters. To overcome this 
limitation in this type of analysis a fully implicit coupling of code systems was developed in [15] and 
implemented into the coupled TRACE/PARCS code package. The fully implicit coupling involves 
forming the full Jacobian for all physics involved in the analysis and solving the entire nonlinear 
system. 

The on-going developments involve generating first and second order sensitivities for coupled 
neutronics/thermal-hydraulic analyses and incorporating them in an uncertainty analysis of the 
OECD/NRC Peach Bottom Turbine Trip benchmark (PBTT) as part of the OECD LWR UAM 
benchmark [14]. The full scale thermal hydraulics model contains 68 components simulating the 
reactor vessel, core, coolant loops, and steam line. The thermal hydraulic model of the core is 
modeled using 33 channels connected to the vessel model. The neutronics model has one node per 
assembly in each radial plane with 26 axial nodes. The core model uses quarter core symmetry. Each 
neutronics node represents a particular fuel type. There are 435 unique fuel types in this model. The 
two group assembly-homogenized macroscopic cross sections are tabulated in a library for each fuel 
type for varying fuel temperatures and moderator densities. Nine different sets of nuclear data are 
tabulated for each fuel type, they are; diffusion coefficient, absorption macroscopic cross section, 
fission macroscopic cross section, nu-fission macroscopic cross section, scattering macroscopic cross 
section, assembly discontinuity factors for west and south faces, and detector flux ratios and 
microscopic cross sections. The Covariance Matrix for BWR homogenized two-group cross-sections 
are being calculated using SCALE 6.1. The Taylor based and gradient enhanced static collocation 
uncertainty analysis methods are being compared and then the best method will be implemented. 

In summary, sensitivity formulations for fully coupled kinetic-thermal-hydraulic implicit analyses will 
be developed and implemented in the TRACE/PARCS code package. Following this implementation 
will be the demonstration of sensitivity analysis in the uncertainty quantification of power level, 
power distribution, void distribution, pressure, etc of OECD/NRC Peach Bottom Turbine Trip 
benchmark simulations. 

4. Conclusions 
The uncertainty and sensitivity analysis methods are being developed for comprehensive multi-
physics simulations with nonlinear feedback mechanisms. These methods allow one to explore the 
full phase space of input parameters and to take the non-linearity of the model into account. There are 
parallel activities to establish comprehensive knowledge of uncertainties in input parameters and data 
(e.g., cross sections, correlations, dimensions, and compositions), as well as knowledge and 
understanding of sources and uncertainties and biases in analytic and numerical modelling 
approximations. The on-going international OECD Light Water Reactor Uncertainty Analysis in 
modeling benchmark establishes a framework for uncertainty propagation through multi-physics 
multi-scale calculations in order to compare different uncertainty analysis methods. 
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As compared to the traditional conservative calculations the BEPU
evaluations result in increased plant operation flexibility and improved
performance:

Knowledge of uncertainties in input parameters and data;

Knowledge and understanding of sources and uncertainties and biases in
analytic and numerical modelling approximations;

Comprehensive methodologies to propagate these uncertainties through
calculations to predictions of interest.

Historically two main approaches have been adopted in the nuclear
engineering applications:

Statistical methods, which are utilizing statistical sampling based on statistical
propagation and processing. The statistical methods have been applied to
thermal-hydraulics calculations;

Deterministic methods, which are using sensitivity analysis based on first-
order perturbation theory. Deterministic methods have been used for multi-
group cross-section uncertainty propagation in multiplication factor (keff)
predictions for criticality neutronics calculations.

Introduction



In statistical methods in order to incorporate uncertainties into the
process usually many runs of the computer code are required and the
result is a range of results with associated probabilities:

The best choice has been indentified in the use of Order Statistics;

The extension of BEPU methods to the sub-channel thermal-hydraulic codes is
illustrated in this presentation on the example of the Pennsylvania State
University (PSU) version of COBRA-TF (CTF) in cooperation with GRS using the
SUSA package.

