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ABSTRACT 

 
In this paper, fluid dynamics of Fluid Catalytic Cracking (FCC) process is investigated by means of a Cold Flow 

Pilot Unit (CFPU) constructed in Plexiglas to visualize operational conditions. Axial and radial catalyst profiles 

were measured by gamma ray transmission in the riser of the CFPU. Standard uncertainty was evaluated in 

volumetric solid fraction measurements for several concentrations at a given point of axial profile. Monitoring 

of the pressure drop in riser shows a good agreement with measured standard uncertainty data. A further 

evaluation of the combined uncertainty was applied to volumetric solid fraction equation using gamma 

transmission data. Limit condition of catalyst concentration in riser was defined and simulation with random 

numbers provided by MATLAB software has tested uncertainty evaluation. The Guide to the expression of 

Uncertainty in Measurement (GUM) is based on the law of propagation of uncertainty and on the 

characterization of the quantities measured by means of either a Gaussian distribution or a t-distribution, which 

allows measurement uncertainty to be delimited by means of a confidence interval. A variety of supplements to 

GUM are being developed, which will progressively enter into effect. The first of these supplements [3] 

describes an alternative procedure for the calculation of uncertainties: the Monte Carlo Method (MCM).MCM is 

an alternative to GUM, since it performs a characterization of the quantities measured based on the random 

sampling of the probability distribution functions. This paper also explains the basic implementation of the 

MCM method in MATLAB. 
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1. INTRODUCTION 

 

In accordance with the ISO/IEC 17025:1999 [1] standard, all calibration or testing 

laboratories must have and apply procedures to evaluate uncertainty in measurements as a 

guarantee of their technical competence. With its publication as an ISO standard, the method 

for evaluating measurement uncertainties described in the ISO 98:1995 guide commonly 

known as the ‘Guide to the expression of Uncertainty in Measurement’ (GUM) [3] has been 

widely used and accept by the metrological accreditation organizations. In flow 

measurements all models describing the calibration and assessment process are based on 

discrete data. The measurement of time, mass, volume and meter outputs produce discrete 

data sets. The use of continuous data is confined to the research and modeling area of 

measurement.  Computational Fluid Dynamics (CFD) is, however, used extensively to predict 

the effect of changing flow conditions on measurement devices [3]. The GUM approach for 

uncertainty evaluation is the most common method for calculating uncertainty in metrology 

once the model linking the input quantities and output quantities has been identified, and 

Probability Density Functions (PDFs) have been assigned to the input quantities. This process 

is based on applying the law of propagation of uncertainty and invoking the Central Limit 

Theorem to assign a distribution for the value of the output quantity. The procedure relies on 

a number of suppositions: 

 

 The linearization of the model is appropriate; 

 The representation of the distribution for the value of the output quantity in terms of a 

Gaussian distribution or a t-distribution is adequate; 

 The Welch-Satterthwaite formula is adequate for the problem; 

 The input quantities are uncorrelated. 

 

The Monte Carlo Method (MCM) has been a practical alternative to GUM in cases in which 

the latter is not applicable or its validity is not clear. The fundamental difference between 

both methods lies in that GUM is a deterministic method based on the mathematical 

combination of probability distribution (propagation of uncertainty), while the MCM is a 

probabilistic method  that performs the combination of probability distributions by numerical 

simulations (propagation of distributions). Metrological activities are fundamental to 

guarantee the quality of scientific and industrial activities. The results of such measurements 

must be valid, comparable, and reproducible; and their uncertainty is the quantitative 

measurement that expresses the quality of such results. Experimental work and uncertainty 

evaluation were carried out in pilot unit by gamma ray measurements with software 

applications that were specifically developed for calculating measurement uncertainties, and 

some of them use the MCM. 

 

2. UNCERTAINTY EVALUATION 

 

Uncertainty assessment consists of three main steps: formulation, calculation and 

summarization. At the formulation stage, metrology develops the model from information 

available on the process, and assigns Probability Density Functions (PDFs) to the input of the 

model. These distributions are obtained from the analysis of a number of indicators available. 

