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Kurzzusammenfassung i

Kurzzusammenfassung

Elektronenstrukturrechnungen basierend auf Kohn–Sham Dichtefunktionaltheorie

(DFT) erlauben genaue Vorhersagen von chemischem Verhalten und Materialeigen-

schaften von Strukturen bis zu einer Größe von einigen hundert Atomen, was einer

Längenskala von wenigen Nanometern entspricht. Viele technologisch relevante Pro-

zesse, zum Beispiel im Bereich der Nanoelektronik, werden jedoch entscheidend von

Phänomenen beinflusst, die auf einer größeren Längenskala von bis zu 100 Nanometern

auftreten und von der Beteiligung zehntausender Atome abhängen. Die Berechnung

der Elektronenstruktur derart großer Systeme ist möglich mit der semiempirischen

Slater–Koster Tight-Binding (TB) Methode. Im Gegensatz zu der auf first-principles

basierenden DFT, die universell auf beinahe jedes chemische Element anwendbar ist,

beruht TB auf parametrisierten Modellen, welche in der Regel auf eine bestimmte

Anwendung oder Stoffklasse spezialisiert sind. Die Anpassung der Modellparameter

(Slater–Koster Tabellen) erfolgt üblicherweise empirisch, wobei entweder experimentell

ermittelte Materialeigenschaften (Geometrien, elastische Konstanten), oder Ergebnisse

von first-principles Methoden wie DFT als Zielwerte herangezogen werden. Das Erstel-

len eines neuen TB Modells ist daher mit einem hohen Aufwand verbunden, dem oft

eine geringe Übertragbarkeit der Parametrisierung gegenübersteht.

In dieser Arbeit entwickeln wir eine systematische Herangehensweise, um akkurate

und übertragbare TB Modelle aus DFT-Rechnungen abzuleiten. Hierbei wird die

formelle Beziehung der beiden Methoden ausgenutzt, wonach die TB Gesamtenergie

als Approximation des Kohn–Sham Energiefunktionals verstanden werden kann. Unser

Vorgehen unterscheidet sich hierbei konzeptionell von früheren Ansätzen wie der DFTB

Methode, da die TB Parameter aus den konvergierten DFT Wellenfunktionen und

Hamiltonmatrizen beliebiger Referenzstrukturen ermittelt werden können.

Ableitung von Tight–Binding Parametern aus Dichtefunktionaltheorie

Wir beschreiben eine neue Herangehensweise zur Ableitung von Slater–Koster Para-

metern aus den Ergebnissen von DFT Rechnungen. In unserer Methode werden DFT
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Wellenfunktionen (Kohn–Sham Orbitale) beliebiger Referenzstrukturen, die bezüglich

einer numerisch konvergierten Basis aus atomzentrierten Funktionen und ebenen

Wellen dargestellt sind, mithilfe eines Projektionsverfahrens auf eine minimale Basis

von Atomorbitalen (AOs) abgebildet. Anschließend können die Matrixelemente der

Minimalbasisdarstellung des Hamiltonoperators aus den DFT-Ergebnissen berechnet

werden. Dreizentrenbeiträge werden hierbei gemittelt erfasst, da diese in der TB Me-

thode nicht explizit beschrieben sind. Anhand der Beispiele Kohlenstoff und Titan

wird das Projektionsverfahren vorgestellt und die Genauigkeit der resultierenden TB

Parameter demonstriert.

Optimierung von minimalen Atomorbitalbasissätzen

Die Qualität der mithilfe des Projektionsverfahrens ermittelten TB Parameter hängt

entscheidend von der Wahl der verwendeten minimalen AO Basis ab. Die Darstellung

der DFT Wellenfunktionen in einer AO Minimalbasis ist in der Regel nicht vollstän-

dig; folglich gehen bei der Projektion Informationen verloren. Wir haben mehrere

Verfahren zur Optimierung von AO Basissätzen entwickelt, die es ermöglichen, die-

sen Verlust zu minimieren. Nicht nur die Qualität des Basissatzes, sondern auch die

Ausdehnung der AOs beinflusst die Übertragbarkeit und Strukturabhängigkeit der

Bindungsintegrale. Wir verwenden daher die neuen Optimierungsverfahren, um die

bestmögliche AO-Basis zu einer vorgegebenen Reichweite zu ermitteln. Anhand der

Fallbeispiele Kohlenstoff und Titan illustrieren wir die erreichte Verbesserung der Mini-

malbasisdarstellung, sowie die Übertragbarkeit der optimierten AOs auf verschiedene

Strukturen.

Beschreibung von Kristallfeldaufspaltung in der Tight–Binding Methode

Der Projektionsformalismus erlaubt nicht nur die Berechnung konventioneller TB

Parameter, also der Bindungs- und Überlappintegrale über zwei an unterschiedlichen

Atomzentren lokalisierte Orbitale, sondern ermöglicht es darüber hinaus, die Diago-

nalelemente (On-Site Elemente) der Hamiltonmatrizen zu analysieren. Die On-Site

Elemente beinhalten die Wechselwirkung zweier an dem selben Atomzentrum lokali-
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sierter Orbitale mit dem effektiven Gesamtpotential aller Atome, dem Kristall- oder

Ligandenfeld. Diese Kristallfeldwechselwirkung führt in Strukturen nichtsphärischer

Symmetrie zu einer (spektroskopisch messbaren) Aufspaltung der atomaren Eigenzu-

stände. In konventionellen TB Modellen ist diese Art der Wechselwirkung nicht erfasst,

da die On-Site Elemente als strukturunabhängige Konstanten behandelt werden. Wir

stellen eine verallgemeinerte TB Methode vor, das Crystal-Field Tight-Binding (CF-TB),

welches eine umgebungsabhängige Parametrisierung der On-Site Elemente beinhaltet.

Es wird gezeigt, dass CF-TB die Genauigkeit der TB Methode insbesondere für Struk-

turen niederer Symmetrie, wie sie zum Beispiel bei Molekulardynamiksimulationen

auftreten, erheblich verbessert.

Eichung von Eigenwerten und Bindungsintegralen

Um die Hamiltonmatrizen und Eigenwerte verschiedener atomarer oder molekularer

Strukturen vergleichen zu können, muss eine einheitliche Potentialreferenz gewähr-

leistet sein. Bei isolierten Systemen ist die potentielle Energie des Vakuums eine

praktikable Wahl für den Energienullpunkt. Im Falle dreidimensionaler periodischer

Kristalle ist das Vakuumniveau jedoch nicht direkt verfügbar. Wir demonstrieren, dass

die strukturabhängige On-Site Parametrisierung der CF-TB Methode für die Eichung

von Eigenwerten und Bindungsintegralen verschiedener Referenzstrukturen geeignet

ist. Wir beobachten, dass eine günstige Wahl des Potentialnullpunkts zu einer vermin-

derten Strukturabhängigkeit der Bindungsintegrale, und somit zu übertragbareren TB

Parametern führt.

Bandsummen und Kohäsionsenergie

Die Berechnung von Kohäsionsenergien und atomaren Kräften mit der TB Metho-

de erfordert nebst der Slater–Koster Parametrisierung der Bandstruktur noch die

Beschreibung der Kern–Kern Abstoßung und des Double-Counting Beitrags. In der

Regel erfolgt dies durch empirische, atomare Wechselwirkungspotentiale. Verschie-

dene Eigenwerteichungen und daraus resultierende Bindungsintegrale führen jedoch

zu unterschiedlichen Bandsummen, sodass die Wahl des Wechselwirkunspotentials
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nicht eindeutig ist. Es ist allerdings möglich, geeignete Energiebeiträge zwischen der

Bandsumme und dem empirischen Potential umzuverteilen, und die Qualität eines

TB Gesamtenergiemodells kann entscheidend von dieser Energieaufteilung abhän-

gen. Wir haben verschiedene Möglichkeiten zur Energieaufteilung berücksichtigt und

deren Anwendbarkeit in Verbindung mit Kohlenstoff CF-TB Modellen untersucht.

Unser Ergebnis zeigt, dass es ausgehend von CF-TB Parametern nicht möglich ist, ein

einfaches TB Band Modell zu konstruieren. Es ist vielmehr notwendig, eine TB Bond

Beschreibung einzuführen.
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Abstract

Electronic structure calculations based on Kohn–Sham density-functional theory (DFT)

allow the accurate prediction of chemical bonding and materials properties. Due to

the high computational demand DFT calculations are, however, restricted to structures

containing at most several hundreds of atoms, i. e. to length scales of a few nanome-

ters. Though, many processes of technological relevance, for example in the field of

nanoelectronics, are governed by phenomena that occur on a slightly larger length

scale of up to 100 nanometers, which corresponds to tens of thousands of atoms. The

semiempirical Slater–Koster tight-binding (TB) method makes it feasible to calculate

the electronic structure of such large systems. In contrast to first-principles-based DFT,

which is universally applicable to almost all chemical species, the TB method is based

on parametrized models that are usually specialized for a particular application or for

one certain class of compounds. Usually the model parameters (Slater–Koster tables)

are empirically adjusted to reproduce either experimental reference data (e. g. ge-

ometries, elastic constants) or data from first-principles methods such as DFT. The

construction of a new TB model is therefore connected with a considerable effort that

is often contrasted by a low transferability of the parametrization.

In this thesis we develop a systematic methodology for the derivation of accurate and

transferable TB models from DFT calculations. Our procedure exploits the formal

relationship between the two methods, according to which the TB total energy can

be understood as a direct approximation of the Kohn–Sham energy functional. The

concept of our method is different to previous approaches such as the DFTB method,

since it allows to extract TB parameters from converged DFT wave functions and

Hamiltonians of arbitrary reference structures.

Derivation of tight-binding parameters from density-functional theory

We introduce a new technique for the systematic derivation of Slater–Koster parameters

from the results of DFT calculations. In our approach, the DFT wave functions (Kohn–

Sham orbitals) in a numerically converged basis of atom-centered functions and plane

waves are mapped onto a minimal basis of atomic orbitals (AOs) using a projection
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formalism. This allows the computation of the minimal basis representation of the

converged DFT Hamiltonian. Three-center contributions to the Hamilton matrix, which

are not treated explicitly in the TB method, are included on average by the methodology.

The procedure and the accuracy of the resulting TB parameters is demonstrated for

the examples of carbon and titanium.

Optimization of minimal atomic orbital basis sets

The quality of TB parameters obtained using the projection methodology crucially

depends on the choice of the minimal AO basis. The minimal basis representation of

the Kohn–Sham orbitals is usually not complete, and as a consequence information

is lost during the projection. We have therefore developed several schemes for the

optimization of AO basis sets that make it possible to minimize this loss. Not only the

quality of the basis set, but also the range of the AO basis functions has a significant

impact on the transferability and the structure-sensitivity of the bond integrals. We

therefore employ the new optimization techniques to determine the best AO basis set

for a given cutoff range. The improvement of the minimal basis representation and the

transferability of the optimized AOs are validated for carbon and titanium structures

as prototypical examples of a covalent main group element and a transition metal.

A tight-binding description of crystal-field splittings

The projection formalism described above is not limited to the calculation of conven-

tional TB parameters, i. e. to bond and overlap integrals over two orbitals that are

located at two different atomic sites. It also can be used to analyze the on-site elements

of the Hamilton matrix, which contain the interaction of two orbitals at the same

atomic site with the effective potential of all atoms in the structure (the crystal field

or ligand field). This crystal field interaction causes the (spectroscopically measurable)

splitting of the atomic eigenlevels in structures with non-spherical symmetry. Conven-

tional TB models do not describe such kind of interactions, as the on-site elements

are usually treated as structurally independent constants. We introduce an extended

crystal-field tight-binding (CF-TB) method, which includes an environment-dependent
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on-site parametrization. It is demonstrated that the CF-TB method is substantially

more accurate for low-symmetry structures, which, for instance, arise during finite

temperature molecular dynamics simulations.

Gauge of eigenvalues and bond integrals

A common potential energy reference is a necessary condition to be able to compare

Hamilton matrices and eigenvalues from different structures. For the case of isolated

systems, such as molecules or clusters, the potential energy of the vacuum is a conve-

nient choice for the zero point of the potential energy. In three-dimensional periodic

crystals the vacuum level is, however, not available. We illustrate that the structure-

dependent on-site parameters of a CF-TB model are suitable to gauge eigenvalues and

bond integrals of different atomic and molecular structures. Most importantly, with

an appropriate choice of potential energy reference, the structure sensitivity of bond

integrals can be significantly reduced, thus leading to a substantial increase of the

transferability of the TB models.

Band sums and cohesion energy

In addition to the Slater–Koster parametrization of the electronic structure, for the

calculation of cohesion energies and atomic forces in TB, a description of the ionic

core repulsion and the double-counting corrections is required. Total energy TB

implementations usually employ empirical pairwise atomic interaction potentials to

account for the missing energy contributions. However, changes in the gauge of the

eigenvalues and bond integrals lead to different band sums, so that the choice of

the empirical potential is not unique. In fact, it is possible to transfer appropriate

energy contributions between the band sum and the empirical pair potential, and the

quality of the TB total-energy model may depend upon this energy partitioning. We

have considered various options for the energy partitioning and have evaluated their

applicability in conjunction with CF-TB total energy expressions. It is shown that it is

not possible to construct a simple TB band model based on CF-TB parameters, and that

it is instead necessary to adopt a tight-binding bond description.
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Notation and constants

A scalar a

The complex conjugate of a a∗

The real part of a Re(a)

The imaginary part of a Im(a)

A vector c

The zero vector 0

The i-th component of c ci

A normalized vector n̂

A matrix A

The (i, j)-th matrix element of A Aij = (A)ij

The transposed of A AT

The inverse of A A−1

The conjugate transposed of A A† =
(
A∗
)T

The determinant of A det(A)

The trace of A tr(A)

The identity matrix I

The identity operation 1

An operator Ô

Where not explicitly stated, all equations are given in Hartree atomic units (a.u.):

Electronic charge e = 1 a.u.

Reduced Planck constant h̄ = 1 a.u.

Mass of the electron me = 1 a.u.
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I.Introduction

I.1. Atomistic simulations on different scales

To measure is to know has long been the tenor in natural science.∗ Nowadays, we have

theoretical methods at hand that are based on experimentally determined physical

constants and that are able to describe many aspects of nature with an accuracy that is

superior to the experimental precision at the time when the theories were developed.

Notably, at the atomic and electronic scales the quantum mechanics described by

Schrödinger’s famous equation has been tremendously successful.1 Nowadays, if we

stay within the experimentally verified bounds of the theory we might therefore also

proclaim that to calculate is to know.

I.1.1. Scales and approximations

While the last statement is in principle correct, the Schrödinger equations arising

from the full electronic description of even simple structures (say small molecules) are

utterly complex and it is usually unfeasible to solve them analytically. In practice one

has to resort to approximate methods that can be solved in a numerical fashion.

One such approximate method is density-functional theory (DFT),2 which has become

very popular during the last two decades and is now widely accepted as a tool for

quantitative studies on the molecular and atomic levels. DFT is based on first principles

and its implementations typically depend on just a small number of physically moti-

vated approximations. The method is applicable to almost all chemical elements and

∗The German idiom Messen ist Wissen is sometimes attributed to Georg Simon Ohm (1789–1854).
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can be used to calculate the cohesive energies, the atomic forces and derived quantities

for periodic crystals, surfaces, clusters, and molecules. Based on the long experience

with the method the error bars of DFT results can also be well estimated. The accuracy

of density-functional theory comes, however, at the trade-off to be computationally

very demanding. DFT calculations using well-established implementations are on

current computing systems therefore limited to a maximum of a few hundred atoms,

depending on the chemical species. The simulation of atomic and molecular dynamics

using DFT is (depending on the system size) restricted to time scales of much less

than one nanosecond. These limitations make it impossible to use DFT to simulate

many important phenomena that occur on either larger length or time scales. There

are countless examples, such as crystal growth, aggregation of molecules, extended

materials defects, phase transitions, and protein folding.

To simulate larger structures of possibly millions of atoms and longer time scales up to

microseconds atomic interaction potentials (force fields) are often suitable. Specialized

potentials have been developed for the structural optimization and for the simulation of

the dynamics of various classes of materials, such as covalent solids and molecules,3–6

metals,7,8 and large organic and biochemical molecules.9–12 Although based on various

different functional forms, most interaction potentials have in common that they do

not provide any information about the electronic structure. Note that especially force

fields used in molecular mechanics simulations do commonly require atomic bond

definitions as input and do not allow for the formation or the cleavage of bonds during

a simulation. In general, atomic interaction potentials possess complex functional forms

with many empirical parameters, which are adjusted to reproduce either experimental

geometries or energies, or data from first principles calculations.

If one is interested in the electronic structure of large systems or if interatomic po-

tentials are not accurate enough for the desired application, one option is to turn to

semiempirical methods, which lie conceptually between empirical force fields and

first principles methods and allow for the treatment of tens of thousands of atoms.13–18

Semiempirical electronic structure methods can be understood as direct approximations
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Figure I.1. Schematic comparison of atomistic

simulation methods. The selected methods for

each degree of approximation do not repre-

sent an exhaustive set, but are merely examples.

Methods referred to by abbreviation in the di-

agram are quantum Monte-Carlo (QMC), cou-

pled cluster (CC), configuration interaction (CI),

density-functional theory (DFT), and Hartree–

Fock (HF). (atoms)
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to more accurate methods (usually DFT or Hartree–Fock), but additionally include

empirical parameters that can be tuned to reproduce reference data. A schematic

comparison of the different approaches is shown in Fig. I.1. One particular example of

a semiempirical method is the tight-binding (TB) electronic structure method that is

subject of this thesis.14,19

I.1.2. Parametrization and transferability

The common feature of empirical interatomic potentials and semiempirical electronic

structure methods is their dependence on an empirical parametrization. Usually

the model parameters are adjusted to reproduce either experimental structures and

energies or data (energies, forces, eigenvalues, etc.) from more accurate electronic

structure methods such as DFT. These have also been the traditional approaches

to derive semiempirical tight-binding models.20–22 Independent of the origin of the

reference data, the resulting parametrization will be most accurate for those structures

that are similar to the ones in the reference set and the transferability to structurally

or chemically different materials is not per se guaranteed. The predictive power of

empirical and semiempirical methods is therefore difficult to estimate.

Additionally, parameter fitting is a very time-consuming process that starts with the

proper preparation and verification of the reference data. Most atomic interaction

potentials and semiempirical electronic structure methods employ pairwise bond pa-
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rameters, which means that a model for N chemical elements includes parametrizations

for (N2 + N)/2 = O(N2) different atomic interactions.∗ To name just one example,

a typical steel contains ten to fifteen different chemical elements that are all relevant

for the mechanical and chemical properties of the material.24,25 The simulation of 15

different chemical species would require 120 pairwise parametrizations that in turn all

need to be carefully fitted to an exhaustive set of reference data. The resulting force

field would, however, be specialized for a single class of materials (steels) and would

most certainly not be accurate for the simulation of, for example, molecules. Thus, it

is advisable to search for alternative means to derive potential parameters that avoid

such a cumbersome manual adjustment.

I.1.3. Parameters based on first principles

DFT

NOTB

OTB

BOP

Instead of empirically fitting the parameters of interaction potentials and

semiempirical electronic structure methods, the relation between methods of

different levels of approximation may be exploited. This way each model is

hierarchically derived from the next, more accurate one and ultimately from

first principles. The formal relation between the tight-binding method and

density-functional theory has been established in the 1980s by Harris and

Foulkes.26–28 By further approximating orthogonal tight-binding models†

one arrives at reactive bond-order potentials (BOPs), which are interatomic

potentials suitable for large-scale simulations.6,29,30 Thus, three of the scales depicted

in Fig. I.1 are available by systematically approximating density-functional theory and,

in principle, extensive fitting of parameters can be avoided.

Various practical ways to derive TB models directly from DFT have been suggested

in the literature, a number of which are discussed in Ref. 31. The approaches can be

distinguished by the minimal basis sets used for the numerical solution of the Kohn–

Sham equations (see also Secs. II.4.1 and II.3.2): the density-functional tight-binding

∗Notable exceptions are some semiempirical methods for organic molecules.17,18,23

†See Sec. III.2 for the difference between non-orthogonal and orthogonal TB models.
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(DFTB) method employs ad hoc contracted atomic orbitals as basis functions.32–35

Other schemes employ linear muffin-tin orbitals (LMTOs),36–39 quasi-atomic orbitals

(QUAMBOs),40–44 or maximally localized Wannier functions (MLWFs).45–47 In the

DFTB methodology the TB parameters for each reference bond, the bond integrals, are

calculated using dimer molecules and incomplete atomic-orbital basis sets; three-center

interactions and crystal-field terms can not be taken into account. DFT calculations

using LMTO basis sets are, on the other hand, restricted to relatively closed-packed

crystal structures. QUAMBOs and MLWFs provide complete minimal basis repre-

sentations and can be used to calculate very accurate tight-binding models for given

structures. They are, however, no eigenfunctions of the angular momentum operator

and are therefore not suitable for the analytical Slater–Koster interpolation scheme that

is an essential requirement for the transferability of tight-binding integrals (Sec. III.2.2).

One goal of this work is to develop a universal methodology for the derivation of

tight-binding models from DFT that overcomes the deficiencies of the aforementioned

approaches.

I.1.4. Crystal-field tight-binding

From spectroscopic experiments it is known that the local atomic environment of an

atom has an influence on the symmetry of the atomic eigenstates and may lead to

a splitting of formerly degenerate eigenvalues.48 Such effects of the crystal field or

ligand field on the atomic energy levels have been theoretically described by Bethe and

van Vleck as early as the 1930s.49,50 As an example, the d-level splitting in the central

atom of an octahedral cluster is shown schematically in Fig. I.2.

By construction, conventional tight-binding models do not describe crystal-field in-

teractions. In fact, the atomic levels in compounds are usually approximated by the

eigenvalues of the free atoms and are thus treated as structurally independent constants.

Even though approaches to include crystal-field terms in TB models have been sug-

gested in the literature, the additional effort implied by the empirical parametrization

has limited practical applications.52,53
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Figure I.2. Splitting of the d level in an octahe-

dral ligand field according to the crystal-field

theory by Bethe and van Vleck.49,50 The nota-

tion used for the two-fold degenerate eg level

and the three-fold degenerate t2g level is moti-

vated by group theory. See Refs. 48 and 51 for

a in-depth discussions.
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In this thesis we attempt to establish a methodology to derive from first principles

parameters that describe crystal-field splitting depending on the local atomic environ-

ment. A straightforward extension of the tight-binding method should allow for the

incorporation of such parameters.

I.1.5. The gauge variance of bond integrals

The Hamiltonians of different atomic or molecular structures may only be directly

compared, if they share a common zero point of the potential energy. The parameters

of the tight-binding method, the bond integrals, are matrix elements of the discrete

representation of the Hamiltonian, and are therefore subject to the same requirement.

Usually, the only universal potential energy reference available in electronic structure

calculations is the energy of the vacuum. To be able to compare or average the bond

integrals of periodic structures without vacuum region, it is therefore necessary to

construct artificial surface or cluster models.

We demonstrate that it is possible to gauge bond integrals of different structures

subsequent to electronic structure calculations. We derive a method that is not restricted

to the vacuum level, but can instead be used to impose any desired potential energy

reference. An appropriate choice of reference may even result in more transferable

tight-binding parameters.
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I.1.6. Band sums and cohesive energy

In order to calculate cohesive energies and atomic forces using the tight-binding

method, a description of the ion–ion repulsion and of the double-counting contribution

is needed in addition to the bond integral parameters. These contributions are usually

represented by pairwise empirical atomic interaction potentials. However, the parti-

tioning of the total or cohesive energy is not unique, and the quality of a tight-binding

total-energy expression may depend upon the choice of energy terms that enter the

empirical potential.

We address this uncertainty with an overview over various energy partitioning schemes

that divide the total energy into independent invariant contributions, and discuss their

applicability in conjunction with tight-binding models.

I.1.7. Structure and objectives of this thesis

The objectives of this thesis are two-fold: first we seek to improve the versatility of

the calculation of tight-binding models from first principles. We present a systematic

and universal methodology for the extraction of transferable tight-binding electronic

structure models from DFT calculations of arbitrary atomic or molecular reference

structures. The method is based on the projection of converged DFT wavefunctions

onto optimized minimal atomic-orbital basis sets. After a potential energy reference

has been imposed, the bond integrals of a set of reference structures are averaged to

achieve transferable bond integrals. The procedure for the construction of new TB

models does not require much human intervention and can be automatized to a large

extend.

Second, the accuracy of the tight-binding method itself is assessed. In a hierarchy

of methods as suggested in Sec. I.1.3 the accuracy on each level of approximation

is determined by the errors that were introduced in the more accurate ones. The

step from DFT to tight-binding is of crucial importance since it is the foundation

of the whole hierarchy. We therefore introduce a straightforward extension to the
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tight-binding method that allows for the correct description of crystal-field interactions

as discussed in Sec. I.1.4. We argue that the additional crystal-field parameters can be

calculated from DFT results using our projection formalism. At the example of carbon

and titanium we demonstrate that the first-principles based crystal-field tight-binding

(CF-TB) models are able to reproduce the DFT electronic structure with high accuracy.

The thesis is organized as follows: an overview over electronic structure calculations in

general and the tight-binding method in particular is provided in Chapters II and III.

Our methodology for the derivation of tight-binding models from DFT is introduced

in Chapter IV. The crystal-field extension to tight-binding is developed and applied in

Chapter V, and in the final Chapter VI the construction of tight-binding total energy

expressions and associated pitfalls are discussed.

In our view the systematic derivation of the parameters of approximate atomistic

models is a very important step towards the theoretical study of realistic and relevant

materials and chemical compounds. We hope, at one point, to be able to say with

confidence: to simulate is to understand.
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The formation and the cleavage of atomic bonds, the chemistry, happens at the level

of electrons. For the theoretical exploration of chemical properties we therefore need

to use a model that appropriately describes the electronic structure of matter. Already

for almost 100 years it has been known that electronic properties are governed by the

principles of quantum mechanics. In this chapter we will briefly recapitulate the basics

of quantum/wave mechanics. Afterwards we will establish a suitable atom model
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for the discussion of chemical properties, employing the approximation by Born and

Oppenheimer. What follows are a number of approximate theories for the practical

evaluation of the intricate quantum mechanical formulas.

II.1. Wave mechanics

Every quantum mechanical system is entirely described by its Hamiltonian Ĥ, which is

given as the sum

Ĥ = T̂ + V̂ (II.1)

of the kinetic and the potential energy operators T̂ and V̂, respectively. Every measur-

able state with wave function Ψi of the quantum system described by Ĥ obeys the static

Schrödinger equation1

Ĥ Ψi = Ei Ψi . (II.2)

Ψi is called an eigenstate of the Hamiltonian with an associated energy eigenvalue

Ei. Every state Φ that the system can be prepared in, can be expressed as linear

combination of eigenstates

Φ = ∑
i

ciΨi . (II.3)

The measured energy expectation value for state Φ is given by the scalar product

〈E〉 =
∫

Φ∗Ĥ Φ dτ∫
Φ∗Φ dτ

(II.4)

where we introduced the differential dτ as shorthand for the integration over all spacial

and spin coordinates. Equation (II.4) identifies the squared norm |Φ|2 = Φ∗ ·Φ of a

state as a probability distribution function. If we impose the normalization of the states
∫

Φ∗Φ dτ = 1 (II.5)

|Φ|2 can be directly interpreted as probability amplitude, and the denominator in the

expectation value Eq. (II.4) becomes 1.
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The concept of operators, states, eigenvalues (Ĥ, Ψi, Ei), and the definition of expecta-

tion values is not limited to the energy. Quantum mechanics assigns an operator to

every physical observable, such as momentum or spin.

II.1.1. The Born–Oppenheimer approximation

We are, of course, specifically interested in quantum mechanical systems that are built

of atoms, such as molecules and crystals. We will treat the atomic core as a single

charged particle, so that a neutral atom consists of an atomic core with charge +Z e

that is accompanied by Z electrons. The Hamiltonian of an atomic system therefore

depends on the sets of electronic and ionic coordinates {r} and {R}. Split into the

various contributions it can be expressed as

Ĥ = T̂e({r}) + V̂ee({r}) + V̂en({r}, {R})

+ T̂n({r}) + V̂nn({R}) ,
(II.6)

where T̂e and T̂n are the kinetic energy operators for the electrons and the nuclei, and

the different potential energy terms arise from the electron–electron interaction (V̂ee),

the ion–ion interaction (V̂nn), and the electron–ion interaction (V̂en). Naturally, the

eigenstates of the Hamiltonian of Eq. (II.6) depend on all ionic and electronic coordi-

nates. For a methane molecule, for example, with one carbon atom and four hydrogen

atoms, i. e. five atoms and eight electrons, there are 5 · 3 = 12 ionic coordinates and

(4 + 4) · 3 = 24 electronic coordinates, yielding a total of 36 degrees of freedom.

