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ABSTRACT	
 
The main objective of this work is to simulate electromagnetic fields using the Finite Element Method. Even in 
the easiest case of electrostatic and magnetostatic numerical simulation some problems appear when the nodal 
finite element is used. It is difficult to model vector fields with scalar functions mainly in non-homogeneous 
materials. With the aim to solve these problems two types of techniques are tried: the nodal elements and the 
edge finite element that ensure the continuity of tangential components. Some simple electromagnetic numerical 
analysis problems like waveguides, with homogeneous and non-homogeneous materials, are performed using 
first the nodal finite elements and then the edge finite elements. 

 
1. INTRODUCTION	

 
Among the new prospects for power generation, nuclear power ranks as one of the most 
promising to be a clean and independent of seasonality. In this sense many efforts are being 
made to the so-called fourth-generation reactors become a reality. Among these reactors 
include those cooled liquid metals, as well as subcritical reactors. The latter indicate the 
possibility of reactors that have an external source of neutrons i.e. the necessary additional 
fission neutrons would be produced through the use of a particle accelerator. In common, 
these reactors have the fact of using electromagnetic fields in part of their equipment and 
therefore see the need of numerical methods suitable for the accurate calculation of these 
fields. 
The sciences demand as a whole, particularly the engineering, by calculation methods that 
may provide more accurate results every time, made many numerical calculation methods 
were developed. Some already have been enhanced. An example is the finite element method. 
This method, used in applications for civil and mechanical engineering, presented a good 
performance while for others not so much . For applications in calculation of electromagnetic 
fields finite elements were viewed with some suspicion, given the difficulties in modeling 
satisfactorily these fields. In particular, it may be mentioned applications in 3D magnetostatic 
problems due to the difficulty to meet certain conditions to be mentioned in the course of the 
dissertation. The first applications of the finite element method in electromagnetic date back 
to the 60s and deal with the modeling of waveguides in homogeneous media. From this 
application, you must start a stage of many publications on the various possibilities of FEM 
for solving electromagnetic problems [6], in particular in the study of optical waveguides. 
Around 80 years, MEF has established itself as the most robust numerical tool for solving 
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these problems. For applications involving anisotropy and/or non transverse homogeneity, 
numerical solution presented problems [7]. In these applications, we found the appearance of 
non-physical solutions, which is called spurious modes. These modes are the result of an 
inappropriate imposition of free divergence [11]. In an attempt to solve this problem, there 
have been many advances, one of which resulted in the creation of so-called finite element 
edge (edge). This element is a result of work that began in the mid -sixties, with Fraeijs of 
Veubeke where it along with other engineers proposed the mixture formulation. The idea was 
to use this formulation in elasticity problems, however, they were unsuccessful. During the 
following decade, and Raviat Thomas attacked the simpler problem for the mixed 
formulation of the Laplacian with the same formulation and invented elements Raviat - 
Thomas. In the eighties, the publications give continuity to this called "mixture formulation", 
with works by: Nédélec, Brezz - Douglas - Marine and Bossavit. In his work entitled "Mixed 
Form Element are Whitney, Rediscovered", Bossavit classifies elements Raviat - Thomas and 
Nédélec especially low-order elements as Whitney. Whitney elements were defined in 1957 
by Hassler Whitney in his book entitled "Geometric Integration Theory". According to this 
definition, the so-called "Whitney forms" find application in various problems according to 
their type. Forms Whitney type zero (Lagrange elements) are used in problems involving 
calculation of temperatures and electrical potentials. Type two forms, which will be 
addressed in this work are used in problems involving the calculation of temperature gradient 
and electric and magnetic fields. In addition to those forms mentioned above, there is still a 
three way type with its respective applications. 
 

2.  ELECTROMAGNETIC FIELD THEORY 
 
The main objective of this article is to solve electrostatic and magnetostatic problems. The 
initial step is to find the scalar and vector potentials forms for the Maxwell equations. This 
formulation has the mainly objective to decrease the number of variables. In this sense two 
possibilities are presented in the following. 
 