The extension of BEPU to coupled 3-D neutronics/thermal-hydraulic
calculations requires the following capabilities:

Higher than linear order uncertainty analysis techniques capable of treating the
non-linear thermal-hydraulic feedback phenomena;

Approaches allowing for combination of different input sources of
uncertainties;

Computationally efficient methods in dealing with large size of input
parameters often associated with realistic reactor models.

Introduction
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Extension of BEPU to Sub-channel Codes
The sub-channel code CTF (COBRA-TF)
features three fields representation of two-
phase flow set of nine time-averaged
conservation equations written in a semi-
implicit form using a donor cell differencing
for the convective quantities

The CTF applications to the OECD/NRC
BFBT Benchmark have indicated an over-
prediction of the bundle void fraction, which
coincided with a slightly over-predicted total
two-phase pressure drop

The cause of both phenomena was believed
to be overestimated interfacial drag forces
leading to an overestimation of the slip and
subsequently under-predicted vapor
velocity yielding a higher void fraction

Uncertainty and sensitivity analysis were
performed in the framework of the
OECD/NRC BFBT benchmark
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Analyzed BFBT Test Cases
The selected cases for Exercise I-4 in Volume II of the BFBT 
Specification are given below

The output parameter is the subchannel void fraction

Test Case
Void 

Fraction
(%)

Pressure 
(MPa)

Flow Rate 
(t/h)

Inlet
Subcooling 

(kJ/kg)

Inlet 
Temperature 

(ºC)

Power 
(MW)

Test 4101-02 57.1 0.994 10.12 53.3 167.5 0.32

Test 4101-13 86.8 1.224 55.01 92.5 167.9 4.46

Test 4101-69 18.2 8.638 10.08 52.5 291.1 0.23

Test 4101-86 69.8 8.705 54.59 54.2 291.3 4.62

1.15 1.30 1.15 1.30 1.30 1.15 1.30 1.15

1.30 0.45 0.89 0.89 0.89 0.45 1.15 1.30

1.15 0.89 0.89 0.89 0.89 0.89 0.45 1.15

1.30 0.89 0.89 0.89 0.89 1.15

1.30 0.89 0.89 0.89 0.89 1.15

1.15 0.45 0.89 0.89 0.89 0.89 0.45 1.15

1.30 1.15 0.45 0.89 0.89 0.45 1.15 1.30

1.15 1.30 1.15 1.15 1.15 1.15 1.30 1.15

1.15 1.30 1.15 1.30 1.30 1.15 1.30 1.15

1.30 0.45 0.89 0.89 0.89 0.45 1.15 1.30

1.15 0.89 0.89 0.89 0.89 0.89 0.45 1.15

1.30 0.89 0.89 0.89 0.89 1.15

1.30 0.89 0.89 0.89 0.89 1.15

1.15 0.45 0.89 0.89 0.89 0.89 0.45 1.15

1.30 1.15 0.45 0.89 0.89 0.45 1.15 1.30

1.15 1.30 1.15 1.15 1.15 1.15 1.30 1.15



The GRS methodology has been already applied to a wide field of
different applications – in this study it is applied to BWR steady-state
subchannel void predcitions

Two-sided tolerance intervals are used and the sample size N is
selected to be 153 for 0.95 and 0.95
Twelve (12) uncertain input parameters have been selected - the
selection was guided by the Phenomena Identification and Ranking
Tables (PIRT):

F. Aydogan, L. Hochreiter, K. Ivanov, M. Martin, H. Utsuno, E. Sartori, 2007. NUPEC BWR
Full Size Fine-Mesh Bundle Test (BFBT) benchmark, Volume II: Uncertainty and
sensitivity analyses of void distribution and critical power-prediction.
NEA/NSC/DOC(2007)21.

The developed calculation model with CTF for high-burnup 8×8 BWR
assembly consists of 80 sub-channels, 40 axial nodes, and 140
transverse connections between sub-channels (gaps).

