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Zusammenfassung

Verschränkung ist ein essentieller Grundbaustein für Anwendungen im Ge-

biet der Quanteninformation. Sowohl die Teleportation von Quantenin-

formation als auch die Möglichkeit einer absolut sicheren Datenübertra-

gung basieren auf diesem Prinzip. Leider wird die Übertragung von Ver-

schränkung normalerweise durch das Rauschen imperfekter Quantenkanäle

beeinflusst. Aufgrund der quantenmechanischen Natur des Phänomens

können die Verfahren, welche aus der klassischen Kommunikationstech-

nik bekannt sind, wie z.B. Signalverstärker, nicht angewandt werden, um

dem entgegenzuwirken. Dementsprechend werden Qualität und Rate der

Übertragung durch die Länge des Kanals limitiert. Um den resultierenden,

exponentiellen Abfall zu kompensieren und damit Quantenkommunikation

auch über große Reichweiten zu ermöglichen, entwickelten Wissenschaftler

das Konzept des Quantenrepeaters. Langstrecken-Quantenkommunikation

entschpricht der Hauptmotivation für die Resultate, welche in dieser Arbeit

präsentiert werden.

Die Kernfrage dieser Dissertation ist, wie die Funktionsfähigkeit eines Quan-

tenrepeaters durch den Effekt der Dekohärenz beeinflusst wird und wie man

dementsprechend dessen Funktionsweise ändern kann, um dem entstehen-

den Rauschen entgegenzuwirken. Obwohl sich in dieser Arbeit auf den Hy-

bridquantenrepeater bezogen wird, sind viele der Resultate allgemeingültig

und können auch in anderen Systemen angewandt werden.

Zunächst analysieren wir detailliert, welche Raten der Verschränkungserzeu-

gung bei einem Quantenrepeater zu erwarten sind. Im Gegensatz zur bis-

herigen Literatur ist unsere Analyse allgemeingültig und analytisch. Dabei

untersuchen wir unterschiedliche Fehlerquellen, wie z.B. imperfekte Ope-

rationen zwischen zwei Quantenbits und fehlerhafte Speicher, und bestim-

men damit die nötigen Vorrausetzungen für lange Dekohärenzzeiten von



Quantenspeichern. Wir wenden die gewonnenen Erkenntnisse auf einen Hy-

bridquantenrepeater an und zeigen so, dass es experimentell möglich ist, mit

diesem Hybridsystem fast-maximal verschränkte Photonenpaare mit einer

Rate um 100 Hz in einem Abstand von 1280 km zu erzeugen.

Mit dem Ziel das System vor unterschiedlichsten Fehlern zu schützen führen

wir darüber hinaus eine Quantenfehlerkorrektur für den Hybridquantenre-

peater ein. Die Methode sieht vor, die Photonenverluste im Kanal, die

kurzen Speicherkohärenzzeiten und die imperfekten Zwei-Quantenbit Ope-

rationen mit Hilfe von redundanten Wiederholungskodierung zu kompen-

sieren, wobei speziell für die letzten beiden Probleme auch komplexere

Ansätze, wie die der Calderbank-Shore-Steane-Kodierung verwendet wer-

den.

Abschließend untersuchen wir im Zusammenhang mit dem Gebiet der Quan-

tenschlüsselverteilung die Übertragungsrate von geheimen Schlüsseln durch

den Quantenrepeater unter Zuhilfenahme des vorher entwickelten Forma-

lismus zur Berechnung der Verschränkungserzeugungsrate.



Abstract

Entanglement is the essence of most quantum information processes. For

instance, it is used as a resource for quantum teleportation or perfectly se-

cure classical communication. Unfortunately, inevitable noise in the quan-

tum channel will typically affect the distribution of entanglement. Owing

to fundamental principles, common procedures used in classical communi-

cation, such as amplification, cannot be applied. Therefore, the fidelity and

rate of transmission will be limited by the length of the channel. Quantum

repeaters were proposed to avoid the exponential decay with the distance

and to permit long-distance quantum communication. Long-distance quan-

tum communication constitutes the framework for the results presented in

this thesis.

The main question addressed in this thesis is how the performance of quan-

tum repeaters are affected by various sources of decoherence. Moreover,

what can be done against decoherence to improve the performance of the

repeater. We are especially interested in the so-called hybrid quantum re-

peater; however, many of the results presented here are sufficiently general

and may be applied to other systems as well.

First, we present a detailed entanglement generation rate analysis for the

quantum repeater. In contrast to what is commonly found in the literature,

our analysis is general and analytical. Moreover, various sources of errors

are considered, such as imperfect local two-qubit operations and imperfect

memories, making it possible to determine the requirements for memory

decoherence times. More specifically, we apply our formulae in the context

of a hybrid quantum repeater and we show that in a possible experimental

scenario, our hybrid system can create near-maximally entangled pairs over

a distance of 1280 km at rates of the order of 100 Hz.



Furthermore, aiming to protect the system against different types of errors,

we analyze the hybrid quantum repeater when supplemented by quantum

error correction. We propose a scheme for combating photon losses in the

channel using repetition codes, as well as for suppressing the effect of fi-

nite memory decoherence times and imperfect two-qubit gates. In the lat-

ter case, we shall also use codes more complex than the repetition codes,

namely, the Calderbank-Shor-Steane codes.

Finally, in the context of Quantum Key Distribution, we analyze the secret

key rates obtainable by the hybrid repeater utilizing the formalism derived

for the entanglement generation rate analysis.
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Notes and abbreviations

Gates

Circuit notation Description Operator notation Action

X Pauli X X |0〉〈1|+ |1〉〈0|

Y Pauli Y Y −i|0〉〈1|+ i|1〉〈0|

Z Pauli Z Z |0〉〈0| − |1〉〈1|

H Hadamard H 1√
2
(X + Z)

•
•

controlled-Z CZ |00〉〈00|+ |01〉〈01|+ |10〉〈10| − |11〉〈11|

• controlled-not CNOT |00〉〈00|+ |01〉〈01|+ |10〉〈11|+ |11〉〈10|

Other circuit elements

Circuit notation Description

quantum wire

classical wire

measurement in a basis determined by context

Z measurement in the Z basis
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1

Introduction

In the first half of the 20th century, the theory of Quantum Mechanics consolidated

itself by explaining a series of phenomena that had confronted physicists since the 19th

century, such as the black-body radiation and the photoelectric effect. The theory

describes the microscopic world with great success, however, it presents neither obvi-

ous nor very intuitive characteristics. For example, the act of measuring a quantum

system provides us with information about it, but may change the physical state in

an unpredictable manner. These properties were the reason to believe that the theory

was incomplete, as was questioned by Einstein, Podolsky, and Rosen in their famous

paper in 1935 [1]. Interesting in this paper is not only that it initiated a debate which

tormented physicists for a long time, but it also pointed to the existence of nonlocal

correlations that arise between quantum systems, nowadays known as entanglement.

The Gedankenexperiment they proposed, also called the EPR paradox, argued that

quantum mechanics could not be a complete and realistic physical theory, due to these

nonlocal properties. It was believed that additional variables should be considered in

the theory to restore realism and locality. However, almost thirty years later, in 1964,

Bell showed very elegantly that a hidden variable theory is incompatible with the sta-

tistical predictions of quantum mechanics [2]. Finally, Aspect and collaborators verified

these predictions with experiments in 1980 [3], confirming the validity of the theory.

In the last decades, with the advent of Quantum Information these strange proper-

ties of the microscopic world have become interesting tools for the processing of infor-

mation and also for the secure communication of information. In the 1970’s Wiesner

pointed out the possibility of using quantum properties of light to achieve uncondi-
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1. INTRODUCTION

tionally secure communication between two distant parties [4]. The area of quantum

cryptography was then later inaugurated by Bennett and Brassard in 1984 with their

famous proposal of a quantum key distribution protocol [5]. In their work, they showed

that in an ideal system, by using quantum particles to distribute a secret key, it is

impossible for an eavesdropper to intercept the communication channel without be-

ing noticed. In 1991 Ekert designed a scheme using entanglement as a resource for a

quantum key distribution protocol [6]. Quantum cryptography is nowadays the most

developed area in the field of quantum information, having even commercial applica-

tions. As an example, the transmission of the votes in a Swiss parliamentary election

on the 21st of October, 2007 was protected using quantum cryptography [7].

In addition, in 1994 Shor proposed a groundbreaking quantum algorithm capable,

in principle, of factorizing large numbers efficiently [8]. The task of factorizing large

numbers was considered until then classically hard to solve, thus, the power of quantum

computation over classical computation for certain problems was demonstrated. More-

over, many classical cryptographic schemes rely on the assumption of the non-existence

of efficient factorizing algorithms, so Shor’s algorithm confirmed the importance of

quantum cryptography. However, the physical implementation of a quantum computer

seemed to be fundamentally limited by the presence of decoherence and loss. This

problem was, in principle, overcome by the proposal of quantum error correction codes

initiated by Shor [9], Steane [10], and Calderbank [11]. Inspired by classical error cor-

rection, the principle of quantum error correction is the use of redundancy by encoding

the information in a larger Hilbert space.

In most quantum information processes, entanglement plays an essential role. It

enables us not only to teleport quantum information [12], but also to achieve perfectly

secure communication [6]. Unfortunately, the quantum channels over which entangle-

ment is distributed are in general noisy. Owing to fundamental quantum principles,

common procedures used in classical communication, such as amplification or copying

[13, 14], cannot be applied and therefore the fidelity of transmission will be limited by

the length of the channel. To avoid the exponential decay with the distance and be able

to perform long-distance quantum communication, quantum repeaters were proposed

[15, 16]. Instead of distributing entanglement over long distances, entanglement will

be generated in smaller segments and a combination of entanglement swapping [17]

2



and entanglement purification [12, 18] enables one to extend the entanglement over the

entire channel. Quantum repeaters are the main subject of this thesis.

There are various promising proposals for implementing quantum repeaters. The

most prominent of these approaches use some heralding mechanism based on single-

photon detection to generate entangled pairs [19, 20, 21, 22, 23, 24]. In these schemes,

typically, high-fidelity entangled pairs are created, while the success probabilities in

the initial entanglement distribution are very low. Different physical systems are used

depending on each approach. For example, there are the quantum repeaters based

on atomic ensembles (the initial proposal appeared in Ref. [19] and based on it other

schemes were proposed and reviewed in Ref. [25]). Moreover, there have been proposals

for the realization of a quantum repeater based on nitrogen-vacancy centers in diamond

[20, 21], as well as on trapped ions [22], and on Rydberg-blockade mechanisms [23, 24].

Alternate schemes, employing bright multiphoton signals, are much more efficient, but

have only modest initial fidelities, since they are more sensitive to photon losses in

the communication channel. As a consequence, these coherent-state-based protocols

require more purification steps [26, 27, 28].

Schemes for practically implementing a quantum repeater are not straightforward,

not even for not too long distances such as a few hundred kilometers. The steps of

entanglement distillation and swapping require advanced local quantum logic, such as

two-qubit entangling gates; furthermore, the typical duration to successfully generate

an entangled pair imposes severe constraints on the quantum memory decoherence

times. Depending on how imperfect these operations are and how short the quantum

memory decoherence time is, the final fidelity may still exponentially decay with the

total distance. Another important issue are the rates at which quantum transmission

succeeds. Assuming that this rate is mainly determined by the channel transmissivity,

the overall transmission rate will also decay exponentially, unless sufficient quantum

memories and/or quantum error detection mechanisms are available.

We study in this thesis how the performance of quantum repeater protocols should

be characterized considering different decoherence mechanisms. We should point out

here that although we use the term decoherence, we are not necessarily concerned about

the system’s coherence. Decoherence is mostly referred here to errors in the system

usually caused by losses. An optical fiber is, typically, assumed to be the transmission

channel, and photon losses its main source of error. Moreover, we considered memory

3



1. INTRODUCTION

imperfections and two-qubit gate imperfections. Furthermore, we combine the idea

of quantum repeaters and quantum error correction, thus enhancing the performance

of the quantum communication in the presence of errors. Finally, we analyze the

performance of long-distance quantum key distribution using quantum repeaters. The

thesis is organized as follows.

In Chapter 2 we provide an overall background of the quantum repeater, presenting

its building blocks, such as the entanglement generation, the entanglement swapping,

and the entanglement purification. We briefly review the original protocol and three

of the most important implementation proposals. We start with the proposal of Duan,

Lukin, Cirac and Zoller using atomic ensembles [19]. We then describe the proposal

of Childress et al. based on solid state photon emitters [20, 21]. Last, but not least,

we present the so-called hybrid quantum repeater scheme, which is the main subject of

research in this thesis.

We proceed by analyzing the performance of quantum repeaters by calculating the

entanglement generation rate in Chapter 3. First, we derive analytically the rate for

a general scheme with deterministic swapping and perfect memories, presenting upper

bounds for the rates. The developed formalism is used to analyze the performance of

the hybrid quantum repeater. Memory imperfections are then included and memory

requirements for different repeater architectures can be established. The content of

this chapter is mainly based on two journal articles (Ref. [29] - N. K. Bernardes, L.

Praxmeyer, and P. van Loock. Rate analysis for a hybrid quantum repeater.

Phys. Rev. A 83, 012323 (2011) and Ref. [30] - L. Praxmeyer, N. K. Bernardes, and

P. van Loock. Memory requirements on distillation-free quantum repeaters

with deterministic swapping. In preparation (2012)). Much of the text, formulas,

and figures of these articles are presented here eventually with some changes. Just to

make clear the contribution of myself and my coauthors to this work. In both papers, L.

Praxmeyer was mainly responsible to deduce the formulas for the distribution function.

I was responsible for the calculations, for the analysis of the results, and for writing

most of the text.

In order to avoid errors caused by decoherence mechanisms in the hybrid quantum

repeater, quantum error correction is included in the protocol in Chapter 4. We begin

by analyzing quantum error correction protecting the entangled state against photon

losses in the channel. Moreover, we also use quantum error correction, more precisely,

4



repetition codes and Calderbank-Shor-Steane codes, to improve the performance of

the hybrid quantum repeater in the presence of memory imperfections and two-qubit

gate errors. The content of Sec. 4.3 appears only in this thesis and has not been

published elsewhere. This piece of work enabled me to contribute to the results by

R. Wickert and P. van Loock in Ref. [31] (R. Wickert, N. K. Bernardes, and P. van

Loock. Entanglement properties of optical coherent states under amplitude

damping. Phys. Rev. A 81, 063344 (2010)). I was responsible for the calculations

and the generation of the plots in Sec. IV of that paper. Furthermore, the content

of Sec. 4.4 is mainly based on Ref. [32] (N. K. Bernardes and P. van Loock. Hybrid

quantum repeater with encoding. arXiv:11053566v2 (2012)).

Chapter 5 presents an analysis of the secret key rate generated in long-distance

quantum key distribution using the hybrid quantum repeater. The content of this

chapter is mainly based on Ref. [33] (S. Abruzzo, S. Bratzik, N. K. Bernardes, H.

Kampermann, P. van Loock, and D. Bruß. Quantum repeaters and quantum key

distribution: analysis of secret key rates. arXiv:1208.2201 (2012)). I was mostly

responsible for the elaboration of Section 4 in that paper.

We conclude in Chapter 6 and give details on the calculation in the appendix.
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2

Quantum repeater

In view of the progresses in the area of quantum information processing, it is reasonable

to expect to extend these processes to long distances. The question that arises then

is, how a quantum state can be distributed over a long distance. Unfortunately, the

quantum channels over which entanglement is distributed, such as optical fibers or

free-space transmission, are in general noisy. In practice, in these applications, the

immediate sources of noise are photon losses, causing the transmission parameter to

decay exponentially with the distance. Assuming a telecom fiber operating in the

optimal wavelength (around 1.5 µm) the losses are 0.2 dB per km. For example, for

an 1 km fiber, the transmission will be 95%. However, for 500 km the transmission

will be already of the order of 10−10, which means that a source of 10 GHz will have

a transmission rate of 1 Hz. For 1000 km this rate drops to 10−10 Hz, which means 1

photon every 300 years!

Common procedures used in classical communication, such as amplification, could

be thought to be used to combat channel losses. However, because of the notorious

no-cloning theorem [13, 14], the impossibility to copy a quantum state makes this

inviable. The problem to distribute entanglement over long distances was then solved

in principle with the proposal of quantum repeaters (QR) [15, 16]. The main idea behind

this proposal is to generate entangled pairs in small segments, connect these segments

doing some entanglement swapping [17] operation, and, to combat the decoherence

during these operations, use entanglement purification [12, 18].

The technique to entangle particles which did not interact before or shared any

common past was called as entanglement swapping by Żukowski, Zeilinger, Horne, and

7



2. QUANTUM REPEATER

Ekert in Ref. [17]. Imagine an entangled state is distributed between system A and B

and also between systems C and D. Żukowski et al. showed that measuring systems B

and C in a basis of entangled states renders the state between systems A and D also

entangled.

0 1 32 2n-1..... 2n

.....
L0

.....

entanglement 
swapping

L

.....

4

...
..

Figure 2.1: Idealized quantum repeater. A total distance L is divided in 2n segments

with length L0 = L/2n. Initially, entanglement is generated between neighboring re-

peater stations. The qubits at the intermediate stations are then connected. Finally,

entanglement over the entire distance L is obtained.

Entanglement swapping will be then one of the most important pieces in the ar-

chitecture of the QR. A total distance L is divided in 2n segments, each of length

L0 = L/2n. First, entanglement is generated between adjacent nodes. Then these

segments are connected, extending the entanglement from L0 to 2L0. This step, in

principle, is performed many times, until the terminal nodes, separated by L = 2nL0

are entangled, see Fig. 2.1. Important to notice here is that in order to realize the con-

nection, one has to know that entanglement has been generated, thus, entanglement

has to be created in a “heralded” fashion. We could try to create locally an heralded

entangled pair and then send it over the elementary distance L0, but this means that

we will have to be able to detect when the photon has arrived at the other side without

disturbing the entanglement. Another more practical approach is to generate entan-

glement “at a distance”. For example, we could entangle two atoms A and B with a

photon that was emitted by one of the atoms. By detecting the photon, we will be able

to know that atoms A and B are entangled.

8



Moreover, another important requirement in the QR protocol is the ability to use

quantum memories. Under the typical assumption that the entanglement distribution

and swapping steps can be probabilistic, it will be crucial to be able to store the success-

fully generated entangled pairs for a sufficient amount of time. Here we should briefly

point out that the time scale in which an entangled pair can be successfully generated

imposes severe constraints on the quantum memory decoherence time. Imagine that for

a distance of 20 km the minimum time required for classical communication between

two extremes is at least 10−4 s, and consider that typical quantum memories (in par-

ticular, electronic spin) have a decoherence time of hundreds ms, then it is clear that

quantum memories will be a limiting factor for the QR. If quantum memories are not

available, this structure receives the name of a quantum relay. Indeed, it was demon-

strated that long-distance quantum communication based on quantum relay presents

advantages over a scheme with only direct transmission [34, 35].

Also to be considered is the fact that both swapping operations and the initial en-

tangled state can be imperfect. Entanglement purification [12, 18] is needed to combat

then decoherence presented in the scheme. In the original scheme from Briegel et al.

[15], the QR is structured in a nested purification protocol (NPP). First, in the first

nesting level, entanglement is distributed over the elementary distance L0, and with

the help of at least one more entangled state per segment, these pairs will be purified.

After this, 2n−1 swapping operations will occur between neighboring pairs, completing

the first nesting level. Due to imperfections in the state and in the operations, in the

next nesting level, purification is realized before the next swapping operations occur.

Although the NPP succeeds in generating high fidelity long-distance entangled pairs,

the requirement on purification in every nesting level, and consequently, the generation

of at least two entangled pairs per segment, will render the scheme very slow.

In fact, there are many different proposed schemes for the implementation of a

quantum repeater. Some heralding mechanism based on single-photon detection to

generate entangled pairs is the essence of the majority of these approaches [19, 20, 21].

In these schemes, typically, high-fidelity entangled pairs are created at the expanse of

very low success probabilities in the initial entanglement distribution. On the other

hand, there are the schemes based on bright multiphoton signals [26, 27, 28]. These

coherent-state-based protocols generate entangled pairs with modest initial fidelity,

but with high success probabilities. In this chapter, we first briefly review the building

9



2. QUANTUM REPEATER

blocks of a QR [12, 17, 18] and the QR original scheme [15, 16]. Following this, we

briefly review some of the most important proposals and we describe in more detail the

main subject of research of this thesis, which is the hybrid quantum repeater (HQR)

scheme.

2.1 Entanglement swapping

a) b)

Figure 2.2: a) Particles involved in the swapping process. b) Circuit for the Bell-state

measurement.

The term entanglement swapping appeared for the first time in Ref. [17] and its

basic tool is a Bell-state measurement (BM) operation. Imagine that systems A and B

share an entangled state, as well as systems C and D. A Bell measurement on qubits

B and C results in an entangled state between qubits A and D, as shown in Fig. 2.2

a). There are different ways to realize the BM. Some schemes can be implemented

using single-photon detectors and ordinary linear optical elements as waveplates and

beam splitters [36]. However, these are not able to do a complete BM, i.e., none of

these schemes can provide an unambiguous discrimination of all four Bell states. For

example, the commonly used scheme from Ref. [37] is able to discriminate two of the

four Bell states, but returns a degenerate result for the two others, achieving then a

success rate of 50%. In principle, schemes based on nonlinear optics [38] or based on

entanglement as an auxiliary degree of freedom [39] can achieve a complete BM. As a

quantum circuit, the complete BM can be implemented through the circuit represented

in Fig. 2.2 b). A controlled-NOT (CNOT) operation occurs between the qubits B and

C, and after this, qubit B is measured in the X-basis (+/–basis) and qubit C in the

Z-basis (0/1-basis).

10



2.2 Entanglement purification

Figure 2.3: Particles involved in the purification process.

2.2 Entanglement purification

The idea of entanglement purification is to distill a few copies of perfect entangled

states out of many imperfect pairs. We will review in the following sections the two

most common schemes appearing in the literature [18, 40]. Important to say here is that

both schemes in their original form assume perfect measurements and operations. A

detailed analysis how imperfections will affect these schemes can be found in Ref. [16].

2.2.1 Scheme of Bennett et al.

The purification scheme from Refs. [40, 41] starts with two copies (see Fig. 2.3) of the

following Werner state

ρ̂ = F |φ+〉〈φ+|+
(

1− F
3

)
(|ψ−〉〈ψ−|+ |ψ+〉〈ψ+|+ |φ−〉〈φ−|), (2.1)

where |φ±〉 = (|00〉 ± |11〉)/
√

2 and |ψ±〉 = (|01〉 ± |10〉)/
√

2. Local operations are

applied at the particles on the same end of the pairs. To make it clearer, imagine that

the total state is ρ1234 = ρ12⊗ρ34, then two CNOT operations, CNOT13 and CNOT24,

act on the state ρ1234. After this, a measurement on qubits 3 and 4 in the Z-basis is

performed. If the particles are measured in the same state (00 or 11), the remaining

state is retained. If the outcomes do not coincide, the remaining pair is discarded.

To apply this protocol recursively, one has always to be able to transform the purified

state in the form of the state from Eq. (2.1). For this, a depolarization operation can

be applied.

2.2.2 Scheme of Deutsch et al.

Different from the Bennett et al.’s scheme, the scheme proposed by Deutsch et al. in

Ref. [18] starts with a general mixture of the four Bell states as

ρ̂ = A|φ+〉〈φ+|+B|φ−〉〈φ−|+ C|ψ+〉〈ψ+|+D|ψ−〉〈ψ−|. (2.2)

11
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The protocol works as follows. Alice performs on each of her qubits (1 and 3) a unitary

operation

|0〉 → 1√
2

(|0〉 − i|1〉), (2.3)

|1〉 → 1√
2

(|1〉 − i|0〉); (2.4)

and Bob performs the inverse operation on his qubits (2 and 4)

|0〉 → 1√
2

(|0〉+ i|1〉), (2.5)

|1〉 → 1√
2

(|1〉+ i|0〉). (2.6)

Alice performs a CNOT operation on her qubits (CNOT13), and so does Bob on his

qubits (CNOT24). Both measure the target qubit in the Z-basis and similar to the

previous scheme, if the outcomes coincide, they keep the remaining pair, otherwise it

is discarded.

Assuming that we want to purify two identical states of the form of Eq. (2.2), after

the operations described above and considering that the measured results on the target

qubits coincide, the new coefficients of the resulting states are given by

A′ = A2+D2

N , B′ = 2AD
N , C ′ = B2+C2

N , D′ = 2BC
N , (2.7)

where N = (A+D)2 + (B+C)2 is the probability that Alice and Bob obtain the same

measurement results on the target qubits.

2.3 QR including entanglement purification

A scheme for quantum communication possible to implement, i.e. in the presence

of realistic noisy channels, encounters a huge obstacle. The error probability scales

exponentially with the length of the channel. To overcome this limitation, one may

think, similar to fault tolerant quantum computing, to use quantum error correction.

However, as can be seen in Ref. [42], the tolerance to local errors is very small in such

schemes (error probabilities for transmission should be less than 10−2 and for local

operations less than 5× 10−5). As mentioned before, the solution then, in principle, is

to use a scheme, where the central idea is to connect entangled pairs distributed over

small segments by using a nested purification protocol [15, 16].

12



2.3 QR including entanglement purification

Why is a nested purification protocol in principle necessary? Imagine we create N

entangled pairs1 over segments with distance L0 and fidelity F1. We then connect these

pairs by making an entanglement swapping operation between neighboring stations

(each repeater node owns two repeater stations or half nodes). Due to generation

of imperfect entangled pairs and to imperfect operations involved in the connection

process, the fidelity F ′ of the resulting pair after each connection will decrease. Both

effects lead to an exponential decrease of the final fidelity FN with the number of

segments N . Possibly, the final fidelity will become so small that purification cannot

be of any help. We should then connect a smaller number K < N of pairs, so that the

resulting fidelity FK still makes purification possible.

In the nested purification protocol, we start in a similar way as before. But instead

of connecting all entangled pairs at once, we connect all repeater stations aside from

K, 2K, ..., N − K. For simplicity, we assume N = Kn for some integer n. We purify

then these entangled states, in a parallel fashion, using M auxiliary pairs, increasing

the fidelity in each segment to something ≥ F1. The number of copies M depends

on the initial fidelity, the fidelity after swapping, and the fidelity and probability of

success of the purification operation. Up to this point, the total number of elementary

pairs used is KM . In the next level of the protocol, we connect all the entangled pairs,

except those in repeater nodes K2, 2K2...N − K2. Again, we need M parallel copies

of these long pairs to purify each segment to a fidelity of ≥ F1. This means that for

each M long pairs, we need in fact KM elementary pairs, such that the total number

of pairs is (KM)2. We repeat the same procedure for the next nesting levels, until

we reach the n-th nested level, where an entangled pair is distributed over the whole

distance between A and B with fidelity ≥ F1. Following the same way of thinking

as before, we conclude that the total number of elementary pairs necessary for this is

(KM)n. We can reexpress this value as (KM)n = N logKM+1, and then it is clear that

the resources grow polynomially with N , and consequently, grow polynomially with the

distance. In summary, the NPP avoids the exponential decrease of the fidelity with the

distance, using a protocol where the resources needed increase only polynomially with

the distance.

1Here we decided to treat the number of the initial entangled pairs as N , instead of 2n. The

reason for this is that in the original scheme of Briegel et al. [15], entangled pairs were not necessarily

connected in pairs.
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2.4 Implementations

After introducing the original protocol for the QR, in this section, we present different

schemes that can, in principle, implement the original protocol.

2.4.1 QR based on atomic ensembles and linear optics

There ate many reasons that make the proposal by Duan, Lukin, Cirac, and Zoller

(DLCZ) [19] one of the most influential proposals for a QR. In this scheme, atomic

ensembles are used as a quantum memory and linear optics techniques in combination

with photon counting are used to perform the required operations. Entanglement

swapping is probabilistic, and entanglement purification is, to some extent, built-in.

This leads to a scheme which provides high-fidelity final entangled states, however,

with fairly low generation rates. The use of atomic ensembles instead of single quantum

systems such as individual atoms or ions makes it much easier to achieve a strong and

controllable coupling between quantum information carrier photons and the cloud of

identical atoms, due to the collective effects related to the large number of atoms. All

this is compatible with current technology and, therefore, makes the scheme particularly

attractive.

After the DLCZ paper, many other proposals with improvements over the original

scheme were published. Here, in this section, we restricted ourselves to describe only

the scheme from Ref. [19], while we recommend the review paper [25] for more details.

2.4.1.1 Entanglement generation

The basic ingredient of the scheme is a Λ-type system, as described in Fig. 2.4, with

metastable ground states |g〉 and |s〉, and excited state |e〉. All NA identical atoms

are initiated in the ground state |g〉. An off-resonant laser pulse on the |g〉 → |e〉
transition (the write pulse) induces Raman transitions into the state |s〉. This photon

will be denoted as Stokes photon. In the far-field, considering that is not possible to

distinguish which atom changed the state, the Stokes photon detection results in an

atomic state which is a coherent superposition of all the possible terms with NA − 1

atoms in |g〉 and one atom in |s〉,

1√
NA

NA∑
k=1

ei(kw−kS)xk |g〉1|g〉2...|s〉k...|g〉NA , (2.8)

14



2.4 Implementations

where kw and kS are the k wave vector of the write laser and the detected Stokes

photon, respectively; xk is the position of the k-th atom.

a) b)

Figure 2.4: Set-up for entanglement generation. a) Basic level structure of atoms in

the ensemble; |g〉 is the ground state, |s〉 is the metastable ground state, and |e〉 the

excited state. All atoms are initiated in the ground state |g〉. A laser pulse off-resonantly

excites the |g〉 → |e〉 transition, enabling a Stokes photon to be emitted by the |e〉 → |s〉
transition. b) Schematic set-up to generate entanglement between distant ensembles

A and B. Two ensembles are simultaneously illuminated by the classical pulse. The

scattered Stokes photons after the channel are combined in a 50:50 beam splitter (BS),

with the outputs detected in single photon detectors. A click in one of the detectors

allows us to guarantee the creation of an entangled pair.

For practical reasons, it is important to notice that the collective excitations can

be read-out very efficiently by converting them into single photons that propagate in a

well defined direction, due to collective interference [19]. Illuminating the sample with

a resonant laser pulse on the |s〉 → |e〉 transition (the read pulse) creates an analogous

state with NA− 1 atoms in |g〉 and one delocalized excitation in |e〉, but with an extra

phase eikrx
′
k , where kr is the k vector of the read laser and x′k is the position of the

k-th atom at the time of the readout.

An anti-Stokes (AS) photon on the transition |e〉 → |g〉 will be emitted if this state

decays to the initial state |g〉⊗NA . The total amplitude for this process is proportional

to
NA∑
k=1

ei(kw−kS)xkei(kr−kAS)x′k . (2.9)

If the atoms are at rest (xk = x′k for all k), constructive interference will occur always

when the phase matching condition −kw+kS = kr−kAS is satisfied, resulting in a very

large probability amplitude for the emission of the anti-Stokes photon in the direction
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given by kw + kr − kS .

So far, we concentrated our attention on the single Stokes photon emission case.

However, since an ensemble of atoms is available, there is also the probability of emitting

two or more single photons by the creation of the same number of atomic excitation in

|s〉. The Hamiltonian describing this process will be [19, 43]

Ĥ = ~χ(â†ŝ† + âŝ), (2.10)

where χ is the coupling constant that depends on the laser Rabi frequency, the atom-

field coupling constant, the number of atoms, and the detuning; â† (â) is the creation

(annihilation) operator for a Stokes photon, and ŝ† (ŝ) is the creation (annihilation)

operator for an atomic excitation in |s〉. The action of shining a short off-resonant laser

pulse on atoms prepared in the ground state, after some calculation (see supplementary

material from Ref. [19]), becomes

e
−iĤt

~ |0〉a|0〉p =
1

cosh(χt)
e−i tanh(χt)â†ŝ† |0〉a|0〉p

=
1

cosh(χt)

∞∑
m=0

(−i)m tanhm(χt)|m〉a|m〉p, (2.11)

where |0〉a ≡ ⊗i|g〉i and |0〉p are the atomic and photonic vacuum states, respectively.

If we assume that the light-atom interaction time is short, so that the value χt is small,

this state can be expanded in the following form

|0〉a|0〉p −
1

2
(χt)2|0〉a|0〉p − i(χt)|1〉a|1〉p + (χt)2|2〉a|2〉p +O((χt)3), (2.12)

where O((χt)3) represents the terms with more than two atomic excitations.

Let us present how this procedure will be used to create entanglement between two

distant locations A and B, as in Fig. 2.4. First, consider that there is one ensemble

at each location and that two laser pulses excite both ensembles simultaneously. The

corresponding state can be described as [19](
1 +

√
p

2
(ŝ†Aâ

†eiφa + ŝ†B b̂
†eiφb) +O(p)

)
|0〉, (2.13)

where p/2 = (χt)2 and |0〉 is the vacuum state for all modes and atoms. The bosonic

operators â (b̂) and ŝA (ŝB) are assigned to the Stokes photon and to the atomic

excitation from the location A (B), respectively. The phase of the pump laser at the

ensemble A (B) is assigned by φa (φb).
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The Stokes photons are combined at a beam splitter, and the detection of a single

photon in either D1 or D2 projects the state into the entangled state given by

|ψ+
AB〉 =

1√
2

(ŝ†A + eiφŝ†B)|0〉a,A|0〉a,B,

=
1√
2

(|0〉a,A|1〉a,B + |1〉a,A|0〉a,Beiφ), (2.14)

where φ is the phase difference between Stokes photons from A and B. The state |1〉a,B
represents the state where one single atomic excitation has been stored, similar to the

states in Eq. (2.8).

2.4.1.2 Entanglement swapping and purification

Once entanglement has been created, one should be able to connect these entangled

pairs in order to distribute entanglement over the whole distance. The scheme for

entanglement swapping is in fact very similar to the one of entanglement generation.

