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Abstract 

A summary of existing and most used uncertainty methods is presented, and the main features 
are compared. One of these methods is the order statistics method based on Wilks’ formula. It is 
applied in safety research as well as in licensing. This method has been first proposed by GRS 
for use in deterministic safety analysis, and is now used by many organisations world-wide. Its 
advantage is that the number of potential uncertain input and output parameters is not limited to 
a small number. Such a limitation was necessary for the first demonstration of the Code Scaling 
Applicability Uncertainty Method (CSAU) by the United States Regulatory Commission 
(USNRC). They did not apply Wilks’ formula in their statistical method propagating input un-
certainties to obtain the uncertainty of a single output variable, like peak cladding temperature. 
A Phenomena Identification and Ranking Table (PIRT) was set up in order to limit the number 
of uncertain input parameters, and consequently, the number of calculations to be performed. 
Another purpose of such a PIRT process is to identify the most important physical phenomena 
which a computer code should be suitable to calculate. The validation of the code should be fo-
cussed on the identified phenomena. Response surfaces are used in some applications replacing 
the computer code for performing a high number of calculations. 

The second well known uncertainty method is the Uncertainty Methodology Based on Accuracy 
Extrapolation (UMAE) and the follow-up method “Code with the Capability of Internal As-
sessment of Uncertainty (CIAU)” developed by the University Pisa. Unlike the statistical ap-
proaches, the CIAU does compare experimental data with calculation results. It does not con-
sider uncertain input parameters. Therefore, the CIAU is highly dependent on the experimental 
database. The accuracy gained from the comparison between experimental data and calculated 
results are extrapolated to obtain the uncertainty of the system code predictions for a nuclear 
power plant. A high effort is needed to provide the data base for deviations between experiment 
and calculation results in CIAU. That time and resource consuming process has been performed 
only by University of Pisa for the codes CATHARE and RELAP5 up to now. The data base is 
available only there. That is the reason why this method is only used by University of Pisa.  

1 Introduction 

The safety analysis used to justify the design and construction of water-cooled nuclear power 
plants demonstrate that the plants are designed to respond safely to various postulated accidents 
in a deterministic thermal-hydraulic safety evaluation. These postulated accidents include loss 
of coolant accidents (LOCAs) in which the pressure boundary containing the water, which takes 
heat away from the reactor core, is breaking and a range of other transients in which conditions 
deviate from those in normal operation. 
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The equations of state and heat transfer properties of water (including relevant two-phase phe-
nomena) vary very substantially over the conditions that would occur in such accidents. This 
variation includes major non-linearity and discontinuities. They can therefore only be modelled 
by computer codes.  

The models of the thermal-hydraulic computer codes approximate the physical behaviour, and 
the solution methods in the codes are approximate. Therefore, the code predictions are not exact 
but uncertain. 

Uncertainty analysis methods therefore had to be developed to estimate safety margins if best 
estimate codes are used to justify reactor operation. A particular stimulus was the USNRC’s re-
vision of its regulations in 1989 to permit the use of realistic models with quantification of un-
certainty in licensing submissions for Emergency Core Cooling Systems (ECCS) [1]. 

2 Common methods 

Within the uncertainty methods considered, uncertainties are evaluated using either 

(a)  propagation of input uncertainties (CSAU and GRS) or 

(b)  extrapolation of output uncertainties (UMAE, CIAU and Siemens method for model 
uncertainties). 

For the ‘propagation of input uncertainties’, uncertainty is obtained following the identification 
of ‘uncertain’ input parameters with specified ranges or/and probability distributions of these 
parameters, and performing calculations varying these parameters. The propagation of input un-
certainties can be performed by either deterministic or statistical methods. For the ‘extrapolation 
of output uncertainty’ approach, uncertainty is obtained from the (output) uncertainty based on 
comparison between calculation results and significant experimental data. 

A short description of these methods is provided in the following sections. More detailed infor-
mation can be obtained from the IAEA Safety Series No. 52 with the title: “Best Estimate 
Safety Analysis for Nuclear Power Plants: Uncertainty Evaluation” [2]. The following descrip-
tions are taken from this report. 

2.1 CSAU method 

The aim of the CSAU methodology is to investigate the uncertainty of safety related output pa-
rameters. In the demonstration cases these were only single valued parameters, such as Peak 
Cladding Temperature (PCT) or minimum water inventory, with no time dependent values. 
Prior to this, a procedure is used to evaluate the code applicability to a selected plant scenario. 
Experts identify all the relevant phenomena. Following this step, the most important phenomena 
are identified and are listed as ‘highly ranked’ phenomena, based on an examination of experi-
mental data and code predictions of the scenario under investigation ranking them as highly im-
portant. In the resulting phenomena identification and ranking table (PIRT), ranking is accom-
plished by expert judgement. The PIRT and code documentation are evaluated and it is decided 
whether the code is applicable to the plant scenario. The CSAU methodology is described in de-
tail by Boyack et al. [3]. Applications have been performed for a large break (LB) LOCA and a 
small break (SB) LOCA for a PWR [3, 4]. 

All necessary calculations are performed using an optimized nodalization to capture the impor-
tant physical phenomena. This nodalization represents a compromise between accuracy and 
cost, based on experience obtained by analysing separate effects tests (SETs) and integral ex-
periments. No particular method or criteria are prescribed to accomplish this task. 