To reduce the coordinate space of the wave function, Born and Oppenheimer suggested

to separate the electronic and ionic degrees of freedom in a product ansatz

Ψ({r}, {R}) ≈ Ψe({r}) ·Ψn({R}) (II.7)

where Ψe and Ψn are the electronic and ionic wave functions, respectively.54 This

approximation can be justified by arguing that the light and fast electrons can adjust

adiabatically to a change of the ionic positions. The time-scales of the electronic and

the ionic dynamics are very different and therefore the variables can be separated. The
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Born–Oppenheimer approximation is found to be very good for most applications.

There are, however, situations which demand for a non-adiabatic formulation of the

wave function, e. g. in the vicinity of avoided crossings of quantum states.

The product ansatz Eq. (II.7) decouples the electronic and ionic degrees of freedom

Ĥ Ψ =
(

Ĥe + T̂e
)

ΨeΨn =
(

Ĥe Ψe
)

Ψn +
(
T̂e Ψn

)
Ψe , (II.8)

so that an electronic Schrödinger equation may be defined as

Ĥe Ψe = Ee Ψe , (II.9)

where Ee is the electronic energy, and the electronic Hamiltonian is

Ĥe = T̂e + V̂ee + V̂en . (II.10)

Note, that the evaluation of expectation values of the kind of Eq. (II.4) still requires the

integration over the ionic coordinates. In most cases it is, however, sufficient to treat

the atomic cores as classical particles because the quantum character of the nuclei may

be neglected.∗

The remaining part of this thesis is mainly concerned with the solution of the electronic

Schrödinger equation (II.9). To ease reading we will therefore from now on drop the

index “e” of the electronic Hamiltonian, the electronic energy eigenvalue, and the

electronic wave function.

II.1.2. Properties of the Hamilton operator

We have introduced the electronic Hamilton operator Ĥ in Eq. (II.10), but so far we have

not discussed its properties. Certainly, the formal derivation of quantum mechanics is

beyond the scope of this thesis and the reader is referred to standard text books on this

subject.55,56 Here, we will just list a number of properties of the Hamilton operator

that will be useful or necessary at later points.

∗For small ions, especially for protons, there may occur notable quantum effects.
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Differential operator

The Hamilton operator is a differential operator. In its position representation this is

due to the kinetic energy operator T̂ which is for N electrons given in Hartree atomic

units by

T̂ =
N

∑
i

t̂(i) =
1
2

N

∑
i
∇2

i . (II.11)

As a consequence, the Hamiltonian does (in general) not commute with other operators

ĤÂ Ψ 6= ÂĤ Ψ . (II.12)

Definiteness

The ionic degrees of freedom are decoupled from the electronic ones in the Born–

Oppenheimer approximation introduced in Sec. II.1.1 and the electronic structure is

solved in the static external potential

Vext({R}, {r}) =
N

∑
i

vext({R}, ri) . (II.13)

of the atomic cores. Note that in the absence of external fields Vext = Ven. As obvious

from Eq. (II.10), the electronic Hamiltonian is entirely defined by the knowledge of the

external potential and the number of electrons N:

{vext, N} −→ Ĥ . (II.14)

Hermiticity

The Hamiltonian is a hermitian operator∗, i. e.
∫

Φ∗Ĥ Ψ dτ =
∫

Ψ Ĥ Φ∗ dτ , (II.15)

which means that the operator is self-adjoint: Ĥ = Ĥ†. The hermiticity implies that (i)

all eigenvalues of the Hamilton operator are real, (ii) the eigenstates form a complete

∗Note, that this is the case for every quantum mechanical operator that is associated with a physical observable
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orthonormal basis in the definition space of Ĥ, where (iii) degenerate eigenfunctions

can be chosen to be orthonormal, so that for every two eigenstates Ψi and Ψj can be

granted that

∫
Ψ∗i Ψj dτ = δij =





1 if i = j

0 else
(II.16)

where δij is the Kronecker delta. Hence, every state or wave function can be expanded

in eigenstates of the operator. We have already used this property in Eq. (II.3). This

completeness of the basis of eigenfunctions for the space of wave functions can be

expressed as

∑
i

Ψ∗i (τ)Ψi(τ
′) = δ(τ − τ′) . (II.17)

II.1.3. The bra–ket notation

Obviously, the central elements in quantum theory are state functions and operators.

The expectation value of an operator was defined in Eq. (II.4) as a quotient of two

integrals over the abstract differential dτ. Using this trick we avoided the proper

definition of the space of the state functions and the Hamiltonian. Even when the

coordinate space of the Hamiltonian and the wave functions is known, such as in

Eqs. (II.6) and (II.7), there is no unique representation of them. The Schrödinger equation

could be defined in position (r) space, but the momentum (k) space representation, to

name just one, is completely equivalent. In fact, the two representations are related via

a Fourier transform. For a state function of a single particle, for example, we have

ψ(r) =
∫

ei kr ψ(k) dk (II.18)

where ψ(r) is the representation of the state function in position space and ψ(k) is

the momentum space representation. And these are just two examples! However, the
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expectation value Eq. (II.4) does not depend on the chosen representation. The reason

is that the integral

〈Φ|Ψ〉 :=
∫

Φ∗(τ)Ψ(τ) dτ (II.19)

can be identified as a scalar product (inner product) between the states Ψ and Φ in the

space of state functions, and one property of the scalar product is the invariance with

respect to the representation. In contrast to always selecting a certain representation

of the state functions, it is often more convenient to work in an equivalent vector

space with the same scalar product. For this purpose, we introduce Dirac’s bra-ket

notation in equation (II.19). The dual space of bra vectors {〈Φ|} and ket vectors {|Φ〉}
is equivalent to the space of state functions {Φ(τ)}. The expectation value of Eq. (II.4)

can thus be rewritten in a basis-free way as

〈E〉 = 〈Φ|Ĥ|Φ〉〈Φ|Φ〉 . (II.20)

If one wishes to derive a specific basis representation of a state vector |Φ〉, for example

the wave function Φ(Ei) in the basis of energy eigenfunctions {|Ψi〉}, the formal

relation is given by the scalar product

Φ(Ei) = 〈Ψi|Φ〉 with Ĥ |Ψi〉 = Ei |Ψi〉 . (II.21)

Analogously, the position representation, i. e. the representation in the basis of the

eigenfunctions of the position operator r̂, is given by

Φ(r) = 〈r|Φ〉 with r̂ |r〉 = r |r〉 , (II.22)

and other representations are derived accordingly. Furthermore, the completeness of

the bases formed by eigenstates allows to express the identity operation as a projection

operator, for example

1 = ∑
i
|Ψi〉〈Ψi| or 1 =

∫
|r〉〈r|dr , (II.23)

which are the state vector equivalents of the completeness relation Eq. (II.17).
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In the following we will adapt the bra-ket notation wherever it helps to simplify formu-

las. Occasionally, we will further employ the following abbreviations for eigenstates of

the Hamiltonian:

|i〉 = |Ψi〉 and 〈i| = 〈Ψi| . (II.24)

II.1.4. The variational principle

In principle, the electronic Schrödinger equation (II.9) has an infinite number of

solutions {Ψi, Ei}. In the absence of external perturbations (for example an electric

field) there is, however, always one lowest energy eigenvalue E0, the electronic ground

state energy. The ground state wave functions (there can be several in the case of

degeneracy) and the ground state energy are the quantities that we usually seek to

calculate.

Recall that any possible state |Φ〉 the system resides in can be expanded in the basis of

energy eigenstates {|Ψi〉}

|Φ〉 =
(
∑

i
|Ψi〉〈Ψi|

)
|Φ〉 = ∑

i
|Ψi〉〈Ψi|Φ〉 = ∑

i
ci |Ψi〉 , (II.25)

where ci = 〈Ψi|Φ〉 are the expansion coefficients. Inserting this expansion into the

energy expectation value Eq. (II.4) and exploiting the orthonormality of the wave

functions Eq. (II.16) gives

E[Φ] =
〈Φ|Ĥ|Φ〉
〈Φ|Φ〉 =

∑i |ci|2 Ei

∑i |ci|2
≥ E0 (II.26)

which shows that the expectation value of the Hamilton operator is minimized for the

ground state, i. e. there is no state that leads to a lower energy expectation value than

the ground state wave functions

E[Φ] =
〈Φ|Ĥ|Φ〉
〈Φ|Φ〉 ≥

〈Ψ0|Ĥ|Ψ0〉
〈Ψ0|Ψ0〉

= E0 . (II.27)

Consequently, it is possible to determine the ground state by identification of the wave

function that minimizes the expectation value of the Hamilton operator

E0 = min
Φ

E[Φ] . (II.28)
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Equation (II.28) is the wave function variational principle. In practice, the variational

principle is applied to a subspace of trial wave functions. In the following section

the Hartree–Fock method is discussed, which applies the variational principle on the

subspace of Slater determinants.

II.2. Hartree–Fock theory

The Hartree–Fock (HF) method55–57 results from the direct application of the wave

function variational principle Eq. (II.28). The idea is to start with a trial wave function

Ψ̃ = Ψ({ci}), which depends on a set of parameters {ci}. These parameters are

optimized in order to seize an approximation to the ground state wave function and

energy

E0 ≈ min
{ci}

E[Ψ({ci})] . (II.29)

Obviously, the first challenge is to determine a suitable form for the trial wave function

Ψ({ci}).

II.2.1. Slater determinants

Every ansatz for a wave function has to fulfill at least two requirements. First, the wave

function of an electronic system has to be antisymmetric with respect to the exchange

of two particles∗

Ψ(. . . , ri, . . . , rj, . . .) = −Ψ(. . . , rj, . . . , ri, . . .) . (II.30)

Second, it has to be normalizable

|Ψ|2 = 〈Ψ|Ψ〉 = 1 (II.31)

to allow for the interpretation as probability distribution. Equation (II.30) implies in

addition that electrons are indistinguishable.

∗This is, of course, a condition for any Fermionic system, and electrons are Fermions.



18 Electronic structure theory

The simplest ansatz for an N-electron wave function that satisfies these conditions is

the Slater determinant

Ψsd(r1, . . . , rN) =
1√
N!

∣∣∣∣∣∣∣∣∣

φ1(r1) · · · φ1(rN)

...
. . .

...

φN(r1) · · · φN(rN)

∣∣∣∣∣∣∣∣∣
(II.32)

which is constructed from a set of N orthonormal single particle functions {φi}, the

orbitals

〈φi|φj〉 = δij . (II.33)

The prefactor 1/
√

N! guarantees the normalization Eq. (II.31). Note that the determi-

nant of Eq. (II.32) can alternatively be expressed using the antisymmetrizing operator

Â =
1√
N!

permut.

∑
p

sgn(p) P̂p , (II.34)

where the the sum runs over all possible permutations p with the permutation operator

P̂ijΨ(. . . , ri, . . . , rj, . . .) = Ψ(. . . , rj, . . . , ri, . . .) . (II.35)

Instead of the explicit determinant of Eq. (II.32) we can therefore write

Ψsd(r1, . . . , rN) = Â φ1(r1) . . . φN(rN) (II.36)

or, equivalently, in the bra-ket notation

|Ψsd〉 = Â |φ1 . . . φN〉 . (II.37)

The application of the variational principle Eq. (II.28) to the space of Slater determinants

leads to the Hartree–Fock approximation.

II.2.2. The energy expectation value

Even with an approximate wave function in the form of a Slater determinant Eq. (II.32)

it is not an easy task to minimize the energy expectation value

Ehf
0 = min

{φi}
E[Ψsd ] with E[Ψsd ] = 〈Ψsd |Ĥ|Ψsd〉 . (II.38)
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However, the construction of the many-body wave function Ψ from one-electron

orbitals {φi} reduces the complexity of the problem to the solution of one-electron

Schrödinger equations in a mean electronic field. To accomplish this simplification, the

Hamiltonian is separated into one-electron operations and two-electron operations

Ĥ = ∑
i

ĥ(i) + ∑
j<i

ĝ(i, j) , (II.39)

where the one-electron Hamilton operator

ĥ(i) = t̂(i) + vext(i) (II.40)

describes the kinetic energy of the i-th electron

t̂(i) = −1
2
∇2

i (II.41)

and the interaction of that electron with the external potentials of the atomic or

ionic cores. The two-electron Coulomb operator g(i, j) describes the electron–electron

repulsion and is given by

ĝ(i, j) =
1

||rj − ri||
. (II.42)

We proceed by evaluating the expectation value of the Hamiltonian, Eq. (II.39), for a

Slater determinant, Eq. (II.37),

〈Ψsd |Ĥ|Ψsd〉 = 〈Â φ1 . . . φN |Ĥ|Â φ1 . . . φN〉

= ∑
p

sgn(p)〈φ1 . . . φN |
(

∑
i

ĥ(i) + ∑
j<i

ĝ(i, j)

)
|P̂p φ1 . . . φN〉

= ∑
i
〈φi|ĥ|φi〉+

1
2 ∑

i,j

(
〈φiφj|ĝ|φiφj〉 − 〈φiφj|ĝ|P̂ij φiφj〉

)

= ∑
i
〈φi|ĥ|φi〉+

1
2 ∑

i,j

(
Jij − Kij

)
, (II.43)

where we introduced the Coulomb and exchange integrals

Jij = 〈φiφj|ĝ|φiφj〉 and Kij = 〈φiφj|ĝ|φjφi〉 . (II.44)
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After the resolution of the permutations in Eq. (II.43) only one-electron integrals

over ĥ and two-electron integrals over ĝ remain, so that it is no longer necessary to

distinguish the electronic coordinates these operators are acting on. Note, that the sum

over i and j in Eq. (II.43) could be rewritten in a symmetrical form because (Jij − Kij)

vanishes for i = j . It is convenient to define two further one-electron operators, the

Coulomb operator ĵj and the exchange operator k̂j, by means of their action

ĵi(1)|φj(2)〉 := 〈φi(1)|ĝ|φi(1)〉|φj(2)〉 (II.45)

k̂i(1)|φj(2)〉 := 〈φi(1)|ĝ|φj(1)〉|φi(2)〉 , (II.46)

where we simply enumerate the two different electronic coordinates. The electronic

coordinates are given explicitly to underline that the exchange operator actually

exchanges the electrons in the two orbitals i and j. The expression for the electronic

energy eigenvalue in dependence of the orbitals, Eq. (II.43), can thus be rewritten as

E[{φ}] = ∑
i
〈φi|ĥ|φi〉+

1
2 ∑

i,j

(
〈φj| ĵi − k̂i|φj〉

)
, (II.47)

and we seek a variational minimum of this functional with respect to the set of

one-electron orbitals {φi}.

II.2.3. Minimization of the energy functional

Our objective is the variational minimization of the orbital dependent energy ex-

pectation value (II.47) with respect to the one-electron orbitals. We further require

the orbitals φi to remain orthonormal, i. e. that 〈φi|φj〉 = δij. For this constrained

minimization problem we resort to the method of Langrangian multipliers with the

Lagrangian

L[{φ}] = E[{φ}]−∑
i,j

λij

(
〈φi|φj〉 − δij

)
. (II.48)

For the minimizing set of orbitals the variation φ→ φ + δφ of the Langrangian must

vanish

δ

δ{φ}L[{φ}] =
δ

δ{φ}E[{φ}]−∑
i,j

λij
δ

δ{φ} 〈φi|φj〉 !
= 0 . (II.49)
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The variation of the orbital overlap in the second term yields

δ

δ{φ} 〈φi|φj〉 = 〈
δ

δ{φ}φi|φj〉+ 〈φi|
δ

δ{φ}φj〉 , (II.50)

and the variation of the expectation value (II.47) is given by

δ

δ{φ}E[{φ}] = ∑
i

(
〈 δ

δ{φ}φi|ĥ|φi〉+ c. c.
)

+
1
2 ∑

i,j

(
〈 δ

δ{φ}φiφj|ĝ|φiφj〉+ 〈φi
δ

δ{φ}φj|ĝ|φiφj〉

+〈 δ

δ{φ}φiφj|ĝ|φjφi〉+ 〈φi
δ

δ{φ}φj|ĝ|φjφi〉+ c. c.
)

.

A change of indices (i, j) → (j, i) in the second Coulomb and the second exchange

integral makes it possible to combine two integrals at a time, so that we can get rid of

the factor of 1/2:

δ

δ{φ}E[{φ}] = ∑
i

(
〈 δ

δ{φ}φi|ĥ|φi〉+ c. c.
)

+ ∑
i,j

(
〈 δ

δ{φ}φiφj|ĝ|φiφj〉+ 〈
δ

δ{φ}φiφj|ĝ|φjφi〉+ c. c.
)

= ∑
i
〈 δ

δ{φ}φi|ĥ|φi〉+ ∑
i,j
〈 δ

δ{φ}φi| ĵj − k̂j|φi〉+ c. c. .

We define the one-electron Fock operator f̂ as

f̂ = ĥ + ∑
i

(
ĵi − k̂i

)
, (II.51)

so that we can rewrite the variation of the Lagrangian (II.49) as

δ

δ{φ}L[{φ}] = ∑
i
〈 δ

δ{φ}φi| f̂ |φi〉 −∑
i,j

λij 〈
δ

δ{φ}φi|φj〉+ c. c. !
= 0 .

Note that the variation of the orbitals φi and the variation of their complex conjugates

φ∗i both must satisfy the stationary condition

〈 δ

δ{φ}φi| f̂ |φi〉 = ∑
j

λij 〈
δ

δ{φ}φi|φj〉 (II.52)

and 〈φi| f̂ |
δ

δ{φ}φi〉 = ∑
j

λij 〈φi|
δ

δ{φ}φj〉 . (II.53)
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By taking the complex conjugate on both sides of equation (II.53) and comparing the

result to (II.52) it is evident that λij = λ∗ij, i. e. that the Langrange multipliers form a

Hermitian matrix.

The HF equations are the pseudo-eigenvalue expression of the above equations:

f̂ |φi〉 = ∑
j

λij |φj〉 . (II.54)

One usually chooses the unitary transformation that diagonalizes the matrix of La-

grange multipliers so that

f̂ |φ̃i〉 = εi |φ̃i〉 , (II.55)

in which case the orbitals {φ̃i} are called canonical Hartree–Fock orbitals and the diagonal

Lagrange multipliers εi can be interpreted as orbital energies. Without loss of generality

we shall select the canonical orbitals for the following discussions and refer to them

simply as {φi}.

II.2.4. Orbital energies

The orbital energies εi of the canonical HF orbitals can be interpreted as matrix elements

of the Fock operator

f̂ |φj〉 = ε j|φj〉
〈φi |·−→ 〈φi| f̂ |φj〉 = δij ε j . (II.56)

Inserting the Fock operator Eq. (II.51) we can find an alternative expression for the

Hartree–Fock energy, Eq. (II.43), in terms of the sum of orbital energies

Ehf [{φ}] = ∑
i

εi −
1
2 ∑

i,j

(
Jij − Kij

)
(II.57)

=
1
2 ∑

i

(
εi + 〈φi|ĥ|φi〉

)
.

Note, that the second sum in equation (II.57) corrects for the double-counted electron-

electron interactions in the sum of orbital energies.
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II.2.5. The spin-restricted case

According to Hund’s rule every electronic state can be occupied by two electrons with

different spins, spin-up and spin-down. For closed-shell systems it is therefore more

realistic to construct the all electron wave function from pairs of spacial orbitals that

only differ in spin:

|φ1〉 = |χ1〉 = |ψ1〉|↑〉 (II.58)

|φ2〉 = |χ1〉 = |ψ1〉|↓〉 , (II.59)

so that the many-body state can be written as

|χSD〉 = |χ1χ1 . . . χN/2χN/2〉 . (II.60)

The spin eigenfunctions |↑〉 and |↓〉 are orthogonal with 〈↑|↓〉 = 0. The restriction to

the spin-orbitals simplifies the sum over one-electron integrals in the energy functional

(II.47), as the values do not depend on the spin part

N

∑
i
〈φi|ĥ|φi〉 = 2

N/2

∑
i
〈ψi|ĥ|ψi〉 . (II.61)

For two-electron integrals we have to distinguish between the Coulomb integrals,

which do not depend on the spin either

〈χiχj|ĝ|χiχj〉 = 〈χiχj|ĝ|χiχj〉 = 〈χiχj|ĝ|χiχj〉 = 〈χiχj|ĝ|χiχj〉

= 〈ψkψm|ĝ|ψkψm〉
(II.62)

and the exchange integrals, which are zero if the two orbitals differ in the spin part.

Half of the integrals in the sum over i and j therefore become zero; to provide two

examples:

〈χiχj|ĝ|χjχi〉 = 〈ψkψm|ĝ|ψmψk〉〈↑|↑〉〈↑|↑〉 = 〈ψkψm|ĝ|ψmψk〉

but 〈χiχj|ĝ|χjχi〉 = 〈ψkψm|ĝ|ψmψk〉〈↑|↓〉〈↓|↑〉 = 0 .
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Inserting these simplifications into equation (II.47) yields the spin-restricted energy

functional

Ehf [{ψ}] = 2
N/2

∑
i
〈ψi|ĥ|ψi〉+

N/2

∑
i,j

(
2Jij − Kij

)
(II.63)

and the Fock operator (II.51) becomes

f̂ = ĥ +
N/2

∑
i

(
2 ĵi − k̂i

)
. (II.64)

The HF eigenvalue problem remains the same as in the unrestricted case, Eq. (II.55),

but is now formulated for space rather than spin orbitals

f̂ |ψi〉 = εi |ψi〉 . (II.65)

II.3. Density-functional theory

As discussed in Sec. II.2, the Hartree–Fock (HF) method is a direct application of the

wave function variational principle, Eq. (II.28), to the wave function space of Slater

determinants, Eq. (II.32). As it turns out, the description of the many-body wave

function by a single Slater determinant is not a very accurate approximation. There

are a number of extensions to the HF method, which improve the wave function and

thus allow, to some extend, to account for the missing electronic correlation. Usually,

these methods either include further determinants that correspond to excited states

(CI, MC-SCF, CAS-SCF, CC), or add a perturbative correction to the HF energy (MP2,

MP4), or combine those two approaches (CASPT2). In every case the computational

effort and its scaling with the number of electrons is raised significantly, and these

methods are therefore only applicable to relatively small atomic structures of less than

50 atoms.

Electronic density-functional theory (DFT) takes a completely different approach

towards the electronic structure problem. Instead of attempting to approximate the
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many-body wave function Ψ(r1, r2, . . .) in DFT the electronic energy expectation value,

Eq. (II.4), is directly related to the electron density n(r)

Edft [n(r)] = T[n(r)] + Ee e[n(r)] + Eext[n(r)] (II.66)

where the kinetic energy T, the electron–electron interaction energy Eee, and the

external energy Eext are all functionals of the density. The electron density of a system

with N electrons is defined as

n(r) := N
∫

. . .
∫

Ψ∗(r, r2, . . . , rN)Ψ(r, r2, . . . , rN)dr2 . . . drN . (II.67)

Note, that n(r) is a function of the three spacial coordinates. In turn, also the energy

functional of Eq. (II.66) only depends on three coordinates rather than on the 3 N

electronic coordinates in the wave function case, Eq. (II.4). It is therefore counter-

intuitive that a functional of the form of Eq. (II.66) exists. However, Hohenberg and

Kohn were able to prove the existence of a density functional of the electronic ground-

state energy and that the ground-state electron density minimizes this functional.

II.3.1. The Hohenberg–Kohn theorems

In 1964 Hohenberg and Kohn were able to prove that an exact density functional of the

electronic ground state energy, and in fact for every observable, exists.58 As discussed

in Sec. II.1.2, the Hamilton operator is entirely determined by the knowledge of an

external potential vext and the number of electrons N. The Hamilton operator in turn

determines the many-body wave functions, so in particular the ground-state wave

function Ψ0 from which the ground-state electron density n0 can be derived according

to Eq. (II.67):

{vext(r), N} → Ĥe(r1, . . . , rN)→ Ψ0(r1, . . . , rN)→ n0(r) . (II.68)

In their first theorem Hohenberg and Kohn showed that vice versa a given ground-state

electron density n0(r) can only be the result of exactly one particular external potential
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v(r), save an additive constant, and one particular number of electrons N, which again

determines the ground-state many-body wave function Ψ0(r1, . . . , rN)

n0(r)→ {vext(r), N} → Ĥe(r1, . . . , rN)→ Ψ0(r1, . . . , rN) . (II.69)

If the ground-state wave function is uniquely determined by the ground-state electron

density, i. e. the wave function is a functional of the density, then there must also be a

density functional for the expectation value of any operator Ô

〈Ψ0[n0(r)]|Ô|Ψ0[n0(r)]〉 = 〈Ô〉[n0(r)] = O[n0] . (II.70)

The proof of relation (II.69) provided by Hohenberg and Kohn is based on reductio ad

absurdum. Assume that two Hamiltonians Ĥ1 and Ĥ2 for external potentials that differ

by more than a constant

Ĥ1 = T̂ + Ve e + Vext,1 ; Ĥ1Ψ1 = E1
0Ψ1

and Ĥ2 = T̂ + Ve e + Vext,2 ; Ĥ2Ψ2 = E2
0Ψ2

would result in the same ground-state electron density n0(r). If the ground state is not

degenerate, the wave function variational principle, Eq. (II.28), states that there is no

expectation value smaller than or equal to the ground-state energy

E1
0 < 〈Ψ2|Ĥ1|Ψ2〉 = 〈Ψ2|Ĥ2|Ψ2〉+ 〈Ψ2|Ĥ1 − Ĥ2|Ψ2〉

= E2
0 + 〈Ψ2|Vext,1 −Vext,2|Ψ2〉 (II.71)

and equally for the second Hamiltonian

E2
0 < 〈Ψ1|Ĥ2|Ψ1〉 = 〈Ψ1|Ĥ1|Ψ1〉+ 〈Ψ1|Ĥ2 − Ĥ1|Ψ1〉

= E1
0 + 〈Ψ1|Vext,2 −Vext,1|Ψ1〉 . (II.72)

Inserting the expression of the electron density (II.67) into equations (II.71) and (II.72)

yields

E1
0 < E2

0 +
∫

n(r) [vext,1(r)− vext,2(r)] dr (II.73)

and E2
0 < E1

0 −
∫

n(r) [vext,1(r)− vext,2(r)] dr (II.74)
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with Vext,k = ∑N
i vext,k(ri). Adding Eqs. (II.73) and (II.74) leads to the contradiction

E1
0 + E2

0 < E1
0 + E2

0 (II.75)

and therefore proves that the initial assumption is impossible; two external potentials

that differ by more than a constant can not result in the same electron density. Thus,

relation (II.69) must be valid and density functionals for the expectation values of all

observables, Eq. (II.70), and in particular for the ground-state energy, must exist.

The density variational principle

The second Hohenberg–Kohn theorem derives the applicability of the variational

principle to the ground-state electron density. The one-to-one mapping of the electron

density and the wave function, which is the result of the first theorem, immediately

translates the wave function minimum-energy principle of Eq. (II.28) to the density

〈Ψ0|Ĥ|Ψ0〉 ≤ 〈Ψ̃|Ĥ|Ψ̃〉

⇔ 〈Ψ[n0]|Ĥ|Ψ[n0]〉 ≤ 〈Ψ[ñ]|Ĥ|Ψ[ñ]〉

⇔ E[n0] ≤ E[ñ] , (II.76)

where the normalization of the wave function was assumed. For the variational

minimization of the energy it is also required that the ground state is a stationary

point of the energy functional with respect to the variation of the density. The problem

can be formulated as conditional minimization with the additional constraint that the

integration of the density over the whole space must yield the number of electrons.

Using the Lagrangian formulation the density variational principle can be expressed as

δ

δn

{
E[n] + µ

(∫
n(r) dr− N

)}
= 0 (II.77)

where µ is a Lagrange multiplier.