Extension of BEPU to Sub-channel Codes
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Uncertain Input Parameters 
Parameter Accuracy PDF
Pressure ± 1 % Normal
Flow Rate ± 1 % Normal
Power ± 1.5 % Normal
Inlet Temperature ± 1.5 C Flat
Subchannel Area ± 0.5 % Normal
Single-phase mixing coefficient ± 42 % Normal

Two-phase multiplier of the mixing coefficient ± 24% Normal

Equilibrium distribution weighing factor in void drift ± 14 % Normal

Nucleate boiling heat transfer coefficient ± 24 % Normal

Interfacial drag coefficient (bubbly flow) ± 32 % Normal

Interfacial drag coefficient (droplet flow) ± 26% Normal

Interfacial drag coefficient (film flow) ± 36 % Normal

CTF full assembly model nodalization -
80 sub-channels each divided into 40 axial 
nodes
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For a series of N individual assessments by a code (xcode
n) of a 

output variable x, the following statistical comparison with 
experimental data were performed:

Nn

code
n

code x
N

=x

x
xx=

code
ncode

n

Nn

code
n

code

N
=

code
n

code =

)x(x
N

=
Nn

codecode
n

code

N
card=R nn

xx= code
n

code
n

Mean value:

Individual relative bias error:

Mean relative bias error:

Maximum bias error:

Absolute error:

Coverage ratio:

Standard deviation:

Accuracy Analysis
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Accuracy Analysis Case 4101-13

Calculated void distribution 
0.88 0.89 0.90 0.89 0.89 0.89 0.90 0.89 0.87

0.89 0.90 0.89 0.90 0.90 0.89 0.90 0.91 0.89

0.90 0.89 0.88 0.88 0.87 0.87 0.88 0.89 0.89

0.89 0.90 0.88 0.85 0.96 0.85 0.87 0.88 0.88

0.90 0.90 0.87 0.95 0.96 0.87 0.89 0.88

0.89 0.89 0.86 0.87 0.94 0.86 0.86 0.88 0.88

0.90 0.90 0.88 0.86 0.87 0.86 0.88 0.89 0.89

0.89 0.91 0.89 0.89 0.89 0.88 0.89 0.91 0.88

0.87 0.89 0.89 0.88 0.88 0.88 0.89 0.88 0.87

0.81 0.82 0.83 0.87 0.88 0.86 0.87 0.87 0.82

0.85 0.87 0.89 0.90 0.89 0.92 0.91 0.91 0.84

0.85 0.91 0.89 0.86 0.88 0.86 0.85 0.88 0.85

0.86 0.90 0.86 0.89 0.82 0.87 0.85 0.89 0.85

0.88 0.91 0.85 0.78 0.76 0.86 0.91 0.89

0.88 0.89 0.87 0.87 0.78 0.85 0.84 0.87 0.88

0.87 0.89 0.87 0.83 0.88 0.85 0.85 0.88 0.90

0.85 0.87 0.89 0.86 0.88 0.88 0.89 0.88 0.88

0.75 0.86 0.88 0.88 0.87 0.87 0.86 0.84 0.79

Measured void distribution

0.07 0.07 0.07 0.02 0.01 0.03 0.03 0.02 0.05

0.04 0.03 0.00 0.00 0.01 -0.03 -0.01 0.00 0.05

0.05 -0.02 -0.01 0.02 -0.01 0.01 0.03 0.01 0.04

0.03 0.00 0.02 -0.04 0.14 -0.02 0.02 -0.01 0.03

0.02 -0.01 0.02 0.17 0.20 0.01 -0.02 -0.01

0.01 0.00 -0.01 0.00 0.16 0.01 0.02 0.01 0.00

0.03 0.01 0.01 0.03 -0.02 0.01 0.03 0.01 -0.01

0.04 0.04 0.00 0.03 0.01 0.00 0.00 0.03 0.00

0.12 0.03 0.01 0.00 0.01 0.01 0.03 0.04 0.08

Absolute Error

1.00 0.89 1.00 1.00 1.00 1.00 1.00 1.00 1.00

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

1.00 1.00 1.00 1.00 0.01 1.00 1.00 1.00 1.00

1.00 1.00 1.00 0.00 0.00 1.00 1.00 1.00

1.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00 1.00

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

0.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.67

Coverage Ratio with exp = 0.08
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Case 4101-13Uncertainty Analysis
COBRA-TF uncertainty analysis of void fraction (case 4101-13)