Only parameters important for the highly ranked phenomena are selected for consideration as 
uncertain input parameters. The selection is based on a judgement of their influence on the out-

NEA/CSNI/R(2013)8/PART2

6



put parameters. Additional output biases are introduced to consider the uncertainty of other pa-
rameters not included in the sensitivity calculations. 

Information from the manufacture of nuclear power plant components as well as from experi-
ments and previous calculations was used to define the mean value and probability distribution 
or standard deviation of uncertain parameters, for both the LB and the SB LOCA analyses. Ad-
ditional biases can be introduced in the output uncertainties. 

Uniform and normal distributions were used in the two applications performed to date. Output 
uncertainty is the result of the propagation of input uncertainties through a number of code cal-
culations. Input parameter uncertainty can be either due to its stochastic nature (i.e. code inde-
pendent) or due to imprecise knowledge of the parameter values. 

No statistical method for uncertainty evaluation has been formally proposed in the CSAU. A re-
sponse surface approach has been used in the applications performed to date. The response sur-
face fits the code predictions obtained for selected parameters, and is further used instead of the 
original computer code. Such an approach then entails the use of a limited number of uncertain 
parameters in order to reduce the number of code runs and the cost of analysis. However, within 
the CSAU framework the response surface approach is not prescribed and other methods may 
be applied. 

Scaling is considered by the CSAU, identifying several issues based on test facilities and on 
code assessment. The effect of scale distortions on main processes, the applicability of the exist-
ing database to the given nuclear power plant, the scale-up capability of closure relationships 
and their applicability to the nuclear power plant range is evaluated at a qualitative level. Biases 
are introduced if the scaling capability is not provided. 

2.2 Statistical (GRS) method 

The GRS method has some other important features in addition to those mentioned above: 

(a) The uncertainty space of input parameters (defined by their uncertainty ranges) is sampled at 
random according to the combined probability distribution of the uncertain parameters. Code 
calculations are performed by sampled sets of parameters. 

(b) The number of code calculations is determined by the requirement to estimate a tolerance 
and confidence interval for the quantity of interest (such as PCT or cladding temperature versus 
time). Following a proposal by GRS, Wilks’ formula [5, 6] is used to determine the number of 
calculations to obtain the uncertainty bands.  

(c) Statistical evaluations are performed to determine the sensitivities of input parameter uncer-
tainties on the uncertainties of key results (parameter importance analysis). 

The smallest number n of code runs to be performed is according to Wilks’ formula: 

( ) 100/100/1 βα ≥− n

which is the size of a random sample (a number of calculations) such that the maximum calcu-
lated value in the sample is an upper statistical tolerance limit. The required number n of code 
runs for the upper 95% fractile is: 59 at the 95% confidence level, 45 at the 90% confidence 
level and 32 at the 80% confidence level. 

For two-sided statistical tolerance intervals (investigating the output parameter distribution 
within an interval) the formula is:  

( ) βααα ≥−−− −111 nn n

The minimum number of calculations can be found in Table 1. 
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Table 1. Minimum number of calculations n for one-sided and two-sided statis-
tical tolerance limits 

One-sided statistical toler-
ance limit 

Two-sided statistical toler-
ance limit 

b/a 0.90 0.95 0.99 0.90 0.95 0.99 

0.90 22 45 230 38 77 388 

0.95 29 59 299 46 93 473 

0.99 44 90 459 64 130 662 

Upper statistical tolerance limits are the upper b confidence for the chosen a fractile. The frac-
tile indicates the probability content of the probability distributions of the code results (e.g. a 
95% means that PCT is below the tolerance limit with at least a = 95% probability). One can be 
b % confident that at least a % of the combined influence of all the characterized uncertainties 
are below the tolerance limit. The confidence level is specified because the probability is not 
analytically determined. It accounts for the possible influence of the sampling error due to the 
fact that the statements are obtained from a random sample of limited size. 

For regulatory purposes, where the margin to licensing criteria is of primary interest, the one-
sided tolerance limit may be applied; that is, for a 95th/95th percentile, 59 calculations would be 
performed. 

As a consequence, the number n of code runs is independent of the number of selected input un-
certain parameters, only depending on the percentage of the fractile and on the desired confi-
dence level percentage. The number of code runs for obtaining sensitivity measures is also in-
dependent of the number of parameters. As an example, 100 runs were carried out in the analy-
sis of a reference reactor, using 50 parameters. More description can be found by references of 
Hofer [7] and Glaeser [8]. 

For the selected plant transient, the method can be applied to an integral effects test (IET) simu-
lating the same scenario prior to the plant analysis. If experimental data are not bounded, the set 
of uncertain input parameters has to be modified. 

Experts identify significant uncertainties to be considered in the analysis, including the model-
ling uncertainties and the related parameters, and identify and quantify dependencies between 
uncertain parameters. Probability density functions (PDFs) are used to quantify the state of 
knowledge of uncertain parameters for the specific scenario. Uncertainties of code model pa-
rameters are derived based on validation experience. 

The scaling effect has to be quantified as a model uncertainty. Additional uncertain model pa-
rameters can be included or PDFs can be modified, accounting for results from separate effects 
test analysis. 