2.1 Vector Potential Formulation for Stationary Current 
 
Defining an electric vector potential as  and an applied electric current density 
source , the electrostatic field in the vector potential formulation is represented by 
the following equations: 

]/[ mAT
]/[ mAJ

 

 0=×∇ E  (2.1) 

 JE
σ
1

=  (2.2) 

 TJ ×∇=  (2.3) 
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2.1.2 Magnetostatic fields definition 
 
Defining a magnetic vector potential A, the Maxwell equation can be separated in two 
different problems: the first one where an applied electric current density sources J is defined 
and the second one where permanent magnets are defined and applied current density is null 

. ( )0=J
• Without Permanent Magnets ( ) 0≠J
 

 JH =×∇  (2.5) 

 BH
μ
1

=  (2.6) 

 AB ×∇=  (2.7) 

 JAB =×∇×∇=×∇ )]1[()1(
μμ

 (2.8) 

 
• With Permanent Magnets ( ) 0=J

 0=×∇ H  (2.9) 

 
cHBH −=

μ
1  (2.10) 

 AB ×∇=  (2.11) 

 0)]1[()](1[ =−×∇×∇=−×∇ rr BABB
μμ

 (2.12) 
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where  is the magnetic field intensity,  is the magnetic induction (or magnetic flux 
density), μ is the material magnetic permeability,  is the magnetic coercive field intensity 
and is the residual magnetic flux density. 

H B
cH

rB
It is possible now to define two integral forms for the Maxwell’s equations presented in 2.1 à 
2.12, one using a scalar potential and the other using the vector potential. The first one is 
given by: 

 0=Γ⋅∇−Ω∇⋅∇ ∫∫ ΓΩ
dVwdVw mm nμμ  (2.13) 

where  represents the scalar magnetic potential and w is a weighting function. A integral 
form for the vector potential can be stated as: 

mV

 
( ) 01

=Ω⋅−Ω×∇⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×∇ ∫∫ ΩΩ

dd wJwA
μ

, for the 3D case, (2.14) 

 dSJdLwdS ∫∫∫ ΩΓΩ
=⋅∇−∇⋅∇ wnAAw νν , for the 2D case, (2.15) 

where   represents the vector magnetic potential. A
 
2.1.3. Non-unique magnetostatic vector potential solution 
 
Bastos [2] shows that the 3D magnetostatic vector potential solution is not unique. 
Nevertheless the magnetic field intensity H or the magnetic induction B is unique. 
Unfortunately the numerical solution of this problem leads to a bad numerical convergence. 
A lot of procedures have been developed to overcome this problem. Here, the Coulomb 
gauge procedure presented by Coulomb [15] will be used. This procedure is applied using a 
penalty parameter in equation the (2.14): 
 

 0).(. 21 =Ω∇+Ω−Ω×∇×∇ ∫∫∫ ΩΩΩ
ddd A.wJ.wA αμ  (2.16) 

2D simplifications 
 
In 2D domain the equation (2.14) can be reduced to the Poisson Equation and the Coulomb 
gauge procedure is not necessary: 

 zz J−=∇∇ ).( Aν  (2.17) 

 

 

 

INAC 2013, Recife, PE, Brazil. 
 



3. FINITE ELEMENT 
 

3.1 Nodal Finite Element 
 

In a general point of view, nodal base functions used in nodal finite elements present 
difficulties in modeling in an appropriate form the vector potential formulations or the mixed 
scalar and vector potential formulations. Two distinct cases came to the fore in using this 
kind of element. The first one is when the problem presents two different permeabilities and 
the regions are modeled with two different potentials: one with vector potential and the other 
with scalar potential. The second one is when the problem present complicated geometry 
likes corners or recesses. The difficulties that appear to treat first case are due to the scalar 
potential cancelation in the material interfaces where the weak coupling between potential 
can cause errors due to the normal component continuity according to [8] and [3]. In the 
second case, the difficulties are due to the fact that in the case of corners or recesses the 
tangential components disappear. Therefore, according with [3], the vector potential 
formulation describes the same field in both sides of the edge or recesses given a null 
rotational although a high value was expected in this case. 

