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Zusammenfassung

Wir wenden den Dirac-Eichfixierungsformalismus auf die kombinatorische Beschrei-
bung des Modulraums flacher ISO(2 , 1)-Zusammenhänge an. Wir verfolgen dabei
zwei Ziele, von denen eines physikalischer und das andere mathematischer Natur
ist.
Das erste Ziel ist die Anwendung des Eichfixierugsformalismus auf Lorentz-

sche (2+1)-Gravitation mit verschwindender kosmologischer Konstante. Der Pha-
senraum dieser Theorie ist eng verwandt mit dem Modulraum flacher ISO(2 , 1)-
Zusammenhänge. Wir zeigen zunächst, dass die Angabe von Eichfixierungsbedin-
gungen in diesem Kontext gleichzusetzen ist mit dem Einführen eines Beobachters.
Danach bestimmen wir die Dirac-Klammern für drei spezifische Eichfixierungsbe-
dingungen und geben physikalische Interpretationen der Resultate hinsichtlich der
Geometrie von Raumzeiten und ihrer effektiven Symmetrien.

Unser zweites Ziel ist es, die mathematischen Strukturen zu untersuchen, die der
Dirac-Eichfixierung zugrunde liegen. Dazu betrachten allgemeine Eichfixierungsbe-
dingungen und zeigen, dass ihre Dirac-Klammern in Eins-zu-Eins-Korrespondenz
stehen mit Lösungen der klassischen dynamischen Yang-Baxter-Gleichung. Dann
analysieren wir die Beziehung zwischen den Dirac-Klammern für unterschiedliche
Eichfixierungsbedingungen und stellen fest, dass diese Beziehung gegeben ist durch
die Wirkung von dynamischen Poincaré-Transformationen, welche die Eichtrans-
formation für klassische dynamische r-Matrizen verallgemeinern. Mit Hilfe dieser
Transformationen klassifizieren wir die resultierenden Dirac-Klammern und die
zugehörigen Lösungen der klassischen dynamischen Yang-Baxter-Gleichung.
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Summary

We apply the Dirac gauge fixing procedure to the combinatorial description of the
moduli space of flat ISO(2 , 1)-connections. This is motivated by two goals: one
originates from physics while the other is of a mathematical nature.
The first goal is to investigate the application of gauge fixing in Lorentzian (2+1)-

gravity with vanishing cosmological constant, whose phase space is closely related
to the moduli space of flat ISO(2 , 1)-connections. To this end, we first show that
specifying gauge fixing conditions amounts to introducing an observer into the theory.
Then we determine explicit expressions for the Dirac brackets of specific sets of gauge
fixing conditions and give a physical interpretation of the results in terms of the
geometry of spacetimes and their effective symmetries.
To investigate the mathematical structures underlying the Dirac gauge fixing

procedure we then consider general gauge fixing conditions. We first show that
the resulting Dirac brackets are in one-to-one correspondence with solutions of the
classical dynamical Yang-Baxter equation. We then analyze the relation between the
Dirac brackets associated with two different sets of gauge fixing conditions. We find
that this relation is given by the action of certain dynamical Poincaré transformations
which generalize the gauge transformations of classical dynamical r-matrices. Using
these transformations, we give a classification of all resulting Dirac brackets and the
associated solutions of the classical dynamical Yang-Baxter equation.
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Dirac gauge fixing [31, 32, 33] is a well-established method in physics for the
implementation of constraints. In this thesis, we apply it to the moduli space of
flat ISO(2 , 1)-connections in the pursuit of two goals: First, we want to investigate
the constraint implementation in (2+1)-dimensional gravity and interpret the re-
sults from a physics point of view. Second, we want to understand the underlying
mathematical structures of Dirac gauge fixing in the context of moduli spaces of flat
connections.

In physics, constraint implementation is one of the main conceptual and technical
difficulties in formulating a quantum theory of gravity. The constraints arise from
the diffeomorphism symmetry of general relativity, which implies the equivalence
of all observers and the absence of a fixed background spacetime. Many existing
approaches in 3+1 dimensions are based on formalisms in which the constraints and
the diffeomorphism symmetry are not fully implemented. In 2+1 dimensions, gravity
simplifies substantially while retaining the most important features of (3+1)-gravity
that lead to the conceptual issues and fundamental difficulties in its quantization.
(2+1)-gravity therefore serves as a toy model that allows us to investigate these issues
rigorously.
In this thesis, we focus on Lorentzian (2+1)-gravity with vanishing cosmological

constant in its formulation as a Chern-Simons gauge theory with gauge group
ISO(2 , 1) [1, 84]. In this formulation, the gauge-invariant phase space of the theory
is given by the moduli space of flat ISO(2 , 1)-connections on oriented surfaces with
punctures. Its symplectic structure can be formulated in terms of an auxiliary
Poisson structure on an ambient space, which is related to the moduli space via six
first-class constraints and the corresponding gauge transformations [42, 5].

The quantization of moduli spaces of flat G-connections is well-understood for
compact, semisimple Lie groups G. Many existing quantization formalisms for this
case involve the q-deformed universal enveloping algebra Uq(g) of g = Lie(G) at a
root of unity. However, except for Euclidean (2+1)-gravity with positive cosmological
constant, the gauge groups arising in (2+1)-gravity are non-compact and their quanti-
zation proves more difficult. From a physics perspective, the problems one encounters
are due to the presence of constraints. In the compact case, the constraints can be
implemented in the quantum theory by means of the representation theory of Uq(g),
which is well-understood. Although there are partial results on the quantization of
the non-compact cases via analytic continuation [89] and for specific Lie groups [87,
19, 66, 62, 61], there is currently no general framework to address the non-compact
cases. These complications suggest that it could be advantageous to implement the
constraints via gauge fixing in the classical theory, before quantization. Except for
partial results for SL(2 ,C)-Chern-Simons theory [18, 21, 73], this avenue has not
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been pursued yet.
Besides avoiding the representation-theoretical complications, fully implementing

the constraints in the classical theory has other interesting implications in physics.
The first is that it sheds some light on the role of quantum group symmetries in a
quantum theory of (2+1)-gravity. Most existing investigations of quantum group
symmetries in quantum gravity focus on a not fully diffeomorphism-invariant version
of the theory. It is unclear whether these quantum group symmetries survive the con-
straint implementation and what their physical interpretation is. As the presence of
quantum group symmetries usually manifests itself through Poisson-Lie symmetries
in the classical theory, investigating the gauge-fixed classical theory should pro-
vide insights about quantum group symmetries in a fully diffeomorphism-invariant
quantum theory.

In addition to its role in quantum gravity, (2+1)-gravity is of interest intrinsically
due to its rich mathematical structure, which includes its close relation to Chern-
Simons gauge theory and moduli spaces of flat connections as described above, but
also aspects of three-dimensional geometry [59, 15] as well as knot theory [85],
Turaev-Viro invariants [82, 14], Reshetikhin-Turaev invariants [85, 74, 13, 89] and
conformal field theory [86].

A particular mathematical motivation to study gauge fixing procedures for moduli
spaces of flat connections arises from their links to certain structures in Poisson
geometry. The symplectic structure of the moduli space of flat connections can be
characterized in terms of certain Poisson structures from the theory of Poisson-Lie
groups. In this context, gauge fixing is a Poisson counterpart of symplectic reduction,
and it has been shown to give rise to dynamical Poisson-Lie structures in some cases
[38, 37]. The moduli spaces of flat connections also played an important role in many
interesting developments in Poisson geometry, such as Lie-group-valued moment
maps [6].

In this thesis we apply the Dirac gauge fixing procedure to the moduli space of flat
ISO(2 , 1)-connections for manifolds of topology R × Sg ,n, where Sg ,n is a compact
oriented surface of genus g with n punctures. In the application to (2+1)-gravity,
the punctures serve as a model for massive point particles with spin. We use a
combinatorial description of the moduli space and its symplectic structure in terms
of an ambient space and an auxiliary Poisson structure.
First, we demonstrate that the gauge transformations associated with the first-

class constraints that relate the ambient space and the moduli space correspond
to transformations between different observers. Specifying gauge fixing conditions
eliminates this gauge freedom and fixes an observer. For three specific sets of gauge
fixing conditions, one associated with punctures and two associated with handles,
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we then determine explicit expressions for the corresponding Dirac brackets. For
the puncture gauge fixing conditions, the results give rise to a gauge-fixed system
whose effective symmetries are those of a cone. In contrast, for the handle gauge
fixing conditions, the effective symmetries of the gauge-fixed system are those of
Minkowski space.

On the basis of these results, and to investigate the mathematical structures
underlying the Dirac gauge fixing procedure, we then consider general puncture
gauge fixing conditions and determine the corresponding Dirac bracket. We find
that this gives rise to solutions of the classical dynamical Yang-Baxter equation, a
generalization of the classical Yang-Baxter equation. This constitutes our first main
result:

Theorem. The Dirac brackets arising from general puncture gauge fixing conditions
are in one-to-one correspondence with solutions of the classical dynamical Yang-
Baxter equation (CDYBE) for iso(2 , 1).

These solutions depend on two dynamical variables which have a direct physical
interpretation as the total energy and the total angular momentum of the spacetime
as measured by the observer that is defined by the gauge fixing conditions.
Our second main result is a classification of all solutions of the CDYBE that are

associated with the general puncture gauge fixing conditions. This classification
arises from an investigation of the relation between the Dirac brackets and the
solutions of the CDYBE associated with different gauge fixing conditions. We find
that this relation is given by the action of certain dynamical Poincaré transformations
which generalize the gauge transformations of classical dynamical r-matrices [36].

Theorem. All solutions of the CDYBE arising from puncture gauge fixing conditions
are related by dynamical Poincaré transformations to one of two standard solutions.
These standard solutions define classical dynamical r-matrices for the non-conjugate
Cartan subalgebras of iso(2 , 1).

For generic gauge fixing conditions, the associated solutions of the CDYBE are
not associated with a fixed Cartan subalgebra of iso(2 , 1), but with an abelian Lie
subalgebra that varies with the dynamical variables. Therefore, the solutions are not,
in general, classical dynamical r-matrices in the strict sense. Instead, they combine
different classical dynamical r-matrices associated with the non-conjugate Cartan
subalgebras of iso(2 , 1).

The structure of this thesis is the following. In Section 1 we introduce the notations
and conventions that we use throughout. Section 2 contains a brief overview of the
relevant features of general relativity in three dimensions and describes the geometry
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of three-dimensional spacetimes. In Section 3 we then outline the Chern-Simons
formulation of (2+1)-gravity and describe the relation of its phase space to the
moduli space of flat ISO(2 , 1)-connections. In Section 4 we give an overview of some
structures from Poisson-Lie theory that play role in later sections, in particular
classical r-matrices and their dynamical counterparts. Section 5, which marks the
end of our review of background material, describes the combinatorial description of
the moduli space of flat ISO(2 , 1)-connections in terms of an ambient space and its
auxiliary Poisson structure. This description provides the mathematical framework
of our investigation.

In Section 6 we give a summary of the Dirac gauge fixing procedure from a mathe-
matical perspective. In Sections 7 and 8 we then apply it to (2+1)-gravity for three
specific sets of gauge fixing conditions and give physical interpretations of the results
in terms of the geometry of spacetimes and their effective symmetries. To inves-
tigate the underlying mathematical structures of Dirac gauge fixing, we consider
in Section 9 a general class of puncture gauge fixing conditions, determine their
Dirac brackets and relate them to solutions of the CDYBE. Finally, in Section 10,
we study the relation between Dirac brackets associated with different gauge fixing
conditions. The results then allow us to give a classification of all Dirac brackets and
the associated solutions of the CDYBE arising from puncture gauge fixing conditions.

An appendix collects the essential parts of a set of Mathematica routines that we
used to verify many calculations.

18



Part II.

The moduli space of flat
ISO(2, 1)-connections

19





1. Notations and conventions

Throughout this thesis, we use Einstein’s summation convention and, unless stated
otherwise, all Latin indices run from 0 to 2 and are raised and lowered with the
metric η = diag(1 ,−1 ,−1) of Minkowski space M3. We denote by εabc the totally
antisymmetric tensor in three dimensions with the convention ε012 = 1. For vectors
x , y ∈ R3, we use the notation x · y = ηabxayb and x2 = x · x and we write x ∧ y for
the vector with components (x ∧ y)a = εabcxbyc. We use e0 = (1 , 0 , 0), e1 = (0 , 1 , 0),
e2 = (0 , 0 , 1) to refer to the standard basis of R3.
We denote by SO+(2 , 1) ∼= PSL(2 ,R) the proper orthochronous Lorentz group

in three dimensions, i.e. the identity component of O(2 , 1). For its Lie algebra
so(2 , 1) ∼= sl(2 ,R)we fix a basis {Ja}a=0 ,1 ,2 such that

[Ja , Jb] = ε c
ab Jc . (1.1)

In terms of sl(2 ,R)matrices, such a basis is given by

J0 =
1
2 ( 0 1
−1 0) , J1 =

1
2 (1 0

0 −1) , J2 =
1
2 (0 1

1 0) . (1.2)

As we have Ja · Jb = −1
4ηab1+

1
2 ε

c
ab Jc, the exponential map exp : sl(2 ,R)→ SL(2 ,R)

takes the form

exp(pa Ja) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

cos µ
2 1 + 2 sin µ

2 p̂a Ja if p2 > 0 ,
cosh µ

2 1 + 2 sinh µ
2 p̂a Ja if p2 < 0 ,

1 + pa Ja if p2 = 0 ,
(1.3)

where

µ :=
√RRRRRp

2RRRRR , p̂ :=
⎧⎪⎪⎨⎪⎪⎩

p/µ if p2 6= 0 ,
p if p2 = 0 .

(1.4)

Introducing the notation

cp(µ) :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

cos µ if p2 > 0 ,
cosh µ if p2 < 0 ,
1 if p2 = 0 ,

sp(µ) :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

sin µ if p2 > 0 ,
sinh µ if p2 < 0 ,
0 if p2 = 0 ,

(1.5)
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1. Notations and conventions

we can rewrite (1.3) as

exp(pa Ja) = cp(µ/2)1 + sp(µ/2)
µ/2 pa Ja . (1.6)

When p2 = 0, this expression is defined by the limit sp(µ/2)
µ/2 → 1 as p2→ 0. Elements

M ∈ PSL(2 ,R) are called hyperbolic, elliptic or parabolic if, respectively, the matrix
trace satisfies |Tr(M)| > 2, |Tr(M)| < 2 or |Tr(M)| = 2. For elements in the image
of the exponential map this corresponds to p2 < 0 (p spacelike), p2 > 0 (p timelike)
and p2 = 0 (p lightlike).
The natural matrix representation of SO+(2 , 1) coincides with the adjoint action

of PSL(2 ,R) on its Lie algebra sl(2 ,R), so we denote both representations by Ad. It
takes the form

Ad(g)c
a Jc := g · Ja · g−1 ∀g ∈ PSL(2 ,R) , (1.7)

ad(Ja)c
bJc := ad(Ja)(Jb) := [Ja , Jb]. (1.8)

From the form (1.1) of the Lie bracket, it follows that ad(Ja)bc = −εabc. This allows
us to characterize the exponential map exp : so(2 , 1)→ SO+(2 , 1) via its adjoint
representation:

Ad(exp(pa Ja))bc = Exp(ad(pcJc))bc

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

p̂bp̂c + cos µ(ηbc − p̂bp̂c)− sin µ εbcd p̂d if p2 > 0 ,
−p̂bp̂c + cosh µ(ηbc + p̂bp̂c)− sinh µ εbcd p̂d if p2 < 0 ,
ηbc +

1
2 pbpc − εbcd pd if p2 = 0 .

(1.9)

The Poincaré group in three dimensions is the semidirect product ISO(2 , 1) :=
SO+(2 , 1)nR3 of the Lorentz group SO+(2 , 1)with the translation group R3. Para-
metrizing its elements as

(u , a) = (u ,−Ad(u)j) with a , j ∈ R3 , u ∈ SO+(2 , 1) or u ∈ PSL(2 ,R) , (1.10)

the group multiplication law takes the form

(u1 , a1) · (u2 , a2) = (u1u2 , a1 + Ad(u1)a2)
= (u1u2 ,−Ad(u1u2)[ j2 + Ad(u−1

2 )j1]). (1.11)

Elements M ∈ ISO(2 , 1) are called hyperbolic, elliptic or parabolic if their Lorentz
component is hyperbolic, elliptic or parabolic, respectively.
A basis of the Lie algebra iso(2 , 1) of ISO(2 , 1) is given by the union of the basis

{Ja}a=0 ,1 ,2 of so(2 , 1) and a basis {Pa}a=0 ,1 ,2 of the abelian Lie algebra R3. We
choose the latter such that the Lie bracket of iso(2 , 1) takes the form

[Ja , Jb] = ε c
ab Jc , [Ja , Pb] = ε c

ab Pc , [Pa , Pb] = 0 . (1.12)
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Making use of the Zassenhaus formula we thus find that the exponential map exp :
iso(2 , 1)→ ISO(2 , 1) for the Poincaré group is given by:

exp(pa Ja + kaPa) = (exp(pcJc) , j) with j = T(p)k , (1.13)

where T(p) : R3→ R3 is the invertible linear map

T(p)±1
ab =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

p̂a p̂b + ( 2
µ sin µ

2 )
±1[cos µ

2(ηab − p̂a p̂b)∓ sin µ
2 εabc p̂c] if p2 > 0 ,

−p̂a p̂b + ( 2
µ sinh µ

2 )
±1[cosh µ

2(ηab + p̂a p̂b)∓ sinh µ
2 εabc p̂c] if p2 < 0 ,

ηab ∓ 1
2 εabcpc if p2 = 0 .

(1.14)
A non-degenerate Ad-invariant symmetric bilinear form on iso(2 , 1) is given by

⟨Ja , Jb⟩ = ⟨Pa , Pb⟩ = 0 , ⟨Ja , Pb⟩ = ηab . (1.15)

All Cartan subalgebras of iso(2 , 1) are abelian and can be parametrized in terms of
two vectors x , y ∈ R3 with x2 ∈ {1 ,−1} and x · y = 0 as

h = span{xaPa , xa Ja + yaPa}. (1.16)

If the vector x is timelike (x2 = 1), then the associated Cartan subalgebra h is
conjugate under the adjoint action of ISO(2 , 1) to span{P0 , J0}. If x is spacelike
(x2 = −1), then h is conjugate to span{P1 , J1}. Note that the set (1.16) with a
lightlike vector x ∈ R3 (x2 = 0) does not form a Cartan subalgebra of iso(2 , 1)
because it is not self-normalizing.
For any Lie group G with Lie algebra g, the right- and left-invariant vector fields

Lα , Rα associated to a basis {Tα}α=0 ,... ,dim g of g are given by

Lαf(h) := d
dt

RRRRRRRRR0
f(exp(−tTα) · h) , Rαf(h) := d

dt
RRRRRRRRR0
f(h · exp(tTα)) , (1.17)

for all f ∈ C∞(G) , h ∈ g. If G = ISO(2 , 1) and g = iso(2 , 1), we denote by PL
a , PR

a
the right- and left-invariant vector fields associated with the generators {Pa} of
translations and by JL

a , JR
a the ones associated with the generators {Ja} of Lorentz

transformations. Using the parametrization h = (u ,−Ad(u)j) , u = exp(−pa Ja), we
find the following explicit formulas:

PL
a f(h) = Ad(u) b

a
∂

∂jbf(h) ,

PR
a f(h) = − ∂

∂jaf(h) ,
(1.18)

JL
a f(h) = T−1(p)ab ∂

∂pbf(h) ,

JR
a f(h) = −Ad(u−1)acT−1(p)cb ∂

∂pbf(h)− ε b
ac j c ∂

∂jbf(h).
(1.19)
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1. Notations and conventions

In particular, this means that

(PR
a + PL

a)f(h) = −(1 − Ad(u)) c
a

∂

∂j cf(h) ,

(JR
a + JL

a )f(h) = −ε c
ab (pb ∂

∂pc + jb ∂

∂j c) f(h).
(1.20)
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2. Classical (2+1)-gravity

On three-dimensional manifolds, the Riemann curvature tensor Rµανβ can be ex-
pressed entirely in terms of the Ricci tensor Rµν [78, 29]. Einstein’s field equations
for the metric gµν,

Rµν − 1
2 Rgµν + Λgµν = −8]GTµν , (2.1)

therefore completely determine the curvature as a function of the cosmological con-
stant Λ, the gravitational constant G and the energy-momentum tensor Tµν. This
implies that there are no local gravitational degrees of freedom. In particular, all
vacuum solutions, i.e. solutions of (2.1) with Tµν = 0, are spacetimes of constant
curvature Λ. For vanishing cosmological constant, all vacuum spacetimes are thus
locally isometric to Minkowski space. Non-trivial spacetimes can only arise from
non-trivial topology and the matter content of the theory.
In this thesis, we will mainly be concerned with the case Λ = 0 and with globally

hyperbolic Lorentzian manifolds M that are maximal, i.e. those for which every
isometric embedding that preserves Cauchy surfaces is surjective [59, 8]. Additionally,
we restrict attention to manifolds of topology R × Sg ,n, where Sg ,n is an oriented
surface of genus g ≥ 2 with n punctures.1 The punctures serve as a model for point
particles, which constitute the matter content that we will consider. In the following
we will refer to such manifolds simply as “spacetimes”.

