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We apply a formalism inspired by heavy baryon chiral perturbation theory with finite-range regu-
larization to dynamical 2+1−flavor CSSM/QCDSF/UKQCD Collaboration lattice QCD simulation
results for the electric form factors of the octet baryons. The electric form factor of each octet baryon
is extrapolated to the physical pseudoscalar masses, after finite-volume corrections have been ap-
plied, at six fixed values of Q2 in the range 0.2-1.3 GeV2. The extrapolated lattice results accurately
reproduce the experimental form factors of the nucleon at the physical point, indicating that omitted
disconnected quark loop contributions are small. Furthermore, using the results of a recent lattice
study of the magnetic form factors, we determine the ratio µpG

p
E/G

p
M . This quantity decreases with

Q2 in a way qualitatively consistent with recent experimental results.

PACS numbers: 12.38.Gc, 13.40.Gp, 14.20.Dh, 14.20.Jn, 12.39.Fe

I. INTRODUCTION

The characterization of baryon structure is a defining
challenge for hadronic physics research. Key to such
a characterization are the electromagnetic form factors
which describe the spatial distribution of the charge and
magnetization density in the baryons. While the nucleon
form factors are precisely determined experimentally [1–
5], those of the other octet baryons are significantly more
challenging to measure and as a result are poorly known,
if at all, from nature. In this light, models [6] and inves-
tigations of lattice quantum chromodynamics (QCD) [7–
20] are particularly valuable.

As the only first-principles approach which can quan-
titatively probe the non-perturbative domain of QCD,
lattice simulations can not only provide an interpreta-
tion of experimental results for the nucleon form factors
in the context of QCD but they can also give theoreti-

cal predictions of the hyperon form factors [15, 18–21].
Furthermore, the lattice allows one to probe individual
quark contributions to the form factors, giving insight
into the environmental sensitivity of the distribution of
quarks inside a hadron [15, 20, 21].

As lattice QCD studies are limited by computation
time, most simulations are performed not only at larger
than physical pseudoscalar masses but often omit op-
erator self-contractions (quark disconnected diagrams)
which require noisy and expensive ‘all-to-all’ propaga-
tors to be calculated. While this omission restricts the
calculation of full QCD results to quantities for which
disconnected contributions vanish, comparison of exper-
imental numbers with lattice results for other quantities
gives insight into the significance of disconnected quark
loop contributions to baryon observables.

Here we analyze a subset of dynamical 2 + 1−flavor
CSSM/QCDSF/UKQCD Collaboration lattice simula-
tion results for the electric form factor of the octet

ar
X

iv
:1

40
3.

19
65

v1
  [

he
p-

la
t]

  8
 M

ar
 2

01
4



2

baryons. From these results we determine GE for all
outer-ring octet baryons, at a range of discrete Q2 values
up to 1.3 GeV2. We use a formalism based on connected
chiral perturbation theory [22–25] to correct for finite-
volume effects and to extrapolate each baryon form factor
to the physical pseudoscalar masses. The extrapolated
nucleon form factors are compatible with the experimen-
tal results. This is consistent with earlier calculations
of the strange form factors of the proton [25–27], which
suggested that disconnected contributions are small.

We also supplement the lattice study of Ref. [20] by
presenting new lattice simulation results for the Dirac
and Pauli form factors of the outer-ring octet baryons
on a larger volume and at a lighter pion mass than the
original work. Comparison of the extrapolated (smaller
volume) results with this new point provides evidence
that both finite-volume effects and the chiral extrapola-
tion are under control.

The effective field theory formalism used here is out-
lined in Sec. II, while the application of this formalism to
the existing lattice results is presented in Sec. III. Chi-
rally extrapolated results are given in Sec. IV, with the
new lattice simulation details and a comparison of the
small and large volume results shown in Sec. IV E. Com-
bining the determinations of the octet baryon magnetic
form factors GM from Ref. [20] with this work, we present
values for the ratios µBG

B
E/G

B
M in Sec. V.

II. CHIRAL EXTRAPOLATION

To extrapolate lattice simulation results from unphys-
ically large pseudoscalar masses to the physical point we
use a formalism based on ‘connected chiral perturbation
theory’ [22–24], a special case of partially quenched chiral
perturbation theory [24, 28–34].

Partially quenched lattice simulations traditionally
employ different values for the sea and valence quark
masses. As a result the distinguishing feature of the
partially quenched perturbation theory formalism, devel-
oped to extrapolate such simulations, is that it allows one
to treat the sea and valence quarks separately. This is
precisely what is needed to extrapolate connected lat-
tice results; the ‘quenching’ effect is that the charges
of the sea quarks are set to zero, removing the quark
disconnected diagrams which are omitted from the lat-
tice simulations. Here we use the heavy-baryon chiral
perturbation theory expansion pioneered by Jenkins and
Manohar [35–39].

A. Partially quenched chiral perturbation theory

The nine quarks of partially quenched QCD appear in
the fundamental representation of the graded symmetry
group SU(6|3):

ψT =
(
u, d, s, j, l, r, ũ, d̃, s̃

)
. (1)

Here (u, d, s) are the three usual light quarks used in

hadronic interpolating fields, while
(
ũ, d̃, s̃

)
are spin-1/2

bosonic ghost quarks. Made to be mass- and charge-
degenerate with (u, d, s), the ghost quarks cancel the con-
tributions from all closed (u, d, s) loops. As a result, the
only disconnected loop contributions arise from the three
remaining fermionic quarks (j, l, r). As these quarks ap-
pear only in disconnected loops, they are interpreted as
the sea-quark analogues of (u, d, s).