II.3.2. The Kohn–Sham density-functional

The Hohenberg–Kohn theorems prove the existence of a density functional E[n] of

the ground-state energy that is variational with respect to the density. Formally, this
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functional can be written as already stated in Eq. (II.66)

E[n] = T[n] + Eee[n] + Eext[n] + Enn , (II.78)

but in fact the exact functional is only known for the external energy where the

expectation value of the external potential can be calculated as classical expectation

value

Eext[n] =
∫

n(r) vext(r) dr . (II.79)

The density functionals for the kinetic energy and for the electron–electron repulsive

energies are unknown. In an attempt to utilize as much information as is known about

those two energy contributions, Kohn and Sham59 re-wrote the energy functional

Eq. (II.78) into

Eks [n] = Ts[n] + Eh [n] + Eext[n] + Exc[n] = E[n] , (II.80)

where Ts is the kinetic energy of an auxiliary system of non-interacting electrons but

with the same electron density. The electron–electron interaction is approximated by

the classical Hartree electrostatic energy

Eh [n] =
1
2

∫
n(r) vH(r) dr ; vh(r) :=

∫ n(r′)
|r− r′| dr′ , (II.81)

which does, however, not distinguish between Coulomb and exchange type interactions,

i. e. the integrals of types Jij and Kij in Eq. (II.44). The additional energy term Exc

in Eq. (II.80) compensates for the exchange and correlation errors in the electrostatic

energy and the missing correlation in the kinetic energy, so that the Kohn–Sham

functional – in principle – is no approximation to Eq. (II.78). It rather is formally exact.

The auxiliary Kohn–Sham system

The ground state of a (fictitious) system of non-interacting electrons is exactly described

by a single Slater determinant, Eq. (II.32). Note, that in the absence of electron–electron

interactions there is no difference between the single particle Hamilton operator and
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the Fock operator, Eq. (II.51). The auxiliary Kohn–Sham (KS) system is thus described

by a set of one-electron Schrödinger equations

ĥ |ψi〉 = εi |ψi〉 with ĥ = t̂ + vks
eff , (II.82)

where we introduce the KS orbitals {ψi} in analogy to the canonical HF orbitals of

Eq. (II.55). The energy of the KS system is by construction

Es = Ts +
∫

ns(r) vks
eff (r)dr with Ts = ∑

i
fi 〈ψi|t̂|ψi〉 (II.83)

where fi ∈ [0, 1] is the occupation number of state i. The effective KS potential vks
eff

shall be chosen in such a way that the ground-state electron density ns of the auxiliary

system becomes equal to the density of the real system

ns(r) = ∑
i

fi |ψi(r)|2 . (II.84)

A derivation of the orbital dependent expression of the electron density, Eq. (II.84), is

provided in the Appendix A.1. So, the variation of the KS energy functional, Eq. (II.80)

δ

δn
Eks =

δTs

δn
+ vh + vext +

δExc

δn
(II.85)

and the variation of the energy of the auxiliary system Eq. (II.83)

δ

δns
Es =

δTs

δns
+ vks

eff (II.86)

are required to vanish for the same density n0. Setting equal the two variations,

Eqs. (II.85) and (II.86), for the common ground state n = ns = n0

δEks

δn

∣∣∣∣
n=n0

=
δEs

δns

∣∣∣∣
ns=n0

= 0 (II.87)

yields an expression of the effective potential

vks
eff = vext + vh [n0] + vxc[n0] with vxc[n] :=

δExc

δn
, (II.88)

where we defined the exchange–correlation potential vxc.

Note, that Eq. (II.88) points out a recursive interdependency: the effective KS potential

depends on the ground-state density, which in turn can only be determined for a given
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nin(r) = ∑α nat
α (r− Rα)

vks
eff[n

in] = vext + vH[nin] + vxc[nin]

(
t̂ + vks

eff[n
in]
)

ψi = εi ψi ⇒ {εi, ψi}

nout[{ψ}] = ∑N
i fi |ψi(r)|2

nout = nin

done

yes

no

nin mix←−− nout

Figure II.1. Flow chart of the self-consistent Kohn–Sham algorithm. In the example, the superpo-

sition of electron densities of the free atoms {nat
α } is taken as an initial guess nin of the electron

density.

effective potential. The Kohn–Sham equations are therefore usually solved iteratively in

a self-consistent procedure starting with either a guess of the electron density nin or the

effective potential vin. The electron density ns of the auxiliary KS system can then be

understood as the output density nout of the self-consistency iteration, and convergence

has been reached when nin = nout. The flow chart of a possible implementation of the

KS algorithm is shown in Fig. II.1.

The underlying idea of the KS scheme is to reduce the value of the unknown terms

in the density functional of the energy Eq. (II.78). An analytical expression for the

exact exchange and correlation energy functional Exc[n] is, however, not known. Thus,

practical use can only be made of the KS algorithm if approximations of this functional

are employed.
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II.4. Numerical calculations

Neither the Hartree–Fock equation in Eq. (II.55) nor the Kohn–Sham eigenvalue

problem of Eq. (II.82) can be solved analytically for general orbitals {|ψ〉}. These

one-electron operator eigenvalue problems can, however, be solved numerically, if an

ansatz for the wave functions is provided.

II.4.1. Expansion of wave functions

The most common ansatz for the one-electron wave functions {|ψi〉} is an expansion

in a suitable basis {|φµ〉}

|ψi〉 ≈∑
µ

ci,µ|φµ〉 . (II.89)

Frequent choices for the basis {|φµ〉} include atom centered Gauss functions∗ and

hydrogen-like atomic orbitals (Slater functions) for isolated structures, such as molecules

and clusters.57 For periodic systems, i. e. crystals or super-cells, plane wave basis sets

are more appealing. Also grid-based numerical representations of the wave functions

are possible. The smallest applicable basis set, a minimal basis, comprises just as many

functions as needed to describe all occupied atomic eigenstates (1s, 3p, 5d, etc.). De-

pending on the kind and the number of the basis functions the expansion Eq. (II.89)

can be numerically exact. However, minimal basis representations are usually a bad

approximation for the wave function.

The basis set expansion of the wave functions transforms the operator eigenvalue

problems to generalized matrix eigenvalue problems. For the example of the KS

one-electron Schrödinger equation the result is

ĥ |ψi〉 = εi|ψi〉 ⇒ ∑
ν

ĥ |φν〉 ci,ν = εi ∑
ν
|φν〉 ci,ν

〈µ|·−−→ ∑
ν

Hµν ci,ν = εi ∑
ν

Sµν ci,ν ↔ H ci = εi S ci

(II.90)

∗Often several Gauss functions are combined to form a single atomic-like orbital.
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where the elements of the Hamilton matrix H and the overlap matrix S are given by

Hµν = 〈φµ|ĥ|φν〉 and Sµν = 〈φµ|φν〉 . (II.91)

The dimension of the Hamilton and overlap matrices is determined by the size of the

basis set. The above is completely analogous for the matrix representation of the Fock

operator and the Hartree–Fock eigenproblem Eq. (II.55).

A common special case is the use of pairwise orthogonal basis functions, so that the

overlap matrix in Eq. (II.90) is the identity matrix

Sµν = 〈φµ|φν〉 = δµν , (II.92)

so that the one-electron Schrödinger equation is mapped onto an ordinary matrix

eigenvalue problem

H ci = εi ci . (II.93)
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Topic of this chapter is the tight-binding (TB) electronic structure method. The first

part of the chapter provides a discussion of the relationship between density-functional

theory and TB. The general principles of the semiempirical tight-binding method are

introduced. Finally, a number of common implementations of the TB method are

compared.

III.1. Non-self-consistent DFT

The self-consistent Kohn–Sham (KS) algorithm outlined in Sec. II.3 of the previous

chapter determines the variational ground-state electron density n0 and the corre-

sponding energy. However, if a good estimate of the ground state density nin ≈ n0 is
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available, it might not be desired to go through the entire iterative KS procedure. One

might seek instead to calculate an approximate ground-state energy using this density

estimate. Going through the flow chart in Fig. II.1 the first step is the construction of

the effective potential for the input density

vks
eff [n

in(r)] = vext(r) + vh [nin(r)] + vxc[nin(r)] , (III.1)

which in the following enters the one-electron Hamiltonian of the KS equations,

Eq. (II.82). Successively, the KS kinetic energy can be evaluated as

〈T̂s〉 = ∑
i

fi 〈ψi|t̂|ψi〉 = ∑
i

fi 〈ψi|ĥ− vks
eff |ψi〉

= ∑
i

fi εi[nin]−
∫

nout(r) vks
eff [n

in(r)] dr ,
(III.2)

where fi ∈ [0, 1] is the occupation number of state i. Using the expression for the

effective potential, Eq. (III.1), yields

Ts[nin, nout] = ∑
i

fi εi[nin]− Eext[nout]−
∫

nout vh [nin] dr

−
∫

nout vxc[nin]dr .
(III.3)

Inserting Eq. (III.3) into the KS functional, Eq. (II.80), one arrives at an alternative

expression of the KS electronic energy functional

Eks [nin, nout] = ∑
i

fi εi[nin]−
∫

nout vh [nin] dr−
∫

nout vxc[nin]dr

+ Eh [nout] + Exc[nout] , (III.4)

which still requires a self-consistent solution as it depends on both, the input and the

output density. Note that this form of the KS energy functional is the DFT analogue of

the Hartree–Fock energy functional of Eq. (II.57), where a double-counting correction

is subtracted from the sum of one-electron orbital energies.

The above derivation was provided here for the case of a discrete eigenvalue spectrum

{εi} and thus the band energy was expressed as the sum

Eband = ∑
i

fi εi , (III.5)
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with a discrete occupation function fi = f (εi). Degenerate eigenvalues are not ruled

out by this band sum formulation, hence it is possible that εi = εi+1. In the case of

an infinite crystal the eigenvalue spectrum is, however, continuous. In that case the

summation has to be replaced by an integration over the energy

Eband =
∫

f (ε) g(ε) ε dε (III.6)

where we additionally introduced the density of states g(ε), which implicitly accounts

for degeneracy. The number of states in the infinitesimal energy interval [ε, ε + δε] is

given by g(ε) δε.

We proceed with the discrete expression while bearing in mind that at certain occasions

the sum over states, Eq. (III.5), has to be replaced by the integration of Eq. (III.6).

III.1.1. Expansion about a trial density

Following Harris and Foulkes26–28 we express the output density in terms of the input

density nout = nin + ∆n.∗

The Hartree potential, Eq. (II.81), is linear in the density

vh [nout] = vh [nin + ∆n] = vh [nin] + vh [∆n] , (III.7)

so that the Hartree energy is given by

Eh [nout] = Eh [nin + ∆n]

= Eh [nin] + Eh [∆n] +
∫

∆n(r) vh [nin(r)]dr . (III.8)

In Eq. (III.8) the two mixed integrals over ∆n and nin were combined, since with the

definition of the Hartree potential, Eq. (II.81), we have the identity

∫
∆n(r) vh [nin(r)]dr =

∫
nin(r′) vh [∆n(r′)]dr′ .

∗In-depth discussions of the expansion of the Kohn–Sham functional can be found in Sec. 3.3 of Ref. 19 and in

Refs. 60 and 33.



36 The tight -binding method

The exchange–correlation potential vxc, defined in Eq. (II.88), is not in general linear

in the density and the expansion of the exchange–correlation energy about the trial

density is not as trivial as for the Hartree energy in Eq. (III.8). However, if ∆n is

sufficiently small a truncated Taylor expansion is a good approximation, which is given

to first order by

Exc[nout] = Exc[nin + ∆n]

= Exc[nin] +
∫

∆n(r) vxc[nin(r)]dr +O(∆n2) , (III.9)

where the definition of vxc of Eq. (II.88) was employed. Inserting the expansions in

Eqs. (III.7), (III.8) and (III.9) into the Kohn–Sham functional of Eq. (III.4) yields

Eks [nin, ∆n] = ∑
i

fi εi[nin]−
∫

nin vh [nin] dr−
∫

∆n vh [nin] dr

−
∫

nin vxc[nin]dr−
∫

∆n vxc[nin]dr

+ Eh [nin] + Eh [∆n] +
∫

∆n vh [nin]dr

+ Exc[nin] +
∫

∆n vxc[nin]dr +O(∆n2) ,

where all first order terms in ∆n cancel out. Note, that this is in agreement with the

second Hohenberg–Kohn theorem (Sec. II.3.1), i. e. it is a consequence of the ground-

state density being a stationary point of the energy functional. After recombination of

the Hartree terms one arrives at a first-order expansion of the KS functional

Eks [nin, ∆n] = ∑
i

fi εi[nin]−
∫

nin vxc[nin]dr

− Eh [nin] + Exc[nin] +O(∆n2) , (III.10)

in which Eh [∆n] was absorbed in the second order term O(∆n2).
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III.1.2. The Harris–Foulkes functional

As is apparent from the expansion in Eq. (III.10), to first order the Kohn–Sham func-

tional only depends on the input density. We now introduce the approximate Harris–

Foulkes functional Ehf by truncating the expansion in Eq. (III.10) after the first order

terms

Ehf [nin] = ∑
i

fi εi[nin] +Dhf [nin] , (III.11)

where we additionally define the Harris–Foulkes double counting correction as

Dhf [nin] := −
∫

nin vxc[nin]dr− Eh [nin] + Exc[nin] . (III.12)

The Harris–Foulkes functional, Eq. (III.11), is no longer self-consistent, as it only

depends on the input density. However, for the case of KS self-consistency, i. e. for

nin = nout = n0, both functionals are equal

Eks [n0] = Ehf [n0] , (III.13)

as is evident from the comparison with the Kohn–Sham functional, Eq. (III.4). By

construction, the difference between the true KS functional and the Harris–Foulkes

estimate grows with the second order in the density error ∆n = n0 − nin. Note that

the functional Ehf is not variational with respect to the density. It has, however, a

stationary point at the ground-state density n0.61,62

III.2. The tight-binding method

The tight-binding (TB) electronic structure method can be understood as a semiempiri-

cal approximation to Kohn–Sham DFT. However, the principles of the method have

been introduced already by Slater and Koster in 1954, which predates DFT by one

decade.14 The formal relation between the two methods was established by Foulkes and

Haydock in 198928 and is related to the first order approximation to the Kohn–Sham

functional of Sec. III.1.2.



38 The tight -binding method

Originally, the TB method was developed to gain insight into the electronic structure of

solids by approximating the band energies, i. e. the eigenvalues {εi} of the one-electron

Hamiltonian of Eq. (II.82). For this purpose the frozen core approximation is introduced

and only valence electrons are considered. The KS eigenproblem, Eq. (II.82), is solved

for a minimal basis representation of the valence wave functions (see Sec. II.4.1) in

atom-centered, hydrogen-like atomic orbitals (AOs)

∑
βν

Hαµ,βν ci,βν = εi ∑
βν

Sαµ,βν ci,βν ↔ H ci = εi S ci . (III.14)

The indices α and β of the basis functions enumerate the atomic centers, µ and ν are

combined indices for the angular momentum ` and the magnetic quantum number

m of the corresponding AO. In tight-binding calculations the matrix elements of the

Hamilton and overlap matrices, Eq. (II.91), are, however, not explicitly calculated.

The integrals are instead parametrized in dependence of the interatomic distance

for reference dimer orientations. The matrix elements for arbitrary structures and

molecules can then be estimated in a two-center approximation using the Slater–Koster

interpolation rules.

III.2.1. Two-center approximation

The eigenfunctions of the atomic Hamiltonian, atomic orbitals (AOs), are given by a

radial function fα` times a spherical harmonic function Y`m

φα`m(r− Rα) = fα`(r)Y`m(r̂− Rα)

with r = |r− Rα| and r̂− Rα =
r− Rα

r
,

(III.15)

where α enumerates the atomic centers and chemical species, ` is the magnitude of the

angular momentum, and m is the magnetic quantum number (the z component of the

angular momentum). Unless the explicit values are needed we will in the following

combine the ` and m quantum numbers in joined indices µ or ν in order to enhance

the readability. The real valued radial functions f (r) are usually chosen to decay
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Figure III.1. The real valued spherical harmonic functions (cubic harmonics) Y`m for angular

momenta 0 ≤ ` ≤ 2 (corrseponding to s, p and d orbitals).

exponentially with r, as do the analytical solutions for the hydrogen atom. Note that

here and elsewhere in this thesis Y`m refers to the real valued spherical harmonics (as

opposed to the complex spherical harmonics). The spherical harmonics for ` ≤ 2 are

depicted in Fig. III.1.

A matrix element of an operator ô in the basis of AOs is given by

Oαµ,βν = 〈αµ|ô|βν〉 =
∫

φαµ(r) ô φβν(r− Rαβ) dr , (III.16)

where ô = ĥ for the Hamilton matrix and ô = 1 for the overlap matrix and Rαβ =

Rβ − Rα is the connecting vector between the two atomic centers α and β. Since

the external potential of all nuclei, Eq. (II.13), enters the effective KS potential, the

one-electron Hamilton operator of Eq. (II.82)

ĥ(r, {R}) = t̂s(r) + vks
eff (r, {R})

in principle depends on all atomic coordinates {R}. However, the values of the

AOs, Eq. (III.15), decay exponentially with distance from their origins and the atomic
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ssσ spσ ppσ

ppπ

Figure III.2. Schematic of the Slater–Koster reference bonds for s and p orbitals. The cartoons

refer to the real valued spherical harmonics depicted in Fig. III.1. The labels correspond to the

classic notation of Ref. 14. See Fig. III.3 for the additional bonds for the case that d orbitals are

present.

Coulomb potentials decay with r−1. The interaction between a potential at one atomic

site with orbitals at two other atomic sites, i. e. three-center interactions, are therefore

much smaller than two-center interactions.∗ Motivated by this argumentation, three-

center interactions are neglected in the TB method. A special case are those integrals

over two orbitals at the same center, the on-site matrix elements Oαµ,αν. In traditional

TB these on-site elements are set to their values in the corresponding free, unbound

atoms. For the Hamilton matrix this means the diagonal on-site matrix elements are

set to the atomic eigenvalues and the off-diagonal on-site Hamilton matrix elements

are set to zero. However, depending on the actual TB implementations the on-site

elements might be parametrized as well. See also Sec. III.3 for some examples and

Chapter V for our own approach to an on-site parametrization.

III.2.2. Slater–Koster interpolation

Slater and Koster realized that the functional form of the atomic orbitals, Eq. (III.15),

makes it possible to analytically expand arbitrary two-center integrals Oα`1m1,β`2m2 (Rαβ)

as of Eq. (III.16) in distance-dependent contributions Om
α`1,β`2

(Rαβ) for a chosen refer-

ence orientation.14 The Slater–Koster reference bonds for systems involving s, p, and d

orbitals (` = 0, 1, 2) are shown in Figs. III.2 and III.3. Selecting the Cartesian ẑ-direction

∗Although the individual three-center contributions are small, already Slater and Koster noted that the sum of

all three-center terms may indeed be quite significant.14
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sdσ pdσ ddσ

pdπ ddπ ddδ

Figure III.3. Schematic of the additional Slater–Koster reference bonds arising from the d orbitals.

See Fig. III.2 for the s and p bonds.

as reference we have

Om
α`1,β`2

(Rαβ) =
∫

φα`1m(r) ô φβ`2m(r− Rαβ ẑ)dr , (III.17)

and the expansion of general matrix elements can be written as

Oα`1m1,β`2m2 (Rαβ) =
min(m1,m2)

∑
m

cm
`1,`2

(R̂αβ)Om
α`1,β`2

(Rαβ) . (III.18)

The coefficients cm
`1,`2

in Eq. (III.18) only depend on the angular part of the connecting

vector between the two atomic centers. In fact, the expansion in Eq. (III.18) corresponds

to the rotation of the matrix element from the local orientation of the reference bond

(the ẑ direction) into the actual orientation in the global coordinate system, and the

cm
`1,`2

are elements of rotation matrices. Slater and Koster derived explicit expressions

for these rotation matrices for angular momenta ` ≤ 2. An analytical formula for

arbitrary angular momenta was derived by Podolskiy and Vogl and is reproduced in

Appendix A.2.14,63,64
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III.3. Implementations of the TB method

The previous section exclusively dealt with the TB approximation to the electronic

structure. Despite that, it is usually desired to calculate total energies. There are a

number of total energy TB implementations that differ in the way how the total TB

energy is defined.

In general, TB models can be divided into two classes: (1) non-self-consistent models

that are closely related to the Harris–Foulkes functional, Eq. (III.11), and (2) self-

consistent models that incorporate features of the Kohn–Sham functional, Eq. (III.4).

Apart from this difference, a common additional approximation to the electronic

structure is to require the orthogonality of the atomic orbitals, i. e. to imply Löwdin’s

orthogonalized orbitals.65 One therefore further distinguishes between orthogonal TB

(OTB) models and non-orthogonal TB (NOTB) models.

The common starting point for all TB models discussed in this section is the expression

of the total electronic energy as sum over one-electron eigenvalues Eband plus double

counting D and the electrostatic repulsion of the ions Enn

Etot = Eband +D + Enn = ∑
i

fi εi +D + Enn , (III.19)

which was derived for the (formally exact) Kohn–Sham functional and the approximate

Harris–Foulkes functional in Sec. III.1. In tight-binding models the parametrization of

the double-counting D and the ion–ion repulsion Enn is often combined, so that it is

more convenient to discuss the total energy (of static atoms) in the following, rather

than the electronic energy only. The eigenvalues {εi} of the one-electron Hamiltonian

are calculated from approximate TB Hamilton matrices that are based on the Slater–

Koster interpolation method of Sec. III.2.2.

III.3.1. The tight-binding band model

The simplest, and historically first TB approximation of the total energy is the tight-

binding band model.66 Here, the double counting term and the ion–ion repulsion are
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combined in a single interatomic pair-potential vpp, so that the total energy is given as

Etbb
tot = ∑

i
fi εi + ∑

α,β
vpp(Rαβ) . (III.20)

This approach has, at a later time, been justified by Foulkes and Haydock, who showed

that at the ground state the double counting term can be well approximated by pair-

wise interactions.28 Thus, in the TB band model self-consistent convergence of the

ground state density is assumed.

III.3.2. Structural energy difference theorem

The structural energy difference theorem (SEDT) and its more general predecessor, the

force theorem, both derived by Pettifor, are very helpful to understand and analyze

total energy differences (and therefore stabilities) of different compounds.19,67–70 The

theorems relate the total energy difference of two structures to the difference in their

bond energies. Here we will give a brief summary of the implications of the SEDT for

tight-binding implementations. For in-depth discussions of the subject the reader is

referred to Refs. 70 and 19.

Let us for a moment forget about the tight-binding approximation and consider the

properties of the true total (electronic) energy. Though, usually we are interested not

in the total energy, but in the possibly small energetic difference of structures that

determine the structural stability. Since the calculation of the small difference of two

large numbers is challenging, it is helpful to further subdivide the total energy as we

have already done in Eq. (III.19). Assume, that we can always express the total energy

as the sum of a bonding and a repulsive contribution

Etot = Ebond + Erep . (III.21)

Pettifor provides a suitable definition of the bond energy Ebond as the difference of the

band energy Eq. (III.6) of the compound and the free atoms67,69,70

Ebond =
∫

f (ε) g(ε) ε dε−∑
α

∑
µ

f at
αµ εat

αµ , (III.22)
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which is guaranteed to be negative if the compound is stable. However, alternative

definitions might also be appropriate. Let x be a universal structural parameter (for

crystals this could be the unit cell volume or the nearest-neighbor distance) and let us

consider the energies E1
tot and E2

tot of two different structures as functions of x. The

minimum geometries shall correspond to x1 and x2, so that

dE1
tot(x)
dx

∣∣∣∣∣
x=x1

=
dE2

tot(x)
dx

∣∣∣∣
x=x2

= 0 . (III.23)

Now choose x̃1 so that the repulsive fraction of the total energy, Eq. (III.21), of the first

structure is identical to that one of the second structure at its minimum

E1
rep(x̃1) = E2

rep(x2) . (III.24)

The Taylor expansion of the total energy of the first structure at the chosen value of x

is given by

E1
tot(x̃1) = E1

tot(x1) +
dE1

tot(x)
dx

∣∣∣∣∣
x=x1

∆x1 +O(∆x2
1) (III.25)

with ∆x1 = x̃1 − x1

where the first order term vanishes because of the minimum condition in Eq. (III.23).

Combining the Eqs. (III.21), (III.24) and (III.25) the total energy difference of the two

structures at their minimum geometry

∆Etot = E1
tot(x1)− E2

tot(x2)

can thus be expressed as

∆Etot = E1
bond(x̃1)− E2

bond(x2)−O(∆x2
1) . (III.26)

So the total energy difference of two structures is, to first order, given by the change

in the bond energy. Note, that the theorem is independent of the actual partitioning

of the total energy in Eq. (III.21). The comparison of the energy of two structures

according to the SEDT (III.26) has to proceed in two steps: (1) the parameter x̃1 is
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to be determined, for which the desired part of the total energy cancels out. (2) The

remaining parts of the total energies can be compared.

It is simple to come up with two structures, for which the repulsive energy of the TB

band model, Eq. (III.20), is the same. Pettifor has, however, shown that the difference in

the band energy of two structures does not provide first-order estimate of the change

in total energy.69 The SEDT is therefore not fulfilled by the TB band model.

III.3.3. The tight-binding bond model

The TB band model of Sec. III.3.1 provides an approximation of the total energy. One

is, however, usually interested in the energetic difference of two systems, for example,

to estimate the relative stability. Motivated by this fact and by the considerations that

lead to the SEDT in the previous section, Sutton et al. chose the cohesive energy as

central quantity of their TB bond model (TBBM).71 The cohesive energy is defined as

difference of the total energies of the compound and the free atoms∗

Ecoh = Ehf [nin]−∑
α

Eat
α + Enn , (III.27)

where Ehf is the Harris–Foulkes functional, Eq. (III.11), and Eat
α is the energy of the

free, unbound atom α. Chosing the atomic Kohn–Sham orbitals as the TB atomic

orbital basis, the atomic energies are given by

Eat
α = ∑

µ
f at
αµ εat

αµ +D[nat
α ] (III.28)

where {εat
αµ} are the atomic eigenvalues, nat

α is the atomic electron density and the

double counting term Dhf is defined in Eq. (III.12).

Next we construct an input density nin as superposition of the atomic densities

nin(r) = ∑
α

nat
α (r− Rα) . (III.29)

∗Sutton et al. use the term binding energy rather than cohesive energy, but I find that easily to be confused with

the covalent bond energy.
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With this ansatz for the density the Hartree potential Eq. (II.81) of the compound is

simply the sum of the atomic potentials

vh [nin] = ∑
α

vh [nat
α ] , (III.30)

but the Hartree energy, Eq. (II.81), additionally contains a sum over off-diagonal terms

Eh [nin] =
1
2

∫
nin(r) vh [nin(r)] dr

= ∑
α

Eh [nat
α ] + ∑

α 6=β

1
2

∫
nat

α (r) vh [nat
β (r)]dr

︸ ︷︷ ︸
∆Eh

. (III.31)

As discussed in Sec. III.1.1, the exchange-correlation potential vxc[nin], Eq. (II.88), is a

non-linear functional of the density and an analytical expansion in atomic contributions

of the remaining differences of the double counting corrections of the compound and

the free atoms is therefore not possible. We thus simply define the difference

∆Exc := D[nin]−∑
α
D[nat

α ] + ∆Eh . (III.32)

Inserting Eqs. (III.28), (III.31) and (III.32) into the expression of the cohesive energy,

Eq. (III.27), yields

Ecoh = ∑
αµ

∑
βν

(
P βν,αµ Hαµ,βν − δαβδµν f at

αµ εat
αµ

)

− ∆Eh + ∆Exc + Enn ,

(III.33)

where we introduce the density matrix as∗

Pβν,αµ := ∑
i

fi (c i,αµ)∗c i,βν . (III.34)

Again, {ci,αµ} are the eigenvectors of the TB eigenvalue problem of Eq. (III.14). With

this definition we can rewrite the band sum of Eq. (III.5) as

∑
i

εi = ∑
αµ,βν

P αµ,βν Hβν,αµ , (III.35)

which is the trace over the matrix product of the density matrix and the Hamiltonian.