An efficient means to parametrize the topological features of a spacetime M is its
fundamental group ]1(M) = ]1(Sg ,n). It is generated by the homotopy equivalence
classes of the loops mi (i = 1 , . . . , n) around each puncture and the a- and b-cycles
a j , b j ( j = 1 , . . . , g) of each handle as shown in Figure 2.1. It has a single defining
relation, which states that the curve c in Figure 2.1 is contractible:

]1(Sg ,n) = ⟨m1 , . . . , mn , a1 , b1 , . . . , ag , bg |
bga−1

g b−1
g ag · · · b1a−1

1 b−1
1 a1mn · · ·m1 = 1⟩. (2.2)

1 The cases g = 0 , 1 exhibit similar features but need to be treated separately, see [59, 51, 24, 50, 69].
For an overview, also see Carlip [23].
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m1

mi

mn

c

a1

a jag

b1b j

bg

Figure 2.1.: Generators of the fundamental group for an n-punctured genus g sur-
face Sg ,n. The chosen generators of the fundamental group ]1(Sg ,n) are the homotopy
equivalence classes of the curves m1 , . . . , mn, a1 , b1 , . . . , an , bn. The defining rela-
tion of ]1(Sg ,n) states that the curve c is contractible. The short wavy line indicates
the cilium that defines a linear ordering of the incident edges at the basepoint.

2.1. Vacuum spacetimes

Mess [59], continuing the work of Witten [84], has shown that all vacuum spacetimes,
i.e. those with n = 0, can be expressed uniquely as a quotient of a convex, connected,
open subset D ⊂M3 of Minkowski space by a free and properly discontinuous action
of the fundamental group ]1(Sg) by isometries of M3.
Given a spacetime M, the subset D is its universal cover, and the action of ]1(Sg)

is defined by the group homomorphism h : ]1(Sg)→ ISO(2 , 1) obtained from the
deck transformations associated to representatives of the homotopy equivalence
classes in ]1(Sg). The Lorentz components of the group elements in the image of
h form a cocompact Fuchsian group Γ ⊂ PSL(2 ,R) of genus g. The subset D is
foliated by spacelike surfaces which are preserved by the action of ]1(Sg) and one
recovers the manifold M as the quotient D/h(]1(Sg)). As the fundamental group
acts by isometries of M3, this quotient inherits a flat metric which agrees with the
original metric on M.

Conversely, let h : ]1(Sg)→ ISO(2 , 1) be a homomorphism which is such that the
Lorentz components of the group elements in its image form a cocompact Fuchsian
group Γ ⊂ PSL(2 ,R). Then Mess [59] has shown that there is a unique convex,
connected, open subset D ∈M3 such that the quotient D/h(]1(Sg)) yields a spacetime
as described above.
Furthermore, two spacetimes are isometric if and only if their associated homo-

morphisms are related by conjugation with a fixed element in ISO(2 , 1) [59]. This
implies that the space of equivalence classes of vacuum spacetimes can be written as

Pgeom = Hom0(]1(Sg) , ISO(2 , 1))/ISO(2 , 1) , (2.3)
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2.2. Spacetimes with one point particle

where the index 0 indicates the restriction to homomorphisms which are such that
the Lorentz components of their images define cocompact Fuchsian groups.

2.2. Spacetimes with one point particle

Spacetimes with point particles, i.e. n 6= 0, were first introduced in [77, 29, 28] and
their physical properties are well-understood [77, 29, 28, 27, 80, 79, 81]. Their math-
ematical classification, however, is considerably more involved than that of vacuum
spacetimes, and a systematic investigation has been initiated only recently [49, 17,
12]. Nevertheless, examples of spacetimes with point particles can be constructed
along similar lines as the vacuum spacetimes above. The main difference is that
the spacetimes with point particles are not given as quotients of certain subsets of
Minkowski space, but are instead obtained from an explicit gluing prescription.
The simplest such spacetime contains a single point particle in R3 that is at rest

at the origin. In this case, the field equations (2.1) admit a two-parameter family of
solutions whose metric in cylindrical coordinates (T , ρ ,φ) takes the following form
[29]:

ds2 = (dT + s
2] dφ)2 − (1 − µ

2])
−2dρ2 − ρ2dφ2 , (2.4)

where s ∈ R and µ ∈ [0 , 2]). One can show [29] that the parameter µ determines
the total energy of this spacetime; it can therefore be interpreted as the mass of
the particle. Similarly, the parameter s determines the total angular momentum of
the spacetime, which implies that it can be seen as the particle’s internal angular
momentum or spin.
In terms of a new set of coordinates

t(T , ρ ,φ) = T + s
2] φ , r(T , ρ ,φ) = ρ

1 − µ
2]

, ϕ(T , ρ ,φ) = (1 − µ
2])φ , (2.5)

this metric takes the form of the Minkowski metric:

ds2 = dt2 − dr2 − r2dϕ2 , (2.6)

where, however, the range of the coordinate ϕ is now [0 , 2] − µ) instead of [0 , 2])
and the coordinate t depends on ϕ. This implies that the spacetime is obtained
from Minkowski space by identifying points according to the equivalence relation
(t , r, 0) ∼ (t + s , r, 2] − µ). Geometrically, this corresponds to cutting out a wedge of
Minkowski space as shown in Figure 2.2 and identifying its boundary. The geometry
of the resulting spacetime is thus that of a helical cone whose deficit angle ∆ϕ = µ

and time shift ∆t = s are given by the mass and spin of the particle.
The worldline of the particle in this spacetime is given by the t-axis, and the

boundary identification described above can be characterized by the unique Poincaré
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r
φ

t

s

µ

Figure 2.2.: Spacetime for a single point particle. The metric for the spacetime with
a point particle in R3 is obtained by cutting out a wedge in Minkowski space and
identifying its boundary via a rotation by an angle µ and a time shift s. The figure
shows the wedge and a surface (T = const. , ρ ,φ).

transformation M0 ∈ ISO(2 , 1) that preserves this axis andwhose Lorentz component
is a rotation by an angle µ and whose translational component is a translation by a
distance s:

M0 = exp(−µJ0 − sP0) = (exp(−µJ0) ,−se0). (2.7)

Note that the Lorentz component of this Poincaré transformation is elliptic and as
such does not act properly discontinuously on the spacelike surfaces that were used
above to construct vacuum spacetimes. Therefore, spacetimes with particles can not
be thought of as quotients of subsets of Minkowski space. They arise, instead, via
the gluing prescription given above.

This construction can also be used to build spacetimes with a moving point particle.
The worldline of such a particle is described by a future-directed, timelike geodesic
g : R → R3 , T 7→ T p̂ + x, where p̂ is a timelike unit vector and x is a vector
orthogonal to p̂. The corresponding spacetime is obtained from Minkowski space by
cutting out a wedge with axis p̂ and identifying its boundary. The associated Poincaré
transformation M is then given by conjugating M0 with the element (v, x) ∈ ISO(2 , 1)
that maps the worldline of the particle at rest at the origin to the worldline of the
moving particle, i.e. v ∈ SO+(2 , 1)must be such that p̂ = Ad(v)e0. We find:

M = (u ,−Ad(u)j) = (v, x) · M0 · (v, x)−1 ,
u = exp(−µp̂a Ja) , j = s p̂+ (1 − Ad(u−1))x .

(2.8)

The vector µ p̂ is the particle’s energy-momentum vector, and the vector j can be
interpreted as a generalized angular momentum vector. Its component parallel
to p̂ describes the internal angular momentum of the particle and its component
orthogonal to p̂ characterizes the orbital angular momentum due to the motion of
the particle. The set of all spacetimes containing a particle with mass µ and spin s
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g1

g2

g3

g4

x1

s1
µ1 M1

M2

M3

M4

A1

B1

A2B2

Figure 2.3.: Identification of the boundary at three different points in time for a
subset D ⊂M3 for a surface S2 ,4 with two handles and four punctures. The punctures
model particles whose worldlines are given by gi and whose masses and spins are µi
and si. The pairwise gluing of the boundary components of D can be realized by a
set of Poincaré transformations Mi and A j , B j .

is thus given by the conjugacy class

Cµ ,s = {g · (exp(−µJ0) , se0) · g−1 | g ∈ ISO(2 , 1)} ⊂ ISO(2 , 1). (2.9)

2.3. Spacetimes with multiple point particles

Spacetimes with multiple particles can be obtained by repeatedly applying the above
procedure to the particles’ worldlines, successively cutting out wedges of Minkowski
space [29]. Equivalently, such spacetimes can be constructed from certain subsets
D ⊂ M3 in Minkowski space by identifying pairs of their boundary components
via suitable Poincaré transformations. To each particle we thus assign an elliptic
element Mi ∈ Cµi ,si which identifies the boundary segments that intersect in the
corresponding worldline gi. The remaining boundary components are identified
pairwise by hyperbolic elements A j , B j ∈ ISO(2 , 1) resulting in the handles of the
surface Sg ,n. An example is illustrated in Figure 2.3.

To yield spacetimes of topology R × Sg ,n, the Poincaré transformations Mi, A j , B j
must be such that applying them all in succession is the identity map:

[Bg , A−1
g ] · · · [B1 , A−1

1 ] · Mn · · ·M1 = 1. (2.10)

We can enforce this closing condition by specifying the set of Poincaré transformations
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2. Classical (2+1)-gravity

as the image of the fundamental group ]1(Sg ,n) of Sg ,n under a homomorphism
h : ]1(Sg ,n) → ISO(2 , 1). Preservation of the defining relation of ]1(Sg ,n) then
encodes the above closing condition.

Two spacetimes constructed in this way from subsets D and D′ which are related
by a Poincaré transformation are isometric. The corresponding transformation of
the homomorphism h is by conjugation with this Poincaré transformation. As in
the vacuum case, conjugation-related homomorphisms thus represent isometric
spacetimes. In terms of the variables p and j defined in (2.8), conjugation of a
Poincaré element by (w, y) ∈ ISO(2 , 1) corresponds to a transformation

p→ Ad(w)p , j → Ad(w)j + [1 − Ad(wexp(pcJc)w−1)]y . (2.11)

The transformation of the variables p , j under a Lorentz transformation w ∈
SO+(2 , 1) is therefore given by

p→ Ad(w)p , j → Ad(w)j , (2.12)

and their transformation under a translation y ∈ R3 takes the form

p→ p , j → j + [1 − Ad(exp(pa Ja))]y . (2.13)

Two collections of Poincaré elements which differ by a global Poincaré transformation
in this way thus also represent isometric spacetimes.
Note that, in contrast to the vacuum case, little is known about the geometry of

the subset D. The geometrical constructions given above therefore do not provide
a complete classification of spacetimes with point particles. Nonetheless, they will
provide us with physical intuition about the Chern-Simons formulation of (2+1)-
gravity presented in the next section.
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3. Chern-Simons theory with gauge
group ISO(2, 1)

The Chern-Simons formulation of (2+1)-gravity, due to Achúcarro and Townsend [1]
and Witten [84], is based on Cartan’s formulation of general relativity in terms of a
coframe field and a spin connection.

3.1. Cartan’s formulation for (2+1)-gravity

Suppose we are given a vector bundle E over the three-dimensional manifold M with
structure group SO+(2 , 1). A coframe field, or triad, is an isomorphism e : TM → E
between the tangent bundle TM and E. As we can think of the fibers Ep as isomorphic,
as vector spaces, to so(2 , 1), e can be viewed as an so(2 , 1)-valued 1-form on M. A spin
connection ω is a connection on the SO+(2 , 1)-principal frame bundle F associated
to E, or, equivalently, a linear metric connection ∇̃ on E [47]. Locally, we can think
of ω as an so(2 , 1)-valued 1-form on M.

In order to make contact with the metric formulation of general relativity, we can
construct a Riemannian metric g and a linear metric connection ∇ on M by pulling
back the Minkowski metric η and the spin connection ω, respectively: g(v, w) =
η(e(v) , e(w))and e(∇vw) = ∇̃v(e(w)) for all vector fields v, w ∈ Γ(TM). The invertibility
of the triad e ensures that g is non-degenerate, and ∇ is metric because ∇̃ is. If, in
addition, the torsion Dωe := de + ω∧ e of ω vanishes, then ∇ is also torsion-free and
coincides with the Levi-Civita connection of g.
To obtain a more explicit description, let {∂µ}µ=0 ,1 ,2 be a local basis of TM and

{dxµ}µ=0 ,1 ,2 its dual basis, and let {Ja}a=0 ,1 ,2 be a local basis of E such that, in
each fiber, it agrees with the set of generators of so(2 , 1) given by (1.1). We can then
identify the components e a

µ of e via e(∂µ) = e a
µ Ja and ea = e a

µ dxµ. Similarly, the
components ω a

µ of ω are given by ω(∂µ) = ω a
µ Ja and ωa = ω a

µ dxµ.
In the metric formulation of vacuum gravity with vanishing cosmological constant,

the field equations (2.1) are obtained from variation with respect to the metric g of
the Einstein-Hilbert action

SEH(g) = 1
16]G ∫M

R , (3.1)
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3. Chern-Simons theory with gauge group ISO(2, 1)

where R denotes the curvature scalar. In the Cartan formulation, this action is given
in terms of the curvature Fω := dω + 1

2 [ω ,ω] of ω as follows [23]:

SEH(ω , e) = 1
16]G ∫M

ea ∧ Fa
ω . (3.2)

Varying with respect to ωa and ea then leads to two conditions that state that the
curvature and the torsion of ω have to vanish:

Dωe := de + ω∧ e = 0 , Fω := dω + 1
2 [ω ,ω] = 0 . (3.3)

Cartan’s formulation of general relativity is thus equivalent to the metric formulation.

3.2. Chern-Simons action

Pairing the triad with the generators {Pa}a=0 ,1 ,2 of the translation group R3 given
as in (1.12), we can formally combine ω and e to obtain an iso(2 , 1)-valued 1-form A
on M:

A = AαTα = ωa Ja + eaPa . (3.4)

One can show [10] that this does indeed define a connection on the ISO(2 , 1)-principal
bundle F ×SO+(2 ,1) ISO(2 , 1) associated to the frame bundle F. Under a change of
coordinates γ : M → ISO(2 , 1), the connection A transforms according to

A 7→ γ−1 Aγ + γ−1 dγ , (3.5)

where the first term denotes the adjoint action of γ on A and the second term denotes
the pullback along γ of the Maurer-Cartan form on iso(2 , 1). In the context of gauge
theory, the connections A are often called gauge fields, the group ISO(2 , 1) is referred
to as the gauge group and the transformations (3.5) as gauge transformations.
Witten [84] has shown that the vacuum Einstein-Hilbert action (3.2) for three-

dimensional gravity can be written as the Chern-Simons action for A:

SEH(ω , e) = S(A) := k

4] ∫M
⟨A∧ dA + 1

3 A∧ [A , A]⟩ , (3.6)

where ⟨TaTb⟩ = ⟨Ta , Tb⟩ for any Ta , Tb ∈ iso(2 , 1) is the bilinear form on iso(2 , 1)
defined by (1.15).1 The connections A that extremize the Chern-Simons action are
precisely those that are flat, i.e. those whose curvature

FA := DA A = dA + A∧ A = Fω + Dωe (3.7)
1 It is invariant up to a topological term that is proportional to the winding number of the gauge
transformation γ [30]. One can always find a value for k such that the exponential exp(iS(A)) is
gauge-invariant [85, 23].
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vanishes. As flatness of A is equivalent to ω being flat and torsion-free, we see that
the Chern-Simons action does indeed give rise to the same conditions as the vacuum
Einstein-Hilbert action.

Additionally, Witten [84] has shown that infinitesimally generated diffeomorphisms
acting on the manifold M and its metric are equivalent to gauge transformations
of A. Isometric spacetimes are thus represented by gauge-equivalent connections.
The Chern-Simons action with k = 1/4G is therefore equivalent to the vacuum
Einstein-Hilbert action. Note, however, that for the equivalence to hold, we need to
restrict attention to the subspace of connections whose translational part gives rise
to an invertible triad. We will discuss this point in more detail in Section 3.5.

3.3. Inclusion of point particles

It remains to include point particles into the theory. In the geometrical formulation,
the curvature of a spacetime with point particles develops δ-singularities at their
location. The implementation of this in the Chern-Simons description was first
investigated by de Sousa Gerbert [27]. It is shown there that particles can be coupled
to Chern-Simons theory by assigning to the punctures of M = R× Sg ,n, which model
the worldlines of particles, the coadjoint orbits of elements Dµi ,si = µi J0 + siP0 ∈
iso(2 , 1), where µi and si are the masses and spins of the particles. The coadjoint
orbits are then parametrized in terms of functions gi : R→ ISO(2 , 1) and coupled
minimally to the Chern-Simons action, giving rise to a new action:

S̃(A) = S(A)+
n

∑
i=1
∫

R

⟨Dµi ,si , g−1
i A|ligi + g−1

i d0gi⟩ , (3.8)

where li : R→ M are the worldlines of the particles. This action is invariant under
the gauge transformations

A 7→ γ−1 Aγ + γ−1dγ , gi 7→ γ(li)−1gi , (3.9)

when the coordinate changes γ : M → ISO(2 , 1) are constant along all li. The
connections A that extremize the action (3.8) are those which satisfy the following
conditions on their curvature FA and on their values A|li at the worldlines li:

FA = −2]
k

n

∑
i=1

giDµi ,sig
−1
i δ(li) , A|li = giDµi ,sig

−1
i + gid0g

−1
i . (3.10)

The solutions are thus those connections whose curvature vanishes everywhere except
on the worldlines of the particles, where it develops δ-singularities. As the curvature
FA defined by (3.7) combines the ordinary curvature and the torsion of Cartan’s
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3. Chern-Simons theory with gauge group ISO(2, 1)

formulation of general relativity, the masses µi appear as sources of curvature and
the spins si as sources of torsion.

The space P of equivalence classes of solutions of the theory, i.e. the moduli space
of flat connections, is thus given as follows. Let A be the space of all ISO(2 , 1)-
connections on M = R × Sg ,n. Let I ⊂ A be the subspace of elements that satisfy
(3.10). Let G be the group of functions γ : M → ISO(2 , 1)which are constant along
all li, and let it act on A by gauge transformations (3.9). Then:

P = I/G. (3.11)

Remarkably, this quotient of two infinite-dimensional spaces is actually finite-di-
mensional. For compact gauge groups this follows from a more general result due to
Atiyah and Bott [9]. It will also become apparent from the combinatorial description
of Chern-Simons theory that we will describe in Section 5.