For the extrapolation of connected lattice simulations
we wish to remove disconnected quark loops entirely.
This is achieved by setting the sea quark charges to zero,
resulting in a quark charge matrix

Q = diag (qu, qd, qs, 0, 0, 0, qu, qd, qs) . (2)

Of course, full chiral perturbation theory is exactly re-
produced by reinstating the sea quark charges by Q →
diag (qu, qd, qs, qu, qd, qs, qu, qd, qs) [31].

Because the setup for this calculation parallels that
of Ref. [20], we refer to that work for further details.
The next subsection presents explicit formulae for the
extrapolation of GE .

B. Electromagnetic form factors

In the heavy-baryon formalism the electromagnetic
form factors GE and GM are defined by

〈B(p′)|Jµ|B(p)〉 = u(p′)

{
vµGE(Q2) (3)

+
iεµναβv

αSβqν

mN
GM (Q2)

}
u(p),

where q = p′−p is the momentum transfer to the baryon
B and Q2 = −q2. Here we focus exclusively on the elec-
tric form factor GE . Expressions analogous to those in
this section but for the magnetic form factor may be
found in Ref. [20].

In familiar chiral perturbation theory the leading order
contribution to the electric form factor is generated by
the following term in the Lagrangian:

L = −evµ (DνFµν)
[
bα
(
BBQ

)
+ bβ

(
BQB

)
+bγ

(
BB

)
Str(Q)

]
. (4)

For the physical quark charges the charge matrix Q
(Eq. (2)) is such that Str(Q) = 0 and the bγ term does
not contribute. This term is relevant only when consid-
ering individual quark contributions to the electric form
factors (e.g., setting qu → 1, qd → 0, qs → 0 to obtain
the u-quark contribution). In line with the notation used
for the magnetic form factors in Ref. [20], we define

bα =
2

3
bD + 2bF , bβ = −5

3
bD + bF . (5)
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FIG. 1. Loop diagrams which contribute to GE at leading
order. Single, double, dashed and wavy lines represent octet
baryons, decuplet baryons, mesons and photons respectively.

Terms linear in the quark masses are generated by

Llin = B
[
c1
(
BmψB

)
Str(Q) + c2

(
BBmψ

)
Str(Q)

+ c3
(
BQB

)
Str(mψ) + c4

(
BBQ

)
Str(mψ)

+ c5
(
BQmψB

)
+ c6

(
BBQmψ

)
+ c7

(
BB

)
Str(Qmψ) + c8

(
BB

)
Str(Q)Str(mψ)

+ c9(−1)ηl(ηj+ηm)
(
B
kji

(mψ)liQ
m
j Blmk

)
+ c10(−1)ηjηm+1

(
B
kji

(mψ)mi Q
l
jBlmk

)
+ c11(−1)ηl(ηj+ηm)

(
B
kji
Qli(mψ)mj Blmk

)
+ c12(−1)ηjηm+1

(
B
kji
Qmi (mψ)ljBlmk

)]
vµ

× (DνFµν) , (6)

where the shorthand for field bilinear invariants used
here was originally employed by Labrenz and Sharpe in
Ref. [40]. The leading order loop contributions to GE are
depicted in Fig. 1. Diagrams with both octet baryon and
decuplet baryon intermediate states are included, as are
tadpole loops.

The lattice simulation results which we consider here
cover values of the momentum transfer Q2 up to ≈
1.3 GeV2. This is a much larger range than can be ex-
plored with a perturbative expansion. For this reason we
choose to chirally extrapolate the lattice results at fixed
values of Q2. As was also done in Refs. [19, 20, 41], we
consider the coefficients in Eq. (4) to be chiral limit form

factors at some fixed Q2. With a similar interpretation of
the ci in Eq. (6), we can then write down chiral extrap-
olation formulae which have an independent set of free
coefficients at each value of Q2. A particular advantage
of this approach is that there is no need to impose a phe-
nomenological constraint on the shape of the variation of
the form factors with Q2. Of course, a disadvantage is
that we must perform independent fits to the lattice sim-
ulation results at each value of the momentum transfer.

The resulting formulae for the chiral extrapolation of
the electric form factors at some fixed finite Q2 may be
summarized as

GB,qE (Q2) = GB,qE (Q2 = 0) +Q2αBq +Q2
∑
q′

αBq(q
′)Bmq′

+
1

16π3f2

∑
φ

(
1

2
β
Bq(φ)
O IO(mφ, Q

2)− βBq(φ)
D ID(mφ, Q

2)

+β
Bq(φ)
T IT (mφ, Q

2)
)
,

(7)

where Bmq is the mass of the quark q, identified with
the meson masses through the appropriate Gell-Mann-
Oakes-Renner relation e.g., Bml = m2

π/2. The pion de-
cay constant in the chiral limit is f = 0.087 GeV [42]

(consistent with FLAG [43]) and GB,qE (Q2 = 0) is the
total charge of the quarks of flavor q in the baryon
B. As these expressions are for quarks of unit charge,

GB,qE (Q2 = 0) = 2, 1 for the doubly and singly-
represented quarks respectively. We point out that the
parameters (e.g., αBq) are determined independently at
each Q2, so they may vary with Q2. The leading order
loop contributions (Fig. 1) are written in terms of the
integrals

