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ASSOCIAÇÃO BRASILEIRA DE ENERGIA NUCLEAR - ABEN
ISBN: 978-85-99141-05-2

An analytical model for radioactive pollutant release simulation
in the atmospheric boundary layer

Guilherme J. Weymar1, Daniela Buske2, Marco T. Vilhena3,
Bardo E. J. Bodmann4 and Régis Quadros5

1,3,4Programa de Pós-Graduação em Engenharia Mecânica
Universidade Federal do Rio Grande do Sul

Rua Sarmento Leite, 425
90050-170 Porto Alegre, RS

guicefetrs@gmail.com, mtmbvilhena@gmail.com, bejbodmann@gmail.com

2,5Programa de Pós-Graduação em Modelagem Matemática
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ABSTRACT

Simulations of emission of radioactive substances in the atmosphere from the Brazilian nuclear power
plant Angra I are a necessary tool for control and elaboration of emergency plans as a preventive action
for possible accidents. In the present work we present an analytical solution for radioactive pollutant
dispersion in the atmosphere, solving the time-dependent three-dimensional advection-diffusion equation.
The experiment here used as a reference in the simulations consisted of the controlled releases of radioac-
tive tritiated water vapor from the meteorological tower close to the power plant at Itaorna Beach. The
wind profile was determined using experimental meteorological data and the micrometeorological param-
eters were calculated from empirical equations obtained in the literature.
We report on a novel analytical formulation for the concentration of products of a radioactive chain
released in the atmospheric boundary layer and solve the set of coupled equations for each chain ra-
dionuclide by the GILTT solution, assuming the decay of all progenitors radionuclide for each equation
as source term. Further we report on numerical simulations, as an explicit but ficticious example and
consider three radionuclides in the radioactive chain of Uranium 235.

1. INTRODUCTION

As one of the consequences of the last two nuclear accidents (Chernobyl in 1986 and
Fukushima in 2011), nuclear safety regulations have progressively improved. One crucial
issue for safety control, emergency plans and related actions is the knowledge of dispersion
of radioactive substances in the Planetary Boundary Layer (PBL). While monitoring pro-
cedures are a standard routine by the controlled release of Tritium, predicting dispersion
of this substance is still a challenge, especially if a rugged orography is present, such as
the environment around the Brazilian Nuclear Power Plant, Angra dos Reis. Although,
there are available program platforms, that allow to simulate dispersion processes, their
underlying models are frequently to simple, while based on Gaussian models so that dis-
tributions for specific scenarios may only be attained by tuning the simulations according
to certain experimental findings instead of predicting them.



The present work is one contribution in a larger program, of determining general closed
form solutions that allow to match a variety of meteorological conditions based on phe-
nomenological approaches for turbulence. A generally accepted deterministic model makes
use of Fickian closure and leads thus to an advection-diffusion model for the dispersion
processes. A well established method that solves the equation in closed form is based on
spectral theory and integral transform, known as GILTT (see [1], [2], [3], [4], [5]). The
equation has to be complemented by a known wind profile, which is usually determined
using experimental meteorological data and the micrometeorological parameters were cal-
culated from empirical equations established in the literature. The closed form solution is
then applied to the complete set of experiments of the Angra campaign using the associ-
ated meteorological conditions. From the comparison of expectation values and measured
values the solution is validated and checked for consistency. Also some comparisons to
other approaches are presented.

2. THE ADVECTION-DIFFUSION APPROACH

For a time dependent regime considered in the present work, we assume that the as-
sociated advection-diffusion equation adequately describes the dispersion process, which
we test by comparison to other methods in order to pin down computational errors and
finally analyze for model adequacy. In this line we show with the present discussion,
that our analytical approach does not only yield a solution for the three dimensional
advection-diffusion equation but predicts concentrations of radioactive substances closer
to observed values compared to other approaches from the literature, which is also man-
ifest in better stochastic validation in comparison to observed data. Furthermore, we
validate our solution by an example with extreme conditions, i.e. large half lives and
therefore extremely small concentrations and show that the present procedure supplies
with consistent numerical results, where other approaches indicate values compatible with
zero.