Imagine pairs AB and CD, both sharing an entangled state |ψ+
AB〉 and |ψ+

CD〉 in the

form of Eq. (2.14), respectively. A strong resonant light pulse will be used to convert

back the excitation stored in the ensemble B and C. Again these two anti-Stokes

photons are combined at a beam splitter, and a click of one of the detectors placed

after the beam splitter will project the state into

|ψ+
AD〉 =

1√
2

(ŝ†A + eiφŝ†D)|0〉a,A|0〉a,D (2.15)

In the presence of noise this state changes to1

ρ̂AD =
1

c0 + 1
(c0|0〉AD〈0|+ |ψ+〉AD〈ψ+|). (2.16)

where the “vacuum” coefficient c0 depends on the memory efficiency and on the detector

efficiency. It is possible to show that every time an entanglement swapping operation

takes place, the factor c0/(c0 + 1) increases only linearly with the distance. This avoid-

ance of the exponential increase of the vacuum component with the distance explains

why the DLCZ is a scheme considered to have built-in entanglement purification. In-

deed, there are many proposals to improve the original scheme; Refs. [44, 45, 46] present

a protocol where entanglement swapping is based on two-photon detection, which leads

to a constant vacuum component. Moreover, in a scheme based on heralded qubit

amplifiers [47], this vacuum component can be even avoided.

1For more details, see the original paper of Ref. [19]
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2.4.2 QR based on solid state photon emitters

Although the DLCZ protocol presented in the preceding section contains an intrinsic

purification scheme to protect the state against photon losses, it does not offer protec-

tion against more general errors such as those caused by dynamical phase fluctuations.

A fully fault-tolerant proposal of these scheme will be experimentally extremely de-

manding. Another proposal [20, 21], which is fully fault-tolerant, relies on a solid-state

environment, where the QR can be implemented using the electronic and nuclear de-

grees of freedom in single-photon emitters. A cavity is not essential in this proposal

and each repeater node is constituted by only two qubits, making the scheme very prac-

tical for implementation. The nuclear spin degree of freedom is used to store quantum

information while the electronic spin is used for communication with the neighboring

nodes. Nitrogen-vacancy centers in diamond are a promising possibility for the imple-

mentation of the protocol, however, it can also be applied to other solid-state physical

systems such as single quantum dots. How this protocol works will be explained in

more detail in the following section.

2.4.2.1 Entanglement generation

A generic electronic level structure is presented in Fig. 2.5 a). The proposal relies on

light scattered between states |0〉 and |e〉 (optical transition). Because of the large

detuning between the optical transition and the transition |1〉 → |e〉, this transition

will be weakly excited when a laser is applied in resonance with the optical transition.

Moreover, the electronic spin state labeled by |0〉 is the state with spin angular momen-

tum along the symmetry axis equals to zero (Ms = 0). In this case, the energy of this

state is independent of the nuclear state, resulting in the optical transition between |0〉
and |e〉 being disentangled from the nuclear spin state.

Initially, each electronic spin placed in distant repeater stations is prepared in the

superposition state (|0〉+ |1〉)/
√

2, so that the total initial state is

|ψini〉 =
1

2
(|00〉+ |11〉) +

1

2
(|01〉+ |10〉). (2.17)

By detecting a scattered photon, we can exclude the component |11〉, since there

is no light scattered by the state |1〉. If the electronic spin is in the state |0〉, it will

work as a mirror, reflecting the light. Combining the output results in a balanced
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a) b)

Figure 2.5: Set-up for entanglement generation. a) Basic level structure of atoms in

the ensemble. b) Schematic set-up to generate entanglement between distant systems

1 and 2. Emitters 1 and 2 work as a conditional mirror depending on the electronic

spin state. The scattered photons (a1 and a2) are combined in a beam splitter. By

the proper arrangement of the set-up, if detector D+ clicks, two photons were emitted,

meaning that both emitters are in the state |00〉. If detector D− clicks, one photon

was scattered by one of the emitters, resulting in the post-selected entangled state

(|01〉+ |10〉)/
√

2.

interferometer, as in Fig. 2.5, we can arrange it, so that when detectors D+ clicks we

know that the scattered photons came from the component |00〉. On the other hand,

if detector D− clicks, it could only be caused by the states |01〉 and |10〉, producing an

entangled state (|01〉+ |10〉)/
√

2.

Interferometer stabilization and balance over tens of kilometers impose a challenge

on the scheme; nevertheless, recent experiments demonstrated a stabilization over ∼ 10

km [48].

2.4.2.2 Entanglement swapping and purification

After generating entanglement between the electronic spins, this state should be stored

in a nuclear spin state using the hyperfine interaction, because nuclear spins have

decoherence time of orders of magnitude bigger than electronic spins. The electron

spins are then used for the swapping operation. As mentioned before, for the swapping

operation usually a two-qubit operation is necessary; this operation will be realized
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by utilizing the hyperfine coupling of electronic and nuclear spins [49]. The electronic

qubits function as ancilla qubits, and the result of the Bell state measurement on

these qubits reveal the necessary local operations required to bring the nuclear spin

qubit states into the desired state. The swapping is implemented deterministically by

combining optical detection of individual electronic spin states and effective two-qubit

operations associated with the interaction between electronic and nuclear spins [21].

Active purification is required to achieve long-distant entanglement in the pres-

ence of errors. Nevertheless, following the purification protocols from Ref. [18], the

operations necessary here are the same to those introduced for entanglement swapping.

2.5 Hybrid Quantum Repeater

We presented in Secs. 2.4.1 and 2.4.2 quantum repeater protocols that produce long-

distant entangled states. However, in both schemes the initial success probabilities to

distribute an entangled pair are very small, resulting in very low communication rates.

On the other hand, the quantum repeater proposal of Ref. [26], presented now in this

section, is able to generate entangled pairs with high success probability, though at

the expense of modest initial fidelity. In this scheme, the resulting entangled pairs are

discrete atomic qubits, but the probe pulse is a coherent-state pulse. Therefore, the

name hybrid : the scheme does not only utilize atoms and light, but also discrete and

continuous quantum variables at the same time.

2.5.1 Entanglement generation

In a hybrid quantum repeater scheme, the entanglement distribution mechanism is

based on dispersive light-matter interactions, described by the Jaynes-Cummings in-

teraction Hamiltonian in the limit of large detuning. More details about this Hamilto-

nian can be found in Appendix A.1. This interaction will occur between an electronic

spin inside a cavity and a bright coherent pulse (probe pulse). The electronic-spin sys-

tem can be obtained by trapping single electrons in quantum dots [50] or via neutral

donor impurities in semiconductors [51].1 The interaction leads to a conditional phase-

rotation of the field mode, Ûint = ei(θ/2)Ẑâ†â, where θ is an effective interaction time,

Ẑ is the qubit Pauli-Z operator and â (â†) is the annihilation (creation) operator of

1In the rest of this thesis we will refer to such an electronic system simply as an atom.
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the electromagnetic field mode. The parameter θ is given by θ = 2χt, where χ = g2/∆

describes the strength of the atom-light coupling with g the vacuum Rabi frequency

and ∆ the detuning between the dipole transition and the light field. Using a coherent

state |α〉 as the probe beam and an atom in a cavity (i.e., a two-level system or a

Λ-system as an effective two-level system) prepared in the superposition state |0〉+|1〉√
2

,

the total output state will be ideally described as

Ûint

[
|0〉+ |1〉√

2
|α〉
]

=
|0〉|αeiθ/2〉+ |1〉|αe−iθ/2〉√

2
. (2.18)

This interaction enables one to generate an entangled two-qubit state. First, we let

a bright coherent-state pulse, the so-called qubus, denoted as system B, interact with

an atomic qubit superposition state, denoted as system A, resulting in the state from

Eq. (2.18). The coherent state is then sent through a lossy channel and interacts in a

second cavity with system C (also prepared in a superposition state), this time with

a sign-flipped controlled rotation compared to Eq. 2.18.1 This results in an entangled

state between the two qubits (systems A and C) and the probe beam (system B), as

shown in Fig. 2.6. The corresponding state is given by [28]

µ2
E |Φ+〉〈Φ+|+ (1− µ2

E)|Φ−〉〈Φ−| (2.19)

where

|Φ+〉 =
1√
2
|√ηα〉B|φ+〉AC +

1

2
eiηξ|√ηαe−iθ〉B|10〉AC +

1

2
e−iηξ|√ηαeiθ〉B|01〉AC ,

|Φ−〉 =
1√
2
|√ηα〉B|φ−〉AC −

1

2
eiηξ|√ηαe−iθ〉B|10〉AC +

1

2
e−iηξ|√ηαeiθ〉B|01〉AC .

Photon losses in the channel are described by a beam splitter which transmits, on

average, η photons, ξ ≡ α2 sin θ, and µE =
[
1 + e−(1−η)α2(1−cos θ)

]1/2
/
√

2, assuming

α ∈ R. Considering a standard telecom fiber, where photon loss is assumed to be

0.17 dB per km, the transmission parameter will be η(l, Latt) = e−l/Latt , where l is the

transmission distance and the attenuation length is assumed to be Latt = 25.5 km.

Measuring the state of the qubus mode allows one to prepare a two-qubit entangled

state. One way to achieve this final step is through homodyne detection (see Fig. 2.6).

This is a very efficient and practical way, but the final fidelities are fairly low (e.g.

F < 0.8 for 10 km). Another, slightly less practical way, but with a considerable

1This −θ controlled rotation can be achieved by a bit flip on the matter qubit.
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Figure 2.6: Homodyne measurement scheme to conditionally distribute the entangled

state in the hybrid quantum repeater [26].

improvement in the final fidelities, is the approach based on unambiguous state dis-

crimination (USD). High initial fidelities can then be achieved at the expense of lower

entanglement generation rates. In general, using the USD measurement, fidelities can

be tuned in the whole range 0.5 < F < 1 for any given elementary distance L0, with

correspondingly smaller success probabilities for larger fidelities. In any case, the USD

approach gives us ultimate bounds on the performance of the entanglement genera-

tion procedure, when the quantum mechanically optimal USD is considered [28, 52].

Both approaches (homodyne and USD) will be described in more detail in the following

sections.

2.5.1.1 Homodyne state preparation

The state from Eq. (2.19) is represented in phase space as shown in Fig. 2.7. By

measuring the p-quadrature (the quadrature in the imaginary axis in the phase space)

between −pc and pc the desired entangled state will be postselected. The momentum

quadrature operator is defined as p̂ = (â−â†)/2i. The most common way to measure the

quadrature of a electromagnetic field (usually called homodyne measurement) consists

of interfering the field α with an intense coherent field αLO, also called as the local

oscillator (LO) [53], as shown in Fig. 2.6. Utilizing a 50:50 beam splitter, two outputs

â1 and â2 are observed, which are related to the input field as

â1 =
â+ âLO√

2
and â2 =

â− âLO√
2

. (2.20)
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Figure 2.7: Illustration of the Wigner function of the state in Eq. 2.19 in phase space.

On the right is the same function integrated over x. The components |01〉 and |10〉 are

±θ rotated, with their centers displaced by
√
ηd. However, states |00〉 and |11〉 do not

accumulate any rotation after the interactions, so if p is measured between −pc and

+pc, this subspace is approximately post-selected.

The detectors will measure the intensity of the field and this is proportional to the

square of the absolute value of the field’s amplitude. In this way, the operators repre-

senting the quantities to be measured are

Î1 =
(â+ âLO)(â† + â†LO)

2
and Î2 =

(â− âLO)(â† − â†LO)

2
. (2.21)

If the difference of both intensities is taken, one has

Î− = Î1 − Î2 = ââ†LO + â†âLO = |αLO| (âeiθ + â†e−iθ). (2.22)

We assumed that the local oscillator is an intense and coherent beam, such that we can

describe it classically. Therefore, we may substitute the operator âLO by the complex

amplitude αLO, âLO → αLO = |αLO| eiθ. Consequently, by choosing θ = π/2, we can

measure the momentum quadrature p̂.

After the homodyne measurement, the state from Eq. (2.19) is conditionally pre-

pared in an unnormalized state ρ̂C(p), which depends on the measurement result p,
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with the diagonal elements [26]:

〈φ±|ρ̂C(p)|φ±〉 = |C0(p)|2(1± e−γ)/4, (2.23)

〈ψ±|ρ̂C(p)|ψ±〉 = (|C1(p)|2 + |C−1(p)|2)/8± e−γRe[e−iηξC1(p)C∗−1(p)]/4,

where γ = (1 − η)α2(1 − cos θ), and Cs(p) ≡ Gs(p)Ks(p), s = 0,±1, is a Gaussian

amplitude function with Gs(p) = (2/π)1/4e−(p−sd)2
and the phase factors K0(p) =

e−2i
√
ηαp, Kr(p) = e−i

√
ηα cos θ(2p−rd), with r = ±1 and d ≡ √ηα sin θ. The parameter d,

as shown in Fig. 2.7, refers to the distinguishability between the rotated and not-rotated

components of the state. We could try to arbitrarily increase this parameter d to avoid

the undesired overlap between the components, but, as can be observed in Eq. (2.23),

this will make the damping factor γ also increase arbitrarily, thus decohering the state.

So, there is a trade-off in this scheme between distinguishability and decoherence. We

could also try to make the measurement window, |p| < pc, very small, but then the

probability of success would also decrease, as can be seen below. The probability of

success is given by [26]

Ps = Tr

∫ +pc

−pc
dpρ̂C(p) =

erf(b0)

2
+

erf(b1)

4
+

erf(b−1)

4
, (2.24)

where bs ≡
√

2(pc + s
√
ηd). The average fidelity of the postselected state is [26]

F =
1

Ps

[∫ +pc

−pc
dp〈φ+|ρ̂C(p)|φ+〉

]
=

erf(b0)(1 + e−γ)

2erf(b0) + erf(b1) + erf(b−1)
. (2.25)

2.5.1.2 Unambiguous state discrimination

In the USD approach, one must be able to distinguish between the state |√ηα〉 and

the set of states {|√ηαeiθ〉, |√ηαe−iθ〉}. The fidelity between these two density oper-

ators gives a lower bound to the failure probability (the probability for obtaining an

inconclusive measurement outcome),

P? ≥
√
〈√ηα|ρ̂|√ηα〉, (2.26)

where

ρ̂ =
1

2
(|√ηαeiθ〉〈√ηαeiθ|+ |√ηαe−iθ〉〈√ηαe−iθ|).

This leads to an optimal (minimal) failure probability [28]

P opt? = e−ηα
2(1−cos θ). (2.27)
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By looking at Eq. (2.19), it is possible to establish a connection between the fidelity

of the successfully created entangled pair (a rank-2 mixture of the |φ±〉 Bell states

for an error-free identification of the state |√ηα〉) and the optimal failure probability.

Considering that µ2
E ≡ F , i.e.,

F =
1 + e−(1−η)α2(1−cos θ)

2
, (2.28)

this failure probability will be given by [28]

P opt? = (2F − 1)η/(1−η), (2.29)

and, consequently, the optimal upper bound for the success probability to generate an

entangled pair is [28]

P opts = 1− (2F − 1)η/(1−η). (2.30)

Figure 2.8: Schematic diagram for the entanglement generation by means of the USD

measurement following [52]. Alice prepares a pulse in a coherent state |α〉a. This

interacts with her qubit and is sent to Bob with the local oscillator (LO). Bob re-

ceives in mode b1 the state |√ηα〉b1 and produces from the LO with a beam splitter

a second probe pulse |√ηtα〉b2 in mode b2 which interacts with his qubit. He further

applies a 50:50 beam splitter to the pulses in modes b1 and b2, and a displacement

D̂(−
√

2ηα cos θ/2) = e−
√

2ηα cos θ/2(â†−â) to the pulse in mode b4. The entangled state

is conditionally generated depending on the results of detectors D1 and D2.

A practical implementation of a suboptimal USD measurement based upon linear

optics and photon detection can be found in Ref. [28]. A protocol for implementing

the optimal USD also using linear optical elements and photon detectors is given in
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Ref. [52] and is represented in Fig. 2.8. The total state before the detector measurements

is described by [52]

ρ̂A,B,b3,b5 = µ2
E (|0〉b3(|00〉AB|β〉b5 + |11〉AB| − β〉b5)/2

+|0〉b5(|01〉AB| − β〉b3 + |10〉AB|β〉b3)/2)×H.c.+

(1− µ2
E) (|0〉b3(|00〉AB|β〉b5 − |11〉AB| − β〉b5)/2

+|0〉b5(|01〉AB| − β〉b3 − |10〉AB|β〉b3)/2)×H.c., (2.31)

where H.c. stands for the Hermitian conjugate of the previous term, A (B) represents

the qubit at Alice’s (Bob’s) side, b3 is the coherent-state mode arriving at the detector

D1, b5 is the coherent-state mode arriving at the detector D2, and β = i
√

2η sin (θ/2)

(see Fig. 2.8). The probability of error caused by photon losses in the transmission

channel is given by (1 − µ2
E), with µE defined in Eq. (2.19). It is possible to observe

from Eq. (2.31) that whenever Bob detects a click in either one of the detectors D1 or

D2, an entangled state has been distributed between qubits A and B.

2.5.2 Entanglement purification and swapping

Using the same light-matter interaction as presented in the preceding section, one can

perform entanglement swapping and entanglement purification. In both cases, local

two-qubit gates are needed. Following Ref. [54], a measurement-free, deterministic

controlled-phase gate can be achieved with a sequence of four conditional displacements

of a coherent-state probe interacting with the two electronic spins. More specifically, by

appropriate choice of β1 and β2 (β1β2 = π/8), up to a global phase and local unitaries,

the total unitary operator representing the controlled-phase gate is

Ûtot = D̂(iβ2Ẑ2)D̂(β1Ẑ1)D̂(−iβ2Ẑ2)D̂(−β1Ẑ1). (2.32)

Here the operator D̂(β) = eβâ
†−β∗â describes a phase-space displacement of the probe

by β. Remembering that D̂(β1)D̂(β2) = eiIm(β1β∗2 )D̂(β1 + β2), Eq. (2.32) can then be

rewritten as

Ûtot = e2iRe(β∗1β2)Ẑ1Ẑ2 . (2.33)

By choosing β1β2 = π/8, an initial two-qubit state, c1|00〉+ c2|01〉+ c3|10〉+ c4|11〉, is

transformed under the action of Ûtot into

e−iπ/4Û ⊗ Û(c1|00〉+ c2|01〉+ c3|10〉 − c4|11〉), (2.34)
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where Û ≡ ei(π/4)Ẑ . Thus, a controlled-Z (CZ) gate is obtained up to a global phase

and local unitaries.1

It can now be shown that the sequence of Eq. (2.32) can be exactly achieved through

uncontrolled displacements and controlled rotations of the probe via the same Jaynes-

Cummings-type interaction as used for the entanglement generation as described in

Sec. 2.5.1 [54]. Another scheme to obtain a two-qubit gate is proposed in Refs. [26, 27].

Although in this scheme fewer conditional operations are needed, making it less sensitive

to losses, even without losses, a small amount of decoherence is introduced due to the

remaining entanglement between the probe and the spins after the gate operation.

This decoherence effect depends on θ and on the initial probe state, and scales with

αθ2 (for an initial coherent-state probe with amplitude α), thus becoming negligible

for sufficiently small θ (typically θ 10−2) and αθ ∼ 1. In the analysis presented here

we shall employ the scheme as that of Ref. [54] for the controlled-Z gate. Not only is

this proposal more versatile compared to that of Refs. [26, 27] (it does not depend on

θ), but it also has a simpler loss dependence. This enables us to give analytical results

even for the general lossy case, as opposed to the numerical analysis of Ref. [27].

Single-qubit rotations, measurements, and this controlled-Z gate are sufficient re-

sources to implement the standard purification protocol introduced in Ref. [18]. From

Eq. (2.19), it is possible to see that, after the USD measurement has been performed,

the output state becomes a rank-2 state (a mixture of two Bell states). Following

Eq. (2.7), the probability of success of the entanglement purification is

Ppur = F 2 + (1− F )2, (2.35)

and the final fidelity becomes

Fpur =
F 2

F 2 + (1− F )2
. (2.36)

As was shown in Ref. [16], the purification protocol introduced by Deutsch et al. [18] is

particularly efficient for these classes of states (i.e., it is more efficient than for full-rank

mixtures).

The same kind of operations as those used for purification are sufficient to imple-

ment the entanglement swapping. For a state given as in Eq. (2.19), assuming we can

1Note that the CNOT gate as used for entanglement purification and swapping can be written as

a combination of Hadamard gates and a controlled-Z gate.
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perform the CZ gates deterministically [27, 54], the swapping will also be deterministic

(Pswapping ≡ 1) and its final fidelity is given by

Fswap = F 2 + (1− F )2. (2.37)

SSS

We briefly reviewed in this chapter the quantum repeater, or more specifically, three

existing proposals for its implementation. In the last section, we focused on the hybrid

quantum repeater, and we explained in detail how the building blocks of the scheme

can be achieved, in principle. We have collected all the basic tools necessary for the

rest of this thesis. The next chapter presents a rate analysis for the quantum repeater.

28



3

Rate analysis

There are two principal figures of merit in a quantum repeater: first, the quality of

the final state generated, in other words, the fidelity of the final state with the de-

sired entangled state. Second, how fast this state can be produced, more specifically,

the generation rate of the final entangled state.1 Assuming that the rate is mainly

determined by the channel transmissivity, the overall transmission rate will also decay

exponentially with the distance, unless sufficient quantum memories or quantum er-

ror correction mechanisms are available. Moreover, depending on how imperfect the

entanglement purification and swapping operations are, and how short the quantum

memory decoherence is, the final fidelity may still exponentially decay with the total

distance. In order to demonstrate that a quantum repeater proposal is efficient, a rate

and fidelity analysis considering the imperfections of the scheme has to be performed.

There are at least three major source of errors for the QR, besides the fiber at-

tenuation: 1) the generation of the entangled state is imperfect; 2) local operations

necessary for entanglement connection and purification have errors; 3) the memories

have finite decoherence times. A detailed analysis of the behavior of the fidelity with

memory imperfections and operational errors in the frame of a QR is presented in

Ref. [55]. However, a rate analysis is not included in this paper. Assuming that the

initial probability of success is very small (which is the case of the DLCZ scheme), there

are many rate analyses in the literature which rely on recursive approximations such

1These figures of merit depend in fact on the application aimed for the entangled state. For quantum

key distribution, the final fidelity does not necessarily play an important role, but the initial fidelity

and the generation rate definitely do.
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as those in Refs. [19, 25, 45, 56]. Without any constraint about the initial probability

of success, numerical simulations can be found in Refs. [57, 58, 59, 60] and asymptotic

calculations on the rates are presented in Ref. [61]. In Refs. [59, 60, 61] the analysis is

only valid for a very large number of memories per repeater station. We can therefore

conclude that an exact analytical formula for the rate is missing in the context of the

QR. The content of this chapter is a step towards achieving this; however, due to the

complexity of the problem, as it will become clear later, some assumptions will also be

made. This chapter has been divided in two sections: Sec. 3.1, where perfect memories

are assumed, i.e., memories with infinite decoherence times; and Sec. 3.2, where a

rate analysis is developed for the case of imperfect memories. We restrict our analysis

to systems with probabilistic distribution of entanglement and deterministic entangle-

ment swapping. Although this requirement appears at first sight quite demanding, we

will show that many interesting and well studied schemes fit in this scenario. Particu-

larly, we use these formulas to analyze the hybrid quantum repeater rates. Moreover,

in Sec. 3.2, we establish memory requirements on distillation-free quantum repeaters

with deterministic swapping.

3.1 Perfect memory

We will begin by calculating the rate for generating an entangled pair for a quantum

repeater, keeping the system as simple as possible, i.e., in parallel without any pu-

rification or dynamical allocation of resources and only one memory qubit per half of

repeater station. We considered here that the swapping is deterministic and entangle-

ment is generated between adjacent nodes with probability P0. In order to calculate

the rates, one must know the average times needed to generate an entangled pair.

Consider just one segment, n = 0. The average time necessary to generate an

entangled pair at distance L (in this case L = L0) is given by

〈T 〉0 =
T0

P0
, (3.1)

where T0 = 2L0/c is the minimum time to successfully generate entanglement over L0,

assuming that this is the time spent on classical communication to verify the success
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of the entanglement generation over L0 (including the initial transmission of the probe

beam) and c is the speed of light in an optical fiber (2× 108m/s).1

For two pairs, n = 1, the average time necessary to generate an entangled pair at

distance L is then given by [58]

〈T 〉1 =
T0

P0

(3− 2P0)

(2− P0)
. (3.2)

Recall that our memories are assumed to be ideal, such that one successfully created

pair can be stored until a second pair is created in the neighboring segment. The

result in Eq. (3.2) is equivalent to the problem of a geometrically distributed random

variable with success probability P0. Here it is possible to recognize the power of using

memories. Without memories, as in the quantum relay, this time should be proportional

to ∝ 1/P 2
0 , but here the dominating term is proportional to ∝ 1/P0.

For 2n pairs next to each other in 2n segments, the average time needed to generate

an entangled pair at distance L is given by

〈T 〉n = T0Zn(P0), (3.3)

where the average number of steps to successfully generate entanglement in all 2n pairs,

Zn(P ), is

Zn(P ) =

2n∑
j=1

(
2n

j

)
(−1)j+1

1− (1− P )j
, (3.4)

and P is the probability of success. Detailed calculations are presented in Appendix B.1.

The rate to successfully generate entanglement in all of 2n pairs over L and to

eventually obtain one L-distant pair is written as

Rn =
1

〈T 〉n
=

1

T0Zn(P0)
. (3.5)

It is quite common to find in the literature [25], the rates approximated by P0
T0

(
2
3

)n
for small P0. However, this approximation underestimates the rates, as it is possible to

see in Fig. 3.1.

Upper bounds for the rate in the case of only one memory qubit per half node can

now be established.2 From Tab. 3.1, we observe that smaller segments provides us

1Note that for the DLCZ scheme the fundamental time is defined as T0 = L0/c, since optical

excitations interfere in a beam splitter positioned at L0/2.
2Note that this upper bound is not an ultimate one. Considering more memories per repeater

station, it will be possible to overcome the bound presented here. For the case where the number of

memories is unlimited see Ref. [61].
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Figure 3.1: Rates for different total distances L = 320 km (bottom), L = 640 km

(center), and L = 1280 km (top) with different elementary distances L0 (10 km, 20 km,

40 km and L) versus different probability of success P0. Comparison between the rates

using the exact formula (solid line) and the approximate one (dashed line).
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L = 1280 km L = 640 km L = 320 km

L0\P0 0.001 0.01 0.1 0.001 0.01 0.1 0.001 0.01 0.1

10 km 1.84 18.48 192.06 2.11 21.16 219.66 2.46 24.73 256.28

20 km 1.05 10.58 109.83 1.23 12.36 128.14 1.47 14.84 153.43

40 km 0.62 6.18 64.07 0.74 7.42 76.72 0.92 9.23 95.07

Table 3.1: Rate (pairs per second) for different total distances, L = 1280, 640, and

320 km, for different fundamental distances L0 = 10, 20, and 40 km, and for different

success probability of generation of the entangled pairs, P0 = 0.001, 0.01, and 0.1.

with better rates. In principle, this makes us conclude that we should distribute the

entangled pair in the shortest possible distance. Although we assumed deterministic

Bell measurements, we did not claim they are error free. The bigger the number of

swapping operations are, the less robust the state is, so that we keep L0 ≥ 10 km.

Assuming then the order of magnitude of the elementary distance L0 as 101 km, for

different total distances (L = 320, 640, 1280 km), the order of magnitude for the rates

for a quantum repeater with deterministic entanglement swapping and ideal memories

is 100 pair per second for P0 = 0.001, 101 pairs per second for P0 = 0.01 and 102 pairs

per second for P0 = 0.1. Note that these values are ultimate bounds for a quantum

repeater with one memory qubit per repeater station, since the inclusion of probabilistic

swapping and purification can only make these results worse.

3.1.1 Rate analysis for a hybrid quantum repeater

The formulas developed in the last section are then applied to the hybrid quantum

repeater. The initial probability of success is defined with the help of Eq. (2.30),

P0 = 1 − (2F − 1)η/(1−η). Important to comment is that the initial distribution of

entanglement over small segments does not prevent the final fidelity from decaying ex-

ponentially. Even if the connecting operations are perfect, we must take into account

that the initial entangled pairs are not perfectly entangled pairs, and this will cause a

decay of the final fidelity. As a consequence, purification and quantum memories are

essential for the full quantum repeater, but their implementations introduce a series

of experimental difficulties. There are various ways to optimize the combinations of

swapping and purification (e.g., considering residual entanglement [59, 61], multiplex-

ing [58], blind connecting measurements [61]). However, these approaches are more
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significant for the case of imperfect memories and probabilistic swappings, whereas our

model in this section uses perfect memories and deterministic swappings.

In the following, we will focus on the effects of spatial multiplexing compared to a

parallel scheme for the hybrid quantum repeater. In a parallel repeater, the ith memory

pair in one segment interacts only with the ith pair in neighboring segments, however,

for the multiplexing scheme, resources can be dynamically allocated. Moreover, it will

be discussed what the impact of purification on the rates is and how the two methods

of multiplexing and purification compare.1

Before really starting, we should explain how the probabilities of success and fideli-

ties for entanglement purification and swapping are defined in this section. Without

local losses, these quantities are defined as in Eqs. (2.35-2.37). In a more realistic ap-

proach, where errors in the gates caused by local losses are included, Eqs. (2.35-2.37)

will no longer be valid. We followed Ref. [63] to model the errors caused by local

losses in the CZ-gate. According to their analysis, dissipation will be introduced in

the probe mode between and during each interaction with the spins. A coherent-state

matrix element |γ〉〈β| after dissipation changes to 〈β|γ〉1−T |γ
√
T 〉〈β

√
T |, where T is

1Note that there are different ways to do and use multiplexing. The more conventional application

is spatial multiplexing, as typically used in discrete-variable single-photon-based repeaters [58]. In this

case, the probability to successfully generate an entangled pair, P0 < 1, is fairly small and multiplexing

means that neighboring segments even from different, parallel repeater chains can be connected imme-

diately after the corresponding pairs have been created.

Another type of multiplexing is temporal [62]. In this case, the initial entanglement is generated almost

instantly by transmitting in parallel sufficiently many probe pulses (after their interactions with a cor-

responding number of spins) to a receiving spin that interacts with these pulses almost simultaneously

to guarantee that at least one entangled pair is created with an effective, near-unit success probability,

P eff
0 → 1. Experimentally, to make this kind of temporal multiplexing efficient, sufficiently fast local

interactions and gates are needed. As a result, when also swapping and error detection are deterministic

(by replacing purification by error correction), the full repeater protocol becomes near-deterministic,

as opposed to our scheme which keeps both the initial entanglement generation and the entanglement

purification probabilistic.

In principle, our rate analysis could be directly combined with the ideas of Ref. [62] by simply substi-

tuting our P0 by an effective probability of, for instance, P eff
0 ≡ (1− (1−P0)n), where n is the number

of cavities transmitting the probe pulses and P0 in this formula is still the same function of fidelity,

losses, etc., as described in the main text for our USD-based entanglement distribution. Then, P eff
0 → 1

can be achieved for sufficiently large n even when the original P0 is as small as 10-20 %. However, as

our goal is to keep the number of spatial resources as small and the scheme as simple as possible, we

will not consider this type of temporal multiplexing here. Our setting contains perfect memories, but

modest spatial resources, such that P eff
0 ≡ P0 remains of the order of 1-10 %.
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the transmission parameter [64]. Having the interaction sequence (2.32) in mind, the

first term of this sequence will be a displacement on the probe state and we will call

it for simplicity here D̂(α1). The effect of this operator in the state taking the probe

beam initially in the vacuum state will be

1⊗ D̂(α1)ρD̂†(α1)⊗ 1 =
∑

a,a′=0,1

caa′ |a〉〈a′| ⊗ D̂(α1)|0〉〈0|D̂†(α1)

=
∑

a,a′=0,1

caa′ |a〉〈a′| ⊗ |α1〉〈α1|, (3.6)

where |a〉 represents the qubit state and the state of the probe is kept to the right.

Including loss in the probe beam, its amplitude will decrease to |α1

√
T 〉, but the qubit

state will not be affected. The total interaction sequence from Eq. (2.32) with losses

will not only decrease the amplitude of the coherent state, but also add some phases.

Thus, this sequence will change to terms that cause single-qubit dephasing, but also one

term which causes a dephasing on both qubits; this effect scales with (1 − T )α2 sin2 θ

(for an initial coherent-state probe with amplitude α) [63]. The resulting gate is ex-

tremely sensitive to losses. However, the aim of this section is a better understanding

of the building blocks in the hybrid quantum repeater, and hence we shall minimize the

effect of local losses by choosing in most parts of our analysis a sufficiently high local

transmission parameter. In those figures where the parameter T is not explicitly given,

it is assumed that the error is at least as small as 1− T = 0.001%. The main influence

of photon losses then occurs in the communication channel and therefore depends on

the communication distance.

Purification and entanglement swapping can be performed utilizing a CZ-gate,

Hadamard operations, and measurements on the qubits. Assuming that the CZ-gate

is the only operation that leads to errors in those schemes, we are able to calculate the

final fidelity for the purification and swapping, as well as the probability of purification,

using its imperfect form obtained in Ref. [63]. These are as follows:

P imppur =
1

2
+ e

π(T−1)√
T (F − 1)F +

eπ(T−1)

(
2−isech

(
ln(T )

2

))
2
√
T + e

π(T−1)

(
2+isech

(
ln(T )

2

))
2
√
T

×
(2(F − 1)F + 1)

4
, (3.7)
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F imppur =
F + Fe

−π(2−2T )√
T

4P imppur

+
2Fe

π(T−1)√
T

(
sin
(
π
(

3
2 −

2
T+1

))
F + F − 1

)
4P imppur

, (3.8)

F impswap =
1 + e

2π sinh
(

log(T )
2

)
(1− 2F )2

4
+
e
π sinh

(
log(T )

2

)
2

(2(F−1)F+1) cos

(
π

2
tanh

(
log(T )

2

))
.

(3.9)

3.1.1.1 Multiplexing versus parallelization

a) Parallelization b) Multiplexing

...
..

...
..

 

...
..

...
..

 

 

Figure 3.2: Different strategies to connect memory elements situated in different

columns. The parallel architecture a) connects only elements in the same chain. Con-

trary to it, multiplexing b) connects any available entangled pairs.