IO =

∫
d~k

(~k2 − ~q 2/4)u(~k + ~q/2)u(~k − ~q/2)

ω+ω−(ω+ + ω−)
, (8)

ID =

∫
d~k

(~k2 − ~q 2/4)u(~k + ~q/2)u(~k − ~q/2)

(ω+ + δ)(ω− + δ)(ω+ + ω−)
, (9)

IT =

∫
d~k
u(~k + ~q/2)u(~k − ~q/2)

ω+ + ω−
(10)

where δ denotes the average octet-baryon–decuplet-
baryon mass splitting and

ω+ =

√
(~k + ~q/2)2 +m2, (11)

ω− =

√
(~k − ~q/2)2 +m2. (12)

To prevent the charges from being renormalized by con-
tributions from the loop integrals we make the replace-
ment

I(m, ~q)→ Ĩ(m, ~q) = I(m, ~q)− I(m, 0) (13)

for each of the integrals above.
Within the framework of finite-range regularization, we

have introduced a mass scale Λ through a dipole regulator
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FIG. 2. Locations of the lattice simulation results in the ml−
ms plane. The red star denotes the physical point and the
dashes indicate the flavor-symmetric line where ml = ms.
Our primary simulation trajectory, illustrated by the dotted
line, corresponds to the line of constant singlet quark mass
(2m2

K + m2
π) at κ0 = 0.120900 (simulations 1–3 in Table I).

The solid line indicates the physical value of the singlet mass.

u(k) =
(

Λ2

Λ2+k2

)2

inserted into the loop integrands. This

shape is suggested by a comparison of the axial and in-
duced pseudoscalar form factors of the nucleon [44]. The
regulator mass is varied in the range 0.7 < Λ < 0.9 GeV,
a choice informed by a lattice analysis of nucleon mag-
netic moments [45]. The finite-range regularization pro-
cedure is discussed in detail in Refs. [46–48].

The β
Bq(φ)
T of Eq. (7) are given explicitly in Ap-

pendix A. The remaining coefficients, αBq, αBq(q
′),

β
Bq(φ)
O and β

Bq(φ)
T take the same form in terms of the

undetermined chiral coefficients (e.g., ci) as those named
identically in the case of the magnetic form factor (under
the replacements µF → bF and µD → bD) in Ref. [20].
We point out that while the parameters may have the
same structure for the electric and magnetic form fac-
tors, the values of the undetermined chiral coefficients
are different in each case.

III. FITS TO LATTICE RESULTS

The CSSM/QCDSF/UKQCD lattice simulation re-
sults which we use for this study, summarized in Fig. 2
and Table I, were presented in terms of the Dirac and
Pauli form factors F1 and F2 in Ref. [20]. Here we con-
sider the electric Sachs form factor GE which may be
obtained as the linear combination:

GE(Q2) = F1(Q2)− Q2

4M2
N

F2(Q2). (14)

TABLE I. Simulation details for the ensembles used here,
with β = 5.50 corresponding to a = 0.074(2) fm. The scale
is set using various singlet quantities [49–51]. L3 × T =
323 × 64 for all ensembles. Raw simulation results are given
in Ref. [20].

κ0 κl κs mπ (MeV) mK (MeV) mπL
1 0.120900 0.120900 0.120900 465 465 5.6
2 0.121040 0.120620 360 505 4.3
3 0.121095 0.120512 310 520 3.7
4 0.120920 0.120920 0.120920 440 440 5.3
5 0.120950 0.120950 0.120950 400 400 4.8
6 0.121040 0.120770 330 435 4.0

Before fitting the chiral perturbation theory expres-
sions of Sec. II to the lattice simulation results, we correct
the raw lattice data for small finite volume effects. This
procedure is explained in Refs. [20, 52, 53], and involves
shifting the lattice points by the difference found by re-
placing the infinite-volume integrals of the leading-order
chiral loop integral expressions with finite-volume sums.
As momentum is quantized on the lattice, the finite-
volume sums must be calculated with the integrands in
Eqs. (8), (9) and (10) shifted from being symmetric (me-
son lines with momenta k − q/2 and k + q/2) to what
is more natural for the lattice, namely meson lines with
momenta k and k + q.

One possible artifact in this estimate of the finite-
volume corrections is that the naive enforcement of
charge-nonrenormalization by Eq. (13) may lead to an
overestimate of the corrections at large values of the mo-
mentum transfer Q2. While the higher-order diagrams
(not included here) which would naturally prevent the
renormalization of charge would contribute less at large
Q2, the constant subtraction used here does not have that
feature. As the finite-volume corrections are nevertheless
small – neglecting them yields results for all relevant ob-
servables which are consistent within uncertainties with
those presented here – this is not a significant effect.