Input parameter values are simultaneously varied by random sampling according to the PDFs 
and dependencies between them, if relevant. A set of parameters is provided to perform the re-
quired number n of code runs. For example, the 95% fractile and 95% confidence limit of the 
resulting distribution of the selected output quantities are directly obtained from the n code re-
sults, without assuming any specific distribution. No response surface is used. 

Statistical uncertainty and sensitivity analysis provides statements on: 
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− Uncertainty range of code results that enables to determine the margin between the bound of 
uncertainty range closest to an acceptance criterion and the acceptance criterion. The 95% 
fractile, 95% confidence limit for output parameters versus time are provided. 

− Sensitivity measures about the influence of input parameters on calculation results, i.e. a 
ranking of importance versus time are provided which 

• allows a ranking of input parameters on output uncertainty as result of the analysis,
• guides further code development,
• prioritizes experimental investigations to obtain more detailed information.

The sensitivity or importance measures give useful information about those input parameters 
influencing the uncertainty of computer code results most. That information can be used to find 
out which ranges and distributions of input uncertainties should potentially be determined more 
accurately. These sensitivity measures, using regression or correlation techniques from the sets 
of input parameters and from the corresponding output values, allow ranking of the uncertain 
input parameters in relation to their contribution to output uncertainty. The ranking of 
parameters is therefore a result of the analysis, not of prior expert judgement.  

The same ordered statistical method using Wilks’ formula for setting up the number of code 
calculations followed later the AREVA-Method [9], ASTRUM (Automatic Statistical 
TReatment of Uncertainty) - Method of Westinghouse [10], KREM in Korea, ESM-3D in 
France and several more. The AREVA method has been licensed by USNRC in the year 2003 
and the ASTRUM Method in 2004. 

2.3 CIAU method 

The CIAU method is based on the principle that it is reasonable to extrapolate code output er-
rors observed for relevant experimental tests to real plants, as described in Ref. [11, 12]. The 
development of the method implies the availability of qualified experimental data. A first step is 
to check the quality of code results with respect to experimental data by using a procedure based 
on Fast Fourier Transform Method. Then a method (UMAE) is applied to determine both Quan-
tity Accuracy Matrix (QAM) and Time Accuracy Matrix (TAM). 

Considering Integral Test Facilities (ITFs) of a reference light water reactor (LWR) and quali-
fied computer codes based on advanced models, the method relies on code capability qualified 
by application to facilities of increasing scale. Direct data extrapolation from small scale ex-
periments to the reactor scale is difficult due to the imperfect scaling criteria adopted in the de-
sign of each scaled down facility. Only the accuracy (i.e. the difference between measured and 
calculated quantities) is therefore extrapolated. Experimental and calculated data in differently 
scaled facilities are used to demonstrate that physical phenomena and code predictive capabili-
ties of important phenomena do not change when increasing the dimensions of the facilities; 
however, available IT facility scales are far from reactor scale. 

Other basic assumptions are that phenomena and transient scenarios in larger scale facilities are 
close enough to plant conditions. The influence of the user and the nodalization upon the output 
uncertainty is minimized in the methodology. However, user and nodalization inadequacies af-
fect the comparison between measured and calculated trends; the error due to this is considered 
in the extrapolation process and contributes to the overall uncertainty.  

The method uses a database from similar tests and counterpart tests performed in ITFs that are 
representative of plant conditions. The quantification of code accuracy is carried out by using a 
procedure based on fast Fourier transform (FFT), characterizing the discrepancies between code 
calculations and experimental data in the frequency domain and defining figures of merit for the 
accuracy of each calculation. FFT is used for the acceptability check of the calculations. In the 
UMAE, the ratio of the experimental to calculated value is used for the extrapolation. The use of 
this procedure intends to avoid the influence of engineering judgement in evaluating the ade-
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quacy of the code results. Different requirements have to be fulfilled in order to extrapolate the 
accuracy.  

Calculations of both ITs and plant transients are used to obtain uncertainty from accuracy. Dis-
cretized models and nodalizations are set up and qualified against experimental data by an itera-
tive procedure, requiring that a reasonable level of accuracy be satisfied. Similar criteria are 
adopted in developing plant nodalization and in performing plant transient calculations. The 
demonstration of the similarity of the phenomena exhibited in test facilities and in plant calcula-
tions, taking scaling laws into consideration, leads to the analytical simulation model (ASM); 
that means a qualified nodalization of the plant.  

It is not possible to establish a correspondence between each input and each output parameter 
without performing additional specific calculations, which, however, are beyond the scope of 
the UMAE. The process starts with the experimental and calculated database. Following the 
identification (e.g. from the CSNI validation matrix) of the physical phenomena involved in the 
selected transient scenario, relevant thermal-hydraulic aspects (RTAs) are used to evaluate the 
acceptability of code calculations, the similarity among experimental data and the similarity be-
tween plant calculation results and available data. Statistical treatment is pursued in order to 
process accuracy values calculated for the various test facilities and to obtain uncertainty ranges 
with a 95% confidence level. These are superimposed as uncertainty bands bracketing the ASM 
calculation.  

The scaling of both experimental and calculated data is explicitly assessed within the framework 
of the analysis. In fact, the demonstration of phenomena scalability is necessary for the applica-
tion of the method and for the evaluation of the uncertainty associated with the prediction of the 
nuclear power plant scenario. 