How would the rates be affected, if multiplexing is introduced in the system? In

the multiplexed scheme, where more than one memory per half node exist, as shown in

Fig. 3.2, entangled pairs are connected not only with pairs in the same chain (as in the

parallel scheme). Instead, as soon as one entangled pair is successfully generated in one

of the columns, it can be connected to a neighboring pair, no matter in which chain

they are positioned. The rate to generate one entangled pair over the total distance for

n = 1 and r memories per half node is given by

Rmult,1,r =
1

T0Zmult,1,r(P0)
=

1

T0

1− (1− P0)2r

1 + 2(1− P0)r
. (3.10)

For further details see Appendix B.2. Plotting this rate for a total distance of

L = 40 km and four memory pairs per segment, r = 4, see Fig. 3.3, it is possible to
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confirm that the multiplexed scheme performs better than the parallel one. However,

an experimental implementation of this type of spatial multiplexing would require fairly

demanding feedforward techniques on the pulses that enact the gates for entanglement

swapping. It is therefore more practical and efficient to operate the repeater in parallel,

provided perfect memories are available, as it is the case in our scenario. In the following

sections, the influence of purification will be studied. By comparing purification with

multiplexing, we will justify why we shall not consider multiplexing in the further

analysis.

Figure 3.3: Rates for a total distance L = 40 km, L0 = 20 km. Comparison between the

parallel (red, dashed line) and the multiplexed scheme (black, solid line) for 2 segments

(n = 1) and 4 memories per half node (r = 4).

3.1.1.2 Entanglement purification

Taking into account that purification is an expensive task, either in terms of spatial

or in terms of temporal resources, the most efficient and simplest extension beyond

those schemes described in the preceding sections would employ just one round of

purification at the first nesting level. Intuitively, considering the purification procedure

probabilistic and the entanglement swapping deterministic, performing the purification

at the beginning will make better use of the memories than by doing it at the end or

somewhere in between; for a more quantitative justification, see App. B.3. Starting

again with n = 0, already initially there is a need to generate at least two pairs, such

that purification is possible. In this way, the average time needed to generate a purified

pair will be

〈T 〉pur,0 =
T0

P0P1

(3− 2P0)

(2− P0)
. (3.11)
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Here we employ the same purifying protocol as the one introduced in [18]; in this case

the probability of one round of purification to succeed, P1, is given by Eq. (2.35).

For n > 0, the calculation of the rates is not straightforward. In this regime, we have

found an upper and a lower bound for the time needed to generate 2n purified pairs.

The former times, which give us the lower bounds for the rates, correspond to those

cases when purification will start only after all the pairs are successfully generated,

even if two pairs in the same column are already present after a shorter time. In this

slowest case, the average time needed to generate 2n one-round purified pairs is given

by

〈T 〉pur,up,n = T0Zn+1(P0)Zn(P1). (3.12)

For the most optimistic case, corresponding to the fastest possible way to achieve pu-

rification, we imagine that if purification fails, it is not necessary to start from the

beginning, trying to generate new pairs again, but we assume that the two pairs nec-

essary for purification are still available, imagining that they have not been destroyed.

The average time needed to generate 2n one-round purified pairs is then given by

〈T 〉pur,low,n = T0Zn+1(P0). (3.13)

Note here that we neglected the time it takes to acknowledge that purification suc-

ceeded, i.e., T0Zn(P1). Since P0 � P1, this time is indeed much shorter than the time

it takes to generate the entangled pair. For example, for a final fidelity Ffinal = 0.95,

L0 = 20 km, and L = 1280 km, the shortest time to produce purified entangled pairs

is T0Z7(P0) = 0.0232 s and the time spent in classical communication to inform that

purification succeeded is T0Z6(P1) = 0.0004 s.

Aiming to find a compromise between the upper and lower bounds for the rates,

the rates can be calculated in an approximate fashion, combining the ideas from the

recurrence and the exact formula. The average time needed to generate one purified

pair will be

〈T 〉pur,approx,0 =
T0

PL0

, (3.14)

where PL0 is an effective probability, from (3.11), PL0 = P0P1
(2−P0)
(3−2P0) . From this, it

follows that

〈T 〉pur,approx,n = T0Zn(PL0). (3.15)
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Figure 3.4: Rates for a hybrid quantum repeater over a total distance L = 1280 km and

L0 = 20 km. Comparison between the lower bound (green, solid line), upper bound

(red, dot dashed line) and the approximate formula (blue, dashed line).

How are the upper bound, the lower bound, and the approximate times, and their

corresponding rates, related to each other? Fig. 3.4 shows for a total distance L = 1280

km, the rates in these three cases. The approximate formula gives a result which always

stays in the middle between the upper and the lower bounds. The rates are then given

by

Rpur,n =
1

〈T 〉pur,approx,n
(3.16)

=
1

T0Zn(PL0)
.

It is worth to comment that for P1 ∼ 1, these abounds are not good bounds anymore,

because 〈T 〉pur,up,n ∼ 〈T 〉pur,low,n < 〈T 〉pur,approx,n. However, these limits were proposed

only to convince the reader about the validity of the approximated formula and for the

regime we are interested here (P1 < 1) these bounds hold.

There is one remaining question: do more rounds of purification at the first nesting

level always increase the rates for the hybrid quantum repeater? Utilizing Eq. (3.16) we

plotted in Fig. 3.5 the rates to generate an entangled purified pair over different total

distances applying one, two, or three rounds of purification.1 We see that the increase

of rounds of purification not always results in an increase of the rates. More specifically,

for this scheme and these distances, three rounds of purification only increase the rates

1PL0 varies depending on the number of rounds of purification. For one round, PL0,1pur =

P0P1
(2−P0)
(3−2P0)

. For two rounds, PL0,2pur = PL0,1purP1
(2−PL0,1pur)

(3−2PL0,1pur)
. And for three rounds, PL0,3pur =

PL0,2purP1
(2−PL0,2pur)

(3−2PL0,2pur)
.
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for very high final fidelities. It should be pointed out here that the number of initial

resources 1 also increases with the number of rounds of purification, and so, in a more

appropriate analysis, keeping the numbers of initial resources the same, the rates for

multiple-rounds of purification should even perform worse.

3.1.1.3 Multiplexing versus purification

After analyzing the effects of multiplexing and purification independently, we would like

to compare both strategies. Although in Eq. (3.10) the rates for n = 1 and r memories

per half node have been calculated, for n > 1, there is not such an analytical formula.

In this case, the rates were calculated through an effective probability according to

Eq. (3.16) with different PL0 in each case. For the scheme with purification, we have

PL0 = P0P1
(2−P0)
(3−2P0) and for multiplexing, PL0 = 1−(1−P0)2r

1+2(1−P0)r . We kept the number of

initial resources equal in both schemes (two memories per half node). As it is possible

to observe in Fig. 3.6, even for a total distance as small as L = 40 km, for sufficiently

high fidelities, the scheme with just one round of purification is providing higher rates.

For longer distances, L = 640 km and L = 1280 km, one round of purification is clearly

more powerful than multiplexing without purification.

One may argue that the effects of multiplexing become more significant in a con-

figuration with more memories per half node, i.e., bigger r. However, as can be seen

from Fig. 3.7, the rate to generate an entangled pair after one round of purification

(only two memories per half node) is higher than the rate to generate an entangled pair

for a scheme using multiplexing with 32 available memory pairs per segment, r = 32,

for fidelities larger than 0.95. For multiplexing schemes with r = 16, the purification

is performing better already for a final fidelity Ffinal > 0.84. Taking into account all

these results and the fact that multiplexing is difficult to implement, multiplexing will

not be considered in our final analysis. It has to be pointed out here that this argument

is not valid anymore if the losses considered in the controlled-phase gates are bigger

than 0.01%.

1These initial resources can be either spatial or temporal, where in the latter case, for every new

round of purification, a fresh initial pair is created (so-called entanglement pumping [16]). Such an

approach requires a minimum of spatial resources [20, 21], however, a maximum of time. This means

one needs extremely good memories and, nonetheless, the total rates remain fairly low. Even though in

our setting we do assume perfect memories, throughout we shall stick to the faster standard purification

methods at the first nesting level using a sufficient initial supply of spatial resources, similar to Ref. [26].
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Figure 3.5: Rates for total distance L = 320 km (bottom), L = 640 km (center),

L = 1280 km (top) with L0 = 20 km. Comparison between the rates for a hybrid

quantum repeater with one round of purification (black, dashed line), two rounds of

purification (red, solid line), and three rounds of purification (blue, dot dashed line) at

the first nesting level.

3.1.1.4 Results

In Fig. 3.8 the rates for total distances L = 80 km, 160 km, 320 km are shown, with L0

always equal to 20 km. We have compared the case in which one round of purification
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Figure 3.6: Rates to generate one entangled pair over a total distance of L = 40 km

(bottom), L = 640 km (center) and L = 1280 km (top) with L0 = 20 km. Comparison

between multiplexing for 2 memories per half node (red solid line) and one round of

purification in the first nesting level (blue dashed line).

takes place at the beginning, before the connecting steps (solid lines) with the case in

which there is no purification (dashed/dotted lines). We have further compared the

rates for the hybrid quantum repeater with the rate upper bounds for transmitting the

state directly (i.e., without swapping) and with the rates of a quantum relay scheme,

where all entangled pairs have to be successfully generated in each segment at the same
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Figure 3.7: Rates to generate one entangled pair for a total distance of L = 1280 km

with L0 = 20 km. Comparison between one round of purification in the first nesting

level (blue dashed line) and multiplexing (red solid line) for 32 memories per half node

(above) and for 16 elements memories per half node (below).

time (i.e., without using memories). Even for a relatively small total distance, L = 80

km, the hybrid quantum repeater is performing better than the quantum relay or direct

transmission. For larger distances, L = 160 km and 320 km, the difference between the

rates of those schemes is even bigger, and the rates for the quantum relay and direct

transmission are effectively zero.

Aiming to analyze the length dependence of the rates, in Fig. 3.9, we plotted the

rates for the hybrid quantum repeater scheme with perfect memories and two rounds of

purification in the first nesting level for a total distance of L = 1280 km, 2560 km, 5120

km and 10240 km. We observe that the rates only decrease inverse-linearly with the

total distance. For ideal memories and using purification, we show that it is possible

to avoid the exponential decay of the rates with the distance.

In Fig. 3.10 we can show the rates of the hybrid quantum repeater for L = 1280 km

with different losses in the local gates, 1− T . We show that the protocol can run with
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Figure 3.8: Rates for total distance L = 80 km (bottom), L = 160 km (center), L = 320

km (top) with L0 = 20 km. Comparison between direct transmission with one round

of purification (blue, thick line), direct transmission without purification (red, dashed

line), quantum relay (black, dotted line), hybrid quantum repeater with one round

of purification (purple, thick line), and hybrid quantum repeater without purification

(black, dot dashed line).

local gate errors, however, depending on T , the final fidelity and the generation rates

can decrease very fast. For 1 − T = 0.001% the rates are practically the same as for

T = 1. For 1− T = 0.01% and a final fidelity of 0.95, rates of near 16 pairs per second
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can be achieved. On the other hand, for 1 − T = 0.1% rates of the order of only 10

pairs per second with a final fidelity below 0.84 can be achieved.
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Figure 3.9: Rates for the hybrid quantum repeater with two rounds of purification for

total distance L = 1280 km (blue, thick line), L = 2560 km (red, dashed line), L =

5120 km (purple, dotted line), L = 10240 km (black, thin line).
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Figure 3.10: Rates for the hybrid quantum repeater with two rounds of purification for

total distance L = 1280 km for different parameters of local losses in the controlled-

phase gate, 1−T = 0 (blue, thick line), 1−T = 0.001% (red, dashed line), 1−T = 0.01%

(pink, dotted line), 1− T = 0.1% (black, thin line).

Interesting to look is how these results compare with other schemes. In the hybrid

repeater scheme with homodyne measurement from Ref. [26], a rate of 15 pairs per

second with final F = 0.98 was achieved using 16 qubits per half node for a total

distance of L = 1280 km, segment lengths of L0 = 10 km, and local gate errors of 0.1%.

In our case, by employing generalized measurements (instead of homodyne projection

measurements) for an optimal unambiguous discrimination of coherent states (USD) as

proposed in Ref. [28], for just 4 qubits per half node, two rounds of purification in the
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first nesting level, L = 1280 km, L0 = 20 km, and gate errors of 0.001%, we achieved

rates of the order of 100 pairs per second with F = 0.98. Note that in the scheme from

Ref. [26] the rates were calculated performing Monte Carlo simulations where not only

more rounds of purification in different nesting levels are allowed, but also multiplexing.

Moreover, the controlled-phase gates utilized in the numerical analysis of Ref. [26],

though not having a dependence on the local losses as simple as in our analytical

treatment, seem to be more robust against losses. We strongly believe that the same

robustness should occur in our scheme if the gate described in Ref. [26] was used.

Compared to the banded scheme from Ref. [65] for the same distances and final fidelities,

we achieve rates with similar order of magnitude, however, it should be pointed out

that Ref. [65] uses a scheme with initially 50 qubits per half node, and correspondingly

more rounds of purification in different nesting levels. In addition, Ref. [65] does not

consider any imperfections in the local gates at all for their simulations.

3.2 Imperfect memory

We analyze in this section the effects of imperfect memories for the quantum repeater

and we establish minimal memory requirements. First, the rates are calculated using

exact formulas for n ≤ 3. Second, calculating it recursively we present a rate analysis

for n > 3.

3.2.1 Exact approach

We calculated upper bounds for the rates in the case of perfect memories. The con-

sequences if a memory with limited lifetime is considered should be now investigated.

Again the average time required to distribute an entangled pair has to be computed.

For simplicity, we assume the same memory error model as the one used in Ref. [58],

where entanglement is not affected for a time τ , otherwise it is destroyed.

The effect of memory imperfections in the distribution rate can already be observed

for two pairs. For two segments, n = 1, the time necessary to generate an entangled

pair between memories with memory time τ at distance L will be given by

〈T 〉1,τ =
T0

P0

2 (1− P0) τ+1 + 2P0 − 3

(2 (1− P0) τ+1 + P0 − 2)
. (3.17)
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This formula was first demonstrated in Ref. [58] and also in App. B.4. The memory

lifetime τ is measured here in units of T0 . For 4 segments, n = 2, this formula appears

already quite complicated

〈T 〉2,τ = T0Z2,τ (P0), (3.18)

where

Z2,τ (p) = (3.19)

25−4(1−p)3+3τ−69p+85p2−58p3+22p4−4p5+6(1−p)2+2τ (3+(−3+p)p)−4(1−p)1+τ (3+(−3+p)p)2

((1−(1−p)3)(2−2(1−p)1+τ−p)(2+2(1−p)2+2τ−2p+p2−2(1−p)τ (2+(−3+p)p)))
.

For 8 segments, n = 3, the average time necessary to distribute entanglement at distance

L with memory lifetime τ is

〈T 〉3,τ = T0Z3,τ (P0), (3.20)

with the expression for the distribution Z3,τ (p) left for App. B.4.

Unfortunately, a general analytical formula is not known so far. However, a de-

tailed description of these formulas which permits numerical calculations can be found

in Ref. [30]. Nevertheless, depending on the fundamental distance, the expressions pre-

sented in this thesis are already enough to study the effect of memory imperfections in

quite long distances (500-1000 km).

Once again the entanglement distribution rate is defined as

Rn,τ =
1

T0Zn,τ
. (3.21)

Let us now discuss the rates we obtained.

In Fig. 3.11, fixing the number of segments to 8 (n = 3), we plotted the generation

rate versus the memory time τ 1 for different values of P0 (0.001, 0.01, and 0.1) and

different values of L0 (20, 40, and 80 km). Observing these plots we determined the

requirements on memory to achieve rates near the perfect memory bound. So, with

these values we can relax the definition of a perfect memory with infinite decoherence

time, and we propose the use of ideal memories. These are memories with minimum

lifetime necessary to achieve the same values of rates that the idealized perfect memories

do. Assuming the fundamental distance between 20 < L0 < 80, the ideal memory

times τideal should be 0.015 . τideal . 0.05 for P0 = 0.1, 0.15 . τideal . 0.55 for

P0 = 0.01, and 2 . τideal . 6 for P0 = 0.001 (the units were omitted for clarity).

1Here we considered already τT0 and that is the reason of the time units (seconds) in the plots.
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Figure 3.11: Rates for n = 3 for L0 = 20 km (yellow curve), L0 = 40 km (red curve),

L0 = 80 km (blue curve) versus the memory lifetime τ with different values of the

probability of success P0 = 0.001 (top), P0 = 0.01 (center), and P0 = 0.001 (bottom).

The rates for the case with perfect memory are the dashed lines.
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Interesting to notice is that for a quantum repeater with n = 3, where 160 < L < 640,

or 20 < L0 < 80, and the initial probability of success of P0 = 0.001, if the memory time

is smaller than 2 s, τ < 2 s, the rates will definitely not be larger than ∼ 1.8 pairs per

second. This means that schemes with very low probability of success require memories

of seconds to achieve rates of ∼ 100 pairs per second. However, for schemes that can

produce entangled states with bigger success probabilities, P0 = 0.01, the requirement

on memory is smaller, such that if τ < 0.15 s, the achievable rates will never be better

than ∼ 101 pairs per second. We should be careful about interpreting these results and

comparing different schemes. Entanglement purification and probabilistic swapping are

not considered here, and they will change the rates (for worse);1 for a fair comparison,

we should consider all these steps and all sources of errors, which is beyond the scope

of this thesis. Anyway, with the results presented here we can not only establish upper

bounds for the rate for a quantum repeater with one qubit memory per half node, but

also establish minimum requirements on the memory decoherence time.

One could ask himself, if these results hold for the case of more segments. In

Fig. 3.12 we fixed the elementary distance L0 = 20 km and we calculated the rates

for the following number of segments: 2 segments (n = 1), 4 segments (n = 2), and 8

segments (n = 3). Notice that the memory time requirement becomes stronger, when

the number of segments (2n) becomes bigger (or the total distance L becomes longer).

We conclude then that the ideal time τideal for many links (n > 3) is not smaller than

for the n = 3 case. Thus, we can estimate these times for n > 3 using the available

formulas recursively and this is the content of the next section.

3.2.2 Approximated approach

The effect on the rates of using the formulas in a recursive way is examined here. In

Fig. 3.13, the fractional rate R3,τ/R3,∞ for 8 segments (n = 3) in four different ways was

plotted: 1) using the exact formula 〈T 〉3,τ of Eq. (3.20), 2) using T0Z2,τ1(1/Z1,τ (P0)), 3)

using T0Z1,τ2(1/Z2,τ (P0)), and 4) in the most recursively way T0Z1,τ2(1/Z1,τ1(1/Z1,τ (P0))).

Note that 1/Zn,τ (P0) works as an effective probability here. Since the fundamental

block is not the same as before, the memory times are now defined in the following

way: τ1 = τ/2 and τ2 = τ/4.

1Although entanglement purification change the rates for worse, we should not forget that it en-

hances the fidelity. However, the present discussion is independent of fidelities.
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Figure 3.12: Rates for L0 = 20 km for 2 segments, n = 1, (yellow curve), for 4 segments,

n = 2, (pink curve), and for 8 segments, n = 3, (blue curve) for probability of success

P0 = 0.001. The rates for the case with perfect memory are the dashed lines.
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Figure 3.13: Fractional rate for n = 3, L0 = 20 km, and probability of success P0 =

0.001. Comparison between the exact formula (blue solid line), the recursive case 2)

(red dotted line), the recursive case 3) (green dot dashed line), and the recursive case

4) (gray dashed line).

From Fig. 3.13, it is possible to observe that the τideal for the recursive formulas

is bigger than for the exact one. Although not presented here, it is straightforward to

check that similar results are also true for different values of P0. For the case of perfect

memory, it is well known that the recursive formula in the limit of small P0 is a good

approximation for the exact one.1 Interesting to notice here, is that the same result

1This affirmation was proved analytically for the first time here. However, numerical simulations

already had confirmed it before [45, 56].
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cannot be observed for the case of imperfect memories, since it depends on the value

of τ . Nevertheless, the approximate formulas permit us to estimate τideal in the case of

n > 3.

By looking at the plots in Fig. 3.14, we established memory requirements for the

quantum repeater. We observed that a memory less than 1 ms is not sufficient to

generate entangled pairs considering a scheme with only one memory per half node,

n > 3, L0 = 20 km, and P0 = 0.1. For P0 = 0.01, for the same configuration, a

memory time longer than 10 ms should be available. For smaller probability of success

(P0 = 0.001), the requirement on the memory time is even stronger and it should be

longer than 100 ms. Note that these requirements on memory are in fact lower bounds.

For a memory time smaller than this bound, the generation of the entangled pairs over

distances L > 160 km (assuming L0 = 20 km) is impossible.1 On the other hand, if the

memory time is bigger than this bound, it might be that this time is still not enough to

achieve non-zero generation rates. As was already shown in Fig. 3.13, the ideal memory

time τideal deduced from the recursive formulas is actually longer than it real is. Hence,

we estimated the ideal memory time as τideal ∼ 8 s for L = 640 km, L0 = 20 km, and

P0 = 0.001.

3.2.3 Analyzing different schemes

The formulas presented in the previous section allow a comparison between different

quantum repeater schemes that satisfy the requirement of strictly one probabilistic

element. Although this requirement could appear at first sight quite demanding, we

will show here that many interesting and well studied schemes fit in this scenario.

Consider the DLCZ scheme [19]. In the original scheme from Ref. [19], not only does

the entanglement distribution occur highly probabilistically, but also the entanglement

connection operations are non-deterministic. However, this proposal aimed to realize

a quantum repeater utilizing only atomic ensembles, linear optic elements, and photon

counting techniques, where the entanglement swapping is performed using beam split-

ters. If we allow for non-linear optical elements, it will be possible to implement the

entanglement swapping deterministically [66], and consequently, study this scheme in

1If more memories qubits are available in each repeater station, this statement is no longer valid.
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Figure 3.14: Rates for L0 = 20 km and P0 = 0.001 (top), P0 = 0.01 (center), and

P0 = 0.1 (bottom) for different values of n; n = 1 (blue solid line), n = 2 (pink dotted

line), n = 3 (gray thin line), n = 4 (green dashed line), n = 5 (purple solid line), and

n = 6 (black dot dashed line).

vogue of our analysis.1 The success probability of initially distributing an entangled

1We assumed that the effect of imperfect memory on the entanglement swapping will affect only

the fidelity of the resulting state, but will not make the operation probabilistic.
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pair over the fundamental distance L0 is given by [19]

P0,DLCZ = pηdη, (3.22)

where p is the probability that more than one atom is excited, with the initial fidelity

estimated as F0 = 1 − p, ηd is the detector efficiency, and η is the transmission effi-

ciency. Because we are mainly concerned with the effect of memory imperfections on

the scheme’s performance, detectors were assumed to be perfect (ηd = 1). Memory

imperfections are responsible for decreasing the entanglement generation probability of

success, but, since the entangled pair is generated conditionally, these imperfections do

not affect the final fidelity. On the other hand, without postselection at the end, higher

entanglement distribution rates are achieved, but the final state contains a vacuum

component which is responsible to decrease its final fidelity. If one is only concerned

about the generation rates and not about the final fidelity achieved, it may be beneficial

to adopt a strategy without postselection at the end and where the entangled state is

destroyed after a time τ . Consequently, this scheme can be considered in our analysis.

An example of a scheme which does not use final postselection can be found in Ref. [47].

The scheme from Childress et al. [20, 21] presents a quantum repeater based on

solid-state single quantum systems. Interesting in this scheme is that it uses minimal

physical resources, and moreover, entanglement swapping can be implemented deter-

ministically combining electron spin states detection and a two-qubit conditional gate

on solid state systems [21]. Their success probability of distributing an entangled pair

is [20, 21]

P0,SS =
1− e−Pemε/2

2
, (3.23)

where Pem is the total emission probability and ε is the total collection, propagation,

and detector efficiency. In the limit of good detectors, we assumed that the collection

efficiency is equal to the transmission efficiency, ε = η [21]. The initial fidelity is

related to P0,SS , since F0 = 1+e−Pem(1−ε)

2 . Memory imperfections can be understood

in this scheme as the electron spin dephasing, and its effect is to reduce the state

fidelity as times passes [21]. Consequently, as a simplified model, our model for memory

imperfection can be applied here.

Finally, we would like to analyze the HQR scheme. As was mentioned before, in

this scheme, entanglement swapping can be performed deterministically and the optimal
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bound for the probability of success is given by Eq. (2.30). Memory imperfections are

mainly caused by photon losses and it can be modeled as a dephasing channel, reducing

the fidelity as time passes.
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Figure 3.15: Rates versus the memory lifetime τ for different total distances L = 160

km (above), L = 320 km (center), and L = 640 km (below), different initial fidelities

F0 = 0.8 (left) and F0 = 0.98 (right), and different repeater schemes as DLCZ (red,

dotted line), HQR (blue, dashed line), and Childress et al. (green, solid line). The

number of segments are fixed at 8 (n = 3).
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Combining then Eqs. (3.22, 3.23, 2.30) with Eq. (3.21), we calculated the rates for

these different schemes. First, we plotted in Fig. 3.15 the rates versus the memory

lifetime τ for different total distances (L = 160, 320, 640 km), assuming 8 segments

(n = 3), and initial fidelities F0 = 0.98 (right) and F0 = 0.8 (left). We observed

that both the HQR and the DLCZ schemes present better rates than the Childress et

al. scheme for the chosen parameters. The reason why the DLCZ here usually gives

better rates than the other schemes is its different architecture. This requires only a

fundamental classical communication time of T0/2 between repeater stations separated

by L0 and not T0 as in the other schemes.1 Interesting to notice is that the HQR and

DLCZ schemes achieve maximum rates for similar memory times, however, the scheme

of Refs. [20, 21] needs a longer memory time to achieve its maximum.

From Fig. 3.16 (right), we observed that a memory time of τ = 10 s does not

considerably improve the rates in comparison to the results for τ = 1 s, 320 < L < 800,

n = 3, and F0 = 0.98. However, τ = 1 s definitely improves the rates in comparison

to τ = 0.1 s.2 This permits us to conclude that in this case the ideal memory time is

of the order of 1 s. For F0 = 0.8, using the same assumptions, the ideal memory time

is of the order of 100 ms. On the other hand, memory lifetimes smaller than 1 ms are

definitely not sufficient to generate entangled pairs with initial fidelity of F0 = 0.98,

over 8 segments and L > 500 km for all of the three schemes. In this way, the memory

requirements for F0 = 0.98 are 100 ms for our modified DLCZ scheme, 1 s for the

HQR scheme and 10 s for the Childress et al. scheme. For F0 = 0.8, these memory

requirements change to 1 ms for our modified DLCZ scheme, 100 ms for the HQR

scheme and 1 s for the Childress et al. scheme. Important to mention here is that

these requirements on memory are minimal requirements. Indeed, if all imperfections

are included, the memory lifetimes must be even longer.

As already observed in the case of perfect memories, a protocol which uses more

segments presents better rates than a protocol with less segments for the same final

distance (assuming deterministic swapping). This can be seen in Fig. 3.17 for the three

different quantum repeater implementations. We fixed the total distance at L = 160

km and plotted the rates versus the memory lifetime for a scheme with n = 3, n = 2,

1Note here that although we refer to the atomic ensembles scheme as the DLCZ scheme, the protocol

presented differs from the original protocol from Ref. [19], where swapping is probabilistic.
2Although not shown here, these results are also valid for L > 80 km.
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and n = 1. It is clear to see that a scheme with more segments (in this case 8 segments)

produces entangled states with better rates.

3.3 Conclusion

In this work, we calculated analytically the rates for a distillation-free quantum repeater

with deterministic swapping and one perfect memory per half node. Approximated

formulas were compared with exact ones and its validity was confirmed for P0 � 1.

Besides, we established upper bounds for the rates. Assuming the order of magnitude

of the elementary distance as 10 km, for a total distance L = 320, 640, 1280 km, the

order of magnitude for the rates is 1 pair per second for P0 = 0.001, 10 pairs per

second for P0 = 0.01, and 100 pairs per second for P0 = 0.1. Notice that our results

are quite general and can be applied to any scheme that satisfies the requirement on

deterministic swapping.

We analyzed the rates for the hybrid quantum repeater. Comparing these rates with

those obtainable through direct entanglement distribution (without using swapping,

purification, or memories) and through quantum relay schemes (using swapping, but

no purifications and no memories), for sufficiently long distances, the hybrid quantum

repeater scheme leads to significantly better rates. In fact, only the hybrid quantum

repeater scales sub-exponentially with the channel length, while both direct distribution

and quantum relay keep the exponential decay with distance. We found the rates for

a system where the subroutines (generation, swapping, and purification) can all be

implemented through weak dispersive light-matter interaction, as proposed in Ref. [26].

We achieved our rates (of nearly 100 Hz) in a fairly practical setting where the

spatial resources are reduced (e.g. only four cavities per half node), quantum error de-

tection is close-to-minimal (i.e., only two rounds of purification at the very beginning),

and without spatial multiplexing. However, these results are only obtained under the

basic assumptions of very low local losses, optimal USD measurements for entanglement

distribution, deterministic entanglement swapping, and perfect quantum memories. In

fact, our analytically obtained rates can be certainly further improved, if we include

multiplexing as well as purification in different nesting levels, possibly leading to an

improvement of two orders of magnitude compared to the scheme from Ref. [26], and
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similar to the results presented in Ref. [67]. Moreover, further improvements in the ini-

tial entanglement distribution can be achieved, if instead of coherent states and USD

measurements, squeezed states and homodyne measurements (together with extra local

phase-space displacements) are utilized, as was recently shown in Ref. [68]. Besides its

quantitative significance, the work presented here represents a first step towards a bet-

ter understanding of the importance of each of the building blocks in the architecture

of a hybrid quantum repeater.

Moreover, we deduced exact formulas in the case of imperfect memory for n ≤ 3.

Assuming that the fundamental distance is between 20 < L0 < 80, the ideal memory

times should be 0.015 . τideal . 0.05 for P0 = 0.1, 0.15 . τideal . 0.55 for P0 = 0.01,

and 2 . τideal . 6 for P0 = 0.001 (the units were omitted for clarity). For n ≥ 3, a

memory lifetime smaller than 1 ms is not sufficient to generate an entangled pair with

L0 = 20 km and P0 = 0.1. For P0 = 0.01, this time should be at least 10 ms and for

P0 = 0.001, 100 ms. Nevertheless, from the results presented we strongly believe that

a memory of 8 s should be enough to distribute entanglement at a rate of one pair per

second over a distance of L = 640 km and P0 = 0.001. Concluding, to achieve rates of

100 pairs per second, for the same probability of success more memory qubits should

be available per repeater station.

We analyzed three different proposals for the quantum repeater and we concluded

that for all of them to achieve distances of ∼ 500 km, using only 8 segments, and

generating entangled pairs with initial fidelity of F0 = 0.98, memories with lifetime of

the order of 1 ms are definitely not enough. In this way, for F0 = 0.98, the minimal

memory requirements for our modified DLCZ scheme is 100 ms, for the HQR 1 s and for

the Childress et al. scheme 10 s. For F0 = 0.8, these memory requirements change to 1

ms for our modified DLCZ scheme, 100 ms for the HQR scheme and 1 s for the Childress

et al. scheme. Note that coherence times in the range of 100 µs have been observed

in electronic-spin systems at room temperature. For nuclear spins, the coherence time

is at least some seconds [69]. In atomic ensembles, the longest single photon storage

time observed is 30 µs [70]. By using clock transitions and optical pumping techniques,

the storage time can be extended to 1 ms [71]. However, the memory requirements

presented here can be improved, if we allow for more memories per repeater station,

but also if we allow for more repeater stations.
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Figure 3.16: Rates versus the total distance L for different memory lifetimes τ = 0.01 s,

τ = 0.1 s, τ = 1 s, and τ = 10 s, different initial fidelities F0 = 0.8 (left) and F0 = 0.98

(right), and different repeater schemes as DLCZ (red, dotted line), HQR (blue, dashed

line), and Childress et al. (green, solid line). The number of segments are fixed at 8

(n = 3).
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Figure 3.17: Rates versus the memory lifetime τ for the total distance L = 160 km,

F0 = 0.98, different number of segments n = 3 (blue, solid line), n = 2 (pink, dotted

line), and n = 1 (yellow, dashed line), and different repeater schemes as DLCZ (left),

Childress et al. (center), and HQR (right).
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4

Hybrid quantum repeater with

encoding

The quantum repeater protocol solves, in principle, the fiber attenuation problem for

quantum communication over long distances. However, imperfections in the scheme,

such as finite memory decoherence times and local losses will limit its performance.

Typically, entanglement purification is used to improve quantum repeaters against these

imperfections. Nevertheless, purification is probabilistic and requires two-way classical

communication. Thus, the bigger the distances are, the longer is the time it takes to

purify a state, turning the whole protocol relatively slow. Instead of using purification,

we shall use quantum error correction [72, 73] which usually requires only one-way

classical communication.

The main subject of this chapter is quantum error correction applied to the HQR.

The chapter is organized as follows: In Section 4.1 we present a very brief introduction

to quantum error-correcting codes. The errors and the error models used in this chapter

for the HQR are defined in Section 4.2. Section 4.3 presents a scheme to use QEC in-

stead of purification to combat photon losses in the channel for the HQR. Furthermore,

inspired by Ref. [74], where a quantum repeater protocol with encoding is proposed, we

introduce in Section 4.4 a HQR with encoding, improving the original scheme against

memory imperfections and gate errors. So, the main results of the current chapter are

presented in Sections 4.3 and 4.4.
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4.1 Quantum Error Correction

4.1.1 Basic idea - classical error correction codes

The main idea of an error correction code is to encode the original message in a larger

message by adding redundant information to it. Consequently, if the message is affected

by noise in the communication channel, by applying a recover operation it is still

possible to recuperate the original message. The simplest classical error correction

protocol is the repetition code. This code is able to correct a bit flip error and it works

as follows. A bit sent through the noisy channel will arrive at the destiny without

suffering any error with probability p, but with complementary probability 1 − p, it

may happen that the bit suffers a flip (0 → 1 and 1 → 0). The simplest form of this

code is the three-repetition code, where the bits are encoded as

0 → 000

1 → 111. (4.1)

Imagine that we want to send a bit 0 through this noisy channel. First, the bit is

encoded in the string 000 and the three bits are sent through three noisy channels. The

resulting message is 000 with probability p3. However, one bit could suffer an error,

giving three different results (001, 010, 100) with probability p2(1− p). Moreover, two

bits may suffer an error with probability p(1 − p)2. Finally, it might be that all bits

suffered an error resulting in the message 111 with probability (1 − p)3. To identify

the error one realize a majority voting measurement, where the more frequent value

of the resulting string determine the value of the final bit. This results in a final bit

0 with probability p3 + 3p2(1 − p) or 1 with probability (1 − p)3 + 3p(1 − p)2. After

error correction the probability that an error occurs is (1− p)3 + 3p(1− p)2 which for

p > 1/2 is smaller than 1− p, and consequently, the probability of error is reduced.