In the step of calculation, the distributions are propagated through the measurement model for 

the distribution of the output quantity. This distribution is used to obtain: (i) the expected 

value of the output (obtaining an estimate of it), (ii) the standard deviation taken as the 
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standard uncertainty associated with the estimate, and (iii) a confidence interval 

corresponding to a specified probability of coverage. In the step of summarization it is 

obtained: (i) an input quantity in a measurement model by an estimate (expectation), (ii) 

associated standard uncertainty (standard deviation), and (iii) associated degrees of freedom, 

obtained from the probability distribution assigned to the quantity. 

2.1.  Formulation 

This function implements the GUM uncertainty framework for uncertainty evaluation for a 

measurement model. In most cases the measurand Y is not measured directly, but is 

determined from N other quantities X1, X2, ..., XN through a functional relationship f: 

Y = f (X1, X2,...,XN )              . (1) 

with a scalar output quantity and a general number of uncorrelated input quantities. An 

estimate of the measurand Y is obtained from equation (1) using input estimates x1, x2, ...,xN, 

for values of N magnitudes X1, X2, ...,XN. Thus the estimated output y, which is the result of 

the measurement, is given by: 

y = f (x1, x2,...,xN )              . (2) 

The model contains a function for evaluating the measurement model for values of the input 

quantities, and calculating sensitivity coefficients [3]. Each input quantity in the measurement 

model is assigned a probability distribution, described by a probability density function, 

which may be (i) a Gaussian (or normal) distribution, (ii) a shifted t-distribution, (iii) a 

rectangular (or uniform) distribution. 

2.2.  Calculation 

The model is evaluated for the estimates of the input quantities to obtain an estimate of the 

output quantity. The first order partial derivatives of the model with respect to the input 

quantities are evaluated for the estimates of the input quantities to obtain the sensitivity 

coefficients. The law of propagation of uncertainty is applied to obtain the standard 

uncertainty associated with the output quantity (measurand). The estimate is obtained by 

evaluating the model at the expectations of the input quantities and the associated standard 

uncertainty by applying the law of propagation of uncertainty. The output quantity is 

characterized by a Gaussian distribution or a scaled and shifted t-distribution, and the 

distribution is used as the basis for evaluating the confidence interval for the output quantity. 

2.2.1. Standard Uncertainty 

 

The uncertainty of the result of a measurement is expressed as a standard deviation. The 

standard uncertainty of y is used, where y is the estimate of the measurand Y, and thus, the 

measurement result is obtained by appropriate combination of standard uncertainties of the 

input estimates (x1, x2,..., xN).  
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2.2.2. Standard Uncertainty 

 

The combined standard uncertainty u )y(c  
is the positive square root of the combined 

variance which is given by: 
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2.3. Summarization 

 

If the probability distribution of the output quantity was normal, the interval defined by its 

standard uncertainty u )y(c  would have a level of confidence of approximately 68%, the 

uncertainty interval is usually expressed through the expanded uncertainty. 

2.3.1. Expanded Uncertainty 

 

The expanded uncertainty is evaluated as the product of the standard uncertainty u (y) and the 

coverage factor kp that depends on the required coverage probability and the effective degrees 

of freedom. 

U(y) = kp * uc(y) . (4) 

 

The calculation of the expanded uncertainty depends on the knowledge of the distribution 

that characterizes the output quantity Y. In the GUM method of uncertainty, with the t-

distribution and veef degrees of freedom it is assigned to the random variable: 
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                                                                                                                                  (5) 

 

Where u is the estimate for the combined standard uncertainty and k = [1,2] according to the 

GUM. The k value, called the expansion factor, is related to the degree of confidence that we 

have in the construction of the interval. Generally, it is 95% or 99%. The calculation of k 

should be based on the student-t distribution, which allows determining the expanded 

uncertainty from small samples. The Welch-Satterthwaite formula (WS) described in the 

GUM allows to calculate an effective number of degrees of freedom for the standard 

uncertainty associated with an estimate of measurement [3]. 
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2.4. Considerations 