Our starting equation is the advection-diffusion equation for the simulation of contaminant
or tracer release in the atmospheric boundary layer assuming a Fickian closure for the
turbulence. Here, c̄ represents the mean concentration of a contaminant (in units of
g/m3) and V̄ = (ū, v̄, w̄) is the mean wind velocity (in m/s) and the domain of interest
is a cuboid with 0 ≤ r ≤ L. Here, the shorthand notation signifies 0 = (0, 0, 0) and
L = (Lx, Ly, h), with h is the height of the atmospheric boundary layer in units of m.
The emission source is approximated by a point source (hot spot) with constant emission
rate Q (in g/s) at position rs = (0, y0, Hs).

∂c̄

∂t
+ V̄ · ∇c̄ = ∇ · (K · ∇) c̄+ S with S = −λc̄ (1)

In the most general case the diffusion term contains a local and anisotropic (3 × 3) dif-
fusion coefficient matrix K, which in the present case we assume to be diagonal K =
diag(Kx, Ky, Kz). The problem is subject to zero flux von Neumann boundary conditions
with Γ the cuboid bounding surface,

K · ∇c̄|r∈Γ = 0 (2)
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and initial condition (t = 0) c̄ = 0, ∀ r = (x, y, z) ̸= rs. Instead of including an explicit
source term into the advection-diffusion equation, a further constant source flux (∀t)
constraint is added to the boundary conditions,

(
V̄ · x̂

)
c̄
∣∣
r=r0

x̂ = Qδ(y − y0)δ(z −Hs)x̂ , (3)

with the unit vector x̂ = (1, 0, 0) and r0 = (0, y, z).

3. A CLOSED FORM SOLUTION

In this section we first introduce the general formalism to solve a general problem and
subsequently reduce the problem to a more specific one, that is solved and compared to
experimental findings.

3.1. The general procedure

In order to solve the problem (1) we reduce the dimensionality by one and thus cast the
problem into a form already solved in reference [6].

To this end we apply the integral transform technique in the y variable, and expand the
pollutant concentration as

c̄(x, y, z, t) = RT (x, z, t)Y(y), (4)

where R = (R1, R2, . . .)
T and Y = (Y1, Y2, . . .)

T is a vector in the space of orthogonal
eigenfunctions, given by Ym(y) = cos(λmy) with eigenvalues λm = m π

Ly
form = 0, 1, 2, . . ..

For convenience we introduce some shorthand notations, ∇2 = (∂x, 0, ∂y)
T and ∂̂y =

(0, ∂y, 0)
T , so that equation (1) reads now,

(∂tR
T )Y + Ū

(
∇2R

TY +RT ∂̂yY
)
=

(
∇TK+ (K∇)T

) (
∇2R

TY +RT ∂̂yY
)

=
(
∇T

2K+ (K∇2)
T
)
(∇2R

TY) +
(
∂̂Ty K+ (K∂̂y)

T
)
(RT ∂̂yY)− λRTY(5)

Upon application of the integral operator

∫ Ly

0

dyY[F] =

∫ Ly

0

FT ∧Y dy (6)

here F is an arbitrary function and ∧ signifies the dyadic product operator, and making
use of orthogonality renders equation (1) a matrix equation. The appearing integral terms
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are

B0 =

∫ Ly

0

dyY[Y] =

∫ Ly

0

YT ∧Y dy ,

Z =

∫ Ly

0

dyY[∂̂yY] =

∫ Ly

0

∂̂yY
T ∧Y dy ,

Ω1 =

∫ Ly

0

dyY[(∇T
2K)(∇2R

TY)] =

∫ Ly

0

(
(∇T

2K)(∇2R
TY)

)T ∧Y dy , (7)

Ω2 =

∫ Ly

0

dyY[(K∇2)
T (∇2R

TY)] =

∫ Ly

0

(
(K∇2)

T (∇2R
TY)

)
∧Y dy ,

T1 =

∫ Ly

0

dyY[((∂̂Ty K)(∂̂yY)] =

∫ Ly

0

(
((∂̂Ty K)(∂̂yY)

)T

∧Y dy ,

T2 =

∫ Ly

0

dyY[(K∂̂y)
T (∂̂yY)] =

∫ Ly

0

(
(K∂̂y)

T (∂̂yY)
)T

∧Y dy .