 

3.2 Edge Finite Element  
 
Since the edge finite element is defined in a  vector base, the tangent vector associate to 
the edge between nodes i and j is continuous on the element interface. Beyond the 
characteristic of tangential component continuity in this kind of finite element, the vector 
base  are also free divergent that means, it satisfies de following equation: 

ijw

ijw 0=⋅∇ ijw . 
Therefore the use of this kind of element automatically satisfies the Coulomb gauge at least 
inside the element domain. Historically the finite element application in the electromagnetism 
problems was done initially in the resolution of optic waves. The first publication using the 
finite element method in electromagnetic problems appears in 1969 with P. Silvester [6]. In 
these first applications it was verified a good performance in problems with homogeneous 
and/or isotropic material medium. In heterogeneous and/or anisotropic materials medium the 
solution was accompanied with spurious mode (non physical solutions) that in the case of 
waves is associated to the vibration modes. Various publications tried to solve the doubt 
about this phenomenon. Konrad [4] was the first to solve the wave equation in terms of the 
rotational  using finite elements. In his PhD thesis [4] he proposed that the 
spurious modes were caused by the non solenoidal nature of the finite element and its 
difficulties to satisfy the Gauss law. In the same direction it was believed that these modes 
were due to the non imposition of free divergence in the electric and magnetic problems. This 
was justified since the spurious mode did not present free divergence. Another way trying to 
remedy the problem was the imposition of a free divergence penalization term in the 
formulation. In these methods, the spurious solution is displaced away of the physical 
solutions. However not always was easy to find a penalization term adequate to the problem. 
On the other hand, the use of edge element was justified since it meets the objective to solve 
problems inherent to the electromagnetism as will be seen. A stable representation to the 
wave function by means of finite element is possible [5] by simple doing the finite element 
basis expressed by gradient of scalar functions. However, if we take into account that the 

)( A×∇×∇
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gradient of some scalar function is zero and the operator of the wave equation is rotational 
and that the vector function )( A∇×∇  is null, difficulties in solution may appear. In 
mathematical terms, this means that we, as the core generator of the rotational operator, 
vectors that do not generate this core. In physical terms, specifically for the case of waves, 
the result is not appreciable. In this case, the eigenvalue of the kernel space, which must be 
zero, are increased to values different from zero. It has been a source of spurious modes, 
since this approach interferes with the behavior resulting from the frequency vector wave 
equation [9]. Similarly to the nodal element, the edge element is defined in set of vector basic 
function. The vector magnetic potential therefore can be represented by: 

 
(3.1) 

th are linear form functions the following 
relations can be stated: 

 
(3.2) 

tegral in (3.2) is zero when  and  are perpendicular and

i

n

i
i Aw∑

=

≈
1

A  

where iw  represents the form function associate to edge of the element and iA  correspond 
to a line integral along 

i  

iwis edge. Considering that 

edgesotherthealong
iedgethealong

dlw
l

i
⎩
⎨
⎧

=⋅∫ 0
1

 

Therefore, the in  iw dl  0>⋅ dlwi  in 
the other cases. 

 )( ijjiiij LLLLlW ∇−∇=  (3.3) 

Where ij  represents the edge between nodes i  and j , ji LandL  are the centroids 
coordinates of the triangle element and  are the length of the edge . Then, the vector field 
can be written in the following form: 

 (3.4) 

here m is the number of element nodes. 

 
4. WAVE ANALYSIS IN WAVEGUIDES 

aves. The behavior of this device can be stated by the Helmholtz equations defined 

 

 il i

ij

m

i
ijWAA ∑=

=
1

 

w

 

 
As explained before, the first use of the finite element in electromagnetism had occurred in 
guide wave solutions. Thus, using these results as numerical benchmark problem, the first 
results presented in this work are associated to the achievement of cutoff frequencies of these 
guide w
below: 
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 022 =+∇ EE ck  (3.5) 

 022 =+∇ HH ck  (3.6) 

where the equations 3.5 and 3.6 represent the scalar form of the Helmholtz equations The 
vector form of these equation are presented below: 

 EE rc
r

k ε
μ

2)1( =×∇×∇  (3.7) 

 HH rc
r

k μ
ε

2)1( =×∇×∇  (3.8) 

Similarly as done before, the integral form of the these equations is obtained using the 
Galerkin method together with the conditions of perfect electric or magnetic conduction: 

 
Γ=Ω∇⋅∇ ∫∫ ΓΩ

dTkdT sctst ψψ 2)(  (3.9) 

 Ω⋅=Ω×∇⋅×∇ ∫∫ ΩΩ
dkd rctt

r
tttt HTHT μ

ε
2)()(1  (3.10) 

where the equations 3.9 e 3.10 represent the integral form of the scalar and vectorial function. 
 