Indeed, there are many other classical error-correction codes which perform much

better than the repetition code. However, the idea of redundancy is the key of all

these codes. The theory of quantum error correction was developed based on the same

principles, except that for quantum systems some subtleties appear. First, the no-

cloning theorem stated by Wootters, Zurek, and Dieks in 1982 [13, 14] prohibits to

copy an unknown quantum state. Besides this, even for a single qubit a continuum of

errors may occur. Moreover, a measurement on a quantum state may project this state
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in a classical state, destroying its quantum properties. We will introduce quantum error

correction with some example codes, and we hope that in this way, it will be clear how

these difficulties are overcome.

4.1.2 Simple examples of quantum codes

4.1.2.1 The three-qubit bit flip code

α|0〉+ β|1〉 • •
|0〉 ⇒ α|000〉+ β|111〉
|0〉

Figure 4.1: Encoding circuit for the three-qubit bit-flip code.

The three qubit bit flip code similar to its classical version is only able to correct one

X1 error. The qubits |0〉 and |1〉 are encoded in |000〉 and |111〉, respectively, through

the quantum circuit from Fig. 4.1. The encoded states are also called logical qubits

and they are represented as |0̄〉 = |000〉 and |1̄〉 = |111〉.
How can we identify and correct the error? Different from the classical error correc-

tion code, we do not necessarily want to measure directly the final state to determine

the majority voting measurement, because we would be measuring the quantum state

itself and consequently destroying it. We would like to do this measurement in an in-

direct way such that the final state will not be affected. For this we need ancilla states

and the circuit from Fig. 4.2. In this circuit, the two last qubits are the ancilla qubits

initialized in the state |0〉. The four CNOT operations are responsible to transfer the

information from the final state to the ancilla qubits, such that a measurement in the

Z-basis on the ancilla qubits is sufficient to identify the error and the recovering opera-

tion (this measurement is also called syndrome measurement). The recovery operation

occurs following the table in Fig. 4.2.

4.1.2.2 The three-qubit phase flip code

For a phase flip error (i.e a Z error), the encoding code from above does not work.

However, we can make the code useful by remembering that a Z operation corresponds

1Note that different from Chap. 2 and Chap. 3, an operator O will be represented in the rest of the

thesis simply by O instead of Ô.
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• •
R•

•

|0〉 Zm
D

|0〉 Zn

m n R
0 0 I1I2I3

0 1 I1I2X3

1 0 I1X2I3

1 1 X1I2I3

Figure 4.2: Error correction circuit for the three-qubit bit-flip code. R stays for the

recovery operation and D stays for the decoder operation. The results on the ancilla

qubits (two last qubits) determine the recovery operation.

to a X operation up to a Hadamard operation H. In other words, the states |0〉 and

|1〉 are eigenstates of X in the same way that |+〉 and |−〉 are eigenstates of Z. Hence,

the encoding circuit will be the same as from Fig. 4.1 followed by a Hadamard gate

applied to each qubit. As shown in Fig. 4.3, the state α|0〉 + β|1〉 will be encoded in

α|+ ++〉+ β| − −−〉.

α|0〉+ β|1〉 • • H

|0〉 H ⇒ α|+ ++〉+ β| − −−〉

|0〉 H

Figure 4.3: Encoding circuit for the three-qubit phase-flip code.

For the decoding circuit, Hadamard gates should be applied to the three qubits, thus

transforming Z errors in X errors, and then the same decoding circuit from Fig. 4.2

should be applied.

Although the repetition code is one of the simplest error correction code, it is not

a full quantum error correction code, since it can only correct one type of error. In the

following, we will present QEC codes that can correct any type of error.

4.1.2.3 The Shor code

The Shor code [9] is particularly interesting, because it is the simplest QEC code able

to correct a single error of any type (X, Y , or Z error). The main idea of this code is

the combination (more precisely the concatenation) of the three-qubit phase flip code
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and the three-qubit bit flip code. By using the phase flip code, the qubits are firstly

transformed in the following way: |0〉 → | + ++〉 and |1〉 → | − −−〉. After this,

each of these qubits are encoded using a bit flip code, such that |+〉 is encoded in

(|000〉+ |111〉)/
√

2 and |−〉 is encoded in (|000〉− |111〉)/
√

2. The logical qubits (or the

codewords) are given by

|0̄〉 ≡ (|000〉+|111〉)(|000〉+|111〉)(|000〉+|111〉)
2
√

2
, (4.2)

|1̄〉 ≡ (|000〉−|111〉)(|000〉−|111〉)(|000〉−|111〉)
2
√

2
.

The encoding circuit for the Shor nine-qubit code is presented in Fig. 4.4. For

the decoding and syndrome measurement, for every three-qubit block, the correcting

circuit from Fig. 4.2 is applied. This procedure corrects any X errors and reduces the

state of nine qubits to a state of three qubits. The resulting state passes then through

the circuit for correcting a Z error. Important to notice here is that the Z error will

not affect the results of the syndrome measurements in the first part of the correcting

circuit, and hence will not be detected in this part.

α|0〉+ β|1〉 • • H • •

|0〉

|0〉

|0〉 H • •

|0〉 ⇒ α
2
√

2
(|000〉+ |111〉)⊗3+

|0〉 β

2
√

2
(|000〉 − |111〉)⊗3

|0〉 H • •

|0〉

|0〉

Figure 4.4: Encoding circuit for the Shor nine-qubit code.

A Y error can be seen as an X and Z error occurring on the same qubit, since

Y = iXZ. Because this code is able to correct both types of errors, it can also correct

a Y error. Provided that the errors affect only a single qubit, the Shor code is a powerful
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correcting code, since it can protect against an arbitrary error on a single qubit. This

can be understood if we describe the noise causing the error by a trace-preserving

quantum operation ε. ε is expanded in the Kraus representation with operation elements

{Ei}, such that the resulting state after the action of the noise on the state |ψ〉 is given

by ε(|ψ〉〈ψ|) =
∑

iEi|ψ〉〈ψ|E
†
i . The operator Ei itself can be expanded using the Pauli

operators {I,X, Y, Z}, since they form a complete basis for single-qubit operations,

such that

Ei = ci0I + ci1X + ci2Y + ci3Z, (4.3)

where cij are coefficients. In this way, Ei|ψ〉 = ci0|ψ〉+ ci1X|ψ〉+ ci2Y + ci3Z|ψ〉, and

the act of measuring the error syndrome “collapses” the superposition of the four terms

to one particular term. Thus, even for an arbitrary error, after error correction, it is

possible to recover the initial state |ψ〉. Consequently, the problem of a continuum set

of errors is solved. If a quantum code can correct all possible combinations of Pauli

errors on some subset of the qubits, then such a code can correct any type of error

applied to that subset of the qubits, which is exactly the case of the Shor code!

A special property of the Shor code is that different errors can be identified through

the same syndrome measurement. As an example, if either the first input qubit or

the second input qubit suffered a Z error, the syndrome measured at the end will

be the same in both cases. For the receiver, it is impossible to tell where the error

occurred. These types of codes are called degenerate codes. In contrast, there are

also nondegenerate codes, where a code that corrects up to t errors would be able by

measuring the syndrome to identify and distinguish the t type of errors. Examples

of nondegenerate codes are the Calderbank-Shor-Steane codes described in the next

section.

4.1.2.4 Calderbank-Shor-Steane Codes

Similar to the Shor code which has a connection with the classical repetition codes, the

Calderbank-Shor-Steane (CSS) codes are constructed based on classical linear codes

[75]. Imagine C1 is a linear code that encodes k1 bits in n bits and C2 a linear code

that encodes k2 bits in n bits, such that C2 ⊂ C1 and C1 and C⊥2 both correct (d−1)/2
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errors (C⊥2 is the dual of code C2).1 The CSS quantum code is defined as the code

encoding k qubits, k = k1 − k2, in n qubits capable of correcting (d− 1)/2 errors and

it is represented by [n, k, d].2

One important property of a CSS code is that the encoded version of many im-

portant gates can be implemented transversally, i.e., the encoded version of the gate

is simply the same gate applied individually to each qubit in the code. For example,

the encoded version of the X operation, i.e., the logical X is represented by X̄ with

X̄ = X⊗n. Here the “bar” denotes the encoded version. Not only the X operation has

a transversal implementation, but also the following Pauli and Clifford gates: Y , Z,

Hadamard, controlled-not and controlled-phase. These are exactly the operations we

will need in our scheme.3

Moreover, the encoded version of some measurements (for instance, in the eigenbasis

of X, Y , and Z) have also a transversal implementation. Consider a measurement in

the Z̄ basis on an arbitrary encoded state a|0̄〉+ b|1̄〉. The resulting state will be with

probability |a|2 the state |0̄〉 and with probability |b|2 the state |1̄〉. Similarly, if we

measure all the n qubits in the Z basis, we obtain the Hamming weight 4 of the state

and, consequently, we get the correct result.

4.2 Errors and error models for the HQR

Before being more explicit about how we will use the QEC codes mentioned above

in the context of the HQR, we should define the errors and error models considered

there. In Sec. 2.5, we showed that photon losses in the transmission channel cause a

random phase-flip error in the initial entangled state, transforming the state |Φ+〉〈Φ+|
into a superposition state F |Φ+〉〈Φ+| + (1 − F )|Φ−〉〈Φ−| (see Eq. (2.19)). However,

1A linear code is defined by its generator matrix G and its parity matrix H. Its dual code is also

a linear code defined by the generator matrix GD = HT and parity check matrix HD = GT , where T

denotes matrix transpose. For more details see Ref. [75].
2Note that in this chapter n is used for the number of physical qubits used in the QEC code. The

number of segments used in the QR is represented by N in this chapter.
3An example of a gate that cannot be implemented transversally in a CSS code is the π/8 gate,

which is a non-Clifford gate.
4In the present context, the Hamming weight is the number of physical qubits that are different

from 0 in a state. The CSS codes have the nice property that if one of the codewords, for example

|0̄〉, has an even Hamming weight, then the complementary codeword, in this example |1̄〉, has odd

Hamming weight.
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considering a more realistic scheme, photon losses will also cause local gate errors,

and we should also take into account imperfect memories (i.e., memories with finite

decoherence times). In this way, we consider the three major sources of error in our

scheme:

1) Imperfect distribution of the entangled state

Due to photon losses in the channel, the distributed entangled state ρ between

neighboring repeater stations is not the perfect Bell state |φ+〉, and its fidelity can be

expressed by

F = 〈φ+|ρ|φ+〉 ≤ 1. (4.4)

2) Imperfect quantum gates

The local operations necessary for entanglement connection and purification are

subject to errors. Similar to what was already explained in Sec. 2.5.2, we will show

here how a CZ-operation is affected by errors. We assume that errors are due to loss in

the cavity that is used to mediate the two-qubit interaction, as well as due to fiber loss,

mode mismatch, and other effects. Nevertheless, both types of losses cause a dephasing

on the qubits and their effects can thus be combined into a single loss parameter. As

showed in Eq. (2.32), the CZ-gate can be achieved by a sequence of conditional and

unconditional displacement operations. According to Ref. [63], we can significantly

simplify the full gate operation, if instead of using the sequence of Eq. (2.32), we apply

a concatenated scheme where this sequence is used twice. In this way, omitting a

conditional phase, the action of dissipation on the CZ-gate between qubits i and j can

be modeled as

CZijρCZ
†
ij → CZij

[
(1− qg(x/2))2ρ+

qg(x)(1− qg(x))(ZiρZi + ZjρZj) + q2
g(x)ZiZjρZjZi

]
CZ†ij , (4.5)

with

qg(x) =
1− e−x

2
, (4.6)

being the probability that each qubit suffers a Z error, where x = π
2

1−T 2
√
T (1+T )

; here T is

the local transmission parameter that incorporates loss errors in the local gates.

Note that the quantum gate error model proposed here is slightly different from

the model used in Sec. 3.1.1. There the implementation of the gate is simpler, but the

error model is more complicated.
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3) Imperfect memories

The errors resulting from the imperfect memories are described by a dephasing

model, such that the qubit state ρA of memory A will be mapped, after a decaying

time t, to

ΓAt (ρA) = (1− qm(t/2))ρA + qm(t/2)ZρAZ, (4.7)

and an initial two-qubit Bell state between qubits A and B will be transformed as [61]

ΓAt ⊗ ΓBt (|φ±AB〉〈φ
±
AB|) = (1− qm(t))|φ±AB〉〈φ

±
AB|+ qm(t)|φ∓AB〉〈φ

∓
AB|, (4.8)

where qm(t) = (1− e−t/τc)/2, and τc is the memory decoherence time.

In the following sections, we will show how QEC can be used to improve the perfor-

mance of a HQR against these sources of errors. First, we will analyze how repetition

codes are helpful against photon losses in the channel. Finally, being also concerned

about combating memory imperfections and gate errors, we propose a scheme, where

not only repetition codes are used, but also CSS codes.

4.3 QEC against photon losses

We will start by examining the effect of photon losses on an arbitrary qubit state written

as the superposition of the states |α〉 and |αeiθ〉, represented as

|Qα〉 =
µ|αeiθ〉+ ν|α〉√

N(α, θ)
, (4.9)

with |µ|2 + |ν|2 = 1 and the normalization function N(α, θ) = 1 + [µν∗e−|α|
2(1−eiθ) +

µ∗νe−|α|
2(1−e−iθ)], α ∈ C.1 The photon loss is modeled by combining the qubit with a

vacuum mode |0〉l at a beam splitter with transmissivity η such that the resulting state

becomes

UBS

(
µ|αeiθ〉+ ν|α〉√

N(α, θ)
|0〉l

)
= |Q〉T =

µ|α√ηeiθ〉|α
√

1− ηeiθ〉l + ν|α√η〉|α
√

1− η〉l√
N(α, θ)

.

(4.10)

1Note here that mostly in this thesis, α is assumed to be real. However, it may be that the arbitrary

state is not in the form µ|αeiθ〉 + ν|α〉, but in the form µ|αeiθ/2〉 + ν|αe−iθ/2〉, and this is the reason

why α was assumed to be complex here.
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For tracing out the loss mode, the final state is obtained by integrating over the

loss mode represented by |β〉l:

ρ =
1

π

∫
d2β l〈β|Q〉T T 〈Q|β〉l

= p

(
µ|αeiθ〉+ ν|α〉√

N+(α, θ)

)
×H.c.+ (1− p)

(
µ|αeiθ〉 − ν|α〉√

N−(α, θ)

)
×H.c., (4.11)

where H.c. stands for the Hermitian conjugate, N±(α, θ) = 1 ± [µν∗e−|α|
2(1−eiθ) +

µ∗νe−|α|
2(1−e−iθ)] and p = 1+e−(1−η)|α|2(1−cos θ)

2 . We can rewrite Eq. (4.11) as

ρ = p|Qα√η〉〈Qα√η|+ (1− p)Z|Qα√η〉〈Qα√η|Z. (4.12)

Thus, the effect of photon losses on a coherent-state qubit is a decrease of the coherent-

state amplitude and a random phase-flip error occurring with probability (1 − p). In

the context of the HQR, especially the latter effect leads to the distribution of imper-

fect entanglement between neighboring repeater stations, when the light signal is sent

through the lossy communication channel and subsequently measured for conditional

two-qubit entangled-state preparation.

Aiming to protect the final entangled state against photon losses in the communi-

cation channel, we apply QEC codes to the optical mode, inspired by the three-qubit

phase flip code. How this scheme is implemented and a comparison of its performance

with standard schemes based upon entanglement distillation is presented in the follow-

ing sections.

4.3.1 Implementation with coherent states

The key ingredients in our scheme are Hadamard operations on the atomic qubits states,

controlled rotations of the qubus by means of atom-light interactions as discussed in

Sec. 2.5, and homodyne measurements. In order to make our scheme clear, we will

first describe how the scheme works by using the three-repetition code. A simplified

scheme of the protocol is presented in Fig. 4.5 and the circuit representing it is shown

in Fig. 4.6. At every half-node of a repeater station there are three cavities with one

atom placed in each, with the electronic spin initialized in the state (|0〉 + |1〉)/
√

2.

Three identical probe beams represented each by |α〉 are used to generate the encoded

entangled state. When the first and third qubuses interact with the first and third
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cavity, respectively, they suffer a controlled rotation by θ/2. Conversely, the second

qubus suffers a controlled rotation in opposite direction (−θ/2). Besides this, four extra

local bright coherent states are needed, represented by |βi〉 (i = 1...4).

Figure 4.5: Simplified scheme of the HQR with three-repetition code. First, an encoded

initial state is produced with the help of bright beams (|β〉) at repeater station A.

The probe beams (|α〉) interact with the atoms placed in the cavities and are sent to

the repeater station B. There they interact with the other atoms and are measured

projecting the total state in the desired entangled state. Errors caused by photon losses

in the communication channel are corrected by measuring the auxiliary bright beams

(|β〉) which interact with the atoms at repeater station B.

The initial total state at the repeater station A, after the interaction between probe
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beams and atoms, and the Hadamard operations on the atomic qubit states, is

U1
int (θ)U2

int (−θ)U3
int (θ)

[
((|0〉+ |1〉) |α〉)⊗3

]
=(

|0〉|αeiθ/2〉+ |1〉|αe−iθ/2〉
)(
|0〉|αe−iθ/2〉+ |1〉|αeiθ/2〉

)(
|0〉|αeiθ/2〉+ |1〉|αe−iθ/2〉

)
H1H2H3−→

(|0〉(|αeiθ/2〉+ |αe−iθ/2〉) + |1〉(|αeiθ/2〉 − |αe−iθ/2〉))

(|0〉(|αeiθ/2〉+ |αe−iθ/2〉) + |1〉(−|αeiθ/2〉+ |αe−iθ/2〉))

(|0〉(|αeiθ/2〉+ |αe−iθ/2〉) + |1〉(|αeiθ/2〉 − |αe−iθ/2〉)). (4.13)

Note that the order of the states is such that the first factor in the product corresponds

to the state of the first cavity and the first probe beam, and similar for the other factors.

Here U qint (θ) is the operator that describes the interaction between the probe and the

q-th qubit, as explained in Sec. 2.5.1. For simplicity, normalizations are omitted in this

section.

In order to select the components |000〉 and |111〉, we use two bright coherent beams

β1 and β2 with β1,2 � 1 at the repeater station A, with β ∈ R. Each of these beams

interacts only with two of the three cavities. The qubus |β1〉 interacts with the atomic

qubits placed in cavities 1 and 2, with interactions described by U1
int(θ)U

2
int(−θ). The

qubus |β2〉 interacts with the atomic qubits placed in cavities 2 and 3, with interactions

described by U2
int(−θ)U3

int(θ).

For a better understanding, consider only the interactions that occur at repeater

station A between qubus states |β1〉 and |β2〉 and the atomic qubit states. Hence, for

the moment, we ignore the probe states |α〉. After the interaction with the atomic

qubits, the qubus state |β1〉 is transformed in the following way,

U1
int (θ)U2

int (−θ)
[
(|0〉+ |1〉)⊗3 |β1〉

]
= [(|000〉+ |111〉) |β1〉+ |001〉|β1〉+

|010〉|β1e
iθ〉+ |100〉|β1e

−iθ〉+ |110〉|β1〉+ |101〉|β1e
−iθ〉+ |011〉|β1e

iθ〉
]
. (4.14)

Secondly, the qubus |β2〉 interacts with cavities 2 and 3, resulting in the following
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state,

U2
int (−θ)U3

int (θ)
[(

(|000〉+ |111〉)|β1〉+ |001〉|β1〉+ |010〉|β1e
iθ〉+ |100〉|β1e

−iθ〉

|110〉|β1〉+ |101〉|β1e
−iθ〉+ |011〉|β1e

iθ〉
)
|β2〉

]
=[

(|000〉+ |111〉) |β1, β2〉+ |001〉|β1, β2e
−iθ〉+ |010〉|β1e

iθ, β2e
iθ〉+ |100〉|β1e

−iθ, β2〉

+|110〉|β1, β2e
iθ〉+ |101〉|β1e

−iθ, β2e
−iθ〉+ |011〉|β1e

iθ, β2〉
]
. (4.15)

We measure then the p quadrature of modes β1 and β2, and consequently, we

can select the component |000〉 + |111〉 depending on the measurement result. We

are assuming that the probability distribution for each measurement has three peaks

with a negligible overlap error. In fact this overlap error is given with probability

Perr = (1/2)Erfc(βi sin θ/
√

2) [76]. Assuming that β1 = β2 = β � 1 and θ is very

small, such that β sin θ ∼ βθ ∼ π, this probability is very small (< 10−3). Here, we

are not concerned about increasing the amplitude damping factor when increasing the

amplitude of the probe βi, because, since all interactions occur locally, local losses are

neglected, and hence, this decoherence effect will be neglected.

After measuring the p quadrature of the local qubuses, we select the state

|000〉(|αeiθ/2〉+ |αe−iθ/2〉)(|αeiθ/2〉+ |αe−iθ/2〉)(|αeiθ/2〉+ |αe−iθ/2〉) +

|111〉(|αeiθ/2〉 − |αe−iθ/2〉)(−|αeiθ/2〉+ |αe−iθ/2〉)(|αeiθ/2〉 − |αe−iθ/2〉). (4.16)

Since we discarded the outputs resulting from the rotated components, the encoding

of the state is probabilistic. Assuming that all the eight possible components are equally

probable, the probability of success for obtaining |000〉 + |111〉 is at most 0.25. The

corresponding probability of failure has not been considered in the success probability

for distributing the encoded entangled pair, because we may assume that the encoding

is performed in an offline preparation. The probe beams are sent to station B only

after the encoding at station A succeeded.

The three probe beams |α〉 are sent then to the other repeater station and interact

with the three other atoms placed in cavities and each prepared in the superposition

state (|0〉+ |1〉). After interacting with the atomic qubits at side B, the qubuses suffer

a controlled rotation in the opposite direction compared to that of the side A (see the
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circuit in Fig. 4.6 for more details). Ignoring losses, after a Hadamard operation on the

atomic qubit states at side B, the resulting state will can written as

|000〉
[
(|0〉(2|α〉+ |αe−iθ〉+ |αeiθ〉) + |1〉(|αe−iθ〉 − |αeiθ〉))

(|0〉(2|α〉+ |αe−iθ〉+ |αeiθ〉)− |1〉(|αe−iθ〉 − |αeiθ〉))

(|0〉(2|α〉+ |αe−iθ〉+ |αeiθ〉) + |1〉(|αe−iθ〉 − |αeiθ〉))
]

+

|111〉
[
(|0〉(|αeiθ〉 − |αe−iθ〉) + |1〉(2|α〉 − |αe−iθ〉 − |αeiθ〉))

(−|0〉(|αeiθ〉 − |αe−iθ〉) + |1〉(2|α〉 − |αe−iθ〉 − |αeiθ〉))

(|0〉(|αeiθ〉 − |αe−iθ〉) + |1〉(2|α〉 − |αe−iθ〉 − |αeiθ〉))
]
. (4.17)

So, by measuring the p quadrature of each probe beam separately, it is possible

to see that depending on the value of the measurement, the entangled qubit state

|000〉|000〉+ |111〉|111〉 is conditionally prepared.
Considering now losses in the transmission channel, the state that arrives at the

repeater station B, before interacting with the atoms located there, is described by

p3
[
|0̄〉(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)

+ |1̄〉(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(−|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)
]
×H.c.

+p2(1− p)
[(
|0̄〉(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)

+ |1̄〉(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(−|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)
)
×H.c.

+
(
|0̄〉(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)

+ |1̄〉(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(−|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)
)
×H.c.

+
(
|0̄〉(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)

+ |1̄〉(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(−|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)
)
×H.c.

]
+p(1− p)2

[(
|0̄〉(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)

+ |1̄〉(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(−|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)
)
×H.c.

+
(
|0̄〉(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)

+ |1̄〉(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(−|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)
)
×H.c.

+
(
|0̄〉(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)

+ |1̄〉(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(−|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)
)
×H.c.

]
(1− p)3

[
|0̄〉(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)

+ |1̄〉(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)(−|√ηαeiθ/2〉 − |√ηαe−iθ/2〉)(|√ηαeiθ/2〉+ |√ηαe−iθ/2〉)
]
×H.c..

(4.18)
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4. HYBRID QUANTUM REPEATER WITH ENCODING

After the interaction with the atomic qubits at side B and the Hadamard operations

on these qubits occurred, the resulting state is[
p3(|000〉|000〉+ |111〉|111〉)×H.c.+ p2(1− p)((|000〉|100〉+ |111〉|011〉)×H.c.

+(|000〉|010〉+ |111〉|101〉)×H.c.+ (|000〉|001〉+ |111〉|110〉)×H.c.)

+p(1− p)2((|000〉|110〉+ |111〉|001〉)×H.c.+ (|000〉|101〉+ |111〉|010〉)×H.c.

(|000〉|011〉+ |111〉|100〉)×H.c.) + (1− p)3(|000〉|111〉+ |111〉|000〉)×H.c.
]
×

|√ηα,√ηα,√ηα〉〈√ηα,√ηα,√ηα|+ ..., (4.19)

where the terms together with the rotated components are omitted. Note here that

an error which is interpreted as a phase flip for the qumode, will appear as a bit flip

in the qubit states of the atoms at side B for the |√ηα,√ηα,√ηα〉〈√ηα,√ηα,√ηα|-
component.

Notice that if we are able to project the qubus in the |√ηα〉 state, we just have

to know which local unitary operations are necessary to be able to recover the target

state |000〉|000〉 + |111〉|111〉. Indeed, by making a homodyne measurement in the p

quadrature of each probe beam, this projection is approximately achieved, as explained

in Sec. 2.5.1.1. However, we must not forget that there are still errors from the finite

overlaps of the phase-rotated components. Nevertheless, in order to determine the

recovery operations, we should not measure the qubit states directly from side B,

otherwise the state is not anymore an entangled state between qubits A and B. In

this way, we use two extra bright coherent beams with real amplitudes β3 and β4 and

β3,4 � 1 at the repeater station B, each of them interacting only with two cavities. The

qubus |β3〉 interacts with the atomic qubits placed in cavities 1 and 2, with interactions

described by U1
int(−θ)U2

int(θ). The qubus |β4〉 interacts with the atomic qubits placed

in cavities 2 and 3, with interactions described by U2
int(θ)U

3
int(−θ), in a similar way

as explained above. This time we measure the x quadrature (that is the quadrature

perpendicular to the direction of the phase rotation) of both local beams, and so we

can determine the recovery operations.

So far, we showed how our QEC protocol works. In order to analyze its performance,

we will calculate the final fidelity and the probability of success. Similar to Eq. (4.12),

the final state obtained after correction and by performing p-quadrature measurements

on the probe beams with results (p1, p2, p3) can be written as

(p3 + 3p2(1− p)) ρc3(p1, p2, p3)

Trρc3(p1, p2, p3)
+ (3p(1− p)2 + (1− p)3)

X̄Bρ
c
3(p1, p2, p3)X̄B

Trρc3(p1, p2, p3)
, (4.20)

where

ρc3(p1, p2, p3) = 〈p1, p2, p3|ρ3|p1, p2, p3〉, (4.21)
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4.3 QEC against photon losses

ρ3 is the final state after the whole encoding protocol has taken place when no error

occurs; it is explicitly calculated in App. C.1. The logical operator X̄B is defined as

X̄B = XB1XB2XB3, i.e., a X operation applied on each qubit at side B.

Noticing that both parts (addends) of the sum in Eq. (4.20) are ≥ 0, we calculate

the fidelity as a lower bound as

F3,actual =
p3 + 3p2(1− p)

Ps

∫ +pc

−pc

∫ +pc

−pc

∫ +pc

−pc
〈φ̄+|ρc3(p1, p2, p3)|φ̄+〉dp1dp2dp3, (4.22)

with |φ̄+〉 = 1
2 |0̄0̄〉+ |1̄1̄〉.

The probability of success for obtaining a valid result in the measurement of the

probe beams is given by

Ps = Tr

∫ +pc

−pc

∫ +pc

−pc

∫ +pc

−pc
ρc3(p1, p2, p3)dp1dp2dp3. (4.23)

This means that we only keep the state when the measured pi (i = 1...3) lies in some

finite measurement window |p| < pc, as we already explained in Sec. 2.5.1.1.

We can now repeat the same procedure as explained above for the 5-qubit repetition

code. In this case, five cavities are needed, interchanging θ with −θ rotations. For the

error encoding and error identification, four local qubuses are used at each side of the

repeater pair.

Table 4.1 shows the results obtained for the 3-qubit code, for the 5-qubit code, and

for the non-encoded scheme without purification and with one round of purification for

different distances (L0 = 5, 10, 20 km). The values in Table 4.1 for the case without

encoding were calculated using Eqs. (4) from Ref. [26]. All values were calculated using

pc = 0.5, which was considered in Ref. [26] as a value, for which a reasonable trade-

off between probability of success and fidelity is achieved. The phase-shift was set to

θ = 10−2, corresponding to an achievable value for realistic cavity parameters [26, 27].

Here, we used αθ ∼ 1 as an optimal value to maximize the fidelity for the non-encoded

scheme, and αθ ∼ 2 for the encoded scheme.

We can see from Table 4.1 that, for a typical distance of 10 km, the 5-qubit repetition

code achieves a fidelity of 0.84. Compared to the non-encoding scheme, the encoded

scheme achieves a higher fidelity than the scheme without purification. However, the

scheme with purification shows still a better performance. Nevertheless, there are some

important advantages in our QEC scheme in comparison to that with only purification.

Although purification is known to be a two-way protocol, typically QEC schemes are

one-way schemes. This means that after the syndrome measurement, there is no need

for station B to communicate its measurement results to station A, and consequently,
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4. HYBRID QUANTUM REPEATER WITH ENCODING

Non-encoding Encoding

without purification with purification 3-qubit code 5-qubit code

Fopt Ps Fopt Ps Factual Ps Factual Ps

5 km 0.86 35% 0.92 12.9% 0.92 4.1% 0.95 0.5%

10 km 0.77 36% 0.88 13.6% 0.81 4.2% 0.84 0.3%

25 km 0.58 40% 0.75 15.9% 0.55 4.4% 0.55 0.3%

Table 4.1: Comparison between a HQR scheme with and without encoding.

the scheme with QEC is faster than that with only purification, thus saving temporal

resources. Moreover, in the scheme presented here, we do not require two-qubit gates,

making our scheme simpler than the scheme with only purification.

What happens if we consider larger repetition codes? For larger repetition codes,

the calculations of the fidelity and probability of success is extremely complicated, but

we should be able to estimate these values. Let us rewrite Eq. (4.22) as F3,actual =

(p3 + 3p2(1− p))F3 and for 5 repetitions, F5,actual = (p5 + 5p4(1− p) + 10p3(1− p)2)F5;

in general the actual fidelity for an n-qubit repetition code becomes

Fn,actual =

n−1
2∑

k=0

(
n

n− k

)
pn−k(1− p)kFn. (4.24)
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Figure 4.7: The blue curve is the function F3 and the red curve is the function F5 for

L0 = 10 km, θ = 0.01 and different values of α and pc.

In Fig. 4.7, we show the functions F3 and F5, and we observe that F3 is always

bigger or equal than F5 (F3 ≥ F5). We then expect that the same behavior can be
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4.3 QEC against photon losses

n Fn,actual−bound

5 0.90

7 0.91

9 0.93

11 0.95

13 0.96

Table 4.2: Bounds for the actual fidelity for different repetition codes.

observed for a higher order of encoding, such that 1 ≥ F3 ≥ F5... ≥ Fk ∀k > 5. In this

way, we can calculate upper bounds for Fn,actual, by substituting Fn for F3,

Fn,actual−bound =

n−1
2∑

k=0

(
n

n− k

)
pn−k(1− p)kF3. (4.25)

The upper bounds for Fn,actual−bound are shown in Table 4.2 and they are calculated

using pc = 0.001,1 αθ ∼ 2, and L0 = 10 km. It is clear from these values that in order to

achieve final fidelities near 0.95, we have to use at least an 11-qubit repetition code. In

fact, considering that pc = 0.001 will make the probability of success extremely small,

it is possible to see that for pc = 0.5, at least a 17-repetition code is required to achieve

final fidelities of 0.95.

We showed here how repetition codes can protect the distributed entanglement

against photon losses in the transmission channel. In the following, we will study the

effect of the encoding on the entanglement dynamics.

4.3.2 Quantum error correction and entanglement sudden death

The entanglement dynamics of a system suffering from decoherence effects have been

widely studied and it was demonstrated that dissipation may cause entanglement to

vanish in a finite time. This effect is called entanglement sudden death (ESD) [77]. In

Ref. [78] Sainz and Björk showed that quantum error correction may delay, but also

induce, ESD. Inspired by this work, we investigate here the entanglement evolution for

an optical coherent state subject to photon losses.

As a simplified model, we analyze these effects for an initial state given by

|χα〉 =
|0〉|α〉+ |1〉|αe−iθ〉√

2
. (4.26)

1We aim here to identify the minimum size of the repetition code needed to achieve a certain final

fidelity (0.95), and this is the reason why pc is chosen to be so small (pc = 0.001).

79



4. HYBRID QUANTUM REPEATER WITH ENCODING

Note that this is the resulting state from the interaction between the probe beam and

the atomic qubit inside a cavity. We study here the evolution of the qubit-qumode

entanglement [54, 79].