3.4. Poisson structure

The moduli space P carries a canonical symplectic structure. It is obtained via
symplectic reduction from the canonical symplectic structure on the space A of all
connections [9]. The latter is given directly by the Hamiltonian form of the Chern-
Simons action (3.8), which is obtained by splitting the connection into two components
adapted to the product structure of M: A = A0dx0 + AS, where A0 : M → iso(2 , 1)
and AS is an x0-dependent iso(2 , 1)-valued 1-form on Sg ,n. In terms of A0 and the
curvature FAS := dS AS + AS ∧ AS of AS, the curvature of A decomposes as

FA = dx0 ∧ (∂0 AS − dS A0 − [AS , A0])+ FAS . (3.12)

In these variables, the Chern-Simons action (3.8) now takes the form

S̃(A) = k

4] ∫M
⟨d0 AS ∧ AS⟩ +

n

∑
i=1
∫

R

⟨Dµi ,si , g−1
i d0gi⟩

+∫
M
⟨A0 , k

2] FS +
n

∑
i=1

giDµi ,sig
−1
i δ(li)⟩ , (3.13)

The Poisson bracket { ,} : C∞(A)× C∞(A)→ C∞(A) can now be read off from the
term that involves the time derivative of AS. It is characterized by

{Aα
m(x) , Aβ

n(y)} = −2]
k

⟨Tα , Tβ⟩εmnδ(x − y) , (3.14)

where α , β = 0 , . . . , 5 and m, n = 1 , 2 and x , y ∈ Sg ,n. The corresponding symplectic
form is given by

Ω =
k

4] ∫Sg ,n

⟨δAS ∧ δAS⟩ , (3.15)
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where δ denotes the differential on the space of connections. With AS = A1dx1 +

A2dx2, the above is just a shorthand notation for

Ω(X , Y) = k

4] ∫Sg ,n

[X(Aα
1)Y(Aβ

2)− X(Aα
2)Y(Aβ

1)]⟨Tα , Tβ⟩dx1 ∧ dx2 , (3.16)

for all vector fields X , Y ∈ Γ(TA) on the space of connections.
It remains to derive from this symplectic structure on A the symplectic struc-

ture on the moduli space (3.11). It can be shown [9] that the action (3.9) of gauge
transformations G is Hamiltonian with respect to Ω and that the corresponding
moment map is defined by the curvature condition in (3.10). The subspace I ⊂ A

of connections that satisfy (3.10) therefore is coisotropic and G-invariant, and the
canonical symplectic structure on the quotient P = I/G is obtained from symplectic
reduction of Ω.
In principle, this provides a precise definition of the symplectic structure on the

moduli spaceP. However, its formulation as the symplectic reduction of the symplectic
structure (3.14) on the infinite-dimensional space A of all ISO(2 , 1)-connections on
M is impractical for actual calculations. In Section 5, we will therefore summarize a
combinatorial description of P due to Fock and Rosly [42] and Alekseev and Malkin
[5]. It will allow us to derive explicit expressions for the symplectic structure of the
moduli space P via the Dirac gauge fixing procedure.

3.5. Relation between (2+1)-gravity and Chern-Simons
theory

The preceding discussion demonstrates that (2+1)-dimensional gravity with point
particles is closely related to a Chern-Simons gauge theory: The Einstein-Hilbert
action can be reformulated in terms of the Chern-Simons action, and infinitesimally
generated diffeomorphisms correspond to Chern-Simons gauge transformations.
But the equivalence between both theories is not complete. First, in order for an
ISO(2 , 1)-connection A to give rise to a non-degenerate metric, the translational
component of A must define an invertible triad, which is not the case in general. For
the equivalence of both theories to hold, we would thus need to restrict the set of
admissible connections.

Second, large diffeomorphisms of M, i.e. those that are not continuously connected
to the identity, do not act by gauge transformations on the connection A [58]. De-
pending on the context, metrics related by large diffeomorphisms are, however, often
interpreted as defining the same spacetime. Hence, the spaces of equivalence classes
of solutions of both theories, i.e. the space of metrics modulo diffeomorphisms and
the space of ISO(2 , 1)-connections modulo gauge transformations, do not agree.

35



3. Chern-Simons theory with gauge group ISO(2, 1)

The combination of these two issues also gives rise to a third problem: Matschull
[57] has shown that there are gauge orbits in the Chern-Simons moduli space that
intersect the subspace of connections that give rise to degenerate metrics. The
corresponding orbits in the space of solutions of general relativity are therefore not
connected. There thus exist pairs of spacetimes that are regarded as gauge-equivalent
in the Chern-Simons formulation, but not in general relativity. See Witten [88] for a
review of these differences between both theories.

In the following we will focus on the Chern-Simons formulation of the theory. The
phase space is then given by the moduli space (3.11) with its canonical symplectic
structure. Its relation to the metric formulation of (2+1)-dimensional gravity will
serve only as a guideline for the physical interpretation of our results.
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4. Poisson-Lie theory and classical
dynamical r-matrices

Poisson-Lie groups and some related algebraic structures will play an important role
in this thesis, hence we give a brief introduction here, following the presentation by
Chari and Pressley [25]. All Lie algebras and manifolds in this section will be over R.

The starting point for Poisson-Lie theory is the notion of a Poisson-Lie group, which
is a Lie group G with a compatible Poisson structure { ,} : C∞(G)×C∞(G)→ C∞(G):

Definition 4.1. A Lie group G is a Poisson-Lie group if G is also a Poisson mani-
fold such that multiplication is a Poisson map, i.e. if

{f1 ,f2}(gg′) = {f1 ◦ Lg ,f2 ◦ Lg}(g′)+ {f2 ◦ Rg′ ,f2 ◦ Rg′}(g) , (4.1)

for all f1 ,f2 ∈ C∞(G) and g , g′ ∈ G, and where Lg , Rg′ denote left and right mul-
tiplication in G.

If B ∈ Γ(TG ⊗ TG) denotes the Poisson bivector of the Poisson structure { ,}, i.e.
if {f , g} = ⟨df ⊗ dg , B⟩ for all f , g ∈ C∞(G) and with d denoting the differential on
G, the condition above becomes

Bgg′ = [(dg′Lg) ⊗ (dg′Lg)](Bg′)+ [(dg Rg′) ⊗ (dg Rg′)](Bg). (4.2)

By setting g = g′ = e, it follows directly that the rank of the Poisson structure
of a Poisson-Lie group vanishes at the identity element e ∈ G. This implies that
Poisson-Lie groups are not symplectic. We need a few additional tools to describe
their symplectic leaves, so we postpone this discussion until Section 4.2.

4.1. Lie bialgebras and classical r-matrices

The dual g∗ of the Lie algebra of a Poisson-Lie group G has a canonical Lie algebra
structure: for ξ1 , ξ2 ∈ g∗, pick f1 ,f2 ∈ C∞(G) such that defi = ξi, and define

[ξ1 , ξ2]∗ := de{f1 ,f2}. (4.3)

The right-hand side can be shown to depend only on ξ1 , ξ2, so this construction is
well-defined. The dual map of [ , ]∗ defines a linear map δ : g→ g ⊗ g via

⟨ξ1 ⊗ ξ2 , δ(X)⟩ = ⟨[ξ1 , ξ2]∗ , X ⟩ ∀ξ1 , ξ2 ∈ g∗ , X ∈ g , (4.4)
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such that
1. δ is skew-symmetric, i.e. δop = −δ,
2. δ satisfies the co-Jacobi identity

⟨ξ1⊗ξ2⊗ξ3+ξ2⊗ξ3⊗ξ1+ξ3⊗ξ1⊗ξ2 , (δ⊗id)◦δ(X)⟩ = 0 ∀ξi ∈ g∗ , X ∈ g. (4.5)

3. δ is a cocycle on g with respect to the adjoint action, i.e. it satisfies the cocycle
condition

δ([X , Y]) = (adX ⊗1+1⊗adX)δ(Y)−(adY ⊗1+1⊗adY)δ(X) ∀X , Y ∈ g. (4.6)

The cocycle condition is a consequence of the multiplicativity condition (4.1). Lie
algebras equipped with such a cocommutator δ are called Lie bialgebras:

Definition 4.2. A tuple (g , [ , ] , δ) is called Lie bialgebra if (g , [ , ]) is a Lie algebra
and δ : g→ g ⊗ g is a linear map such that properties 1–3 hold.

Thus we see that the Lie algebra of a Poisson-Lie group is canonically a Lie
bialgebra. Conversely, it can be shown that for any Lie bialgebra g there is a unique
connected, simply-connected Poisson-Lie group whose Lie algebra is g.
If (g , [ , ] , δ) is a finite-dimensional Lie bialgebra, then g∗ has a canonical Lie

bialgebra structure (g∗ , [ , ]∗ , δ∗):

Definition 4.3. The dual of a finite-dimensional Lie bialgebra (g , [ , ] , δ) is given
by (g∗ , [ , ]∗ , δ∗), where [ , ]∗ = δ∗ and δ∗ = [ , ]∗. Explicitly, the commutator [ , ]∗ :
g∗ ⊗ g∗ → g∗ is defined via ⟨[ξ1 , ξ2]∗ , X ⟩ = ⟨ξ1 ⊗ ξ2 , δ(X)⟩ for all ξ1 , ξ2 ∈ g∗ and
X ∈ g. Similarly, the cocommutator δ∗ : g∗→ g∗ ⊗ g∗ is defined via ⟨δ∗(ξ) , X ⊗ Y ⟩ =
⟨ξ , [X , Y]⟩ for all ξ ∈ g∗ and X , Y ∈ g.
A special class of Lie bialgebras is given by the coboundary Lie bialgebras:

Definition 4.4. A Lie bialgebra (g , [ , ] , δ) is called coboundary if there is an ele-
ment r ∈ g ⊗ g such that

δ(X) = adX r ≡ (adX ⊗ 1 + 1 ⊗ adX)(r) ∀X ∈ g. (4.7)

A Poisson-Lie group G is called coboundary if its Lie algebra g is coboundary.

If we define δ(X) := adX r for some r ∈ g ⊗ g, then (g , [· , ·] , δ) is a Lie bialgebra if
and only if

1. r + rop is g-invariant, i.e. adX(r + rop) = 0 for all X ∈ g, and
2. [[r, r]] := [r12 , r13] + [r12 , r23] + [r13 , r23] is g-invariant.
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In the above, if {Tα} is a basis of g and if r = rαβTα ⊗ Tβ, then r12 := rαβTα ⊗ Tβ ⊗ 1
and [r12 , r13] := rαβrµν[Tα , Tµ] ⊗ Tβ ⊗ Tν, and likewise for the other combinations
of indices. The first condition ensures δop = −δ, while the second one guarantees
that δ satisfies the co-Jacobi identity (4.5). The cocycle condition (4.6) is satisfied
automatically due to the Jacobi identity for the Lie bracket of g. The simplest way to
satisfy the second condition is to have [[r, r]] = 0:

Definition 4.5. A coboundary Lie bialgebra (g , [ , ] , δ , r) is calledquasi-triangular
if r is a classical r-matrix, i.e. if it satisfies the classical Yang-Baxter equation
(CYBE):

[[r, r]] := [r12 , r13] + [r12 , r23] + [r13 , r23] = 0 . (4.8)

If the Lie algebra g of a Lie group G is a coboundary Lie bialgebra with δ(X) =
adX r, then one can show that the Poisson-Lie structure on G is given by theSklyanin
bivector:

BG = rαβ(Lα ⊗ Lβ − Rα ⊗ Rβ) , (4.9)

where r = rαβTα ⊗ Tβ and where Lα and Rα are the right- and left-invariant vector
fields (1.17) corresponding to the basis {Tα} of g. This bivector is skew-symmetric
because the symmetric part of r is g-invariant.

4.2. Dual and double structures

There are various structures that we can associate to a Poisson-Lie group, among
them dual and double structures which we will need in the following and thus describe
here.

Definition 4.6. Given a Poisson-Lie group (G , { ,})with its associated Lie bialgebra
(g , [ , ] , δ), the connected, simply-connected Poisson-Lie group G∗ associated to the Lie
bialgebra g∗ is called the dual Poisson-Lie group.

The dual of a finite-dimensional Poisson-Lie group (G , { ,} = 0)with trivial Poisson
bracket has a particularly simple form: The tangent Lie bialgebra (g , [ , ] , δ = 0)
of G is cocommutative so that its dual (g∗ , [ , ]∗ = 0 , δ∗) is commutative. The dual
Poisson-Lie group (G∗ = g∗ , { ,}∗) is therefore given by g∗, considered as an abelian
Lie group under addition, together with the Lie-Poisson bracket { ,}∗ on g∗, which is
defined as follows. Let f1 ,f2 ∈ C∞(g∗). Then we have dfi : g∗ → (g∗)∗ ∼= g, so that
we can set

{f1 ,f2}(ξ) := ⟨[dξf1 , dξf2] , ξ⟩ ∀ξ ∈ g∗ . (4.10)

One can show that the symplectic leaves of (g∗ , { ,}∗) are precisely the orbits of the
coadjoint action of G on g∗.
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The classical double Given any Poisson-Lie group G and its dual G∗, we can
construct a bigger Poisson-Lie group by combining the Lie bialgebra structures on g

and g∗.

Definition 4.7. The classical double D(g) of a finite-dimensional Lie bialgebra
(g , [ , ] , δ) is the unique Lie bialgebra structure on g ⊕ g∗ such that the embeddings
g→ g ⊕ g∗ and (g∗)op→ g ⊕ g∗ are homomorphisms of Lie bialgebras.

If, in terms of a basis {Tα} of g, the Lie bialgebra structure on g is given by

[Tα , Tβ] = C γ
αβ

Tγ , δ(Tα) = Γ βγ
α Tβ ⊗ Tγ , (4.11)

then the Lie bialgebra structure on g⊕g∗ is given, in terms of {Tα} and its dual basis
{Tα} of g∗, by

[Tα , Tβ]D = C γ
αβ

Tγ , [Tα , T β]D = Γ αβ
γ T γ , [Tα , T β]D = Γ βγ

α Tγ − C β
αγ T γ ,

(4.12)
together with δD(X) = adX r for all X ∈ D(g) and with the classical r-matrix r =
Tα ⊗ Tα ∈ g⊗ g∗ ⊂ D(g)⊗ D(g). Note that this implies that the unique Lie bialgebra
structure on D(g) is quasi-triangular.

Definition 4.8. For a Poisson-Lie group G, its double D(G) is the connected, simply-
connected Poisson-Lie group associated to D(g).

The homomorphisms g → D(g) and (g∗)op → D(g) lift to homomorphisms G →
D(G) and G∗ → D(G). These allow us to define a product map G × G∗ → D(G),
which is a diffeomorphism onto a neighborhood of the unit in D(G). As a manifold,
the double is therefore locally given by the product G × G∗ of G and its dual G∗. Its
Poisson structure is described via (4.9) by the Poisson bivector

BD(G) = Lα ⊗ Lα − Rα ⊗ Rα , (4.13)

where Lα , Rα denote the right- and left-invariant vector fields associated with the
basis {Tα}, and Lα , Rα those associated with the dual basis {Tα}.
The main example of such a double structure that will appear in the following is

the Poincaré group ISO(2 , 1) = SO+(2 , 1)nR3. Its universal cover can be seen as the
double of the Lorentz group SO+(2 , 1) by identifying the Poincaré algebra iso(2 , 1)
with the classical double of the Lorentz algebra so(2 , 1) as follows. Consider so(2 , 1)
with generators {Ja} as in (1.1) and equip it with the trivial cocommutator. Let
{Pa} be the dual basis of so(2 , 1)∗ with pairing ⟨Ja , Pb⟩ = η b

a and trivial Lie bracket.
The quasi-triangular Lie bialgebra structure on D(so(2 , 1)) = so(2 , 1)⊕ so(2 , 1)∗ =
iso(2 , 1) is described by [Ja , Pb] = ε b

a cPc and r = Ja ⊗ Pa. This coincides with the
Lie algebra structure (1.12) on iso(2 , 1) that we defined in Section 1, and r is related
to a classical r-matrix that we will use later.
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The double D(G) of a Poisson-Lie group G is of particular interest because it allows
us to characterize the symplectic leaves of G. Assume that the local diffeomorphism
G × G∗ → D(G) given above extends to a global diffeomorphism, so that we can
identify D(G) and G×G∗ as manifolds. Then, for any g ∈ G , γ ∈ G∗, the product γ ·g
in D(G) can be factorized as γ · g = gγ · γg for some gγ ∈ G , γg ∈ G∗. One can then
show that the map ρ : G∗ × G → G, (γ , g) 7→ g(γ−1) defines a right Poisson action,
called the dressing action, whose orbits are exactly the symplectic leaves of G.

Given a quasi-triangular Poisson-Lie group G with its Lie bialgebra g and a basis
{Tα} of g and its dual basis {Tα}, we can define two linear maps r± : g∗ → g from
the classical r-matrix r = rαβTα ⊗ Tβ ∈ g ⊗ g by

r+(Tα) := rαβTβ , r−(Tα) := −rβαTβ . (4.14)

Using the exponential map to lift r± to Lie group homomorphisms r̄± : G∗→ G, this
allows us to construct embeddings of G and G∗ into G × G:

φG : G→ G × G , g 7→ (g , g) , φG∗ : G∗→ G × G , γ 7→ (r̄+(γ) , r̄−(γ)). (4.15)

Now, consider the map T : G∗ → G, γ 7→ r̄+(γ)(r̄−(γ))−1. If it defines a global
diffeomorphism, then G is called factorizable because in this case, every g ∈ G has
a unique decomposition

g = g+g
−1− , g+ = r̄+(T−1(g)) , g− = r̄−(T−1(g)). (4.16)

For factorizable Poisson-Lie groups, we can thus locally identify D(G) and G × G as
manifolds.

The Heisenberg double A second construction associated to Poisson-Lie groups
is the Heisenberg double [76].

Definition 4.9. The Heisenberg double H(G) is the unique Poisson structure on
G × G such that the maps φG and φG∗ from (4.15) are Poisson maps.

The bivector that generates this Poisson structure [4] is given by

BH(G) = rβα(R1
α + R2

α)⊗ (R1
β + R2

β)− rαβ(L1
α + L2

α)⊗ (L1
β + L2

β) , (4.17)

where L1
α , R1

α denote the right- and left-invariant vector fields of the first copy of G
in G × G, and L2

α , R2
α those of the second copy. The Heisenberg double H(G) can

be seen as the natural counterpart of the cotangent bundle T∗G in the context of
Poisson-Lie groups: if g is cocommutative then H(G) = T∗G. Note, however, that the
Heisenberg double itself is neither Poisson-Lie nor necessarily symplectic. One can
show that the Heisenberg double of a factorizable Poisson-Lie group is symplectic
[52].

41



4. Poisson-Lie theory and classical dynamical r-matrices

4.3. Classical dynamical r-matrices

The concept of a classical r-matrix r ∈ g ⊗ g for a Lie algebra g can be generalized
to the notion of a classical dynamical r-matrix. Classical dynamical r-matrices first
appeared in the context of Wess-Zumino-Witten conformal field theory as correlation
functions of conformal blocks which satisfy the Knizhnik-Zamolodchikov-Bernard
differential equation [44, 16, 26, 11, 39, 40]. As we will encounter classical dynamical
r-matrices in later sections, we briefly define them here and give an overview over
the key concepts used in their classification.
Let U ⊂ h∗ be an open subset of the dual of an abelian Lie subalgebra h ⊂ g. A

classical dynamical r-matrix then is a map r : U→ g ⊗ g that depends non-trivially
on variables in U. Further, r is required to be invariant under the action of h and,
instead of the classical Yang-Baxter equation (4.8), it needs to satisfy the classical
dynamical Yang-Baxter equation. The latter is obtained by replacing the right-hand
side of the CYBE by a term that contains the derivatives of r with respect to the
coordinates on U.

Definition 4.10 ([36]). Let g be a finite-dimensional Lie algebra, h ⊂ g an abelian
Lie subalgebra, and U ⊂ h∗ an open subset. A classical dynamical r-matrix for
(g , h , U) is an h-invariant, meromorphic function r : U → g ⊗ g that satisfies the
classical dynamical Yang-Baxter equation (CDYBE):

[[r, r]] =
dim h

∑
i=1

(x(1)
i ∂xi r23 − x(2)

i ∂xi r13 + x(3)
i ∂xi r12) , (4.18)

where {xi}i=1 ,... ,dim h is a basis of h and {xi}i=1 ,... ,dim h the associated dual basis of h∗.