 

5. NUMERICAL RESUTS 
 
5.1 Rectangular Wave Guide 
 

 
 

Figure 1: Rectangular wave guide with y-boundary conditions. 
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 In this first example it is intended to calculate the cutoff frequencies of a rectangular 
waveguide with dimension ba×  with  satisfying the relation b ab 2= . The geometry and 
boundary conditions for the TE mode are show in figure 1.. 
 

Table 1: Cutoff Frequencies for a Rectangular Waveguide in the TE mode using the Nodal 
Finite Element. 

mode 
TE 

Analytical 
solution 
[10] 

HELM10 
[10] 

MEF 
(4T3N) 

MEF 
(62T3N)

MEF 
(428T3N) 

MEF 
(4R4N) 

MEF 
(60R4N) 

MEF 
(400R4N)

10 3.142 3.144 3.464 3.160 3.144 3.464 3.155 3.145
20 6.285 6.308 6.928 6.422 6.306 6.928 6.355 6.290 
01 6.285 6.308 7.746 6.463 6.308 6.928 6.387 6.309 
11 7.027 7.027 7.746 7.290 7.057 7.746 7.095 7.032 
12 8.889 8.993 - 9.383 8.947 - 9.010 8.909 
30 9.428 - - 9.873 9.499 - 9.776 9.512 

 

Table 1 shows the results obtained by the FEM program using two types of nodal elements, 
the linear rectangular with four nodes (R4N) and the linear triangular with three nodes (T3N). 
The numerical solution was obtained using 4 different discretizations; 62 and 428 for T3N 
elements and 4, 60 and 400 R4N elements. These results are compared to results obtained by 
the program HELM10 and the analytical solution presented by Reddy in a technical report 
[10]. It can be noted that the program MEF obtained similar results especially for the more 
refined meshes. 

 

Table 2: Cutoff Frequencies for a Rectangular Waveguide in the TE mode using the 
Edge Finite Element. 

mode 
TE 

Analytical 
solution 
[10] 

HELM10 MEF 
(4T3E) 

MEF 
(62T3E) 

MEF 
(428T3E) 

MEF 
(4R4E) 

MEF 
(60R4E) 

MEF 
(400R4E) 

10 3.142 3.144 3.639 3.411 3.144 3.464 3.155 3.145
20 6.285 6.308 5.908 5.508 6.304 7.746 6.355 6.290 
01 6.285 6.308 8.764 6.334 6.303 7.746 6.387 6.309 
11 7.027 7.027 - 6.968 7.057 - 7.095 7.032 
12 8.889 8.993 - 8.180 8.954 - 9.010 8.909 
30 9.428 - - 8.480 - - 9.776 9.512 

 

For the same waveguide, a comparison for the cutoff frequencies among the analytical 
solution, the solution of the HELM10 program and that of the MEF program are presented in 
table 2. For MEF program, two solutions are presented: one using the rectangular edge 
element (R4E) and another using the triangle edge element (T3E). These two solutions are 
presented using variable number of elements in the mesh: 4, 62 and 428 elements for T3E 
type and 4, 60 and 400 elements for R4E type. It can be observed again that the edge element 
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presents a good precision and converges to the analytical solution with a little advantage for 
the R4E element. 

 
 

 
Figure 2: Some Vibration Modes in the TE case 

 
 
5.2 Magnetic Field Problems 
 
5.2.1 2D Square wire example 
 
This example is a magnetostatic problem using the vector potential. The domain problem is 
defined by a square conductor with ][102566366.1 6 m−×=ν  where a current density of 

 ( ) is imposed. This conductor is wrapped by a square 
ferromagnetic material with 

]/[0.1 2mmAJ = ]/[100.1 26 mAJ ×=
][102566366.1 3 m−×=ν . It is supposed that the flux is contained 

in the domain so the vector potential is null on the external contour of the domain. In table 3 
the solution obtained by the MEF program for the vector potential  is compared with those 
obtained by Bastos [1]. 

zA

 

Table 3T : Vector Potential )10,0,0( 2×= zAA  using the triangular nodal element. 