 

In the following, we highlight some considerations that should be taken into account 

when dealing with uncertain evaluation: 
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 The International Organization for Standardization (ISO-GUM) recommends using 

the WS formula for calculating the expanded uncertainty for confidence intervals for 

uncertainties formed from various distributions; 

 This approach facilitates the calculation of a range of expanded uncertainty for the 

value of the measured quantity. However, the WS formula is applicable only when the 

input of the measurement model with finite degrees of freedom are not correlated; 

 The development of these confidence intervals requires a description of the 

probability distribution for the value of the measurand; 

 The estimates of the input and its standard uncertainty should have a linear 

relationship; 

 The estimates of the input must have a normal distribution; 

 The ISO-GUM suggests that under certain conditions, motivated by the central limit 

theorem for the distribution of the measured value could be approximated by the t-

distribution with effective degrees of freedom obtained from the WS equation. 

 

3. APPLICATION FOR THE CALCULATION OF THE VOLUME FRACTION 

OF SOLID 

 

The equation that calculates the volumetric fraction of solids S  is derived from the equation: 

x

0
LeII


           Beer-Lambert’s Law. (7) 

 

That relates the intensities I0 and IF, with and without absorber, with linear attenuation 

coefficient μL. The equation that relates the intensities IV, IF, the empty tube and flow 

conditions in the riser, the mass attenuation coefficient μ, and returns the average density 

along the trajectory of the gamma radiation, is: 
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Then the equation that calculates the volumetric fraction of the solid phase is: 
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Where ρ is the density of the solid circulating in the riser.  

 

We calculate the uncertainty in the model proposed by Equation (9) using Equation (3), then 

we can write the following equation for calculating the combined variance ( S ). 
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Each term )(2

ixu  corresponds to the variance ix  that is multiplied by 
i

S

x


squared. By 

applying the volume fraction of solids expressed by Equation (9), we must consider that the 

equations (7) to (10) to calculate the uncertainty are set to the normal distribution, and that 
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the intensities IV, IF in Equation (9) are set to the Poisson distribution, since they are derived 

from nuclear radiation emission. The probability in the Poisson distribution for x, number of 

observations, is calculated by: 
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Where λ is the mean and standard deviation σ =    that is, the variance is equal to the 

average. Considering a large number N of counts of radiation, the standard deviation is σ = 

  , because a large mean value λ and large x, Equation (11) can be approximated by the 

normal distribution. Then, the average given can write 

N  k

n

1k

qnq 


 .                                                                                                           (12) 
 

 

Where the condition N may represent the average scores of radiation. And the intensity I is 

related to the number of counts by at time t. 

3.1. Aplications 

 

This section presents the implementation results of the Monte Carlo method in MATLAB, 

according to the system described in the previous section. 

3.1.1. Matlab program Incert1 

 

The Incert1 program calculates the uncertainty (uc) by applying in Equation (9) the volume 

fraction of the solid S  of the equation (8). The conditions IV = 2.10
5
; IF varying 190000 by 

199000; while S  varying from 0.05 to 0.005. The probability density function obtained by 

MCM and the good agreement between the best estimates from GUM and MCM, but there 

are differences in the confidence intervals.  Figure 1 shows intensity IF versus S . In this 

graph the intensity IF grows and S  decreases with this simulation; one might assume that 

sensitivity of the determination of S  depends only on the intensity. 
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Figure 1:  Incert1 - intensity x volumetric fraction 

 

Figure 2 shows the relative uncertainty calculated with Equation (10) versus S . It shows that 

in the region where S  
is less uncertainty is unreasonably high. In the Figure 2, one can also 

observe the relative error    /N) x100 is not significant and almost constant, slowly falling 

to the intensity in the opposite direction of relative uncertainty. Also, it is possible to observe 

the dependence of the uncertainty of the variables, that is, considering only the term Iv and IF, 

in Equation (8). 
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4. THE  SUPPLEMENT 1 OF GUM  (MONTE CARLO SIMULATION 

METHOD) 

 

The Supplement Guide to the GUM [2] has recognized that for an increasing number of 

metrology problems the assumptions necessary for the application of the method outlined 

above do not apply. As a result, efforts have been made to introduce a more widely applicable 

methodology for evaluating uncertainties. This methodology can be used for validating 

uncertainties evaluated using the GUM approach as well as for evaluating them in cases 

where the approach does not apply.        