For simple finite-dimensional Lie algebras g over C, Etingof and Varchenko [36]
classify all classical dynamical r-matrices for which r+rop is constant and g-invariant.
They find that any such classical dynamical r-matrix can be written in one of two
forms, called rational and trigonometric, both of which are parametrized by a closed
meromorphic 2-form on h∗. Etingof and Varchenko [36] also show that a similar result
holds for Kac-Moody algebras over C. Schiffmann [75] and Etingof and Schiffmann
[35] generalize this classification to classical dynamical r-matrices for which the
subalgebra h is not necessarily abelian. For a review of the classification literature,
see Etingof and Schiffmann [34].
In addition to the classification results, Etingof and Varchenko [36] also provide

a geometrical application for classical dynamical r-matrices. In analogy with the
correspondence between classical r-matrices and coboundary Poisson-Lie structures
described above, they associate to a classical dynamical r-matrix a coboundary dynam-
ical Poisson groupoid structure which is based on the notion of Poisson groupoids [83].
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4.3. Classical dynamical r-matrices

The properties of the classical dynamical r-matrix—the invariance and the CDYBE—
correspond to the Jacobi identity in this formulation, similarly to the non-dynamical
case.
In this geometrical application, and also in the later works on the classification

[75, 35], a key concept is the notion of gauge transformations of classical dynamical
r-matrices.

Definition 4.11 ([36]). Let G be a Lie group, H ⊂ G an abelian subgroup and
r : h∗ → g ⊗ g a classical dynamical r-matrix for (g , h). A gauge transformation
of r is a smooth function Π : h∗ → GH into the centraliser GH of H in G which acts
on r according to1

rΠ = (Ad(Π)⊗ Ad(Π))[r + η̄Π − η̄Π
21] , (4.19)

where η̄Π : h∗→ h ⊗ gh is the map dual to the gh-valued one-form ηΠ = Π−1dΠ on h∗
and η̄21

Π denotes its flip with values in gh ⊗ h.

The name gauge transformations is justified because they map classical dynamical
r-matrices to classical dynamical r-matrices. Specifically, it is shown in [36] that if r
is an h-invariant solution of the CDYBE, then this also holds for the transformed
map rΠ.

Theorem 4.12 ([36]). Let G be a Lie group, H ⊂ G an abelian subgroup and r : h∗→
g ⊗ g a classical dynamical r-matrix for (g , h). Then for every gauge transformation
Π : h∗→ GH , rΠ is a classical dynamical r-matrix for (g , h).

1 The sign difference between this formula and the one in [36] is due to a different sign convention for
the CDYBE (4.18).
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5. Combinatorial description of the
moduli space of flat
ISO(2, 1)-connections

In order to get a more explicit description of the moduli space P = I/G and its
Poisson structure, it is advantageous to parametrize connections on M in terms of
their holonomies, similarly to how we used deck transformations in Section 2. In
addition to providing a convenient formulation of the moduli space, this description
will also allow us to compare the Chern-Simons formulation of (2+1)-gravity to the
geometrical picture.
As connections in I are flat, their holonomies around a closed curve depend only

on the curve’s homotopy class with a fixed base point. This allows us to characterize
a connection in I uniquely as a homomorphism h : ]1(Sg ,n) → ISO(2 , 1) from
the fundamental group of Sg ,n, which coincides with the one of M, to the Poincaré
group [84, 27]. Conversely, any such homomorphism gives rise to a flat ISO(2 , 1)-
connection. In this picture, the conditions (3.10) that are imposed on connections in
the Chern-Simons formulation are equivalent to requiring that the images h(mi) of
the generators mi ∈ ]1(Sg ,n) lie in the conjugacy classes obtained by exponentiating
the Lie algebra elements associated to the punctures:

h(mi) ∈ Cµi ,si := {g · exp(−Dµi ,si) · g−1 | g ∈ ISO(2 , 1)}. (5.1)

The action (3.9) of gauge transformations in G on a connection in I corresponds to
conjugation of h with fixed elements in ISO(2 , 1).

The moduli space P of connections that extremize the action (3.8) can therefore be
parametrized as

P = HomCµ1 ,s1 ,... ,Cµn ,sn (]1(Sg ,n) , ISO(2 , 1))/ISO(2 , 1)

= {h ∈ Hom(]1(Sg ,n) , ISO(2 , 1)) | h(mi) ∈ Cµi ,si}/ISO(2 , 1). (5.2)

Characterizing a homomorphism in terms of the images of the generators of ]1(Sg ,n),
we can rewrite (5.2) as

P = {(M1 , . . . , Mn , A1 , B1 , . . . , Ag , Bg) ∈ ISO(2 , 1)n+2g |
Mi ∈ Cµi ,si , [Bg , A−1

g ] · [B1 , A−1
1 ] · Mn · · ·M1 = 1}/ISO(2 , 1) , (5.3)
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where the quotient is taken with respect to the diagonal action of ISO(2 , 1) by
conjugation on ISO(2 , 1)n+2g .
For the case without punctures, the form (5.2) of the moduli space differs from

the space (2.3) of equivalence classes of vacuum spacetimes only in the omission
of the restriction to homomorphisms whose Lorentz components define cocompact
Fuchsian groups. This discrepancy reflects the presence of connections corresponding
to degenerate metrics and leads to the differences between the geometrical and the
Chern-Simons formulation of (2+1)-gravity, as we described at the end of the previous
section.

5.1. The auxiliary Poisson structure

The combinatorial description (5.3) of the moduli space P paves the way for an
efficient and explicit parametrization of the its canonical symplectic structure (3.15)
that is due to Fock and Rosly [42] and Alekseev and Malkin [5]. It is applicable to
the moduli space P of Chern-Simons theory for any Lie group G as the gauge group.
In its formulation by Fock and Rosly [42], the combinatorial description is based on
the parametrization of P as a quotient of flat graph connections modulo graph gauge
transformations for a fixed graph embedded into M. More precisely, the graph needs
to be a ciliated fat graph, i.e. it needs to be equipped with a linear ordering of the
incident edges at each vertex.

The canonical symplectic structure onP is then obtained via symplectic reduction of
an auxiliary Poisson structure on the space of all graph connections. This construction
was specialized to the case where the graph is given by the fundamental group ]1(Sg ,n)
by Alekseev, Grosse and Schomerus [2, 3, 7]. In this specialization, a graph connection
is an assignment of an element in G to each generator of ]1(Sg ,n). The ambient space
of all graph connections therefore is Gn+2g , where the different copies of G stand
for the elements assigned to the generators of ]1(Sg ,n) depicted in Figure 2.1. Flat
graph connections then correspond to tuples (M1 , . . . , Bg) ∈ Gn+2g that satisfy the
flatness condition [Bg , A−1

g ] · · ·M1 = 1, and the graph gauge transformations are
given by the diagonal conjugation action of G on Gn+2g .
In addition to the choice of generators of ]1(Sg ,n), Fock and Rosly’s Poisson struc-

ture requires two additional non-canonical ingredients. The first is a linear ordering
of the incident edges at the base point. As the orientation of Sg ,n induces a cyclic
ordering, specifying a linear ordering amounts to separating the edges of maximal
and minimal order, as indicated in Figure 2.1 by the cilium. The second ingredient
is a classical r-matrix for the Lie algebra g of G, i.e. an element r ∈ g ⊗ g satisfying
the classical Yang-Baxter equation (4.8), [[r, r]] = 0, which will ensure that the
Jacobi identity holds. With these data, Fock and Rosly’s Poisson structure takes the
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following form.

Definition 5.1 ([42]). Let r ∈ g⊗ g be a classical r-matrix. Fock and Rosly’s Poisson
structure on Gn+2g is then given in terms of a Poisson bivector Bn ,g

r , i.e. an antisym-
metric section of the bundle T(Gn+2g)⊗ T(Gn+2g), as follows:

{f , g} = ⟨df ⊗ dg , Bn ,g
r ⟩ ∀f , g ∈ C∞(Gn+2g) , (5.4)

Bn ,g
r = 1

2 rαβ(a)(
n+2g

∑
i=1

Li
α + Ri

α) ⊗ (
n+2g

∑
j=1

L j
β
+ R j

β
)

+ 1
2 rαβ(s) {

g

∑
j=1

[Ln+2 j
α ∧Ln+2 j

β
− Ln+2 j−1

α ∧Ln+2 j
β
− (Rn+2 j−1

α + Ln+2 j−1
α )∧Rn+2 j

β
]

+
n

∑
i=1

Ri
α ∧ Ri

β +∑
1≤i< j≤n+2g

(Li
α + Ri

α)∧ (L j
β
+ R j

β
) } , (5.5)

where Li
α and Ri

α denote the right- and left-invariant vector fields (1.17) associated
with the different copies of G, and where r(a), r(s) are the antisymmetric and symmet-
ric components of r:

rαβ(a) =
1
2(r

αβ − rβα) , rαβ(s) =
1
2(r

αβ + rβα). (5.6)

The main advantage of this Poisson structure is that it induces, via symplectic
reduction, the canonical symplectic structure on P if r satisfies a compatibility
condition.

Theorem 5.2 ([42]). Let r ∈ g ⊗ g be a classical r-matrix whose symmetric part
satisfies rαβ(s) =

1
2 [αβ, where [αβ := ⟨Tα , Tβ⟩ are the components in a basis {Tα} of

g of the non-degenerate Ad-invariant symmetric bilinear form ⟨ , ⟩ in (3.6). Then the
Poisson structure defined by Bn ,g

r induces the canonical symplectic structure on the
moduli space P of Chern-Simons theory with gauge group G.

For any choice of a set of generators of ]1(Sg ,n) as described earlier, and any
choice of a classical r-matrix that satisfies the above condition, Fock and Rosly’s
Poisson structure will thus always induce the same symplectic structure on P. This
is partially apparent from the form (5.5) of the bivector Bn ,g

r , because it implies that
the Poisson bracket of two functions depends only on r(s) if one of the functions is
invariant under the diagonal action of G.

For the case at hand, where the gauge group is G = ISO(2 , 1), the ambient space is
Pext := ISO(2 , 1)n+2g and the bilinear form is given by (1.15). The condition that the
symmetric part of r is dual to the bilinear form then reads r(s) = 1

2(Pa⊗ Ja+ Ja⊗Pa).
In the following, we will use the classical r-matrix

r = Pa ⊗ Ja . (5.7)
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It is related to the classical r-matrix r = Ja ⊗ Pa that corresponds to the classical
double structure of iso(2 , 1)as described in Section 4. The resulting Poisson structure
is calculated explicitly in [65], and in [5, 66] it is shown that it is closely related to
certain Poisson structures from the theory of Poisson-Lie groups: It can be identified
with the direct sum of n copies of the dual Poisson-Lie structure ISO(2 , 1)∗ from
Definition 4.6, one associated with each puncture, and g copies of the Heisenberg
double Poisson structure H(ISO(2 , 1)) from Definition 4.9, one associated with each
handle on Sg ,n. The Heisenberg double Poisson structure H(ISO(2 , 1)), in turn,
is Poisson-equivalent to the cotangent bundle Poisson structure T∗(SO+(2 , 1) ×
SO+(2 , 1)) [66]. We therefore have

(ISO(2 , 1)n+2g , { ,}) =
ISO(2 , 1)∗ × · · · × ISO(2 , 1)∗

n×
× T∗(SO+(2 , 1))× · · · × T∗(SO+(2 , 1))

2g ×
. (5.8)

The symplectic leaves of the auxiliary Poisson structure (5.4) are thus of the form
C1 × · · · × Cn × ISO(2 , 1)2g [4], where Ci ⊂ ISO(2 , 1) are fixed conjugacy classes. In
particular, this implies that the restriction of the auxiliary Poisson structure to

Q := Cµ1 ,s1 × · · · × Cµn ,sn × ISO(2 , 1)2g ⊂ Pext (5.9)

defines a symplectic structure. The subset I = {(M1 , . . . , Bg) ∈ Q | [Bg , A−1
g ] · · ·M1

= 1}, which corresponds to flat graph connections, is coisotropic with respect to this
symplectic structure, and the diagonal action of the gauge group G = ISO(2 , 1) is
Hamiltonian. The theorem above states that the associated symplectic reduction of
the symplectic structure on Q then coincides with the canonical symplectic structure
on the moduli space P = I/G of Chern-Simons theory.

5.2. Description in terms of functions and vector fields

In the following, we will often work with a description of the auxiliary Poisson
structure that is given in [66] and which makes explicit use of the identification
ISO(2 , 1) = T∗ SO+(2 , 1). This formulation is better adapted to the Chern-Simons
formulation of (2+1)-gravity and its geometrical interpretation is more apparent. The
main idea is to associate certain vector fields on SO+(2 , 1)n+2g to the coordinate func-
tions ja

X : (M1 , . . . , Bg) 7→ ia
X , where X = (uX ,−Ad(uX)i) for X ∈ {M1 , . . . , Bg}.

Theorem 5.3 ([65, 66]). The auxiliary Poisson structure (5.4) on ISO(2 , 1)n+2g =

T∗(SO+(2 , 1)n+2g) is characterised uniquely in terms of vector fields ja
X , a ∈ {0 , 1 , 2},

X ∈ {M1 , . . . , Bg}, and functions on SO+(2 , 1)n+2g :

{f , g} = 0 , { ja
X ,f} = ja

X .f , { ja
X , jb

Y} = [ ja
X , jb

Y ] , (5.10)
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where f , g ∈ C∞(SO+(2 , 1)n+2g) and where [ , ] denotes the Lie bracket of vector fields
on SO+(2 , 1)n+2g . The vector fields ja

X on SO+(2 , 1)n+2g are given by:

ja
Mi
= − (JR ,a

Mi
+ JL ,a

Mi
) − (1 − Ad(uMi))

a
b∑
Y>Mi

(JR ,b
Y +JL ,b

Y ) , (5.11)

ja
A j
= − (JR ,a

A j
+ JL ,a

A j
+ JL ,a

B j
+ (1 − Ad(u−1

A j
uB j

))a
bJR ,b

B j
)

− (1 − Ad(uA j))
a

b∑
Y>A j

(JR ,b
Y +JL ,b

Y ) , (5.12)

ja
B j
= − (JR ,a

B j
+ JL ,a

B j
+ JL ,b

A j
) − (1 − Ad(uB j))

a
b∑
Y>A j

(JR ,b
Y +JL ,b

Y ) , (5.13)

where JL ,a
X , JR ,a

X are the right- and left-invariant vector fields (1.19) associated with
the different copies of SO+(2 , 1). In the summations, Y > X refers to the partial
ordering of the generators of ]1(Sg ,n): Y > X if X = Mi and Y = Mj with i <
j or if X ∈ {Ai , Bi}, Y ∈ {A j , B j} with i < j or if X ∈ {M1 , . . . , Mn}, Y ∈
{A1 , B1 , . . . , Ag , Bg}.

The above theorem implies in particular that the auxiliary Poisson structure has
a canonical N-grading, in which the subspaces of homogeneous degree are given
by homogeneous polynomials in the vector fields ja

X with C∞(SO+(2 , 1)n+2g)-valued
coefficients.
In the following, we will often use the parametrization of SO+(2 , 1) via the expo-

nential map and its adjoint representation (1.9) to characterize all smooth functions
on SO+(2 , 1)n+2g in terms of the coordinate functions pa

X : (uM1 , . . . , uBg
) 7→ qa

X ,
where uX = exp(−qa

X Ja) for X ∈ {M1 , . . . , Bg}. Knowing the Poisson brackets of
these coordinate functions then allows us to compute the Poisson brackets of arbitrary
smooth functions on SO+(2 , 1)n+2g via the chain rule.

5.3. Combinatorial quantization

For Chern-Simons theory with compact, semisimple gauge groups, the analog of
the combinatorial description of the moduli space P outlined above serves as the
starting point of the combinatorial quantization formalism [2, 3, 7, 20]. It comprises
finding a suitable quantum algebra for the Poisson structure on Pext, enforcing
the counterparts of the relations that define I ⊂ Pext, and then dividing out the
counterparts of the gauge transformations G. As the auxiliary Poisson structure is
closely related to certain Poisson-Lie structures, its quantization is given in terms of
quantum groups and the other steps become problems in the representation theory
of quantum groups.
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However, this approach does not extend straightforwardly to Chern-Simons theory
with non-compact, non-semisimple gauge groups like ISO(2 , 1). There is a general-
ization of the combinatorial quantization formalism for the gauge group SL(2 ,C)
[19], and there are partial results for semidirect product gauge groups [66, 62, 61].
But currently there is no general quantization formalism for the non-compact, non-
semisimple case. Other quantization approaches like the Turaev-Viro model [82, 14]
or the Reshetikhin-Turaev invariants [85, 74, 13, 89] face similar problems.
For this reason, we pursue a different strategy in this thesis: we apply the Dirac

gauge fixing procedure to the auxiliary Poisson structure to obtain an explicit de-
scription of the canonical symplectic structure of the moduli space P of flat ISO(2 , 1)-
connections in terms of the convenient parametrization of Pext by holonomies. This
strategy potentially avoids the issues listed above in the quantization of the theory, be-
cause it corresponds to the approach “constraint implementation before quantization”
as opposed to “quantization before constraint implementation”.
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6. The Dirac gauge fixing procedure

In this section, we give a general overview of the Dirac gauge fixing procedure which
we will later apply to the combinatorial description of the moduli space P of flat
ISO(2 , 1)-connections. We start by summarizing the relevant concepts from the
theory of constrained systems introduced by Dirac [31, 32, 33]. We will follow the
presentations given by Henneaux and Teitelboim [46] and Figueroa-O’Farrill [41].

6.1. Constraint theory

A constrained system is given by a Poisson manifold (Pext , { ,}) together with a set of
constraints {Ci}i=1 ,... ,k ⊂ C∞(Pext). Themanifold (Pext , { ,}) is called the extended
phase space of the theory. The joint kernel of the constraint functions defines the
constraint surface: Σ := {q ∈ Pext | Ci(q) = 0 ∀i = 1 , . . . , k}.
Constraints can be classified via the concept of weak equality. Two functions

F, G ∈ C∞(Pext) are said to agree weakly, F ≈ G, if they are equal on the constraint
surface: F(p) = G(p) for all p ∈ Σ. This property implies that they differ by a linear
combination of the constraints with C∞(Pext)-valued coefficients:

F ≈ G⇔ F − G = ciCi for some ci ∈ C∞(Pext). (6.1)

First-class constraints are constraints whose Poisson bracket with all other con-
straints vanishes weakly:

Ci first-class⇔ {Ci , Cj} ≈ 0 ∀ j ∈ {1 , . . . , k}. (6.2)

Constraints which are not first-class are called second-class. The set of all con-
straints can be split into two disjoint sets, a set of first-class constraints {φi}i=1 ,... ,m
and a set of second-class constraints {χi}i=1 ,... ,n. Note, however, that this splitting,
while always possible, is not unique. For example, we can add squares of second-class
constraints to the first-class constraints without violating the condition that they
are first-class.
Gauge transformations are the transformations that first-class constraints gen-

erate via the Poisson bracket:

δiF := {F,φi} =
d
dt

RRRRRRRRRt=0
F ◦ ϕt

i ∀F ∈ C∞(Pext) , (6.3)
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6. The Dirac gauge fixing procedure

where ϕi : R ×Pext → Pext denotes the flow generated by φi, i.e. the field of integral
curves of the Hamiltonian vector field of φi. The flows ϕi preserve the constraint
surface, ϕt

i(Σ) ⊂ Σ for all t ∈ R, so that the gauge orbit ⋃i=1 ,... ,m{ϕt
i(p) | t ∈ R} of

a point p ∈ Σ lies in Σ. Formally, Casimir functions, i.e. functions whose Poisson
brackets with all functions in C∞(Pext) vanish, are also first-class. However, as
the associated gauge transformations are trivial, we will not consider them to be
first-class constraints in the following.

The phase space of the theory is given by the quotient P = Σ/∼, where points on
the constraint surface Σ are identified if they lie in the same gauge orbit. Different
points in P correspond to distinct physical states. Functions O ∈ C∞(Pext) that are
weakly invariant under gauge transformations are called observables:

O ∈ C∞(Pext) observable⇔ δiO ≈ 0 ∀i ∈ {1 , . . . , m}. (6.4)

Observables form a subalgebra with respect to the Poisson bracket on Pext and
they descend to functions on the phase space P. The restrictions of observables to
the constraint surface Σ encode the physical degrees of freedom of the system and
describe possible outcomes of measurements. In contrast, the description of the
system in terms of the extended phase space and the constraint surface is redundant
because any two points of the constraint surface which are related by the flows
generated by gauge transformations as in (6.3) describe the same physical state.

