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Abstract:
A partial collapse observed in the Large Helical Device (LHD) experiments shifting the
magnetic axis inwardly with a real time control of the background field is analyzed with a
magnetohydrodynamics (MHD) numerical simulation. The simulation is carried out with a
multi-scale simulation scheme. In the simulation, the equilibrium also evolves including the
change of the pressure and the rotational transform due to the perturbation dynamics. The
simulation result agrees with the experiments qualitatively, which shows that the mechanism
is attributed to the destabilization of an infernal-like mode. The destabilization is caused
by the change of the background field through the enhancement of the magnetic hill.

1 Introduction

In magnetically confined fusion, it is crucial for designing future DEMO devices to predict
the stability boundary with respect to global MHD collapses. In heliotrons, however,
systematic estimation method for the collapse boundary in the configuration space has not
yet been established. Therefore, the establishment of the boundary determination method
based on both experimental and theoretical researches is required. In experiments, a real
time control of the background field is a powerful tool to investigate the collapse boundary.
In LHD [1], experiments called magnetic axis swing operations were carried out to find out
this boundary [2]. In the operations, the background poloidal field is controlled during
a discharge so that the corresponding vacuum magnetic axis position (Rvax) is shifted
inwardly. In the operation with the shift from Rvax = 3.6m to Rvax = 3.5m, a partial
collapse in the core electron temperature of about 25% was observed when Rvax reached
3.55m. Simultaneously with the collapse, magnetic fluctuations with (m,n) = (2, 1)
were also observed. Here m and n are the poloidal and the toroidal mode numbers,
respectively. Thus, in the present study, we analyze the mechanism of the partial collapse
with a nonlinear MHD simulation.

In the analysis of the plasma behavior in the magnetic axis swing operation, we have to
incorporate the time-dependent background field. The equilibrium quantities change de-
pending on the background field change, which affect the perturbation dynamics. There-
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fore, the time evolution of both equilibrium and perturbed quantities should be treated
simultaneously. In this case, the equilibrium varies much slower than the perturbation
dynamics. Generally, the difference of the time scales are in the order of more than 105.
On the other hand, we have solved such problems including different time scales in the
stability study of the beta ramp up phase of the LHD plasma [3]. In the studies, we have
developed a multi-scale numerical scheme. In the scheme, time evolution of nonlinear
dynamics and updates of a three-dimensional static equilibrium are iterated. The NORM
code [4] based on the reduced MHD equations [5] and the VMEC code [6] are used for
the dynamics and the equilibrium calculations, respectively. In the equilibrium evolution,
the deformation of the pressure profile due to the resistive pressure driven instability dy-
namics is incorporated. The three-dimensional VMEC solution is utilized in the NORM
code after averaging in the toroidal direction following the stellarator expansion method
[7].

Recently, we applied this multi-scale scheme to the analysis of the magnetic axis
swing plasma and obtained preliminary results showing pressure collapses [8, 9]. In this
analysis, however, the mode is unstable even in the case with the fixed background field,
while the plasma is stable in the experiment. In the present analysis, in order to obtain
a situation that corresponds to the experiment, we proceed two steps. First, we increase
beta at a fixed axis position, Rvax = 3.55m. Afterwards, we use the nonlinearly obtained
equilibrium as initial state for the axis swing calculation. Furthermore, we improve the
multi-scale scheme so as to incorporate the change of the rotational transform due to the
dynamics as well as the pressure. In this improved scheme, the fixed net toroidal current
constraint and the fixed rotational transform constant are employed in the equilibrium
calculations instead of the zero net toroidal current constraint used in the original scheme.
With this improvement, we can also keep the initial profile of the rotational transform in
the linear phase. We apply the improved scheme to the LHD plasma when the background
field is changed and examine how an instability is excited and cause the collapse.