∗Here, P is the capital Greek letter rho.
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The double sum in Eq. (III.33) can be partitioned further in order to relate the cohesive

energy to more physically motivated quantities. Sutton et al. define the covalent bond

energy as all contributions to the band sum that arise from integrals with orbitals at

two different centers

Ebond = ∑
αµ,βν
α 6=β

P βν,αµ Hαµ,βν = Eband −∑
α

∑
µν

P αν,αµ Hαµ,αν . (III.36)

This definition is consistent with the bond energy of Eq. (III.22). The remaining on-site

terms are grouped with their atomic counterparts in the promotion energy

Eprom = ∑
α

∑
µν

(
P αν,αµ Hαµ,αν − P αν,αµ,at Hαµ,αν

)
, (III.37)

which describes the change of the atomic charges upon condensation of the free,

infinitely separated atoms to the compound. Note, that in the case of an orthogonal

basis the diagonal elements of the density matrix directly correspond to Mulliken’s

orbital populations qαµ = Pαµ,αµ (Mulliken charges).72 The atomic density matrix in the

AO basis (which consists of atomic eigenstates) is diagonal with P βν,αµ,at = δµν f at
αµ ,

so that the promotion energy can be equivalently expressed as

Eprom = ∑
α

∑
µν

(
P αν,αµ Hαµ,αν − δµν f at

αµ Hαµ,αν

)
. (III.38)

As briefly discussed in Sec. III.2.1, the on-site elements of the Hamilton matrix are com-

monly set to their corresponding atomic values in conventional TB parametrizations.

In such cases the promotion energy, Eq. (III.38), simplifies to

Eprom = ∑
αµ

(
P αµ,αµ − f at

αµ

)
εat

αµ and Hαµ,αν = δµν εat
αµ . (III.39)

In Ref. 71 Sutton et al. also argue that both, ∆Eh and ∆Exc, can be well approximated

by pair-wise interactions. The TBBM cohesive energy is therefore defined as

Etbbm
coh = Ebond + Eprom + ∑

α,β
vpp(Rαβ) , (III.40)

where the distance dependent pair potential vpp also includes the ionic repulsion Enn.



48 The tight -binding method

The tight-binding bond model as constructed in Ref. 71 requires additionally the

local charge neutrality (LCN) of all atoms. This condition is especially met in metals,

in which charges can redistribute freely, but it is also a good approximation for

semiconductors.73 In practice, LCN is etablished by applying a common constant shift

to all diagonal elements Hαµ,αµ of the Hamilton matrix in such a way that Mulliken’s

orbital populations72

qαµ = ∑
βν

Pαµ,βν Sβν,αµ = P αµ
αµ (III.41)

become equal to the atomic orbital occupations f at
αµ. Note that this implies a self-

consistent adjustment of the on-site levels, as the density matrix depends on the

eigenvectors of the Hamilton matrix that is modified. The motivation for the LCN

condition arises from the expression of the atomic forces, where it becomes evident

that the SEDT of Sec. III.3.2 is only fulfilled upon LCN. The reader is referred to Ref. 71

for a detailed derivation.

III.3.4. Self-consistent charge TB

To improve on the requirement of local charge neutrality Elstner and coworkers

suggested to go beyond the first-order expansion of the Kohn–Sham energy functional

(Sec. III.1.1) and to include the second order corrections to the exchange–correlation

energy.33,74 The Taylor expansion of the exchange–correlation energy, Eq. (III.9), up to

second order in density fluctuations is given by

Exc[nin + ∆n] = Exc[nin] +
∫

∆n(r)
δExc

δn(r)

∣∣∣
nin

dr

+
1
2

∫ ∫
∆n(r)∆n(r′)

δ2Exc

δn(r)δn(r′)

∣∣∣
nin

dr dr′ +O(∆n3) .
(III.42)

The first-order variation of Exc is simply the definition of the exchange–correlation

potential of Eq. (II.88), so that the total energy functional, using the results of Sec. III.1.1,

becomes

Eks [nin, ∆n] = Eband[n
in]− Eh [nin] + Exc[nin] + Enn

−
∫

nin vxc[nin]dr + E2nd[nin, ∆n] +O(∆n3) ,
(III.43)
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with the second order correction

E2nd = Eh [∆n] +
1
2

∫ ∫
∆n(r)∆n(r′)

δ2Exc

δn(r)δn(r′)

∣∣∣
nin

dr dr′

=
1
2

∫ ∫
∆n(r)∆n(r′)

(
1

|r− r′| +
δ2Exc

δn(r)δn(r′)

∣∣∣
nin

)
dr dr′ .

(III.44)

If the charge fluctuation ∆n is partitioned into scalar atomic contributions ∆qα

∆n(r) = ∑
α

∆qα nα(r) with ∑
α

∆qα =
∫

∆n(r)dr and
∫

nα(r)dr = 1 (III.45)

the second-order correction Eq. (III.44) can be expressed in terms of pairwise interaction

parameters γαβ

E2nd =
1
2 ∑

α,β
∆qα ∆qβ γαβ . (III.46)

In case of spherical partition functions nα(r) Elstner et al. argue that the interaction

parameter γαβ can be well approximated by

γαβ =





Uα if α = β

1/Rαβ else
. (III.47)

The element specific parameter Uα in Eq. (III.47) is the Hubbard U, which is related to

the chemical hardness.75 For the inter-site case γαβ is equal to the Coulomb potential,

while for the on-site case the parameter accounts for the self-interaction.

Combining the results and approximating the double counting term and the ion–ion

repulsion by a pairwise interaction potentials as in the TB band model of Sec. III.3.1

the total TB energy expression reads

Escc
tot = ∑

i
fi εi +

1
2 ∑

α
∆q2

α Uα +
1
2 ∑

α 6=β

∆qα ∆qβ

Rαβ
. (III.48)

For periodic structures standard methods, such as Ewald summation, can be employed

to evaluate the last term in Eq. (III.48), the Coulomb energy.76 The atom-centered
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charge fluctuations ∆qα may be estimated as difference of the atomic charge qat
α and

the charge qα obtained from Mulliken’s population analysis 72

∆qα = qat
α − qα with qα = ∑

µ∈α
∑
νβ

P µα,νβ Sνβ,µα . (III.49)

The minimum of the energy expression Eq. (III.48) has to be determined self-consistently,

as the atomic Mulliken charges depend on the eigenvectors of the Hamiltonian, which

in turn depends on the charges. The second-order corrected elements of the Hamilton

matrix are given by

Hµα,νβ = H0
µα,νβ +

1
2

Sµα,νβ ∑
η
(γαη + γβη)∆qη , (III.50)

where H0
µα,νβ corresponds to the usual Slater–Koster Hamilton matrix elements.

III.3.5. The NRL tight-binding method

A very successful empirical non-orthogonal tight-binding implementation was devel-

oped by Cohen, Papaconstantopoulos and Mehl at the Naval Research Laboratory

(NRL).21,77,78 The NRL-TB method exploits the fact that the actual value of the band

sum, Eq. (III.5), depends upon the arbitrary choice of zero for the effective Kohn–Sham

potential (see also Sec. IV.5.2 for a discussion of this gauge invariance). By adjusting

the potential reference the shifted band energy E′band can therefore always be chosen

to be equal to the total energy

E′band = Etot . (III.51)

For the TB total energy of Eq. (III.19) the corresponding structure dependent shift is

formally given by

v0 =
Etot − Eband

Ne
=
D + Enn

Ne
, (III.52)

where Ne is the number of electrons. The shifted eigenvalues ε′i = ε + v0 then result in

the desired band sum

E′band = ∑
i

fiε
′
i = Eband + ∑

i
fi

Etot − Eband
Ne

= Etot .
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The advantage of this potential energy gauge is that the double counting and the ionic

repulsion do not need to be parametrized at all. Also note, that the definition of the

shifted eigenvalues is such that it is independent of the method used to determine the

eigenvalues. Thus, different electronic structure methods can be used to generate the

reference data for an empirical fit.53

The potential energy shift has to be reflected in the bond integrals, as the Kohn–Sham

Hamiltonian contains the effective potential. Most notably, the diagonal elements of

the Hamilton matrix, the on-site elements, can no longer be treated as structurally

independent constants. Papaconstantopoulos et al. use an empirical functional form for

the parametrization of the on-site elements that additionally allows to fit crystal-field

splitting (see also Secs. I.1.4 and V.1).21
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This chapter presents our methodology for the derivation of tight-binding electronic

structure models from density-functional theory. Starting point is a self-consistent DFT

calculation, converged with respect to the basis set and the Brillouin zone integration.

Using a projection method a representation of the Kohn–Sham orbitals in a minimal

atomic orbital basis is determined, in which the Hamilton matrix and the overlap

matrix elements are calculated.
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In the first parts of the chapter the projection methodology is developed. Next, the

optimization of minimal AO basis functions for the use in the projection scheme

is discussed. The final two sections apply the basis optimization techniques to the

examples of carbon and titanium and demonstrate the projection methodology for the

construction of a vacuum level TB model for carbon.

IV.1. Computational set-up

Before we discuss numerical results we should briefly point out the computational

set-up:

For all calculations presented in this chapter the pseudopotential DFT program by

Meyer et al.79,80 was used, which employs a mixed basis of plane waves and local

atom-centered functions and normconserving pseudopotentials.81,82 We generally

used the gradient corrected exchange–correlation functional by Perdew, Burke and

Enzerhof (PBE).83,84 All calculations were done without spin-polarization; this also

includes the DFT calculations of the free atoms.

For carbon a plane wave energy cutoff of 30 Ry and a local 2p function with a range of

1.1 Bohr were used as basis set. The plane wave cutoff for titanium was 20 Ry and a

local 3d function with a range of 2.2 Bohr was included in the basis set. The k-point

density was chosen to converge lattice constants and distances to 10−3 Bohr.

Algorithms that realize the projection methodology, the basis optimization techniques

and the set-up and the solution of tight-binding eigenvalue problems have been

implemented into the mixed basis DFT code. Additionally, a stand-alone tight-binding

code has been developed, which allows TB electronic structure calculation as well as

band structure and density of states analyses.
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IV.2. Minimal AO basis representation

The tight-binding approximation to the electronic structure, as introduced in Sec. III.2,

is based on the representation of the Kohn–Sham orbitals in a minimal basis of atomic

orbitals (AOs). Therefore, the obvious way to derive TB models from DFT would be

to perform a minimal basis DFT calculation and to extract the final matrix elements,

Eq. (II.91). However, the representation of the DFT wave functions in a minimal AO

basis set is not very accurate, since the AOs do not form a complete basis. Due to the

artificially restricted space of trial densities, the self-consistent optimization (Sec. II.3.2)

may lead to spurious results.

It is therefore preferable to perform a DFT calculation using a numerically converged

basis set before changing the representation of the KS orbitals to the needed minimal

AO basis. Let |ψmb〉 be the self-consistent Kohn–Sham functions in the numerically

converged mixed basis. We seek the expansion in the minimal AO basis {|φµ〉}

|ψao
i 〉 = ∑

µ
ci,µ |φµ〉 ≈ |ψmb

i 〉 with µ = (α`m) . (IV.1)

For the moment it is not necessary to distinguish between different atoms, so that we

include the atom index α in the combined index µ. As the AO basis is incomplete,

the expansion in Eq. (IV.1) is not necessarily exact. Recall that atomic orbitals that are

located at two different centers are not orthogonal to each other. In general the scalar

product of two AOs is given by a finite overlap 〈φµ|φν〉 = Sµν as already discussed

in Sec. II.4.1. At this point it is convenient to introduce the tensor notation to avoid

explicitly writing down the overlap matrix in all equations.

IV.2.1. The tensor notation for non-orthogonal basis functions

The tensor notation in matrix algebra renders the distinction between orthogonal and

non-orthogonal basis functions unnecessary. In the context of electronic structure

calculations, the tensor notation was, to the author’s knowledge, first introduced by

Sinanoğlu.85 See also Refs. 86–88 for introductions to the subject.
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Given the set of (in general) non-orthogonal basis functions {|φµ〉}. We call these

functions covariant and we will denote all covariant quantities with subscript indices.

The overlap matrix is the covariant metric

Sµν = (S)µν = 〈φµ|φν〉 . (IV.2)

We now define a second set of basis functions, the contravariant basis {|φ µ〉}, which

we denote by superscript indices

|φ µ〉 := ∑
ν
|φν〉 (S−1)νµ and 〈φ µ| := ∑

ν
(S−1)µν 〈φν| . (IV.3)

The contravariant functions are biorthogonal to the covariant functions

〈φ µ|φν〉 = ∑
η
(S−1)µη〈φη |φν〉 = ∑

η
(S−1)µη (S)ην = δ

µ
ν . (IV.4)

Together both sets of functions form a biorthogonal basis system, in which the con-

travariant functions are the dual basis in the dual vector space of the basis. Combining

Eqs. (IV.3) and (IV.4) the contravariant metric is given by the inverse overlap matrix

Sµν := (S−1)µν = 〈φ µ|φν〉 . (IV.5)

Using this definition, the interconversion between covariant and contravariant quanti-

ties can be expressed as

|φ µ〉 = ∑
ν
|φν〉 Sνµ and |φµ〉 = ∑

ν
|φ ν〉 Sνµ . (IV.6)

The identity operator in the dual vector space can be conveniently expressed as

1 = ∑
µ
|φ µ〉〈φµ| = ∑

µ
|φµ〉〈φ µ| . (IV.7)

However, the minimal atomic orbital basis sets that we discuss in this section do not

generally span the whole space of the wave functions (Kohn–Sham orbitals), i. e. the

expansion in Eq. (IV.1) is only approximate. For the case of such an incomplete basis

the operator of Eq. (IV.7) performs a possibly lossy projection onto the AO basis. We

therefore write more generally

P̂ = ∑
µ
|φµ〉〈φ µ| (IV.8)



M inimal AO basis representation 57

for the projection onto the covariant basis functions. The projection operator P̂ is

idempotent

P̂2|χ〉 = P̂P̂|χ〉 = ∑
µ

∑
ν
|φµ〉 δ

µ
ν 〈φ ν|χ〉 = P̂|χ〉 (IV.9)

and hermitian

〈χ|P̂|ξ〉 = ∑
µ
〈χ|φµ〉〈φ µ|ξ〉 = ∑

ν
〈χ|φν〉∑

µ
Sνµ〈φ µ|ξ〉

= ∑
ν
〈χ|φν〉〈φν|ξ〉 =

(
〈ξ|P̂|χ〉)∗ . (IV.10)

With the operator P̂ the expansion in Eq. (IV.1) is simply given by

|ψao
i 〉 = P̂ |ψmb

i 〉 = ∑
µ
|φµ〉〈φ µ|ψmb

i 〉 , (IV.11)

and consequently the expansion coefficients are

ci,µ = 〈φ µ|ψmb
i 〉 . (IV.12)

IV.2.2. Quality of the AO representation

Since the expansion of the DFT wave functions in the incomplete AO basis, Eq. (IV.1),

is not exact, it is desirable to quantify the degree of approximation. One measure of

the quality of the projection is the electronic spillage function89,90

Se :=
1
N ∑

i
fi 〈ψmb

i |
(

1− P̂
)
|ψmb

i 〉 , (IV.13)

where, again, N is the number of electrons and fi is the occupation number of state i.

Using the hermiticity and the idempotency of the projection operator, Eqs. (IV.10)

and (IV.9), the spillage function can equivalently be expressed as

Se =
1
N ∑

i
fi

(
〈ψmb

i |ψmb
i 〉 − 〈ψmb

i |P̂|ψmb
i 〉

)

=
1
N ∑

i
fi

(
1− 〈ψmb

i |P̂P̂|ψmb
i 〉

)
=

1
N ∑

i
fi

(
1− 〈ψao

i |ψao
i 〉

)
,

(IV.14)
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from which it is obvious, that the functions describes the fraction of charge that was

lost (or spilled) during the projection. Above, the norm of the wave functions in the

numerically complete mixed basis was replaced by one.

An alternative loss function is the energy spillage

Se =
1
N ∑

i
fi

(
〈ψmb

i |ĥ|ψmb
i 〉 − 〈ψao

i |ĥ|ψao
i 〉

)

=
1
N ∑

i
fi

(
εi − 〈ψao

i |ĥ|ψao
i 〉

)
,

(IV.15)

which quantifies the approximation in the band energy. However, the energy spillage

is less well comparable over different structures as there is a gauge freedom in the

absolute value of the band energies (see Sec. IV.5.2) and the relative spillage is, therefore,

arbitrary.

The spillage functions are suitable target functions for the optimization of basis sets, i. e.

the closer the spillage is to zero, the better the basis can represent the wave functions.

IV.3. Optimization of AO basis sets

With the loss functions of the previous section at hand, one can think of tuning the

shape of the basis functions to optimize the minimal basis representation of the wave

functions. Restating Eq. (III.15), the functional form of atomic orbitals is given by the

product of a radial function fα` times a real spherical harmonic function Y`m

φα`m(r− Rα) = fα`(r)Y`m(r̂− Rα) .

Consequently, the angular part of the AOs is uniquely determined by the angular

momentum ` and the magnetic quantum number m of the AO and can not be modified

without breaking the Slater–Koster interpolation method described in Sec. III.2.2. How-

ever, the radial functions are arbitrary and can be adjusted separately for each chemical

species and each angular momentum. Note, that all DFT calculations that were carried

out for this thesis employed the frozen-core approximation using pseudopotentials.
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As a consequence, it is not necessary to keep track of the principal quantum number

of the orbitals, as only the valence orbitals were calculated. Additionally, the radial

functions of the pseudo wave functions are generally nodeless.

Several approaches towards optimized radial functions for atomic orbital basis sets

have been suggested in the literature. For the case of numerical basis functions, i. e.

where fα` is not restricted to an analytical form, examples of optimization procedures

are found in Refs. 89–91 and 92. Optimization techniques for the size reduction of

analytical basis sets were, for example, used in Refs. 93 and 94.

We have evaluated four different optimization schemes for the minimization of the

electronic spillage function, Eq. (IV.13), which will be described in the following.95 The

common idea behind all four optimization techniques is to iteratively adjust an initial

guess for the AO radial functions in a restricted space that is defined by a small set of

parameters {pi}. With the electronic spillage as objective function the optimization

problem is then given by the minimization

min
{pi}
Se[ fα`({pi})] . (IV.16)

In condensed phases the potentials of the surrounding atoms will lead to an effective

screening of the individual AOs. Compared to the wave functions of free atoms,

a contraction of the AOs is therefore expected. Thus, one obvious method for the

construction of transferable AO basis functions is to contract the atomic wave functions.

The methods described in sections IV.3.1 and IV.3.2 accomplish such a contraction in

two different ways. Alternatively, optimized radial function can be represented in an

auxiliary radial basis, which is demonstrated in Sec. IV.3.3.
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Figure IV.1. (a) Modified carbon 2s radial functions following Eq. (IV.18) for different contraction

parameters λα`. The steepness of the cutoff function was set to γα` = 1.0 with a cutoff radius

of rc
α` = 5.0 Bohr. (b) The same atomic radial function for various values of γα` with a cutoff

radius of rc
α` = 4.0 Bohr and fixed contraction parameter λ = 1.0. The unmodified atomic radial

function is shown as wide gray line in both diagrams.

IV.3.1. Contracted atomic wave functions

Optimized radial functions fα` are constructed from the solutions f at
α` of the radial

Schrödinger equation for isolated atoms∗

(
−1

2
1
r2

∂

∂r
r2 ∂

∂r
+

`(`+ 1)
2 r2 + vks

eff (r)

)
f at
α`(r) = εat

α` f at
α`(r) (IV.17)

by contraction by factor λα` and multiplication with a smooth cutoff function

fα`(r) = N f at
α`(λα` r)

(
1− e−γα`(r−rc

α`)
2
)

. (IV.18)

The prefactor N has to be chosen such that the radial function remains normalized

with

∞∫

0

| fα`(r)|2 r2 dr = 1 . (IV.19)

∗In practice the radial Schrödinger equation is usually expressed as quasi 1-d Schrödinger equation (see

appendix A.3).
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Thus, the parameters {pi} for the minimization, Eq. (IV.16), are λα`, γα` and rc
α`. As

examples for modified atomic radial functions, contracted carbon s orbitals are shown

in Fig. IV.1 for different values of the contraction parameter λα` and the steepness

parameter of the cutoff function γα`. It is evident from the radial functions in Fig. IV.1,

that unfortunate choices of the parameter γα` can result in unphysical radial functions.

If the parameter is too large, i. e. if the cutoff function is too steep, spurious turning

points are introduced in the decaying radial function.

IV.3.2. Confined atomic wave functions

Instead of tinkering with atomic radial functions to imitate the screening by the local

atomic environment, another option is to solve the radial Schrödinger equation for

an atom in a tuned confinement potential. For this purpose the potential (in Hartree

atomic units)∗

vc
α`(r) =

1
2

(
r− r 0

α`

r c
α` − r 0

α`

)2
aα` (aα` − 1)
(r c

α` − r)2 for r 0
α` < r < r c

α` (IV.20)

is added to the effective Kohn–Sham potential in the radial Schrödinger equation,

Eq. (IV.17). The parameters of the confinement potential, Eq. (IV.20), are the on-

set radius r0
α`, the cutoff radius rc

α` and the decay parameter aα`. The potential is

constructed such that the radial function decays with order (r c
α` − r)aα` at the cutoff,

which is shown by a Taylor expansion in Appendix A.4.

The effect of the parameters on the resulting radial function is visualized in Fig. IV.2.

Although the impact of the decay order on the final radial function seems marginal in

Fig. IV.2 (b), the smoothness of the derivative is much enhanced for aα` > 2. However,

from the depiction it is also noticeable that the confinement potential leads to radial

functions that are still very similar to the function of the free atom. The flexibility with

changing parameters, i. e. the size of the optimization space, might therefore not be

sufficient to minimize the spillage function, Eq. (IV.16), for every structure.

∗The expression for the confinement potential in Ref. 95 is given in Rydberg atomic units.
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Figure IV.2. (a) Carbon 2s radial function for atoms in confinement potentials vc
α` of Eq. (IV.20)

for various cutoff radii in comparison to the unconfined atom (rc
α` = ∞). In all cases the steepness

parameter aα` was set to 4 with an on-set radius of r0
α` = 3.0 Bohr. (b) Carbon 2s radial functions

computed for different confinement potentials with cutoff radius rc = 5.0 Bohr and an on-set

radius of r0
α` = 3.0 Bohr for different values of the steepness parameter aα`.

IV.3.3. Expansion in an auxiliary basis

In an attempt to combine the advantages of the two former approaches, we have

developed an additional optimization scheme based on the expansion of the radial

function fα` in an auxiliary basis

fα`(r) = g(0)α` (λα` r) + c(1)α` g(1)α` (λα` r) + c(2)α` g(2)α` (λα` r) . (IV.21)

To limit the number of parameters we have decided to restrict the size of the auxiliary

basis to just three functions. Since the final radial function is required to be normalized

as in Eq. (IV.19), the optimization parameters {pi} for the minimization, Eq. (IV.16),

are the contraction parameter λα` and just two expansion coefficients c(1)α` and c(2)α` .

The ansatz in Eq. (IV.21) provides the same flexibility for contraction as the contracted

atomic functions discussed in Sec. IV.3.1 while a cutoff function can be avoided by

using radially confined basis functions.

Two different types of auxiliary basis functions {g(i)α` } have been evaluated: (1) a set

of three atomic radial functions with different radial extensions and (2) a set of three

pairwise orthogonal functions.
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Figure IV.3. Auxiliary bases for the representation of carbon 2p radial functions. (a) basis of

three functions with different extension (3-ζ basis). The light gray lines are the corresponding

confinement potentials. (b) three orthogonal functions constructed following the energy derivative

procedure. The black radial function is identical in both schemes and corresponds to the solution

of the radial Schrödinger equation in a confinement potential with a pole at rc
α` = 5.0 Bohr.

Downfolding of a split valence basis

A common approach for the construction of local basis sets in quantum chemistry

is the split valence method.56 Here, every atomic-like orbital is represented by n local

basis functions of an n-ζ (or n-tuple-zeta) basis. The individual basis functions are

usually taken as orbitals with different radial extensions. The expansion of the AO

radial function of Eq. (IV.21) can be understood as the downfolding of a 3-ζ basis

representation to a minimal 1-ζ basis representation, since three basis functions per

AO are used to generate a single one.

Various recipes for the choice of suitable orbitals and ranges have been proposed in

the literature.94,96–99 An example of a split valence 3-ζ basis for the carbon 2p orbital

is shown in Fig. IV.3 (a). In this case, the three basis functions are the radial functions

of isolated atoms in three different confinement potentials of the form of Eq. (IV.20).

The cutoff radii rc
α` of the confinement potentials were chosen such that the energy

eigenvalues of the corresponding 2p orbital were increased by steps of 0.4 eV.94,96 The

on-set radius r0
α` was set to 40 % of rc

α` and the decay parameter aα` was taken to be 2.
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Orthogonal radial basis

A completely different approach to generate an auxiliary basis is in a similar spirit

as the energy derivative of linearized bases in solid state physics.36 Lippert et al. have

suggested the use of the derivatives of the wave functions with respect to the occupation

number as systematically refinable basis set.100 The motivation behind this approach

is to represent atomic-like orbitals that make up the wavefunctions of molecules and

crystals as a Taylor expansions in the corresponding atomic wave function about the

occupation numbers

fα`(r) = ∑
n

c(n)α`

d(n)

dN(n)
α`

f at
α`(r) , (IV.22)

where Nα` is the occupation number of the orbital.∗ If the wave functions of the

simulated molecule or crystal can be well approximated by the superposition of atomic

wave functions and successive charge transfer, the expansion in Eq. (IV.22) will rapidly

converge. Truncating the Taylor series after the second order yields a basis expansion

as in Eq. (IV.21)

fα`(r) = f at
α`(r) + c(1)α`

d
dNα`

f at
α`(r) + c(2)α`

d2

dN2
α`

f at
α`(r) , (IV.23)

where the three basis functions are the atomic radial wave function and its first two

derivatives with respect to the occupation number. Again, the coefficient of the zeroth

order was omitted because of the normalization requirement, Eq. (IV.19). Note, that

the basis functions are by construction pairwise orthogonal with an increasing number

of nodes.

∗In this section we shall denote the occupation numbers by Nα` instead of fα` so not to confuse them with the

orbital radial function.
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In practice the basis functions {g(i)α` } are calculated numerically via the following finite

difference expressions and subsequent renormalization

g(0)α` = f at
α`(Nα`)

g(1)α` =
f at
α`(Nα` + ∆N)− f at

α`(Nα`)

∆N

g(2)α` =
f at
α`(Nα` + 2 ∆N)− 2 f at

α`(Nα` + ∆N) + f at
α`(Nα`)

∆N2 ,

(IV.24)

where the atomic radial function f at
α` is optionally calculated for the confined radial

Schrödinger equation using the potential of Eq. (IV.20). Typically ∆N is chosen to

be −0.1 electrons, i. e. slightly cationic configurations are calculated. An example of an

orthogonal basis for the carbon 2p orbital that was constructed following the above

recipe is shown in Fig. IV.3 (b).

A change of ∆N in the occupation number Nα` will result in a changed atomic

eigenvalue εat
α` + ∆ε of the radial Schrödinger equation, Eq. (IV.17). The numerical

derivative of the radial function fα` with respect to the energy eigenvalue would

only require to substitute ∆ε for ∆N in Eq. (IV.24). However, since the auxiliary basis

functions are renormalized such a relative change does not have any effect, and the

actual energy derivative would yield the same basis functions.