Here, B0 = Ly

2
I, where I is the identity, the elements (Z)mn = 2

1−n2/m2 δ1,j with δi,j the

Kronecker symbol and j = (m+n)mod2 is the remainder of an integer division (i.e. is one
for m + n odd and zero else). Note, that the integrals Ωi and Ti depend on the specific
form of the eddy diffusivity K. The integrals (7) are general, but for practical purposes
and for application to a case study we truncate the eigenfunction space and consider
M components in R and Y only, though continue using the general nomenclature that
remains valid. The obtained matrix equation determines now together with initial and
boundary condition uniquely the components Ri for i = 1, . . . ,M following the procedure
introduced in reference [6]:

(∂tR
T )B+ Ū

(
∇2R

TB+RTZ
)
= Ω1(R) +Ω2(R) +RT (T1 +T2)− λRTB (8)

3.2. Extension for radioactive contaminants of the decay chain

Let C be a vector with as much components as there are substances (isotopes and ionizing
particles such as leptons, gammas, neutrons and others). The governing equation for
dispersion of the material is the coupled equation system.

dC

dt
= LDiff [C] + S[C] (9)

Here LDiff [C] = ∇TK∇ whereK is a matrix where the diagonal elements are the diffusion
coefficients, that may or not depend on the concentrations, represented as components in
C.

If we ignore S then the resulting equation is the usual advection diffusion equation

dC

dt
= LDiff [C] (10)

If we ignore diffusion the we get the usual equation for decay chains.

dC

dt
= SDecay[C] (11)

INAC 2013, Recife, PE, Brazil.



The source term may contain various contributions, production by decay of a preceding
isotope S(+), loss by decay S(−) and increase by release SRel.. The linear production term
contains the matrix 

0 · · · · · · 0
λ1 0 · · · 0

0
. . . . . .

...
0 · · · λn−1 0

 (12)

the linear decay term contains the matrix
λ1 0 · · · 0

0
. . . . . .

...
...

. . . . . . 0
0 · · · 0 λn

 (13)

In the present case n = 3 according to the decay chain shown in Figure 1.

235U −→
t1/2=2.2485×1016

231Th −→
t1/2=88560

231Pa −→
t1/2=1.0092×1012

Figure 1: Actinium natural radioactive series

4. EXPERIMENTAL DATA AND TURBULENT PARAMETERISATION

For model validation we chose a controlled release of radioactive material performed in
1985 at the Itaorna Beach, close to the nuclear reactor site Angra dos Reis in the Rio
de Janeiro state, Brazil. Details of the dispersion experiment is described elsewhere
[7]. The experiment consisted in the controlled releases of radioactive tritiated water
vapour from the meteorological tower at 100m height during five days (28 November to 4
December 1984). During the whole experiment, four meteorological towers collected the
relevant meteorological data. Wind speed and direction were measured at three levels
(10m, 60m and 100m) together with the temperature gradients between 10m and 100m.
Some additional data of relative humidity were available in some of the sampling sites,
and were used to calculate the concentration of radioactive tritiated water in the air (after
measuring the radioactivity of the collected samples). All relevant details, as well as the
synoptic meteorological conditions during the dispersion campaign are described in ref.
[7]. The data from the 5 experiments were used to obtain the numerical results and are
presented in table 1.
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Table 1: Micrometeorological parameters and emission rate for the Angra
dos Reis experiments.

u(10) u∗ w∗ L h Q
Experiment Period (ms−1) (ms−1) (ms−1) (m) (m) (MBqs−1)

1 1 1,83 0,32 0,46 -809,51 965,09 20,46
2 2,43 0,42 0,60 -1056,86 1259,98 20,46
3 2,76 0,48 0,69 -1214,26 1447,64 20,46

2 1 2,59 0,44 0,63 -1108,58 1321,64 25,34
2 2,21 0,38 0,55 -966,91 1152,75 25,34
3 2,18 0,38 0,54 -951,17 1133,98 25,34

3 1 2,21 0,38 0,55 -966,91 1152,75 20,46
2 1,97 0,34 0,49 -861,23 1026,75 20,46
3 2,61 0,46 0,66 -1146,81 1367,21 20,46

4 1 1,23 0,21 0,31 -539,67 643,40 24,34
2 1,01 0,18 0,25 -440,73 525,44 24,34
3 1,05 0,18 0,26 -456,47 544,21 24,34

5 1 1,95 0,34 0,49 -854,48 1018,71 31,32
2 1,54 0,27 0,39 -674,59 804,24 31,32
3 2,61 0,45 0,65 -1137,81 1356,49 31,32

The micrometeorological parameters shown in table 1 are calculated from equations ob-
tained in the literature. The roughness length utilized was 1m and the Monin-Obukhov
length for convective conditions can be written as L = −h/k (u∗/w∗)

3 [8], where k is the
von Karman constant (k = 0.4), w∗ is the convective velocity scale with wind speed U ,
u∗ = kU/ln(zr/z0) is the friction velocity, where U is the wind velocity at the reference
height zr = 10m, and h = 0.3u∗/fc is the height of the boundary layer with the Coriolis
coefficient fc = 10−4.