CDF + PDF of consequence no.12 with two sided TOLERANCE LIMITS
Sample size = 153 ,  = 0.95 ,  = 0.95
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COBRA-TF uncertainty analysis of void fraction (case 4101-13)
CDF + PDF of consequence no.40 with two sided TOLERANCE LIMITS

Sample size = 153 ,  = 0.95 ,  = 0.95
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Void 
Fraction

(%)

Pressure 
(MPa)

Flow Rate 
(t/h)

Power 
(MW)

86.8 1.224 55.01 4.46
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Accuracy Analysis Case 4101-69

Calculated void distribution 

0.15 0.21 0.20 0.20 0.20 0.18 0.16 0.13 0.15

0.21 0.22 0.21 0.22 0.22 0.21 0.20 0.21 0.13

0.20 0.21 0.19 0.20 0.20 0.19 0.19 0.21 0.16

0.20 0.22 0.20 0.18 0.16 0.18 0.18 0.20 0.17

0.20 0.22 0.20 0.16 0.18 0.20 0.21 0.18

0.18 0.21 0.18 0.18 0.17 0.17 0.19 0.21 0.19

0.16 0.20 0.19 0.18 0.20 0.19 0.18 0.21 0.20

0.13 0.21 0.21 0.20 0.21 0.21 0.21 0.24 0.21

0.15 0.13 0.16 0.17 0.18 0.19 0.20 0.21 0.15

0.09 0.14 0.12 0.14 0.14 0.14 0.15 0.16 0.13

0.16 0.25 0.19 0.22 0.24 0.21 0.23 0.27 0.18

0.14 0.23 0.22 0.21 0.21 0.18 0.17 0.22 0.15

0.14 0.22 0.20 0.15 0.10 0.15 0.20 0.21 0.13

0.12 0.23 0.22 0.09 0.09 0.18 0.22 0.13

0.14 0.21 0.20 0.15 0.07 0.16 0.18 0.21 0.13

0.15 0.21 0.20 0.20 0.17 0.19 0.20 0.22 0.17

0.15 0.21 0.24 0.22 0.21 0.21 0.20 0.24 0.17

0.10 0.18 0.16 0.13 0.14 0.13 0.13 0.16 0.14

Measured void distribution

0.06 0.07 0.08 0.07 0.06 0.04 0.00 -0.03 0.02

0.06 -0.03 0.02 0.00 -0.02 -0.01 -0.03 -0.06 -0.04

0.06 -0.02 -0.04 -0.02 -0.01 0.01 0.02 -0.02 0.02

0.06 -0.01 0.00 0.03 0.06 0.03 -0.02 -0.01 0.04

0.08 -0.01 -0.03 0.07 0.09 0.02 -0.01 0.05

0.04 0.00 -0.01 0.03 0.09 0.01 0.02 0.00 0.06

0.01 0.00 -0.01 -0.01 0.03 0.00 -0.01 -0.01 0.03

-0.02 0.00 -0.03 -0.02 0.00 -0.01 0.01 0.00 0.04

0.05 -0.05 0.01 0.04 0.04 0.06 0.07 0.05 0.00

Absolute Error

0.67 0.76 0.71 0.82 0.90 0.99 0.97 0.87 0.83

0.80 0.88 0.97 0.95 0.93 0.99 0.97 0.96 0.95

0.77 0.89 0.95 0.99 0.99 0.98 1.00 0.98 0.97

0.88 0.92 1.00 0.99 0.90 0.91 0.86 0.99 0.99

0.69 0.97 0.89 0.76 0.59 0.95 1.00 0.99

0.97 1.00 0.88 0.86 0.25 0.83 0.92 0.99 0.93

0.99 1.00 1.00 0.99 1.00 0.88 1.00 1.00 1.00

0.89 0.99 0.99 1.00 1.00 0.99 1.00 1.00 1.00

0.84 0.99 0.99 0.93 0.97 0.88 0.76 0.99 0.82

Coverage Ratio with exp = 0.08
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Case 4101-69Uncertainty Analysis
COBRA-TF uncertainty analysis of void fraction (case 4101-69)