IV.4. Optimized minimal basis sets

Carbon is a typical covalent main group element and, because of its many natural

hybridizations (sp, sp2, sp3), a challenging candidate for the derivation of transferable

minimal basis sets. Therefore, we have chosen the carbon 2s and 2p functions to bench-

mark the four optimization techniques described in the previous section. Titanium on

the other hand is a prototypical example of a d band transition metal and, therefore,

well suited to check the applicability of the methods to metallic systems and d orbitals.
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Table IV.1. Computed lattice constant a and carbon–carbon

distances to the first, second and third neighbor shell in

Bohr atomic units for structures with different hybridiza-

tions. Detais of the computational set-up are given in

Sec. IV.1.

structure a 1st 2nd 3rd

diamond sp3 6.715 2.908 4.748 5.568

graphene sp2 4.648 2.684 4.648 5.367

alkyne chain sp 4.850 2.369 2.481 4.850

IV.4.1. Optimized carbon AO basis

The radial cutoff of the basis functions is not among the parameters of the optimization

methods of Sec. IV.3.3 that are based on an auxiliary radial basis. To make it possible

to compare all four methods of Sec. IV.3 on an equal footing it is therefore necessary

to perform the optimization for a number of fixed cutoff values. For the same reason,

the contraction factor λ has to be kept fixed for methods C and D, so not to modify

the range of the radial functions. Based on the carbon–carbon neighbor distances

shown in Table IV.1 we chose cutoff radii between 4.0 Bohr and 6.0 Bohr in increments

of 0.5 Bohr. The shortest cutoff of 4.0 Bohr thus corresponds to a nearest neighbor

model, the second neighbor shell is included at around 5.0 Bohr and the 6.0 Bohr cutoff

reaches, in regular carbon crystals, beyond the third nearest neighbor. Note, however,

that this is not the bond interaction radius of two atoms, which is equal to twice the

orbital extension (i. e. 8.0, 10.0 and 12.0 Bohr). The optimized 2s and 2p carbon radial

functions for the different cutoff radii and using the energy derivative optimization

scheme of Sec. IV.3.3 are depicted in Fig. IV.4.

The restricted range of the AO basis functions naturally has an impact on their

capability to represent the DFT wave functions, which is reflected in the value of the

electronic spillage function Se of Eq. (IV.13). Figure IV.5 depicts the change of the

electronic spillage for various cutoff radii and over a range of carbon–carbon nearest
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Figure IV.4. Optimized carbon (a) 2s and (b) 2p radial functions for cutoff radii ranging from

4.0 Bohr to 6.0 Bohr. The optimization was done simultaneously for the ground state geometries

of diamond, graphene and the infinite alkyne chain. Target function was the electronic spillage of

Eq. (IV.13). The radial functions were expanded in a pairwise orthogonal radial basis as described

in Sec. IV.3.3. See Table IV.2 for the parameters of that basis.

neighbor distances in the diamond structure. As expected, the spillage becomes

larger for shorter ranged AOs, although the absolute value remains relatively small

(around 1 % of the electrons) even for the shortest cutoff of 4.0 Bohr. More important

is, however, that the value of the spillage function stays fairly constant at around 0.2 %

over the whole a range of ±10 % about the minimum nearest neighbor distance. This

is except for the 4.0 Bohr case, where it varies considerably from around 0.5 % for short

carbon–carbon distances to 1.2 % for large distances. Since we apt for transferability

it is crucial that the AO basis is similarly accurate for varying bonding situations.

It is therefore unclear if the 4.0 Bohr basis would be suitable for the calculation of

tight-binding parameters.

Now, the performance of the four optimization schemes of Sec. IV.3 shall be compared.

To facilitate comprehension we will refer in the following to the four techniques by:

A for the contracted atomic orbitals of Sec. IV.3.1, B for the radial functions of confined

atoms of Sec. IV.3.2, C for the expansion in a 3-ζ auxiliary radial basis, and D for the

scheme involving three orthogonal basis functions. As is evident from Fig. IV.6 the
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Figure IV.5. Change of the electronic spillage

with the range of the AO basis that is used

for the representation of the carbon diamond

wave functions. The nearest neighbor (NN)

distance is varied about ±10 % of the minimum

geometry. The cutoff radii rc are given in Bohr

units. See Table IV.2 for the parameters of the

AO basis functions.
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Figure IV.6. Comparison of optimized radial functions for the carbon (a) 2s and (b) 2p orbitals,

as constructed using the four different techniques described in the text. A: contracted atomic

orbitals (Sec. IV.3.1), B: wavefunctions of a confined atom (Sec. IV.3.2), C and D: expansions

of the radial functions using a triple-zeta basis and the energy derivative approach, respectively

(Sec. IV.3.3). Optimized was the electronic spillage function Se, Eq. (IV.13), at the ground state

geometry of diamond, graphene and the infinite alkyne chain. The cutoff radius was in each case

rc
α` = 5.0 Bohr.
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Table IV.2. Parameters of optimized carbon radial functions

following scheme D (see text for details). The auxiliary radial

basis functions were computed in a confinement potential with

cutoff radius r c (Bohr units), and the contraction parameter

λα` = 1 was kept constant so not to interfere with the radial

extensions. The on-set parameter was in each case r 0
α` = 2.0 Bohr

and the steepness parameter was set to aα` = 5.

2s orbital 2p orbital

r c c1 c2 c1 c2 Se (%)

4.0 0.0246 −0.0233 0.1371 −0.1335 1.97

4.5 −0.0253 −0.0004 0.0778 −0.1020 1.23

5.0 −0.0607 0.0062 0.0316 −0.0793 0.82

5.5 −0.0858 0.0052 −0.0031 −0.0632 0.58

6.0 −0.1044 0.0016 −0.0298 −0.0512 0.44

four optimization methods yield almost identical radial functions if the cutoff is chosen

manually. However, from our experiences the expansion based methods C and D

have proved to be numerically most stable and therefore well suitable for complete

automatization. For method A the simultaneous optimization of the three parameters

λ, γ and rc often fails to converge or leads to unphysical radial functions with spurious

turning points, as already mentioned in Sec. IV.3.1. Method B usually performs worst

in terms of the spillage minimization, which had to be expected as it is the least flexible

of the four techniques. The decision upon which basis set to use for the expansion of

the radial function, i. e. method C or D, seems to be mostly arbitrary. We have chosen

to use the orthogonal radial basis (scheme D) in the following, mostly because we like

the idea of systematically refinable basis sets of Ref. 100. The optimized expansion

coefficients of the carbon 2s and 2p functions for the different cutoff radii are listed in

Table IV.2 along with the final value of the electronic spillage Se.
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Transferability of the optimized basis

Our motivation for the optimization of minimal AO basis sets is, of course, to capture

the converged DFT wave functions using the projection formalism of Sec. IV.2 as good

as possible before calculating the minimal basis matrix elements, Eq. (II.91), i. e. the

tight-binding parameters. The projection procedure will have to be repeated for a

number of representative structures and geometries, so that the matrix elements for all

relevant interatomic distances can be interpolated. The actual, numerical optimization

of the AO basis takes only a short time in comparison to the preceding DFT calculation,

so it is in principle feasible to run a basis set optimization for each individual structure.

However, the resulting tight-binding parameters could no longer be assigned to one

specific set of atomic orbitals. This has the severe disadvantage that discontinuities

and scattering will be introduced into the overlap integrals, which exclusively depend

on the chosen AO basis.

An alternative is the simultaneous optimization of the AO basis for a representative set

of structures at their corresponding minimum geometries. This approach was followed

for the optimized radial functions depicted in Fig. IV.6. To estimate how much such

concurrently optimized radial functions differ from the structure specific ones, Fig. IV.7

shows the optimized radial functions for the ground state geometries of three very

different carbon reference structures along with the result of the combined optimization

and the optimized 5.0 Bohr radial function of a free carbon atom. The optimized radial

functions of the three reference structures are very similar for the three structures and

the simultaneous optimization yields a very good compromise. The optimized 5.0 Bohr

radial function for the free carbon atom is instead very different, and would most

likely not be a good approximation for carbon atoms in compounds. A comparison of

the values of the electronic spillage function for various carbon structures using the

simultaneously optimized AO basis in comparison to the results using re-optimized

radial functions is shown in Fig. IV.8. As can be seen in Fig. IV.8, the fixed AO basis

performs almost equally well as the re-optimization approach for the three reference

structures diamond, graphene and the infinite alkyne chain. The spillage for the three
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Figure IV.7. Optimized radial functions for different carbon structures. The wide gray radial

functions are the result of the simultaneous optimization at the ground state geometry of all of

the three structures and using the 5.0 Bohr basis of Table IV.2. The green dotted radial function is

the result of the optimization at the free, unbound carbon atom, using the same auxiliary radial

basis set.

additional benchmark structures, face-centered cubic (fcc), body-centered cubic (bcc)

and simple cubic (sc), is more different for the two approaches, but not larger in value

than for the three reference structures. More importantly, the value of the spillage

function is relatively constant over the whole nearest neighbor range. We can therefore

expect, that tight-binding parameters derived using such a simultaneously optimized,

fixed basis are likely to be transferable.

Energy spillage

An alternative target function for the basis optimization is the loss in the band energy,

the energy spillage Se of Eq. (IV.15). As discussed in Sec. IV.2.2 the value of Se is not

directly comparable over different structures. It is, nevertheless, helpful to look at

the change of the energy spillage over a range of nearest neighbor distances for each

individual structure. For the representative carbon structures diamond, graphene and

the infinite alkyne chain the value of the energy spillage function per (valence) electron

is shown in Fig. IV.9. The data corresponds to the same fixed optimized AO basis
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electronic spillage function Se when using a

fixed AO basis (solid lines) and a re-optimized
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5.0 Bohr. See Table IV.2 for the parameters of

the fixed AO basis.
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Figure IV.9. The absolute value of the energy

spillage function Se of Eq. (IV.15) for different

carbon structures and carbon–carbon distances.

The same optimized AO basis as for the solid

curves in Fig. IV.8 was used.

as the electron spillage graph in Fig. IV.8. As for the electron spillage, the energy

spillage remains fairly constant over the whole range of carbon distances and, thus,

also points to a transferable basis set. From our experience it is common that the

energy spillage is approximately proportional to the electron spillage and therefore

does not provide additional information for the basis optimization. Consequently, we

will in the following focus on the more convenient electron spillage and abandon the

energy spillage as target function.

IV.4.2. Optimized titanium AO basis

Apart from the additional d orbitals there is no significant difference in the optimization

of a minimal AO basis for titanium compared to the procedure described for carbon

in the previous Sec. IV.4.1. Following the experiences from the carbon AO basis, we

chose the technique described in Sec. IV.3.3 of expanding the radial functions in a

pairwise-orthogonal auxiliary basis. In Table IV.3 the computed ground state distances
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Table IV.3. Computed lattice constant a and

titanium–titanium distances (both in Bohr units)

to the first, second and third neighbor shell for

different titanium crystal structures. The compu-

tational set-up is given in Sec. IV.1.

structure a 1st 2nd 3rd

hcp 5.544 5.544 7.840 8.803

fcc 7.765 5.491 7.765 9.510

bcc 6.143 5.320 6.143 8.687

A15 9.788 5.471 8.476 8.823

sh 5.162 5.162 7.301 8.941

sc 4.981 4.981 7.044 8.627

of the first three neighbor shells in various titanium crystal structures are listed. We

know from the carbon case that the auxiliary radial basis should at least extend far

enough to reach the first neighbor shell. For the application of the AO basis sets in

actual calculations it is, on the other hand, desirable for the radial functions to be as

short-ranged as possible. We therefore chose the cutoff radii 5.0, 5.5 and 6.0 Bohr, as

these are close to the average nearest neighbor distance.

As for carbon a number of characteristic reference structures is needed as premise for

the optimization. The ground state crystal structure of titanium at ambient conditions

is the hexagonal closed packed (hcp) structure. We have instead chosen the fcc

structure, as it is topologically very similar to the hcp structure (only the stacking

sequence differs), while fcc has a single atom base. With the bcc crystal structure and

the simple hexagonal (sh) crystal structure we additionally included very dissimilar

structures with reduced coordination in the reference set, so to cover the various

bonding situations of titanium.

A technical peculiarity arises from the fact that the 4p orbital is not occupied in the

titanium atom. The energy derivative technique (scheme D) of Sec. IV.3.3 would thus

require anionic configurations for the p orbital basis. This was avoided by reusing



74 From DFT to tight -binding

(a)

-1.0

-0.5

0.0

0.5

1.0

0.0 1.0 2.0 3.0 4.0 5.0

r·
g 3

d(
r)

Radius r (Bohr)

(b)

-1.0

-0.5

0.0

0.5

1.0

0.0 1.0 2.0 3.0 4.0 5.0

r·
g 4

s(
r)

Radius r (Bohr)

Figure IV.10. Orthogonal radial basis functions for titanium (a) 3d and (b) 4s atomic orbitals as

constructed following the energy derivative scheme of Sec. IV.3.3. The s radial basis is also used

for the optimization of the p orbitals (see text for details). The figure shows the atomic radial

functions (black) and the first (red) and second (blue) derivatives with respect to the occupation

numbers. The solid, dashed and dotted functions correspond to cutoff radii of 6.0, 5.5 and

5.0 Bohr, respectively.

the 4s basis for the 4p orbitals as well. This is merely a technical note since the 4p

orbitals are high in energy compared to the 3d and 4s orbitals and contribute little to

the binding in typical titanium compounds, as can be seen from local density of states

calculations.101 The orthogonal radial basis functions for three different cutoff radii,

namely 5.0, 5.5 and 6.0 Bohr, are depicted in Fig. IV.10.

The optimized AO basis functions for the titanium 3d and 4s orbitals are shown in

Fig. IV.11 and their parameters are given in Table IV.4. Even though the maximum

of the 3d function is at a distance of around 1.0 Bohr close to the atomic core, the

decay of the radial function is slow. Thus, even when using the 6.0 Bohr radial basis

a spurious turning point is introduced into the decaying branch of the orbital. The

4s function adjusts more flexible to the imposed range. The optimization of the 4p

orbital (not shown in Fig. IV.11) is least stable (but also least important), as the spillage

function Eq. (IV.13) does not account for the virtual states. Note, that a range of the

radial functions of 5.5 Bohr, i. e. approximately the first nearest neighbor distance, is
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Figure IV.11. Optimized basis functions for the titanium (a) 3d and (b) 4s orbitals for cutoff radii

of 5.0, 5.5 and 6.0 Bohr. The parameters of the basis functions are given in Table IV.4.

already sufficient to construct an accurate AO basis set with a very small electronic

spillage value of 0.20 % (Table IV.4).

IV.5. Derivation of tight-binding parameters

With optimized minimal AO basis sets at hand we can now turn back to our original

goal, the derivation of tight-binding parameters from DFT calculations. To obtain an

electronic structure TB model we now need to

1. perform converged DFT calculations for selected reference structures,

2. change the basis to a minimal AO representation via the projection formalism of

Sec. IV.2 and using an optimized basis set as of Sec. IV.3,

3. calculate the matrix elements of Eq. (II.91),

4. average the three-center contributions in the Hamilton matrix elements,

5. decompose the matrix elements to their contributions from the Slater–Koster

reference bonds (see Sec. III.2.2), and

6. find a continuous representation of the calculated data points.



76 From DFT to tight -binding

Table IV.4. Parameters of optimized titanium radial functions. The radial functions

were expanded in an auxiliary basis of three pairwise orthogonal functions as

described in Sec. IV.3.3. The basis functions were computed in a confinement

potential with cutoff radius r c (Bohr units), and the contraction parameter was set

constant to λα` = 1.0 so not to interfere with the cutoff radius. The on-set parameter

r 0
α` = 3.0 Bohr and the decay order parameter aα` = 3 were the same in all cases.

3d orbital 4s orbital 4p orbital

r c c1 c2 c1 c2 c1 c2 Se (%)

5.0 0.0813 −0.0535 0.0964 −0.1127 0.2506 −0.1953 0.54

5.5 0.0598 −0.0375 0.0317 −0.0376 0.1540 −0.0839 0.20

6.0 0.0489 −0.0223 −0.0172 0.0292 0.0689 0.0066 0.08

Steps 1 and 2 have already been discussed in the previous sections. For the evaluation of

the necessary integrals, efficient numerical routines based on Fourier transformations

have been implemented in the DFT program by Meyer.79,80,95 The converged DFT

Hamiltonian is used for the calculation of the Hamilton matrix elements in the third

step: Hµν = 〈φµ|ĥdft |φν〉 . As discussed in Sec. III.2.1 the elements of the Hamilton

matrix Hµν implicitly depend on the coordinates of all atoms in the structure because

of the environment dependence of the effective Kohn–Sham potential vks
eff ({R}) . In

all but trivial structures the potential vks
eff ({R}) is not radially symmetric in all bond

directions Rαβ between atoms α and β. As a consequence the values of the Hamilton

matrix elements depend on the orientation, of the AO basis functions. As a specific

example, consider the ppπ bonds in graphene: the value of a π bond involving two

p orbitals that are orthogonal to the graphene plane, i. e. out-of-plane, is very different

from an in-plane π bond, due to the different local atomic environments. For reasons

explained in detail in Sec. III.2 such three-center terms are neglected in the tight-

binding method. We can, however, effectively include the screening effects due to

three-center interactions by averaging the values of the Hamilton matrix elements over

all possible orientations of the AO basis. The final step 6. is merely a fit of an analytic

function to the calculated data points of matrix element values.
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IV.5.1. Orthogonal tight-binding models

As mentioned in Sec. III.3 , it is sometimes desirable to go from a non-orthogonal to

an orthogonal tight-binding description of the electronic structure, so that the overlap

matrix becomes the identity matrix Sµν = δµν. Instead of calculating the Hamilton

matrix elements a priori in an orthogonal Löwdin basis, orthogonal tight-binding (OTB)

models can equivalently be constructed a posteriori via a symmetric Löwdin transform

of the Hamiltonian H in the non-orthogonal AO basis∗

H̃ = S−1/2 H S−1/2 , (IV.25)

so that the energy eigenvalues {εi} remain unchanged

H ci = εi S ci

⇔ S−1/2 H
(

S−1/2 S1/2
)

ci = εi S−1/2 S
(

S−1/2 S1/2
)

ci

⇔ H̃ c̃i = εi c̃i

, (IV.26)

and the eigenvectors transform as

c̃i = S1/2 ci . (IV.27)

Note, that the above orthogonalization leads to structure dependent OTB parame-

ters (Hamilton matrix elements). To derive a transferable OTB model it is therefore

advisable to average the matrix element values over a set of reference structures.

IV.5.2. The gauge freedom of the Hamilton matrix

The zero point of the potential energy is arbitrary and the effective Kohn–Sham potential

vks
eff of Eq. (III.1) is only defined save an arbitrary constant. This freedom in the Kohn–

Sham potential (or the one-electron Hamiltonian) leads to a gauge variance in the band

∗The square root of a matrix is defined as the component-wise square root of the diagonal form.
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energies, which leaves the wave functions invariant
(

t̂ + vks
eff

)
ψi = εi ψi
y ṽks

eff = vks
eff + κ

(
t̂ + ṽks

eff

)
ψi =

(
εi + κ

)
ψi .

(IV.28)

For the basis representation of the Hamiltonian this means multiples of the overlap

matrix elements Sµν may be added to the Hamilton matrix elements Hµν = 〈µ|ĥ|ν〉

〈φµ|t̂ + vks
eff |φν〉

vks
eff−→vks

eff+κ−−−−−−−→ 〈φµ|t̂ + vks
eff |φν〉+ κ 〈φµ|φν〉

⇔ Hµν
vks

eff−→vks
eff+κ−−−−−−−→ Hµν + κ Sµν ,

(IV.29)

without changing the eigenvectors and the electron density.

A consequence of Eqs. (IV.28) and (IV.29) is that Hamilton matrix values from different

DFT calculations can only be compared, if the same frame of reference is imposed on

the potential energy. Most notably, the common approach of DFT programs to use

the structure-dependent average Kohn–Sham potential as zero point for the potential

energy will not allow for the comparison of Hamilton matrix elements from different

structures. One possible potential reference is the vacuum level, i. e. the potential energy

within a region of vacuum. However, this approach is obviously not suitable for

periodic crystals, which do not contain vacuum regions. The vacuum level gauge is

the subject of the following sections of this chapter.

We shall see in Sec. V.2.3 of the following chapter that it is alternatively possible to

gauge Hamilton matrices after their calculation by a specific choice of the on-site matrix

elements.

IV.5.3. Continuous representation of the bond integrals

For tight-binding calculations an analytical representation of the distance-dependent

two-center Hamilton and overlap matrix elements is needed. The radial functions

of atomic orbitals in principle decay exponentially. Therefore, Slater functions are
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commonly used for this purpose, which are exponential functions multiplied by

polynomials. An alternative form, which is especially suitable for orthogonal TB

models, has been suggested by Goodwin, Skinner and Pettifor (GSP).102 Both functions,

the Slater-type and the GSP-type, have the disadvantage of an infinite range, so that

they are usually combined with a multiplicative cutoff function or the functions are

simply replaced by polynomials for large atomic separations. Especially the common

cutoff functions of the cosine type fc(x) = 0.5 (cos x + 1) lead to problems when the

second derivative is needed. Polynomial tail functions can introduce unphysical forces

if they exhibit oscillations.

Therefore we have employed an alternative function type in this work. We construct

functions that closely resemble Slater functions while their value and their first and

second derivative vanish exactly at a given cutoff. This is achieved by subtracting

the second order Taylor expansion T (2)
r c [ fs ] at the cutoff distance r c from the original

Slater type function fs

f (r) = fs(r)− T (2)
r c [ fs(r)] , (IV.30)

with the second order Taylor expansion

T (2)
r c [ fs(r)] = fs(r c) + (r− r c) f ′s(r

c) +
1
2
(r− r c)2 f ′′s (r

c) . (IV.31)

The function fs and its derivatives are given by

fs(r) =
N

∑
k=0

ak rk · e−αr

f ′s(r) =
N

∑
k=0

ak k rk−1 · e−αr − α fs(r)

f ′′s (r) =
N

∑
k=0

ak k(k− 1) rk−2 · e−αr − 2α f ′s(r) + α2 fs(r) ,

(IV.32)

and the polynomial order N is typically less than three. Computationally, the evaluation

of the polynomial derivatives is no obstacle since it can be done in an efficient recursive

fashion. The non-linear regression of the matrix element data points using the function

type of Eq. (IV.30) was achieved with an implementation of the S implex algorithm103

and using the Gnuplot software104.
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Figure IV.12. Distance dependent values of the

overlap matrix elements for the 4.0, 5.0 and

6.0 Bohr basis sets of Table IV.2. The four Slater–

Koster reference bonds referred to in the figure

are depicted in Fig. III.2.
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IV.5.4. Tight-binding parameters for carbon

The values of the overlap matrix elements Sµν of Eq. (II.91) only depend on the choice

of the minimal AO basis. For the 4.0, 5.0 and 6.0 Bohr optimized radial functions from

Table IV.2 the distance-dependent values of the overlap matrix elements are shown in

Fig. IV.12. The four Slater–Koster reference bonds for the carbon 2s and 2p orbitals are

depicted in Fig. III.2 on page 40. As noted before, the maximum range of the matrix

elements is two times the cutoff radius of the radial functions. Despite this, all overlap

integrals for carbon decay to numerical zero within a range of 7.0 Bohr.

Following the procedure outlined above the Hamilton matrix elements for carbon

reference structures were calculated. We selected the diamond structure (sp3), graphene

(sp2) and the infinite alkyne chain (sp), which are the same structures that were used

for the optimization of the AO basis. As reasoned in the previous section, Sec. IV.5.2,

it is, however, only meaningful to compare the values of Hamilton matrix elements

from different structures, if the same potential energy reference has been imposed.

For the one-dimensional alkyne chain and the two-dimensional graphene structures

the vacuum level is directly accessible as universal potential zero point. To be able to

employ the same reference for the diamond structure, the two slab models depicted in

Fig. IV.13 were constructed. Only the two innermost carbon layers of the slabs were

used for the calculation of the Hamilton matrix elements. This way the vacuum level

is accessible while still a bonding situation close to the ideal diamond structure can be

studied.
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(a)

(001)

(100)

(010)

(b)

(111)

(101)

(011)

Figure IV.13. Cut-outs of periodic slab models of diamond for (a) the (100) surface and (b) the

(111) surface. The periodic units are highlighted in red. In both models the outermost carbon

layers (symmetrically on each side of the slab) were allowed to relax. The remaining atoms

were retained on the ideal bulk diamond lattice positions. The (100) surface was stabilized by

dimerization of the surface atoms in a 1× 2 reconstruction. Dangling bonds were saturated with

hydrogen atoms (smaller spheres).

For each structure geometries within a range of plus/minus ten percent of the mini-

mum nearest neighbor distances of Table IV.1 were calculated. These structures also

correspond to the electronic and energy spillage shown in Figs. IV.8 and IV.9 for the

optimized carbon AO basis sets. The calculated values of the Hamilton matrix elements

using the 4.0, 5.0 and 6.0 Bohr radial functions of Table IV.2 are shown in Fig. IV.14.

As visible in the graphs of Fig. IV.14 there is a lack of data for interatomic distances

between the first and the second nearest neighbor shells. This bond range is, however,

not of great importance in physically relevant structures. Considering that the data

points shown in the graphs stem from very different bonding situations in sp, sp2 and

sp3 structures the scattering of the values for each reference bond is surprisingly small.

Note, that with increasing cutoff radius of the AO basis the scattering, especially in

the ppπ bond data, increases as more and more atoms contribute to the three-center

interactions. Also, for the longer ranged basis sets the discrepancy between the first
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Figure IV.14. Distance and structure dependent values of the Hamilton matrix elements in

Rydberg units for the 4.0, 5.0 and 6.0 Bohr basis sets (left to right) of Table IV.2. The four

Slater–Koster reference bonds referred to in the figure are depicted in Fig. III.2. The Hamilton

matrix elements were calculated for the vacuum level as potential reference. The labels dia(100)

and dia(111) refer to the two slab models of Fig. IV.13. The solid lines are continuous bond

integral representations with the functional form of Eq. (IV.30). Parameters of these fits are given

in Table B.3 in the appendix.

neighbor bond and the second and third neighbors becomes larger for the ppσ in-

teraction. It is therefore increasingly challenging to determine a sufficiently accurate

continuous representation of the bond integrals, the solid lines in Fig. IV.14. The

parameters of the bond integral fits are given in Table B.3 in Appendix B.

Band structures and densities of states

The overlap matrix parameters from Table B.2 and the Hamilton matrix parameters

from Table B.3 form complete tight-binding electronic structure models for carbon. We

will furthermore introduce the usual TB approximation and treat the on-site elements

of the Hamilton matrix as structurally independent values and set them to the atomic

eigenvalues.

To assess the accuracy of the tight-binding parameters, TB band structures and densities

of states can be compared to their DFT references. The results for the three TB models
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of Fig. IV.14 are shown in Fig. IV.15 for the reference structures diamond, graphene

and the alkyne chain, along with three benchmark structures (bcc, fcc, sc). In each case

the TB model calculated with the shortest ranged basis, the 4.0 Bohr basis (solid black

lines), agrees best with the DFT reference. At the first glance it seams counter-intuitive

that the most approximate radial basis yields the most accurate electronic structure

model. Considering however the increased scattering of the Hamilton matrix elements

for the longer ranged basis sets shown in Fig. IV.14 the results can be understood.

Obviously, a stable bond integral fit is more important than an AO basis set that yields

a very small electronic spillage. Nevertheless, the optimization of the AO basis has a

significant impact on the shape of the radial functions.

As defined in Eq. (IV.13), only the occupied states contribute to the electronic spillage

function Se. The radial functions of the minimal basis were therefore not optimized

for the representation of the virtual bands, which can be clearly seen in the band

structures of Fig. IV.15. However, the occupied bands and the bands close to the Fermi

level are overall well captured by the 4.0 Bohr vacuum reference tight-binding model.

Even the predicted electronic structure of the three exotic (and unphysical) benchmark

systems is very close to the DFT reference.

The largest errors in the tight-binding bands are found for the low symmetry structures

graphene and the alkyne chain. In these structures the band energy of the anti-bonding

2 s band is far too high at the Γ point. The reason for this discrepancy are the effects of

the crystal field, which are subject of the following Chapter V.
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Figure IV.15. DFT and TB band structure plots and densities of states for different carbon

structures: (a) diamond, (b) graphene, (c) alkyne chain, (d) fcc, (e) bcc, (f) sc. The gray lines and

areas are the DFT reference. The tight binding results were calculated using the TB Hamilton

matrix parameters of Fig. IV.14, where the solid black lines, the dashed red lines, and the dotted

blue lines correspond to the 4.0 Bohr, the 5.0 Bohr, and the 6.0 Bohr basis sets, respectively. The

Fermi levels were shifted to zero to allow for the comparison. Note, that some of the DFT band

structures also show virtual 3 s/p/d bands, which are not included in the TB models.
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In conventional tight-binding models the intra-atomic Hamilton matrix elements, the on-

site elements, are treated as structure independent constants. However, the projection

methodology, developed in Chapter IV for the derivation of tight-binding parameters,

naturally allows to analyze the on-site Hamilton matrix elements of arbitrary structures.