The chiral extrapolation expressions of Sec. II are de-
rived for fixed values of the momentum transfer Q2. For
this reason, we perform six independent fits to the lat-
tice simulation results; one fit to each bin of data cor-
responding to a single value of Q2 in lattice units. As
the physical values of Q2 in each bin vary slightly be-
cause of the range of pseudoscalar and baryon masses
considered, illustrated in Fig. 3 (the largest variation is
in the range 1.29 − 1.37 GeV2 for the highest Q2 bin),
all simulation results are shifted to the average Q2 value
of their respective bin. This shift is performed using a
dipole-like fit to the (finite-volume–corrected) simulation
results. The functional form used is

Gfit
E (Q2) =

GE(Q2 = 0)

1 + d1Q2 + d2Q4
, (15)

where d1 and d2 are free parameters and GE(Q2 = 0) =
1, 2 for the singly and doubly represented quarks (of unit
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FIG. 3. Q2 distribution for the lattice simulation results.
Colors indicate the Q2 bin groupings; each bin corresponds
to a single value of the three-momentum transfer in lattice
units.
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FIG. 4. Generalized dipole fits (Eq. 15) upon which the
binning corrections are based. The three fits shown corre-
spond to the three different pseudoscalar mass points along
the primary simulation trajectory (simulations 1-3 in Table I).
Quarks have unit charge.

charge) respectively. This particular functional form is
chosen as it provides a good fit to the lattice simulation
results; as illustrated later, a standard dipole form per-
forms poorly. Several examples of the fits are shown in
Fig. 4.

After the lattice simulation results have been finite-
volume corrected and binned in Q2, we perform an in-
dependent fit, using Eq. (7), to the variation with mπ

and mK of the results in each bin. This involves a si-
multaneous fit, at the bootstrap level, to all octet baryon

form factors (Gp,uE , Gp,dE , GΣ,u
E , GΣ,s

E , GΞ,s
E and GΞ,u

E ) at
each of the six sets of pseudoscalar masses of Table I.
There are 24 data points (6 at each of the points for
which mπ 6= mK and 2 at each SU(3)-symmetric point),
and 8 fit parameters, at each Q2. Figure 5 illustrates the
fit quality for the highest and lowest Q2 bins, which are
representative of all six fits. Values of the fit parameters,
which are the undetermined chiral coefficients bD/F and
relevant linear combinations of the ci, cij , are shown in
Appendix B.

As the fits are performed using an adaptation of con-
nected chiral perturbation theory applied to connected
lattice simulation results, they yield closed-form func-
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(a)Lowest Q2 bin: Q2 ≈ 0.26 GeV2.
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(b)Highest Q2 bin: Q2 ≈ 1.35 GeV2.

FIG. 5. Illustration of the quality of fit for the lowest and
highest Q2 bins. Each point denotes one of the lattice simu-
lation results e.g., Gp,uE , Gp,dE . . . , at one of the sets of pseu-
doscalar masses of Table I. The comparison of Figs. 5(a) and
5(b) shows the expected increase in uncertainty as Q2 in-
creases (i.e., as one moves further from Q2 = 0 where the
value of GE is fixed).

tions for the connected contribution to the octet baryon
electric form factors as a function of pion and kaon mass,
at each simulation Q2.

IV. ANALYSIS OF RESULTS

In this section we present and discuss the results of the
chiral extrapolations. Figure 6 shows the extrapolated
up quark (connected) contribution to the proton electric
form factor for all 6 values of the momentum transfer
Q2. The trajectory chosen illustrates the variation of
the form factor with m2

π at fixed (physical) singlet mass
(m2

K +m2
π/2).

The following sections present chirally extrapolated re-
sults at the physical pseudoscalar masses for some ob-
servables of interest: isovector quantities (Sec. IV A),
connected form factors which give insight into the mag-
nitude of disconnected terms (Sec. IV B), electric radii
(Sec. IV C) and quark form factors which allow one to
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FIG. 6. Up quark (connected) contribution to the proton
electric form factor for quarks with unit charge. Each set
of results (top to bottom) represents an independent fit at a
different (increasing) value of Q2. The lines show these fits
evaluated along the trajectory which holds the singlet pseu-
doscalar mass (m2

K +m2
π/2) fixed to its physical value.

investigate the environmental sensitivity of the distribu-
tion of quarks inside a baryon (Sec. IV D). Finally, the
results of a new lattice simulation, at a lighter pion mass
and larger volume than the primary set of results con-
sidered here, are presented in Sec. IV E. A comparison of
the extrapolated smaller volume results with these new
numbers allows one to gauge the extent to which finite
volume and pion mass effects are under control in this
study.

A. Isovector quantities

Isovector combinations of observables are of particular
interest to this study as they can be determined from con-
nected lattice results with the smallest systematic uncer-
tainty. As disconnected quark loops, which are omitted
from the lattice simulations and extrapolations, cancel
for these combinations, the extrapolated results may be
directly compared with experimental numbers.

Figure 7 shows the impressive comparison of the ex-
trapolated isovector nucleon form factor with the Kelly
parameterization of experimental results [54]. The agree-
ment is remarkable across the entire range of Q2 values
considered. We note, however, that a dipole form, also
illustrated in Fig. 7, does not provide a good fit to the
extrapolated results, with the χ2/d.o.f ≈ 3.2. A more
general dipole-like fit function:

Gfit
E (Q2) =

GE(Q2 = 0)

1 + d1Q2 + d2Q4 + d3Q6
, (16)

performs significantly better, with the χ2/d.o.f ≈ 1. As
our previous study [20] indicates that GM is described
acceptably by a dipole form in Q2, this suggests that
GE/GM 6= constant. This is discussed further in Sec. V.

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.0

0.2

0.4

0.6

0.8

1.0

Q2 HGeV2L

G
Ep

-
G

En

FIG. 7. Isovector nucleon electric form factor compared to
the Kelly parameterization of experimental results [54] (red
solid line). The failure of a simple dipole fit to the simulation
results to provide a satisfactory description is illustrated by
the green (dashed) line.
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(a)Isovector sigma baryon electric form factor.
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(b)Isovector cascade baryon electric form factor.