We assumed that only the qumode state is subject to errors. After transmitting the

qubus through a lossy channel, the state is transformed as follows

ρf = p|χα√η〉〈χα√η|+ (1− p)Z|χα√η〉〈χα√η|Z, (4.27)

with the Z operator acting on the transmitted mode and

p =
1 + e−(1−η)|α|2(1−cos θ)

2
, (4.28)

as was already explained in the beginning of this section, Eq. (4.12).1

If the two parties sharing this state (sender and receiver) perform quantum error

correction using a three-repetition code, the final state after encoding, transmission,

and decoding is given by

ρf,3 = (p3 + 3p2(1− p))|χα√η〉〈χα√η|+ (3p(1− p)2 + (1− p)3)Z|χα√η〉〈χα√η|Z. (4.29)

For an n-repetition code, the final state is given by

ρf,n = (Psuccess,n)|χα√η〉〈χα√η|+ (1− Psuccess,n)Z|χα√η〉〈χα√η|Z (4.30)

where

Psuccess,n =

n−1
2∑

k=0

(
n

n− k

)
pn−k(1− p)k. (4.31)

Similar to Refs. [77, 78], we adopt the concurrence to characterize the entangle-

ment.2 Following Ref. [80], the concurrence for a bipartite qubit system described by

ρ is given by

C = max{0,
√
λ1 −

√
λ2 −

√
λ3 −

√
λ4}, (4.32)

where
√
λi are the eigenvalues of ρρ̃ listed in decreasing order. The time-reversed

density operator ρ̃ is defined by

ρ̃ = (Y1 ⊗ Y2)ρ∗(Y1 ⊗ Y2), (4.33)

where Yi is the Pauli Y operator for the ith mode and ρ∗ is the conjugate matrix of ρ.

1Note that we assumed here again α ∈ C, because of the form of the state in Eq. (4.26).
2As was shown in Ref. [78], the fidelity may not be the best entanglement measure to compare

different correction codes, since it is not necessarily connected to the state’s remaining entanglement.
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4.3 QEC against photon losses

The problem of computing the concurrence of a general pure bipartite state subject

to an arbitrary one-sided channel $ is in principle simplified, if we notice that the effect

of a one-sided noisy channel on the entanglement is independent of the initial state |χ〉,
but completely dependent on the action of the channel on a maximally entangled state

[81].1 As a result, the concurrence can be rewritten as [81]

C[(1⊗ $)|χ〉〈χ|] = C[(1⊗ $)|φ+〉〈φ+|]C[|χ〉]. (4.34)

We choose the maximally entangled state to be the Bell state |φ+〉 written as |φ+
α 〉 =

(|0〉|uα〉+|1〉|vα〉)/
√

2 with {uα, vα} defining an orthogonal basis in the two-dimensional

space spanned by |α〉 and |αe−iθ〉 (see below). After transmission through the lossy

channel, the resulting state can be described as an X matrix:

(1⊗ $)|φ+
α 〉〈φ+

α | =


a 0 0 w

0 b z 0

0 z∗ c 0

w∗ 0 0 d

 , (4.35)

where

a = d =
1

2
,

b = c = z = 0,

w =
2p− 1

2
.

Now with QEC using repetition codes, the channel $enc includes not only the lossy

transmission channel itself but also the encoding, syndrome measurement, error cor-

rection, and decoding operations. Thus the resulting state is given by

(1⊗ $enc)|φ+
α 〉〈φ+

α | =


a 0 0 w

0 b z 0

0 z∗ c 0

w∗ 0 0 d

 , (4.36)

where

a = d =
1

2
,

b = c = z = 0,

w =
2Psuccess,n − 1

2
.

1This results from the so-called Jamiolkowski isomorphism [82].
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4. HYBRID QUANTUM REPEATER WITH ENCODING

The advantage of a state that is represented by an X matrix is that its concurrence

can be easily calculated by [77]

C = 2max{0, |z| −
√
ad, |w| −

√
bc}, (4.37)

and consequently, the concurrence of the state in Eq. (4.35) is

C[(1⊗ $)|φ+
α 〉〈φ+

α |] = 2max{0, |p− 1

2
|}. (4.38)

For the state in Eq. (4.36), the concurrence is similar to Eq. (4.38), but p→ Psuccess,n.

Finally, we calculate the concurrence of the initial state |χα〉. First, we changed the

state |χα〉 using an orthogonal basis {uα, vα} such that

|α〉 = µα|uα〉+ να|vα〉,

|αeiθ〉 = (µα|uα〉 − να|vα〉)eiξ, (4.39)

with µα =
(

1+e−|α|
2(1−cos θ)

2

) 1
2
, να =

√
1− µ2

α, and ξ = |α|2 sin θ. Thus the density

matrix representing this state is given by

|χα〉〈χα| =
1

2


a2 a2e−iξ ab −abe−iξ

a2eiξ a2 abeiξ −ab
ab abe−iξ b2 −b2e−iξ

−abeiξ −ab −b2eiξ b2

 , (4.40)

with a = µα and b =
√

1− a2. Finally, using Eq. (4.37), we find that

C[|χα〉] = 2max{0,
√

1− e−2|α|2(1−cos θ)}. (4.41)

We show in Fig. 4.8 the concurrence for different encodings. Similar to what was

already observed for the final fidelity [26, 54], there is an optimal coherent-state size α

which maximizes the concurrence. For simplicity, we set for Fig. 4.9 α = 200 and we

show that QEC with repetition codes for the scenario presented here always protects

the entanglement against losses in the transmission channel. Moreover, the higher the

redundancy of the code is, the bigger is the improvement. Therefore, we conclude that

QEC with repetition codes in the present regime does not induce entanglement sudden

death.

We presented in this section a scheme where repetition codes are used to protect

the hybrid quantum repeater against photon losses in the channel. In the following

section, other source of errors, such as memory imperfections and gate errors, as well

as different classes of codes will be analyzed.
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Figure 4.8: Concurrence after transmission as a function of α for transmissivity η = 2/3.

Direct transmission (thick line) in comparison with the 3-repetition code (dash-dotted

line), 5-repetition code (dotted line), 11-repetition code (dashed line), and 51-repetition

code (thin line).
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Figure 4.9: Concurrence after transmission as a function of channel losses 1 − η for

α = 200. Direct transmission (thick line) in comparison with the 3-repetition code

(dash-dotted line), 5-repetition code (dotted line), 11-repetition code (dashed line),

and 51-repetition code (thin line).

4.4 QEC against memory imperfections and gate errors

The main idea of this section is to apply QEC to a hybrid quantum repeater with

the aim to improve the scheme against practical limitations such as finite memory

decoherence times (relaxing the requirement of perfect memories in our earlier analysis

of the unencoded HQR in Chapter 3 and Ref. [29]) and imperfect two-qubit operations.

More specifically, the QEC codes under consideration here are the well-known qubit-
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4. HYBRID QUANTUM REPEATER WITH ENCODING

repetition codes and Calderbank-Shor-Steane (CSS) codes [75], similar to what was

proposed in Ref. [74]. Due to their transversality property, entanglement connection

and error correction can be performed with the same set of operations. Our treatment

is not restricted to analyze the in-principle performance of QEC codes for the hybrid

quantum repeater, but it also shows how to actually implement an encoded HQR.

4.4.1 Quantum repeater with error correction

According to Ref. [74], the complete protocol for a quantum repeater with encoding

should, in principle, work as follows: first, an encoded Bell pair between two repeater

stations is generated. Second, entanglement connection is performed between neigh-

boring stations. Imagine we want to connect the Bell pairs (A,B) and (C,D). We

should then realize a Bell measurement on the qubits B and C. More specifically,

this measurement can be performed using a CNOT operation between qubits B and C

and a projective X-measurement for qubit B and a Z-measurement for qubit C. For

the encoded states, we should be able to perform an encoded version of the Bell mea-

surement. Due to the transversality property of the codes analyzed here, the encoded

version of this operation is the same as the operation applied individually for each pair

of the 2n physical qubits at every repeater station. Provided the system is not noisy

and the operations perfect, this would be enough to distribute entanglement over the

whole distance. However, of course, this is not the realistic case.

The remarkable feature of the encoded scheme [74] is now that when performing

the entanglement connections, we are able to realize the syndrome measurements at

the same time, since we are doing projective measurements on the 2n physical qubits.

After identifying the error, error correction should be applied and it is guaranteed that

the new state is a highly entangled state. All the entanglement connection operations

will be performed simultaneously. However, it is important to know exactly which final

entangled state is generated. For this purpose, the measurements at the entanglement

connection steps will determine the Pauli frame of the final entangled state [74].

The whole protocol, especially a version of it adapted to the use of repetition codes,

can now be divided in the following steps: 1) generation and distribution of the encoded

entangled states, 2) purification of the encoded entangled states, 3) encoded entangle-

ment connection, and 4) Pauli frame determination, as illustrated in Fig. 4.10. Note

that in this version, we first encode and then purify, unlike Ref.[74]. However, similar

to Ref. [74], first the codewords are locally prepared and then, with the help of ancilla

states, the encoded entangled state is generated.

There are some peculiarities regarding the different classes of codes and schemes.
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4.4 QEC against memory imperfections and gate errors

Figure 4.10: Schematic repeater protocol with encoding. In step 1 an encoded entangled

pair is distributed. First, at each repeater station there are 2n physical qubits. Here

n = 3. In step 1(i), these qubits (n of station 1 and n of station 2) are locally prepared

in the encoded state |0̄〉 + |1̄〉. By sending and measuring an ancilla qubus state, the

state |0̄0̄〉 + |1̄1̄〉 is distributed among the two neighboring stations in step 1(ii). Two

identical copies of the encoded entangled state are generated, and so applying local

operations between each of the n physical qubits in stations 1 and 2 gives a purified

entangled encoded state. In step 3, the encoded Bell states are connected, applying

Bell measurements individually on each of the 2n physical qubits. The outcomes of the

Bell measurements on qubits ai and bi are used to identify the errors and the operations

necessary to recover the desired Bell state, or to determine the resulting “Pauli frame”

(step 4). Errors are represented by a lightning symbol. Red color indicates when

memory errors occur for the first time, orange color symbolizes imperfect entangled

states due to losses in the transmission channel, and blue color corresponds to errors

in the two-qubit gates.

In the scheme of Jiang et al., first, codeword states are locally prepared together with n

purified physical Bell states between two repeater stations. An encoded entangled pair

is eventually obtained through n pairwise teleportation-based CNOT gates between the

local encoded states and the corresponding halves of the Bell states. In contrast, our

scheme for the repetition code, as described below, does not require any teleportation-

based CNOT gates for the generation of an encoded entangled pair. Consequently,

neglecting the CNOTs necessary for the local codeword generation, while the scheme

from Ref. [74] needs in total 4n CNOT gates to initially generate a purified encoded
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4. HYBRID QUANTUM REPEATER WITH ENCODING

entangled pair (for one round of purification), we need CNOT gates only for the purifi-

cation step. As a result, we just use 2n CNOT gates in the preparation of the purified

encoded entangled pair. In principle, even these purifications could be done without

the use of full CNOT gates [36, 83, 84]. Even more importantly, our protocol for the

qubit-repetition code uses only a single lossy channel per encoding block (for any code

size n), as opposed to the n attenuated Bell pairs in Ref. [74]. Nevertheless, for a

version of the protocol based on the CSS codes, as described in detail in Sec. 4.4.3, we

shall follow a similar strategy to that of Ref. [74], by teleporting a logical qubit using

already prepared Bell states.

The effective logical error probability for each encoding block, after encoding a qubit

in an [n, 1, d] code and performing syndrome measurement and correction, is

Qn =
n∑

j= d+1
2

(
n

j

)
qjeff (1− qeff )n−j , (4.42)

where qeff is the effective error probability per physical qubit (more details for this

will be given below). So, the leading order of errors occurring with probability qeff is

reduced to q
d+1

2
eff through the use of QEC.

Since there are some subtleties regarding the repetition codes and the CSS codes,

both families of codes are analyzed separately below.

4.4.2 Hybrid quantum repeater with repetition code against memory

errors

Although the repetition code is one of the simplest error-correcting code, it is not a full

quantum error correction code, as it can only correct one type of error. With this in

mind, the qubit repetition code will be used here to protect the states against phase-flip

(Z) errors originating from memory imperfections. For this purpose, the gate errors

are considered sufficiently small such that the dominating error is caused by memory

imperfections.1 We produce an encoded entangled state using a qubit-repetition code

[n, 1, d]. For n = 3, |0〉 is encoded in |+̄〉 = |+++〉 and |1〉 is encoded in |−̄〉 = |−−−〉,
where |±〉 = |0〉±|1〉√

2
. The encoded entangled pairs are connected by applying an encoded

1The reason as to why the Z errors originating from the gate errors are not included into the error

correction is that Z and X errors occur with equal probability in the imperfect CNOT gates. In this

case, the scheme with repetition code performs worse than the non-encoded scheme. For example, for

the three-repetition code against X errors, the probability of no error will be (1− qz)3(1− 3q2
x + 2q3

x).

Without encoding, the probability of no error is (1 − qz)(1 − qx). If qx = qz = q, it is clear that

(1− q)3(1− 3q2 + 2q3) ≤ (1− q)(1− q).
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4.4 QEC against memory imperfections and gate errors

Bell measurement between the two half-nodes of the repeater station. This is done by

applying pairwise CNOT gates on qubits {ai, bi} and by measuring qubits 2a in the

logical basis {|+̄〉, |−̄〉} and qubits 2b in the logical basis {|0̄〉, |1̄〉}, as shown in Fig. 4.10.

The logical computational basis is defined as |0̄〉 = |+̄〉+|−̄〉√
2

= 1
2(|000〉+ |011〉+ |101〉+

|110〉) and |1̄〉 = |+̄〉−|−̄〉√
2

= 1
2(|111〉 + |100〉 + |010〉 + |001〉), and it is straightforward

to see that by measuring each physical qubit on the {|0〉, |1〉} basis, if the output is an

odd number of |0〉, the logical qubit is in the state |0̄〉, otherwise, the logical qubit is in

the state |1̄〉. Following this procedure, we will not only connect the encoded entangled

states, but we can also identify if an error occurred.

Ignoring the two-qubit gate for the moment, the probability that a logical qubit

suffers an error after encoding and applying error correction is given by Eq. (4.42),

where d = 3 and qeff = qm(t/2):

Q3 = q3
m(t/2) + 3q2

m(t/2)(1− qm(t/2)). (4.43)

For a two-qubit encoded entangled state, the probability that no error occurs is then

given by1

P3 = (1−Q3)2 +Q2
3. (4.44)

Assuming that the initial entangled state distributed between two neighboring repeater

stations is

F |φ+〉〈φ+|+ (1− F )|φ−〉〈φ−|, (4.45)

with F = (1+e−(1−η)α2(1−cos θ))/2, as was explained in Sec. 2.5.1.2, the final state after

encoding, syndrome measurement, and correction becomes

P3

[
F |φ̄+〉〈φ̄+|+ (1− F )|φ̄−〉〈φ̄−|

]
+ (4.46)

(1− P3)
[
F |ψ̄+〉〈ψ̄+|+ (1− F )|ψ̄−〉〈ψ̄−|

]
,

where the encoded version of the Bell states are represented by |φ̄±〉 = (|+̄〉|+̄〉 ±
|−̄〉|−̄〉)/

√
2 and |ψ̄±〉 = (|+̄〉|−̄〉 ± |−̄〉|+̄〉)/

√
2.

Although the encoding protects the original state against memory imperfections,

the same does not necessarily happen for the two-qubit gate imperfections. In fact, the

effect of these errors may become even stronger in the encoded scheme, affecting, in

particular, the purification and swapping steps. We should be very careful here, since

the resulting state after the two-qubit interaction will no longer necessarily remain a

mixture of Bell states. By having this in mind and the error model in Eq. (4.5), we

1Note that this is exactly the same relation that was shown previously in Eqs. (4.7, 4.8); there

(1− qm(t)) = (1− qm(t/2))2 + q2
m(t/2).
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4. HYBRID QUANTUM REPEATER WITH ENCODING

are able to estimate the probability of success and the fidelity of the purification and

swapping steps. Before getting into details we should remember that, as was already

presented in Sec. 2.5.2, assuming perfect two-qubit gates and an initial state of the

form A|φ+〉〈φ+|+B|φ−〉〈φ−|+C|ψ+〉〈ψ+|+D|ψ−〉〈ψ−| with |φ±〉 = (|00〉 ± |11〉)/
√

2

and |ψ±〉 = (|01〉±|10〉)/
√

2, after purification or swapping, the state still has the same

form, but with new coefficients given as follows [12, 18],

A′pur =
A2 +D2

Ppur
, B′pur =

2AD

Ppur
,

C ′pur =
B2 + C2

Ppur
, D′pur =

2BC

Ppur
, (4.47)

Ppur = (A+D)2 + (B + C)2, (4.48)

A′swap = A2 +B2 + C2 +D2, B′swap = 2(AB + CD),

C ′swap = 2(AC +BD), D′swap = 2(BC +AD), (4.49)

and we will use [29]

Pswap ≡ 1. (4.50)

Considering that the final state will be a complicated mixed state, especially for

higher orders of encoding, we include the gate errors, by treating these functions in a

worst-case scenario. Following this, lower bounds for fidelity and probability of success

of purification and for the fidelity of swapping are then given by

Ppur,lower(A,B,C,D) = Ppur(A,B,C,D)(1− qg(x))4n, (4.51)

Fpur,lower(A,B,C,D) = A′pur(A,B,C,D)(1− qg(x))4n, (4.52)

Fswap,lower(A,B,C,D) = A′swap(A,B,C,D)(1− qg(x))2n. (4.53)

For further details, see Appendix C.2.

We purify previously encoded states, but, since during the entanglement distribution

the qubits are already subject to errors, we do error correction before purification. For

this, we first apply a Hadamard operation on the qubits changing |+〉 back to |0〉, and

similarly, |−〉 back to |1〉, and then we measure the qubits with the aid of an ancilla

state, employing a majority voting. In order to do this, we use a qubus interacting with

the atoms in the cavities. The qubus is measured in the x quadrature and so we can

find out if an error occurred which can be corrected. A similar procedure is performed

in the implementation of the encoded scheme, which will become clear soon. Since
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4.4 QEC against memory imperfections and gate errors

error correction occurs deterministically and locally at each repeater station, this does

not affect the generation rates. The purification protocol between the encoded states is

very similar to the original version from Ref. [18]. First, local operations are applied on

each physical qubit. At side A, the 2n physical qubits are subject to the transformation

|0〉 → (|0〉+ i|1〉)/
√

2 and |1〉 → (i|0〉+ |1〉)/
√

2. At side B, the 2n physical qubits are

transformed as |0〉 → (|0〉− i|1〉)/
√

2 and |1〉 → (−i|0〉+ |1〉)/
√

2. On both sides CNOT

operations are applied transversally on each n physical qubits from the logical control

and target qubits. The physical target qubits are measured in the computational basis,

and the logical qubits are identified (remember that for the repetition code, an odd

number of 0 corresponds to the logical state |0̄〉 and an even number of 0 refers to the

logical state |1̄〉). Always when the logical qubits measured on both sides coincide, we

keep the resulting state and this is a purified encoded entangled state.

The final fidelity of the encoded entangled state, after k rounds of purification and

N − 1 connections (swappings), is given as a lower bound by

Ffinal = (4.54)

A′swap(...A
′
swap(︸ ︷︷ ︸

(log2 N)−times

A′pur(...A
′
pur︸ ︷︷ ︸

k−times

(Aeff (F, tk), Beff (F, tk), Ceff (F, tk), Deff (F, tk)))))×

(1− qg(x))2n((N−1)+2(2k−1)) (4.55)

where Aeff (F, t) = Pn(t)F , Beff (F, t) = (1 − Pn(t))F , Ceff (F, t) = Pn(t)(1 − F ),

Deff (F, t) = (1 − Pn(t))(1 − F ),1 N = L/L0 with L the total distance and L0

the fundamental distance between repeater stations, T0 = 2L0/c is the minimum

time it takes to successfully generate entanglement over L0, and c is the speed of

light in an optical fiber (2 × 108 m/s). More details can be found in Appendix

C.2. We should be careful when defining the dephasing times tk. We make use

of as many spatial resources as need to minimize the required temporal resources,

such that the time considered in Eq. (4.54), tk = (k/2 + 1)T0, is the minimum time

it takes for the entanglement distribution and k rounds of entanglement purifica-

tion to succeed. Notice here that Aeff (F, tk) is smaller than the fidelity that we

obtain after entanglement distribution and error correction but before purification,

because tk ≥ T0. The probability of success for one round of purification will be

estimated as P1 = Ppur,lower(Aeff (F, t1), Beff (F, t1), Ceff (F, t1), Deff (F, t1)). In the

case of two rounds of purification, the probability of success will be given by P2 =

Ppur(Aeff (F, t2), Beff (F, t2), Ceff (F, t2), Deff (F, t2))Ppur(A
′
pur(Aeff (F, t2), Beff (F, t2),

1Note here that if we wrote the state from Eq. (4.46) in the computational basis, the coefficients

B and C would be swapped.
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Ceff (F, t2), Deff (F, t2)), ..., D′pur(Aeff (F, t2), Beff (F, t2), Ceff (F, t2), Deff (F, t2))

(1−qg(x))12n. The time spent for the encoding was neglected here, since it will be much

shorter than the time spent in classical communication between repeater stations.

How precisely the encoding protocol can be implemented is explained below.

Implementation

The implementation for the repeater with encoding, omitting purification, can be

described as follows. In the unencoded scheme, a probe beam interacts with two qubits

at two neighboring repeater stations. With encoding, it is crucial to observe (see be-

low) that we may still use only one probe beam, however, n qubits per half node are

needed. Initially, the qubits are all in the state ((|0〉+ |1〉)/
√

2)⊗n. It is important for

the encoded scheme that the generation of the locally created encoded states occurs

deterministically,1 since otherwise the whole protocol would again become too slow.

Through interaction of the qubits with a coherent state with sufficiently large ampli-

tude, β � 1 with β ∈ R, it is possible to prepare the n-qubit state (|0〉⊗n + |1〉⊗n)/
√

2,

for example, employing homodyne measurements. This works because the interaction

between qubits and qubus (probe) functions as a controlled-phase rotation and we are,

in principle, able to deterministically distinguish between the phase-rotated compo-

nents of |β〉 by measuring the x quadrature. For β � 1, this can be even achieved in an

almost error-free fashion. By preparing the qubits in this way, the transmitted qubus

beam (between two stations) will interact only with one qubit pair from the n-chains.

More specifically, let us take a look at the 3-qubit repetition code as illustrated in

Fig. 4.11. The qubits are initiated in the state
(
|0〉+|1〉√

2

)⊗3
. As shown in step 2.1, this

state interacts with a coherent state |β〉, and this interaction is described by

U1
int (θ)U2

int (2θ)U3
int (−3θ)

[(
|0〉+ |1〉√

2

)⊗3

|β〉

]
=

1

2
√

2

[
(|000〉+ |111〉) |β〉+ |001〉|βe3iθ〉+ |010〉|βe−2iθ〉+

|100〉|βe−iθ〉+ |110〉|βe−3iθ〉+ |101〉|βe2iθ〉+ |011〉|βeiθ〉
]
. (4.56)

By measuring the x quadrature of the probe beam, the state |000〉+|111〉√
2

is determinis-

tically generated up to a known phase shift [85] and local bit flip operations. In the

1This is similar to Ref. [74] where first GHZ states are produced locally, which are then teleported

into the initially created nonlocal Bell pairs. Note that in Ref. [74], the purification of these initially

distributed Bells pairs is also made near-deterministic by using sufficiently many temporal and spatial

resources. We shall follow a similar strategy, but in our case for the initial distributions, see Sec. 4.4.4.
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4.4 QEC against memory imperfections and gate errors

next step 2.2, a probe state |α〉 interacts with only one qubit at each repeater station.

This time, after performing a USD measurement on the qubus, as was explained in

Sec. 2.5.1.2, the entangled encoded state

|000〉|000〉+ |111〉|111〉√
2

(4.57)

is prepared.1 To prepare an encoded entangled state in the conjugate basis, we just

have to apply Hadamard operations on the physical qubits immediately after the local

codeword state has been produced and the probe beam has interacted with one of the

qubits. We assumed here that the codeword state at side B is prepared only at the

very moment when the probe qubus arrives at this side, avoiding so memory dephasing

during the transmission time. For larger codes (n > 3), similar sequences of interactions

can be found. However, considering the typical size of θ and the number of interactions,

it will be more practical to use more than one local qubus beam for the preparation of

the encoded state. For more details, see Appendix C.3.

Although the scheme presented here has a fairly simple description, its experimen-

tal implementation can be technologically challenging. For an almost error-free and

deterministic scheme, there is the constraint βθ2 � 1,2 which for small phase shifts

of θ ∼ 10−2 requires bright beams or even ultrabright beams (i.e., pulses with mean

photon number larger than 108). Notice that the probability of error caused by the

nonorthogonality of the coherent states with finite amplitude is of orders of magnitude

smaller than the other errors considered here (Perror < 10−5 for βθ2 > 9 [85]) and

will be neglected in our analysis. Moreover, in our scheme the main contribution of

losses is through the transmission channel, losses that happen in the interaction be-

tween the qubus state |β〉 and the atomic qubits are strictly local and hence will be

neglected here.3 Note that prior to entanglement purification, the only remaining el-

1Note here that there is an important difference between the state preparation in step 2.1 and in

step 2.2. In the first step, the coherent state |β〉 interacts with cavities that are locally positioned

next to each other, and by using a sufficiently bright beam, β � 1, homodyne measurements in the x

quadrature will be enough to deterministically prepare the state up to a known phase shift and local

bit flip operations. In the second step, the probe beam interacts with two cavities spatially separated

from each other. In this case, the effect of photon losses in the channel depends on the amplitude of

the beam, and we cannot make α arbitrarily large. Consequently, the generation of the entangled state

must become non-deterministic.
2If we did allow for an almost error-free but probabilistic scheme, we would have βθ � 1 using

p-quadrature measurements.
3Note that different from these encoding and entangling steps, for the purification and swapping,

local losses will be included, as the latter require (in the present protocol) full CNOT gates which are

most sensitive to the local losses.
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1. Non-encoded scheme

probe pulse

Deterministic state preparation:

Interaction:

 
( )111000

2
1 +

 ( ) ( ) ( )θθθ 32 3
int

2
int

1
int −UUU

channel

Probabilistic state preparation:
 

( )111111000000
2

1 +

 12>>βθ

 1≤θα

2. Encoded scheme
2.1 Preparation of the local codeword states

2.2 Distribution of an encoded pair


Figure 4.11: Hybrid quantum repeater with repetition code. The qubits are initiated

in the state (|0〉+ |1〉)⊗3, normalization factor is omitted. Step 2.1: interacting the

qubits with a coherent state |β〉. By measuring |β〉, the state |000〉+ |111〉 is prepared.

Step 2.2: a probe state |α〉 interacts with only one qubit at each repeater station. By

measuring the qubus, the entangled encoded state |000〉|000〉+ |111〉|111〉 is prepared.

ements which are probabilistic and which contribute to the infidelity of the encoded

pairs are the postselection of the single qubus beam and its lossy transmission, re-

spectively. The postselection is then achieved through a USD measurement. In the

protocol of Ref. [74], in contrast, first, all of the N0 > n Bell pairs are subject to fiber
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4.4 QEC against memory imperfections and gate errors

attenuations through their channel transmissions (see App. D of Ref. [74]), prior to

their purifications and the encoding steps (in precisely this order, opposed to that of

our protocol with first encoding, second, transmission, and third, purification). As as

result, in our scheme, we minimize the effect of the lossy channel transmissions and the

corresponding need for entanglement purification.

4.4.3 Hybrid quantum repeater with CSS code against memory and

gate errors

Exploring the possibility of the transversal implementation of encoded operations and

measurements, the protocol for the quantum repeater with encoding using CSS codes

can be executed similar to what was explained above. The main difference now is the

order of the encoding and the purification steps. For the repetition codes, purification

occurs after encoding. The same procedure could be applied for the CSS codes, but in

this case the distance d is usually smaller than the number of qubits n, and therefore,

when more than d−1
2 errors occur, the state is not necessarily defined in the codeword

space anymore. This causes the purification protocol to work extremely inefficiently.

Consequently, for the CSS codes we follow the same strategy as in Ref. [74]: the encoded

entangled state is prepared by teleporting a logical qubit generated locally using n

already prepared purified Bell states distributed between the repeater stations.

Assuming that the error probabilities qg, qm, and (1 − F ) are sufficiently small,

similar to Ref. [74], we estimate an effective error probability per physical qubit as

qeff = 3qm(t′k/2) + 2qg(x) + (1− F ). (4.58)

If purification occurs, (1 − F ) will be replaced by (1 − Fk). Here, Fk is the fidelity

after k-rounds of purification using the initial state F |ψ+〉〈ψ+| + (1 − F )|ψ−〉〈ψ−|,
the purification protocol from Ref. [18], and the gate error from Eq. (4.5); an explicit

formula and further details are presented in Appendix C.4. We further exploit that

the memory decaying time is t′k = (k + 1)T0/2, assuming that for the distribution of

the entanglement (and for purification) the qubits suffer memory dephasing just during

the time it takes for classical communication of a successful distribution (purification)

event.

The effective logical error probability is given by combining Eqs. (4.42, 4.58). The

final fidelity is given by

Ffinal = (1−Qn)2N . (4.59)

Although we do not propose an explicit implementation for the CSS codes, the

generation of the codeword states from the CSS codes (in form of cluster states), using
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weak nonlinearities similar to those employed in the HQR, was proposed in Ref. [76].

However, that scheme, in its most practical manifestation, is probabilistic. This prob-

abilistic feature will drastically decrease the generation rates and require longer lasting

memories (suppressing the benefit of the encoding against memory errors). Instead, in

Ref. [86], the codewords are created in a deterministic fashion using a similar hybrid

system. However, the codeword cluster states generated in this proposal are in fact

photonic states, which work badly as a memory. Nonetheless, in principle, a similar

approach appears feasible also in the present context of CSS-encoding for the HQR

using atomic memories. We leave a detailed proposal of an explicit implementation of

a CSS-HQR for future research.

4.4.4 Rate analysis

Complementary to our analysis in Ref. [29], the pair creation rates shall now be calcu-

lated, assuming, similar to Refs. [61, 62, 74, 87], that there are sufficiently many initial

resources, such that it is (almost) guaranteed that at least one entangled pair will be

successfully generated between two neighboring repeater stations. In other words, for

instance, for the repetition codes, we assume s� 1, where s is the number of memory

blocks in each half repeater station. In every block there are n memory qubits, condi-

tionally prepared in the state |0̄〉+|1̄〉√
2

. To give an example, in Fig. 4.11, the case of one

block, s = 1, and three physical qubits, n = 3, is shown. Assuming that we have to dis-

tribute entanglement only for the top physical qubits of the blocks, the average number

of encoded entangled pairs generated at time T0 will be sP0, where P0 is the probability

of success to generate an entangled pair, in our case given by P0 = 1− (2F − 1)η/(1−η).

The rate to generate an encoded entangled pair would be given then by sP0
T0

. The rate

to successfully generate an encoded entangled pair per each of the sn memories em-

ployed in every half node of the repeater is then P0
nT0

. Since the swapping step is taken

to be deterministic, this can be considered also as the rate to successfully generate an

encoded entangled pair over the total distance L (without purification).

For the CSS codes, let us use s′ as the total number of physical qubits available

at each half node of the repeater station which are involved in the distribution of the

entangled states. This number of entangled pairs is on average given by s′P0. Since for

each encoding block we need at least n entangled pairs to teleport the logical qubits, the

average number of encoded entangled pairs is calculated as s′P0
n . The rate to generate

an encoded pair is then given by s′P0
nT0

. Note that we use s′ both for the “flying” and

“stationary” (memory) qubits, such that the rate to generate an encoded entangled pair

per memory can be written as P0
nT0

. This is in fact an overestimation of the number of
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stationary memories, since not all physical qubits involved need to be memory qubits.

To summarize, the rate to successfully generate an entangled pair over a total

distance L, divided into segments L0, per each memory employed in every half node of

the repeater, both for repetition and CSS codes, is given by

Rn =
P0

nT0
. (4.60)

Notice here that for the scheme without purification, the memory and gate errors will

affect the final fidelity of the entangled state, but will have no direct impact on the

rates.

Depending on the application aimed for the resulting large-distant entangled pair,

purification should be included in the QEC protocol. The rates including purification

are described by

Rpur,n =
P0Pk

n2k(k/2 + 1)T0
, (4.61)

where Pk is the probability of success for the k-th purification step. For the repetition

code, Pk = Ppur,lower,k, defined in Eq. (C.9) in Appendix C.2. In the case of CSS

codes, P1 is defined using Eq. (C.15) in Appendix C.4; for more rounds of purification

it is possible to deduce more general expressions for Pk with the help of the results

from Appendix C.4. The factor 2k appears, because for each round of the purification,

already initially double as many entangled pairs are necessary. The time it takes to

produce an encoded purified entangled pair is (k/2 + 1)T0; T0 is the time it takes to

distribute successfully the entangled pairs and k/2 is the time spent to communicate

that purification succeeded. Compared to the time spent on classical communication

between repeater stations, the time needed for the local operations is much shorter,

and so these operation times are neglected here. Since all the swappings happen at the

same time, purification will only occur at the first nesting level, similar to Ref. [29].

Let us now discuss the rates that we obtain.

First, in Fig. 4.12, the rates are shown to generate an entangled pair for a total

distance of L = 1280 km, L0 = 20 km, without purification, with one, and with two

rounds of purification. Here we considered an imperfect memory with decoherence time

τc = 0.1 s,1 while the parameter of local losses in the CNOT gates is 1−T = 0.1%. We

compared the performance of various schemes, namely encoded with the three-qubit

repetition code [3, 1, 3], the Steane code [7, 1, 3], and without encoding. We will stick

in the rest of our analysis to two rounds of purification, as typically this turned out to

1Currently experimentally available memory times are of the order of ms for electronic spins and s

for nuclear spins.
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Figure 4.12: Rates for a HQR without purification (solid line), with one round of

purification (dashed line), and two rounds of purification (dotted line) in the first

nesting level with L = 1280 km, L0 = 20 km, τc = 0.1 s, and 1 − T = 0.1%. Blue

curves are the scheme without encoding, red curves for the scheme with encoding in

the [3, 1, 3] code, and black curves for the scheme with encoding in the [7, 1, 3] code.

The inset shows that in order to obtain Ffinal > 0.9, encoding is absolutely necessary.

be the best approach; however, as can be seen in Fig. 4.12, it is not always the best

choice. We find that in order to achieve Ffinal > 0.9, encoding is absolutely necessary

in this parameter regime, and that a suitable code is the Steane code.