CDF + PDF of consequence no.25 with two sided TOLERANCE LIMITS
Sample size = 153 ,  = 0.95 ,  = 0.95
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COBRA-TF uncertainty analysis of void fraction (case 4101-69)
CDF + PDF of consequence no.49 with two sided TOLERANCE LIMITS

Sample size = 153 ,  = 0.95 ,  = 0.95
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Fraction

(%)

Pressure 
(MPa)

Flow Rate 
(t/h)

Power 
(MW)

18.2 8.638 10.08 0.23
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Accuracy Analysis Case 4101-86

Calculated void distribution 
0.68 0.72 0.71 0.72 0.72 0.72 0.71 0.72 0.68

0.72 0.78 0.77 0.77 0.77 0.77 0.77 0.77 0.72

0.71 0.77 0.77 0.77 0.76 0.76 0.77 0.77 0.71

0.72 0.77 0.77 0.75 0.69 0.75 0.76 0.77 0.71

0.72 0.77 0.76 0.69 0.69 0.76 0.76 0.71

0.72 0.77 0.77 0.73 0.68 0.73 0.76 0.77 0.71

0.71 0.77 0.77 0.77 0.76 0.76 0.77 0.77 0.71

0.72 0.78 0.77 0.77 0.77 0.77 0.77 0.77 0.72

0.68 0.72 0.71 0.72 0.71 0.72 0.71 0.72 0.68

0.66 0.72 0.68 0.73 0.75 0.73 0.70 0.76 0.75

0.76 0.74 0.73 0.74 0.72 0.71 0.69 0.76 0.76

0.74 0.73 0.68 0.65 0.66 0.67 0.66 0.75 0.71

0.74 0.71 0.67 0.68 0.55 0.63 0.63 0.66 0.69

0.74 0.74 0.66 0.56 0.52 0.68 0.72 0.71

0.75 0.73 0.70 0.68 0.53 0.65 0.67 0.66 0.69

0.74 0.73 0.69 0.61 0.63 0.65 0.68 0.70 0.75

0.77 0.73 0.69 0.71 0.70 0.69 0.70 0.72 0.79

0.67 0.77 0.73 0.72 0.69 0.66 0.68 0.77 0.72

Measured void distribution

0.02 0.00 0.03 -0.01 -0.03 -0.01 0.01 -0.04 -0.07

-0.04 0.04 0.04 0.03 0.05 0.06 0.08 0.01 -0.05

-0.03 0.04 0.09 0.12 0.10 0.10 0.10 0.02 0.00

-0.02 0.06 0.10 0.07 0.13 0.12 0.13 0.10 0.02

-0.02 0.03 0.10 0.13 0.17 0.08 0.05 0.00

-0.03 0.04 0.07 0.05 0.16 0.08 0.09 0.11 0.02

-0.02 0.04 0.08 0.16 0.13 0.11 0.09 0.08 -0.04

-0.05 0.05 0.08 0.06 0.06 0.07 0.07 0.05 -0.07

0.01 -0.05 -0.02 0.00 0.02 0.05 0.03 -0.05 -0.04

Absolute Error

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.99

1.00 1.00 1.00 1.00 1.00 1.00 0.22 1.00 1.00

1.00 1.00 0.00 0.00 0.00 0.00 0.00 1.00 1.00

1.00 1.00 0.00 0.92 0.00 0.00 0.00 0.00 1.00

1.00 1.00 0.00 0.00 0.00 0.32 1.00 1.00

1.00 1.00 1.00 1.00 0.00 0.63 0.01 0.00 1.00

1.00 1.00 0.82 0.00 0.00 0.00 0.00 0.92 1.00

1.00 1.00 0.49 1.00 1.00 0.99 1.00 1.00 0.98

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Coverage Ratio with exp = 0.08
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Case 4101-86Uncertainty Analysis
COBRA-TF uncertainty analysis of void fraction (case4101-86)

CDF + PDF of consequence no.2 with two sided TOLERANCE LIMITS
Sample size = 153 ,  = 0.95 ,  = 0.95
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COBRA-TF uncertainty analysis of void fraction (case4101-86)
CDF + PDF of consequence no.32 with two sided TOLERANCE LIMITS

Sample size = 153 ,  = 0.95 ,  = 0.95
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Summary
The observed discrepancies are believed to be due to two major
factors:

Previously indicated CTF tendency of void fraction over-
prediction;

asymmetrical void measurements in regions with otherwise quite
symmetrical power load (for example, sub-channels (1, 9), (9, 1),
and (9, 9), which are expected to have very close void fractions).