4.1. Methodology 

 

The methodology is based on the concept of propagation of distributions. The method 

outlined for propagation of distributions relies on Monte Carlo Simulation (MCS). MCS 

produces an approximation to the PDF of the output quantity from which a mean, standard 

uncertainty, and coverage intervals can be obtained [3]. A variation of this approach can be 

used to obtain something similar to sensitivity coefficients. 

4.2. Monte Carlo Simulation 

 

Monte Carlo Simulation (MCS) is based on approximating the PDF or distribution function 

of the output quantity by running repeated model trials with input values sampled randomly 

from the joint PDF of the input quantities. The method is such that these distributions can be 

of a very general form so the requirement is only that it is always needed for uncertainty 

quantification. MCS is becoming increasingly popular for evaluation of uncertainties in 

discrete models due to its flexibility and generality [4]. Suppose that the model for the 

quantity of concern is Y = f(X1,X2,...,Xn), where X = {Xi, i=1,2,...,n} are the uncertain input 

 

 

Figure 2: Incert1 – relative uncertainty  x  volumetric fraction 
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quantities and f could be any model, from a simple analytic relationship to a complicated 

model. The MCS method can be viewed as a four-step process: 
 

1. Generate a sample vector of input quantity values x by sampling randomly from the 

joint of the Xi. This joint PDF will be the product of the individual PDFs if Xi are 

independent. Repeat this sampling M times to produce x1,x2,...,xM. 

2. Run the model M times to calculate y1=f(x1),y2=f(x2),...,yM=f(xM). 

3. Construct an approximation to the distribution function of Y from M values 

y1,y2,...,yM. 

4. Use the distribution function and the results to calculate any required statistical 

quantities. 

4.3. Application to the Calculation of the Volume Fraction of Solids 

 

In the following it is presented the use of the GUM and MCM techniques applied to the 

analysis of uncertainty in the model volume fraction of solids. Calculations conducted to 

evaluate the uncertainty in the model volume fraction of solids are described in Equation (9). 

The results are based on the procedure and the MATLAB program described in [5]. 

 

The program was implemented with the following configuration (for a steel riser with the 

these characteristics): 

 
D=16,4 cm    (internal diameter) 
 = 0,85 g/cm

3
  (Density of catalyst) 

L  = 0.0715 cm
2
/g      (Mass absorption coefficient of the catalyst). 

p = 0.95  (Desired confidence level for the interval obtained for measuring). 

tol = 0.000000005  = 5.0000e-009  (Tolerance) 

Results: 

 

The application of the developed technique is based on comparing the two methods for 

uncertainty assessment: the GUM method and Monte Carlo method. The methodology uses 

the MCM to check the validity of the method GUM applied to the model and taken as a basis 

for comparing the construction of confidence intervals obtained with both methods, according 

to the tolerance required in the procedure. 

 

Results obtained with the method GUM: 

 
y    = 0.0514626 

u(y) = 1.57804e-007 

U = 3.0930e-007 

I(y) = [0.0514623, 0.0514629]                                                                  

Results obtained with the MCM: 

 

y = 0.0514626 

u(y) = 1.578e-007 

I(y) = [0.0514623, 0.0514629] 
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Figure 3: Simulation of the probability density function for the output quantity using 

GUM and MCM 

 

5. CONTINUOS MODELS 

 

The GUM methodology should always be considered as an initial approach, since it is 

straightforward and well-established. In some cases it may be possible to produce a 

simplified version of a continuous model that can have the GUM methodology applied to it, 

to give a rough estimate of the uncertainty before proceeding with a more complex version of 

the model [6]. 