In Fig. 4.13, we plotted the rates for L = 1280 km, L0 = 20 km, and the fol-

lowing codes: 3-qubit repetition [3, 1, 3], 7-qubit repetition [7, 1, 7], 51-qubit repetition

[51, 1, 51], Steane [7, 1, 3], Bacon-Shor [25, 1, 5], and Golay [23, 1, 7]; and for comparison,

also the non-encoded scheme. We plotted the rates for different values of τc and T :

1 − T = 0.1% (left), 1 − T = 0.01% (right), τc = 0.01 s (top), τc = 0.1 s (center), and

τc = 1 s (bottom). As expected, repetition codes (which cannot correct gate errors)

perform better when the gate errors are sufficiently small (1 − T = 0.01%). We also

observe that for τc ≤ 0.01 s, the CSS codes have a very bad performance. However,

τc = 0.1 s, even with 1 − T = 0.1%, is already enough to achieve high final fidelities

(Ffinal > 0.9) using the CSS codes. Interesting to notice is that for the parameters pre-

sented here, the [3, 1, 3] code always performs better than the other repetition codes.

This can be understood by noting that the bigger the repetition code is, the more

susceptible it is to gate errors. We would like to mention that even if we allow for

decoherence times of the order of τc = 10 s, the HQR can still not afford gates with

loss parameter of the order of 1− T = 1%. In addition, a scheme with 1− T = 0.01%
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performs almost identically to a scheme with perfect gates, 1− T = 0.

It is clearly to observe that there is a triple trade-off between the efficiency of the

codes, the values of decoherence time, and the local gate error parameter. Considering

Ffinal = 0.95, for τc = 0.01 s and 1−T = 0.01%, the three-repetition code (see Fig. 4.13,

right top) achieves a rate of about 24 pairs per second per employed memory qubit. For

τc = 0.1 s and 1−T = 0.1%, and the same final fidelity, the [23, 1, 7] code (see Fig. 4.13,

left center) can achieve a rate of about 6 pairs per second per memory. However, for

τc = 1 s and 1−T = 0.1%, the [7, 1, 3] code (see Fig. 4.13, left bottom) can achieve rates

of about 14 pairs per second per memory. Note that the final fidelities presented here

are those exactly obtained at the time when the entangled pair was distributed over the

entire distance L. Consequently, the dephasing errors due to memory imperfections will

continue to degrade the fidelity whenever the final pair is not immediately consumed

and used in an application.

4.5 Conclusion

We presented in this chapter the hybrid quantum repeater using quantum error cor-

rection. For this, we very briefly reviewed the basic idea and codes of the QEC theory.

We defined the errors and errors models of our scheme and we showed that repetition

codes can be used to enhance the performance of the HQR against photon losses in

the transmission channel. In a scheme where only one way classical communication is

needed, using a 5 repetition code, we achieved initial fidelities of 0.84 for L0 = 10 km

with probability of success Ps = 0.3%. Compared with a scheme without encoding,

there is a gain in the fidelity (originally the achieved fidelity was 0.77 with Ps = 36%

[26]). However, a scheme with one round of purification shows a better performance.

Nevertheless, we believe that a scheme with only QEC may be advantageous against a

scheme with purification in terms of temporal resources. In addition, we showed that

to achieve fidelities of 0.95 for L0 = 10 km, at least an 11 repetition code is needed.

Moreover, we studied the dynamics of the qubit-qubus entanglement. We observed

that there is an optimal coherent-state size α around 200 that maximizes the con-

currence of the final state. Similar result was already observed for the fidelity in

Refs. [26, 54]. Interesting to notice is that for our system QEC will not cause ESD.

We also presented here an explicit protocol for a hybrid quantum repeater including

the use of QEC codes in the presence of imperfect quantum memories and local gate

errors. We showed for the case of repetition codes how encoded states can be generated
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Figure 4.13: Rates for a HQR with two rounds of purification in the first nesting level

with L = 1280 km, L0 = 20 km, τc = 0.01 s (top), τc = 0.1 s (center), τc = 1 s

(bottom), 1− T = 0.1% (left), and 1− T = 0.01% (right). Blue dot-dashed line is for

non-encoded, red dashed line for the [3,1,3] code, purple dashed for the [7,1,7] code,

black solid line for the [7,1,3] code, orange solid line for the [23,1,7] code, and green

solid line for the [25,1,5] code.

utilizing the same interactions as for the unencoded scheme. Moreover, we calculated

the entanglement generation rates and, to properly compare the different schemes, we

computed here the rates per memory qubits. We showed that our system, with [23,1,7],

with reasonable imperfections, can achieve rates of 6 pairs per second per memory with
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final fidelities of about F = 0.95 for a repeater spacing of L0 = 20 km, a final distance

of L = 1280 km, local gate errors of 1−T = 0.1%, and a decoherence time of τc = 0.1 s.

For comparison, in the scheme of Ref. [62], a rate of 2500 pairs per second is achieved

for L = 1000 km and final fidelities higher than F = 0.99, requiring around 90 qubits

per repeater station. Roughly, this corresponds to a rate of 55 pairs per second per

memory. However, in that scheme, the fundamental distance has a different value,

L0 = 40 km, and those authors assumed perfect local gates, making the comparison

not completely fair.

The original encoded repeater of Ref. [74] achieves a generation rate of 100 pairs per

second for long distances (L > 1000 km) with final fidelities of F = 0.9984. However,

the system parameters used in that analysis are quite different from those presented

here. In Ref. [74], the fundamental distance is L0 = 10 km, the decoherence time is

τc ≈ 7 ms, the effective error parameter is qeff = 0.3%, and approximately 6n qubits

at each station are employed, of which 2n are memory qubits, and the 4n remaining

qubits are employed for the local operations on the memory qubits for QEC. This leads,

for example, for a 3-repetition code, to a rate of approximately 33 pairs per second per

memory.

We showed here that the problem of imperfect memories can be circumvented if

we allow for a large number of initial resources and sufficiently good local gates. We

further demonstrated that there is a triple trade-off between the code’s efficiency, the

decoherence time, and the local gate errors. Depending on these values, we conclude

that QEC codes will not always help, and every single code will be efficient in a different

regime. Our HQR with encoding using the Golay code [23, 1, 7] can achieve rates of

1000 bits/s over 1280 km with final fidelities of about F = 0.95 provided we have 166

memory qubits per half node of the repeater station with decoherence times of 100 ms.

This decoherence time has been already exceeded by one order of magnitude in current

experiments using nuclear spins systems.
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5

HQR and QKD: analysis of

secret key rates

The BB84-protocol proposed by Bennett and Brassard in 1984 inaugurates the area

of quantum cryptography [5]. In this protocol, secure information transfer is realized

between two parties, usually called Alice and Bob, by means of dichotomic quantum

systems. Today quantum key distribution (QKD) is the most advanced technology

among many applications in the field of quantum information, having even commercial

application. Many other QKD protocols have appeared since then, in particular, the

well-known Ekert protocol [6], where for the first time entanglement was explicitly

considered for QKD, and its reformulation [88] (for more protocols and a review, see

[89]). In order to extend such entanglement-based protocols to long distances, quantum

repeaters must be used.

The subject of this chapter is to utilize quantum repeaters for long-distance quantum

key distribution in such a way that the entangled pair distributed between the quantum

repeater end stations can be used to distribute a quantum key over the total channel

distance. More specifically, we are interested in analyzing the secret key distribution

rate achieved especially for the HQR. We will then first briefly explain the QKD protocol

and how the secret key rate is calculated. After this we will analyze a HQR for QKD.

5.1 Quantum key distribution

A general QKD protocol can be summarized by the following steps: preparation and

distribution of suitable quantum states (e.g. qubits), measurements, sifting, parameter

estimation, error correction, and privacy amplification. Alice and Bob use an authen-
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ticated classical channel and a quantum channel to distribute a key, where the latter

can be controlled by an eavesdropper (usually called Eve). Entangled pairs are dis-

tributed between the two parties via the quantum channel and then both Alice and

Bob perform measurements on their qubits, choosing independently from a set of mea-

surement bases. They announce through the classical channel which basis they used in

each measurement, and those measurements where the bases do not coincide are then

discarded. The key eventually shared between Alice and Bob is called the sifted key.

Many different sources of error, such as technical imperfections and the eavesdropper’s

intervention, can increase the error rate in the sifted key. In order to estimate this

error rate, Alice and Bob publicly compare a small subset of their outcomes. With the

estimation of the error rate, or, more precisely, the quantum bit error rate (QBER),

they can conjecture how much information a possible eavesdropper possesses from the

secret key. With this information at hand, they can decide if the protocol should be

stopped or if they should proceed to apply error correction and privacy application in

order to shrink the eavesdropper’s information.

5.2 The secret key rate

The secret key rate RQKD evaluates the performance of the quantum key distribution

protocol. It is defined as the product of the raw key rate Rraw and the secret fraction

r,

RQKD = Rrawr. (5.1)

The raw key is simply the bit string obtained after the measurement of the quantum

states. In other words, the raw key rate is the fraction of measured qubits out of the

number of attempts to generate them. The secret fraction is defined as the fraction of

secure bits over the total number of measured bits. More details about the raw key

rate and the secret key rate will be given in the following.

5.2.1 The raw key rate

The raw key rate in the case of quantum repeaters is, obviously, related to the generation

rate to distribute entangled pairs. Our goal in this chapter is to analyze the performance

of the hybrid quantum repeater for QKD in the case of perfect memory. Although this

is not a realistic scenario, it provides us with an upper bound on the performance. In

this case, as discussed already in Sec. 3.1, similar to Eq. (3.5), the generation rate is
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5.2 The secret key rate

given by

RREP =
1

T0Zn(P0)
, (5.2)

with T0 the fundamental time spent in classical communication, P0 the probability to

distribute entanglement over L0, and Zn(p) defined in Eq. (3.4).

After the entangled pair is stored in the final memories, Alice and Bob will measure

their qubits. The raw key then depends not only on the generation rate, but also on the

detector efficiency ηd and the dark count probability pdark (i.e. the probability that the

detector clicks without a photon arriving, considering photonic signals as the carriers

to distribute and retrieve the long-distance entanglement). The raw key rate is thus

given by [89]

Rraw = RREP (rcorr + rdark), (5.3)

where rcorr = η2
d is the probability that Alice and Bob measure the qubit successfully

and rdark = 2(1−ηd)ηdpdark+(1−ηd)2p2
dark is the probability that both parties measure

a dark count, or that only one of their measurements is a dark count.

5.2.2 The secret fraction

In order to extract a secret key from the raw key, classical postprocessing is applied.

There are many different procedures, and the one employed here is one-way postpro-

cessing. This means that one of the parties sends classical information to the other

party, but does not receive any feedback from that other party. The optimal procedure

for the one-way postprocessing can be described in two steps: error correction and

privacy amplification [90]. Assume that Alice, Bob, and Eve share correlated random

classical bit strings A, B, and E, respectively; the secret fraction r extractable utilizing

one-way postprocessing can be written as [91]

r = I(A : B)−min(IEA, IEB), (5.4)

where I(A : B) is the mutual information between Alice and Bob with I(A : B) =

H(A) − H(A|B), H is the Shannon entropy, and H(A|B) is the conditional entropy

of A and B [75]. The mutual information I(A : B) quantifies how much information

A and B share and the conditional entropy H(A|B) measures the uncertainty, on

average, about the value A, given that we know the value of B. The information

that the eavesdropper has about the raw key of Alice or Bob is represented by IE·. If

both bit values at Alice’s and Bob’s side are equally random, H(A) = H(B) = 1, it

follows that I(A : B) = 1 − h(Q), where h is the binary entropy function defined by

h(p) = −p log2(p)− (1− p) log2(1− p) and Q is the quantum bit error rate.
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For the analysis presented here, we assume the composable security definition [92].

This means that the secret key can be used for many tasks without compromising its

security. Furthermore, we consider only two protocols: the BB84 [12] and the six-state

protocols [93, 94].

For the calculation of the secret fraction it is essential to know the QBER. In the

context of the QR, the QBER can be defined as QBER = Pdet/(Praw + Pdet) [89],

where Praw is the probability of a correct qubit detection and Pdet is the probability of

an erroneous qubit detection. The fraction of discordant bits that would be produced

if Alice and Bob measure the qubit in the X,Y, Z basis (i = X,Y, Z) with perfect

detectors is represented by echanneli . The QBER observed by Alice and Bob, ei, is given

by [89]

ei =
echanneli rcorr + rdark

2

rcorr + rdark
, (5.5)

with rcorr and rdark defined as above. Here, the rate that a qubit suffers an error after

being transmitted through the channel (echanneli ) appears multiplied by the probability

of detecting this qubit. In addition, there is the probability that a dark count is

measured; the factor 1/2 is the probability that the correct bit value for this qubit

is assigned. The denominator rcorr + rdark is just the total probability of measuring

something.

In the BB84 protocol, only two of the three Pauli bases are measured. We assume an

asymmetric implementation of the protocol, because it leads to higher key rates [95].1

The key is extracted only for the measurement in the X basis, with this measurement

occurring with high probability. The other measurements in the Z basis are used to

estimate the QBER. The asymptotic secret fraction is given by [90]2

rBB84
∞ = 1− h(eZ)− h(eX). (5.6)

Assuming eX = eZ , the secret fraction rBB84
∞ goes to zero when eZ = eX = eBB84

MAX =

0.11. So, this is the maximal QBER tolerable by the protocol. For simplicity, through-

out this chapter, we will use only the asymptotic secret fraction.

In the six-state protocol all Pauli matrices are measured. Again, the secret key is

extracted using the X basis, while the Y and Z bases are used to estimate the QBER.

1This is the reason why in the raw key rate Rraw in Eq. (5.3) no factor for a sifting rate was

included.
2These equations can be derived by assuming collective attacks. However, for the BB84-protocol

and the six state protocol, collective and coherent attacks are equivalent in the asymptotic limit[96, 97]

and thus, there is no loss of generality by making this assumption.
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The secret fraction is written as [90]

r6S
∞ = 1−eZh

(
1 + (eX − eY )/eZ

2

)
−(1−eZ)h

(
1− (eX + eY + eZ)/2

1− eZ

)
−h(eZ). (5.7)

Assuming eX = eY = eZ , the maximal tolerable QBER for the six-state protocol is

given by e6S
MAX = 0.126.

Note that either rBB84
∞ or r6S

∞ are in fact achievable upper bounds on the secret

fraction.

5.3 HQR and QKD

We would like to apply the formalism developed in the preceding sections for an assess-

ment of the performance of a hybrid quantum repeater for quantum key distribution.

Most of the formulas needed here in this analysis were already presented in the previous

chapters. Nevertheless, the important equations will be repeated here without concern

about the details.

5.3.1 The set-up

Elementary entanglement creation The entangled state conditionally distributed be-

tween repeater stations using unambiguous discrimination of the phase-rotated coher-

ent states and perfect detectors is [28, 52]

ρ0 = F0|φ+〉〈φ+|+ (1− F0)|φ−〉〈φ−|,

see Eq. (2.19). The ultimate optimal probability of success to generate this entangled

pair is given by [28, 52]

P0 = 1− (2F0 − 1)
ηt

1−ηt ,

more details in Eq. (2.30).1

In order to attain this ultimate bound we consider the protocol from Ref. [52], where

linear optical elements and imperfect photon-number-resolving detectors (PNRD) are

used for the unambiguous discrimination of the phase-rotated coherent states. Assum-

ing that the effect of dark counts compared to the quantum efficiency is negligible,2

the positive operator-valued measure (POVM) elements associated with the event of

1Note here that different from the rest of this thesis the transmission parameter of the channel is

represented by ηt instead of η.
2Although not presented here, in the calculations of Ref. [33], we observed that the results for

detectors with mean dark count of the order of 10−5 is quite similar to a detector without dark counts.
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the arrival of l photons is written as Π̂(l) =
∑∞

m=0

(
l+m
m

)
ηld(1− ηd)m|l+m〉〈l+m| [98].

Following then the protocol from Ref. [52], the fidelity and probability of success of the

initial entangled state changes to:

P imp det0 = 1− (2F0 − 1)
ηtηd

1+ηt(1−2ηd) , (5.8)

and

F imp det0 =
1 + e−2(1+ηt(1−2ηd))α2 sin2(θ/2)

2
. (5.9)

More details on the calculation are presented in Appendix D.1.

Entanglement swapping and purification In the case of perfect detectors, perfect

memories, and without local losses, the entanglement purification and the entanglement

swapping occur as described in Sec. 2.5.2, and their fidelity and probability of success

are defined in Eqs. (2.35, 2.36, and 2.37). In a more realistic approach, local losses

cause errors in the CZ operations necessary for these protocols. This error model is

given in Eq. (4.5), and the explicit formulas for the entanglement purification and

the entanglement swapping including local losses are given in Appendix C.4 and in

Appendix D.2, respectively. Moreover, we assume perfect qubit measurements, where

losses from the detectors can always be absorbed into losses of the gates.

5.3.2 Performance in the presence of imperfections

We would like to analyze now the performance of the hybrid quantum repeater for QKD

in the presence of imperfections. Our sources of errors are: losses in the transmission

channel, imperfect detectors, and imperfect two-qubit operations caused by local losses.

We divide then this section into two parts. First, aiming at an ultimate bound for the

performance, we consider perfect detectors and perfect operations. Second, imperfect

operations and imperfect detectors are taken into account.

5.3.2.1 Perfect operations and perfect detectors

In order to start as simple as possible, we assume first a protocol without purification.

Quantum repeater without purification The elementary entangled pairs have

the form of a rank-2 state (a mixture of two Bell states) as described in Eq. (2.19).

For perfect gates, i.e., T = 1 in Eq. (4.5), the final state distributed over L is also a

mixture of |φ+〉 and |φ−〉, ρ = Fn|φ+〉〈φ+|+ (1− Fn)|φ−〉〈φ−| , but with fidelity [99]

Fn =
1 + (2F0 − 1)2n

2
. (5.10)
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Figure 5.1: Secret key rate versus initial fidelity F0 for L = 640 km and 2n segments.

Red curve is for n = 1, purple curve is for n = 2, black curve is for n = 3, yellow curve

is for n = 4, and green curve is for n = 5.

The QBERs are then given as follows,

echannelX =
1

2
(〈+− |ρ|+−〉+ 〈−+ |ρ| −+〉) = 1− Fn,

echannelY =
1

2
(〈++|ρ|++〉+ 〈--|ρ|--〉) = 1− Fn,

echannelZ =
1

2
(〈01|ρ|01〉+ 〈10|ρ|10〉) = 0, (5.11)

with the eigenvectors of the operator Y represented as |+〉 = 1/
√

2(|0〉 + i|1〉) and

|-〉 = 1/
√

2(|0〉 − i|1〉).1 Notice that if we neglect dark counts, ei = echanneli .

Inserting these error rates into Eq. (5.6) and Eq. (5.7), the following secret key

fractions for the BB84 and six-state protocols can be found,

rBB84
∞ = 1− h(1− Fn), (5.12)

and

r6S
∞ = 1− h(1− Fn), (5.13)

as h(1− Fn) = h(Fn).

To conclude, the secret key rate for the hybrid quantum repeater with perfect two-

qubit gates and perfect detectors is given by

RQKD = RREP r∞ =
1

Zn(P0)T0
r∞, (5.14)

1Note that in order to keep perfectly correlated outcomes in all three bases, Bob flips his result

when measuring in the Y basis.
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with r∞ = rBB84
∞ = r6S

∞ . Note that for maximizing the overall secret key rate RQKD,

there will be a trade-off between RREP and r∞, as the secret key fraction is an increasing

function of the final fidelity, while the repeater rate RREP decreases with increasing

final fidelity.

We show in Fig. 5.1 the secret key rate as a function of the initial fidelity F0. We

observe that the secret key rate is not a monotone function of F0, and that there is

an optimal fidelity where the rates attain a maximum. The reason for this is that

for increasing F0 indeed P0 decreases, and vice-versa. Moreover, we observe that the

optimal initial fidelity and the maximum rate increase with the number of segments.

Quantum repeater with purification What happens to the secret key rate if we

now include entanglement purification? Purification will affect only the raw key rate in

the calculation of the secret key rate. As already discussed in Sec. 3.1.1.2, we assume

purification only in the first nesting level, and it will be considered in an effective

manner, such that Zn(P0) changes to Zn(PL0,kpur) with PL0,1pur = P0P1
(2−P0)
(3−2P0) for one

round of purification (k = 1) and P1 the probability of success for the purification as

defined in Eq. (2.35). For two rounds (k = 2), PL0,2pur = PL0,1purP1
(2−PL0,1pur

)

(3−2PL0,1pur
) . And

for three rounds (k = 3), PL0,3pur = PL0,2purP1
(2−PL0,2pur

)

(3−2PL0,2pur
) . Inserting Zn(PL0,kpur) in

Eq. (5.14), we show in Fig. 5.2 the secret key rates for n = 1 (2 segments), for n = 3

(8 segments), for n = 5 (32 segments), for the total distance L = 640 km, and for

different k rounds of purification (k = 1, 2, 3). Similar to Sec. 4.4.4, we calculate the

secret key rate in bits per second per memory. Memories here mean the number of

employed memories per half node of the repeater station, i.e., 2k. We observe that

the optimal number of purifications to be implemented depends on the required initial

fidelity. Moreover, with perfect detectors and perfect qubit gates, a scheme using more

segments for the same final distance provides us with better secret key rates.

5.3.2.2 Imperfect operations and imperfect detectors

In a realistic scenario, the two-qubit gates as well as the detectors are imperfect. Con-

sequently, the final entangled state is no longer a mixture of two Bell states only, but a

full mixture of all Bell states. For simplicity, we will consider in this case just the BB84

protocol. Initially, without purification and neglecting dark counts in the detectors,
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Figure 5.2: Secret key rate versus the initial fidelity F0 for L = 640 km and 2n segments.

Red curves are with n = 1, black curves are with n = 3, and green curves are with

n = 5. Solid line is for no purification (k = 0), dashed line is for one round of purification

(k = 1), dotted line is for two rounds of purification (k = 2), and dashed-dotted line is

for three rounds of purification (k = 3).

the secret key rate is defined by1

RimpQKD =
1

Zn(P imp det0 )T0

r∞. (5.15)

We should be careful about calculating the secret fraction r∞ for the case when all im-

perfections are considered. The final state is a full-rank mixture of the form A|φ+〉〈φ+|+
B|φ−〉〈φ−|+ C|ψ+〉〈ψ+|+D|ψ−〉〈ψ−|, and in this way, the QBERs are given by [90],

echannelX = B +D,

echannelY = B + C,

echannelZ = C +D. (5.16)

The actual coefficients {A,B,C,D} can be calculated using F imp det0 and the Eqs.(C.14,

C.15, and D.5) presented in Appendix C.4 and in Appendix D.2 applied recursively

depending on the number of segments 2n, i.e., the number of swapping operations.

Purification should be included in an effective way, in the same manner as we did for

the perfect case.

We show in Fig. 5.3 the secret key rates versus the initial fidelity F0 for a total

distance L = 640 km, for n = 4 and for n = 5, with detector efficiency ηd = 0.9, and

1Notice here that the final projective qubit measurements necessary for the QKD protocol are

assumed to be perfect and for this reason we have η2
d = 1 in the numerator. Nevertheless, without loss

of generality, the secret key rates here represent in this regard an upper bound and, depending on the

particular set-up used for these measurements, should be multiplied by the detector efficiency.
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with different loss parameters in the local gates, T . We observe that for both n values

better results for the secret key rate in terms of memory cost can be found with one

round of purification. Moreover, already a scheme with only one round of purification,

compared with a scheme without purification, is more robust against local losses. For

example, for n = 4, even for 1 − T = 0, the scheme without purification can only

produce reasonable secret key rates for F0 > 0.9. On the other hand, with one round

of purification, even a scheme with 1 − T = 0.1% gives reasonable rates for F0 > 0.9.

In addition, the minimum requirements for the initial fidelity are lower for the schemes

including purification.
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Figure 5.3: Secret key rate versus the initial fidelity F0 for L = 640 km, ηd = 0.9, n = 4

(left) and n = 5 (right). Blue curves are for 1−T = 0, red curves are with 1−T = 0.01%,

and green curves are with 1−T = 0.1%. Solid line is for no purification (k = 0), dashed

line is for one round of purification (k = 1), dotted line is for two rounds of purification

(k = 2), and dashed-dotted line is for three rounds of purification (k = 3).

Fig. 5.4 shows the dependence of the secret key rate on the detector efficiency for

n = 4 and n = 5, L = 640 km, F0 = 0.98, perfect two-qubit gates (1 − T = 0), and

different rounds of purification. We observe that an increase of the detector efficiency

also increases the secret key rate, practically linearly with the same order of magnitude.

For n = 4 and one round of purification (k = 1), changing the detector efficiency from

ηd = 0.5 to ηd = 1 leads to an improvement of the secret key rate by approximately a

factor of two.

5.4 Conclusion

We studied in this chapter long-distance QKD using the HQR. We analyzed the effect

of imperfect detectors and local losses, and we concluded that, although the scheme is
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Figure 5.4: Secret key rate versus detector efficiency ηd for 1 − T = 0, L = 640 km,

n = 4 (left) and n = 5 (right). Solid blue line is for no purification (k = 0), dashed

red line is for one round of purification (k = 1), dotted yellow line is for two rounds

of purification (k = 2), and dashed-dotted green line is for three rounds of purification

(k = 3).

extremely sensitive to errors caused by the local losses, it is quite robust against detector

imperfections. However, recall that in our analysis, we only take into account detector

imperfections that occur during the initial USD-based entanglement distribution. Any

measurements on the memory qubits performed in the local circuits for swapping and

purification are assumed to be perfect, whereas the corresponding two-qubit gates for

swapping and purification are modeled as imperfect quantum operations.
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Concluding remarks

In this thesis we have investigated the performance of quantum repeaters in the presence

of various types of decoherence. We started by presenting a detailed rate analysis,

deriving exact and analytical formulas for the case of deterministic swapping. This

represents a first step toward a better understanding of the importance of each of the

building blocks in the architecture of a quantum repeater. With a special focus on

the hybrid quantum repeater, we showed that for perfect memories and almost perfect

gates, our hybrid system can create near-maximally entangled states (F = 0.98) over

a distance of 1280 km at rates of the order of 100 Hz. We also analyzed the case

with imperfect memories and we determined memory requirements on distillation-free

quantum repeaters with deterministic swapping. The formulas for the rates presented

in this thesis are not only useful for the hybrid quantum repeater community, but are

more generally applicable, as exemplified in Sec. 3.2.3.

We have presented an encoded hybrid quantum repeater scheme. First, using rep-

etition codes, we were interested in protecting our system against photon losses in the

channel. We proposed an implementation for this and we observed that it is not al-

ways advantageous in this case to use quantum error correction instead of entanglement

purification. We also demonstrated that quantum error correction will not cause entan-

glement sudden death in this setting. Moreover, in order to improve the performance

of the hybrid quantum repeater in the presence of memory imperfections and two-qubit

gate errors, we proposed a hybrid quantum repeater using not only repetition codes,

but also Calderbank-Shor-Steane codes. We showed that in the presence of reasonable

imperfections our scheme can achieve rates of roughly 24 Hz per memory for 20 km

repeater spacing, a final distance of 1280 km, and final fidelity of about 0.95.

Finally, we presented a secret key analysis using quantum repeaters for the dis-
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tribution of a quantum key over large distances. We considered the hybrid quantum

repeater scheme and we discovered that, although the scheme is very sensitive to gate

errors, it is quite robust against detector imperfections.

Furthermore, we should mention that the strategies presented here to avoid decoher-

ence in a hybrid quantum repeater are not the end of the story. Further improvements

in the initial entanglement distribution can be achieved, if temporal multiplexing is

used as proposed in Ref. [62]. In this case, the initial entanglement is generated almost

instantly by transmitting in parallel sufficiently many probe pulses (after their interac-

tions with a corresponding number of spins) to a receiving spin that interacts with these

pulses almost simultaneously to guarantee that at least one entangled pair is created

with an effective, near-unit success probability. Moreover, if instead of coherent states

and USD measurements, squeezed states and homodyne measurements (together with

extra local phase-space displacements) are utilized in the initial distribution of entan-

glement, the trade-off of the initial fidelity versus the success probability can be further

improved, as was recently shown in Ref. [68]. In addition, the purification could be done

without the use of full CNOT gates, as proposed in Ref. [84]. As a further perspective,

more complex quantum codes such as the very powerful surface codes [100] could be

used to enhance the performance of the hybrid quantum repeater.
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Appendix A

Appendix to chapter 2

A.1 Simple model for atom-field interaction

Figure A.1: Simple model to represent the quantized cavity field and the two-level

atom, with |0〉 the ground state and |1〉 the excited state. The transition frequency is

ω.

We present in this appendix a brief review about the Hamiltonian used in Sec. 2.5.1,

which describes the interaction between light and atom inside a cavity. Although

the model under consideration is relatively simple, the deduction of the Hamiltonian

is quite extensive. We therefore restrict ourselves to give only some details about

the most important steps in this deduction. The interested reader should consult

Ref. [101] for more details. We start with the simplest model to describe the atom-field

interaction: a two-level atom in resonance only with a single mode of the cavity field,

see the elementary model in Fig. A.1. The Jaynes-Cummings model (also called as the

Jaynes-Cummings-Paul model) describes this interaction, neglecting the center-of-mass

motion. Let us start with the dipole-field interaction Hamiltonian

H~r· ~E = −~P · ~E(~R, t) = −e~r · ~E(~R, t), (A.1)
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where ~P is the electric dipole vector and ~E(~R, t) the electric field. We rewrite this

Hamiltonian using their quantum counterparts, i.e. the dipole operator and the electric

field operator. The dipole operator is given by the creation and annihilation operators,

σ̂† and σ̂, of the excitation of the atom; and the field operator is given by the creation

and annihilation operators, â† and â, of a single mode of the field. After some algebra

and using the rotating-wave approximation (neglecting the terms σ̂â and σ̂†â†), the

interaction Hamiltonian will be given by

Ĥ
~̂r· ~̂E
∼= Ĥint = ~g(σ̂â† + σ̂†â), (A.2)

where g is the vacuum Rabi frequency.

By solving the Schrödinger equation and considering the terms of the Hamiltonian

of the free atom and free field, the Hamiltonian in the interaction picture reads

Ĥ
~̂r· ~̂E
∼= Ĥint = ~g(σ̂â†ei∆t + σ̂†âe−i∆t), (A.3)

where ∆ is the detuning ∆ ≡ Ω−ω between the frequency of the radiation filed Ω and

the transition frequency ω in the atom.

In the far off-resonant case, where the transition frequency ω is far detuned from

the light field, one can find an effective interaction Hamiltonian [101]

Ĥeff ≡ −
~g2

∆

[
σ̂zâ
†â
]
. (A.4)

Substituting θ = 2g
2t
∆ and σ̂z = Ẑ, this is exactly the Hamiltonian used for the evolution

operator of Sec. 2.5.1, Ûint = e−iĤeff t/~ = eiθ/2Ẑâ
†â.
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Appendices to chapter 3

B.1 Calculating the average times

We present in this appendix more details about the formulae used in Sec. 3.1 to calculate

the average time necessary to generate an entangled pair.

Consider a coin, which, in one toss, gives “tail” as an outcome with probability

p and “head” with probability q = 1 − p. Imagine we are just interested in the tail’s

outcomes. We will here calculate the number of times we have to toss one or more coins

to obtain one, two, three or more tails. Note that the problem of calculating the average

time necessary to have one success event in this case is analogous to our problem of

calculating the average time to successfully generate one (or many) entangled pair(s)

in different segments of the repeater.

1) one success

Imagine that a coin is flipped repeatedly until the first tail outcome. How many times

on average do we have to toss the coin until we get a tail? The average time necessary

to obtain one tail is:
∞∑
k=1

kqk−1p =
1

p
= Z1(p). (B.1)

Note that the character Z is used here in Appendix B for the average time to have

tail as an outcome; when average times are calculated to generate entanglement over

repeater segments, the character Z is used instead in the main text and Appendix B.2.

2) two successes

Now imagine we have two identical coins and we flip both coins at once until we get a

“tail and tail” outcome. If two tails are obtained in the same trial, game is over. If “tail
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and head” result is obtained, we keep the tail coin (simulating the situation of memory

qubits in the repeater) and flip only the other coin until the second tail is obtained. In

this case, the average time needed to obtain two tails is:

∞∑
k=1

k(q2)k−1p2 +
∞∑
k=1

∞∑
l=1

(k + l)((q2)k−12pq)(ql−1p) =

1

p

(3− 2p)

(2− p)
= Z2(p). (B.2)

The first sum describes the cases when we had the head outcomes in both coins (k− 1)

times and then 2 tails were obtained at once. The second sum counts the cases when

at k-th trial a tail in one coin was obtained and stored and then after another l (single)

trials we got the second success.

3) three and more successes

For 3 successes (in this case 3 tails) in 3 identical coins, the average time needed will

be:

∞∑
k=1

k(q3)k−1p3 +
∞∑
k=1

∞∑
l=1

(k + l)((q3)k−13p2q)(ql−1p)

+
∞∑
k=1

∞∑
l=1

(k + l)((q3)k−13pq2)((q2)l−1p2)

+
∞∑
k=1

∞∑
l=1

∞∑
m=1

(k + l +m)((q3)k−13pq2)((q2)l−12pq)(qm−1p)

=
p(19 + 3p(p− 4))− 11

p(p− 2)(p(p− 3) + 3)
= Z3(p). (B.3)

In a similar way, we calculate average waiting times for N successes (tails) in N coins

and obtain the following recurrence formula:

ZN (p) =
1

1− qN

1 +

N−1∑
j=1

(
N

j

)
qjpN−jZj(p)

 , (B.4)

where Z1(p) = 1
p .

Recurrence formula (B.4) can be solved, and its solution is given by

ZN (p) =

N∑
k=1

(
N

k

)
(−1)k+1

1− (1− p)k
. (B.5)

By substituting N by 2n in Eq. (B.5), we can calculate the average number of steps

necessary to successfully generate entanglement in 2n pairs, as in Eq. (3.4).
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B.2 Multiplexing versus parallelization

In order to compare the multiplexing with the parallelization strategy, we have to

calculate the average times needed to successfully generate entangled pairs over the

corresponding segments. We will start our calculation here with the simplest case (two

columns and two rows, similar to Fig. 3.2 with two memories per half node).

1) two columns (n = 1), two rows (r = 2)

Imagine now that we have 4 coins to toss; coins that can be distinguished by their

positions, arranged into two columns, two rows each. We toss the coins all at once in

the first step, and in the next steps, we toss only those coins that had a head outcome in

the previous trial. The average number of steps needed for at least one success (tail) in

every column will obviously depend on whether these successes are required to appear

in the same row or whether they are allowed to appear in two different rows. The first

case corresponds to parallelization, the second case to multiplexing. Probabilities and

average numbers of steps are calculated in a similar manner to Appendix B.1, taking

into account that successes have to be appropriately distributed among columns and

rows. In the following, we will not refer to coins anymore, but to repeater segments

and the probabilities of generating entanglement over these segments.