2 Multi-Scale Scheme Incorporating Change in Ro-

tational Transform

In the multi-scale scheme, we consider the time evolution of the plasma divided in a se-
quence of time intervals. In each interval, the time evolution of the plasma is calculated
using a predictor-corrector method. Each step of the predictor-corrector method is com-
posed of the time-dependent nonlinear dynamics calculation and the equilibrium update.
The nonlinear dynamics is calculated by solving the reduced MHD equations for poloidal
flux Ψ, stream function Φ and pressures P . In the formulation, Ψ and Φ are expressed as
the sum of the equilibrium and perturbed parts, while P is expressed as the sum of the
average and oscillating parts with respect to the angle coordinates. The equations are
explained precisely in Ref.[8].

The equilibrium is updated with the VMEC code incorporating the results of the
nonlinear dynamics. In the original multi-scale scheme, the change of the pressure due to
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the dynamics is incorporated, while the rotational transform is determined automatically
under the constraint of zero net toroidal current. In the present work, we improve the
scheme so as to incorporate the change of the rotational transform due to the dynamics
calculation in the equilibrium calculation as well. In order to obtain such a solution in
fine grids with sufficient convergence, we run the VMEC code two times in series. In the
first run, we calculate a free boundary equilibrium with coarse grids under the fixed net
toroidal current constraint. In the second run, we calculate a fixed boundary equilibrium
with fine grids under the fixed rotational transform constraint utilizing the boundary data
obtained in the first run.

The equilibrium update and the nonlinear dynamics are combined as follows. We
consider to calculate the time evolution of the plasma in the i-th interval of ti ≤ t ≤ ti+1

in the change of the background field from Rvax(ti) to Rvax(ti+1). At first, we calculate
the equilibrium at the beginning (t = ti) of this interval in the predictor step. In the
calculation, the equilibrium pressure P pre

eq,i(ti), the net toroidal current I
pre
eq,free,i(ti) and the

rotational transform´ι
pre
eq,i(ti) are needed, where ‘eq’ denotes the equilibrium quantity and

‘pre’ and ‘cor’ indicate the quantity in the predictor and the corrector steps, respectively.
The subscript of i means the quantity in the i-th interval. For the equilibrium pressure at
t = ti, the dynamics calculation result for the average pressure in the (i−1)-th interval of
ti−1 ≤ t ≤ ti is employed, i.e., P pre

eq,i(ti) = 〈P 〉i−1(ti). Here, the angle bracket indicates the
average over the angular variables. The net toroidal current and the rotational transform
are calculated as

Ipreeq,free,i(ti) =

∫ (
J cor
ζ,eq,m=0,i−1(ti) + J̃ζ,m=n=0,i−1(ti)

)
ρdρ (1)

and

´ι
pre
eq,i(ti) =´ι

cor
eq,i−1(ti) +

1

ρ

dΨ̃m=n=0,i−1(ti)

dρ
, (2)

respectively, where ρ denotes the square root of the normalized toroidal magnetic flux and
the tilde means the perturbed quantity. Here Jcor

ζ,eq,m=0,i−1(ti) and´ι
cor
eq,i−1(ti) are the m = 0

component of the equilibrium toroidal current density and the rotational transform at the
end of the (i−1)-th interval, respectively. Also, J̃ζ,m=n=0,i−1(ti) and Ψ̃m=n=0,i−1(ti) are the
(m,n) = (0, 0) components of the perturbed toroidal current density and the perturbed
poloidal flux at the end of the (i−1)-th interval, respectively. By utilizing Ipreeq,free,i(ti) in the
first free boundary calculation and then´ι

pre
eq,i(ti) in the second fixed boundary calculation,

we obtain the equilibrium corresponding to Rvax(ti), P pre
eq,i(ti) and´ι

pre
eq,i(ti). The m =

0 component of the equilibrium current density is determined by normalizing the net
toroidal current obtained in the fixed boundary equilibrium calculation, Ipreeq,fix,i(ti), with
the current used in the free boundary calculation as

Jpre
ζ,eq,m=0,i(ti) =

1

ρ

Ipreeq,free,i(ti)|ρ=1

Ipreeq,fix,i(ti)|ρ=1

dIpreeq,fix,i(ti)

dρ
. (3)