Coordinates 
(x,y) 

Bastos  
72 
elem 

MEF* 
72 
elem 

MEF** 
72 
elem 

MEF** 
306 
elem 

MEF** 
7928 
elem 

MEF** 
32662 
elem 

Comsol 
293 
elem 

Comsol 
36864 
elem 

(0.01,0.01) 1.5325 15325 1.5425 1.5869 1.5626 1.4863 1.5342 1.5764
(0.02,0.01) 3.0651 3.0649 3.0850 3.0535 3.0134 2.8677 3.0684 3.041 
(0.03,0.01) 3.3723 3.3723 3.3960 3.5216 3.5583 3.3908 3.5076 3.5958 
(0.01,0.03) 3.3723 3.3723 3.3959 3.5213 3.5587 3.3901 3.5076 3.5958 
(0.02,0.03) 7.3598 7.3596 7.4059 7.7976 7.9849 7.6180 7.8938 8.0785 

potentialvectorAA
potentialscalarAA

×∇•×∇∗∗
∇•∇∗

:
::
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The results presented by MEF in table 3 are obtained using the scalar and vector potential and 
a linear triangle finite element (T3N). These results are compared with those obtained by 
Bastos [1] and by the commercial program Comsol. A good improvement in the precision can 
be observed with the increased number of finite elements used in the discretization; 72, 306, 
7928 e 32662 T3N for the MEF program and 293 e 36864 elements for the Comsol program. 

 
 

    
Figure 3: 2D Magnetic Potential with zJ  current.

 
 

5.2.2 3D Square Wire Example 
 
 

 
 

Figure 3: Square wire and boundary conditions.
 
 
In the three dimensional model, the A-formulation with Coulomb gauging is used. The 
geometry and the vector potential are discretized with a nodal linear tetrahedral finite 
element. In all the facets of the square wire boundary conditions is imposed the condition that 
the normal magnetic flux density is null. These conditions are defined by the following 
equations:

 Bin Γ= 0.nB  (5. 11) 

Since this boundary is in  that means in vector potential form:BΓ

INAC 2013, Recife, PE, Brazil. 
 



 Bin Γ=× 0nA  (5. 2) 

This condition implies that for the planes ][0 mx =  and ][06.0 mx = , the vector potential 
components takes the following values: 0== zy AA . For the planes  and 

 the vector potential is defined by 
][0 my =

][06.0 my = 0== zx AA  and finally for the planes  
and  the vector potential takes the following values 

][0 mz =
][06.0 mz = 0== yx AA . 

The vector potential values obtained by MEF program using a discretization of 17648(T4N), 
nodal tetrahedral finite element are presented in table 4. For some determined coordinates 
values and compared to the results obtained by commercial program Comsol. This program 
has a variety of tools to define the problem and a huge finite element library including nodal, 
edge and boundary elements. The Comsol program is capable to use a mix of elements 
besides making use of the adaptive remeshing to solve a problem minimizing the solution 
error. 

 

Table 4: Vector Potencial )10,0,0( 2×= zAA  using the Nodal Tetrahedral Element. 

COMSOL 
600 Prismatic elements 

MEF 
17648 tetrahedral elements 

Coordenadas 
(x,y) 

Z=0 Z=0,03 Z=0,06 Z=0 Z=0,03 Z=0,06 
(0.001,0.01) 1.6687 1.626 1.6758 1.6918 1.5647 1.6372
(0.02,0.01) 3.1922 3.156 3.1851 3.1675 3.0876 3.1303 
(0.03,0.01) 3.6274 3.64293 3.615 3.6355 3.5601 3.6193 
(0.01,0.03) 3.6274 3.6032 3.6379 3.6352 3.5457 3.5825 
(0.02,0.03) 7.9232 7.8897 7.8865 7.8677 7.8628 7.8666 
(0.05,0.02) 3.134 3.2631 3.1766 3.164 3.0975 3.0864 
 
The results produced by both the MEF program as well as the commercial software Comsol 
are compatible with the literature. It was also noted that the program Comsol discretization 
required a less refined than that used in the program MEF to obtain results close to those of 
the literature. This can be explained by the fact that MEF uses tetrahedral elements less 
efficient than prismatic and that still does not provide coupling with edge elements. Comsol 
The program automatically adjusts the use of various types of elements, including element 
edge to better satisfy the boundary conditions at the interface between two different media 
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Figure 4: Magnetic Vector Potential A using the MEF program 
 
 

 
 

Figure 5: Magnetic Vector Potential A using the Comsol program 
 
 
5.2.3. Collimator 
This example presents a typical 3D model developed by the Institute of Electrical 
Engineering of Japan (IEEJ) which served as a numeric 'benchmark' for several authors [13].