The probability that at least one entangled pair is created in every column in the

case of multiplexing, i.e., when it does not matter in which row the entanglement was

created, is given by:

Pmult,1,2 =
∞∑
k=1

(q4)k−1(p4 + 4p3q + 4p2q2)

+
∞∑
k=0

(q4)k−12p2q2
∞∑
l=1

(q2)l−1(p2 + 2pq)

+
∞∑
k=0

(q4)k−14pq3
∞∑
l=1

(q3)l−1(p3 + 3p2q + 2pq2)

+
∞∑
k=0

(q4)k4pq3
∞∑
l=1

(q3)l−1pq2
∞∑
m=1

(q2)m−1(p2 + 2pq) .

(B.6)

Pmult,n,r is the probability of creating at least one entangled pair in every column from

the 2n columns with r rows, in the case of multiplexing. The average number of steps
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needed for at least one success in every column in this case can be calculated as follows:

Zmult,1,2(q) =
∞∑
k=1

(q4)k−1k(p4 + 4p3q + 4p2q2)

+
∞∑
k=0

(q4)k−12p2q2
∞∑
l=1

(k + l)(q2)l−1(p2 + 2pq) +

+
∞∑
k=0

(q4)k−14pq3
∞∑
l=1

(k + l)(q3)l−1(p3 + 3p2q + 2pq2) +

+
∞∑
k=0

(q4)k4pq3
∞∑
l=1

(q3)l−1pq2 ×

∞∑
m=1

(q2)m−1(k + l +m)(p2 + 2pq)

=
1 + 2q2

1− q4
. (B.7)

The probability that at least two “parallel” entangled pairs are created is:

Pparallel,1,2 =

∞∑
k=1

(q4)k−1(p4 + 4p3q + 2p2q2)

+

∞∑
k=0

(q4)k−14p2q2
∞∑
l=1

(q2)l−1(p2 + 2pq)

+

∞∑
k=0

(q4)k−14pq3
∞∑
l=1

(q3)l−1(p3 + 3p2q + pq2)

+

∞∑
k=0

(q4)k4pq3
∞∑
l=1

(q3)l−12pq2
∞∑
m=1

(q2)m−1(p2 + 2pq) .

(B.8)

The corresponding average number of steps needed for parallel successes in two columns
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(n = 1) is given by:

Zparallel,1,2(q) =
∞∑
k=1

(q4)k−1k(p4 + 4p3q + 2p2q2)

+
∞∑
k=0

(q4)k−14p2q2
∞∑
l=1

(k + l)(q2)l−1(p2 + 2pq)

+
∞∑
k=0

(q4)k−14pq3
∞∑
l=1

(k + l)(q3)l−1(p3 + 3p2q + pq2)

+
∞∑
k=0

(q4)k4pq3
∞∑
l=1

(q3)l−12pq2 ×

∞∑
m=1

(q2)m−1(k + l +m)(p2 + 2pq)

=
1 + q + 5q2 + 4q4

1 + q + q2 − q4 − q5 − q6
. (B.9)

2) two columns (n = 1), r > 2 rows

Calculations similar to those from Eq. (B.7) show that for 3, 4,..., r rows (see Fig. 3.2

with r memories per half node) the average number of steps needed for at least one

success in every column in the case of multiplexing is given by:

Zmult,1,3(q) =
1 + 2q3

1− q6
, (B.10)

Zmult,1,4(q) =
1 + 2q4

1− q8
, (B.11)

and

Zmult,1,r(q) =
1 + 2qr

1− q2r
, (B.12)

respectively.

In the main text, Eq. (3.10) is, except for T0, exactly the inverse of Eq. (B.12) with

q = 1− P0.

B.3 Purification at the first nesting level

The choice of purifying the entangled pairs at the very beginning can be intuitively

justified through the probabilistic character of the purification procedure and the deter-

ministic entanglement swapping. Taking as much advantage from the perfect memories
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Figure B.1: Rates for the hybrid quantum repeater with one round of purification at

the first nesting level (blue dashed line) and at the last nesting level (red line) for total

distance L = 1280 km and L0 = 20 km.

as possible, it is reasonable to think that the earlier the purification starts, the smaller

the necessary times to generate and purify an entangled pair will be. For a more quan-

titative justification, let us compare the rates to generate a purified entangled pair in

two extreme cases. For purification occurring at the first nesting level, the rate will be

calculated as in Eq. (3.14). On the other hand, for purification at the end (i.e., at the

last nesting level), the rates will be given by Rpur,n,end = P1
T0Z2n(P0) . Recall that both P0

and P1 are functions of the fidelity and that we are comparing the rates for the same

final fidelity. Hence, these quantities will have different values in each case. In Fig. B.1

we illustrate that a scheme where purification occurs in the first level performs better

than one with purification at the end.

B.4 Calculating the average times for imperfect memories

Similar to what was presented in App. B.1, we will calculate the average time necessary

to generate entanglement in 2n segments by considering it as a problem of tossing coins.

The success generation of entanglement in one segment corresponds here to obtaining a

“tail” when flipping a coin. Imagine that 2n = N coins are available and we toss these

coins until we obtain only tails. Since we would like to consider memory imperfections,

the number of attempts between the first and the last success should be τ .

1) one success

For a single coin (n = 0) the probability of success of obtaining a tail is denoted by

p and the probability of failure by q = 1 − p. In this case, there is just one outcome,
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which occurs with probability

qk−1p. (B.13)

On average the number of attempts necessary to obtain one tail is

∞∑
k=1

kqk−1p =
1

p
= Z0,τ (p). (B.14)

Note that this is exactly the same result obtained for the perfect memory case in

Eq. B.1.

2) two successes

For two coins (n = 1), there are three elementary events possible:

(a) two coins give a tail result at the same kth-try, with probability

s1,k = (q2)k−1p2; (B.15)

(b) one coin gives a tail result at the kth-try and the second at the (k+ l)th-try, where

l < τ . This occur with the corresponding probability:

s2,k = (q2)k−12pq
τ∑
l=1

ql−1p; (B.16)

(c) one coin gives a tail as result and the other fails to do so in τ tries. The probability

for such an event is

fk = (q2)k−12pqqτ . (B.17)

If event (c) occurs, we should start from the beginning until we have an event (a) or

(b). In this way, the possible combination of successful events is the following set of

sequences: {(a), (b), (c)(a), (c)(b), (c)(c)(a), (c)(c)(b), (c)(c)(c)(a), ...}. We would like

to calculate the average number of steps necessary to have tails in the two coins. First,

the average number of steps for having the event (a) is

∞∑
k=1

k(q2)k−1p2 =
(1− q)2

(q2 − 1)2
. (B.18)

For the event (b), this average time is given by

∞∑
k=1

τ∑
l=1

(k + l)(q2)k−12pqql−1p =
2q(2 + q + qτ (−2− q + (q2 − 1)τ))

(1− q)(1 + q)2
. (B.19)

In the case of event (c)(a), we have

∞∑
k1=1

∞∑
k=1

(q2)k1−12pqqτ (q2)k−1p2(k + k1 + τ). (B.20)
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By calculating some cases of the set of the possible events, it is possible to deduce the

average number of steps for having the event (c)m(a). This is given by

(−1)m2m(1− q)m+2qn(τ−2)((m+ 1)q2 +mq2τ −mq4τ)

(−1 + q2)m+2
. (B.21)

In the same way, for the event (c)m(b), one has

2m+1qm(1−τ)+1((m+ 2) + q +mτ −mq2τ + qτ (−(m+ 2)− q + (m+ 1)(−1 + q2)τ))

(1− q)(1 + q)n+2
.

(B.22)

Summing up over all possible m, it follows that the average number of steps for obtain-

ing two tails is given by

3− 2p− 2(1− p)τ+1

p(2− p− 2(1− p)τ+1)
= Z1,τ (p). (B.23)

By substituting p by P0 in Eq. (B.23), we can calculate the average time necessary

to successfully generate entanglement in two segments for imperfect memories as in

Eq. (3.17).

3) four or more successes

In a similar way, the average number of steps for obtaining only tails in more coins

is calculated. Since the calculation is quite extensive, we restricted ourselves to just

present the formulas. However, for more details one can see Ref. [30, 102].

For four coins (n = 2), the average number of segments needed to obtain four tails

as an output is given by

Z2,τ (p) = (B.24)

25−4(1−p)3+3τ−69p+85p2−58p3+22p4−4p5+6(1−p)2+2τ (3+(−3+p)p)−4(1−p)1+τ (3+(−3+p)p)2

((1−(1−p)3)(2−2(1−p)1+τ−p)(2+2(1−p)2+2τ−2p+p2−2(1−p)τ (2+(−3+p)p)))
.

In the case of eight coins (n = 3), this average can be written as

Z3,τ (p) =
N

D
, (B.25)
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with

N = 1 + (1− p)
(
10− 56(1− p)4+5τ (3 + (−3 + p)p)2

(
1 +

(
2 + (−1 + p)4 − p

)
(−1 + p)2(2+

(−2 + p)p))− 8(1− p)6+7τ (3 + (−3 + p)p)(1 + (−1 + p)p)(5 + p(−10 + p(10 + (−5 + p)p)))

− 56(1− p)2+3τ
(
1 +

(
2 + (−1 + p)4 − p

)
(−1 + p)2(2 + (−2 + p)p)

)
(5 + p(−10 + p

(10 + (−5 + p)p)))2 + 28(1− p)5+6τ (5 + p(−10 + p(10 + (−5 + p)p)))(7 + p(−21 + p(35+

p(−35 + p(21 + (−7 + p)p))))) + 70(1− p)3+4τ (3 + (−3 + p)p)(1 + (−1 + p)p)(5 + p(−10

+ p(10 + (−5 + p)p)))(7 + p(−21 + p(35 + p(−35 + p(21 + (−7 + p)p))))) + 28(1− p)1+2τ

(3 + (−3 + p)p)2(1 + (−1 + p)p)2(5 + p(−10 + p(10 + (−5 + p)p)))(7 + p(−21 + p(35 + p

(−35 + p(21 + (−7 + p)p))))− 8(1− p)τ (3 + (−3 + p)p)(1 + (−1 + p)p)(5 + p(−10 + p(10+

(−5 + p)p)))(7 + p(−21 + p(35 + p(−35 + p(21 + (−7 + p)p)))))2 + (−1 + p)2(2272 + p(−17867+

p(76719 + p(−226605 + p(505524 + p(−892868 + p(1282746 + p(−1522971 + p(1507547

+ p(−1248825 + p(865299 + p(−499269 + 2p(118937 + p(−46185 + p(14331 + p(−3443

+2p(303 + p(−35 + 2p))))))))))))))))))) , (B.26)

and

D =
(
2− 2(1− p)1+τ − p

)
p(3 + (−3 + p)p)(1 + (−1 + p)p)

(
2 + 2(1− p)2+2τ − 2p+ p2

−2(1− p)τ (2 + (−3 + p)p))
(
1 + 2(1− p)4+4τ − 4(1− p)τ

(
1 + (−1 + p)4 − p

)
+4(1− p)3+3τ (−2 + p) + (−1 + p)4 + 6(1− p)2+2τ (2 + (−2 + p)p)

)
(5 + p(−10 + p(10 + (−5 + p)p)))(7 + p(−21 + p(35 + p(−35 + p(21 + (−7 + p)p))))). (B.27)
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Appendices to chapter 4

C.1 Calculation of the final quantum state

To calculate the final state ρ3 in Eq. (4.21), we used Wolfram Mathematica 6.0 program.

With the file presented here in this appendix, it should be possible for the reader to

reproduce the results presented in Sec. 4.3. The explanations about nomenclatures and

calculations appear as normal text and the mathematica program appears in blue.

Needs["Quantum̀Notatioǹ"]Needs["Quantum̀Notatioǹ"]Needs["Quantum̀Notatioǹ"]

SetQuantumAliases[]SetQuantumAliases[]SetQuantumAliases[]

SetQuantumAliases::aliases :

\n[ESC]ket[ESC] ket template

\n[ESC]bra[ESC] bra template

\n[ESC]braket[ESC] braket template

\n[ESC]op[ESC] operator template

\n[ESC]on[ESC] quantum product template (operator application, inner product

and outer product)

\n[ESC]eket[ESC] eigenstate template

\n[ESC]eeket[ESC] two-operators-eigenstate template

\n[ESC]eeeket[ESC] three-operators-eigentstate template

\n[ESC]ebra[ESC] bra of eigenstate template

\n[ESC]eebra[ESC] bra of two-operators-eigenstate template

\n[ESC]eeebra[ESC] bra of three-operators-eigentstate template

\n[ESC]ebraket[ESC] braket of eigenstates template

\n[ESC]eebraket[ESC] braket of two-operators-eigenstates template

\n[ESC]eeebraket[ESC] braket of three-operators-eigentstate template
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\n[ESC]her[ESC] hermitian conjugate template

\n[ESC]con[ESC] complex conjugate template

\n
\nSetQuantumAliases[] must be executed again in each notebook that is created\n

The state |aô〉 is defined as the eigenstate of the operator ô with eigenvalue a. The

state |0〉 of the atom in cavity i = 1...6 is represented here as the state |1σ̂zi〉, and

| − 1σ̂zi〉 represents the state |1〉. The cavities at side A are represented by i = 1, 2, 3,

and the cavities at side B are denoted by i = 4, 5, 6. The probe beams are represented

by the states |α(e±iθ)âj 〉, where j = 1, 2, 3.

We start our calculation of ρ3 already after all operations at side A took place and

the probe beams interacted with the qubits at side B. At this point the state can be

written as:

φ =φ =φ =

(|1σ̂z1 , 1σ̂z2 , 1σ̂z3〉 ·(|1σ̂z1 , 1σ̂z2 , 1σ̂z3〉 ·(|1σ̂z1 , 1σ̂z2 , 1σ̂z3〉 ·(
(|1σ̂z4〉+ |−1σ̂z4〉) ·

∣∣αâ1

〉
+ |1σ̂z4〉 ·

∣∣α ∗ Exp[−iθ]â1

〉
+ |−1σ̂z4〉 ·

∣∣α ∗ Exp[iθ]â1

〉)
·

(
(|1σ̂z4〉+ |−1σ̂z4〉) ·

∣∣αâ1

〉
+ |1σ̂z4〉 ·

∣∣α ∗ Exp[−iθ]â1

〉
+ |−1σ̂z4〉 ·

∣∣α ∗ Exp[iθ]â1

〉)
·

(
(|1σ̂z4〉+ |−1σ̂z4〉) ·

∣∣αâ1

〉
+ |1σ̂z4〉 ·

∣∣α ∗ Exp[−iθ]â1

〉
+ |−1σ̂z4〉 ·

∣∣α ∗ Exp[iθ]â1

〉)
·(

(|1σ̂z5〉+ |−1σ̂z5〉) ·
∣∣αâ2

〉
+ |1σ̂z5〉 ·

∣∣α ∗ Exp[−iθ]â2

〉
+ |−1σ̂z5〉 ·

∣∣α ∗ Exp[iθ]â2

〉)
·

(
(|1σ̂z5〉+ |−1σ̂z5〉) ·

∣∣αâ2

〉
+ |1σ̂z5〉 ·

∣∣α ∗ Exp[−iθ]â2

〉
+ |−1σ̂z5〉 ·

∣∣α ∗ Exp[iθ]â2

〉)
·

(
(|1σ̂z5〉+ |−1σ̂z5〉) ·

∣∣αâ2

〉
+ |1σ̂z5〉 ·

∣∣α ∗ Exp[−iθ]â2

〉
+ |−1σ̂z5〉 ·

∣∣α ∗ Exp[iθ]â2

〉)
·(

(|1σ̂z6〉+ |−1σ̂z6〉) ·
∣∣αâ3

〉
+ |1σ̂z6〉 ·

∣∣α ∗ Exp[iθ]â3

〉
+ |−1σ̂z6〉 ·

∣∣α ∗ Exp[−iθ]â3

〉)
+

(
(|1σ̂z6〉+ |−1σ̂z6〉) ·

∣∣αâ3

〉
+ |1σ̂z6〉 ·

∣∣α ∗ Exp[iθ]â3

〉
+ |−1σ̂z6〉 ·

∣∣α ∗ Exp[−iθ]â3

〉)
+

(
(|1σ̂z6〉+ |−1σ̂z6〉) ·

∣∣αâ3

〉
+ |1σ̂z6〉 ·

∣∣α ∗ Exp[iθ]â3

〉
+ |−1σ̂z6〉 ·

∣∣α ∗ Exp[−iθ]â3

〉)
+

|−1σ̂z1 ,−1σ̂z2 ,−1σ̂z3〉 ·|−1σ̂z1 ,−1σ̂z2 ,−1σ̂z3〉 ·|−1σ̂z1 ,−1σ̂z2 ,−1σ̂z3〉 ·(
(|1σ̂z4〉 − |−1σ̂z4〉) ·

∣∣αâ1

〉
− |1σ̂z4〉 ·

∣∣α ∗ Exp[−iθ]â1

〉
+ |−1σ̂z4〉 ·

∣∣α ∗ Exp[iθ]â1

〉)
·

(
(|1σ̂z4〉 − |−1σ̂z4〉) ·

∣∣αâ1

〉
− |1σ̂z4〉 ·

∣∣α ∗ Exp[−iθ]â1

〉
+ |−1σ̂z4〉 ·

∣∣α ∗ Exp[iθ]â1

〉)
·

(
(|1σ̂z4〉 − |−1σ̂z4〉) ·

∣∣αâ1

〉
− |1σ̂z4〉 ·

∣∣α ∗ Exp[−iθ]â1

〉
+ |−1σ̂z4〉 ·

∣∣α ∗ Exp[iθ]â1

〉)
·(

(|1σ̂z5〉 − |−1σ̂z5〉) ·
∣∣αâ2

〉
− |1σ̂z5〉 ·

∣∣α ∗ Exp[−iθ]â2

〉
+ |−1σ̂z5〉 ·

∣∣α ∗ Exp[iθ]â2

〉)
·

(
(|1σ̂z5〉 − |−1σ̂z5〉) ·

∣∣αâ2

〉
− |1σ̂z5〉 ·

∣∣α ∗ Exp[−iθ]â2

〉
+ |−1σ̂z5〉 ·

∣∣α ∗ Exp[iθ]â2

〉)
·

(
(|1σ̂z5〉 − |−1σ̂z5〉) ·

∣∣αâ2

〉
− |1σ̂z5〉 ·

∣∣α ∗ Exp[−iθ]â2

〉
+ |−1σ̂z5〉 ·

∣∣α ∗ Exp[iθ]â2

〉)
·(

(|1σ̂z6〉 − |−1σ̂z6〉) ·
∣∣αâ3

〉
− |1σ̂z6〉 ·

∣∣α ∗ Exp[iθ]â3

〉
+ |−1σ̂z6〉 ·

∣∣α ∗ Exp[−iθ]â3

〉))
;

(
(|1σ̂z6〉 − |−1σ̂z6〉) ·

∣∣αâ3

〉
− |1σ̂z6〉 ·

∣∣α ∗ Exp[iθ]â3

〉
+ |−1σ̂z6〉 ·

∣∣α ∗ Exp[−iθ]â3

〉))
;

(
(|1σ̂z6〉 − |−1σ̂z6〉) ·

∣∣αâ3

〉
− |1σ̂z6〉 ·

∣∣α ∗ Exp[iθ]â3

〉
+ |−1σ̂z6〉 ·

∣∣α ∗ Exp[−iθ]â3

〉))
;

Note here that our state is not normalized.

Hadamard operations are applied on the qubits at side B (i = 4, 5, 6).

φ1 = (1/Sqrt[2]) ∗ (|1σ̂z4〉 · 〈1σ̂z4 |+ |−1σ̂z4〉 · 〈1σ̂z4 |+ |1σ̂z4〉 · 〈−1σ̂z4 | − |−1σ̂z4〉 · 〈−1σ̂z4 |) · φ;φ1 = (1/Sqrt[2]) ∗ (|1σ̂z4〉 · 〈1σ̂z4 |+ |−1σ̂z4〉 · 〈1σ̂z4 |+ |1σ̂z4〉 · 〈−1σ̂z4 | − |−1σ̂z4〉 · 〈−1σ̂z4 |) · φ;φ1 = (1/Sqrt[2]) ∗ (|1σ̂z4〉 · 〈1σ̂z4 |+ |−1σ̂z4〉 · 〈1σ̂z4 |+ |1σ̂z4〉 · 〈−1σ̂z4 | − |−1σ̂z4〉 · 〈−1σ̂z4 |) · φ;

φ2 = (1/Sqrt[2]) ∗ (|1σ̂z5〉 · 〈1σ̂z5 |+ |−1σ̂z5〉 · 〈1σ̂z5 |+ |1σ̂z5〉 · 〈−1σ̂z5 | − |−1σ̂z5〉 · 〈−1σ̂z5 |) · φ1;φ2 = (1/Sqrt[2]) ∗ (|1σ̂z5〉 · 〈1σ̂z5 |+ |−1σ̂z5〉 · 〈1σ̂z5 |+ |1σ̂z5〉 · 〈−1σ̂z5 | − |−1σ̂z5〉 · 〈−1σ̂z5 |) · φ1;φ2 = (1/Sqrt[2]) ∗ (|1σ̂z5〉 · 〈1σ̂z5 |+ |−1σ̂z5〉 · 〈1σ̂z5 |+ |1σ̂z5〉 · 〈−1σ̂z5 | − |−1σ̂z5〉 · 〈−1σ̂z5 |) · φ1;

φ3 = (1/Sqrt[2]) ∗ (|1σ̂z6〉 · 〈1σ̂z6 |+ |−1σ̂z6〉 · 〈1σ̂z6 |+ |1σ̂z6〉 · 〈−1σ̂z6 | − |−1σ̂z6〉 · 〈−1σ̂z6 |) · φ2;φ3 = (1/Sqrt[2]) ∗ (|1σ̂z6〉 · 〈1σ̂z6 |+ |−1σ̂z6〉 · 〈1σ̂z6 |+ |1σ̂z6〉 · 〈−1σ̂z6 | − |−1σ̂z6〉 · 〈−1σ̂z6 |) · φ2;φ3 = (1/Sqrt[2]) ∗ (|1σ̂z6〉 · 〈1σ̂z6 |+ |−1σ̂z6〉 · 〈1σ̂z6 |+ |1σ̂z6〉 · 〈−1σ̂z6 | − |−1σ̂z6〉 · 〈−1σ̂z6 |) · φ2;

To make the calculation faster, it is better to compute 〈p1, p2, p3|〈φ̄+|ρ3|φ̄+〉|p1, p2, p3〉
than to do 〈φ̄+|〈p1, p2, p3|ρ3|p1, p2, p3〉|φ̄+〉. This can be done, because the vectors

|p1, p2, p3〉 and |φ̄+〉 operate in different subspaces (qubits and qumodes).

FullSimplify [1/Sqrt[2] (〈1σ̂z1 , 1σ̂z2 , 1σ̂z3 , 1σ̂z4 , 1σ̂z5 , 1σ̂z6 |+FullSimplify [1/Sqrt[2] (〈1σ̂z1 , 1σ̂z2 , 1σ̂z3 , 1σ̂z4 , 1σ̂z5 , 1σ̂z6 |+FullSimplify [1/Sqrt[2] (〈1σ̂z1 , 1σ̂z2 , 1σ̂z3 , 1σ̂z4 , 1σ̂z5 , 1σ̂z6 |+
〈−1σ̂z1 ,−1σ̂z2 ,−1σ̂z3 ,−1σ̂z4 ,−1σ̂z5 ,−1σ̂z6 |) · φ3]〈−1σ̂z1 ,−1σ̂z2 ,−1σ̂z3 ,−1σ̂z4 ,−1σ̂z5 ,−1σ̂z6 |) · φ3]〈−1σ̂z1 ,−1σ̂z2 ,−1σ̂z3 ,−1σ̂z4 ,−1σ̂z5 ,−1σ̂z6 |) · φ3]

4
∣∣αâ1, αâ2, αâ3

〉
+
∣∣αâ1, e

−iθαâ2, e
−iθαâ3

〉
+
∣∣αâ1, e

−iθαâ2, e
iθαâ3

〉
+
∣∣αâ1, e

iθαâ2, e
−iθαâ3

〉
+∣∣αâ1, e

iθαâ2, e
iθαâ3

〉
+
∣∣e−iθαâ1, αâ2, e

−iθαâ3

〉
+
∣∣e−iθαâ1, αâ2, e

iθαâ3

〉
+
∣∣e−iθαâ1, e

−iθαâ2, αâ3

〉
+∣∣e−iθαâ1, e

iθαâ2, αâ3

〉
+
∣∣eiθαâ1, αâ2, e

−iθαâ3

〉
+
∣∣eiθαâ1, αâ2, e

iθαâ3

〉
+
∣∣eiθαâ1, e

−iθαâ2, αâ3

〉
+
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C.1 Calculation of the final quantum state

∣∣eiθαâ1, e
iθαâ2, αâ3

〉
test4=4

∣∣αâ1, αâ2, αâ3

〉
+
∣∣αâ1, e

−iθαâ2, e
−iθαâ3

〉
+
∣∣αâ1, e

−iθαâ2, e
iθαâ3

〉
+
∣∣αâ1, e

iθαâ2, e
−iθαâ3

〉
+∣∣αâ1, e

iθαâ2, e
iθαâ3

〉
+
∣∣e−iθαâ1, αâ2, e

−iθαâ3

〉
+
∣∣e−iθαâ1, αâ2, e

iθαâ3

〉
+
∣∣e−iθαâ1, e

−iθαâ2, αâ3

〉
+∣∣e−iθαâ1, e

iθαâ2, αâ3

〉
+
∣∣eiθαâ1, αâ2, e

−iθαâ3

〉
+
∣∣eiθαâ1, αâ2, e

iθαâ3

〉
+
∣∣eiθαâ1, e

−iθαâ2, αâ3

〉
+∣∣eiθαâ1, e

iθαâ2, αâ3

〉
Before continuing, we should explain here how the scalar product takes place with

the “Quantum Notation” package. All vectors are assumed to be orthogonal, such

that the product between two vectors results always in a Kronecker delta, i.e., 〈i|j〉 =

δij , where for i = j, δij = 1, otherwise δij = 0. Since we would like to calculate

the scalar product between coherent states that are not necessarily orthogonal states,

we substitute the Kronecker-delta functions by the functions that result between the

product of these states:

〈p|α〉 = C1(0, p, α, θ),

〈α|p〉 = C1c(0, p, α, θ),

〈p|αe±iθ〉 = C2(±1, p, α, θ),

〈αe±iθ|p〉 = C2c(±1, p, α, θ),

where these functions are defined as

C2[s ,p , α , θ ]:=
(

2
π

)1/4
Exp[−(p− s(αSin[θ]))∧2]Exp[−I ∗ α ∗ Cos[θ] ∗ (2p− sαSin[θ])];C2[s , p , α , θ ]:=

(
2
π

)1/4
Exp[−(p− s(αSin[θ]))∧2]Exp[−I ∗ α ∗ Cos[θ] ∗ (2p− sαSin[θ])];C2[s ,p , α , θ ]:=

(
2
π

)1/4
Exp[−(p− s(αSin[θ]))∧2]Exp[−I ∗ α ∗ Cos[θ] ∗ (2p− sαSin[θ])];

C1[s ,p , α , θ ]:=
(

2
π

)1/4
Exp[−(p− s(αSin[θ]))∧2]Exp[−2 ∗ I ∗ α ∗ p];C1[s , p , α , θ ]:=

(
2
π

)1/4
Exp[−(p− s(αSin[θ]))∧2]Exp[−2 ∗ I ∗ α ∗ p];C1[s ,p , α , θ ]:=

(
2
π

)1/4
Exp[−(p− s(αSin[θ]))∧2]Exp[−2 ∗ I ∗ α ∗ p];

C1c[s , p , α , θ ]:=
(

2
π

)1/4
Exp[−(p− s(αSin[θ]))∧2]Exp[2 ∗ I ∗ α ∗ p];C1c[s ,p , α , θ ]:=

(
2
π

)1/4
Exp[−(p− s(αSin[θ]))∧2]Exp[2 ∗ I ∗ α ∗ p];C1c[s , p , α , θ ]:=

(
2
π

)1/4
Exp[−(p− s(αSin[θ]))∧2]Exp[2 ∗ I ∗ α ∗ p];

C2c[s , p , α , θ ]:=
(

2
π

)1/4
Exp[−(p− s(αSin[θ]))∧2] ∗ Exp[I ∗ α ∗ Cos[θ] ∗ (2p− sαSin[θ])];C2c[s ,p , α , θ ]:=

(
2
π

)1/4
Exp[−(p− s(αSin[θ]))∧2] ∗ Exp[I ∗ α ∗ Cos[θ] ∗ (2p− sαSin[θ])];C2c[s , p , α , θ ]:=

(
2
π

)1/4
Exp[−(p− s(αSin[θ]))∧2] ∗ Exp[I ∗ α ∗ Cos[θ] ∗ (2p− sαSin[θ])];

We calculated the conditional state ρc3 using the functions above.

test5 =
〈
p1â1, p2â2, p3â3

∣∣ · test4//.test5 =
〈
p1â1,p2â2,p3â3

∣∣ · test4//.test5 =
〈
p1â1,p2â2, p3â3

∣∣ · test4//.

{KroneckerDelta[p1− α]->C1[0, p, α, θ],KroneckerDelta[p2− α]->C1[0, p, α, θ],{KroneckerDelta[p1− α]->C1[0, p, α, θ],KroneckerDelta[p2− α]->C1[0, p, α, θ],{KroneckerDelta[p1− α]->C1[0, p, α, θ],KroneckerDelta[p2− α]->C1[0, p, α, θ],

KroneckerDelta[p3− α]->C1[0, p, α, θ],KroneckerDelta
[
p1− e−iθα

]
→ C2[−1, p, α, θ],KroneckerDelta[p3− α]->C1[0, p, α, θ],KroneckerDelta

[
p1− e−iθα

]
→ C2[−1, p, α, θ],KroneckerDelta[p3− α]->C1[0, p, α, θ],KroneckerDelta

[
p1− e−iθα

]
→ C2[−1, p, α, θ],

KroneckerDelta
[
p2− e−iθα

]
→ C2[−1, p, α, θ],KroneckerDelta

[
p3− e−iθα

]
→ C2[−1, p, α, θ],KroneckerDelta

[
p2− e−iθα

]
→ C2[−1, p, α, θ],KroneckerDelta

[
p3− e−iθα

]
→ C2[−1, p, α, θ],KroneckerDelta

[
p2− e−iθα

]
→ C2[−1, p, α, θ],KroneckerDelta

[
p3− e−iθα

]
→ C2[−1, p, α, θ],

KroneckerDelta
[
p1− eiθα

]
→ C2[1, p, α, θ],KroneckerDelta

[
p2− eiθα

]
→ C2[1, p, α, θ],KroneckerDelta

[
p1− eiθα

]
→ C2[1, p, α, θ],KroneckerDelta

[
p2− eiθα

]
→ C2[1, p, α, θ],KroneckerDelta

[
p1− eiθα

]
→ C2[1, p, α, θ],KroneckerDelta

[
p2− eiθα

]
→ C2[1, p, α, θ],

KroneckerDelta
[
p3− eiθα

]
→ C2[1, p, α, θ]

}
;KroneckerDelta

[
p3− eiθα

]
→ C2[1, p, α, θ]

}
;KroneckerDelta

[
p3− eiθα

]
→ C2[1, p, α, θ]

}
;

test5 =
〈
p1â1, p2â2, p3â3

∣∣ · test4//.test5 =
〈
p1â1,p2â2,p3â3

∣∣ · test4//.test5 =
〈
p1â1,p2â2,p3â3

∣∣ · test4//.