Nevertheless, it can be seen that the largest deviations are in the
corner sub-channels and in the sub-channels connected to the water
rod or, in other words, in fluid volumes bounded by unheated walls.

Accuracy/Uncertainty Analysis



Case 4101-13Sensitivity Analysis



Summary

The performed sensitivity analyses on the uncertain input parameters
led to the following conclusions:

From the selected boundary conditions parameters, for all
investigated fluid conditions (from bubbly to annular flows), the code
predictions are mostly sensitive to the pressure perturbations

The uncertainties in the sub-channel area, the only geometry
parameter selected for this study, do not significantly affect the code
predictions

The code predictions highly depend on the variations of three CTF
modeling parameters: the single-phase mixing coefficient and its
two-phase multiplier (turbulent mixing model), and the interfacial
drag coefficients (interfacial friction model)

The equilibrium distribution weighing factor in the void drift model
does not significantly affect the code void fraction calculations

Sensitivity Analysis



The spatial distribution (over different sub-channels types) of the
correlation rank coefficients for the three uncertain input parameters
having the major impact on the code sensitivity was also investigated

For each sub-channel, the correlation rank coefficients are averaged
over the three test cases (4101-13, 4101-69, and 4101-86)

Sensitivity Analysis

Correlation Rank Coefficient



Sensitivity Analysis

Correlation Rank Coefficient



Summary

The spatial distribution (over different sub-channels types) of the
correlation rank coefficients have indicated the following:

The correlation coefficient for the pressure tends to be equally
distributed, while the others two show pronounced dependence on
the sub-channel type

Variations in the single-phase mixing coefficient affect mostly the
code predictions for the interior region of the bundle (internal and
central sub-channels)

The thermal-hydraulic solution for the fluid volumes connected to
unheated walls (corner, side and central sub-channels) has
stronger dependence on the liquid film-to-vapor core interfacial
drag coefficient

Sensitivity Analysis



o Propagation of uncertainties in coupled three-dimensional
neutronics/thermal-hydraulic calculations involves different
input sources of uncertainties and large size of input parameters
associated with:

Realistic reactor models;
Multi-physics phenomena – reactor physics, thermal-hydraulics, and
fuel modeling;
Non-linear feedback modeling,

o Group cross-sections are important input data to coupled core
calculations and different approaches have been used for
propagation of cross-section uncertainties in core calculations:

Statistical sampling at the level of multi-group cross-sections and
associated uncertainties (multi-group covariance matrix):

All the correlations are taken into account implicitly;
This method is called the Random Sampling (XSUSA-SCALE-PARCS).

Extension of BEPU to Coupled Codes



o Hybrid approach in which the Generalized Perturbation Theory (GPT)
sequence is combined with front end perturbation engine based on
statistical sampling:
o TSUNAMI-2D provides a generalized GPT method within SCALE-6.1 to generate covariance

matrices for assembly averaged cross-sections;
o The complete covariance matrix (for all cross sections of all fuel assemblies) has to be

determined;
o This method is called the Two Step Method (SCALE-DAKOTA-PARCS) – UPC and PSU are

exploring this approach

Extension of BEPU to Coupled Codes

Mean Values for Statistical Distributions of Relative Pin 

Powers
Uncertainties in Pin Powers 



o Higher order deterministic method:
The expensive computational cost is one of the important reasons of why only first order
derivatives of the response are considered in sensitivity analysis and uncertainty
quantification in nuclear reactor calculations;
For accurate estimation of sensitivities and uncertainties, nonlinear behavior must be
considered, which means higher order derivatives must be determined;
The perturbation theory has been developed in order to extend its applicability to estimate
higher order variations; however, the computational overhead of higher order perturbation
theory is often overwhelming and do not justify the development effort required for their
implementation.

o Feasibility studies
Nonlinear ESM-based approach for Hessian matrix construction:

Application of a general reduced order method to constructing second order derivatives
of response of interest with respect to all input data (which are often compactly
combined in a matrix denoted by the Hessian matrix);
Adopting the Efficient Subspace Method (ESM) leads to an optimum implementation in a
parallel computing environment.