Next, we also calculate the equilibrium at t = ti+1. In the calculation, the equilibrium
pressure at t = ti+1 is assumed as,

P pre
eq,i(ti+1) = 〈P 〉i−1(ti) + ∆P (ρ). (4)
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Here ∆P is an increment of the pressure. In the present study, we determine the absolute
value and the profile of the increment so that both the axis beta and the average beta are
kept fixed by compensating the diffusion loss. We fix this pressure increment for whole
time evolution to simulate a constant heating. We also assume that the net toroidal
current and the rotational transform are constant as

Ipreeq,i(ti+1) = Ipreeq,i(ti) and ´ι
pre
eq,i(ti+1) =´ι

pre
eq,i(ti). (5)

As in the case at t = ti, by utilizing Rvax(ti+1), P
pre
eq,i(ti+1), I

pre
eq,i(ti+1) and´ι

pre
eq,i(ti+1), we

obtain the equilibrium at t = ti+1 by means of the VMEC code. Since we obtain the
equilibrium quantities at t = ti and t = ti+1 after the VMEC calculations, we provide the
equilibrium quantities at every time step of the dynamics calculation with the NORM
code by interpolating the quantities at t = ti and t = ti+1,

Utilizing the interpolated equilibrium quantities, we follow the time evolution of the
dynamics of the predictor step. The initial (m,n) = (0, 0) component of the poloidal flux
of the i-th interval in the dynamics calculation is given by the conservation of the total
poloidal flux as

Ψ̃pre
m=n=0,i(ti) = Ψ̃m=n=0,i−1(ti) +

∫
(´ι
cor
eq,i−1(ti) −́ ιpreeq,i(ti))ρdρ. (6)

Other initial components of the perturbed poloidal flux as well as the stream function
and the pressure succeed the values at the end of the (i − 1)-th interval. Note that the
initial perturbed current density is calculated from the perturbed poloidal flux for the
consistency between the quantities, not the value at the end of the (i− 1)-th interval.

Similarly in the corrector step, we calculate the equilibria at t = ti and t = ti+1. As for
the equilibrium at t = ti, we use the same equilibrium quantities as those in the predictor
step, i.e.,

P cor
eq,i(ti) = P pre

eq,i(ti), ´ι
cor
eq,i(ti) =´ι

pre
eq,i(ti) and J cor

ζ,eq,m=0,i(ti) = Jpre
ζ,eq,m=0,i(ti). (7)

For the equilibrium calculation at t = ti+1, the result of the nonlinear dynamics in the pre-
dictor step is utilized. The pressure, the net toroidal current and the rotational transform
needed for the VMEC calculation are given by

P cor
eq,i(ti+1) = 〈P 〉prei (ti+1), (8)

Icoreq,i(ti+1) =

∫ (
Jpre
ζ,eq,m=0,i(ti+1) + J̃pre

ζ,m=n=0,i(ti+1)
)
ρdρ (9)

and

´ι
cor
eq,i(ti+1) =´ι

pre
eq,i(ti+1) +

1

ρ

dΨ̃pre
m=n=0,i(ti+1)

dρ
. (10)

As in the case of the predictor step, we calculate the equilibrium at t = ti+1 with the
VMEC code and interpolate the equilibrium quantities. Then, the dynamics calculation
with the equilibrium quantities in the corrector step provides the final result of the time
evolution in the interval.
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FIG. 1: Profiles of pressure (solid lines) and rotational transform (dashed lines) in the
change of the background field.

3 Simulation of Partial Collapse

By utilizing the improved multi-scale scheme, we analyze the behavior of the LHD plasma
in the change of the background field. The background poloidal magnetic field is linearly
changed so that Rvax = 3.60m at t = 0τA and Rvax = 3.50m at t = 63500τA, where
τA denotes the Alfvén time. The pressure and the rotational transform obtained in the
previous simulation with Rvax = 3.55m [4] are employed for the initial equilibrium. The
profiles are plotted in FIG.1. We assume a fixed heat source corresponding to the pressure
increment of ∆P = P0(1− ρ2)6.2. For comparison, we also calculate the time evolution of
the case with Rvax fixed to 3.60m and without the change of the background field.