FIG. 8. Isovector sigma and cascade baryon electric form
factors with dipole-like fits in Q2 (Eq.(16)).
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(b)Neutron electric form factor.

FIG. 9. Extrapolated (connected part of the) proton and
neutron electric form factors, compared with Kelly parame-
terization [54] of experimental measurements.

The isovector combinations of sigma and cascade
baryon electric form factors are shown in Fig. 8. As no
experimental results are available for these form factors,
dipole-like fits (Eq. (16)) to the extrapolated simulation
results have been included to guide the eye.

B. Connected quantities

The excellent agreement of the extrapolated isovector
nucleon form factor with the experimental result suggests
that this lattice study may provide a good indication of
the significance of the omitted disconnected quark loop
contributions to the form factors. In particular, we com-
pare the ‘connected part’ of the proton and neutron elec-
tric form factors with the experimental values. Any de-
viation from experiment more significant than that of
the isovector results will suggest an important contribu-
tion from disconnected loops. Figure 9 shows extrapo-
lated results for the connected parts of the proton and
neutron electric form factors, compared with the Kelly

TABLE II. Octet baryon electric radii based on a dipole or
dipole-like (Eq. (16)) fit to the extrapolated lattice simulation
results, compared with the experimental values [55].

〈r2
E〉B (fm2)

p Σ+ Σ− Ξ−

Dipole ansatz 0.601(14) 0.598(12) 0.414(5) 0.352(3)
Eq. 16 ansatz 0.76(10) 0.61(8) 0.45(3) 0.37(2)
Experimental 0.878(5) 0.780(10)

parameterization of experimental results [54]. The out-
standing agreement between the lattice and experimen-
tal results, at all values of Q2, indicates that the omitted
disconnected contributions are small compared with the
uncertainties of this calculation, provided that other sys-
tematic effects are negligible. Similar figures displaying
results for each of the remaining outer-ring octet baryons,
including dipole-like (Eq. (16)) fits in Q2 for the charged
baryons, are given in Appendix C.

C. Electric radii

The electric radii of the charged octet baryons are de-
fined by

〈r2
E〉B = − 6

GE(Q2 = 0)

d

dQ2
GBE(Q2)

∣∣∣∣
Q2=0

. (17)

To evaluate this expression from the lattice simulation
results we first extrapolate the electric form factors to
the physical pseudoscalar masses, at each simulation Q2

value, as described in the previous section. The extrac-
tion of the electric radii is then performed by fitting some
form to the variation in Q2 of those extrapolated results.
We consider here both a traditional dipole and a more
general dipole-like (Eq. (16)) ansatz. As was noted pre-
viously for the isovector nucleon form factor, the dipole
form does not provide a good fit to the extrapolated lat-
tice results; the χ2/dof is as large as 4.0 for the Ξ− and
1.7 for the proton. In contrast, the more general form
of Eq. (16) yields fits with a χ2/dof . 1 for each of the
charged baryons. Fits using this ansatz are shown in Ap-
pendix C. Results for the radii of the charged baryons,
compared with the available experimental numbers, are
given in Table II.

The electric radii determined by this method are con-
sistently smaller than the corresponding experimental
numbers for the proton and Σ−. We point out that while
this calculation omits any disconnected contributions to
the form factors and therefore to the radii, the very close
agreement of the extracted proton electric form factor
with the experimental determination suggests that the
effect of this omission is small. It is clear that the simple
dipole-like parameterization used for the Q2-dependence
is not sufficient to extract accurate values of the elec-
tric radii from these simulations. Robust predictions of
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FIG. 10. Electric radius of the proton from the chiral extrap-
olation, with a dipole (blue band) or dipole-like (green dashed
band) ansatz (Eq. (16)) parameterizing the Q2-dependence.
The singlet pseudoscalar mass (m2

K + m2
π/2) is held fixed to

its physical value. The red point indicates the experimental
value.

the electric radii from lattice QCD will require simula-
tions with a similar level of precision to the results of
this work, but at much lower Q2 values.

We note that the electric radius of the proton ex-
tracted as described above does display the expected be-
haviour with pion mass, increasing quite rapidly as one
approaches the physical pseudoscalar masses from above.
This is illustrated in Fig. 10.

D. Quark form factors

We investigate the environmental sensitivity of the dis-
tribution of quarks inside a hadron by inspecting the in-
dividual (connected) quark contributions to the electric
form factors of the octet baryons. These contributions,
evaluated using the chiral extrapolation described in pre-
vious sections, are illustrated in Fig. 11. The figures show
the lowest Q2 result, at approximately 0.26 GeV2. We re-
call that the lines shown on each plot are not independent
– the chiral extrapolation expressions are simultaneously
fit to all of the octet baryon form factors.

The doubly-represented quark contributions to the
form factors are illustrated in Fig. 11(a). While the u
contribution to the proton and the u contribution to the
sigma baryon are very similar – the only difference is the
mass of the single spectator (d or s) quark – the s contri-
bution to the cascade baryon has a different shape. That
form factor has significantly less curvature with m2

π be-
low the SU(3)-symmetric point as a result of the heavier
mass of the probed s quark.