In the atmospheric diffusion problems the choice of a turbulent parameterisation repre-
sents a fundamental aspect for contaminant dispersion modelling. From the physical point
of view a turbulence parameterisation is an approximation for the natural phenomenon,
where details are hidden in the parameters used, that have to be adjusted in order to
reproduce experimental findings. The reliability of each model strongly depends on the
way the turbulent parameters are calculated and related to the current understanding of
the planetary boundary layer. In terms of the convective scaling parameters the vertical
and lateral eddy diffusivities can be formulated as follows [9]:

Kz = 0.22w∗h
(z
h

) 1
3
(
1− z

h

) 1
3
(
1− e

4z
h − 0.0003e

8z
h

)
(14)

Ky =

√
πσv

16(fm)vqv
with σ2

v =
0.98cv

(fm)
2
3
v

(
ψϵ

qv

) 2
3 (z

h

) 2
3
w2

∗ ,

qv = 4.16
z

h
, ψ

1
3
ϵ =

((
1− z

h

)2 (
− z

L

)− 2
3
+ 0.75

) 1
2

, (fm)v = 0.16 (15)

where σv is the standard deviation of the longitudinal turbulent velocity component, qv
is the stability function, ψϵ is the dimensionless molecular dissipation rate and (fm)v is
the transverse wave peak.

The vertical wind speed profile can be described by a power law uz/u1 = (z/z1)
n [10],
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where uz and u1 are the horizontal mean wind speeds at heights z and z1 and n is an
exponent that is related to the intensity of turbulence [11].

5. NUMERICAL RESULTS

In this study we introduce the vertical and lateral eddy diffusivities (eq. (14) and eq.
(15)) and the power law wind profile in the 3D-GILTT model to calculate the ground-
level concentration of emissions released from an elevated continuous source point in an
unstable/neutral atmospheric boundary layer.

The validation of the 3D-GILTT model predictions against experimental data from the
Angra site together with a two dimensional model (GILTTG) are shown in Figure 2.
While the present approach (3D-GILTT) is based on a genuine three dimensional de-
scription an earlier analytical approach (GILTTG) uses a Gaussian assumption for the
horizontal transverse direction [6]. The 3D-GILTT approach reproduces acceptably the
observed concentrations, although this simulation did not make use of the terrain’s real-
istic complexity.

Figure 2: Scatter diagram of the observed vs predicted maximum ground
level concentrations. Data between lines correspond to a factor of two and

five.

In the further we use the standard statistical indices in order to compare the quality of
the two approaches. Note, that we present the two analytical model approaches, since
the earlier one was found to be acceptable in comparison to other approaches found in
the literature and both give a solution in closed form. The standard statistical indices are
NMSE, the normalized mean square error; COR, the correlation coefficient; FA2 and FA5,
the fraction of data (in %) in the cones determined by a factor of two and five, respectively;
FB, the fractional bias and FS, the fractional standard deviation. The subscripts o and
p refer to observed and predicted quantities, respectively, and C̄ indicates the averaged
values. Table 2 presents the results of the statistical indices used to evaluate the model
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performance [12] and further compare our model to the GILTTG approach. The statistical
index FB indicates weather the predicted quantities (Cp) under- or overestimates the
observed ones (Co). The statistical index NMSE represents the quadratic error of the
predicted quantities in relation to the observed ones. Best results are indicated by values
compatible with zero for NMSE, FB and FS, and compatible with unity for COR, FA2 and
FA5. The statistical indices point out that a reasonable agreement is obtained between
experimental data and the 3D-GILTT model.

Table 2: Statistical comparisons between GILTTG and 3D-GILTT results.