FIGURE 2 shows the time evolution of the kinetic energy of the perturbation and the
axis beta. In the case with the change of the background field, an n = 1 mode dominantly
destabilized around t = 25000τA. The growth rate increases in the time evolution and the
mode is saturated about t = 66000τA. In the saturation phase, the axis beta decreases
in a short time. This is due to the decay of the core pressure shown in FIG.1, which
corresponds to the partial collapse observed in the experiments. Simultaneously, the
rotational transform around the magnetic axis increases. On the other hand, in the case
without the change of the background field, there is not any global mode destabilized as
shown in FIG.2. Thus, the situation obtained in the experiments is reproduced in this
simulation where the collapse occurs in the case with the change of the field and the
plasma is stable in the case without the change of the field.

FIGURE 3 shows the change of the total pressure profile in the change of the back-
ground field. The collapse occurs accompanied with the m = 2 deformation of the pres-
sure. In order to understand the reason, we plot the mode structure of the n = 1 mode
of the stream function in the linear phase in FIG.4. The (m,n) = (2, 1) component is
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FIG. 2: Time evolution of kinetic energy (Ek, solid lines) of the n = 1 component and
axis beta (β0, dashed lines) for the cases with (red) and without (blue) the change of the
background field.

dominant and peaked as is usually seen in the profile of the interchange mode. How-
ever, the peak position of the component is deviated from the position of the´ι = 1/2

surface. Furthermore, the sideband components have the same sign. These properties
indicate that the mode is like an infernal mode [10, 11] rather than an interchange mode.
Therefore, the partial collapse is caused by the infernal-like mode, of which the dominant
component is (m,n) = (2, 1). This result agrees with the experimental observation of the
(m,n) = (2, 1) magnetic fluctuation with the decay of the temperature.

Since the infernal mode is a pressure driven mode, the destabilization is affected by
the magnetic well. FIGURE 5 shows the change of V ′′ in the time evolution, which is
the second derivative of the plasma volume with respect to the toroidal magnetic flux.
The magnetic hill is enhanced at t = 63450τA compared with that in the initial equilib-
rium. This is attributed to the inward shift of the magnetic axis brought by the change
of the background magnetic field. Thus, the infernal-like mode is destabilized by the
enhancement of the magnetic hill during the time evolution.

4 Concluding Remarks

The LHD plasma in the case of change of the background magnetic field is numerically an-
alyzed with a multi-scale simulation scheme. For this analysis, the multi-scale simulation
scheme is improved so as to incorporate the change of the rotational transform due to the
dynamics calculation in the equilibrium update. Furthermore, the pressure and the rota-
tional transform obtained after raising beta to a saturated nonlinear state in the previous
simulation with the zero net current constraint are employed as the initial equilibrium
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FIG. 3: Bird’s eye view of total pressure in the change of the background field.

for this simulation. As a result, we obtain a partial collapse of the plasma energy in the
case where the background magnetic field changes. On the contrary, a stable plasma is
obtained when the background magnetic field does not change. This agrees qualitatively
with the experiments. The partial collapse is caused by an infernal-like mode, which
destabilized by the enhancement of the magnetic hill due to the change of the background
field. The mode numbers of the dominant instability also agree with those of the observed
fluctuations. On the other hand, in the present simulation, the partial collapse occurs at
Rvax = 3.488m, that is slightly out of the range in the experiment. It is a future work to
confirm the occurrence in the range of the experiment using an appropriate change rate
of the background field.

In another preliminary calculation using the zero net current constraint in the equi-
librium update of the multi-scale scheme and with the same other conditions as in the
present analysis, an infernal-like mode is excited even in the case without the change of
the background field. This implies that the incorporation of the change of the rotational
transform is crucial in the stability analysis of the infernal-like mode.
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