Analytic methods for sensitivity analysis of non-linear and transient problems:
Analytic methods for non-linear and transient problems have been developed since the 
70’s; 

When implicit methods are utilized to solve the non-linear systems, analytic sensitivity 
methods can be very efficient;

Both direct differentiation and adjoint methods can be used. 

Extension of BEPU to Coupled Codes



o The few-group cross-section uncertainties (few-group covariance matrix)
are obtained using the SCALE-6.0 44-group covariance matrix as input to
the TSUNAMI-2D sequence with GPT in SCALE 6.1

o One can define 9-dimensional response vector R = [ a1, a2, f1, f2, f1,
f2, D1, D2, 1 2] for two-group assembly homogenized cross-sections

and obtain a corresponding covariance matrix in which the diagonal
elements are the % standard deviations, while off-diagonal elements are
the correlation coefficients.

Extension of BEPU to Coupled Codes

Reactor Type Case k  Major contributor 

BWR 
HZP 1.11 0.50 238  

HF  1.08 0.56 238  

PWR 
HZP 1.41 0.46 238  

HFP 1.39 0.47 238  

VVER 
HZP 1.32 0.77 238  

HFP 1.31 0.78 238  

          

GEN III 

Type 1 (UOX 4,2% 235  1.25 0.49 238  

Type 2 (UOX 4,2% 235U+ UO2Gd2O3 2,2% 235  1.12 0.49 238  

Type 3 (UOX 3,2% 235U+ UO2Gd2O3 1,9% 235  0.96 0.53 238  

 1.07 0.97 238  



Extension of BEPU to Coupled Codes
Reactor Type                                           Case

c1 c2 f1 f2 f1 f2 D1 D2 1
HZP 1.1975 0.5127 0.6811 0.3235 0.9783 0.4485 0.8435 0.1342 1.0070

1.2880 0.5458 0.7318 0.3246 1.0131 0.4494 0.9163 0.1593 1.2255
HZP 1.2870 0.8175 0.3558 0.3167 0.5121 0.4436 0.8797 0.1505 1.2065
HFP 1.2869 0.8170 0.3569 0.3176 0.5128 0.4443 0.8815 0.1495 1.2068
HZP 1.2462 0.6275 0.7141 0.3130 1.0483 0.4408 0.9175 0.1243 0.1648
HFP 1.2503 0.6322 0.7193 0.3134 1.0541 0.4411 0.9176 0.1225 1.1680

Type 1 (UOX 4,2% 235 1.3013 0.6218 0.3706 0.3233 0.5708 0.4484 0.9082 0.1543 1.2487

Type 2 (UOX 4,2% 235U+ UO2Gd2O3 2,2% 235 1.2882 0.4588 0.3751 0.3237 0.5820 0.4487 0.9068 0.1534 0.9068

Type 3 (UOX 3,2% 235U+ UO2Gd2O3 1,9% 235 1.2748 0.3716 0.4994 0.3295 0.7626 0.4529 0.9041 0.1535 1.2429
1.3975 0.7524 0.4449 0.6261 0.7748 1.0863 0.9764 0.1600 1.4730

PWR

VVER

GEN III

BWR

Response sensitivity to U-238 n,n’



The obtained results for different LWR types and cases with 
GPT in SCALE-6.1 indicated the following tendencies:

Group 1 (fast) cross-section uncertainty is larger than Group 2 
(thermal) cross-sections uncertainty;

Uncertainty contributions:
A major contributor to Group 1 (fast) cross-sections is U-238 inelastic 
scattering and U-238 capture;

U-238 inelastic scattering uncertainty is quite large;

40% void (and higher) exhibit larger uncertainty in k due to harder flux 
spectrum. 

Uncertainty (correlation) contribution:
U-238 inelastic scattering uncertainty is quite large, and dominates 
correlation coefficient.