Comparison of thermal-hydraulic data from experimental facilities of a different scale consti-
tutes the basis of the UMAE. Special steps and procedures are included in the UMAE to check 
whether the nodalization and code calculation results are acceptable. An adequate experimental 
database including the same phenomena as in the selected test scenario of the nuclear power 
plant is needed for the application of this method. For a successful application it is necessary 
that the accuracy of the calculations does not dramatically decrease with increasing scale of the 
experimental facilities. The demonstration that accuracy increases when the dimensions of the 
facility in question are increased (for which a sufficiently large database is required, which is 
not fully available now) would be a demonstration of the consistency of the method. 

The basic idea of the CIAU can be summarized in two parts [12]: 
(i) Consideration of plant state: each state is characterized by the value of six relevant quantities 
(i.e. a hypercube) and by the value of the time since the transient start. 
(ii) Association of an uncertainty to each plant state. 

In the case of a PWR the six quantities are: (a) upper plenum pressure; (b) primary loop mass 
inventory (including the pressurizer); (c) steam generator secondary side pressure; (d) cladding 
surface temperature at 2/3 of core active height (measured from the bottom of the active fuel), 
where the maximum cladding temperature in one horizontal core cross-section is expected; (e) 
core power; and (f) steam generator downcomer collapsed liquid level. If levels are different in 
the various steam generators, the largest value is considered. 

A hypercube and a time interval characterize a unique plant state for the purpose of uncertainty 
evaluation. All plant states are characterized by a matrix of hypercubes and by a vector of time 
intervals. Let us define Y as a generic thermal-hydraulic code output plotted versus time. Each 
point of the curve is affected by a quantity uncertainty and by a time uncertainty. Owing to the 
uncertainty, each point may take any value within the rectangle identified by the quantity and 
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time uncertainties. The value of uncertainty — corresponding to each edge of the rectangle — 
can be defined in probabilistic terms. This shall satisfy the requirement of a 95% probability 
level acceptable to NRC staff for comparing best estimate predictions of postulated transients 
with the licensing limits in 10 CFR 50. 

The idea at the basis of the CIAU may be described more specifically as follows: The uncer-
tainty in code prediction is the same for each plant state. A quantity uncertainty matrix (QUM) 
and a time uncertainty vector (TUV) can be set up including values of Uq and Ut obtained by 
means of an uncertainty methodology. 

Possible compensating errors of the used computer code are not taken into account by UMAE 
and CIAU, and error propagation from input uncertainties through output uncertainties is not 
performed. A high effort is needed to provide the data base for deviations between experiment 
and calculation results in CIAU. That time and resource consuming process has been performed 
only by University of Pisa for the codes CATHARE and RELAP5 up to now. The data base is 
available only there. That is the reason why this method is only used by University of Pisa.  

2.4 Siemens method 

The Siemens method considered code model uncertainties, nuclear power plant uncertainties 
and fuel uncertainties separately. The model uncertainties were determined by comparison of 
relevant experimental data with calculation results. However, nuclear power plant conditions 
and fuel conditions are treated statistically [13]. The Siemens method was applied to evaluate 
model uncertainties in the nuclear power plant (NPP) Angra-2, Brazil for the LBLOCA 
licensing analysis.  

Siemens applied their method to be licensed in the USA. The USNRC, however, had a concern 
of compensating errors of the computer codes and asked for propagation from input uncertain-
ties through output uncertainties. There is also a concern of scaling distortions of integral ex-
periments and different time scales in the experiments compared with reactor scale and possible 
influence on the deviation between calculations and data. The derived uncertainties are also de-
pendent on the selection of integral experiments. Additional uncertainties of plant conditions 
and fuel related parameters should be quantified either by additional bias or statistical evalua-
tion.  

2.5 Comparison of main methods 

A comparison of the relevant features of the main uncertainty methods are listed in Table 2. 

Table 2. Comparison of relevant features of uncertainty methods 

Feature CSAU Statistical/ 
GRS 

UMAE 

1 Determination of uncertain input parame-
ters and of input uncertainty ranges 

Experts Experts 

2 

a

Selection of uncertain parameter values 
within the determined range for code calcu-
lations 

Experts Random se-
lection 

Not neces-
sary 

3 Support of identification and ranking of 
main parameter and modelling uncertain-
ties 

Yes No No 

4 Accounting for state of knowledge of un-
certain parameters (distribution of input 
uncertainties) 

Yes Yes No 

5 Probabilistic uncertainty statement Yes Yes Yes 
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Feature CSAU Statistical/ 
GRS 

UMAE 

6 Statistical rigour No Yes No 
7 Knowledge of code specifics may reduce 

resources necessary to the analysis 
Yes No No 

8 Number of code runs independent of num-
ber of input and output parameters 

No Yes Yes 

9 Typical number of code runs LB: 8 
SB: 34 

59 
PWR: 93-300c 
LOFTb: 59-150c 
LSTF: 59-100

n.a.

d 

10 

e

Number of uncertain input parameters LB: 7 (+5) 
SB: 8 

LOFT: 13-64
PWR: 17-55

c 
c 

LSTF: 25-48

n.a. 

d 

11 Quantitative information about influence of 
a limited number of code runs 

No Yes No 

12 Use of response surface to approximate re-
sult 

Yes No No 

13 Use of biases on results Yes No For non-
model uncer-
tainties 

14 Continuous valued output parameters No Yes Yes 
15 Sensitivity measures of input parameters on 

output parameters 
No Yes No 

a
The differences between experimental and used input data constitute one of the sources for uncer-
tainty. 

b LOBI, LOFT and LSTF are test facilities. 
c   Numbers of different participants in the OECD BEMUSE (Best Estimate Method – Uncertainty and 

Sensitivity Evaluation) comparison project. 
d    Numbers of different participants in the OECD UMS (Uncertainty Methods Study) comparison pro-

ject. 
e

n.a.: not applicable

This depends on the stage of the analysis. The first application to the analysis of the SB LOCA coun-
terpart test in a PWR required roughly 20 code runs; the analysis of a similar nuclear power plant sce-
nario would require a few additional code runs. 