A number of common features of continuous models make the GUM methodology 

unsuitable: 

 

 It is often very difficult to obtain the partial derivatives required for a continuous 

model; 

 Frequently, the output quantity for a continuous model is the location and value of the 

maximum of some quantity. For instance, the peak stress of the maximum 

temperature. This type of result can produce an expression for the output quantity that 

is not differentiable, and so no partial derivatives  can be obtained; 

 Some continuous models do not depend on their input quantities in a straightforward 

manner. For instance, multiple solutions may exist if the model exhibits hysteresis. 

This means that the linearity requirement for the model and the Central Theorem is 

unlikely to apply.  

5.1. Methods of Uncertainty Evaluation 

 

The decision of which type of method to use for uncertainty evaluation is partly determined 

by the model complexity. The methods available are sampling, analytical and methods 

developed for particular applications according to [1]. 
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5.2. Modeling  Continuous Data. 

 

Two adjacent edges of plate temperatures are maintained g(x) and h(y) where g and h are 

known functions defined by the x and y distances along the edges. The problem of data 

analysis is to determine the steady state temperature t(x, y) at each point on the plate, as ν 

coefficient of heat conduction material. The data analysis involves the solution of the heat 

equation, a partial differential equation subject to boundary conditions. The data is 

continuous in the sense that g and h are defined at every point of the edge, not a finite number 

of points. On the other hand, the numerical solution involves discretizing the equation to be 

solved [7]. For instance, consider one-dimensional heat transfer along a unit length of bar 

section with negligible. Suppose that one end of the rod is heat set at an inaccurate 

temperature and the other end loses heat at a rate inaccurate. The temperature profile 

satisfies: 

 
 

  
  

  

  
                             

                                             (13) 

 T(0)=                
  

  
                 

 

Where T(0) = T0 and Q are independent inexact quantities, and λ is the (exactly known) 

thermal conductivity. 

 

The analytical solution of the problem is T = T0 + x(Q/λ).  Suppose that T0 e Q have normal 

distribution with mean 0
0
C and 1 Wm

-2
, respectively, and standard deviations 0.2 

0
C and 0.1 

Wm
-2

, respectively.  

 

S is the input quantities and T is the temperature at the middle of the bar, then T* = T0 + 

Q/(2λ) and the GUM methodology can be applied: 

  

Also, consider that: T0 ~N(0,0.04) and Q ~N(1,0.01). 

 

The steps in the methodology produce: 

1. 
   

   
        

   

  
 =

 

 λ
 

2. Measurement result is     
 

 λ
 

3. Sensitivity coefficients are 1 for T0 and 1/(2λ) for Q. 

4. Combined standard uncertainty associated with the measurement result is   
  

              λ
   

5. The effective degrees of freedom v is taken to be infinite since it is assumed that the  

distributions of T0 and Q are known exactly.  

6. The expanded uncertainty for 95 %  confidence interval for the value of T* is 

Uc =                         , a confidence interval for the value of the output 

quantity is  
 

  
    

 

  
      , and T* will be taken to have a Gaussian distribution. 
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5.3. Analytical Method 

 

The analytical methods are not so easy to understand or implement and in some cases they 

can only be applied to fairly simple problems. Nevertheless, they have still been applied to 

metrology problems successfully [1].  Some analytical methods are described and more 

details are given for Stochastic Differential Equations in order to promote their usage. A 

stochastic differential equation SDE can be thought of as an ordinary differential equation 

with a forcing term that is described by a random variable,[8]. For example, the velocity v of 

a particle in Brownian motion in terms of a differential equation of the form:  

 
  

  
                                       (14) 

 

Where   is a damping coefficient due to viscosity of the suspending medium and f(t) is called 

a random force. Equation (14) is called a Langevin equation. One of the most common 

applications in metrology is the ability to accurately calculate the range ends. 

5.3.1. The Diffusion Equation 

 

),(),( txkutxu xxt                                             (15)  

 

The above equation it is the well known heat equation.  When the source term is present, we 

have the following inhomogeneous equation:  

  
qkuu xxt                                                           (16)  

 

Which can also describes the diffusion of a chemical, for example, a dye in a liquid.  The 

analogue of Fourier’s law of cooling is known as Fick’s law of diffusion. Equation (16) also 

arises in the study of Brownian motion, and we can give a probabilistic interpretation to the 

solution of (16) [1]. 