 
 

 
Figure 6.: A quarter of the collimator 

 
 
This model consists of a rectangular prismatic steel core surrounded by a copper coil with 
457 turns producing a magneto motive force. A magnetic enclosure made of steel involves 
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the whole model. This coating has a thickness of 1.6 [mm]. The relative permeability 
between the nucleus and the protection is assumed to be due to the symmetry of the model, 
only a quarter of the model is analyzed as shown in Figure 6 below.
The current through the transversal section ( ²][2500 mmAc = ) of the coil can be calculated by 
the relation: 

 

⎭
⎬
⎫

⎩
⎨
⎧−

=
⎭
⎬
⎫

⎩
⎨
⎧

=
θ
θ

cos
sin

J
J

J
J

y

xJ  (5. 3) 

where θ  is the angle measured in relation of the x-coordinate using as the rotation center the 
vertex of the steel core. The boundary condition used in this problem is defined as done in the 
example 5.2.2 and follows the work of [12]. 
In this analysis the discretization is done by the use of the linear nodal tetrahedral elements 
(T4N). Three meshes: A, B, and C are used with 171.509, 394.341 and 240.277 finite 
elements respectively. The figure 7. presents a picture of these meshes. 
 
 

 
 

Figure 7: A, B and C mesh of T4N elements. 
 
 

 
Figure 8: Contour Fill of Magnetic Flux Density  in B and C mesh zB

 
 
The distribution of magnetic flux density  using the B and C mesh discretization is 
presented in Figure 8. The difference between these distributions, despite the elevate number 
of elements, shows the need to use the finite element adaptive remeshing. 

zB

The values  of magnetic flux density value, obtained also using the MEF program, are 
presented in Table 5. for the A, B, C mesh discretizations using or not the Coulomb gauge 
formulation. The results are compared with those presented by Nakata [13] and Batalha [14]. 

zB

INAC 2013, Recife, PE, Brazil. 
 



 
Table 5: Comparison of the magnetic flux density  zB

Magnetic Flux Density [Gauss] Coordinates 
[mm] Nakata Batalha MEF with gauge MEF 

without 
gauge 

x y z measured calculated  mesh 
A 

mesh 
B 

mesh 
C 

mesh  
C 

0. 0. 110. 240.0 237.0 231.9 231.5 242.5 229.5 247.0
40. 0.  110. 298.1 287.0 280.2 282.5 299.0 276.2 297.3
40. 40. 110. 355. 335.7 326.9 320.0 332.0 317.0 341.5
0. 0. 190. 109.0 - 127.6 116.0 123.1 116.0 129.5

 
It is possible to verify in the results present in Table 5. a good concordance with the results 
presented by Nakata [14] and those presented by Batalha [13] using numerical and 
experimental simulation. It can be observed also that the Coulomb gauge leads to changes in 
the values of the magnetic flux. 

 
 

6. CONCLUSIONS  
 
Although in this work electrostatic problems are not addressed they do not present great 
difficulty in get a numerical solution, using the finite element method, for both scalar and 
vector formulations. For the 2D magnetostatic problem also there are no problems. This is not 
the case for 3D geometries where it is difficult to create a magnetic field that is free divergent 
and has the property to satisfy boundary conditions in the interface between different 
materials. 
 As was to be expected, the results obtained for 2D electromagnetic problems did not 
present accentuated divergences, even though in non-homogeneous material medium, using 
the nodal finite element. This same example in 3D geometry is best modeled using a mix of 
nodal and edge elements as some authors claim. This mix of finite elements permits a best 
treatment of electromagnetic problems at interfaces with different materials. This work shows 
that the utilization of nodal finite elements presents good results in the homogeneous material 
medium but less better results in non homogeneous medium even using a super refined mesh. 
This leads to the conclusion that to obtain good precision in the numerical analysis, other 
elements like edge elements are necessary to treat non homogeneous electromagnetic 
problems. Here the first step in this direction was given. 
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