3 Number of calculations for statistical methods to meet more than one regula-
tory limit 

A very controversial international discussion took place about the number of calculations to be 
performed using ordered statistics methods [14-18]. That issue was mainly brought up when 
more than one regulatory acceptance criterion or limit has to be met. Wald [19] extended Wilks’ 
formula for multi-dimensional joint/ simultaneous tolerance limits or intervals. However, it 
seems that a direct and satisfactory extension of the concept of tolerance limits for safety-
relevant applications in nuclear safety is difficult, and even not necessary. A slightly modified 
concept has therefore been proposed by Krzykacz-Hausmann from GRS, introducing a lower 
confidence limit [20]. The lower confidence limit according to Clopper-Pearson [21] for the 
binomial parameter is now the unknown probability that a result is lower than a regulatory 
acceptance limit. Instead of direct joint tolerance limits for the outputs of interest, one considers 
the lower confidence limit for the probability of "complying with the safety limits for all 
outputs", i.e. "meeting the regulatory acceptance criteria". Basis is that both of the following 
statements are equivalent: 
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1. The Wilks’ (probability a = 95% and confidence b = 95%) limit for the results is below the
regulatory acceptance limit.

2. The lower b = 95% confidence limit for the probability that the value of the result stays
below the regulatory acceptance limit is greater or equal a = 95%.

The regulatory acceptance limits are incorporated into the probabilistic statements. It turns out 
that (1) in the one-dimensional case, i.e. for a single output parameter, is this concept equivalent 
to the one-sided upper tolerance limit concept, and (2) the necessary number of model runs is 
also the same in the general case, i.e. independent of the number of outputs or criteria involved 
and of the type of interrelationships between these outputs or criteria. Therefore, the number of 
necessary model runs is the same as in the one-dimensional tolerance limit case, even if several 
output parameters are involved. In the one-dimensional case the lower 95%-confidence interval 
for the probability of “complying with the regulatory limit” corresponds to the two step 
procedure: (1) compute the tolerance limit as usual and (2) compare this tolerance limit with the 
given regulatory limit. In other words: The statement “there is a 95% confidence that the 
probability of “complying with the regulatory limit xreg exceeds 95%“ is equivalent to the 
statement “the computed 95%/ 95% tolerance limit xTL lies below the regulatory limit xreg

The principal advantage of the confidence interval or limit (or “sign-test”) approach seems to be 
that it can directly be used in the multi-dimensional case, i.e. multiple output or several output 
variables, too, while the multidimensional extensions of the tolerance limit approach suffer from 
(1) not being unique because the runs with the highest value for checking the first limit has to be 
eliminated for comparison with the next limit, and so on, and (2) require substantially increased 
calculation runs, (3) are in most cases not necessary since functions of several variables can be 
reduced to the one-dimensional case. 

”. In 
the multi-dimensional case there is no such direct correspondence or equivalence. 

Much more influence on the uncertainty range of computational results has the specified input 
uncertainty ranges. Less important is the distribution of these input uncertainties. Therefore, 
high requirements are on the specification and the justification for these ranges. Investigations 
are underway to transform data measured in experiments and post-test calculations into thermal-
hydraulic model parameters with uncertainties. Care must be taken to select suitable 
experimental and analytical information to specify uncertainty distributions. The selection of 
suitable experiments is important for the UMAE/ CIAU method as well. 

4 Applications 

Best estimate analysis plus uncertainty evaluation is used in licensing up to now in the 
following countries: Argentina (CIAU), Belgium (ordered statistics), Brazil (output 
uncertainties and statistical method as well as CIAU), China, Korea (ordered statistics), 
Lithuania (ordered statistics), Netherlands (statistical method), Spain (ordered statistics), 
Taiwan (ordered statistics) and USA (ordered statistics). 

Significant activities for use in licensing are performed in these countries: Canada, Czech 
Republic, France, Germany, Hungary, Japan, Russia, Slovak Republic and Ukraine. 

5 Conclusions 

The safety demonstration method “uncertainty analysis” is becoming common practice world-
wide, mainly based on ordered statistics. Basis for applications of statistical uncertainty 
evaluation methods is the development of the GRS-method.  

Several activities are carried out on an international world-wide level, like in OECD and IAEA. 
Comparison of applications of existing uncertainty methods have been performed in the frame 
of OECD/ CSNI Programmes. Differences were observed in the results of uncertainty analysis 
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to the same task. These differences are sometimes reason for arguing about the suitability of the 
applied methods. Differences of results may come from different methods. When statistical 
methods are used, differences may be due to different input uncertainties, their ranges and 
distributions. However, differences are already seen in the basic or reference calculations.  