Extension of BEPU to Coupled Codes



The current state-of-art coupling in reactor safety analysis performed
with coupled neutronics/thermal-hydraulic calculations is based on an
explicit time integration method which works well when power is not
changing rapidly or when detailed spatial feedback is not important

However, for analysis of transients such as BWR stability events,
where fast power response and detailed spatial kinetics models are
important, the time step size is limited by the error with the explicit
treatment of the feedback parameters

To overcome this limitation in this type of analysis a fully implicit
coupling of neutronics and thermal-hydraulics codes was developed
at PSU and implemented into the coupled TRACE/PARCS code
package

The fully implicit coupling involves forming the full Jacobian for all
physics involved in the analysis and solving the entire nonlinear
system.

Extension of BEPU to Coupled Codes



Sensitivity analysis and uncertainty quantification of tightly coupled
reactor physics thermal-hydraulic analyses require the development of
not only first but also higher (at least second) order sensitivities.

Analytic sensitivity methods (direct differentiation and adjoint
methods) can be used in conjunction with an implicit solution
approach to develop numerically efficient methods for addressing the
issue of high dimensionality in uncertainty quantification in reactor
simulations.

Experience from other areas can be utilized - analytic methods for
sensitivity analysis of non-linear and transient problems have been
developed since the 70’s

When implicit methods are utilized to solve the non-linear systems,
analytic sensitivity methods can be very efficient.

Extension of BEPU to Coupled Codes



A non-linear system can be denoted as a residual vector R(u) = 0,
where u is the unknown system response. Using the Newton-Raphson
method, the system is iteratively computed as:

(1)

where dR/du is the Jacobian. 

For large systems, more than 90% of the computational time is
devoted in computing and evaluating the Jacobian.

In a sensitivity analysis, the response function f (x) = f (u(x), x) is
expressed as a function of the system response u and input state x.
Differentiating f with respect to each input state component xi results

(2)

Extension of BEPU to Coupled Codes

 



Using the direct differentiation approach, the system response
sensitivity du/dxi is computed by differentiating the residual equation:

(3)

The sensitivity calculation of the above equation  is performed after 
the iterative solution of equation (1) using the same Jacobian:

Thus, it only requires one back-substitution per xi

Typically, 1% additional computational time is required per state variable xi

The total computational overhead is proportional to the number of state variables p
(rank of x).

Extension of BEPU to Coupled Codes



The adjoint sensitivity analysis method can be derived by augmenting the 
functional response function f = f (u(x), T

noting that R = 0, which after differentiation results to

(4)

The adjoint sensitivity calculation of the above equation also uses the same Jacobian as the 
analysis. 

The total computational overhead is proportional to the number of response functionals q
(rank of f).

Second order sensitivities can be obtained by a hybrid direct differentiation-adjoin method 
that results into p + q additional back substitutions. 

In summary, sensitivity formulations for fully coupled kinetic-thermal-
hydraulic implicit analyses are being developed and to be implemented in
the TRACE/PARCS code package.

Following this implementation will be the demonstration of sensitivity
analysis in the uncertainty quantification of power level, power
distribution, void distribution, pressure, etc of OECD/NRC Peach Bottom
Turbine Trip benchmark simulations.

Extension of BEPU to Coupled Codes

 



Extension of BEPU to sub-channel codes is demonstrated with COBRA-
TF for steady-state void fraction prediction in a BWR bundle using SUSA

Similar studies with COBRA-TF and SUSA are underway for:

DNB predictions and transient applications;

PWR bundles using the OECD/NRC PSBT benchmark database;

Exercise II-3 of the OECD LWR UAM benchmark.

The two-group homogenized assembly cross-section uncertainties have
been generated with SCALE-6.1, and UPC and PSU are planning to apply
the hybrid two-step method to propagate these uncertainties into core
calculations as part of Exercise I-3 of the OECD LWR UAM benchmark

Feasibility studies are also underway for implementing and using higher
order deterministic methods in TRACE/PARCS calculations with fully
implicit coupling

These methods are designed to explore the full phase space of input
parameters and to take the non-linearity of the feedback mechanisms into
account in the multi-physics calculations within the framework of
Exercise III-3 of OECD LWR UAM benchmark

Conclusions
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