The singly-represented quark contributions are shown
in Fig. 11(b). Here the difference between the d quark
contribution to the proton and the s quark contribution
to the sigma baryon illustrates the effect of changing the
mass of the single probed quark. While the effect of
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(a)Doubly-represented quark contributions.
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FIG. 11. Connected part of the doubly and singly-represented
quark contributions to the baryon electric form factors for
Q2 ∼ 0.26 GeV2. The charges of the relevant quarks have
been set to one and the singlet mass (m2

K + m2
π/2) is held

fixed to its physical value.

changing the mass of the spectator quark is small for the
doubly-represented form factors, it is far more significant
here as there are now two spectator quarks. This may
be seen by comparing the d quark contribution to the
proton with the u in the cascade baryon.

Here we notice that the u quark contribution to the
cascade baryon is considerably more suppressed in the
light quark-mass region than the corresponding d quark
contribution to the proton. That is, the magnitude of
〈r2〉Ξu is enhanced relative to 〈r2〉pd. This can be ex-
plained by the meson-dressing effects; the connected d
in the proton prefers to form a π+ with one of the va-
lence u quarks in the proton, giving rise to a substantial
negative contribution to 〈r2〉pd in the light quark-mass re-
gion. In contrast, the connected u in the Ξ can only form
a pion state by coupling to a sea quark, from which the
resulting enhancement is always positive.
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TABLE III. Simulation details for the new ensemble, with
L3 × T = 483 × 96 and β = 5.50 corresponding to a =
0.074(2) fm. The scale is set using various singlet quanti-
ties [49–51]. Raw simulation results for F1 and F2 are given
in Appendix D.

κl κs mπ (MeV) mK (MeV) mπL
7 0.121166 0.120371 220 540 4.0

E. Finite-volume effects

One limitation of the analysis presented in the pre-
vious sections is that all of the lattice simulations were
performed on a single 323 × 64 volume. Although finite-
volume corrections, based on leading order chiral pertur-
bation theory, have been performed, it is instructive to
check that finite volume effects have indeed been properly
accounted for by comparing to lattice simulation results
on larger volumes. To facilitate this an additional simula-
tion has been performed on a larger 483×96 volume at a
lighter pion mass. Simulation details for this new ensem-
ble are given in Table III. The lattice set-up is entirely
analogous to that of the other simulations considered in
this study; the gauge field configurations have been gen-
erated with Nf = 2 + 1 flavors of dynamical fermions
using the tree-level Symanzik improved gluon action and
nonperturbatively O(a) improved Wilson fermions. We
refer to Refs. [50, 51] for further details. Raw lattice
results for F1 and F2 are given in Appendix D.

As there is only one new simulation on the larger vol-
ume, and the discrete Q2 values in physical units differ
substantially between volumes, we do not include this
new simulation into the chiral perturbation theory fits.
Instead we compare the results of the fits, extrapolated
to the pseudoscalar masses of the new point (with a pion
mass about 100 MeV lighter than the lightest pion mass
of ensembles 1-6 in Table I), with the larger-volume re-
sults. We note that finite-volume corrections, as outlined
in Sec. III, have been applied to the new results.

Figure 12 shows the excellent agreement between the
chirally extrapolated small-volume results and the larger-
volume results for the charged baryons. For the neutral
form factors in particular there is a systematic shift be-
tween the results on the two volumes, although we point
out that the absolute magnitude of this shift is small – of
the order of 5% of the proton form factor. This is compa-
rable to the size of the discrepancies between the charged
baryon form factors on the two volumes. This may be
evidence of excited state contamination in either set of
results, or the effect of some other yet-to-be-understood
systematic. Nevertheless, the comparison is extremely
encouraging and suggests that both the systematic finite-
volume effect and the extrapolation in pion mass are well
under control for the charged baryon form factors.

V. RATIO OF ELECTRIC AND MAGNETIC
FORM FACTORS

By combining the chirally extrapolated values of GE
from this work with the magnetic form factors GM de-
termined in Ref. [20], we are able to deduce the ra-
tio µGE/GM at each of the six discrete values of Q2

for which we have results. The largest Q2 value is
≈ 1.3 GeV2. As both this work and Ref. [20] use the
same extrapolation techniques and are based on the same
set of CSSM/UKQCD/QCDSF lattice simulation results,
the analysis can be done at the bootstrap level.

Figure 13 shows the proton form factor ratio
µpG

p
E/G

p
M , where the experimental value is used for the

magnetic moment µp [55]. While the results are qualita-
tively consistent with a linear decrease of the ratio with
Q2 as concluded from polarization transfer experiments
(e.g., from Refs. [56–58], illustrated on the figure), this
decrease is more pronounced in our results than in the
experimental data with the exception of the results of
Ref. [59] which displays a similarly steep trend. In our
work this trend is explained by the observation (Ref. [20])
that the lattice simulation results for GM fall off less
rapidly in Q2 than the experimental results, while the
lattice results for GE are consistent with experiment.

Figure 14 shows the absolute value of µBG
B
E/G

B
M for

each of the outer-ring octet baryons. The large value
of this ratio for the Σ− baryon is a result of the choice
of normalization; the magnetic moment of the Σ− sug-
gested by the lattice data [20] was found to be signifi-
cantly smaller than the experimental value [55] which is
used here. We also note that if the trends displayed for
µBG

B
E/G

B
M at the relatively low Q2 values of this study

continue to high Q2, zero-crossings of this ratio for the
Ξ− and Σ− baryons seem unlikely.