When a conservative method is used, it is claimed that all uncertainties which are considered by 
an uncertainty analysis are bounded by conservative assumptions. That may only be right when 
conservative code models are used in addition to conservative initial and boundary conditions. 
In many countries, however, a best estimate code plus conservative initial and boundary 
conditions are accepted for conservative analysis in licensing. Differences in calculation results 
of best estimate and even conservative codes would also be seen, comparing results of different 
users of the same computer code due to different nodalisations and code options the user is 
selecting. That was observed in all International Standard Problems where applicants calculated 
the same experiment or a reactor event. The main reason is that the user of a computer code has 
a big influence in applying a code. A user effect can also be seen in applications of uncertainty 
methods. 

Another international discussion took place about the number of calculations to be performed 
using ordered statistics methods. That issue was mainly brought up when more than one 
acceptance criterion has to be met. However, much more influence on the results is by the 
specification of uncertainty ranges of these input parameters. Therefore, high requirements are 
on their specification and the justification for these ranges. The international OECD PREMIUM 
(Post BEMUSE REflood Models Input Uncertainty Methods) Project will deal with this issue. 
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Safety analysis of nuclear reactor steam supply systems 

To demonstrate that the plants are designed to respond safely to various 
postulated design basis accidents 

Performed by computer simulation using complex system codes due to 
significant variations of conditions that will occur during such an accident

Models of thermal-hydraulic computer codes approximate the physical 
behaviour, and the solution methods are approximate due to compromise of 
accuracy and calculation time
=> Code calculation results are not exact but uncertain

Uncertainties are taken into account by 

• conservative evaluation model calculations

• “best estimate” code plus conservative initial and boundary conditions

• “best estimate” calculations supplemented by uncertainty analysis of
code results => Uncertainty analysis method needed

3Summary of existing uncertainty methods
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Illustration of Margins

4

Safety Limit

Acceptance Criterion
(Regulatory Requirement)

Licensing 
Margin

Upper Limit of Calculated
Uncertainty Range

Calculated Uncertainty Range

Safety 
Margin

Conservative 
Calculation

Real value (without 
postulates, like single 
failure, …)

Allowed 
region
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CSAU (Code Scaling Applicability Uncertainty) Method (1)

One of the first uncertainty methods proposed in the year 1988

CSAU provides a framework to proceed through different steps in the process 
of evaluating uncertainty

Investigate uncertainty of safety related single valued parameters, e.g. peak 
cladding temperature (PCT) or vessel water inventory

Evaluation of the code applicability to a selected plant scenario

Experts identify and rank phenomena by means of a process identification and 
ranking table (PIRT) to select highly important phenomena

Single parameter sensitivity calculations performed using an optimised 
nodalisation capturing important physical phenomena

Information from experiments, manufacturing, and validation calculations 
utilised for defining ranges and probability distributions of the uncertain input 
parameters

Summary of existing uncertainty methods 5



CSAU (Code Scaling Applicability Uncertainty) Method (2)

Scaling considered by identification of several phenomena based on test 
facilities and on code validation

Addition of bias terms on output uncertainties which are not provided through 
the analysis

A response surface approach was used in the first demonstrations, 

• Response surface fits the code predictions obtained from selected 
parameters, and is further used instead of the original computer code

• Reduces the number of code runs and the cost of analysis

• Response surfaces are not mandatory within the CSAU framework, other 
methods for uncertainty quantification may be applied

Summary of existing uncertainty methods 6
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Sample Best-Estimate Calculation using CSAU Method (USA)

● Peak LHGR = 15.1 (kW/ft) = 495.4 W/cm
Peak Clad Temperature is representative of 95th percentile value

Summary of existing uncertainty methods

Year



Statistical Methods:
GRS, IRSN, AREVA, ASTRUM, GE, KREM, KINS-REM, …

First proposed by GRS

Identify and quantify all potentially important parameters

Number of input uncertainties not limited (number of code calculations 
independent of number of uncertain parameters)

Input uncertainties characterised by ranges and probability 
distributions

Uncertainty space sampled at random according to the probability 
distributions

Wilks’ formula determines the number of calculations  
• for one-sided 95% confidence limit on the 95th percentile 59 runs

are needed.
• for two-sided 95%/95% tolerance interval 93 runs are needed.

Provides sensitivity measures to help prioritise future improvements 

8Summary of existing uncertainty methods
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Statistical uncertainty analysis

Summary of existing uncertainty methods 9

Model

Parameter P3

Parameter P1

Parameter P2

fP1

fP2

fP3

y = f(Pi,t)

Relevant function

Set of time functions

Minimum, Medium, Maximum
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Sensitivity analysis

10

Time point t0

Y = H (P1, P2, P3)

Distribution at time 
point t0

Y

P2

Y

P1

Y

P3

Correlation coefficients

Set of relevant functions

Time point t0
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Data used for quantification of uncertainties

Results obtained during code validation, envelop results from separate 
effects and integral tests

• Relevant and available experimental data should be used

• Scaling effects considered by large scale experiments, like UPTF

Data uncertainties from documentation 
(geometry, bypass flow paths, reactor power, decay heat)

Fuel data from fabrication tolerances

11Summary of existing uncertainty methods



Number of code calculations - Wilks’ formula

Independent of number of uncertain parameters! 