Statistical Indices GILTTG 3D-GILTT

NMSE = (Co − Cp)2/CpCo 2.82 1.44

COR = (Co − Co)(Cp − Cp)/σoσp 0.46 0.59

FA2 = 0.5 ≤ (Cp/Co) ≤ 2 0.32 0.38

FA5 = 0.2 ≤ (Cp/Co) ≤ 5 0.67 0.80

FB = Co − Cp/0.5(Co + Cp) −0.62 −0.59

FS = (σo − σp)/0.5(σo + σp) −0.69 −0.37

6. RESULTS FOR THE FIRST THREE NUCLIDES OF THE ACTINIUM
DECAY CHAIN

The previous section proved consistencies of the implemented formalism and validated the
chosen meteorological conditions against experimental data. In the further we simulate
a ficticious scenario, where instead of tritium the U − 235 nuclide is emitted from a
point source. We are completely aware of the fact that other examples are more relevant
for evaluating accident scenarios, but the present example was chosen to show that the
present approach works even with extreme values for half lifes. As the following example
shows even for extreme half lifes the presented method is capable to determine the almost
vanishing activities with non-zero numerical values. It is noteworthy, that numerical
schemes are likely to produce values compatible with zero.

Experiments that measure isotopes typical for nuclear accidents are scarce and only avail-
able for the latest accidents and for the planetary scale. Further, here we are interested
in testing the efficiency of the presented method so that we choose the first three nu-
clides from the actinium chain. The numerical values of the decay constants of the three
first members of the actinium chain (Uranium-235, Thorium-231, Protactinium-231)are
λU = 3, 0827∗10−17s−1, λTh = 7, 8269∗10−6s−1 and λPa = 6, 8686∗10−13s−1 respectively.
For the simulations we used the micrometeorological parameters of experiments 2 and 3,
period 3 of the Angra dos Reis experiment (see Table 1). In table (3), we present the
numerical findings for the concentration of the nuclides U − 235, Th− 231 and Pa− 231
as obtained by the 3D-GILTT method.

INAC 2013, Recife, PE, Brazil.



Table 3: Predicted concentration generated by the 3D-GILTT model.

Experiment Period Distance (m) CU−235 (Bq/m3) CTh−231 (Bq/m3) CPa−231 (Bq/m3)
2 3 610 0,429 0, 234 ∗ 10−46 0, 209 ∗ 10−58

2 3 600 0,435 0, 232 ∗ 10−46 0, 203 ∗ 10−58

2 3 700 0,381 0, 247 ∗ 10−46 0, 263 ∗ 10−58

2 3 815 0,332 0, 261 ∗ 10−46 0, 336 ∗ 10−58

2 3 970 0,282 0, 274 ∗ 10−46 0, 437 ∗ 10−58

2 3 1070 0,256 0, 280 ∗ 10−46 0, 502 ∗ 10−58

2 3 750 0,358 0, 254 ∗ 10−46 0, 295 ∗ 10−58

2 3 935 0,292 0, 272 ∗ 10−46 0, 414 ∗ 10−58

3 3 705 25,581 0, 776 ∗ 10−42 0, 386 ∗ 10−51

3 3 700 25,748 0, 773 ∗ 10−42 0, 380 ∗ 10−51

3 3 815 22,312 0, 839 ∗ 10−42 0, 518 ∗ 10−51

3 3 970 18,814 0, 908 ∗ 10−42 0, 719 ∗ 10−51

3 3 1070 17,023 0, 941 ∗ 10−42 0, 854 ∗ 10−51

3 3 500 34,634 0, 614 ∗ 10−42 0, 178 ∗ 10−51

3 3 375 43,420 0, 475 ∗ 10−42 0, 852 ∗ 10−51

3 3 960 19,010 0, 904 ∗ 10−42 0, 705 ∗ 10−51

3 3 915 19,939 0, 886 ∗ 10−42 0, 646 ∗ 10−51

7. CONCLUSIONS

In the present contribution we developed a solution, that is capable to predict mean
concentrations of dispersed radioactive substances and their subsequent decay products,
released from a point source. Evidently the phenomenon to be described is of stochastic
nature, so that measurements and prediction coincide according to the distributions that
are characteristic for the dispersion process. A more complete model would need beside the
average concentrations also constitutive equations for higher moments and their respective
solutions.

Concerning the test case that we have chosen, e.g. the decay chain from U-235 to Pa-231,
we are completely aware of the fact that this example is of no relevance for practical
purposes, but from the computational point of view and thus for efficiency validation,
the associated large values for the half lives are a challenge. Our numerical findings are
considerably small values, that in purely numerical approaches would signify zero values,
but the smooth variation of those values in space indicate that the method works even
in this extreme case, so that it may be employed to simulate other decay chains that are
significant for the evaluation of nuclear accidents, where typically the half lives of the
dispersed radioactive isotopes are smaller by several orders in magnitude.
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