{KroneckerDelta[p1− α]->C1c[0, p, α, θ],KroneckerDelta[p2− α]->C1c[0, p, α, θ],{KroneckerDelta[p1− α]->C1c[0, p, α, θ],KroneckerDelta[p2− α]->C1c[0, p, α, θ],{KroneckerDelta[p1− α]->C1c[0, p, α, θ],KroneckerDelta[p2− α]->C1c[0, p, α, θ],

KroneckerDelta[p3− α]->C1c[0, p, α, θ],KroneckerDelta
[
p1− e−iθα

]
→ C2c[−1, p, α, θ],KroneckerDelta[p3− α]->C1c[0, p, α, θ],KroneckerDelta

[
p1− e−iθα

]
→ C2c[−1, p, α, θ],KroneckerDelta[p3− α]->C1c[0, p, α, θ],KroneckerDelta

[
p1− e−iθα

]
→ C2c[−1, p, α, θ],

KroneckerDelta
[
p2− e−iθα

]
→ C2c[−1, p, α, θ],KroneckerDelta

[
p3− e−iθα

]
→ C2c[−1, p, α, θ],KroneckerDelta

[
p2− e−iθα

]
→ C2c[−1, p, α, θ],KroneckerDelta

[
p3− e−iθα

]
→ C2c[−1, p, α, θ],KroneckerDelta

[
p2− e−iθα

]
→ C2c[−1, p, α, θ],KroneckerDelta

[
p3− e−iθα

]
→ C2c[−1, p, α, θ],

KroneckerDelta
[
p1− eiθα

]
→ C2c[1, p, α, θ],KroneckerDelta

[
p2− eiθα

]
→ C2c[1, p, α, θ],KroneckerDelta

[
p1− eiθα

]
→ C2c[1, p, α, θ],KroneckerDelta

[
p2− eiθα

]
→ C2c[1, p, α, θ],KroneckerDelta

[
p1− eiθα

]
→ C2c[1, p, α, θ],KroneckerDelta

[
p2− eiθα

]
→ C2c[1, p, α, θ],

KroneckerDelta
[
p3− eiθα

]
→ C2c[1, p, α, θ]

}
;KroneckerDelta

[
p3− eiθα

]
→ C2c[1, p, α, θ]

}
;KroneckerDelta

[
p3− eiθα

]
→ C2c[1, p, α, θ]

}
;
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Finally, we figured out the fidelity F =
∫ +pc
−pc

∫ +pc
−pc

∫ +pc
−pc 〈φ̄

+|ρc3(p1, p2, p3)|φ̄+〉dp1dp2dp3

by integrating test5 ∗ test5c over p as explained in Sec. 4.3.

test6 = Integrate[test5 ∗ test5c, {p,−pc,pc},Assumptions→ {pc > 0, α > 0, θ > 0}]test6 = Integrate[test5 ∗ test5c, {p,−pc, pc},Assumptions→ {pc > 0, α > 0, θ > 0}]test6 = Integrate[test5 ∗ test5c, {p,−pc,pc},Assumptions→ {pc > 0, α > 0, θ > 0}]
It is worth to comment that we did this whole calculation for a state that is not

normalized. Indeed, this will not affect the fidelity, because the normalizing factor will

appear in both of the numerator and the denominator of the fraction of Eq. (4.22), and

consequently it will cancel. However, for the probability of success, this normalization

will make a difference. The normalization N can be calculated by using the function

|φ〉 from the beginning of this Appendix, as N = 〈φ|φ〉, and it is explicitly given by

N = 8((2+e−|α|
2(1−e−iθ) +e−|α|

2(1−e−iθ))3 +(2−e−|α|2(1−e−iθ)−e−|α|2(1−e−iθ))3). (C.1)

For the calculation of the probability of success, Ps in Eq. (4.23), we followed similar

procedure. We would like to emphasize what is the basis used for the calculation of

the trace (Tr) in Eq. (4.23). The qubit states at side A were already selected in the

set of states {|0̄〉, |1̄〉}, however, the qubits at side B are described using the following

set: {|000〉, |001〉, |010〉, |100〉, |011〉, |110〉, |101〉, |111〉}. Consequently, the trace can be

calculated using a basis expanded by

|R1,2〉 = (|0̄〉|000〉 ± |1̄〉|111〉)/
√

2, |R3,4〉 = (|0̄〉|111〉 ± |1̄〉|000〉)/
√

2,

|R5,6〉 = (|0̄〉|001〉 ± |1̄〉|110〉)/
√

2, |R7,8〉 = (|0̄〉|110〉 ± |1̄〉|001〉)/
√

2,

|R9,10〉 = (|0̄〉|100〉 ± |1̄〉|011〉)/
√

2, |R11,12〉 = (|0̄〉|011〉 ± |1̄〉|100〉)/
√

2,

|R13,14〉 = (|0̄〉|101〉 ± |1̄〉|010〉)/
√

2, |R15,16〉 = (|0̄〉|010〉 ± |1̄〉|101〉)/
√

2. (C.2)

Finally, we would like to comment that the fidelity here is a highly oscillating

function, because of a local phase term, as was already pointed out in Refs. [26, 27, 68].

In our calculations, this phase was overcome by calculating the upper overlap and the

lower overlap of this function. The values presented in Tab. 4.1 are calculated using

the upper overlap. As an example, we plotted in Fig. C.1 the fidelity F versus α for

L0 = 10 km, pc = 0.5, and θ = 0.01. In practice, this phase rotation could be removed

by using static phase shifters [26].

C.2 Bounds for the fidelities and probabilities of success

Imagine we want to purify an entangled state from two initial states between repeater

stations A and B, ρA1B1 ⊗ ρA2B2 . Let us consider that the initial states, ρA1B1 and

ρA2B2 , are of the form A|φ+〉〈φ+| + B|φ−〉〈φ−| + C|ψ+〉〈ψ+| + D|ψ−〉〈ψ−|, where for
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Figure C.1: Fidelity F for L0 = 10 km, pc = 0.5, and θ = 0.01. The oscillating curve

(blue) and its upper overlap (yellow) and its lower overlap (red).

the present purpose, A, B, C, and D are simply constants. Following the purification

protocol from Refs. [12, 18] and considering the error model from Eq. (4.5), the resulting

(unnormalized) state ρc is

ρc = (1− qg(x))4((A2 +D2)|φ+〉〈φ+|+ 2AD|φ−〉〈φ−|

+ (B2 + C2)|ψ+〉〈ψ+|+ 2BC|ψ−〉〈ψ−|) + .... (C.3)

The terms represented by (...) are those where at least one error occurred in the

two-qubit gates. Note that for the case without encoding, these terms can be easily

calculated. However, with encoding, especially for large codes, the explicit derivation

of these terms is extremely complicated.

The final fidelity and the probability of success of purification are given by

Fpur =
〈φ+|ρc|φ+〉

Trρc
, and (C.4)

Ppur = Trρc. (C.5)

Since we do not know the exact form of ρc, we will estimate these quantities in a worst-

case scenario, thus aiming at lower bounds. For the fidelity, one such bound is obtained

when the denominator of the fraction takes on its maximum value and the numerator

is just given by the corresponding terms explicitly shown in Eq. (C.3), resulting in

Fpur,lower =
(A2 +D2)(1− qg(x))4

(A+D)2 + (B + C)2
= A′pur(1− qg(x))4. (C.6)

The denominator was calculated, assuming qg � 1, such that in first order of qg, the
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trace is written as

Trρc =(1− 4qg(x))((A+D)2 + (B + C)2) + 4qg(x)Trρ?

≤(1− ((A+D)2 + (B + C)2))4qg(x)+

((A+D)2 + (B + C)2), (C.7)

where ρ? is the term we do not know in Eq. (C.3) up to coefficients with dominating

order 4qg(x)(1 − qg(x))3 ≈ 4qg(x). This corresponds to the probability that one error

occurred in one of the two qubits at side A or B. The inequality appears assuming

Trρ? ≤ 1. We showed that (1− ((A+D)2 + (B+C)2))4qg(x) + ((A+D)2 + (B+C)2)

is an upper bound for the denominator in first order of qg(x). We approximate this

bound (1−((A+D)2 +(B+C)2)4qg(x)+((A+D)2 +(B+C)2) ≈ (A+D)2 +(B+C)2,

assuming that (1−(A+D)2+(B+C)2)) ∼ qg(x) such that the first term of the sum can

again be neglected. Notice also that the numerical values in our rate analysis are not

noticeably changed by using this approximation whenever 1 − T ≤ 0.1%. Comparing

with the exact formula for one round of purification and imperfect quantum gates in

Eq. (C.14) in App. C.4, we can see that this is indeed an upper bound for Trρc in first

order of qg(x).

Similarly, we obtain as a lower bound for the probability of success for purification

Ppur,lower = ((A+D)2 + (B + C)2)(1− qg(x))4. (C.8)

Provided that the gate errors are sufficiently small, this bound represents a good esti-

mate of the exact value.

The argument used for approximating the fidelity for the swapping is very similar

to that given above. However, an important difference is that the swapping operation

is a trace-preserving operation, such that, including gate errors, we can guarantee that

the probability of success of swapping will be always one.

For the encoded state, the number of two-qubit gates necessary to realize the swap-

ping is equal to the number of physical qubits per block, n. This is the reason why in

Eq. (4.53) the fidelity is multiplied by a factor of (1− qg(x))2n. The same explanation

applies to the purification step, but in this case, we obtain a factor of (1 − qg(x))4n;

here a two-qubit gate has to be applied to each qubit of every entangled pair.

For more rounds of purification, it follows the same pattern. Considering sufficiently

many initial spatial resources, for the kth-round of purification (k ≥ 1), the lower bound
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will be

Ppur,lower,k =(Ppur(A
′
pur(...A

′
pur︸ ︷︷ ︸

(k−1)−times

(A,B,C,D))))...(Ppur(A,B,C,D))

× (1− qg(x))4n(2k−1), (C.9)

using Eqs. (4.47, 4.48). For the total fidelity, after the kth-round of purification and

N − 1 connections, the lower bound is given by

A′swap(...A
′
swap(︸ ︷︷ ︸

(log2 N)−times

A′pur(...A
′
pur︸ ︷︷ ︸

k−times

(Aeff (F, tk), Beff (F, tk), Ceff (F, tk), Deff (F, tk)))))×

(1− qg(x))2n((N−1)+2(2k−1)), (C.10)

using Eqs. (4.47-4.49).

C.3 Generating the codewords

Similar to what was presented for the three-repetition code in Sec. 4.4.2, the state |0̄〉+|1̄〉2

for the five-repetition code can be deterministically obtained by an interaction of the

qubus with the atomic qubits described by U1
int (θ)U2

int (2θ)U3
int (4θ)U4

int (8θ)U5
int (−15θ)

and an x quadrature measurement on the qubus. Note that depending on the measured

value of x, a phase shift and local bit flip operations may still be applied to change the

resulting state to the desired one. In a more systematic way, for an n-repetition code,

this interaction sequence can be written as
∏n−1
j=1 U

j
int

(
2j−1θ

)
Unint

(
−(2n−1 − 1)θ

)
. As-

suming that we want to distinguish all the |βe±iθj 〉 rotated components for different

j’s, (2n−1−1) must not be bigger than π. For θ ∼ 10−2, this requirement is not fulfilled

for codes with n ≥ 11, where already for n = 11, (210 − 1)θ ∼ 3π.

An alternative scheme uses more qubuses for these interactions. Let us start with the

three-qubit repetition code again. The encoded state |0̄〉+|1̄〉2 is generated as illustrated

in Fig. C.2. First, the qubus |β1〉 interacts with the atoms placed in cavities 1 and 2,

with interactions described by

U1
int (θ)U2

int (−θ)

[(
|0〉+ |1〉√

2

)⊗2

|β1〉

]
=

1

2

[
(|00〉+ |11〉) |β1〉+ |01〉|β1e

iθ〉+ |10〉|β1e
−iθ〉

]
.

(C.11)
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β1

β2

1

2

3

Figure C.2: Preparing the state |0̄〉+ |1̄〉. Normalization factor is omitted. The qubits

are initiated in the state (|0〉+ |1〉)⊗3. First, a qubus |β1〉 interacts with atomic qubits

1 and 2. Then a second qubus |β2〉 interacts with qubits 2 and 3. Both qubuses have

their x quadrature measured. All results are valid, being the generation deterministic.

Depending on the measurement results, a phase shift and local bit flip operations should

be applied to the resulting qubit state.

Then a second qubus |β2〉 interacts with the atoms placed in cavities 2 and 3 as follows,

U2
int (−θ)U3

int (θ)

[
(|00〉+ |11〉) |β1〉+ |01〉|β1e

iθ〉+ |10〉|β1e
−iθ〉

2

(
|0〉+ |1〉√

2

)
|β2〉

]
=

1

2
√

2

[
(|000〉+ |111〉) |β1, β2〉+ |001〉|β1, β2e

−iθ〉+ |010〉|β1e
iθ, β2e

iθ〉+ |100〉|β1e
−iθ, β2〉

+|110〉|β1, β2e
iθ〉+ |101〉|β1e

−iθ, β2e
−iθ〉+ |011〉|β1e

iθ, β2〉
]
. (C.12)

By measuring the x quadrature separately for each of the two qubuses (|β1〉 and |β2〉),
the encoded state is deterministically produced. For larger codes, the same procedure

can be applied: always alternate θ/2-rotations with −θ/2-rotations and use n − 1

qubuses interacting only with one pair of atoms of the n-qubit chain. Finally, each

atom, ignoring the atoms at the ends of the chain, interacts with two different qubus

states.

Note that, similar to Ref. [76], the scheme proposed here could also be used to

generate cluster states via weak nonlinearities. However, in Ref. [76], the cluster states

are obtained through homodyne measurements in the p quadrature of the qubus, which

makes their scheme probabilistic.
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C.4 Effective error probability

The effective error probability qeff estimates the probability that a physical qubit

suffers an odd number of Z-errors. In fact, assuming these probabilities sufficiently

small [74], it estimates the probability that each physical qubit suffers one Z-error.

The effective error probability depends on the error parameters ((1 − F ), qg(x), and

qm(t)) introduced through Eqs. (2.28, 4.5, 4.8). We choose the Z-error, because in our

scheme it occurs more frequently than the X-error.

Before calculating the effective error probability, we should examine the effect of

a CNOT gate. An error that initially is affecting only the target qubit will, after the

CNOT operation, also result in an error on the control qubit, in a way that these errors

(and their probabilities) will accumulate.

The first step for the CSS-encoding protocol presented here is the entanglement

creation (and eventually purification of the entangled states). For this, the probability

that each physical qubit suffers a phase-flip is given by q1 = (1− Fk) + qm(t/2), where

k is the number of rounds of purification. For k = 0, F0 is simply the initial fidelity F .

After the entangled, possibly purified, pairs were created, the logical qubits are locally

prepared and each physical qubit is subject to a Z-error probability of q2 = qm(t/2).

After this, the encoded entangled state is generated by teleportation-based CNOT

gates, and the errors accumulate, such that the error probabilities are q3,c = q1 + q2 +

qg(x) and q3,t = q2, for control and target qubits, respectively. After entanglement

connections take place, the accumulated probability for obtaining a wrong output is

q4,c = q3,c + q3,t + qg(x) and q4,t = q2. For simplicity, we may just use the largest from

these two values to estimate the effective error probability per physical qubit, such that

qeff = 3qm(t/2) + (1− Fk) + 2qg(x). (C.13)

The decaying time t is considered to be the time it takes for classical communication

to announce that entanglement distribution succeeded (T0/2) and the time it takes to

announce that purification succeeded (again T0/2). Hence t = t′k = (k + 1)T0/2. Note

that t′k is different from the decaying time tk for the repetition code by T0/2. The reason

for this is that for the repetition code protocol, the logical qubits are already decaying

form the very beginning. We should be careful by defining Fk, because gate errors

must be included here. If we start with two copies of the entangled state A|φ+〉〈φ+|+
B|φ−〉〈φ−|+C|ψ+〉〈ψ+|+D|ψ−〉〈ψ−|, following the purification protocol from Ref. [18]

and considering the gate error model from Eq. (4.5),the resulting state after one round
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of purification is given by A′|φ+〉〈φ+|+B′|φ−〉〈φ−|+C ′|ψ+〉〈ψ+|+D′|ψ−〉〈ψ−|, where

A′ =
1

P imppur

(
D2 +A2(1 + 2(−1 + qg)qg)

2 − 2A(−1 + qg)qg(C + 2D + 2(B − C − 2D)qg

+ 2(−B + C + 2D)q2
g)− 2D(−1 + qg)qg(−2D − 2(C +D)(−1 + qg)qg

+B(1 + 2(−1 + qg)qg)))

B′ =
1

P imppur

(
−2D(−1 + qg)qg(C +D − 2(−B + C +D)qg + 2(−B + C +D)q2

g)+

2A2qg(1 + qg(−3− 2(−2 + qg)qg)) + 2A(D(1 + 2(−1 + qg)qg)
2 − (−1 + qg)×

qg(−2C(−1 + qg)qg +B(1 + 2(−1 + qg)qg))))

C ′ =
1

P imppur

(
C2 +B2(1 + 2(−1 + qg)qg)

2 − 2C(−1 + qg)qg(−2C − 2(C +D)(−1 + qg)qg

+A(1 + 2(−1 + qg)qg))− 2B(−1 + qg)qg(−2A(−1 + qg)qg +D(1 + 2(−1 + qg)qg)

+ C(2 + 4(−1 + qg)qg)))

D′ =
1

P imppur

(
−2C(−1 + qg)qg(C +D − 2(−A+ C +D)qg + 2(−A+ C +D)q2

g)+

2B2qg(1 + qg(−3− 2(−2 + qg)qg)) + 2B(C(1 + 2(−1 + qg)qg)
2 − (−1 + qg)qg×

(−2D(−1 + qg)qg +A(1 + 2(−1 + qg)qg)))) , (C.14)

and P imppur is the purification probability of success given by

P imppur = (B +C)2 + (A+D)2 − 2(A−B −C +D)2qg + 2(A−B −C +D)2q2
g . (C.15)

For the case of qg = 0, Eqs. (C.14, C.15) are in accordance with Ref. [18].

The fidelity after the first round of purification F1 is given by A′ when A = F ,

B = 1 − F , and C = D = 0. For small qg and high initial fidelity, which is the

regime under consideration here, the dominant coefficient (after A′) is B′. Note that

B′ ≈ (1 − F1) for qg � 1, and thus the probability that one physical qubit suffers an

error becomes (1 − F1). For more rounds of purification, a similar procedure can be

performed.

We considered the probability of no error per physical qubit immediately after

one round of purification as (1 − qm(t/2))F1, such that the probability of one error is

approximated by (1−F1)+qm(t/2). The purification protocol, however, can improve the

fidelity against memory dephasing that happened during the entanglement distribution.

This can be computed by calculating F1, substituting A = F (1 − qm(t/2)) + (1 −
F )qm(t/2), B = (1−F )(1− qm(t/2)) +Fqm(t/2), and C = D = 0 in A′, with t = T0/2.

Although this strategy can improve the final fidelity, the qubits decay further after the
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purification step, and so, for simplicity, we shall ignore this fact. Indeed, in this case,

the probability of success for the purification should be smaller, however, for small

probabilities of errors, this difference is so small and we may neglect it.

We should notice here that Eq. (C.13) is not identical, though it is similar, to the

one presented in App. A of Ref. [74]. This lies in the fact that, although our protocol

was inspired by the paper of Jiang et al., there are some crucial differences. To cite one,

in our analysis, we do not assume that our purified entangled pairs are perfect, and the

imperfect generation of an entangled pair is also included as an error. In addition, the

qubits suffer memory dephasing errors already during the purification step. Finally,

our error model is different from that used in Ref. [74].
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Appendices to chapter 5

D.1 Entanglement distribution with imperfect detectors

The total state before the detector measurements is described by [52]

ρA,B,b3,b5 = p (|0〉b3(|00〉AB|β〉b5 + |11〉AB| − β〉b5)/2

+|0〉b5(|01〉AB| − β〉b3 + |10〉AB|β〉b3)/2)×H.c.+

(1− p) (|0〉b3(|00〉AB|β〉b5 − |11〉AB| − β〉b5)/2

+|0〉b5(|01〉AB| − β〉b3 − |10〉AB|β〉b3)/2)×H.c., (D.1)

where H.c. stays for the Hermitian conjugate of the previous term, A (B) represents the

qubit at Alice’s (Bob’s) side, b3 is the coherent-state mode arriving at the detector D1,

b5 is the coherent-state mode arriving at the detector D2, and β = i
√

2ηt sin (θ/2) (see

Fig. 2.8). The probability of error caused by photon losses in the transmission channel

is given by (1− p), with p = (1 + e−2(1−ηt)α2 sin2 (θ/2))/2. It is possible to observe from

Eq. (D.1) that whenever Bob detects a click in either one of the detectors D1 or D2,

an entangled state has been distributed between qubits A and B.

What happens if we consider imperfect PNRD detectors, as described in Sec. 5.3.1?

We will analyze here the case where detector D1 does not click, but a click is detected

in detector D2. Nevertheless, the same result up to local operations can be observed

in the opposite case (a click in detector D1 and no click in detector D2). The resulting

state ρA,B is then given by

ρA,B =
Trb3b5(Π̂

(0)
b3

Π̂
(l)
b5
ρA,B,b3,b5)

Tr(Π̂
(0)
b3

Π̂
(l)
b5
ρA,B,b3,b5)

, (D.2)

where the POVM elements are defined in Sec. 5.3.

139



D. APPENDICES TO CHAPTER 5

Depending on the outcome of the detector, a local operation may be applied to

change the resulting state into the desired state. In this way, if the outcome is an even

number, nothing should be done, otherwise a Z operation should be applied. Following

this, the resulting state can be written as

ρ = F0|φ+〉〈φ+|+ (1− F0)|φ−〉〈φ−|,

where

F0 =
(〈00|AB + (−1)l〈11|AB)√

2
ρA,B

(|00〉AB + (−1)l|11〉AB)√
2

=
1 + e−2(1+ηt(1−2ηd))α2 sin2(θ/2)

2
. (D.3)

The probability of success is calculated assuming all possible success results, and is

given by

P0 =
∞∑
n=1

Tr(Π̂
(0)
b3

Π̂
(l)
b5
ρA,B,b3,b5 + Π̂

(l)
b3

Π̂
(0)
b5
ρA,B,b3,b5), (D.4)

after some transformation this can be written as in Eq. (5.8).

D.2 Entanglement swapping with gate error

We assumed for this calculation the gate error model already presented in Eq. (4.5).

Consider the initial states involved in the swapping as A|φ+〉〈φ+| + B|φ−〉〈φ−| +

C|ψ+〉〈ψ+| + D|ψ−〉〈ψ−|. After the connection took place, the resulting state will

keep the same form, A′|φ+〉〈φ+| + B′|φ−〉〈φ−| + C ′|ψ+〉〈ψ+| + D′|ψ−〉〈ψ−|, but with

new coefficients:

A′ = 2BC + 2AD + 2(−2BC +A(B + C − 2D) + (B + C)D)(1− qg)

+ (A−B − C +D)2(1− qg)2

B′ = 2AC + 2BD + (A2 + (B + C)2 − 4BD +D2 + 2A(−2C +D))(1− qg)

− (A−B − C +D)2(1− qg)2

C ′ = 2AB + 2CD + (A2 + (B + C)2 − 4CD +D2 + 2A(−2B +D))(1− qg)

− (A−B − C +D)2(1− qg)2

D′ = A2 +B2 + C2 +D2 − 2(A2 +B2 + C2 −A(B + C)−

(B + C)D +D2)(1− qg) + (A−B − C +D)2(1− qg)2, (D.5)

with qg(x) = 1−e−x
2 and x = π

2
1−T 2
√
T (1+T )

as explained in Sec. 4.2.
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and N. Imoto. Optimal entanglement generation for efficient hybrid

quantum repeaters. Physical Review A, 80:060303(R), 2009. 22, 25, 26, 105,

106, 139

[53] H. P. Yuen and J. H. Shapiro. Optical communication with two-photon

coherent states–Part III: Quantum measurements realizable with pho-

toemissive detectors. IEEE Transactions on Information Theory, 26:78–92,

1980. 22

[54] P. van Loock, W. J. Munro, K. Nemoto, T. P. Spiller, T. D. Ladd,

S. L. Braunstein, and G. J. Milburn. Hybrid quantum computation in

quantum optics. Physical Review A., 78:022303, 2008. 26, 27, 28, 80, 82, 97

[55] L. Hartmann, B. Kraus, H.-J. Briegel, and W. Dür. Role of memory

errors in quantum repeaters. Physical Review A, 75:032310, 2007. 29

[56] J. B. Brask and A. S. Sørensen. Memory imperfections in atomic-

ensemble-based quantum repeaters. Physical Review A, 78:012350, 2008.

30, 50

[57] L. Jiang, J. M. Taylor, N. Khaneja, and M. D. Lukin. Optimal ap-

proach to quantum communication using dynamic programming. Pro-

ceedings of the National Academy of Sciences, 104:17291–17296, 2007. 30

[58] O. A. Collins, S. D. Jenkins, A. Kuzmich, and T. A. B. Kennedy. Multi-

plexed Memory-Insensitive Quantum Repeaters. Physical Review Letters,

98:060502, 2007. 30, 31, 33, 34, 46, 47

[59] M. Razavi, H. Farmanbar, and N. Lütkenhaus. Long-Distance Quan-

tum Communication with Multiple Quantum Memories. in Technical

Digest, Paper JWA48, OFC’08, San Diego, CA, 2008. 30, 33

[60] M. Razavi, K. Thompson, H. Farmanbar, M. Piani, and N. Lütken-

haus. Physical and architectural considerations in quantum repeaters.

Proceedings SPIE, 7236:723603, 2009. 30

[61] M. Razavi, M. Piani, and N. Lütkenhaus. Quantum repeaters with

imperfect memories: Cost and scalability. Physical Review A, 80:032301,

2009. 30, 31, 33, 69, 94

146



REFERENCES

[62] W. J. Munro, K. A. Harrison, A. M. Stephens, S. J. Devitt, and

K. Nemoto. From quantum multiplexing to high-performance quan-

tum networking. Nature Photonics, 4:792–796, 2010. 34, 94, 99, 114

[63] S. G. R. Louis, W. J. Munro, T. P. Spiller, and K. Nemoto. Loss in

hybrid qubit-bus couplings and gates. Physical Review A, 78:022326, 2008.

34, 35, 68

[64] D. F. Walls and G. J. Milburn. Effect of dissipation on quantum co-

herence. Physical Review A, 31:2403–2408, 1985. 35

[65] R. Van Meter, T. D. Ladd, W. J. Munro, and K. Nemoto. IEEE/ACM

Transactions on Networking, 17:1002, 2009. 46

[66] G. Björk, A. Laghaout, and U. L. Andersen. Deterministic teleporta-

tion using single-photon entanglement as a resource. Physical Review A,

85:022316, 2012. 51

[67] W. J. Munro, R. Van Meter, S. G. R. Louis, and K. Nemoto.

High-Bandwidth Hybrid Quantum Repeater. Physical Review Letters,

101:040502, 2008. 57

[68] L. Praxmeyer and P. van Loock. Near-unit-fidelity entanglement dis-

tribution scheme using Gaussian communication. Physical Review A,

81:060303(R), 2010. 57, 114, 130

[69] T. D. Ladd, D. Maryenko, Y. Yamamoto, E. Abe, and K. M. Itoh.

Coherence time of decoupled nuclear spins in silicon. Physical Review B,

71:014401, 2005. 57

[70] D. N. Matsukevich, T. Chanelière, S. D. Jenkins, S.-Y. Lan, T. A. B.

Kennedy, and A. Kuzmich. Deterministic Single Photons via Condi-

tional Quantum Evolution. Physical Review Letters, 97:013601, 2006. 57

[71] R. Zhao, Y. O. Dudin, S. D. Jenkins, C. J. Campbell, D. N. Matsuke-

vich, T. A. B. Kennedy, and A. Kuzmich. Long-lived quantum memory.

Nature Physics, 5:100–104, 2008. 57

[72] D. Gottesman. An Introduction to Quantum Error Correction and

Fault-Tolerant Quantum Computation. arXiv:quant-ph/0904.2557, 2009.

61

147



REFERENCES

[73] S. Devitt, K. Nemoto, and W. J. Munro. The idiots guide to Quantum

Error Correction. arXiv:quant-ph/0905.2794, 2009. 61

[74] L. Jiang, J. M. Taylor, K. Nemoto, W. J. Munro, R. Van Meter,

and M. D. Lukin. Quantum repeater with encoding. Physical Review A,

79:032325, 2009. 61, 84, 85, 86, 90, 92, 93, 94, 99, 135, 137

[75] M. A. Nielsen and I. L. Chuang. Quantum Information and Quantum

Computation. Cambridge University Press, New York, 2000. 66, 67, 84, 103

[76] S. G. R. Louis, K. Nemoto, W. J. Munro, and T. P. Spiller. The

efficiencies of generating cluster states with weak nonlinearities. New

Journal of Physics, 9:193, 2007. 73, 94, 134

[77] T. Yu and J. H. Eberley. Sudden Death of Entanglement. Science,

323:598–601, 2009. 79, 80, 82

[78] I. Sainz and G. Björk. Quantum error correction may delay, but also

cause, entanglement sudden death. Physical Review A, 77:052307, 2008. 79,

80

[79] K. Kreis and P. van Loock. Classifying, quantifying, and witnessing

qudit-qumode hybrid entanglement. Physical Review A, 85:032307, 2012.

80

[80] W. K. Wootters. Entanglement of Formation of an Arbitrary State of

Two Qubits. Physical Review Letters, 80:2245–2248, 1998. 80

[81] T. Konrad, F. de Melo, M. Tiersch C. Kasztelan, A. Arag ao, and

A. Buchleitner. Evolution equation for quantum entanglement. Nature

Physics, 4:99–102, 2008. 81

[82] A. Jamiolkowski. Linear transformations which preserve trace and

positive semidefiniteness of operators. Reports on Mathematical Physics,

3:275–278, 1972. 81

[83] P. van Loock. Optical hybrid approaches to quantum information.

Laser & Photonics Reviews, 5:167, 2011. 86

[84] D. Gonta and P. van Loock. Dynamical entanglement purification

using chains of atoms and optical cavities. Physical Review A, 84:042303,

2011. 86, 114

148



REFERENCES

[85] K. Nemoto and W. J. Munro. Nearly Deterministic Linear Optical

Controlled-NOT Gate. Physical Review Letters, 93:250502, 2004. 90, 91

[86] Q. Lin and B. He. Efficient generation of universal two-dimensional

cluster states with hybrid systems. Physical Review A, 82:022331, 2010. 94

[87] S. Perseguers, L. Jiang, N. Schuch, F. Verstraete, M. D. Lukin,

J. I. Cirac, and K. G. H. Vollbrecht. One-shot entanglement gen-

eration over long distances in noisy quantum networks. Physical Review

A, 78:062324, 2008. 94

[88] C. H. Bennett, G. Brassard, and N. D. Mermin. Quantum cryptog-

raphy without Bell’s theorem. Physical Review Letters, 68:557–559, 1992.

101

[89] N. Gisin, G. Ribordy, W. Tittel, and H. Zbinden. Quantum Cryptog-

raphy. Reviews of Modern Physics, 74:145–195, 2002. 101, 103, 104

[90] V. Scarani, H. Bechmann-Pasquinucci, N. J. Cerf, M. Dusek,

N. Lütkenhaus, and M. Peev. The security of practical quantum key

distribution. Reviews of Modern Physics, 81:1301–1350, 2009. 103, 104, 105,

109

[91] I. Csiszar and J. Körner. Broadcast channels with confidential mes-

sages. IEEE Transactions on Information theory, 24:339–348, 1978. 103

[92] J. Müller-Quade and R. Renner. Composability in quantum cryptog-

raphy. New Journal of Physics, 11:085006, 2009. 104

[93] D. Bruß. Optimal eavesdropping in quantum cryptography with six

states. Physical Review Letters, 81:3018–3021, 1998. 104

[94] H. Bechmann-pasquinucci and N. Gisin. Incoherent and coherent eaves-

dropping in the six-state protocol of quantum cryptography. Physical

Review A, 59:4238, 1999. 104

[95] H.-K. Lo, H. F. Chau, and M. Ardehali. Efficient Quantum Key Dis-

tribution Scheme and a Proof of Its Unconditional Security. Journal of

Cryptology, 18:133–165, 2005. 104

149



REFERENCES

[96] R. Renner, N. Gisin, and B. Kraus. Information-theoretic secu-

rity proof for quantum-key-distribution protocols. Physical Review A,

72:012332, 2005. 104

[97] B. Kraus, N. Gisin, and R. Renner. Lower and Upper Bounds on the

Secret-Key Rate for Quantum Key Distribution Protocols Using One-

Way Classical Communication. Physical Review Letters, 98:080501, 2005.

104

[98] P. Kok and B. W. Lovett. Introduction to optical quantum information

processing. Cambridge University Press, Cambridge, 2010. 106

[99] W. Dür. Quantum communication over long distances using quantum

repeaters. Diplomarbeit Leopold-Franzens-Universität Innsbruck, 1998. 106

[100] A. G. Fowler, D. S. Wang, C. D. Hill1, T. D. Ladd, R. Van Meter,

and Lloyd C. L. Hollenberg. Surface Code Quantum Communication.

Physical Review Letters, 104:180503, 2010. 114

[101] W. P. Schleich. Quantum Optics in Phase Space. Wiley-VCH, Berlin,

2001. 115, 116

[102] L. Praxmeyer. in preparation, 2012. 124

150


	1 Introduction
	2 Quantum repeater
	2.1 Entanglement swapping
	2.2 Entanglement purification
	2.2.1 Scheme of Bennett et al.
	2.2.2 Scheme of Deutsch et al.

	2.3 QR including entanglement purification
	2.4 Implementations
	2.4.1 QR based on atomic ensembles and linear optics
	2.4.1.1 Entanglement generation
	2.4.1.2 Entanglement swapping and purification

	2.4.2 QR based on solid state photon emitters
	2.4.2.1 Entanglement generation
	2.4.2.2 Entanglement swapping and purification


	2.5 Hybrid Quantum Repeater
	2.5.1 Entanglement generation
	2.5.1.1 Homodyne state preparation
	2.5.1.2 Unambiguous state discrimination

	2.5.2 Entanglement purification and swapping


	3 Rate analysis
	3.1 Perfect memory
	3.1.1 Rate analysis for a hybrid quantum repeater
	3.1.1.1 Multiplexing versus parallelization
	3.1.1.2 Entanglement purification
	3.1.1.3 Multiplexing versus purification
	3.1.1.4 Results


	3.2 Imperfect memory
	3.2.1 Exact approach
	3.2.2 Approximated approach
	3.2.3 Analyzing different schemes

	3.3 Conclusion

	4 Hybrid quantum repeater with encoding
	4.1 Quantum Error Correction
	4.1.1 Basic idea - classical error correction codes
	4.1.2 Simple examples of quantum codes
	4.1.2.1 The three-qubit bit flip code
	4.1.2.2 The three-qubit phase flip code
	4.1.2.3 The Shor code
	4.1.2.4 Calderbank-Shor-Steane Codes


	4.2 Errors and error models for the HQR
	4.3 QEC against photon losses
	4.3.1 Implementation with coherent states
	4.3.2 Quantum error correction and entanglement sudden death

	4.4 QEC against memory imperfections and gate errors
	4.4.1 Quantum repeater with error correction
	4.4.2 Hybrid quantum repeater with repetition code against memory errors
	4.4.3 Hybrid quantum repeater with CSS code against memory and gate errors
	4.4.4 Rate analysis

	4.5 Conclusion

	5 HQR and QKD: analysis of secret key rates
	5.1 Quantum key distribution
	5.2 The secret key rate
	5.2.1 The raw key rate
	5.2.2 The secret fraction

	5.3 HQR and QKD
	5.3.1 The set-up
	5.3.2 Performance in the presence of imperfections
	5.3.2.1 Perfect operations and perfect detectors
	5.3.2.2 Imperfect operations and imperfect detectors


	5.4 Conclusion

	6 Concluding remarks
	A Appendix to chapter 2
	A.1 Simple model for atom-field interaction

	B Appendices to chapter 3
	B.1 Calculating the average times
	B.2 Multiplexing versus parallelization
	B.3 Purification at the first nesting level
	B.4 Calculating the average times for imperfect memories

	C Appendices to chapter 4
	C.1 Calculation of the final quantum state
	C.2 Bounds for the fidelities and probabilities of success
	C.3 Generating the codewords
	C.4 Effective error probability

	D Appendices to chapter 5
	D.1 Entanglement distribution with imperfect detectors
	D.2 Entanglement swapping with gate error

	References