Dependent on tolerance limits (or -intervals) for the uncertainty statement of 
the code results

Smallest number of code runs n

• upper statistical tolerance limit (one-sided):
1 -

p
n

• tolerance interval (two-sided):
1 - n - n (1 - )

(
n-1

% is the desired probability content
(fractile, percentile, quantile),

% is the confidence limit
(taking into account the possible sampling error due to limited number of code 
calculations)

12

n 1 - n

10 0,95 0,40
50 0,95 0,92
59 0,95 0,95

100 0,95 0,99
500 0,95 1,00

n 1 - n - n (1 - ) n-1

10 0,95 0,09
50 0,95 0,72
93 0,95 0,95

100 0,95 0,96
500 0,95 1,00
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Number of code calculations - Sequential variation of parameter 

values, not using Wilks formula

Selection of maximum, minimum and reference value for each parameter 

(3 values per parameter)

Number of calculations n

Without combination of parameters:

n = 2 p + 1

p is number of parameters

Combination of parameters:

n = 3p

e.g.: p = 48 n 8 x 1022

        n = 93 
n
pmax = 4 (!)      => PIRT process necessary!
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Determination of tolerance limits
A total number of n code runs are performed varying simultaneously the values of 
all uncertain input parameters, according to their distribution 

For each instant of time the n values of the considered output parameters are 
ordered: 
Y(1) <Y(2) … < Y(n-1) < Y(n) 
=> “order statistics” is used for Wilks’ formula 
On the basis of ranking, the tolerance limits are obtained with a confidence level 
of 95% by selecting 

14Summary of existing uncertainty methods

Number of code 
runs (samples) 

One-sided  95th 
percentile tolerance 
limit  

One sided 5th 
percentile tolerance 
limit  

Two-sided 
tolerance interval 

59 Y(n)   Y(1) Y(1) and Y(n) 

93 Y(n-1)   Y(2) Y(1) and Y(n) 

124 Y(n-2)   Y(3) Y(1) and Y(n) 

153 Y(n-3)  Y(4) Y(2) and Y(n-1) 

181 Y(n-4)   Y(5) Y(3) and Y(n-2) 

… … … 
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Comparison with more than 1 acceptance criterion (1)

A. Wald extended Wilks‘ concept to several output variables 
(“Coverage” approach)

Shortcomings:

• Requires considerably increased number of code runs

• Depends on numbering of the output variables, i.e. on the order in 
which the output variables are treated and extreme values are 
omitted
 => e.g. 1-sided upper tolerance limit:  
1st variable is PCT, run with highest PCT eliminated for next output 
variable,  
2nd variable evaluated without that eliminated run,  
run with highest value of 2nd variable eliminated, etc.
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Comparison with more than 1 acceptance criterion (2)

Slightly modified concept proposed:

• No consideration of joint tolerance limits for the multiple outputs of 
interest 

• Consideration of the lower statistical confidence limit (e.g. of at 
least 95%) for the probability of „satisfying all acceptance criteria 
for all output parameters“ (Clopper-Pearson)

Basis is that both of the following statements are equivalent:

• The Wilks’ (probability = 95% and confidence = 95%) limit for the 
results is below the regulatory acceptance limit

• The lower = 95% confidence limit for the probability that the value 
of the result stays below the regulatory acceptance limit is greater or 
equal = 95%. 
The regulatory acceptance limits are incorporated into the 
probabilistic statements.
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Comparison with more than 1 acceptance criterion (3)

Advantages:

• In the one-dimensional case of one single output parameter the 
concept is equivalent to the known concept of one-sided upper 
tolerance limit

• Minimum number of calculation runs is the same for the “multi-
dimensional” case, independent of output parameters and 
criteria involved, and consequently independent from 
interrelationships between the output parameters and criteria

Summary of existing uncertainty methods
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Uncertainty analysis provides statements on 

Uncertainty range of code results

• Enables to determine margin between upper bound of uncertainty 
range to acceptance criterion

Sensitivity measures about influence of input parameters on 
calculation results 

• Ranking of parameters as result of the analysis

• Guides further code development

• Prioritises experimental investigations 

18Summary of existing uncertainty methods
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Sensitivity measures

correlation coefficient
measure of linear relations of one parameter to the result 

partial correlation coefficient p
measure of linear relations of one parameter to result after elimination of 

linear effects of other parameters 
(not recommended, is ratio of parts of variability rather than fraction of 
variability, may show higher measure at low influence)

standardised regression coefficient 
linear relation of one input parameter to variability of result after elimination 

of linear effects of other parameter variabilities

rank transformation (linear and monotonic dependence of ranks)

correlation ratios 
not restricted to linear and monotonous relations

19Summary of existing uncertainty methods
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Support Programmes SUSA (GRS), SUNSET (IRSN), 
SNAP/DAKOTA (NRC)

Provides a choice of statistical tools to be applied during the 
uncertainty and sensitivity analysis

Supports analyses during the different working steps

Supports evaluation of results

20Summary of existing uncertainty methods



University Pisa Method - Uncertainty Methodology based on 
Accuracy Extrapolation (UMAE) 

No consideration of input uncertainties

Quantitative determination of accuracy of code calculations by means 
of integral experiments based on Fast Fourier Transform (FFT) for the 
investigated plant scenario 

Calculation of final uncertainty by extrapolation of accuracy 
evaluated in predicting integral experiments to full scale reactor 
plant

Suitably scaled facilities and relevant data from integral experiments 
must exist!