In this chapter the structure dependence and the order of magnitude of such on-site

elements of different carbon and titanium structures are discussed. The relation

between the on-site elements and the so-called crystal-field interactions is outlined.
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(a) 〈 〉
= 0

(b)〈 〉
6= 0

Figure V.1. Schematic of an sp on-site Hamilton matrix element (a) in a free atom and (b) in a

dimer molecule. Due to the spherical symmetry, off-diagonal on-site element must vanish on free

atoms. In molecules and crystals this symmetry is broken.

An extension of the tight-binding method is presented in which on-site elements are

parametrized in a similar fashion as the inter-site bond integrals. The improvement of

the crystal-field tight-binding (CF-TB) over conventional tight-binding is demonstrated

for band structures and densities of states.

V.1. Crystal-field interactions

As discussed in Sec. III.2, in conventional tight-binding models the intra-atomic matrix

elements are usually set to their corresponding atomic values and are thus structure

independent constants. As a consequence, the off-diagonal on-site elements, i. e. those

matrix elements for two different orbitals at the same atomic site, are set to zero,

regardless of the local atomic environment. Additionally, on-site elements that belong

to the same angular momentum ` are assumed to be equal, as for free atoms the

orbitals to the same quantum number ` are degenerate. In compounds and crystals

the spherical symmetry is, however, broken, and these approximations to the on-site

elements may be inappropriate (Fig. V.1). It is well known from spectroscopy that

degenerate atomic levels may split due to the interactions with the crystal field. These

effects have been described as early as 1929 in the crystal-field theory (CFT) by Bethe

and van Vleck.49,50 Since TB parameters are usually derived by data fitting, it was

merely the number of additional parameters that kept the developers of tight-binding

models from including crystal-field interactions.
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Figure V.2. The on-site Hamilton matrix ele-

ments of the carbon dimer. The bond orien-

tation (σ, π) refers to the vector connecting

the two carbon atoms. The gray shaded area

corresponds to the nearest neighbor region of

Table IV.1. The potential energy reference (zero

point) is the vacuum level. The matrix elements

were calculated via the projection methodol-

ogy of Chapter IV using the 4.0 Bohr basis of

Table IV.2.
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We are in the comfortable situation that the projection methodology of Chapter IV

makes it possible to analyze directly the values of the on-site Hamilton matrix elements

in any arbitrary crystal structure. Figure V.2 shows the values of the on-site Hamilton

matrix elements of the carbon dimer, calculated with the 4.0 Bohr basis of Table IV.2.

For carbon–carbon separations of more than around 6 Bohr the atomic levels are

recovered, i. e. the diagonal on-site elements adopt the values of the atomic s and

p eigenvalues and the off-diagonal sp on-site element becomes zero. For realistic

nearest-neighbor distances in carbon compounds (the gray region in Fig. V.2) the

picture changes completely: the sp element adopts a large negative value of around

−0.2 Ry. Additionally, the three p on-site elements are no longer degenerate, but split

into a σ-like and a π-like contribution. When referring to the bond character σ and

π we consider the bond vector between the two carbon atoms as reference and name

the bond as if the two orbitals were located on different centers. The analysis thus

shows that the on-site Hamilton matrix elements depend strongly on the local atomic

environment and are by no means structurally independent constants, as is assumed

in conventional tight-binding models.

Motivated by the above observation, the remainder of this chapter is concerned with

the derivation of an efficient and transferable crystal-field parametrization of the

Hamilton matrix on-site elements.



88 Crystal -field interactions in tight -binding

V.2. Parametrization of crystal-field interactions

General Hamilton matrix elements were introduced in Eq. (III.16) on page 39

Hαµ,βν = 〈φαµ|ĥ|φβν〉 with ĥ = t̂ + vks
eff .

For the following discussion it is necessary to distinguish between individual atoms,

so that we reintroduce the atomic indices α and β of Chapter III. Successively, it was

discussed in Sec. III.2.1 that the Hamilton matrix elements can be split into two-center

interactions that involve two orbitals at two different atomic sites and three-center

interactions that additionally depend on the ionic potentials of all other atoms. This

way of thinking implies the partitioning of the effective Kohn–Sham potential into

atomic contributions

vks
eff (r, {R}) =

atoms

∑
α

vα(r− Rα) , (V.1)

so that the matrix elements can be expressed as sum of two-center (2c) terms and

three-center (3c) terms

〈φαµ|ĥ|φβν〉 = 〈φαµ|t̂ + vα + vβ|φβν〉 + ∑
γ
〈φαµ|vγ|φβν〉 with γ 6= α, β

= H2c
αµ,βν + ∑

γ
H3c

αµ,βν,γ .
(V.2)

It was then argued in Sec. III.2.1 that the three-center integrals H3c
αµ,βν,γ are small in

comparison to the two-center integrals, as they involve the product of three rapidly

decaying functions at different centers. Consequently, three-center interactions are

neglected in conventional tight-binding models. We also noted that this is a mandatory

requirement for the applicability of the Slater–Koster interpolation of Sec. III.2.2.

The on-site elements, on the other hand, are just a special case of the general Hamilton

matrix elements, for which α = β in Eq. (V.2)

〈φαµ|ĥ|φαν〉 = 〈φαµ|t̂ + vα|φαν〉+ ∑
γ
〈φαµ|vγ|φαν〉 with γ 6= α . (V.3)
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Note, however, that on-site elements do not contain any three-center interactions! The

first term in Eq. (V.3) involves only one atomic center, namely the atom where the two

orbitals are located. We will refer to integrals of that kind as atomic on-site elements

Hat
αµ,αν := 〈φαµ|t̂ + vα|φαν〉 . (V.4)

The sum in the second term of the right-hand side of Eq. (V.3) runs over crystal-field

integrals

Hcf
αµ,βν := 〈φαµ|vβ|φαν〉 , (V.5)

which describe the interaction of two orbitals located on one atomic site with the

Coulomb potential (or pseudopotential) at another site. None of these terms can

be neglected based on the argument for three-center interactions in conventional

bond integrals. In fact, the environmental dependence of the values of the on-site

elements shown in Fig. V.2 is a direct result of the crystal-field terms of Eq. (V.5). It is

therefore highly desirable to include the crystal-field interactions in a tight-binding

parametrization. In an actual tight-binding calculation the on-site elements have then

to be constructed according to Eq. (V.3) as

Htb
αµ,αν = Hat,tb

αµ,αν + ∑
β 6=α

Hcf,tb
αµ,βν . (V.6)

Note, that the two-center crystal-field integrals of the kind of Eq. (V.5) only need to

be known for the same reference orientations as described for the conventional bond

integrals in Sec. III.2.2. Only the bond vector has to be defined differently as the

connection vector Rαβ = Rβ − Rα between the two atoms involved (rather than the

vector connecting the orbitals). The Slater–Koster interpolation of Sec. III.2.2 can then

be used to calculate analytically the values of arbitrary integrals.

The projection methodology of Chapter IV provides the values of optimal two-center

Hamilton matrix elements for any arbitrary structure. There is, however, no obvious

method to extract the values of the crystal-field integrals of Eq. (V.5) from the results of

the projection; only the entire on-site sum of Eq. (V.3) is available. Intuition suggests to
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R

Figure V.3. Schematic depiction of the effective potential of a linear chain of six atoms. The wide

red lines stand for the effective potential of the whole molecule. The thin black and gray lines

represent the potentials of the free atoms.

tackle this problem by actually performing a partitioning of the Kohn–Sham potential

of Eq. (V.1) into atomic contributions and then to calculate the crystal-field integrals

Eq. (V.5). Unfortunately, this turns out to be not straightforward.

V.2.1. Partitioning of the Kohn–Sham potential

In order to calculate the crystal-field integrals of Eq. (V.5) a unique and reproducible

prescription for a partitioning of the effective Kohn–Sham potential into atomic contri-

butions as in Eq. (V.1) would be needed.

It suggests itself to require each atomic potential vα(r−Rα) to be spherically symmetric

about Rα. We furthermore impose a common frame of reference for the potential

energy, e. g. the vacuum level, which is necessary to remove the gauge invariance

discussed in Sec. IV.5.2. The potential reference provides the asymptotic value v0 of

the atomic-like potentials. We assume that it is possible to represent entirely the self-

consistent effective potential as sum of such atomic-like potentials. These boundaries

are, however, still not sufficient to guarantee a unique partitioning.

As an example consider the one-dimensional atom chain of Fig. V.3. According to the

boundary conditions outlined above the effective potential of a homonuclear atom

chain with an even number of N atoms is, in the direction of the chain, given by

vks
eff =

N/2

∑
n=1

v

(
r + (2n− 1)

R
2

)
+ v

(
r− (2n− 1)

R
2

)
with v(r) = v(−r) , (V.7)
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where R is the distance between neighboring atoms. Now consider an alternative

partitioning with atomic potential contributions ṽ, so that

vks
eff =

N/2

∑
n=1

ṽ

(
r + (2n− 1)

R
2

)
+ ṽ

(
r− (2n− 1)

R
2

)
with ṽ(r) = ṽ(−r) . (V.8)

Obviously, the difference between the symmetric potentials c(r) = v(r)− ṽ(r) must

be a spherically symmetric function itself. The condition for Eqs. (V.7) and (V.8) to be

equally valid is thus given by the difference of the two equations

N/2

∑
n=1

c

(
r + (2n− 1)

R
2

)
+ c

(
r− (2n− 1)

R
2

)
= 0 with c(r) = c(−r) . (V.9)

Changing the order of the summation, the second term in Eq. (V.9) can be rewritten as

N/2

∑
n=1

c

(
r− (2n− 1)

R
2

)
=

N/2

∑
n=1

c

(
r− N

R
2
+ (2n− 1)

R
2

)
. (V.10)

Inserting this result into Eq. (V.9) and replacing r −→ r− (2n− 1) R
2 yields for each

summand the condition

c(r) = −c

(
r− N

R
2

)
; c(r) = c(−r) , (V.11)

which is independent of the summation index. One possible choice for c(r) is thus a

cosine function with a periodicity of odd integer fractions of NR

c1(r) = A cos

(
2π m
NR

r

)
, m = 1, 3, 5, . . . . (V.12)

Thus, we have shown that the partitioning of the effective potential of a symmetric

chain of evenly separated atoms into spherical atomic-like potentials is not unique. In

the contrary, periodic modulations of the kind of Eq. (V.11) can always be added to the

atomic potentials without any effect on the total potential. For a chain of six atoms

the situation is exemplified in Fig. V.4, which shows two atomic potentials that lead to

identical superpositions.

In numerical optimizations it is hard to avoid the modulations of the atomic potentials.

The values of the crystal-field integrals Eq. (V.5) will, however, critically depend on the
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Figure V.4. Analytical superposition of atomic-like potentials for a chain of six atoms. The red

dashed curve is an unmodified Coulomb potential v(r) = − 1
r , whereas the dotted blue potential

ṽ is periodically modulated with a cosine function as of Eq. (V.11). The superpositions of six

potentials of either kind lead to the same total potential vtot (solid black lines).

chosen partitioning. It is therefore not helpful to proceed with the direct decomposition

of crystal-field integrals of complex structures, Eq. (V.3), into individual two-center

contributions, Eq. (V.5), unless further boundary conditions are identified that allow

for a unique partitioning of the effective potential.

V.2.2. Dimer-based parametrization

Things become much more simple if the dimer molecule is used to derive the values

of the crystal-field integrals instead of attempting to calculate them for any arbitrary

structure. The expression for the on-site Hamilton matrix elements, Eq. (V.3), simplifies

for a dimer to a sum of just two terms

Hdimer
αµ,αν = 〈φαµ|ĥ|φαν〉 = Hat

αµ,αν + Hcf
αµ,βν with β 6= α , (V.13)

where we used the notation for atomic on-site elements and crystal-field integrals

introduced in Eqs. (V.4) and (V.5). The atomic on-site element is only different from

zero if the two orbitals φµ and φν are identical. The limit for large atomic separations
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Rαβ = |Rβ − Rα| is given by

lim
Rαβ−→∞

Hdimer
αµ,αν = Hat

αµ,αν =





εat
αµ if φµ = φν

0 else
, (V.14)

with the atomic eigenvalues εat
αµ . Assuming that the atomic on-site element Hat

αµ,αν

is a structure independent atom type specific constant, the distance dependence of

the crystal-field integral is simply given by the difference of the dimer on-site matrix

element values (e. g. Fig. V.2 for the carbon dimer) and the eigenvalues of the free atom

Hcf
αµ,βν ≈ Hdimer

αµ,αν − δµν εat
αµ . (V.15)

Note, that the reason for Eq. (V.15) being approximate is, again, the ill-defined partition-

ing of the effective potential. Since the potential contribution vα of the atomic on-site

element, Eq. (V.4), is part of the self-consistent Kohn–Sham potential, it depends in

principle on the structure. Approximating the crystal-field integrals as in Eq. (V.15) will

thus result in a parametrization that includes the environment dependent modification

of the atomic on-site elements.

V.2.3. On-site gauge of the Hamilton matrix

Once a parametrization of the crystal-field integrals is available, the on-site elements

can be used for an alternative gauge of the Hamilton matrix elements instead of the

approach discussed in Sec. IV.5.2. First, the tight-binding on-site elements Hcf -tb
αµ,αν

of an arbitrary structure are constructed following Eq. (V.6) using the dimer-based

parametrization. Second, the values predicted in such a way are compared to the direct

results Hao
αµ,αν of the projection method of Sec. IV. Exploiting the gauge freedom of the

Hamilton matrix elements discussed in Sec. IV.5.2, the calculated Hamilton matrix can

then be aligned with the predicted on-site elements for one selected on-site level. For

the example if the s level is chosen, the appropriate shift is given by

Hαµ,βν = Hao
αµ,βν + (Hcf -tb

s,s − Hao
s,s ) Sao

αµ,βν . (V.16)
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select set Σ of prototypical structures

DFT calculations: dimer, structures in Σ

⇒ {ψdft
i }, {εdft

i }

minimal basis representation (projection)

⇒ Hao
αµ,βν, Sao

αµ,βν

dimer-based CF parameters

⇒ {Hat
αµ,αν}, {Hcf

αµ,βν}

on-site gauge of the structures in Σ

⇒ {Hαµ,βν}

continuous representation
(bond integral fit)

cf-tb parametrization

Figure V.5. Flowchart of the procedure for the derivation of crystal-field tight-binding models.

The graphic summarizes the methodology discussed in the text. See Sec. IV.2 for details about the

minimal AO representation of DFT wave functions. The dimer-based crystal-field parametrization

and its use for an on-site gauge of the Hamilton matrix are discussed in Secs. V.2.2 and V.2.3. The

functional form used in this work for the final bond integral fit is given in Sec. IV.5.3.

Using the gauged Hamilton matrix elements Hαµ,βν of several reference structures it

can then be proceeded with the derivation of a tight-binding model as described in

Sec. IV.5.4. The entire procedure is outlined in a flowchart in Fig. V.5.

Note, that the alignment of the on-site levels, Eq. (V.16), implicitly imposes the potential

reference of the crystal-field parametrization to gauge the Hamilton matrix. This

technique therefore allows to use the vacuum level as potential reference even in

structures without vacuum region.

In the following sections we will go through the procedure outlined in the flowchart

in Fig. V.5 to derive crystal-field tight-binding models for carbon and titanium. Start-

ing point are the results of the projection methodology that are already covered by
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Sec. IV.5. We refer to tight-binding models as crystal-field tight-binding (CF-TB) if their

parametrization includes crystal-field interactions.

V.3. A crystal-field tight-binding model for carbon

For the derivation of crystal-field tight-binding parameters the same set of prototypic

carbon structures was used as previously for conventional TB parameters in Sec. IV.5.4,

namely the diamond structure, graphene and the infinite alkyne chain. The optimized

carbon atomic orbital basis sets of Sec. IV.4.1 were employed in the minimal basis

representation of the DFT wave functions.

V.3.1. Dimer-based crystal-field parameters

Two different electronic configurations may be considered for the carbon dimer

molecule: the [He] 2s22p2 configuration corresponds to the atomic occupation and

therefore provides the correct dissociation limit. Within crystals and compounds the

electronic configuration is closer to [He] 2s12p3, therefore this occupation might also

be a good choice for a transferable TB parametrization. DFT calculations for both con-

figurations were carried out, by using fix molecular orbital occupations for the carbon

dimer reflecting the two choices of atomic reference configurations. The corresponding

on-site elements were calculated using the projection methodology of Sec. IV.2. The

calculated on-site levels are shown in Fig. V.6 (a). At the first glance the results for

the two electronic configurations seem to differ significantly. However, as a result of

the gauge freedom of the Hamilton matrix elements, discussed in Sec. IV.5.2, only the

energy differences between the on-site levels are meaningful. These differences are

almost identical for the two configurations, as can be seen in panel (b) of Fig. V.6. Only

the off-diagonal spσ element, which is not gauge invariant, shows larger deviations.

Since the [He] 2s22p2 occupation yields the correct asymptotic limit for the free atoms∗

we decided to use that configuration in the following.

∗Note that spin degeneracy was not taken into account for any calculation in this thesis.
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Figure V.6. Carbon dimer on-site elements for the two different electronic configurations

[He] 2s22p2 (solid lines) and [He] 2s12p3 (dotted lines). Panel (a) shows the direct compari-

son of the on-site elements as calculated with the 4.0 Bohr basis of Table IV.2 and using the

vacuum level as potential energy reference. In panel (b) the relative energies of the diagonal

on-site elements are compared.

The carbon dimer [He] 2s22p2 on-site elements as calculated with the 4.0, 5.0 and

6.0 Bohr basis sets of Table IV.2 are plotted in Fig. V.7. As a result of the energy spillage

(Sec. IV.2.2) the values of the on-site elements differ by constant energies for the three

basis sets. The comparison of the matrix elements after alignment on the s-level of

the 6.0 Bohr basis shows, however, only minor differences. The spillage during the

projection thus has only little impact on the structural dependence of the crystal-field

integrals. The crystal-field interactions are short ranged, as all on-site elements are

essentially converged to the atomic values at a carbon–carbon separation of around

4.5 Bohr. In actual tight-binding calculation we prefer to work with the converged

atomic eigenvalues, if they are available. Though, it is only important to use consistent

eigenvalues for the atomic energy and compound energies. We therefore apply a

constant correction to the crystal-field integrals in order to retain the correct atomic

levels.

Same as for the conventional bond integrals, for practical applications a continuous

analytical representation of the CF integrals is needed. For this purpose the function
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Figure V.7. Carbon dimer on-site elements as calculated using the 4.0, 5.0 and 6.0 Bohr basis

sets of Table IV.2 (vacuum reference). In panel (b) the same data is plotted, but the diagonal

on-site elements were aligned on the s level. The gray highlighted area corresponds to the nearest

neighbor bond region of Table IV.1.

type of Sec. IV.5.3 has been employed. The CF parameters for the three different basis

sets are listed in Table B.4 of Appendix B. The dimer-based crystal-field parametrization

is subsequently used for the gauging of the Hamilton matrices from different carbon

structures.

Finally, note that the vacuum reference on-site integrals used above are not a unique

choice for the crystal-field parametrization. The on-site Hamilton matrix elements

are subject to the same gauge freedom described in Sec. IV.5.2 as the entire Hamilton

matrix. It is therefore always permissible to shift all on-site elements by the same

arbitrary constant, even individually for each atomic separation. Upon the Hamilton

matrix gauge of Sec. V.2.3 the potential reference of the on-site levels will be implicitly

imposed to all Hamilton matrix elements. Other equally systematic and reasonable

choices of potential references are (1) to set a selected on-site level to a constant, or (2) to

shift the band sum of the dimer molecule to the total energy. These two alternatives

are discussed in Sec. V.3.5.
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Figure V.8. Comparison of the on-site Hamilton matrix elements for (a) graphene and (b) the

infinite alkyne chain as calculated via the projection formalism of Sec. IV.2 (proj.) and as

predicted using the dimer-derived crystal-field parametrization (TB). The empty circles represent

the projection data after an alignment of the s level with the TB values. The minimal basis

representation is achieved using the 4.0 Bohr basis of Table IV.2.

V.3.2. Benchmark of the carbon crystal-field parameters

It is sensible to assess the quality of the dimer approximation for the crystal-field

parameters before using them in a Hamilton matrix gauge. For this purpose we

compare predicted on-site elements that are calculated according to Eq. (V.6) with

the actual results of the projection procedure of Sec. IV.2. Figure V.8 shows the on-

site elements of the graphene structure and of the infinite alkyne chain. The relative

separation of all levels, and especially the splitting of the p levels, is very well described

by the dimer-derived crystal field parameters. Even the absolute energy of the on-site

levels is comparable, as for the DFT calculations of all three systems the vacuum level

was employed as reference. After applying a constant shift to the projection data to

align the s level with the predicted one, the agreement is nearly perfect. The shift

determined by this difference is the gauge correction of Eq. (V.16) and has to be applied

(scaled by the overlap) to all Hamilton matrix elements.
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Figure V.9. Diamond Hamilton matrix ele-

ments as calculated using the 4.0 Bohr ba-

sis of Table IV.2. The figure shows the vac-

uum gauge matrix elements obtained from the

diamond(100) and diamond(111) surface slab

models of Fig. IV.13 in comparison to the on-

site gauge matrix elements of the true periodic

diamond crystal structure. The unmodified pro-

jection results for the diamond structure, which

have a different potential reference, are shown

as pale empty circles.
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Note that the on-site elements of the diamond structure, although well described by

the CF parametrization, do not provide any additional insight. Due to the crystal

symmetry the p levels do not split in the diamond structure, and the absolute values of

the projection data for the on-site elements can not be compared to the predicted levels,

as the DFT calculations for the diamond structure were performed with a different

potential reference (Sec. IV.5.2).∗

V.3.3. Hamilton matrix gauge

In contrast to the vacuum gauge TB model of Sec. IV.5.4 the crystal-field on-site

parametrization allows us to use the true periodic diamond crystal structure as ref-

erence for the Hamilton matrix parameters. As a proof of concept we can, however,

compare the vacuum reference matrix elements of the diamond slabs of Sec. IV.5.4 with

the on-site gauged diamond structure matrix elements. Since the DFT calculations for

the diamond slabs and the one of the carbon dimer both employ the vacuum level as

potential reference, their values should be comparable. The gauged matrix elements

are shown in Fig. V.9 along with the un-gauged direct results of the projection. The

on-site gauge matrix elements are not only close in value to the slab model based ones,

∗When the vacuum level was not available, the structure dependent average effective potential was used as the

zero point of the potential energy.



100 Crystal -field interactions in tight -binding

-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4
0.6
0.8

1.0 2.0 3.0 4.0 5.0 6.0 7.0

H
µ

ν
(R

y)

Rαβ (Bohr)

ssσ

spσ

ppσ

ppπ

diamond
graphene
chain

-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4
0.6
0.8
1.0

1.0 2.0 3.0 4.0 5.0 6.0 7.0
H

µ
ν

(R
y)

Rαβ (Bohr)

ssσ

spσ

ppσ

ppπ

diamond
graphene
chain

-1.2
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4
0.6
0.8
1.0

1.0 2.0 3.0 4.0 5.0 6.0 7.0

H
µ

ν
(R

y)

Rαβ (Bohr)

ssσ

spσ

ppσ

ppπ

diamond
graphene
chain

Figure V.10. Distance and structure dependent values of the on-site gauged Hamilton matrix

elements in Rydberg units for the 4.0, 5.0 and 6.0 Bohr basis sets (left to right) of Table IV.2. The

solid lines are continuous bond integral representations with the functional form of Eq. (IV.30).

Parameters of these functions are given in Table B.5 in the appendix. The crystal-field parameters

used are the ones given in Table B.4 and depicted in Fig. V.7.

but are virtually identical. This example demonstrates that it is not necessary to spend

the effort to construct slab models and to calculate the electronic structure of these

larger structures. At least for carbon it is sufficient to use the dimer-based crystal-field

parametrization to implicitly gauge arbitrary structures on the vacuum energy level.

The on-site gauge Hamilton matrix elements for all of the three reference structures

and the three different basis sets are shown in Fig. V.10. As expected, the on-site gauge

bond integrals are very similar to the vacuum reference ones of Fig. IV.14. The small

differences that occur even lead to a reduction in the scattering of the data points,

i. e. to less environmental dependencies, and the analytic representation of the bond

integrals (the bond integral fit) is less arbitrary. The general trends discussed for the

conventional TB model in Sec. IV.5.4 still apply: the data calculated with the shortest

ranged 4.0 Bohr AO basis set exhibits the least scattering and also allows best for the

interpolation between the first and second neighbor bond integrals. See Table B.5 for

the parameters of the bond integral fits.
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V.3.4. Band structures and densities of states

CF-TB band structures and densities of states for the same set of carbon structures as

employed in Sec. IV.5.4 are shown in Fig. V.11. Improvements over the conventional

TB model of Sec. IV.5.4 are most apparent for the low-dimensional structures graphene

and the infinite alkyne chain. The shape of the band edges and all states below or

close to the Fermi level are well described by the CF-TB model. The virtual bands

are not expected to be captured particularly well, as the carbon basis sets of Sec. IV.4

were optimized for the occupied bands only. Nevertheless, both the DFT band gap of

diamond and the K point in graphene are correctly reproduced by the tight-binding

bands.

V.3.5. Alternative on-site gauges

In the previous sections we have demonstrated that a consistent choice of on-site

elements is needed to gauge the projected Hamilton matrix elements of different

structures. Our choice for the on-site elements in Sec. V.3.1, however, is not unique.

The diagonal on-site Hamilton matrix elements are subject to the same gauge invariance

described in Sec. IV.5.2 as the inter-site Hamilton matrix elements, i. e. the zero point

of the Kohn–Sham energy eigenvalues can be chosen arbitrarily and does not need to

be equal to the vacuum level (the choice in Sec. V.3.1). The diagonal elements of the

overlap matrix are equal to one so that, according to Eq. (IV.29), any arbitrary shift can

be simulataneously imposed upon the on-site levels. Note, that the off-diagonal on-site

elements, i. e. integrals over different orbitals at the same site, may not be shifted, as

the on-site overlap matrix elements are diagonal Sµα,να = δµν.

Of the inifinite possibilities, two further systematic on-site gauges shall be discussed:

(1) a constant s level gauge, in which the on-site elements are shifted such that the

s level becomes structurally independent, and (2) a total energy gauge, in which the

on-site shift renders the band sum equal to the total energy of the dimer molecule.

The scond choice resembles closely the underlying idea of the NRL tight-binding
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Figure V.11. DFT and CF-TB band structure plots and densities of states for different carbon

structures: (a) diamond, (b) graphene, (c) alkyne chain, (d) fcc, (e) bcc, (f) sc. The gray lines and

areas are the DFT reference. The tight-binding results were calculated using the TB Hamilton

matrix parameters of Fig. V.10, where the solid black lines, the dashed red lines, and the dotted

blue lines correspond to the 4.0 Bohr, the 5.0 Bohr, and the 6.0 Bohr basis sets, respectively. The

Fermi levels were shifted to zero to allow for the comparison.
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Figure V.12. Comparison of the calculated carbon Hamilton matrix elements for three different

on-site gauges: (a) vacuum level gauge, (b) constant s level gauge and (c) total energy gauge.

Note the different energy scales.

implementation that is discussed in Sec. III.3.5. However, here we only consider the

total energy of the dimer molecule for the gauge instead of the individual energies of

all reference compounds, as is done in the NRL model.

The gauged Hamilton matrix elements of the three reference structures resulting from

the three different choices of dimer on-site elements are depipcted in Fig. V.12. The

constant s level gauge results in the largest scattering of the data points and clearly

is the worst choice of the three options in the case of carbon. The total energy gauge,

on the other hand, yields a scattering that is comparable to the vacuum gauge and

might as well be considered for carbon. Note, however, that the energy scale of the

bond integrals increases by about a factor of two due to the large shift of the band sum,

which also means that the seamingly small scattering in Fig. V.12 (c) still is a factor of

two larger than in the vacuum level gauge.