6.2. Gauge fixing conditions

The physical content of the theory can therefore be described unambiguously by re-
stricting attention to the observables. In practice, however, this is often not feasible
as the resulting Poisson structure can be complicated.1 An alternative approach is
given by the Dirac gauge fixing procedure. It comprises selecting a unique repre-
sentative in each gauge orbit and then altering the Poisson bracket of the extended
phase space Pext such that every function becomes gauge-invariant. The first part
amounts to imposing an additional set of constraints, called gauge fixing conditions,
such that the gauge freedom generated by the first-class constraints is eliminated.
For simplicity, we restrict our discussion of the gauge fixing procedure to con-

strained systems with only first-class constraints {φi}i=1 ,... ,m ⊂ C∞(Pext). Moreover,
we suppose that that the constraint functions are non-redundant so that 0 is a regular
value for Φ = (φ1 , . . . ,φm) : Pext → Rm. This implies that I := Φ−1(0) is a closed
embedded submanifold of co-dimension m. In this setting, a good set of gauge fixing
conditions {χ j} ⊂ C∞(Pext), must have two properties:

1 For the case of (2+1)-gravity, see Nelson and Regge [70, 71, 72].
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I

gauge fixing conditions

gauge orbits

Figure 6.1.: The submanifold I = Φ−1(0) inside the extended phase space Pext. The
gauge fixing conditions must be such that the associated orbits intersect each gauge
orbit exactly once.

1. It must be possible to map any point q ∈ I to one that satisfies χ j(q) = 0 for all
j by using the flows generated by the first-class constraints via (6.3).

2. It needs to eliminate the gauge freedom completely, i.e. no gauge transformation
may preserve all gauge fixing conditions. In other words, for all i ∈ {1 , . . . , m},
there must be a j such that δiχ j 6≈ 0.

These conditions imply that the number of gauge fixing conditions must agree with
the number of constraints, and that the matrix with components ({φi , χ j})i , j=1 ,... ,m
is non-degenerate on the constraint surface Σ = {p ∈ Pext | φi(p) = χi(p) = 0∀i =
1 , . . . , m}. The gauge fixing conditions {χ j} j=1 ,... ,m together with the original con-
straints {φi}i=1 ,... ,m can then be collected in a set {Ci}i=1 ,... ,2m of second-class con-
straints, for which the matrix ({Ci , Cj})i , j=1 ,... ,2m is invertible anywhere on Σ.
From the viewpoint of symplectic reduction, this procedure can be interpreted in

the following way. Suppose that (Pext , { ,}) is symplectic and that we have a set of
first-class constraints whose joint kernel defines a closed embedded submanifold.
Then one can show that this submanifold is coisotropic. Similarly, second-class
constraints define symplectic submanifolds. Thus, geometrically, the above approach
of imposing gauge fixing conditions corresponds to defining a symplectic submanifold
Σ of Pext that intersects every gauge orbit on the coisotropic submanifold I exactly
once.2 See Figure 6.1 for an illustration.

As the gauge fixing conditions select exactly one representative in each gauge orbit,
they identify the phase space P = I/∼ with the constraint surface Σ ⊂ I ⊂ Pext.
The manifold P carries a canonical symplectic structure obtained via symplectic
reduction from the symplectic structure on Pext. The pull-back of this symplectic

2 Note that the geometry of the constraint surface may make it impossible to choose one gauge orbit that
globally fixes the gauge completely. This is known as the Gribov obstruction [46]. In the case examined
in this thesis, however, this problem does not occur.
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structure to Σ is called the Dirac bracket and it can be computed explicitly, as we will
describe below. Instead of having to restrict attention to gauge-invariant functions
on I, the Dirac bracket allows us to work with any function on Σ instead.

The situation is similar in the case where (Pext , { ,}) is not symplectic but there is
a smooth function Ψ = (ψ1 , . . . ,ψl) : Pext → Rl such that 0 is a regular value of Ψ,
Ψ−1(0) a symplectic submanifold of Pext and ψ1 , . . . ,ψl are Casimir functions. In
this case, the reasoning above can be applied to Ψ−1(0).

6.3. The Dirac bracket

Let (Pext , { ,}) be a Poisson manifold and {Ci}i=1 ,... ,2m ⊂ C∞(Pext) a set of second-
class constraints as above. To compute the Dirac bracket, define the Dirac matrix via
Di j := {Ci , Cj}, i , j = 1 , . . . , 2m. By construction it is invertible on the constraint
surface Σ = {p ∈ Pext | Ci(p) = 0∀i = 1 , . . . , 2m}.

Definition 6.1 ([31]). The Dirac bracket { ,}D : C∞(Pext)× C∞(Pext)→ C∞(Σ) of
functions F, G ∈ C∞(Pext) is given by

{F, G}D := {F, G}|Σ −
2m

∑
i , j=1

{F, Ci}(D−1)i j{Cj , G}|Σ . (6.5)

The Dirac bracket can be defined by the same formula for functions f , g ∈ C∞(Σ)
by extending f , g arbitrarily to functions on Pext, because the right-hand side will not
depend on the choice of extensions: Given two extensions F, F′ ∈ C∞(Pext) of f and
two extensions G , G′ ∈ C∞(Pext) of g, one can show [46] that there exist functions
{ci

f
}i=1 ,... ,2m ⊂ C∞(Pext) and {ci

g}i=1 ,... ,2m ⊂ C∞(Pext) such that F − F′ = ci
f

Ci and
G − G′ = ci

gCi. With these relations, a simple calculation proves that {F, G}D ≈
{F′ , G′}D. The resulting map { ,}D : C∞(Σ)× C∞(Σ)→ C∞(Σ) satisfies the Jacobi
identity [33] and therefore defines a Poisson structure on Σ.

Furthermore, it follows directly from formula (6.5) that the Dirac bracket {O , O′}D
weakly agrees with the original Poisson bracket {O , O′} for all observables O , O′ ∈
C∞(Pext). Moreover, the Dirac bracket of any constraint or gauge fixing condition
with any function F ∈ C∞(Pext) vanishes weakly, i.e.

{F, Ci}D ≈ 0 ∀i ∈ {1 , . . . , 2m}. (6.6)

All original constraints and all gauge fixing conditions are therefore Casimir functions
for the Dirac bracket. Instead of having to use gauge-invariant functions, we can
now work with arbitrary functions on Σ.

Suppose (Pext , { ,}) is a symplectic manifold with symplectic form Ω. In the termi-
nology of symplectic reduction, the Dirac bracket then corresponds to the symplectic
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restriction ΩΣ of the symplectic structure on Pext to the symplectic submanifold Σ

[41]. This can be seen as follows. Let f , g ∈ C∞(Σ) and let XF , XG be the Hamilto-
nian vector fields of some extensions F, G ∈ C∞(Pext) of f , g. Since Σ is symplectic,
we can uniquely decompose any X ∈ TpPext as X = X T + X⊥, with X T ∈ TpΣ and
X⊥ ∈ (TpΣ)⊥, where “⊥” denotes the symplectic complement with respect to Ω. Then
we have, independent of the choice of extensions F, G:

{f , g}Σ = ΩΣ(X T
F , X T

G) = Ω(XF − X⊥F , XG − X⊥G)|Σ . (6.7)

Let {Zj} be a local basis of (TΣ)⊥ and denote Di j = Ω(Zi , Zj). As Σ is symplectic,
Di j is invertible on Σ and we find:

{f , g}Σ = {F, G}|Σ −∑
i , j

Ω(XF , Zi)(D−1)i jΩ(Zj , XG)|Σ . (6.8)

If the Zj are the Hamiltonian vector fields of functions χ j , this is exactly the Dirac
bracket (6.5).
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In this section, we derive our first central result. The main idea is to consider the
moduli space P of flat ISO(2 , 1)-connections as a constrained system and apply the
Dirac gauge fixing procedure to it. The result will be the associated Dirac bracket,
which provides us with an explicit description of the symplectic structure of P. We
start in this section by describing the Dirac gauge fixing procedure in the context of
(2+1)-gravity.

7.1. The Dirac gauge fixing procedure in (2+1)-gravity

From the combinatorial description of the moduli space, we know that P = I/G
where G = ISO(2 , 1) is the gauge group and where the coisotropic submanifold I is
given by

I = {(M1 , . . . , Bg) ∈ ISO(2 , 1)n+2g |
Mi ∈ Cµi ,si , [Bg , A−1

g ] · [B1 , A−1
1 ] · Mn · · ·M1 = 1}. (7.1)

The extended phase space, in the terminology introduced in Section 6, is therefore
given by Pext = ISO(2 , 1)n+2g equipped with the Poisson structure (5.4), which was
described in Section 5. The gauge-invariant phase space P is obtained from Pext
by imposing a set of constraints which restrict the holonomies M1 , . . . , Mn to the
fixed conjugacy classes Cµ1 ,s1 , . . . ,Cµn ,sn defined in (5.1), and an ISO(2 , 1)-valued
constraint that results from the defining relation of the fundamental group ]1(Sg ,n).
Using the parametrization of Pext in terms of the functions uX and vector fields

ja
X , X = (uX ,−Ad(uX)j X) for X ∈ {M1 , . . . , Bg}, we can formulate the constraints

that restrict the holonomies Mi to fixed conjugacy classes as

Tr(uMi)− ci ≈ 0 , Tr(ja
Mi

Ja · uMi)− di ≈ 0 ∀i = 1 , . . . , n , (7.2)

where ci , di are functions of the real parameters µi , si that define the conjugacy
classes Cµi ,si . In the geometrical picture presented in Section 2, the quantities
uMi , j Mi are parametrized as

uMi = exp(−pa
Mi

Ja) , j Mi = si p̂Mi + (1 − Ad(u−1
Mi

))xMi , (7.3)
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where Ja are the generators of so(2 , 1), pMi corresponds to the momentum of the
particle associated with Mi and xMi is the offset of the particle’s worldline. The
constraints (7.2) then correspond to the conditions p2

Mi
≈ µ2

i and pMi · j Mi ≈ µisi and
are thus referred to as mass and spin constraints.
The mass and spin constraints turn out to be Casimir functions of the auxiliary

Poisson structure [65], so that the associated gauge transformations (6.3) are trivial.
Restriction to the submanifold Q = Cµ1 ,s1 × · · · × Cµn ,sn × ISO(2 , 1)2g therefore
presents no difficulty as the brackets of functions on Q do not depend on the choice of
extension of the functions to Pext. As explained in Section 5, the restriction of the
auxiliary Poisson structure to Q is symplectic.
The ISO(2 , 1)-valued constraint from the defining relation of ]1(Sg ,n), which we

will refer to as the closing constraint, gives rise to six real-valued first-class con-
straints as follows. Parametrizing the holonomy of the curve c in Figure 2.1 as

(u−1
C , j C) := M−1

1 · · ·M−1
n · [A−1

1 , B1] · · · [A−1
g , Bg] , (7.4)

we can express the closing constraint in the form

Tr(Ja · uC) ≈ 0 , ja
C ≈ 0 ∀a ∈ {0 , 1 , 2}. (7.5)

With uC = exp(−pa
C Ja), the former three constraints are equivalent to pa

C ≈ 0 for
a = 0 , 1 , 2. The Poisson brackets of the closing constraints are closely related to
the Lie bracket of iso(2 , 1), which implies in particular that they are first-class [65].
The associated gauge transformations are given precisely by the diagonal action
of ISO(2 , 1) on ISO(2 , 1)n+2g . The above description therefore provides a coherent
formulation of the phase space P in terms of the Poisson structure (5.4) on the
extended phase space Pext and the six first-class closing constraints (7.5).

7.2. Relation to the inclusion of an observer

In the geometrical description of the construction of three-dimensional Lorentz
manifolds from regions D ⊂M3 in Minkowski space, the Poincaré transformations
generated by the first-class constraints correspond to Poincaré transformations acting
on D by isometries. Hence, the spacetimes obtained from D by the gluing construction
described in Section 2 are not affected by these transformations, even though the
holonomies M1 , . . . , Bg do change. From a physics point of view, the change from
a set of holonomies to its image under a Poincaré transformation corresponds to
changing the frame of reference with respect to which the holonomies are specified.
This change can therefore be interpreted as a transition between two observers.

Two sets of holonomies that are related by a Poincaré transformation thus give
rise to two descriptions of the same spacetime from the point of view of two different
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observers. As there is no preferred observer, these two descriptions are physically
equivalent. For this reason, the invariance of spacetimes under Poincaré transforma-
tions is interpreted as gauge freedom.
Eliminating this gauge freedom through the choice of gauge fixing conditions

amounts to choosing an observer. As there is no external frame of reference, this
observer must be specified with respect to the geometry of the spacetime itself, which
is described by the holonomies. The gauge fixing conditions must therefore restrict
the holonomies by imposing requirements which are not preserved by Poincaré
transformations. This is the physical interpretation of the requirements on gauge
fixing conditions given in Section 6.

7.3. The form of gauge fixing conditions in (2+1)-gravity

To compute the Dirac bracket associated to the constrained system (Pext , { ,}), we now
need to specify gauge fixing conditions that satisfy the above requirements. We will
restrict attention to gauge fixing conditions that satisfy the following requirements:

a. The gauge fixing conditions either depend only on the holonomies Mi , Mj asso-
ciated with two punctures, or only on the holonomies Ak , Bk associated with
one handle on the surface Sg ,n.

b. The gauge fixing conditions are linear in the variables jMi , jMj or jAk
, jBk

with
coefficients in C∞(SO+(2 , 1)n+2g).

The first requirement is motivated by the simplification of calculations it entails
but also by physical considerations. As gauge fixing conditions involving only a
single holonomy cannot satisfy the requirements 1 and 2 of Section 6, they need
to depend on at least two holonomies. In the application to (2+1)-gravity, gauge
fixing conditions based on the holonomies associated to two punctures have a direct
physical interpretation, which we will give further below. More complex gauge fixing
conditions would lead to computational complications and would not have such a
clear interpretation. Hence we focus on gauge fixing conditions which involve two
holonomies only.

Note also that the first requirement allows us to restrict attention to gauge fixing
conditions that depend only on the holonomies M1 , M2 or A1 , B1. This is because the
reordering of punctures and the repositioning of the cilium in Figure 2.1 correspond
to mapping class group actions and the diagonal action of ISO(2 , 1), both of which
are Poisson isomorphisms on the extended phase space [67].

The second requirement is motivated by structural considerations: it ensures that
the gauge fixing conditions preserve the natural N-grading of the auxiliary Poisson
structure which was exhibited in Theorem 5.3 and which plays a central role in its
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quantization [66, 62, 61]. Gauge fixing conditions that are non-linear in the variables
jX would compromise this grading.
Conditions 1 and 2 from the previous section together with the additional require-

ments a and b above imply that the gauge fixing conditions can be brought into the
form

2

∑
i=1

Θ
Zi ,1
a ja

Zi
≈ 0 ,

2

∑
i=1

Θ
Zi ,2
a ja

Zi
≈ 0 ,

2

∑
i=1

Θ
Zi ,3
a ja

Zi
≈ 0 ,

∆1 ≈ 0 , ∆2 ≈ 0 , ∆3 ≈ 0 ,

(7.6)

where Z1 = M1 , Z2 = M2 or Z1 = A1 , Z2 = B1, respectively, and where Θ
Zi , j
a ,∆ j ∈

C∞(SO+(2 , 1)× SO+(2 , 1)) for i = 1 , 2 , j = 1 , 2 , 3. The two copies of the Lorentz
group SO+(2 , 1) are identified either with the Lorentz components of the holonomies
M1 , M2 or with those of A1 , B1.
When the gauge fixing conditions depend on the puncture holonomies M1 , M2, they

allow us to express these holonomies as functions of the four fixed parameters that
characterize the conjugacy classes Cµ1 ,s1 ,Cµ2 ,s2 and of two conjugation-invariant
dynamical variables ψ , α which depend only on the product M2 · M1. As there are
many possible definitions of these variables, we will not adhere to one of them, but
impose that they are given in terms of the Lorentz and translational components of
the product M2 · M1 = (u12 ,−Ad(u12)j12) as

ψ = f(Tr(u12)) , α = g(Tr(u12))Tr(ja
12 Ja · u12)+ h(Tr(u12)) , (7.7)

with diffeomorphisms f , g ∈ C∞(R) and a smooth function h ∈ C∞(R). In the geo-
metrical picture, the parameter ψ is related to the relative velocity of the worldlines
of the puncture holonomies, or, equivalently, to the rapidity of the Lorentz boost
relating their momentum vectors. And the parameter α is related to the minimal
distance of the worldlines in Minkowski space.
Similarly, when the gauge fixing conditions depend on the handle holonomies

A1 , B1, these holonomies can be expressed as functions of the four fixed parameters
that characterize the associated conjugacy classes and of two conjugation-invariant
dynamical variables ψ , α which depend only on the product [B1 , A−1

1 ] and which are
defined as in the case of the punctures.
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8. Specific gauge fixing conditions:
The Dirac bracket and its
geometrical interpretation in
(2+1)-gravity

In this section we will study three examples of gauge fixing conditions for the moduli
spaceP of flat ISO(2 , 1)-connections. We will use the combinatorial description of the
moduli space in terms of the extended phase space (Pext , { ,}), given by (5.4), and the
constraints (7.5). The first set of gauge fixing conditions involves punctures, while the
other two involve handles. The investigation of these three sets is motivated by their
application to (2+1)-gravity, where they have a direct interpretation as specifying an
observer. This interpretation is more natural for the gauge fixing conditions that
involve punctures, but we also consider handle gauge fixing conditions for the vacuum
case, i.e. when the spacetime does not contain any punctures.

8.1. Gauge fixing with respect to punctures

When the manifold M ∼= R × Sg ,n contains at least two punctures, we can impose
gauge fixing conditions that involve holonomies associated to punctures. As explained
in the previous section, we can assume, without restricting generality, that the gauge
fixing conditions involve only the holonomies M1 , M2 of the first two punctures. We
also require that M1 , M2 are such that the affine lines in Minkowski space that they
stabilize are non-parallel. This restricts generality, but it seems justified from a
physics perspective because manifolds whose puncture holonomies stabilize parallel
lines have a preferred direction and thus exhibit geometrical properties different
from the generic case.
The geometrical picture, in which the affine lines in Minkowski space that are

stabilized by M1 , M2 are identified with the worldlines of particles, naturally gives
rise to a set of gauge fixing conditions as follows.

1. One imposes that the first particle, i.e. the particle associated with M1, is at rest
at the coordinate origin in M3. This fixes the reference frame up to rotations
around the x0-axis and translations in the direction of the x0-axis.
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x0 = gM1

x1

x2

pM1

pM2gM2

ψ
α

Figure 8.1.: The gauge fixing conditions for particles. The worldline gM1 associated
with the first particle coincides with the x0-axis, while the worldline gM2 associated
with the second particle lies in an affine plane parallel to the x0-x1-plane.

2. One imposes that the second particle, i.e. the particle associated with M2, moves
in the direction of increasing x1-coordinate and that the distance of its worldline
from the one for M1 is minimal at x0 = 0. This choice eliminates the residual
gauge freedom.

These gauge fixing conditions imply that the worldlines gM1 , gM2 : R→ M associated
with the punctures are given by the timelike geodesics depicted in Figure 8.1. They
can be parametrized as

gM1(t) = (t , 0 , 0) , gM2(t) = (0 , 0 , α)+ t(coshψ , sinhψ , 0) , α ∈ R ,ψ > 0 , (8.1)

where tanhψ e1 is the velocity of the second particle with respect to the observer
and α e2 is its position at the point of minimal distance from the observer. Note
that ψ is a positive real number, since the second particle moves along the x1-axis in
the direction of increasing x1-coordinate, while α can take any real value, including
zero. These gauge fixing conditions define a preferred frame of reference and hence
an observer as follows: The worldline and momentum of the observer coincide with
those of the first particle, and the orientation of the observer is such that the second
particle moves in the direction of increasing x1-coordinate.
The associated holonomies M1, M2 are determined by the conditions that they

preserve the particle worldlines gM1 , gM2 and that they lie in the fixed ISO(2 , 1)-
conjugacy classes Cµ1 ,s1 ,Cµ2 ,s2 specified by the masses µ1, µ2 and the spins s1, s2.
With the parametrization (2.8), one finds that they are given by

pM1 = µ1

⎛
⎜⎜
⎝

1
0
0

⎞
⎟⎟
⎠

, j M1 = s1

⎛
⎜⎜
⎝

1
0
0

⎞
⎟⎟
⎠

,

pM2 = µ2

⎛
⎜⎜
⎝

coshψ

sinhψ

0

⎞
⎟⎟
⎠

, j M2 = s2

⎛
⎜⎜
⎝

coshψ

sinhψ

0

⎞
⎟⎟
⎠
+ α

⎛
⎜⎜
⎝

− sinhψ sin µ2
− coshψ sin µ2

1 − cos µ2

⎞
⎟⎟
⎠

.