 

The basic theory will include a Monte Carlo approach and some knowledge of Brownian 

motion prior to SDE computational implementation. The Monte Carlo method will use 

random number generation functions of the MATLAB software,[8].  The conditions for 

Brownian motion, or Wiener process, over a [0, T], is a random variable W(t) that depends 

continuously on t є [0, T] and satisfies the following conditions:  W(0) = 0, with probability 

1; and              ,  j=1,2, …, N. 
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Figure 3: An example of a Wiener process 

 

 

5.4. Stochastic Chain Rule. 

 

The fundamental difference between stochastic and deterministic calculus is: 

 

In deterministic case, if dX/dt = f(X) then, for any smooth function V, the chain rule says that  

 

))((
))(())(())(())((

tXf
dX

tXdV

dt

tXd

dX

tXdV

dt

tXdV
                                                           (17) 

 

Now, suppose that satisfies the Itô SDE. What is the SDE analogue of (19) for V(X).  A 

reasonable guess is dV = (dV/dX) dX, so that 

 

))())(())(((
))((

))(( tdWtXgdttXf
dX

tXdV
tXdV                                                               (18) 

However, a rigorous analysis using Itô’s result reveals that an extra term arises and the 

correct formulation is 

dt
dX

tXVd
tXgdX

dX

tXdV
tXdV

2

2
2 ))((

))((
2

1))((
))((                                                            (19) 

 

Which, by using Itô SDE , becomes 

)t(dW
dX

))t(X(dV
))t(X(gdt)

dX

))t(X(Vd
))t(X(g

2

1

dX

))t(X(dV
))t(X(f())t(X(dV

2

2
2           (20) 

 

To perform a numerical experiment, considering the SDE 

 

dX(t) = (α-X(t)dt + β                    X(0) =                                                                 (21) 
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5.5. Uni-dimensional Fluid Dynamics 

 

The basic equations of fluid dynamic behavior of a riser provide the mathematical model that 

consists of: (22) the equations of conservation of mass of the gas, (23) conservation of solid 

mass, (24) conservation of momentum of the mixture and (25) the volumetric fraction 

variation along the riser forming direct system [7]. These equations are presented as follows: 

 

 Mass conservation equation of gas 

 
   

  
  

  

  
 
   

  
                                                                                                                     (22) 

 

 From the mass conservation equation of solid, obtained 

 
   

  
  

  

    
 
   

  
                                                                                                                  (23) 

 

 From the momentum conservation equation, obtained 
  

  
 

   

  
     

   
   

  
     

                                                                 (24) 

 

 From the volumetric fraction equation through the riser 

 

   

  
 

   

  
    

  

  
  

  
  
  

    
 

 

 
   

  
    

  

  
                                                                          (25) 

 

From the system of equations described above, in the program MATLAB it was obtained the 

results described in the Figure 5 below: 

 
 

Figure 5: Solid volumetric fraction S  distribution along relative riser height 
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6. CONCLUSIONS  

 

According to the MCM algorithm, applied GUM does not validate the method for evaluating 

the uncertainty in the model considered. That is, although the values obtained for the two 

methods are very close, it is recommended to apply the MCM to evaluate the uncertainty of 

the volume fraction of solids in the proposed model. It is observed that the values obtained in 

implementing the program match the values calculated algebraically without the aid of the 

computer. Model parameter uncertainty which can be modeled by normal probability 

distributions do not necessarily lead to prediction for models nonlinear in these input 

parameter. The differences in the predictions of mean behavior, using the mean of the input 

model parameter and using the average of the Monte Carlo predictions, were very small for 

the examples presented. This is not always the case. For cases for which the input parameter 

uncertainties is not large, such as would be the case for carefully controlled validation 

experiments, the GUM methods can give good results, even for problems that are very 

nonlinear. 
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