V.3.6. Low-symmetry structures

It might seem a small gain if the improvements of the CF-TB model over the conven-

tional TB model of Sec. IV.5.4 are restricted to low-dimensional and low-symmetry
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Figure V.13. Band structures of distorted graphene. The CF-TB band structures (black solid

lines) are shown along with the DFT references (wide gray solid lines) and the results of the

conventional TB model of Sec. IV.5.4 (red dashed lines). Above the diagrams the Brillouin zones

of the three structures are sketched. The central band structure corresponds to undistorted, ideal

graphene. For all calculations the models based on the 4.0 Bohr AO basis (see the text for details)

have been used.

structures. In reality structures of low symmetry are, however, very common even in

crystals. It can be expected that crystal-field interactions play an important role in de-

fect structures and distorted structures, in which the symmetry is intrinsically broken.

As an example the band structures of distorted graphene are shown in Fig. V.13. For

such geometries the CF-TB model yields significantly better results compared to the

conventional TB model. Here, neglecting the crystal-field interactions leads to errors

in the band curvatures and crossings.

V.4. A crystal-field tight-binding model for titanium

The procedure for the derivation of tight-binding models for the transition metal

titanium is, in general, not much different from what has been described for carbon
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Figure V.14. Distance dependent values of the titanium overlap matrix elements for the optimized

5.5 Bohr AO basis sets of Table IV.4. Panel (a) of the figure shows the matrix elements for the 3d

and 4s orbitals only. Those integrals with 4p contributions are shown in panel (b).

in the previous section. There are, of course, six additional bond integrals due to the

titanium 3d orbitals as depicted in Fig. III.3. As already reasoned in Sec. IV.4.2, the 4p

orbitals are, on the other hand, of low importance for titanium compounds as they are

unoccupied in the isolated atom and do not contribute much to the bonding states.

The 5.5 Bohr basis set of Table IV.4 yields very good spillage values while it is at the

same time short ranged. Not much can be learned from the comparison of the different

basis sets that has not already been discussed for the case of carbon. In the following

we will therefore focus on the optimized 5.5 Bohr AO basis set for titanium, which

yielded the best results. The overlap matrix elements, as calculated using the projection

methodology of Sec. IV.2, are shown in Fig. V.14. For the calculation and comparison

of Hamilton matrix elements it is necessary, as it was explained for the carbon case, to

introduce a common frame of reference (zero point) for the potential energy. Unlike for

carbon there are no physically realistic titanium structures with vacuum regions except

for surface models and clusters. It would therefore cause a considerable increase in

computational effort to impose the vacuum level as potential reference. Instead, as

demonstrated in Sec. V.3.3 for carbon, a dimer-derived crystal-field parametrization

can conveniently be used to gauge the Hamilton matrix elements of different structures
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Figure V.15. Titanium dimer on-site Hamilton matrix elements (a) using the vacuum level as

potential energy reference and (b) with a constant s level reference. The projection was done on

the 5.5 Bohr optimized AO basis of Table IV.4. σ bonds are plotted with solid lines, π bonds

and δ bonds with dashed and dotted lines, respectively. The gray region highlights the nearest

neighbor shell according to Table IV.3.

and arbitrary potential reference. This way the same reference structures may be

employed as used for the optimization of the titanium AO basis sets in Sec. IV.4.2,

namely the fcc, bcc and sh crystal structures.

V.4.1. Hamilton matrix gauge

The first step in the construction of a CF-TB model for titanium obviously is to perform

DFT calculations for the titanium dimer. In contrast to the carbon dimer of Sec. V.3.1,

the electronic configuration of atomic titanium ( [Ar] 3d24s2) can not easily be imposed

on the dimer molecule as it would result in a doubly occupied antibonding σ∗ orbital.

As a compromise, we therefore chose to fully occupy the bonding σ state and to

distribute the remaining electrons equally over the five bonding d states. In the

dissociation limit this corresponds to a [Ar] 3d34s1 configuration. As demonstrated for

the carbon dimer in Sec. V.3.1, the electronic configuration does not have a large impact

on the structure dependence of the crystal-field integrals and the wrong dissociation

limit can be cured by an a posteriori shift of the atomic eigenvalues.
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Figure V.16. Actual values (symbols) and con-

tinuous fit (lines) of the titanium dimer off-

diagonal on-site elements. Solid lines represent

σ bonds, dashed lines stand for π bonds. The

off-diagonal on-site elements only depend on

the chosen AO basis set (the 5.5 Bohr basis of

Table IV.4) and are not subject to a gauge free-

dom.
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The titanium dimer on-site Hamilton matrix elements for the vacuum level as potential

energy reference are depicted in Fig. V.15 (a). In comparison to the carbon dimer

on-site elements shown in Fig. V.7 the titanium–titanium crystal-field integrals show

only a weak structural dependence and are of a much smaller absolute value. Both, the

splitting of the d level and the value of the off-diagonal on-site elements are relatively

small (around 0.02 Ry or 0.3 eV) in comparison to the expected approximation in

the Hamilton matrix parameters. It might therefore be a good approximation to

neglect crystal-field interactions in the case of titanium. The on-site parametrization is

nevertheless needed to gauge the Hamilton matrix elements of the different reference

titanium crystal structures. As an alternative to the vacuum reference on-site integrals,

panel (b) of Fig. V.15 shows the values of the on-site elements for a constant s level

reference. Here, the gauge freedom of the on-site elements was exploited to shift the

diagonal on-site elements in such a way that the s level becomes structure-independent,

as previously discussed for carbon in Sec. V.3.5. Such a choice of potential reference for

the on-site elements suggests itself if the crystal-field interactions are to be neglected

after the Hamilton matrix gauge.

Although the absolute values of the titanium dimer off-diagonal on-site elements is

small, they decay slowly and are not converged to zero even for an atomic separation of

10.0 Bohr. The integrals approach, however, approximately constant values at a range

of 7.0 Bohr. We therefore decided to impose this radius as a cutoff for the crystal-field



108 Crystal -field interactions in tight -binding

(a)

-0.25

-0.20

-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

4.0 5.0 6.0 7.0 8.0 9.0 10.0

H
µ

ν
(R

y)

Rαβ (Bohr)

ssσ

ddσ

ddπ

ddδ

sdσ

fcc
bcc
sh

(b)

-0.15

-0.10

-0.05

0.00

0.05

0.10

4.0 5.0 6.0 7.0 8.0 9.0 10.0

H
µ

ν
(R

y)

Rαβ (Bohr)

ssσ

ddσ

ddπ

ddδ
sdσ

fcc
bcc
sh

Figure V.17. Titanium Hamilton matrix elements for (a) the vacuum level on-site gauge

(Fig. V.15 a.) and (b) for the constant s-level gauge (Fig. V.15 b.). The matrix element data

points stem from the fcc, bcc and sh crystal structures and have been calculated using the opti-

mized 5.5 Bohr AO basis set of Table IV.4. The solid lines represent bond integral fits with the

functional form of Sec. IV.5.3. Bond integrals with p contribution are omitted for clarity.

interactions (Fig. V.16). For atomic separations larger than 7.0 Bohr a constant, but

small error in the crystal-field interactions is therefore to be expected.

The Hamilton matrix elements of the three reference structures for the vacuum level

gauge as well as for the constant s-level gauge are depicted in Fig. V.17. Even the

seemingly small differences in the on-site values of Fig. V.15 (a) and (b) lead to

significantly different Hamilton matrix elements. Especially note the different energy

scales in the two diagrams of Fig. V.17. In contrast to carbon, for titanium the constant

s level gauge results in a reduced scattering of the data points in comparison to the

vacuum level gauge, most notably in the sdσ bond integral. The same trend is also

observed for those matrix elements with p contribution (not shown in Fig. V.17).

Note, that the constant s level reference might still not be the ideal Hamilton matrix

gauge for titanium. For this work only the two options shown in Fig. V.15 were

compared and the accuracy of the resulting crystal-field tight-binding models is found

to be satisfactory. A possible subject for a future study could be the development of

a methodology that allows to determine the optimal on-site reference for maximally

transferable bond integrals.
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V.4.2. Band structures and densities of states

To assess the quality of the titanium CF-TB model let us take a look at the band

structures and densities of states for a number of titanium crystal structures. In Fig. V.18

the results for the three reference structures fcc, bcc and sh and for three benchmark

structures are shown. Note, that the hcp structure (d) is the most stable titanium

crystal structure at normal conditions, while the ωTi structure (e) corresponds to a

meta-stable high-pressure phase.105,106 Overall the constant s-level gauge CF-TB model

yields results that are in very good agreement with the DFT references. Especially

when comparing the densities of states the s-level gauge (solid black lines) proves, as

expected, to be more reliable than the vacuum gauge (red dashed lines).
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Figure V.18. DFT and CF-TB band structure plots and densities of states for different titanium

structures: (a) fcc, (b) bcc, (c) sh, (d) hcp, (e) ωTi/C32, (f) sc. The gray lines and areas are the DFT

reference. The solid black lines are the band structures and densities of states as calculated with

the constant s-level CF-TB model, the red dashed lines correspond to the vacuum level CF-TB

model. The Fermi levels were shifted to zero to allow for the comparison.
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The crystal-field extension to the tight-binding electronic structure method (Chapter V)

has implications on the total energy implementation. In this section the effects of

the variable on-site Hamilton matrix elements on the band sum and the total energy

are discussed. Consequences for the calculation of tight-binding total energies and

cohesive energies using the implementations of Sec. III.3 are estimated.

At the beginning of the chapter a theoretical understanding of the tight-binding total

energy functional is established. The later two sections focus on the practical implica-

tions for the development of a total energy crystal-field tight-binding implementation

and provide a comparison of the DFT cohesive energy with conventional and crystal

field tight-binding band energies.

VI.1. The invariance of the total energy

The gauge invariance of the total energy and the change of the one-electron eigenvalues

with respect to a shift of the potential energy zero point was subject of Sec. IV.5.2. It can

be easily verified that the one-electron kinetic energy ti of the Kohn–Sham equations,
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Eq. (II.82), obeys the same invariance as the total energy

ti = 〈ψi|t̂i|ψi〉 = εi − 〈ψi|vks
eff |ψi〉

vks
eff−→vks

eff+κ−−−−−−−→ (εi + κ)− 〈ψi|vks
eff + κ|ψi〉 = ti ,

(VI.1)

which is basically another way to express Eq. (IV.28). Note, that the shift of the

eigenvalues is compensated by an equal shift of the potential energy expectation value

in Eq. (VI.1). The total Kohn–Sham kinetic energy, Ts = ∑i fi ti , is therefore invariant

with respect to a shift of the effective potential, whereas the band energy changes

Eband = ∑
i

fi εi
vks

eff−→vks
eff+κ−−−−−−−→ ∑

i
fi εi + Ne κ , (VI.2)

with a shift that is proportional to the number Ne of electrons in the system.

Recall from Sec. III.1 that the Harris–Foulkes non-selfconsistent energy functional Ehf

of Eq. (III.11) is constructed by evaluating the total single-particle kinetic energy Ts and

inserting the result, i. e. the sum over all ti of Eq. (VI.1), into the Kohn–Sham energy

functional. The potential energy contribution 〈vks
eff 〉 is in Eq. (III.12) absorbed by the

Harris–Foulkes double counting term Dhf to yield

Ehf
tot [n] = ∑

i
fi εi[n] +Dhf [n] + Enn , (VI.3)

which is the foundation of the tight-binding energy expression, Eq. (III.19),

Etb
tot = Etb

band +Dtb + Enn . (VI.4)

For the following discussion it is helpful to consider the total energy of a static structure,

instead of the electronic energy only. Therefore the ion–ion interaction energy Enn is

included in the equations above. Also the Harris–Foulkes functional is by construction

invariant with respect to a shift of the Kohn–Sham potential, as a shift of the band sum

is compensated by a corresponding inverse shift of the double counting. In principle

every total energy tight-binding implementation, Eq. (VI.4), does also have to fulfill

this requirement. Even though the Slater–Koster band sum parametrization might

be separate from the parametrization of the tight-binding double counting, the two

contributions can thus not be considered independently.
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Note that the simplest tight-binding total energy implementation, the TB band model

discussed in Sec. III.3.1, is not invariant with respect to the choice of the potential

zero point. If it is guaranteed that the potential energy reference of the band energy

is structurally independent, it is however still possible to determine a matching pair

potential parametrization of the double counting. This is in practice realized by

enforcing constant on-site Hamilton matrix elements. Since the CF-TB method of

Chapter V is based on the parametrization of the environmental dependence of the

Hamilton matrix on-site elements, a simple CF-TB band model implementation is ruled

out.

VI.2. Energy partitioning

As argued in the previous section the partitioning of the total energy into the band sum

plus corrections might not be the most fortunate choice for the construction of general

tight-binding total energy models. We therefore rewrite the TB energy expression by

moving energy contributions from the band sum to the double-counting term

Etb
tot = (Etb

band − ∆E) + (Dtb + ∆E) + Enn , (VI.5)

where the band sum correction term ∆E is chosen in such a way that it cancels out the

energy shift upon change of the potential energy reference:

Eband − ∆E
vks

eff−→vks
eff+κ−−−−−−−→ (Eband + Ne κ)− (∆E + Ne κ) . (VI.6)

The corrected band sum (Eband − ∆E) can then be parametrized independently of the

remaining terms in the energy expression.

Several approaches towards an energy partitioning as in Eq. (VI.5) into physically mo-

tivated terms have been suggested. The tight-binding bond model (TBBM, Sec. III.3.3

and Ref. 71) expresses the total energy as sum of the bond energy Ebond, the promotion

energy Eprom, the energy of the free atoms Eatoms, and a pair potential energy Epp that

accounts for the remaining terms

Etbbm
tot = Ebond + Eprom + Eatoms + Epp , (VI.7)
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which is equivalent to (see Sec. III.3.3 for the definitions of the individual terms)

= Eband −∑
αµ

f at
αµ

(
Hαµ,αµ − εat

αµ

)
+ Epp , (VI.8)

with atomic occupations f at
αµ (orbital resolved charges) and atomic eigenvalues εat

αµ.

The TBBM band sum correction is thus given by

∆Etbbm = ∑
αµ

f at
αµ

(
Hαµ,αµ − εat

αµ

)
, (VI.9)

which possesses the desired transformation behavior, Eq. (VI.6), upon a shift of the

Kohn–Sham potential.

Fähnle and coworkers adapted the TBBM for the analysis of general electronic structure

calculations,107,108 and slightly modified the band sum correction to

∆Ea = ∑
αµ

qαµ
(

Hαµ,αµ − εat
αµ

)
, (VI.10)

where qαµ are Mulliken’s orbital populations of the bound atoms.72 Their work fur-

thermore suggest the mixed option

∆Eb = ∑
αµ

(
qαµ Hαµ,αµ − f at

αµ εat
αµ

)
. (VI.11)

In the spirit of the constant s level Hamilton matrix gauge of Sec. V.4.1 it seams

also reasonable to select a reference on-site level for the band sum correction. One

possibility, using the valence s level, is

∆Ec = ∑
αµ

f at
αµ

(
Hs level − εat

s level
)

. (VI.12)

We note in passing that all of the above band sum corrections but ∆Eb become zero for

the case of constant TB on-site elements, in which case Hαµ,αµ = εat
αµ . The correction

term ∆Eb does not (in general) vanish as the Mulliken charge qαµ is usually not equal

to the atomic charge f at
αµ.

Similar as for the choice of an on-site reference the best choice of the band sum

correction may, unfortunately, depend on the actual tight-binding model. We shall

evaluate the above four equally justified approaches in the following section for the

concrete example of carbon tight-binding models.



Crystal -field tight -binding band sums 115

Figure VI.1. Comparison of tight-binding car-

bon band sums and the DFT cohesive en-

ergy. The DFT cohesive energy for the infi-

nite alkyne chain (blue), graphene (red) and

diamond (black) are represented by solid lines

as function of the nearest neighbor distance

dnn . The tight binding band sum differences

according to Eq. (VI.13) (∆E = 0) were obtained

using: (1) the conventional carbon TB model of

Sec. IV.5.4, (2) the vacuum gauge and (3) the

total energy gauge CF-TB models (both derived

in Sec. V.3.3) each based on the 4.0 Bohr basis

of Sec. IV.4.1. For a comparison the correspond-

ing results obtained with the DFTB model of

Ref. 32 are shown in gray.
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VI.3. Crystal-field tight-binding band sums

The quantity of interest in atomistic energy calculations usually is not the total energy,∗

but the cohesive energy Ecoh of Eq. (III.27)

Ecoh = Etot − Eatoms .

It is therefore more educative to compare the DFT cohesive energy to the TB band

sum, Eq. (III.5), minus the sum of the TB energies of the free atoms, Eq. (III.28), and

the band sum correction ∆E

Etb
band − Etb

atoms − ∆E = ∑
i

fi εi −∑
αµ

f at
αµ εat

αµ − ∆E . (VI.13)

In a working tight-binding model the difference between the actual (DFT) cohesive

energy and the band sum terms in Eq. (VI.13) should be captured by a pairwise

interaction potential or a simple manybody potential.

∗If the calculation involved pseudopotentials the total energy is anyway arbitrary and only energy differences

are meaningful.
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The DFT cohesive energies and the TB band sum differences as of Eq. (VI.13) for

∆E = 0 obtained using three different tight-binding models of this work and the DFTB

carbon model of Ref. 32 are depicted in Fig. VI.1. The results for the four tight-binding

models are quite different in energy value and trend. The conventional TB model of

Sec. IV.5.4 and the total energy gauge CF-TB model yield band sums with minima close

to the cohesive energy minima, whereas the band sums of the DFTB model and the

vacuum gauge CF-TB model are monotonously rising with increasing nearest neighbor

distance. Also note, that the two CF-TB models yield very different band sums and

thus there can not exist a common potential to complete the cohesive energy.

Figure VI.2 shows the same band sum differences as Fig. VI.1, but including the four

different options of band sum corrections ∆E that were introduced in Sec. VI.2. The

correction terms render the band sum difference invariant with respect to the choice

of the potential energy zero point. As a consequence the previously very different

band sums of the two CF-TB models become very similar upon correction with each

of the four options. In any case the CF-TB band sums are, however, shifted to higher

energies in such a way that their minima lie at larger nearest neighbor distances than

the minima of the DFT cohesive energies. In other words the remaining missing energy

contributions, which shall be represented by a (hopefully simple) interatomic potential,

have to be attractive rather than repulsive as for the conventional TB models.

From this analysis it is yet uncertain, which of the four band sum corrections would

lead to the most transferable cohesive energy parametrization, and the construction of

a total energy CF-TB model will therefore be the subject of future studies.
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Figure VI.2. Comparison of tight-binding band sums for various correction approaches. The solid

curves represent the DFT cohesive energy for the infinite alkyne chain (blue, shortest distances),

graphene (red, intermediate distances) and diamond (black, largest distances). The other curves

were calculated using (1) the conventional carbon TB model of Sec. IV.5.4, (2) the vacuum gauge

CF-TB model of Sec. V.3 and (3) the total energy gauge CF-TB model of Sec. V.3 (in all cases

based on the 4.0 Bohr basis set). The figures visualize the effects of the four band sum corrections

discussed in the text: (a) ∆Etbbm , (b) ∆Ea , (c) ∆Eb , and (d) ∆Ec .





VII.Summary and Outlook

In this thesis we have presented a systematic and universal framework for the derivation

of semiempirical electronic structure tight-binding models from density-functional

theory (DFT) calculations. A flow-chart of the entire methodology is depicted in Fig. V.5

on page 94 and involves the following steps: first, a set of reference structures for the

desired atomic interaction is selected. Second, DFT calculations of these structures for

geometries close to the structural equilibrium are performed to obtain the converged

Kohn–Sham wave functions and Hamiltonians. Next, minimal basis representations

of the wave functions and the Hamilton matrices are determined via a projection

of the Kohn–Sham orbitals onto an atomic orbital basis set (Sec. IV.2). Three-center

contributions to the Hamilton matrix elements are included on average as the tight-

binding method imposes a two-center approximation (Sec. III.2.1 and IV.5). Finally,

the tight-binding model is the result of a continuous analytical representation of the

overlap matrix elements and the calculated Hamilton matrix elements of all reference

structures. For this purpose, we introduced an analytical function in Sec. IV.5.3, which

has similar properties as Slater type functions, while its value, the first and the second

derivatives vanish exactly at a given cutoff radius.

The reliability of DFT-based tight-binding models crucially depends on the quality of

the minimal atomic orbital basis set employed during the projection. In Sec. IV.3 we

have therefore developed three different procedures that allow for the optimization of

minimal basis sets. The methods were evaluated for carbon and titanium structures in

Sec. IV.4, as examples for a covalent main group element and a prototypical transition

metal. The optimized basis sets were subsequently used to derive electronic structure
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tight-binding models for these two chemical elements in Secs. IV.5.4, V.3 and V.4.

We find that a good AO basis set is not the only requirement for well-transferable,

structure-independent bond integrals. Instead, the range of the AOs also has a delicate

impact on the structure-sensitivity of the Slater–Koster parameters. However, once a

suitable range has been determined, optimal basis functions for the given range can be

achieved using the new optimization techniques.

An essential conclusion of Chapter IV is the insight that Hamilton matrix elements

of different atomic structures may, due to a gauge invariance (Sec. IV.5.2), only be

compared, if the same frame of reference for the potential energy had been imposed on

them. For the construction of carbon tight-binding models in Sec. IV.5.4 this condition

was fulfilled by using the energy of the vacuum as potential zero point. This technique,

however, requires to set up surface (slab) models for otherwise periodic reference

crystal structures in order to have vacuum regions available. An alternative method to

remove the gauge freedom has been developed in Chapter V. It has been shown that a

potential reference can be imposed on the Hamilton matrix a posteriori by utilizing a

crystal-field (CF) parametrization derived from the on-site Hamilton matrix elements

of diatomic reference molecules (Sec. V.2.3). Since crystal-field interactions can be

straightforwardly calculated using the projection method of Chapter IV, we suggest to

include them on a regular basis into DFT-derived tight-binding models and propose

a crystal-field tight-binding (CF-TB) extension in Sec. V.2. CF-TB models for carbon

and titanium were presented in Secs. V.3 and V.4 and their differences and qualities

were discussed in detail in these sections. To give just one example of the effect of

crystal-field interactions on the electronic structure, the band structure and the density

of states of an infinite alkyne chain is depicted in Fig. VII.1. Both, the conventional

tight-binding model as well as the crystal-field tight-binding model correctly describe

the π bands, including the band gap due to the Peierls distortion.109,110 The crystal-

field splitting of the π and the σ bands at the Γ point is, however, only captured by the

CF-TB model. As reasoned in Sec. V.3.6, such effects become especially important in

low-dimensional geometries and for structures with a low symmetry, which typically

arise at finite temperatures, for example, during a molecular dynamics simulation.
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Figure VII.1. Band structure and density of

states (DOS) of an infinite alkyne chain. The

DFT reference is shown as gray lines and re-

gions, the blue dotted curves correspond to

the results of the conventional TB model of

Sec. IV.5.4, whereas the black solid band struc-

ture and DOS were calculated using the CF-TB

model of Sec. V.3. The Fermi level was shifted

to zero.
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Although crystal-field integrals derived from diatomic molecules provide a potential

energy reference that may conveniently be imposed to previously calculated Hamilton

matrices, the absolute values of the dimer on-site elements are themselves not uniquely

defined. As demonstrated for the case of titanium in Sec. V.4.1, the gauge of the dimer

on-site Hamilton matrix elements may have a significant impact on the transferability

of the resulting tight-binding bond integrals. We have, so far, not undertaken any

attempts to remove this gauge invariance entirely. The development of an automatized

method for the derivation of ideally gauged on-site integrals that minimizes the

structural dependency of the bond integrals might be subject of a future study.

While CF-TB models of the electronic structure are useful tools in combination with

classical force fields or for situations where the molecular or crystal geometry is known,

it is eventually desirable to have a tight-binding implementation at hand that allows

the calculation of cohesive energies and atomic forces. The band energy, i. e. the sum

of the one-electron eigenvalues, as calculated with a CF-TB electronic structure model,

depends on the potential energy reference that has been imposed upon parametrization

of the crystal-field integrals (the bond integral gauge). It is therefore necessary to

identify a gauge invariant bond energy by removing an appropriate part from the

band sum, so that the remaining part of the cohesive energy can be represented by a

(hopefully) pairwise atomic interaction potential. The definition of the bond energy

is not unique, which introduces an additional degree of freedom. One option is the

expression of the tight-binding bond model of Sec. III.3.3. The requirements for a
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crystal-field tight-binding total energy functional were elaborated in Chapter VI . More

choices for tight-binding total energy expressions have been explored in Sec. VI.2

and their adequacy in conjunction with CF-TB electronic structure models has been

estimated in Sec. VI.3. However, the definite construction of total energy CF-TB models

will have to be proceeded in a separate work.
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A.1. Orbital dependent electron density

We seek an expression for the electron density n, Eq. (II.67), of an N electron Slater

determinant wave function, Eq. (II.37),

|ΨSD〉 = Â|φ1, . . . , φN〉 . (A.1)

The antisymmetrization operator Â was introduced in Sec. II.2.1 and is given by

Â =
1√
N!

permut.

∑
p

sgn(p) P̂p , (A.2)

where P̂p is the permutation operator associated with the permutation p. It is conve-

nient to define the one-electron density operator as

n̂(i) := |ri〉〈ri| , (A.3)

where ri is the coordinate vector of the i-th electron, so that we can rewrite the density,

Eq. (II.67), without the real space integrals as

n(r) =
N

∑
i
〈Ψsd |n̂(i)|Ψsd〉 . (A.4)
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We note, that the position representation of the density operator of equation Eq. (A.3)

is

n̂(r, i) = δ(r− ri) , (A.5)

so that the expectation value in Eq. (A.4) correctly translates to

N

∑
i=1

∫
dr1 . . .

∫
drNΨ∗(r1, . . . , rn)δ(r− ri)Ψ(r1, . . . , rn) = n(r) . (A.6)

The individual electrons are indistinguishable, and thus the integration over every

electronic coordinate must yield the same result∗. We can therefore resolve the sum in

Eq. (A.4) and simply express the density as

n(r) = N 〈Ψsd |n̂(1)|Ψsd〉 . (A.7)

Inserting the expression of the Slater determinant, Eq. (A.1), into Eq. (A.7) yields

n(r) = N 〈Âφ1, . . . , φN |n̂(1)Â|φ1, . . . , φN〉

=
1

(N − 1)! ∑
p,p′

sgn(p) sgn(p′) 〈P̂p φ1, . . . , φN |n̂(1)P̂p′ |φ1, . . . , φN〉 .
(A.8)

Note, that terms with two different permutations p 6= p′ under the double sum will

always give rise to integrals over two different, orthogonal orbitals 〈φi|φj〉 = δij and

will therefore vanish. Only those N! terms where p = p′ remain

n(r) =
1

(N − 1)! ∑
p
〈P̂p φ1, . . . , φN |n̂(1)P̂p|φ1, . . . , φN〉

= ∑
j
〈φj(1)|n̂(1)|φj(1)〉 ,

(A.9)

where the square of the permutation parity always gives sgn2(p) = 1. Finally, evaluat-

ing the one-electron integrals of the previous expression in real space we arrive at the

orbital dependent expression of the electron density in Eq. (II.84)

n(r) = ∑
j

∫
φ∗j (r1)δ(r− r1)φj(r1)dr = ∑

j
|φj(r)|2 . (A.10)

∗We have implicitly used this property in Eq. (II.67)
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A.2. Analytic rotation of two-center integrals

This section is a brief summary of the analytic rotation formalism for two-center

integrals by Podolskiy and Vogl.63,64 For a complete discussion and the derivation see

the original publications.