(8.2)
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The holonomies associated with the two punctures are thus determined uniquely
by the choice of a reference frame together with the relative velocity ψ and the
minimum distance α of the particles. The choice of a reference frame eliminates the
gauge freedom of applying global Poincaré transformations, since global Poincaré
transformations do not preserve the conditions (8.2). The corresponding gauge fixing
conditions can be expressed as:

p1
M1
≈ 0 , p2

M1
≈ 0 , p2

M2
≈ 0 ,

j1
M1
≈ 0 , j2

M1
≈ 0 , p̂1

M2
j2
M2
+ tan µ2

2 (p̂0
M2

p̂1
M2

j1
M2
− p̂1

M2
p̂1

M2
j0
M2

) ≈ 0 ,
(8.3)

where the last and most complicated condition encodes the relation xM2 ≈ α e2.

8.1.1. The Dirac bracket

The parametrization (8.2) allows us to identify the associated constraint surface Σ

with a subset of R2 × ISO(2 , 1)n−2+2g , where the R2 is parametrized by (ψ , α) and
ISO(2 , 1)n−2+2g by (M3 , . . . , Bg). From the expressions for the auxiliary Poisson
structure given in Theorem 5.3 and from the gauge fixing conditions (8.3), we can
now explicitly compute the associated Dirac bracket and obtain a Poisson structure
on Σ ⊂ R2 × ISO(2 , 1)n−2+2g .

Theorem 8.1 (Dirac bracket for the puncture gauge fixing conditions [63]).
In terms of the parametrization (8.2) by the variables ψ and α, the Dirac bracket
{ ,}D : C∞(ISO(2 , 1)n+2g) × C∞(ISO(2 , 1)n+2g) → C∞(Σ) resulting from the gauge
fixing conditions (8.3) is given as follows.

1. The components of the vectors pM1 , j M1 are Casimir functions for the Dirac
bracket.

2. The Dirac brackets of pM2 , j M2 with pM2 , j M2 vanish: {ψ , α}D ≈ 0. The Dirac
brackets of pM2 , j M2 with pX , j X , X ∈ {M3 , . . . , Bg}, are given by the following
brackets:

{ψ , pX}D ≈ 0 , {ψ , j X}D ≈ −(1 − Ad(u−1
X ))qψ ,

{α , pX}D ≈ −qα ∧ pX , {α , j X}D ≈ −(1 − Ad(u−1
X ))qθ − qα ∧ j X ,

(8.4)

where qψ , qα , qθ : R2→ R3 are given by

qψ = − sin µ12
2 p̂12

2 sin µ1
2 sin µ2

2 sinhψ
, qα = −qψ ,

qθ =
p̂12 ∧ x12 − ξ12 p̂12

p̂12 · (∂ j12/∂α)
, ξ12 =

2 e2 · (p̂12 ∧ x12)
p̂12 · (∂ j12/∂α)

.
(8.5)
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8. Specific gauge fixing conditions

3. For all X , Y ∈ {M3 , . . . , Mn , A1 , . . . , Bg} the Dirac brackets of the associated
variables take the form

{pa
X , pb

Y}D ≈ 0 , (8.6a)
{ ja

X , pb
Y}D ≈ { ja

X , pb
Y} + (1 − Ad(u−1

X ))a
cV

c
d ε

db
f pf

Y , (8.6b)
{ ja

X , jb
Y}D ≈ { ja

X , jb
Y} + (1 − Ad(u−1

X ))a
g
V g

d ε
db

f jfY
− (1 − Ad(u−1

Y ))b
g
V g

d ε
da

f jfX
+ (1 − Ad(u−1

X ))ac(1 − Ad(u−1
Y ))bd

εcdf mf , (8.6c)

where V : R2→ Mat(3 ,R) and m : R2→ R3 are given by

Vab =
1
2ηab +

1
2 εabcwc , w =

⎛
⎜⎜
⎝

cot µ1
2

cot µ1
2 cothψ

− cothψ

⎞
⎟⎟
⎠

, (8.7)

m =
s1(e2 ∧ p̂M2

)
4 sin2 µ1

2 sinhψ
+

α

2
∂w
∂ψ

. (8.8)

Proof. To verify these relations for the Dirac bracket we need to calculate the Dirac
matrix and invert it on the constraint surface. As the number of constraints makes a
brute-force calculation very cumbersome, we exploit the structural features of the
auxiliary Poisson bracket to derive the result in a more direct way. First, we order
the set of second-class constraints, consisting of the original constraints together
with the gauge fixing conditions, according to whether they contain vector fields j X :

C1 = j0
C , C2 = j1

C , C3 = j2
C , (8.9)

C4 = j1
M1

, C5 = j2
M1

, C6 = p̂1
M2

j2
M2
+ tan µ2

2 (p̂0
M2

p̂1
M2

j1
M2
− p̂1

M2
p̂1

M2
j0
M2

) ,
C7 = p0

C , C8 = p1
C , C9 = p2

C ,
C10 = p1

M1
, C11 = p2

M1
, C12 = p2

M2
.

With this ordering of the constraints, the Dirac matrix takes the form

D = ( J P
−PT 0) , J := ({Ci , Cj})i , j=1 ,... ,6 , P := ({Ci , Cj+6})i , j=1 ,... ,6 .

(8.10)
As suggested by the notation, the 6× 6-matrix J contains the brackets which involve
two angular momenta. Its entries are therefore linear combinations of angular
momenta with momentum-dependent coefficients. The 6 × 6-matrix P contains the
brackets of momenta with angular momenta. Its entries therefore depend only on
the momenta. On the constraint surface, the matrices J and P take the form

J ≈ ( 0 H
−HT G) , P ≈ (0 A

B C) , (8.11)
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8.1. Gauge fixing with respect to punctures

with 3× 3-matrices A , B , C, G , H given by

Ai j := {Ci , Cj+9} , Bi j := {Ci+3 , Cj+6} , Ci j := {Ci+3 , Cj+9} ,
Gi j := {Ci+3 , Cj+3} , Hi j := {Ci , Cj+3} ,

(8.12)

for i , j = 1 , 2 , 3. As the lower-right block of D and the upper-left blocks of J and P
vanish on the constraint surface, we obtain

D−1 ≈ ( 0 −(P−1)T

P−1 P−1 J(P−1)T) , P−1 ≈ (−B−1 CA−1 B−1

A−1 0 ) , (8.13)

P−1 J(P−1)T ≈ (B−1[G − CA−1 H + (CA−1 H)T ](B−1)T −B−1 HT(A−1)T

A−1 H(B−1)T 0 ) .

The task of inverting the Dirac matrix on the constraint surface thus reduces to
inverting the 3 × 3-matrices A and B, and for all X , Y ∈ {M1 , . . . , Bg} the Dirac
bracket takes the form

{pa
X , pb

Y}D ≈ 0 , (8.14a)

{ ja
X , pb

Y}D ≈ { ja
X , pb

Y} +
3

∑
i , j=1

[{ ja
X , Ci+6}(B−1)i j{pb

Y , Cj+3}

+ { ja
X , Ci+9}(A−1)i j{pb

Y , Cj}

− { ja
X , Ci+6}(B−1 CA−1)i j{pb

Y , Cj}] , (8.14b)

{ ja
X , jb

Y}D ≈ { ja
X , jb

Y} +
6

∑
i=1

12

∑
j=7

{ ja
X , Ci}(D−1)i j{ jb

Y , Cj}

+
12

∑
i=7

6

∑
j=1

{ ja
X , Ci}(D−1)i j{ jb

Y , Cj}

+
12

∑
i=7

12

∑
j=7

{ ja
X , Ci}(D−1)i j{ jb

Y , Cj}. (8.14c)

We are now ready to prove the specific claims:

1. That the components p1
M1

, p2
M1

, j1
M1

and j2
M1

are Casimir functions of the Dirac
bracket follows directly because they are gauge fixing conditions. The compo-
nents p0

M1
≈ µ1 and j0

M1
≈ s1 have this property since µ1 and s1 are Casimir

functions of the auxiliary Poisson structure.

2. The first equation in (8.4) follows because the parameter ψ is determined by
pM2 . To obtain the bracket {ψ , j X}D, we need to compute {p0

M2
, j X}D from
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8. Specific gauge fixing conditions

(8.14b) and then use the chain rule. For this, we note that we have pC ≈ 0 and
hence T−1(pC) ≈ 1 which implies

{ ja
X , Ci+6} ≈ −(1 − Ad(u−1

X ))a ,i−1 ∀i = 1 , 2 , 3. (8.15)

Note that the index i plays the role of a label on the left hand side of this
equation, while it is interpreted as a Lorentz index on the right hand side.
Using (8.15), we obtain

{ψ , ja
X}D ≈ sin µ12

2 (1 − Ad(u−1
X ))a

b p̂b
12

2 sin µ1
2 sin µ2

2 sinhψ
= −(1 − Ad(u−1

X ))a
b qb

ψ , (8.16)

where µ12 and p̂12 are defined via (u−1
12 , j12) := M2 · M1. In a similar way, we

find the stated relations for {α , pX}D and {α , j X}D.
The bracket {α ,ψ}D can be derived analogously from the bracket { ja

M2
, pb

M2
}D.

3. The first relation in (8.6) follows directly from the form of the matrix D−1.
To prove the second equation, we note that for X ∈ {M3 , . . . , Bg} we have
{ ja

X , Ci+9} = 0. Using again (8.15) and the specific form of the constraints C4,
C5 and C6, we can simplify expression (8.14b) to

{ ja
X , pb

Y}D ≈ { ja
X , pb

Y} + (1 − Ad(u−1
X ))ae Ved εdb

c pc
Y , (8.17)

Ved = (B−1 CA−1)e+1 ,d+1 −
3

∑
j=1

(B−1)e+1 , j∑
X∈{M1 ,M2}

θX
j ,a(1 − Ad(uX))

a
d ,

where the coefficients θX
j ,a are defined by the equation

Cj+3 =∑
X∈{M1 ,M2}

θX
j ,a ja

X ∀ j = 1 , 2 , 3 , (8.18)

and can be read off from (8.9). The matrix V thus depends only on ψ and on
the parameters µ1 , µ2 , s1 , s2. It takes the form given above.

4. To show the third relation in (8.6) for the Dirac bracket of two angular momenta,
we make use of equation (8.15) and of the identity { ja

X , Ci+9} = 0 for all X ∈
{M3 , . . . , Bg}. Moreover, we note that for i = 1 , . . . , 6 and X ∈ {M3 , . . . , Bg}
we have

{pa
X , Ci} = f a

b ,i pb
X , { ja

X , Ci} = f a
b ,i jb

X , (8.19)
with the same coefficient functions f a

b ,i ∈ C∞(SO+(2 , 1)n+2g). We can therefore
use the results that led to (8.17) to simplify equation (8.14c):

{ ja
X , jb

Y}D ≈ { ja
X , jb

Y} + (1 − Ad(u−1
X ))ad Vdg ε

gb
f

jfY (8.20)

− (1 − Ad(u−1
Y ))bd Vdg ε

ga
f

jfX + (1 − Ad(u−1
X ))ac(1 − Ad(u−1

Y ))bd(D−1)c+7 ,d+7 .
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8.1. Gauge fixing with respect to punctures

As the matrix G and, consequently, the matrix (D−1)c+7 ,d+7 are anti-symmetric,
the latter is of the form (D−1)c+7 ,d+7 = εcdf mf with the three-vector m given
above that depends only on ψ , α and on the parameters µ1 , µ2 , s1 , s2.

The expressions derived above for the Dirac bracket have a direct physical inter-
pretation. The gauge fixing conditions (8.3) restrict the holonomy M1 completely,
hence all of its components become Casimir functions. In contrast, the holonomy M2
is not determined completely by the gauge fixing conditions: its remaining degrees
of freedom are characterized by the two parameters ψ and α. They describe the
relative velocity of the particle associated with M2 and its minimal distance with
respect to the particle associated with M1. Via the Dirac bracket, the parameter ψ
generates a translation (2.13) along p12 that acts on all non-gauge-fixed holonomies.
Similarly, the parameter α generates a combination of a rotation (2.12) around p12
and a translation along p12.
The Dirac brackets of the coordinate functions pX , j X of the non-gauge-fixed

holonomies X ∈ {M3 , . . . , Bg} shares many structural features with the original
Poisson bracket onPext = ISO(2 , 1)n+2g . The form of the expressions (8.6) shows that
the Dirac bracket is a modification of the original Poisson bracket with additional
terms involving the matrix V and the vector m. Specifically, the Dirac bracket of two
functions f , g ∈ C∞(SO+(2 , 1)n−2+2g) vanishes. Also, using the closing constraints
(7.5) in the form M2 · M1 ≈ M−1

3 · · · [A−1
g , Bg], we can identify the parameter ψ as a

function of the Lorentz parts of the non-gauge-fixed holonomies. And since the matrix
V depends only on µ1 , µ2 , s1 , s2 and ψ, we see that the Dirac bracket of variables j X ,
X ∈ {M3 , . . . , Bg}, with functions f ∈ C∞(SO+(2 , 1)n−2+2g) again yields a function
in C∞(SO+(2 , 1)n−2+2g).

However, note that theDirac bracket of two variables j X , j Y , X , Y ∈ {M3 , . . . , Bg},
can no longer be interpreted as a vector field on SO+(2 , 1)n−2+2g . This is because
the vector m, which is given in (8.8), contains a part which depends on µ1 , µ2 , s1 , s2
and ψ only. Instead, the Dirac bracket of j X , j Y is given as a sum of vector fields
and functions on SO+(2 , 1)n−2+2g . We will later show how the structural similarities
nonetheless lead to amethod of obtaining the Dirac bracket from the auxiliary Poisson
bracket via a global translation that only affects the variables j X .

8.1.2. Conical symmetry

To develop an understanding of the Dirac bracket in Theorem 8.1 in terms of spacetime
geometry, we recall that the closing constraints (7.5), which are Casimir functions for
the Dirac bracket, allow us to relate the variables associated with the two gauge-fixed
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8. Specific gauge fixing conditions

holonomies to the ones of the non-gauge-fixed holonomies:

(u12 ,−Ad(u12)j12) := M2 · M1 ≈ M−1
3 · · · [A−1

g , Bg] =: (u−1
R , j R). (8.21)

This lets us express the parameters ψ , α as functions of the non-gauge-fixed holo-
nomies M3 , . . . , Bg . The gauge-fixed holonomies M1 , M2 are thus completely deter-
mined, and we can think of the non-gauge-fixed holonomies as being embedded in a
background geometry specified by M1 , M2. The variables pR and j R play the role of
the total momentum and total angular momentum of this residual system and the
transformations they generate can be interpreted as the residual system’s effective
asymptotic symmetries.

It is instructive to compare this gauge-fixed system equipped with the Dirac bracket
with a non-gauge-fixed system with n−2 punctures and the auxiliary Poisson bracket
(5.4). For the latter system, the variables pR , j R take the role that pC , j C played in
(7.4). Their mutual Poisson brackets thus take the form:

{pa
R , pb

R} = 0 , { ja
R , pb

R} = −εab
cpc

R , { ja
R , jb

R} = −εab
c j c

R . (8.22)

The transformations that these variables generate can be read off from their brackets
with the non-gauge-fixed holonomies X ∈ {M3 , . . . , Bg}. For a constant vector v ∈ R3

we find:

{v · pR , pX} = 0 , {v · j R , pX} = v∧ pX ,
{v · pR , j X} = (1 − Ad(u−1

X ))T−1(pR)v , {v · j R , j X} = v∧ j X .
(8.23)

Comparing these transformations with the formula (2.11) for the conjugation action
of the Poincaré group, we see that pR acts by conjugation with (1 , T−1(pR)v), i.e. by
translation along T−1(pR)v, while j R acts by conjugation with (exp(−va Ja) , 0), i.e. by
rotation around v. As v is arbitrary, the effective symmetries of the non-gauge-fixed
system therefore correspond to the action of the full Poincaré group ISO(2 , 1), i.e. to
the symmetries of Minkowski space. The non-gauge-fixed system can therefore be
seen as effectively Minkowskian.

To compare these transformations with the transformations that pR , j R generate
for the gauge-fixed system, we calculate their Dirac brackets with the variables
pX , j X of the non-gauge-fixed holonomies. The form of these expressions follows
directly from Theorem 8.1 and the parametrization of pR , j R in terms of ψ , α via
(8.21).

Corollary 8.2. The components of the total momentum pR and total angular mo-
mentum j R of the residual system commute weakly under the Dirac bracket:

{pa
R , pb

R}D ≈ { ja
R , pb

R}D ≈ { ja
R , jb

R}D ≈ 0 . (8.24)

70



8.1. Gauge fixing with respect to punctures

For all X ∈ {M3 , . . . , Mn , A1 , . . . , Bg} and v ∈ R3, we have:

{v · pR , pX}D ≈ 0 , (8.25a)
{v · pR , j X}D ≈ −T(v)(1 − Ad(u−1

X ))qψ , (8.25b)
{v · j R , pX}D ≈ −φ(v)qα ∧ pX , (8.25c)
{v · j R , j X}D ≈ −φ(v)qα ∧ j X − (1 − Ad(u−1

X ))[[(v)qψ + φ(v)qθ] , (8.25d)

where T ,φ , [ : R3→ R are linear functions given by:

T(v) = v · ∂ψpR , φ(v) = v · ∂α j R , [(v) = v · ∂ψ j R . (8.26)

In view of the definitions (8.16) and (8.5) for qψ , qα , qθ, a comparison with (2.11)
shows that the transformations that pR generates are global translations in the
direction of pR, while j R generates global translations along pR together with rota-
tions around the line gR : R→M3 , t 7→ tpR+ xR. The offset xR of this line accounts
for the term pR ∧ xR that enters (8.25d) via qθ. In contrast to the transformations
(8.23) in the non-gauge-fixed case, the transformation that pR , j R generate for the
gauge-fixed system therefore do not correspond to the full Poincaré group. Instead,
they generate the two-dimensional symmetry group of a cone in M3 whose axis is
given by gR. Via the closing constraint (8.21), this cone is determined by the parame-
ters ψ , α that describe the two gauge-fixed holonomies M1 , M2: its deficit angle is
given by ψ and its time shift by α.
It follows that the effective symmetries of the gauge-fixed system equipped with

the Dirac bracket are the symmetries of a cone determined by the two gauge-fixed
holonomies M1 , M2. The gauge fixing procedure can thus be thought of as the
transition from an effectively Minkowskian spacetime associated with the auxiliary
Poisson bracket to an effectively conical spacetime associated with the Dirac bracket.

8.1.3. Global translation

To further analyze the geometrical interpretation of the Dirac bracket obtained in
Theorem 8.1, it is instructive to relate the expressions (8.6) for the Dirac bracket of
the non-gauge-fixed holonomies to the auxiliary Poisson bracket (5.4) for a system
with n− 2 punctures. More precisely, we ask if there exists a diffeomorphism Γ :
ISO(2 , 1)n−2+2g → ISO(2 , 1)n−2+2g , such that the Poisson bracket of the transformed
variables agrees with their Dirac bracket on the constraint surface:

{F ◦ Γ , G ◦ Γ} ≈ {F, G}D ◦ Γ ∀F, G ∈ C∞(ISO(2 , 1)n−2+2g). (8.27)

Note that this condition does not imply that the Poisson bracket on ISO(2 , 1)n−2+2g

is Poisson-equivalent to the Dirac bracket, because the Dirac bracket only defines a
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Poisson structure on the constraint surface Σ, while the auxiliary Poisson bracket
does not restrict to a Poisson structure on Σ.