VI. CONCLUSION

We have performed a chiral extrapolation of recent
2 + 1-flavor lattice QCD simulation results for the elec-
tric Sachs form factors of the outer-ring octet baryons.
The simulations used here were performed on a 322 × 64
volume at six discrete values of the momentum trans-
fer Q2 and six sets of pseudoscalar masses down to
mπ ≈ 310 MeV [20].

Independent chiral extrapolations are performed at
each value of Q2 for which there are lattice results, using
a formalism based on connected heavy baryon chiral per-
turbation theory. An advantage of this method is that
it requires no phenomenological input regarding the Q2

dependence of the form factors. The proton and neutron
form factors extrapolated to the physical pseudoscalar
masses agree remarkably well with the experimental de-
terminations, at all values of Q2 considered. This gives a
good indication that disconnected quark loop contribu-
tions to the nucleon electric form factors are small.

It is notable that the statistical precision of the extrap-
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FIG. 12. Connected part of the octet baryon electric form factors at the pseudoscalar masses of simulation 7 in Table III,
(mπ,mK) = (220, 540) MeV. Solid blue circles indicate the results of the chiral extrapolation of the 323 × 64 volume lattice
simulation results to these masses, while the empty red diamonds indicate the 483×96 volume results without any extrapolation.
Finite volume corrections, based on leading order perturbation theory, have been applied to all results.
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Refs. [56–58].

olated results for the proton electric form factor is in line
with parameterizations of experimental results for that
quantity. In that light, it is particularly important to
carefully examine the systematic uncertainties relevant
to this work. In particular, we investigate the robustness
of the finite-volume corrections used here, which are es-
timated using leading order chiral perturbation theory.
To this end we present new lattice simulation results at
a light pion mass (mπ,mK) = (220, 540) MeV and on a
larger 483 × 96 lattice. Comparison of these new large-
volume points with the extrapolated small-volume results
is encouraging. The excellent agreement for the charged
baryons in particular indicates that finite-volume effects
are well controlled by the estimated finite-volume correc-
tions. It is also clear that the chiral extrapolation per-
forms well; the large-volume results are at a pion mass
≈ 100 MeV lighter than the lightest of the small-volume
results.

Furthermore, by combining the results of this analysis
with those from Ref. [20] for the magnetic form factors,
we evaluate the ratios µBG

B
E/G

B
M for each of the outer-

ring octet baryons. For the proton the results are qual-
itatively consistent with a linear decrease of this ratio
with Q2 as concluded from polarization transfer experi-
ments [56–58], although the uncertainties are compara-
tively large.

Finally, we comment that, as was found in Ref. [20]
for the magnetic form factors, dipole forms in Q2 do not
provide a good fit to the lattice simulation results for GE .
Dipole-like fits with more general polynomial denomina-
tors fare far better.
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FIG. 14. Ratios of the electric (from this work) and magnetic
(from Ref. [20]) form factors of the octet baryons. The points
denoting the Σ+ and Ξ− baryons in Fig. 14(a) have been
slightly offset on the Q2 axis for clarity.
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Appendix A: Chiral perturbation theory
extrapolations

Tables IV, V and V make explicit the values of those
chiral coefficients in Eq. 7 which are not given in Ref. [20].

Although the coefficients αBq and αBq(q
′) have the same

form for both the electric and magnetic form factors, the
free parameters bD (∼ µD), bf (∼ µF ) and ci are dis-
tinct (and fit separately) for the electric and magnetic
cases. The labels ‘doubly’, ‘singly’ and ‘other’ indicate
whether the quark q′ or q is ‘doubly- represented’, ‘singly-
represented’ or not at all represented in the baryon B.

β
Bq(φ)
T

H
HHHHmφ

q
doubly singly

mdoubly +msingly 2 1
msingly +mother 1
mdoubly +mother 2
2mdoubly 2
2msingly 1

TABLE IV. Chiral coefficients for tadpole loops, as relevant
to Eq. (7).

β
Λq(φ)
T

HH
HHHmφ

q
u d s

mu +md 1 1
md +ms 1 1
mu +ms 1 1
2mu 1
2md 1
2ms 1

TABLE V. Chiral coefficients for tadpole loops involving a Λ
baryon, as relevant to Eq. (7).

β
Σ0q(φ)
T

HHH
HHmφ

q
u d s

mu +md 1 1
md +ms 1 1
mu +ms 1 1
2mu 1
2md 1
2ms 1

TABLE VI. Chiral coefficients for tadpole loops involving a
Σ0 baryon, as relevant to Eq. (7).