Two-center matrix elements of an operator in the basis of atomic orbitals, Eq. (III.16),

O`1m1 `2m2 (r) =
∫

f1(|r′|)Y`1m1
(r̂′) ô(r′) f2(|r′ − r|)Y`2m2 (r̂

′ − r) dr′

Y`m : cubic harmonics (real valued spherical harmonics)
(A.11)

can be analytically expanded in distance dependent reference integrals. For the

Cartesian ẑ direction as bond orientation, these reference integrals are given by

Om
`1 `2

(r) =
∫

f1(|r′|)Y`1m(r̂′) ô f2(|r′ − r ẑ|)Y`2m(r̂′ − r ẑ) dr′

with −min(`1, `2) ≤ m ≤ min(`1, `2) ,
(A.12)

and the expansion of the matrix elements is (in spherical coordinates)

O`1m1,`2m2 (r, ϑ, ϕ) =
min(m1,m2)

∑
m=0

cm
`1`2

(ϑ, ϕ)Om
`1 `2

(r) . (A.13)

Note that the reference bond integrals, Eq. (A.12), obey the symmetry

Om
`1`2

= O−m
`1`2

= (−1)`1−`2 Om
`2`1

. (A.14)

Podolskiy and Vogl derived the following explicit expression for the expansion coeffi-

cients cm
`1`2

of Eq. (A.13):

cm′
`1`2

(ϑ, ϕ) = S`1
m1m′ (ϑ, ϕ) S`2

m2m′ (ϑ, ϕ) + T`1
m1m′ (ϑ, ϕ) T`2

m2m′ (ϑ, ϕ) , (A.15)

with the definitions

S`
m m′ (ϑ, ϕ) := Am(ϕ)

[
(−1)m′ d`|m|m′ (ϑ) + d`|m| −m′ (ϑ)

]

T`
m m′ (ϑ, ϕ) := Bm(ϕ)

[
(−1)m′ d`|m|m′ (ϑ)− d`|m| −m′ (ϑ)

]
,

(A.16)
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where d is Wigner’s (small) d function, and the prefactor A and B are given by

Am(ϕ) :=





(−1)m sin(−m ϕ) m < 0

1√
2

m = 0

(−1)m cos(m ϕ) m > 0

(A.17)

Bm(ϕ) :=





(−1)m cos(m ϕ) m < 0

0 m = 0

(−1)m sin(−m ϕ) m > 0 .

(A.18)

Naturally, no expansion/rotation is necessary for r = r ẑ.

An explicit expression of the Wigner d function is, for example, provided in Ref. 64 as

d`m m′ (ϑ) = 2−` (−1)`−m′ [(`+ m)! (`−m)! (`+ m′)! (`−m′)!
] 1

2

×
k1

∑
k=k0

(−1)k (1− cos θ)`−k−(m+m′)/2 (1 + cos θ)k+(m+m′)/2

k! (`−m− k)! (`−m′ − k)! (m + m′ + k)!
,

(A.19)

with the summation boundaries k0 = min(`−m, `−m′) and k1 = max(0,−m−m′) .

A.3. Radial Schrödinger equation

Unit conversions can be confusing, especially in conjunction with coordinate transfor-

mations. In this section we will therefore deviate from our convention, and we will

explicitly write down the reduced Planck constant h̄ and the electron mass me (which

both are equal to 1 in Hartree atomic units).

For the case of isolated (spherical) atoms, for which vks
eff (r) = vks

eff (r), the solutions of

the three-dimensional one-electron Schrödinger equation of Eq. (II.82)

(
− h̄2

2 me
∇2 + vks

eff (r)
)

ψn(r) = εn ψn(r) (A.20)

can be more easily determined in spherical coordinates.
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The Laplacian ∇2 in spherical coordinates is given by

∇2 =
1
r2

∂

∂r
r2 ∂

∂r
+

1
r2 sin ϑ

∂

∂ϑ
sin ϑ

∂

∂ϑ
+

1
r2 sin2 ϑ

∂2

∂ϕ2

=
1
r2

( ∂

∂r
r2 ∂

∂r
− 1

h̄2 L̂2
)

,

(A.21)

where the eigenfunctions of the operator L̂2 are the spherical harmonics Y`,m, with

L̂ 2 Y`m(ϑ, ϕ) = h̄2 `(`+ 1)Y`m(ϑ, ϕ) . (A.22)

Inserting the atomic orbital product ansatz, Eq. (III.15),

ψn(r) = ψn`m(r, ϑ, ϕ) = fn`(r) ·Y`m(ϑ, ϕ) (A.23)

and the Laplacian of Eq. (A.21) into the Schrödinger equation, Eq. (A.20), allows to

separate the radial and angular degrees of freedom and leaves us with the radial

Schrödinger equation, Eq. (IV.17),
[
− h̄2

2 me

(
1
r2

∂

∂r
r2 ∂

∂r
− `(`+ 1)

r2

)
+ vks

eff (r)

]
fn`(r) = εn fn`(r) . (A.24)

The first term in Eq. (A.24) can be rewritten using the identity

1
r2

∂

∂r
r2 ∂

∂r
g(r) =

1
r

∂2

∂r2 r g(r) (A.25)

to yield the alternative equation

− h̄2

2 me

1
r

∂2

∂r2 r fn`(r) +
h̄2 `(`+ 1)

2 me r2 fn`(r) + vks
eff (r) fn`(r) = εn fn`(r) . (A.26)

Multiplying both sides of Eq. (A.26) with r and introducing the transformed radial

function un`(r) := r fn`(r) results in the quasi-1d Schrödinger equation
(
− h̄2

2 me

∂2

∂r2 + ṽeff(r)

)
un`(r) = εn un`(r) , (A.27)

where a centrifugal term is added to the effective potential

ṽeff(r) = vks
eff (r) +

h̄2

2 me

`(`+ 1)
r2 . (A.28)
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A.4. Confinement potential

We seek to analyze the decay behavior of the solutions of the confined radial Schrödinger

equation

(
−1

2
∂2

∂r2 + V(r) + vc(r)

)
f (r) = ε f (r)

with V(r) =
`(`+ 1)

2 r2 + vks
eff (r) ,

(A.29)

where the confinement potential vc(r) was introduced in Eq. (IV.20) as

vc(r) =
1
2

(
r− r0
rc − r0

)2
a (a− 1)
(rc − r)2 for r0 < r < rc .

Inserting the Taylor expansion of the radial function about the cutoff radius rc

f (r) =
∞

∑
n=0

cn (rc − r)n (A.30)

and its second derivative

∂2

∂r2 f (r) =
∞

∑
n=2

n (n− 1) cn (rc − r)n−2

=
∞

∑
n=0

(n + 2)(n + 1) cn+2 (rc − r)n
(A.31)

into the Schrödinger equation, Eq. (A.29), yields the following condition for the

solution:

∞

∑
n=0
−1

2
(n + 2)(n + 1) cn+2 (rc − r)n +

∞

∑
n=0

V(r) cn (rc − r)n

+
∞

∑
n=−2

1
2

(
r− r0
rc − r0

)2
a (a− 1) cn+2 (rc − r)n −

∞

∑
n=0

ε cn (rc − r)n = 0 .

(A.32)

Sorting terms by order in (rc − r) we arrive at the condition

1
2

(
r− r0
rc − r0

)2
a (a− 1)

(
c0

(rc − r)2 +
c1

rc − r

)
= 0 (A.33)
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for orders (−2) and (−1) and

(
V(r)− ε

)
cn +

1
2

[
−(n + 2)(n + 1)

+

(
r− r0
rc − r0

)2
a (a− 1)

]
cn+2 = 0

(A.34)

for all higher orders. From Eq. (A.33) it is evident that

c0 = c1 = 0 for a > 1 , (A.35)

and for r −→ rc the second condition, Eq. (A.34), implies

cn−2 = 0 ⇒ cn = 0 ∨ a = n . (A.36)

Together, Eqs. (A.35) and (A.36) show that for a = 2, 3, 4, . . . all terms (rc − r)n with

n < a in the Taylor expansion, Eq. (A.30), vanish, and thus the radial function f (r)

decays as (rc − r)a at the cutoff radius.





B.Tight-binding parameters

Tables

B.1. Carbon atomic eigenvalues . . . . . . . . . . . . . . . . . . . . . . . . 132

B.2. Carbon–carbon overlap matrix parameters . . . . . . . . . . . . . . . 132

B.3. Carbon–carbon Hamilton matrix parameters (vacuum reference) . . 133

B.4. Carbon–carbon crystal-field parameters . . . . . . . . . . . . . . . . . 134

B.5. Carbon–carbon Hamilton matrix parameters (on-site gauge) . . . . . 135

B.6. Titanium atomic eigenvalues . . . . . . . . . . . . . . . . . . . . . . . 136

B.7. Titanium–titanium overlap matrix parameters . . . . . . . . . . . . . 136

B.8. Titanium–titanium crystal-field parameters (s level gauge) . . . . . . 137

B.9. Titanium–titanium Hamilton matrix parameters (s level gauge) . . . 138

B.10. Titanium–titanium Hamilton matrix parameters (vacuum level gauge) 138

B.11. Titanium–titanium crystal-field parameters (vacuum level gauge) . . 139

Cutoff radii are given in Bohr units. The bond and crystal-field integrals are parametrized

in Rydberg atomic units. See Sec. IV.5.3 for the functional form of the fit.

The derivation of the conventional vacuum gauge carbon tight-binding model is

discussed in Sec. IV.5.4. The derivation of the carbon CF-TB model can be found in
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Table B.1. Asymptotic atomic eigenvalues of carbon (Rydberg

units) for the different basis sets of Table IV.2. The values listed

here are the asymptotic dimer on-site levels.

level ε, 4.0 Bohr (Ry) ε, 5.0 Bohr (Ry) ε, 6.0 Bohr (Ry)

2s −0.89317700 −0.96566125 −0.98912960

2p −0.26938440 −0.34745325 −0.37639880

Table B.2. Carbon–carbon overlap matrix parameters for the different basis

sets of Table IV.2.

basis bond rc α a0 a1

4.0

ssσ 5.5 1.002255 1.240952 3.350085

spσ 5.5 5.779726 · 10−1 −1.050657 · 101 −6.686082

ppσ 5.5 3.501334 · 10−2 −6.392817 · 105 −7.868920 · 103

ppπ 5.5 1.367029 −3.563430 · 10−2 3.554727

5.0

ssσ 6.5 1.094875 −2.888173 · 10−1 3.481373

spσ 6.5 6.803300 · 10−1 −2.054825 −4.180914

ppσ 6.5 9.060093 · 10−2 −7.270502 · 103 −2.602056 · 102

ppπ 6.5 1.173671 1.270293 · 10−1 2.655345

6.0

ssσ 7.5 1.103087 −4.858043 · 10−1 3.161910

spσ 7.8 5.622475 · 10−5 6.139577 · 107 1.884919 · 106

ppσ 7.5 7.796503 · 10−2 −6.041538 · 103 −1.855820 · 102

ppπ 7.5 9.574197 · 10−1 1.011025 1.432654



133

Table B.3. Carbon–carbon Hamilton matrix parameters for the different basis

sets of Table IV.2. The vacuum level was employed as zero point of the potential

energy. The on-site elements are set to the atomic eigenvalues.

basis bond rc α a0 a1

4.0

ssσ 7.0 1.532366 2.890974 · 101 −2.398253 · 101

spσ 7.0 1.180339 −1.392311 · 101 1.265912 · 101

ppσ 7.0 6.375224 · 10−1 8.323779 · 10−1 6.784512

ppπ 7.0 1.834896 2.672219 · 101 −2.265520 · 101

5.0

ssσ 7.0 1.248976 1.027604 · 101 −1.212599 · 101

spσ 7.0 2.263337 · 10−1 9.611706 · 101 1.079882 · 101

ppσ 7.0 2.198934 · 10−2 1.344657 · 106 1.027263 · 104

ppπ 7.0 1.831334 4.116994 · 101 −3.103417 · 101

6.0

ssσ 9.0 1.308698 1.157469 · 101 −1.252540 · 101

spσ 9.0 8.357621 · 10−1 −1.497045 3.961358

ppσ 9.0 3.625365 · 10−1 9.545616 4.555643

ppπ 9.0 1.775190 4.187611 · 101 −3.085336 · 101
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Table
B

.4.
C

arbon–carbon
crystal-field

param
eters

for
the

different
basis

sets
of

Table
IV.2.The

asym
ptotic

values
are

the
atom

ic
eigenvalues.

basis
bond

r c
α

a0
a1

4.0

ssσ
5.0

1.941196
−

11.402640
29.384335

−
23.835826

5.579434

sp
σ

5.0
0.818689

−
16.793382

−
27.427964

1.532145
−

1.810448

pp
σ

5.0
1.436243

5.177040
2.385771

−
7.989710

2.232160

pp
π

5.0
0.862586

−
1.323592

4.593953
−

0.503886
0.229620

5.0

ssσ
5.5

2.288241
−

20.033413
43.793830

−
30.610318

4.517683

sp
σ

5.5
0.771053

−
13.174289

−
22.200573

1.748827
−

1.396152

pp
σ

5.5
0.817502

−
2.371913

−
19.751405

3.065810
−

1.169246

pp
π

5.5
0.723603

0.604254
4.984395

−
0.515742

0.253756

6.0

ssσ
6.0

2.542704
−

22.681132
44.855680

−
25.747600

0.494931

sp
σ

6.0
1.761719

3.877992
−

0.367261
−

4.657746
−

0.048099

pp
σ

6.0
0.769398

−
8.931158

−
22.389196

2.444414
−

1.376028

pp
π

6.0
0.957978

−
3.294865

1.757472
−

0.541900
0.005503
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Table B.6. Asymptotic

atomic eigenvalues of tita-

nium (Rydberg units) for

the 5.5 Bohr basis set of

Table IV.4. The values

listed here are the asymp-

totic dimer on-site levels.

level ε (Ry)

3d −0.19724237

4s −0.12547622

4p 0.22769111

Table B.7. Titanium–titanium overlap matrix parameters for the

5.5 Bohr basis of Table IV.4.

bond rc α a0 a1

ssσ 9.0 2.794948 · 10−1 2.171521 · 10+1 4.551077

spσ 9.0 3.721474 · 10−2 −6.635016 · 10+4 −9.024315 · 10+2

sdσ 9.0 3.890365 · 10−1 4.503248 6.305605

ppσ 9.3 3.400831 · 10−2 −1.691743 · 10+5 −2.099935 · 10+3

ppπ 9.0 8.632969 · 10−1 −8.241099 6.070320

pdσ 8.8 4.405740 · 10−2 6.333488 · 10+4 1.044869 · 10+3

pdπ 9.0 1.104278 4.628924 · 10+1 −1.771658 · 10+1

ddσ 8.8 2.926792 · 10−1 2.670904 · 10+1 8.455301

ddπ 9.0 1.256986 7.827095 · 10+1 −2.824005 · 10+1

ddδ 9.0 1.769584 −1.019427 · 10+2 4.087898 · 10+1
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Table B.9. Titanium–titanium Hamilton matrix parameters for the

constant s level gauge (Sec. V.4) calculated using the 5.5 Bohr basis of

Table IV.4.

bond rc α a0 a1

ssσ 10.0 2.869123 · 10−2 −4.965661 · 10+4 −5.150134 · 10+2

spσ 10.0 2.156450 · 10−2 3.376002 · 10+5 2.585704 · 10+3

sdσ 10.0 5.978868 · 10−2 −3.068560 · 10+3 −7.348511 · 10+1

ppσ 11.0 1.679339 · 10−2 7.452474 · 10+5 4.407254 · 10+3

ppπ 10.0 2.282773 · 10−2 −2.481779 · 10+4 −2.001175 · 10+2

pdσ 10.5 2.212126 · 10−2 −1.642983 · 10+5 −1.297864 · 10+3

pdπ 10.0 4.880766 · 10−1 −7.519091 · 10−2 7.625051 · 10−1

ddσ 11.0 4.161644 · 10−2 −1.928837 · 10+3 −3.025027 · 10+1

ddπ 10.0 9.794532 · 10−1 −1.148878 · 10+1 4.736235

ddδ 10.0 1.280980 −9.032470 −1.409751 · 10−4

Table B.10. Titanium–titanium Hamilton matrix parameters for the

vacuum level gauge (Sec. V.4) calculated using the 5.5 Bohr basis of

Table IV.4.

bond rc α a0 a1

ssσ 10.0 3.369936 · 10−2 −8.017207 · 10+3 −9.627212 · 10+1

spσ 10.0 2.722366 · 10−2 1.149647 · 10+5 1.128442 · 10+3

sdσ 10.0 5.289592 · 10−2 −2.629362 · 10+3 −5.378035 · 10+1

ppσ 10.5 2.121426 · 10−2 3.971683 · 10+5 2.999889 · 10+3

ppπ 10.0 1.739778 · 10−1 −3.446840 −1.859243 · 10−5

pdσ 10.0 3.167418 · 10−2 −5.753656 · 10+4 −6.674643 · 10+2

pdπ 10.0 5.986011 · 10−1 2.860792 −1.699955 · 10−6

ddσ 10.0 3.071750 · 10−2 −3.303891 · 10+3 −3.487611 · 10+1

ddπ 10.0 9.100875 · 10−1 9.603299 2.189680 · 10−4

ddδ 10.0 1.303322 −1.213264 · 10+1 1.006250 · 10−3
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[85] O. Sinanoğlu, “A principle of linear covariance for quantum mechanics and the electronic

structure theory of molecules and other atom clusters.” Theor. Chim. Acta 65 (1984) 233–242.

[86] L. E. Ballentine and M. Kolar, “Recursion, non-orthogonal basis vectors, and the computa-

tion of electronic properties.” J. Phys. C: Solid State 19 (1986) 981.

http://dx.doi.org/10.1063/1.1740588
http://dx.doi.org/10.1063/1.1740588
http://dx.doi.org/10.1088/0022-3719/19/3/003
http://dx.doi.org/10.1088/0022-3719/19/3/003
http://dx.doi.org/10.1021/jp071338j
http://dx.doi.org/10.1021/ja00364a005
http://dx.doi.org/10.1021/ja00364a005
http://dx.doi.org/10.1002/andp.19213690304
http://dx.doi.org/10.1103/PhysRevB.50.14694
http://dx.doi.org/10.1103/PhysRevB.50.14694
http://dx.doi.org/10.1103/PhysRevB.54.4519
http://dx.doi.org/10.1103/PhysRevB.54.4519
http://dx.doi.org/10.1103/PhysRevB.54.4519
http://dx.doi.org/10.1103/PhysRevLett.43.1494
http://dx.doi.org/10.1103/PhysRevB.32.8412
http://dx.doi.org/10.1103/PhysRevLett.77.3865
http://dx.doi.org/10.1103/PhysRevLett.77.3865
http://dx.doi.org/10.1103/PhysRevLett.78.1396
http://dx.doi.org/10.1103/PhysRevLett.78.1396
http://dx.doi.org/10.1007/BF00548247
http://dx.doi.org/10.1007/BF00548247
http://dx.doi.org/10.1088/0022-3719/19/7/010
http://dx.doi.org/10.1088/0022-3719/19/7/010


B ibliography 147

[87] E. Artacho and L. M. del Bosch, “Nonorthogonal basis sets in quantum mechanics:

Representations and second quantization.” Phys. Rev. A 43 (1991) 5770–5777.

[88] M. Head-Gordon, P. E. Maslen, and C. A. White, “A tensor formulation of many-electron

theory in a nonorthogonal single-particle basis.” J. Chem. Phys. 108 (1998) 616–625.

[89] D. Sánchez-Portal, E. Artacho, and J. Soler, “Projection of Plane-Wave Calculations into

Atomic Orbitals.” Solid State Comm. 95 (1995) 685–690.

[90] D. Sánchez-Portal, E. Artacho, and J. Soler, “Analysis of atomic orbital basis sets from the

projection of plane-wave results.” J. Phys.: Condens. Matter 8 (1996) 3859–3880.

[91] O. F. Sankey and D. J. Niklewski, “Ab initio multicenter tight-binding model for molecular-

dynamics simulations and other applications in covalent systems.” Phys. Rev. B 40 (1989)

3979.

[92] B. Lange, C. Freysoldt, and J. Neugebauer, “Construction and performance of fully

numerical optimum atomic basis sets.” Phys. Rev. B 84 (2011) 085101.

[93] E. Francisco, L. Seijo, and L. Pueyo, “The maximum overlap method: A general and

efficient scheme for reducing basis sets. Application to the generation of approximate

AO’s for the 3d transition metal atoms and ions.” J. Solid State Chem. 63 (1986) 391–400.

[94] G. K. H. Madsen, E. J. McEniry, and R. Drautz, “Optimized orthogonal tight-binding

basis: Application to iron.” Phys. Rev. B 83 (2011) 184119.

[95] A. Urban, M. Reese, M. Mrovec, C. Elsässer, and B. Meyer, “Parameterization of tight-

binding models from density functional theory calculations.” Phys. Rev. B 84 (2011) 155119.

[96] E. Artacho, D. Sánchez-Portal, P. Ordejón, A. García, and J. M Soler, “Linear-Scaling

ab-initio Calculations for Large and Complex Systems.” Phys. Status Solidi (b) 215 (1999)

809–817.

[97] J. Junquera, O. Paz, D. Sánchez-Portal, and E. Artacho, “Numerical atomic orbitals for

linear-scaling calculations.” Phys. Rev. B 64 (2001) 235111.

[98] E. Anglada, J. M. Soler, J. Junquera, and E. Artacho, “Systematic generation of finite-range

atomic basis sets for linear-scaling calculations.” Phys. Rev. B 66 (2002) 205101.

[99] A. H. Larsen, M. Vanin, J. J. Mortensen, K. S. Thygesen, and K. W. Jacobsen, “Localized

atomic basis set in the projector augmented wave method.” Phys. Rev. B 80 (2009) 195112.

[100] G. Lippert, J. Hutter, P. Ballone, and M. Parrinello, “Response Function Basis Sets: Appli-

cation to Density Functional Calculations.” J. Phys. Chem. 100 (1996) 6231–6235.

http://dx.doi.org/10.1103/PhysRevA.43.5770
http://dx.doi.org/10.1103/PhysRevA.43.5770
http://dx.doi.org/10.1063/1.475423
http://dx.doi.org/10.1063/1.475423
http://dx.doi.org/10.1016/0038-1098(95)00341-X
http://dx.doi.org/10.1016/0038-1098(95)00341-X
http://dx.doi.org/10.1088/0953-8984/8/21/012
http://dx.doi.org/10.1088/0953-8984/8/21/012
http://dx.doi.org/10.1103/PhysRevB.40.3979
http://dx.doi.org/10.1103/PhysRevB.40.3979
http://dx.doi.org/10.1103/PhysRevB.84.085101
http://dx.doi.org/10.1103/PhysRevB.84.085101
http://dx.doi.org/16/0022-4596(86)90196-9
http://dx.doi.org/16/0022-4596(86)90196-9
http://dx.doi.org/16/0022-4596(86)90196-9
http://dx.doi.org/10.1103/PhysRevB.83.184119
http://dx.doi.org/10.1103/PhysRevB.83.184119
http://dx.doi.org/10.1103/PhysRevB.84.155119
http://dx.doi.org/10.1103/PhysRevB.84.155119
http://dx.doi.org/10.1002/(SICI)1521-3951(199909)215:1<809::AID-PSSB809>3.0.CO;2-0
http://dx.doi.org/10.1002/(SICI)1521-3951(199909)215:1<809::AID-PSSB809>3.0.CO;2-0
http://dx.doi.org/10.1103/PhysRevB.64.235111
http://dx.doi.org/10.1103/PhysRevB.64.235111
http://dx.doi.org/10.1103/PhysRevB.66.205101
http://dx.doi.org/10.1103/PhysRevB.66.205101
http://dx.doi.org/10.1103/PhysRevB.80.195112
http://dx.doi.org/10.1103/PhysRevB.80.195112
http://dx.doi.org/10.1021/jp9527766
http://dx.doi.org/10.1021/jp9527766


148 B ibliography

[101] E. R. Margine, A. N. Kolmogorov, M. Reese, M. Mrovec, C. Elsässer, B. Meyer, R. Drautz,

and D. G. Pettifor, “Development of orthogonal tight-binding models for Ti-C and Ti-N

systems.” Phys. Rev. B 84 (2011) 155120.

[102] L. Goodwin, A. J. Skinner, and D. G. Pettifor, “Generating Transferable Tight-Binding

Parameters: Application to Silicon.” Europhys. Lett. 9 (1989) 701–706.

[103] W. Press, B. Flannery, S. Teukolsky, and W. Vetterling, “Fortran Numerical Recipes: The

Art of Scientific Computing.” 2nd ed. Vol. 1. Cambridge University Press, 1992 992.

[104] T. Williams, C. Kelley, and many others, Gnuplot 4.4: an interactive plotting program. http:

//gnuplot.sourceforge.net/.

[105] M. J. Mehl and D. A. Papaconstantopoulos, “Tight-binding study of high-pressure phase

transitions in titanium: Alpha to omega and beyond.” Europhys. Lett. 60 (2002) 248–254.

[106] D. R. Trinkle, M. D. Jones, R. G. Hennig, S. P. Rudin, R. C. Albers, and J. W. Wilkins,

“Empirical tight-binding model for titanium phase transformations.” Phys. Rev. B 73 (2006)

094123.

[107] N Börnsen, B Meyer, O Grotheer, and M Fähnle, “E cov - a new tool for the analysis of

electronic structure data in a chemical language.” J. Phys.: Condens. Matter 11 (1999) L287.

[108] G. Bester and M. Fähnle, “Interpretation of ab initio total energy results in a chemical

language: I. Formalism and implementation into a mixed-basis pseudopotential code.”

J. Phys.: Condens. Matter 13 (2001) 11541.

[109] R. Peierls, “More Surprises in Theoretical Physics.” Princeton University Press, 1991 126.

[110] H. A. Jahn and E. Teller, “Stability of Polyatomic Molecules in Degenerate Electronic

States. I. Orbital Degeneracy.” P. Roy. Soc. Lond. A Mat. 161 (1937) 220–235.

http://dx.doi.org/10.1103/PhysRevB.84.155120
http://dx.doi.org/10.1103/PhysRevB.84.155120
http://dx.doi.org/10.1209/0295-5075/9/7/015
http://dx.doi.org/10.1209/0295-5075/9/7/015
http://books.google.de/books?id=gn\_4mpdN9WkC
http://books.google.de/books?id=gn\_4mpdN9WkC
http://gnuplot.sourceforge.net/
http://gnuplot.sourceforge.net/
http://dx.doi.org/10.1209/epl/i2002-00356-y
http://dx.doi.org/10.1209/epl/i2002-00356-y
http://dx.doi.org/10.1103/PhysRevB.73.094123
http://dx.doi.org/10.1088/0953-8984/11/25/105
http://dx.doi.org/10.1088/0953-8984/11/25/105
http://dx.doi.org/10.1088/0953-8984/13/50/313
http://dx.doi.org/10.1088/0953-8984/13/50/313
http://www.jstor.org/stable/96911
http://www.jstor.org/stable/96911


Curriculum vitae

Name Alexander Urban

Date of birth July 26, 1983

Place of birth Duisburg, Germany

Eductation

2008–2012 PhD student in the group of Bernd Meyer at the ICMM,

Department of Chemistry, Friedrich–Alexander–Universität

Erlangen–Nürnberg, Germany

2011 Oct–Dec Visiting PhD student in the group of Nicola Marzari,

École Polytechnique Fédérale de Lausanne, Switzerland

2006–2008 Master of Science (Chemistry), Ruhr-Universität Bochum, Germany

2003–2006 Bachelor of Science (Chemistry), Ruhr-Universität Bochum, Germany

Honors

since 2009 Member of the Graduate School Molecular Science (GSMS),

Friedrich–Alexander–Universität Erlangen–Nürnberg, Germany

2009–2012 Kekulé fellowship of the Fonds der Chemischen Industrie

2008 Wilke prize of the Verein zur Förderung der Chemie

und Biochemie, Ruhr–Universität Bochum, Germany


	Kurzzusammenfassung
	Abstract
	Danksagung (Acknowledgment)
	Notation and constants
	Introduction
	Atomistic simulations on different scales

	Electronic structure theory
	Wave mechanics
	Hartree–Fock theory
	Density-functional theory
	Numerical calculations

	The tight-binding method
	Non-self-consistent DFT
	The tight-binding method
	Implementations of the TB method

	From DFT to tight-binding
	Computational set-up
	Minimal AO basis representation
	Optimization of AO basis sets
	Optimized minimal basis sets
	Derivation of tight-binding parameters

	Crystal-field interactions in tight-binding
	Crystal-field interactions
	Parametrization of crystal-field interactions
	A crystal-field tight-binding model for carbon
	A crystal-field tight-binding model for titanium

	Total energy and CF-TB models
	The invariance of the total energy
	Energy partitioning
	Crystal-field tight-binding band sums

	Summary and Outlook
	Additional derivations
	Orbital dependent electron density
	Analytic rotation of two-center integrals
	Radial Schrödinger equation
	Confinement potential

	Tight-binding parameters
	Bilbliography
	Curriculum vitae