The expression (8.6b) for the Dirac bracket of j X and pY , X , Y ∈ ISO(2 , 1)n−2+2g ,
suggests that the transformation Γ affects only the variables j X and transforms
them by a global translation. The following theorem makes this precise. In prepa-
ration, denote by pR , j R the total momentum and angular momentum of the resid-
ual system as defined in (8.21). The closing constraint then allows us to define
ψ ∈ C∞(ISO(2 , 1)n−2+2g) as a function of the total mass µR and of the parameters
µ1 , µ2. Similarly, α ∈ C∞(ISO(2 , 1)n−2+2g) becomes a function of µ1 , µ2 , s1 , s2 and
the total spin sR.

Theorem 8.3 (Puncture gauge fixing as a global translation [63]).
Consider the Poisson manifold (ISO(2 , 1)n−2+2g , { ,}), where { ,} is the auxiliary
Poisson bracket (5.4) restricted to the system with the first two punctures removed.
Let Γ : ISO(2 , 1)n−2+2g → ISO(2 , 1)n−2+2g be a global translation:

Γ :
⎧⎪⎪⎨⎪⎪⎩

uX 7→ uX ,
j X 7→ j X + (1 − Ad(u−1

X ))t ,
∀X ∈ {M3 , . . . , Mn , A1 , . . . , Bg}. (8.28)

Suppose the translation vector t is of the form t = −V j R + a, where the matrix
V : ISO(2 , 1)n−2+2g → Mat(3 ,R) is given as a function of the variables µR , µ1 , µ2
by (8.7) and the three-vector a : ISO(2 , 1)n−2+2g → R3 is a function of µ1 , µ2 , s1 , s2
and µR , sR which is given below in the proof. Then the map Γ satisfies

{F ◦ Γ , G ◦ Γ} ≈ {F, G}D ◦ Γ ∀F, G ∈ C∞(ISO(2 , 1)n−2+2g) , (8.29)

where { ,}D is the Dirac bracket for the particle gauge fixing derived in Theorem 8.1.

Proof. The proof is a direct but lengthy calculation. From the definition of the map
Γ, we find for the brackets of the variables j X , pY :

{ ja
X ◦ Γ , pb

Y ◦ Γ} = { ja
X , pb

Y} + (1 − Ad(u−1
X ))a

c{tc , pb
Y} , (8.30)

for X , Y ∈ {M3 , . . . , Mn , A1 , . . . , Bg}. With the identities

{µR , pb
Y} = 0 , {tc , pb

Y} = −V c
d { jd

R , pb
Y} = V c

d ε
db

f pf
Y , (8.31)

which follow directly from the expressions for the auxiliary Poisson structure in
Theorem 5.3, we obtain agreement with formula (8.6b) in Theorem 8.1.

To determine the brackets of variables j X , j Y , we use the identity

{ ja
X , jb

Y} ◦ Γ = { ja
X , jb

Y} − { ja
X , Ad(u−1

Y )b
d}td + { jb

Y , Ad(u−1
X )a

c}tc

− (1 − Ad(u−1
X ))a

c(1 − Ad(u−1
Y ))b

d εcdf tf , (8.32)
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and obtain

{ ja
X ◦ Γ , jb

Y ◦ Γ} = { ja
X , jb

Y} ◦ Γ+(1 − Ad(u−1
Y ))b

d{ ja
X , td}−(1 − Ad(u−1

X ))a
c{ jb

Y , tc}

− (1 − Ad(u−1
X ))a

c{tc , Ad(u−1
Y )b

d}td + (1 − Ad(u−1
Y ))b

d{td , Ad(u−1
X )a

c}tc

+ (1 − Ad(u−1
X ))a

c(1 − Ad(u−1
Y ))b

d({tc , td} + εcdf tf). (8.33)

After some further computations this reduces to

{ ja
X ◦ Γ , jb

Y ◦ Γ} = { ja
X , jb

Y} ◦ Γ + (1 − Ad(u−1
X ))a

cV
c
d εdb

k(jkY ◦ Γ)

− (1 − Ad(u−1
Y ))b

cV
c
g ε

ga
k
(jkX ◦ Γ)+ (1 − Ad(u−1

X ))ac(1 − Ad(u−1
Y ))bd

εcdf m̃f ,

(8.34)

where the three-vector m̃ takes the form

m̃ = (1
4(w2 + 1)+ 1

2 p̂R · ∂w
∂ψ

) j R − sR
2

∂w
∂µR
+ 1

2 w ∧ a − p̂R ∧ ∂a
∂µR

. (8.35)

On the constraint surface, the factor in front of j R vanishes. If we set

a = sin µ1
2 sin µ2

2 sinhψ

2 sin µR
2

[
s1 p̂M2 ∧ p̂R + s2 p̂M1 ∧ p̂R

sin2 µ1
2

+ (s1(cot µ1
2 +cot µ2

2 coshψ)+s2(cot µ2
2 +cot µ1

2 coshψ)) p̂R ∧ ∂w
∂ψ

] , (8.36)

with p̂M1 = e0, p̂M2 = coshψ e0 + sinhψ e1 and w defined via (8.7), we obtain
m̃ ≈ m ◦ Γ = m with m given by (8.8). This proves the claim.

This theorem states that the Dirac bracket of the residual system can be obtained
from its auxiliary Poisson bracket by a global translation (8.28). Under this transla-
tion the total angular momentum transforms as

Γ : j R 7→ W j R + (1 − Ad(u−1
R ))a , W = 1 − (1 − Ad(u−1

R ))V. (8.37)

A short calculation shows that the matrix W takes the form W ab = ua p̂b
R with a

spacelike vector u that satisfies u · p̂R = 1, which implies that W T is a projector onto
span(p̂R). This can be interpreted as the mechanism that ensures that the Lorentz
transformations that j R generates involve only rotations around the fixed axis of
the cone defined by the gauge-fixed punctures, as we have shown in Corollary 8.2.
Similarly, the specific form of the vector a ensures that the translations generated
by j R are no longer the full set of translations in R3 but reduce to translations in
the direction of the cone’s axis.
The gauge fixing procedure can thus be understood as a global translation which

modifies the total angular momentum of the residual system in such a way that the
associated transformations are reduced to the symmetries of the cone associated
with the gauge-fixed punctures.
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x0

x1

x2

pA1

pB1

gB1

ψ

α

p⊥A1

p⊥B1
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x1

x2

pA1

pB1

gB1

ψ

α

p⊥A1

p⊥B1

Figure 8.2.: Gauge fixing conditions for handles. The geodesic gA1 stabilized by A1
coincides with the x1-axis. For the “timelike intersection” gauge fixing on the left,
the geodesic gB1 stabilized by B1 lies in an affine plane parallel to the x1-x2-plane.
For the “spacelike intersection” gauge fixing pictured on the right, the geodesic gB1

stabilized by B1 lies in an affine plane parallel to the x0-x1-plane.

8.2. Gauge fixing with respect to handles

In addition to the puncture gauge fixing conditions, we also consider two gauge
fixing conditions that specify a frame of reference with respect to the geometry of
a handle. For simplicity, we restrict attention to manifolds M ∼= R × Sg ,0 without
punctures and with at least two handles, which is the setting where the handle gauge
fixing conditions are most interesting. The case with punctures can be treated in a
similar fashion, but the ordering of the generators in Figure 2.1 should be adjusted
accordingly to simplify the calculations.

We consider two gauge fixing conditions that specify a reference frame with respect
to the geometry of the first handle, which is given by the holonomies A1 and B1.
The Lorentzian components of these holonomies must therefore be hyperbolic. Each
handle has six Poincaré-invariant degrees of freedom: the mass variables µA1 , µB1 ,
the spin variables sA1 , sB1 , as well as two further parameters which specify the
relative orientation and relative offset of the geodesics that are stabilized by the
holonomies A1 and B1. As the holonomies for the handles are not restricted to fixed
ISO(2 , 1)-conjugacy classes, the associated mass and spin variables are not Casimir
functions of the auxiliary Poisson bracket.
This leads to two natural gauge fixing choices. The first one imposes that the

geodesic in Minkowski space stabilized by A1 is the x1-axis, while the geodesic
stabilized by B1 lies in an affine plane parallel to the x1-x2-plane. In this case, the
two planes that are stabilized by the Lorentz components of the holonomies A1, B1
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8.2. Gauge fixing with respect to handles

intersect in the x0-axis and hence in a timelike geodesic in Minkowski space as shown
in Figure 8.2. For this reason, we will refer to this gauge fixing as the “timelike
intersection” gauge fixing in the following.
The second gauge fixing condition imposes again that the geodesic stabilized by

A1 coincides with the x1-axis. But the geodesic stabilized by B1 is now required to
lie in an affine plane parallel to the x0-x1-plane. This condition implies that the two
planes that are stabilized by the Lorentzian components of the holonomies A1, B1
intersect in the x2-axis as shown in Figure 8.2. For this reason, we will refer to this
condition as the “spacelike intersection” gauge fixing.
For the “timelike intersection” gauge fixing, the two geodesics that are stabilized

by the holonomies A1 , B1 can be parametrized uniquely as

gA1(t) = (0 , t , 0) , gB1(t) = (α , 0 , 0)+ t(0 , cosψ , sinψ) , α ∈ R ,ψ ∈ (0 , ]) , (8.38)

which implies that the holonomies are given by

pA1 = µA1

⎛
⎜⎜
⎝

0
1
0

⎞
⎟⎟
⎠

, pB1 = µB1

⎛
⎜⎜
⎝

0
cosψ
sinψ

⎞
⎟⎟
⎠

,

j A1 = sA1

⎛
⎜⎜
⎝

0
−1
0

⎞
⎟⎟
⎠

, j B1 = sB1

⎛
⎜⎜
⎝

0
− cosψ
− sinψ

⎞
⎟⎟
⎠
+ α

⎛
⎜⎜
⎝

1 − cosh µB1

sinψ sinh µB1

− cosψ sinh µB1

⎞
⎟⎟
⎠

.

(8.39)

Note that we exclude the values ψ = 0 , ] , because they would cause the Lorentzian
components of A1 and B1 to stabilize the same geodesic. In this case, the holonomies
A1 and B1 would not describe the geometry of a handle. The “timelike intersection”
gauge fixing can be formulated with the following six constraints:

p0
A1
≈ 0 , p2

A1
≈ 0 , p0

B1
≈ 0 ,

j0
A1
≈ 0 , j2

A1
≈ 0 , − p̂1

B1
j0
B1
+ tanh µB1

2 (p̂1
B1

p̂1
B1

j2
B1
− p̂1

B1
p̂2

B1
j1
B1

) ≈ 0 .
(8.40)

For the “spacelike intersection” gauge fixing, the two geodesics that are stabilized
by the holonomies A1 , B1 can be parametrized uniquely as

gA1(t) = (0 , t , 0) , gB1(t) = (0 , 0 , α)+ t(sinhψ , coshψ , 0) , α ∈ R ,ψ > 0 , (8.41)

and the associated holonomies take the form

pA1 = µA1

⎛
⎜⎜
⎝

0
1
0

⎞
⎟⎟
⎠

, pB1 = µB1

⎛
⎜⎜
⎝

sinhψ

coshψ

0

⎞
⎟⎟
⎠

,

j A1 = sA1

⎛
⎜⎜
⎝

0
−1
0

⎞
⎟⎟
⎠

, j B1 = sB1

⎛
⎜⎜
⎝

− sinhψ

− coshψ

0

⎞
⎟⎟
⎠
+ α

⎛
⎜⎜
⎝

− coshψ sinh µB1

− sinhψ sinh µB1

1 − cosh µB1

⎞
⎟⎟
⎠

.

(8.42)
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8. Specific gauge fixing conditions

As in the “timelike intersection” gauge fixing, the value ψ = 0 is excluded, because it
would cause the Lorentzian components of the holonomies A1 and B1 to stabilize the
same geodesic. Such a configuration would not describe the geometry of a handle.
The constraints that implement the “spacelike intersection” gauge fixing can be
expressed as

p0
A1
≈ 0 , p2

A1
≈ 0 , p2

B1
≈ 0 ,

j0
A1
≈ 0 , j2

A1
≈ 0 , − p̂1

B1
j2
B1
+ tanh µB1

2 (p̂1
B1

p̂1
B1

j0
B1
− p̂0

B1
p̂1

B1
j1
B1

) ≈ 0 .
(8.43)

The geometrical interpretation of these gauge fixing conditions is less immediate
than in the puncture case. They specify the observer with respect to the geometry
of the spacetime, namely the holonomy variables A1 , B1 which characterize the
geometry of its first handle. Similar conditions for fixing an observer are investigated
in [60], where measurements are studied that are performed by observers by emitting
and receiving returning lightrays. It is shown there that the measurements of
observers specified by such gauge fixing conditions take a particularly simple form
and that the conditions can be interpreted as defining an observer who is “comoving”
with respect to certain geodesics in the spacetime.

8.2.1. The Dirac bracket

We will now derive the Dirac bracket for the two sets of gauge fixing conditions (8.40)
and (8.43) associated with a handle. The Dirac brackets are obtained along the same
lines as the one for the puncture gauge fixing conditions in Theorem 8.1. The only
differences are in the concrete form of the matrices A , B , C, D , G , H in the proof and
that the mass and spin variables of the gauge-fixed handle are not Casimir functions.

Theorem 8.4 (Dirac bracket for the “timelike intersection” gauge fixing [63]).
In terms of the parametrization (8.39) by the variables ψ and α, the Dirac bracket
{ ,}D : C∞(ISO(2 , 1)2g) × C∞(ISO(2 , 1)2g) → C∞(Σ) resulting from the “timelike
intersection” gauge fixing conditions (8.40) is given as follows.
a) The brackets of the mass and spin variables µA1 , µB1 , sA1 , sB1 of the gauge-fixed

handle and the variables ψ , α take the form

{α ,ψ}D ≈ 0 , (8.44)
{µA1 , sA1}D ≈ {µB1 , sB1}D ≈ {µA1 , µB1}D ≈ {ψ , µA1}D ≈ {ψ , µB1}D ≈ 0 ,
{µA1 , sB1}D≈{sA1 , µB1}D≈cosψ , {sA1 , sB1}D≈−α sinψ ,
{ψ , sA1}D≈ 1

2 sinψ coth µB1
2 , {ψ , sB1}D≈−1

2 sinψ coth µA1
2 ,

{α , sA1}D≈ α
2 cosψ coth µB1

2 − sB1
4 sinψ/sin2 µB1

2 , {α , µA1}D≈ 1
2 sinψ coth µB1

2 ,
{α , sB1}D≈−α

2 cosψ coth µA1
2 +

sA1
4 sinψ/sin2 µA1

2 , {α , µB1}D≈−1
2 sinψ coth µA1

2 .
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8.2. Gauge fixing with respect to handles

b) The Dirac brackets of the variables µA1 , sA1 , µB1 , sB1 ,ψ , α with the momentum
and angular momentum variables pa

X , ja
X (X 6∈ {A1 , B1}) of the remaining holo-

nomies are given by

{ψ , pa
X}D ≈ 0 , {ψ , ja

X}D ≈ (1 − Ad(u−1
X ))a

bqb∞ , (8.45)
{α , pa

X}D ≈ −εa
bcqb∞pc

X , {α , ja
X}D ≈ −εa

bcqb∞ j c
X + (1 − Ad(u−1

X ))a
brb∞ ,

{µA1 , pa
X}D ≈ 0 , {µA1 , ja

X}D ≈ (1 − Ad(u−1
X ))a

bqb
A1

,
{sA1 , pa

X}D ≈ −εa
bcqb

A1
pc

X , {sA1 , ja
X}D ≈ −εa

bcqb
A1

j c
X ,

{µB1 , pa
X}D ≈ 0 , {µB1 , ja

X}D ≈ (1 − Ad(u−1
X ))a

bqb
B1

,
{sB1 , pa

X}D ≈ −εa
bcqb

B1
pc

X , {sB1 , ja
X}D ≈ −εa

bcqb
B1

j c
X + (1 − Ad(u−1

X ))a
brb

B1
,

where:

qA1 =
e1
2 , qB1 =

1
2

⎛
⎜⎜
⎝

sinψ coth µA1
2

cosψ
sinψ

⎞
⎟⎟
⎠

, q∞ = −1
4

⎛
⎜⎜
⎝

1 − cosψ coth µA1
2 coth µB1

2
sinψ coth µB1

2
coth µA1

2 − cosψ coth µB1
2

⎞
⎟⎟
⎠

,

(8.46)

and

r∞ =
sA1 cosψ

8 sinh2 µA1
2

⎛
⎜⎜
⎝

− coth µB1
2

0
1/cosψ

⎞
⎟⎟
⎠
− sB1 cosψ

8 sinh2 µB1
2

⎛
⎜⎜
⎝

coth µA1
2

− tanψ

1

⎞
⎟⎟
⎠
− α sinψ

4 tanh µB1
2

⎛
⎜⎜
⎝

coth µA1
2

cot ψ
1

⎞
⎟⎟
⎠

,

rB1 =
α

2

⎛
⎜⎜
⎝

cosψ coth µA1
2

− sinψ

cosψ

⎞
⎟⎟
⎠
− sA1 sinψ e0

4 sinh2 µA1
2

. (8.47)

c) The Poisson brackets of the momentum and angular momentum variables pa
X , ja

X
(X 6∈ {A1 , B1}) of the non-gauge-fixed holonomies are analogous to the ones for
the puncture gauge fixing. They are given by (8.6) and

Vab =
1
2ηab +

1
2 εabcwc , w = − 1

2 sinψ

⎛
⎜⎜
⎝

coth µA1
2 coth µB1

2 − cosψ
2 coth µA1

2 sinψ

coth µB1
2 − coth µA1

2 cosψ

⎞
⎟⎟
⎠

, (8.48a)

m = α

2
∂w
∂ψ
+

sA
2

∂w
∂µA
+

sB
2

∂w
∂µB

. (8.48b)

Theorem 8.5 (Dirac bracket for the “spacelike intersection” gauge fixing [63]).
In terms of the parametrization (8.42) by the variables ψ and α, the Dirac bracket
{ ,}D : C∞(ISO(2 , 1)2g) × C∞(ISO(2 , 1)2g) → C∞(Σ) resulting from the “spacelike
intersection” gauge fixing conditions (8.43) is given as follows.
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8. Specific gauge fixing conditions

a) The brackets of the mass and spin variables µA1 , µB1 , sA1 , sB1 of the gauge-fixed
handle and the variables ψ , α take the form

{α ,ψ}D ≈ 0 (8.49)
{µA1 , sA1}D ≈ {µB1 , sB1}D ≈ {µA1 , µB1}D ≈ {ψ , µA1}D ≈ {ψ , µB1}D ≈ 0 ,
{µA1 , sB1}D ≈ {sA1 , µB1}D ≈ coshψ , {sA1 , sB1}D ≈ α sinhψ ,
{ψ , sA1}D≈ 1

2 sinhψ coth µB1
2 , {ψ , sB1}D≈−1

2 sinhψ coth µA1
2 ,

{α , sA1}D≈ α
2 coshψ coth µB1

2 − sB1
4 sinhψ/sin2 µB1

2 , {α , µA1}D≈ 1
2 sinhψ coth µB1

2 ,
{α , sB1}D≈−α

2 coshψ coth µA1
2 +

sA1
4 sinhψ/sin2 µA1

2 , {α , µB1}D≈−1
2 sinhψ coth µA1

2 .

b) The Dirac brackets of the variables µA1 , sA1 , µB1 , sB1 ,ψ , α with the momentum
and angular momentum variables pa