Appendix B: Fit parameters

This section gives the values of the free parameters de-
termined by the fits to the lattice results. The parameters
bD and bF are defined in Eq. (5), while the ci appear in
Eq. (6). The di are relevant linear combinations of the
ci:

d1 = c5 −
1

4
c11, d2 = c6 + c11, (B1)

d3 = c6 + c11, d4 = c10 −
5

2
c4 + c12. (B2)

We note that the values of the parameters shown in
Fig. 15 are unrenormalized. They are included merely
to illustrate the approximately linear Q2 dependence of
the parameters. Recall that the fits at different values of
Q2 are independent.
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FIG. 15. Q2 dependence of unrenormalized fit parameters,
defined in Eqs. (5) and (6).
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Appendix C: Octet baryon form factors - Figures

Figure 16 shows the connected part of the octet baryon electric form factors, extrapolated to the physical pseu-
doscalar masses. The fits shown are those used in Sec. IV C to extract the electric radii.
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FIG. 16. Connected part of the octet baryon electric form factors. Lines shown for the charged baryons correspond to dipole-like
fits (Eq. (16)).
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Appendix D: Raw lattice simulation results

Here we present raw lattice results for the L3 × T =
483 × 96 simulation detailed in Table III. Similar details
for the other lattice simulations used in this study may
be found in Ref. [20]. We point out that no finite-volume
correction or chiral extrapolation has been applied to
these numbers. Tables VIII, IX, X give results for F1 and
F2. Figures 17 and 18 show the results pictorially. The
fits shown in those figures use the 2-parameter ansätze:

F1(Q2) =
F1(0)

1 + c12Q2 + c14Q4
, (D1)

F2(Q2) =
F2(0)

(1 + c22Q2)2
, (D2)

where the cij and the anomalous magnetic moment

FB,q2 (0) = κB,q are fit parameters, while F1(0) is fixed
by charge conservation. As we consider quarks of unit
charge, F1(0) = 2, 1 for the doubly and singly rep-
resented quarks respectively. Dirac and Pauli mean-
squared charge radii extracted from these fits are given
in Table VII.

B, q 〈r2〉B,q1 〈r2〉B,q2 κB,q

p, u 0.467 (16) 0.391 (91) 0.0414 (53)
p, d 0.558 (19) 0.502 (39) -0.0616 (27)
Σ, u 0.441 (10) 0.374 (40) 0.0615 (37)
Σ, s 0.4008 (69) 0.319 (14) -0.0598 (11)
Ξ, s 0.3732 (35) 0.283 (16) 0.0482 (11)
Ξ, u 0.5208 (69) 0.450 (13) -0.0679 (11)

TABLE VII. Dirac and Pauli mean-squared charge radii and
anomalous magnetic moments for the L3 × T = 483 × 96
lattice simulation results, extracted from dipole-like fits (see
Eqs. (D1) and (D2)).
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FIG. 17. Quark contributions to the Dirac form factor F1 of
the hyperons for the L3 × T = 483 × 96 simulation detailed
in Table III. The charges of the relevant quarks have been set
to unity. Lines correspond to dipole-like fits (Eq. (D1)).
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mπ (MeV) mK (MeV) Q2 (GeV2) F p,u1 F p,d1 F p,u2 F p,d2

220 540 0.12 1.612 (12) 0.7631 (50) 0.93 (12) -1.251 (46)
0.23 1.342 (12) 0.6122 (75) 0.717 (76) -1.006 (36)
0.34 1.165 (16) 0.5103 (93) 0.606 (74) -0.877 (32)
0.44 1.016 (21) 0.424 (12) 0.604 (85) -0.709 (38)
0.54 0.906 (18) 0.359 (10) 0.534 (53) -0.635 (29)
0.63 0.822 (20) 0.311 (11) 0.465 (45) -0.563 (26)
0.81 0.678 (36) 0.244 (15) 0.345 (54) -0.452 (36)

TABLE VIII. Raw lattice simulation results for the nucleon for the L3 × T = 483 × 96 simulation detailed in Table III.

mπ (MeV) mK (MeV) Q2 (GeV2) FΣ,u
1 FΣ,s

1 FΣ,u
2 FΣ,s

2

220 540 0.12 1.6270 (77) 0.8219 (21) 1.294 (88) -1.314 (21)
0.23 1.3616 (92) 0.7040 (38) 1.120 (60) -1.147 (18)
0.35 1.178 (10) 0.6109 (52) 0.952 (49) -1.010 (17)
0.45 1.037 (15) 0.5335 (74) 0.896 (49) -0.898 (19)
0.56 0.924 (16) 0.4723 (80) 0.772 (35) -0.810 (18)
0.66 0.829 (16) 0.4202 (87) 0.681 (30) -0.731 (19)
0.85 0.687 (25) 0.338 (11) 0.530 (34) -0.610 (21)

TABLE IX. Raw lattice simulation results for the sigma baryon for the L3 × T = 483 × 96 simulation detailed in Table III.

mπ (MeV) mK (MeV) Q2 (GeV2) FΞ,s
1 FΞ,u

1 FΞ,s
2 FΞ,u

2

220 540 0.12 1.6759 (21) 0.7779 (20) 1.062 (26) -1.410 (19)
0.24 1.4772 (47) 0.6288 (27) 0.955 (21) -1.155 (16)
0.35 1.3183 (71) 0.5251 (33) 0.862 (19) -0.982 (16)
0.46 1.1835 (94) 0.4400 (47) 0.756 (19) -0.848 (14)
0.56 1.079 (11) 0.3800 (46) 0.691 (17) -0.734 (13)
0.67 0.987 (13) 0.3310 (48) 0.636 (17) -0.648 (13)
0.87 0.840 (18) 0.2594 (61) 0.518 (17) -0.512 (14)

TABLE X. Raw lattice simulation results for the cascade baryon for the L3 × T = 483 × 96 simulation detailed in Table III.
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FIG. 18. Quark contributions to the Pauli form factor F2 of
the hyperons for the L3 × T = 483 × 96 simulation detailed
in Table III. The charges of the relevant quarks have been set
to unity. Lines correspond to dipole fits (Eq. (D2)).
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