21Summary of existing uncertainty methods



Uncertainty Methodology based on Accuracy Extrapolation (UMAE)
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University Pisa Method - Uncertainty Methodology based on 
Accuracy Extrapolation (UMAE) 

Code modelling of the integral experiment data must satisfy criteria for 
prediction of relevant thermal-hydraulic aspects and accuracy

Same (qualified) noding used for plant calculation 

Accuracy of calculations for integral experiments extrapolated to plant; 
formula allows for effects of scale, most likely to be when extrapolation 
is small

No sensitivity information between input and output parameters 
without additional specific calculations, beyond the scope of UMAE

Summary of existing uncertainty methods 23



Code with capability of Internal Assessment of Uncertainty (CIAU)

Each plant state is characterized by the value of 6 relevant quantities (i.e. a 
hypercube) and by the value of time since transient start

An uncertainty can be assigned to each plant state 

For PWRs the 6 quantities are:

• Upper plenum pressure

• Primary loop mass inventory including pressurizer

• Steam generator secondary side pressure

• Cladding surface temperature at 2/3 of core active height (from bottom of active fuel)

• Core power

• Steam generator downcomer collapsed liquid level (the largest value of different SGs)

The value of uncertainty – corresponding to each edge of the rectangle – can be 
defined in probabilistic terms => this shall satisfy the requirement of a 95% 
probability level according to US 10 CFR 50 and Regulatory Guide 1.157

This time and resource consuming process has been performed and is 
available only at University Pisa for RELAP5 and CATHARE codes up to now
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Quantity Uncertainty, Time Uncertainty and Total Quantity Uncertainty of the 
CIAU method of University Pisa

Summary of existing uncertainty methods 25
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Comparison of relevant features of uncertainty methods (1)

26

Feature CSAU demo Statistical/ 
GRS

UMAE/CIAU

Determination of uncertain 
input parameters and of input 
uncertainty ranges

Experts Experts Differences between 
experimental and used input 
data constitute sources for 
uncertainty of code models

Selection of uncertain 
parameter values within the 
determined range for code 
calculations

Experts Random 
selection

Not necessary

Support of identification and 
ranking of main parameter and 
modelling uncertainties (PIRT)

Yes No
(optional)

No

Accounting for state of 
knowledge of uncertain 
parameters (distribution of 
input uncertainties)

Yes Yes No

Summary of existing uncertainty methods



Comparison of relevant features of uncertainty methods (2)

27

Feature CSAU demo Statistical/ GRS UMAE/CIAU

Probabilistic uncertainty 
statement

Yes Yes Yes

Statistical rigour No Yes No

Knowledge of code specifics may 
reduce resources necessary for 
the analysis

Yes No No

Number of code runs independent 
of number of input and output 
parameters

No Yes Yes

Typical number of code runs LB: 8
SB: 34

59
PWR: 93-300
LOFT: 59-150
LSTF: 59-100

Not applicable,
Roughly 20

Summary of existing uncertainty methods



Comparison of relevant features of uncertainty methods (3)

28

Feature CSAU demo Statistical/ 
GRS

UMAE/CIAU

Number of uncertain input 
parameters

LB: 7 (+5)
SB: 8

LOFT: 13-64
PWR: 17-55
LSTF: 25-48

Not applicable

Quantitative information about 
influence of a limited number of code 
runs

No Yes No

Use of response surface to 
approximate the result

Yes No No

Use of biases on results Yes No For other than 
model 
uncertainties

Summary of existing uncertainty methods



Comparison of relevant features of uncertainty methods (4)

29

Feature CSAU demo Statistical/ 
GRS

UMAE/CIAU

Continuous valued output 
parameters

No Yes Yes

Sensitivity measures of input 
parameters on output parameters

No Yes No

Summary of existing uncertainty methods



Best estimate analysis including uncertainty analysis

Used in licensing up to now in:
USA

Netherlands

Brazil (Siemens, CIAU)

Korea

Lithuania

France

Spain

Belgium

China

Taiwan

Argentina (CIAU)

Great Britain

30

Significant activities for use in licensing in:

Canada

Czech Republic

Hungary

Japan

Russia

Slovak Republic

Ukraine

Germany
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Conclusions
Uncertainty analysis is becoming common practice world-wide, mostly statistical method 
used

Basis for applications of statistical uncertainty evaluation methods is the GRS-method

Extrapolation of output uncertainties proposed by University Pisa

Comparison of applications of existing uncertainty methods have been performed in the 
frame of OECD/ CSNI Programmes (UMS and BEMUSE)

• Differences of results  may come from

Different methods

For UMAE/ CIAU different number of experiments for codes CATHARE and RELAP  

For statistical methods due to different input uncertainties, their ranges and 
distributions as well as reference calculations

Application of statistical methods: Further activity will be focussed on specific procedures 
to determine input uncertainties of code models 
=> OECD PREMIUM (Post BEMUSE REflood Models Input Uncertainty Methods) Project

Determination of input uncertainties as well as quality of reference calculation is most 
important for uncertainty analysis

31
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