X , ja
X (X 6∈ {A1 , B1}) of the remaining holo-

nomies are given by

{ψ , pa
X}D ≈ 0 , {ψ , ja

X}D ≈ (1 − Ad(u−1
X ))a

bqb∞ , (8.50)
{α , pa

X}D ≈ −εa
bcqb∞pc

X , {α , ja
X}D ≈ −εa

bcqb∞ j c
X + (1 − Ad(u−1

X ))a
brb∞ ,

{µA1 , pa
X}D ≈ 0 , {µA1 , ja

X}D ≈ (1 − Ad(u−1
X ))a

bqb
A1

,
{sA1 , pa

X}D ≈ −εa
bcqb

A1
pc

X , {sA1 , ja
X}D ≈ −εa

bcqb
A1

j c
X ,

{µB1 , pa
X}D ≈ 0 , {µB1 , ja

X}D ≈ (1 − Ad(u−1
X ))a

bqb
B1

,
{sB1 , pa

X}D ≈ −εa
bcqb

B1
pc

X , {sB1 , ja
X}D ≈ −εa

bcqb
B1

j c
X + (1 − Ad(u−1

X ))a
brb

B1
,

where:

qA1 =
e1
2 , qB1 =

1
2

⎛
⎜⎜
⎝

sinhψ

coshψ

sinhψ coth µA1
2

⎞
⎟⎟
⎠

, q∞ = −1
4

⎛
⎜⎜
⎝

coshψ coth µB1
2 − coth µA1

2
sinhψ coth µB1

2
coshψ coth µA1

2 coth µB1
2 − 1

⎞
⎟⎟
⎠

,

r∞ =
sA1 coshψ

8 sinh2 µA1
2

⎛
⎜⎜
⎝

−1/coshψ

0
coth µB1

2

⎞
⎟⎟
⎠
+

sB1 coshψ

8 sinh2 µB1
2

⎛
⎜⎜
⎝

1
tanhψ

coth µA1
2

⎞
⎟⎟
⎠
− α sinhψ

4 tanh µB1
2

⎛
⎜⎜
⎝

1
cothψ

1

⎞
⎟⎟
⎠

,

rB1 =
α

2

⎛
⎜⎜
⎝

coshψ

sinhψ

coshψ coth µA1
2

⎞
⎟⎟
⎠
− sA1 sinhψ e2

4 sinh2 µA1
2

. (8.51)

c) The Poisson brackets of the momentum and angular momentum variables pa
X , ja

X
(X 6∈ {A1 , B1}) of the non-gauge-fixed holonomies are analogous to the ones for
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the puncture gauge fixing. They are given by (8.6) and

Vab =
1
2ηab +

1
2 εabcwc , w = − 1

2 sinhψ

⎛
⎜⎜
⎝

coth µA1
2 coshψ−coth µB1

2
2 coth µA1

2 sinhψ

coshψ−coth µA1
2 coth µB1

2

⎞
⎟⎟
⎠

, (8.52a)

m = α

2
∂w
∂ψ
+

sA
2

∂w
∂µA
+

sB
2

∂w
∂µB

. (8.52b)

The expressions for the Dirac brackets obtained from the two handle gauge fixings
exhibit many structural similarities with the ones found for the puncture gauge
fixing in Theorem 8.1. First, the expressions for the variables associated with the
non-gauge-fixed holonomies are again given in terms of a matrix V and a vector m.
As in the puncture case, V depends only on the Lorentz components of the non-gauge-
fixed holonomies. In contrast to the puncture gauge fixing, however, the vector m
is now given as a linear combination of angular momenta. This is due to the spin
variables sA1 , sB1 not Poisson-commuting with every function. The Dirac bracket of
two angular momenta j X , j Y , X , Y 6∈ {A1 , B1}, can therefore be interpreted as a
vector field on ISO(2 , 1)2g−2.

Second, the parameters ψ , α commute in the Dirac bracket, as in the puncture
case. Equations (8.45), (8.50) imply that the variable ψ generates global translations
of the non-gauge-fixed holonomies in the direction of the vector q∞. However, in
contrast to the puncture case, where this translation was in the direction of the total
momentum p12, one can show that the vector q∞ in (8.46), (8.51) is not parallel to
the total momentum pK1 associated with the gauge-fixed handle via uK1 = [uB1 , u−1

A1
].

Similarly, equations (8.45), (8.50) imply that the variable α generates global rotations
around q∞ and global translations in the direction of the vector r∞ defined in (8.47),
(8.51). Neither of these vectors coincides with the total momentum vector pK1 of the
handle.
The main difference in relation to the puncture gauge fixing is that the parame-

ters µA1 , µB1 , sA1 , sB1 are dynamical and do not Poisson-commute with the other
variables.

8.2.2. Poincaré symmetry

As in the puncture case, we will now give an interpretation of the Dirac bracket
obtained from the handle gauge fixings in terms of the geometry of the residual, i.e.
non-gauge-fixed handles. We will again use the closing constraints (7.5) to relate
the variables associated with the two gauge-fixed holonomies to the ones of the
non-gauge-fixed holonomies:

(uK1 ,−Ad(uK1)j K1
) := [B1 , A−1

1 ] ≈ [A−1
2 , B2] · · · [A−1

g , Bg] =: (u−1
R , j R). (8.53)
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The variables pR , j R again play the role of the total momentum and total angu-
lar momentum of the residual system and the transformations they generate are
interpreted as the residual system’s effective asymptotic symmetries.
By taking the partial derivatives of pR , j R with respect to the parameters of the

gauge-fixed handle, we obtain for all F ∈ C∞(ISO(2 , 1)2g−2):

{pa
R , F}D ≈ ∂pa

R
∂ψ

{ψ , F}D +
∂pa

R
∂µA1

{µA1 , F}D +
∂pa

R
∂µB1

{µB1 , F}D , (8.54)

{ ja
R , F}D ≈ ∂ja

R
∂ψ

{ψ , F}D +
∂ja

R
∂µA1

{µA1 , F}D +
∂ja

R
∂µB1

{µB1 , F}D

+
∂ja

R
∂α

{α , F}D +
∂ja

R
∂sA1

{sA1 , F}D +
∂ja

R
∂sB1

{sB1 , F}D . (8.55)

Using the expressions (8.45), (8.50) for the Dirac bracket, we find:

Corollary 8.6. The components of the total momentum vector pR generate three lin-
early independent translations in the direction of the vectors q∞ , qA1 , qA2 in (8.46),
(8.51). Similarly, the components of the angular momentum vector j R generate three
independent Lorentz transformations with axes q∞ , qA1 , qB1 and two additional
translations in the direction of the vectors r∞ , rB1 given by (8.47), (8.51).

The effective symmetries of the gauge-fixed system are therefore the ones of Min-
kowski space, and its effective symmetry group is the Poincaré group ISO(2 , 1). This
distinguishes the handle gauge fixing from the particle gauge fixing, for which the
effective symmetries were conical.

8.2.3. Global translation

As in the case for the puncture gauge fixing, the form of the Dirac brackets in
Theorems 8.4 and 8.5 suggests that they can be obtained from the auxiliary Poisson
bracket by applying a global translation. In contrast to the puncture case, the
constraint surface for the handle gauge fixings—which is defined by the gauge
fixing conditions (8.40), (8.43) and the closing constraints (8.53)—can be identified
with ISO(2 , 1)2g−2, i.e. the space of the residual holonomies. This is due to the
properties of the parameters µA1 , µB1 and sA1 , sB1 , which mimic the masses and
spins of punctures: in the handle case, they are not Casimir functions but dynamical
variables with non-trivial Poisson brackets. We therefore obtain a strong equality in
the following theorem. In preparation, introduce variables µA1 , µB1 , sA1 , sB1 ,ψ , α ∈
C∞(ISO(2 , 1)2g−2) by defining them as functions of the total momentum pR and the
total angular momentum j R through the closing constraints (8.53).

Theorem 8.7 (Handle gauge fixing as a global translation [63]).
Consider the Poisson manifold (ISO(2 , 1)2g−2 , { ,}), where { ,} is the Poisson bracket
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(5.4) restricted to the system with the first handle removed. Let Γ : ISO(2 , 1)2g−2 →
ISO(2 , 1)2g−2 be the smooth map that describes the transformation of the residual
holonomies under global conjugation with a translation by t = −V j R:

Γ :
⎧⎪⎪⎨⎪⎪⎩

uX 7→ uX ,
j X 7→ j X − (1 − Ad(u−1

X ))V j R ,
∀X ∈ {A2 , . . . , Bg} , (8.56)

where the matrix V is a function of the total momentum pR and is of the form Vab =
1
2ηab+

1
2 εabcwc, where the three-vector w is given by (8.48) or (8.52). Then the map Γ

satisfies

{F ◦ Γ , G ◦ Γ} = {F, G}D ◦ Γ ∀F, G ∈ C∞(ISO(2 , 1)2g−2) , (8.57)

where { ,}D is the Dirac bracket for the “timelike intersection” or “spacelike intersec-
tion” gauge fixing given in Theorem 8.4 or 8.5.

Proof. The proof is similar to the one of Theorem 8.3. For the Poisson bracket of
momenta and angular momenta pX , j Y , X , Y ∈ {A2 , . . . , Bg}, we obtain

{ ja
X ◦ Γ , pb

Y ◦ Γ} = { ja
X , pb

Y} + (1 − Ad(u−1
X ))a

cV
c
g ε

gbf pY
f , (8.58)

which agrees with the expression in Theorems 8.4 and 8.5. To determine the brackets
of the angular momentum variables, we use the identity

{ ja
X , jb

Y} ◦ Γ = { ja
X , jb

Y} + { ja
X , Ad(u−1

Y )b
d}V d

g jgR − { jb
Y , Ad(u−1

X )a
c}V c

g jgR
+ (1 − Ad(u−1

X ))a
c(1 − Ad(u−1

Y ))b
d εcdf Vfg jgR , (8.59)

which yields

{ ja
X ◦ Γ , jb

Y ◦ Γ} = { ja
X , jb

Y} ◦ Γ+(1 − Ad(u−1
Y ))b

d{ ja
X , td}−(1 − Ad(u−1

X ))a
c{ jb

Y , tc}
− (1 − Ad(u−1

X ))a
c{tc , Ad(u−1

Y )b
d}td

+ (1 − Ad(u−1
Y ))b

d{td , Ad(u−1
X )a

c}tc

+ (1 − Ad(u−1
X ))a

c(1 − Ad(u−1
Y ))b

d({tc , td} + εcdf tf). (8.60)

After some further computations this reduces to

{ ja
X ◦ Γ , jb

Y ◦ Γ} = { ja
X , jb

Y} ◦ Γ + (1 − Ad(u−1
X ))a

cV
c
d εdb

k(jkY ◦ Γ) (8.61)

+ (1 − Ad(u−1
X ))ac{ jb

Y ◦ Γ , Vcf} jfR − (1 − Ad(u−1
Y ))bd{ ja

X ◦ Γ , Vdf} jfR
− (1 − Ad(u−1

Y ))b
cV

c
g ε

ga
k
(jkX ◦ Γ) (8.62)

− 1
4(w2 + 1)(1 − Ad(u−1

X ))ac(1 − Ad(u−1
Y ))bd

εcdf jfR .
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8. Specific gauge fixing conditions

Using the formula for the auxiliary Poisson bracket in Theorem 5.3, we then derive

{ ja
X ◦ Γ , Vdf} = −∂Vdf

∂pR
k

(1 − Ad(u−1
X ))ac(T−1(pR)ck − Vcgε

kl
g pR

l ) , (8.63)

where T−1(pR) : R3 → R3 is the map given by (1.14). Inserting these expressions
into (8.61) together with the definitions of T−1 and of the variables µA1 , µB1 ,ψ, we
obtain:

{ ja
X ◦ Γ , jb

Y ◦ Γ} = { ja
X , jb

Y} ◦ Γ + (1 − Ad(u−1
X ))a

cV
c
d εdb

k(jkY ◦ Γ)

− (1 − Ad(u−1
Y ))b

cV
c
d εda

k(jkX ◦ Γ)+ (1 − Ad(u−1
X ))ac(1 − Ad(u−1

Y ))bd
εcdf m̃f ,

(8.64)

where the three-vector m̃ takes the form

m̃ = −1
2(qA1 · j R)

∂w
∂µA1

− 1
2(qB1 · j R)

∂w
∂µB1

− 1
2(q∞ · j R)

∂w
∂ψ

, (8.65)

and qA1 , qB1 , q∞ are given by (8.46) or (8.51).
We now want to verify that m̃ = m ◦Γ, with m given as in Theorem 8.4 or 8.5. The

action of Γ on the residual angular momentum j R is given by the matrix W defined
as in (8.37). For the handle gauge fixings, W is invertible on the constraint surface.
Therefore, we only need to verify m̃ ◦ Γ−1 = m. The closing constraints (8.53) relate
the residual angular momentum j R to the variables µA1 , µB1 , sA1 , sB1 ,ψ , α:

j R = − [Ad(uB1)− Ad(uB1 u−1
A1

)] j B1 + [Ad(uB1)− Ad([uB1 , u−1
A1

])] j A1 , (8.66)

where uB1 , uA1 , j A1 , j B1 are given by (8.39) or (8.42). After inverting the matrix W
and performing some further evaluations, we obtain

qA1 · (W−1 j R) = −sA1 , qB1 · (W−1 j R) = −sB1 , q∞ · (W−1 j R) = −α . (8.67)

Inserting these expressions into (8.65) then yields the expression for the vector m in
Theorem 8.4 or 8.5 and thus proves the claim.

The above theorem states that the Dirac bracket associated with the two sets of
handle gauge fixing conditions is obtained from the auxiliary Poisson bracket on
ISO(2 , 1)2g−2 via the invertible transformation (8.57). The Dirac bracket is thus
Poisson-equivalent to the restriction of the auxiliary Poisson bracket to g−1 handles.
However, the gauge-fixed system with its Dirac bracket has the advantage that it
retains information about the relation between the total momenta pR , j R and the
specification of an observer: Via the closing constraint (8.53) and the gauge fixing
conditions (8.40) or (8.43), the total momenta pR , j R determine the two holonomies
A1 , B1 which we used to specify an observer.
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9. General puncture gauge fixing
conditions: The Dirac bracket and
the classical dynamical Yang-Baxter
equation

In the previous section we determined the Dirac brackets for three specific sets of
gauge fixing conditions and investigated their physical interpretation and geometric
meaning in the context of (2+1)-gravity. In this section, our goal is to analyze the
general theory and to give a precise characterization of the mathematical structures
underlying the Dirac bracket. The handle gauge fixings that we studied in the
previous section lead to Dirac brackets that are equivalent to the original Poisson
bracket with one handle removed. The Dirac bracket associated to the puncture
gauge fixing, on the other hand, displayed many interesting structural features, as
exhibited in Theorem 8.1, Corollary 8.2 and Theorem 8.3. In the following, we will
therefore examine the Dirac bracket associated to general puncture gauge fixing
conditions that satisfy requirements 1 and 2 from Section 6 and requirements a and
b from Section 7.
The requirements 1 and 2 on the gauge fixing conditions imply that the union of

the first-class closing constraints (7.5) with the gauge fixing conditions is a set of
second-class constraints. For puncture gauge fixings, the second set of requirements
implies that the gauge fixing conditions depend only on the holonomies M1 , M2 and
that they are linear in the variables j M1 , j M2 . Together, these requirements lead to
constraint functions of the form

C1 = j0
C , C2 = j1

C , C3 = j2
C ,

C4 =∑2
i=1Θ

Mi ,1
a ja

Mi
, C5 =∑2

i=1Θ
Mi ,2
a ja

Mi
, C6 =∑2

i=1Θ
Mi ,3
a ja

Mi
,

C7 = Tr(J0 · uC) , C8 = Tr(J1 · uC) , C9 = Tr(J2 · uC) ,
C10 = ∆1 , C11 = ∆2 , C12 = ∆3 ,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(9.1)

where Θ
Mi , j
a ,∆ j ∈ C∞(SO+(2 , 1)× SO+(2 , 1)) are functions that depend only on the

Lorentz components of M1 , M2 and where (u−1
C , j C) := M−1

1 · · · [A−1
g , Bg]. Note that

these constraint functions are of the same form as those given in (8.9) for the specific
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9. General puncture gauge fixing conditions

puncture gauge fixing. The functions (Ci)i=1 ,2 ,3 ,7 ,8 ,9 correspond to the first-class
constraints and the functions (Ci)i=4 ,5 ,6 ,10 ,11 ,12 are the gauge fixing conditions. The
latter involve functions Θ

Mi , j
a ,∆ j which can be chosen arbitrarily as long as the

above requirements are satisfied. They restrict the holonomies M1 , M2 in such a way
that, for all points (M1 , . . . , Bg) ∈ Σ = C−1(0) on the constraint surface, M1 , M2 are
uniquely determined by two real parameters

ψ = f(Tr(u12)) , α = g(Tr(u12))Tr(ja
12 Ja · u12)+ h(Tr(u12)) , (9.2)

where f , g ∈ C∞(R) are diffeomorphisms, h ∈ C∞(R) and (u12 ,−Ad(u12)j12) =
M2 · M1. This allows us to identify the constraint surface Σ with a subset of
R2 × ISO(2 , 1)n−2+2g , where the R2 is parametrized by (ψ , α) and ISO(2 , 1)n−2+2g

by (M3 , . . . , Bg).

9.1. The Dirac bracket

Given the expressions for the Poisson structure on Pext = ISO(2 , 1)n+2g from Theo-
rem 5.3 and the constraints (9.1), we can now explicitly compute the associated Dirac
bracket. The resulting expressions are similar to the ones found in Theorem 8.1 for
the specific puncture gauge fixing. However, to analyze the underlying mathematical
structure we now also show that the Dirac bracket can be written in the same form as
the original Poisson bracket, but with the classical r-matrix replaced with a function
of two variables.

Theorem 9.1 ([64]). For all constraint functions of the form (9.1) that satisfy the
requirements 1 and 2 from Section 6 and requirements a and b from Section 7, the
associated Dirac bracket { ,}D : C∞(ISO(2 , 1)n+2g) × C∞(ISO(2 , 1)n+2g) → C∞(Σ)
takes the following form:

1. {ψ , α}D ≈ 0, and for all X ∈ {M3 , . . . , Bg}:

{ψ , pX}D ≈ 0 , {ψ , j X}D ≈ −(1 − Ad(u−1
X )) qψ ,

{α , pX}D ≈ −qα ∧ pX , {α , j X}D ≈ −(1 − Ad(u−1
X ))qθ − qα ∧ j X ,

(9.3)

with qψ , qα , qθ : R2→ R3 satisfying qψ∧qα = 0 and ∂αqψ = ∂αqα = ∂2
αqθ = 0.

2. For all F, G ∈ C∞(ISO(2 , 1)n−2+2g): {F, G}D = Bn−2 ,g
r (dF⊗dG), where Bn−2 ,g

r
is the Poisson bivector (5.5) and r : R2→ iso(2 , 1)⊗ iso(2 , 1) is given by

r(ψ , α) = Pa ⊗ Ja − V bc(ψ)(Pb ⊗ Jc − Jc ⊗ Pb)+ εbcdmd(ψ , α)Pb ⊗ Pc , (9.4)

where V : R2→ Mat(3 ,R) and m : R2→ R3 satisfy ∂αV = ∂2
αm = 0.
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9.1. The Dirac bracket

Proof. The proof is a direct generalization of the proof of Theorem 8.1.

1. The Dirac matrix associated to the constraints (9.1) takes the form

D = ( J P
−PT 0) , J := ({Ci , Cj})i , j=1 ,... ,6 , P := ({Ci , Cj+6})i , j=1 ,... ,6 . (9.5)

On the constraint surface, the (6 × 6)-matrices J and P can be expressed as

J ≈ ( 0 H
−HT G) , P ≈ (0 A

B C) , (9.6)

with (3× 3)-matrices A , B , C, G , H given by

Ai j := {Ci , Cj+9} , Bi j := {Ci+3 , Cj+6} , Ci j := {Ci+3 , Cj+9} ,
Gi j := {Ci+3 , Cj+3} , Hi j := {Ci , Cj+3} ,

(9.7)

where i , j = 1 , 2 , 3. This implies that, on the constraint surface, the inverse of
the Dirac matrix D is given by

D−1 ≈ ( 0 −(P−1)T

P−1 P−1 J(P−1)T) with P−1 ≈ (−B−1 CA−1 B−1

A−1 0 ) , (9.8)

P−1 J(P−1)T ≈ (B−1[G − CA−1 H + (CA−1 H)T ](B−1)T −B−1 HT(A−1)T

A−1 H(B−1)T 0 ) .

Inserting these expression into the general formula in Definition 6.1, one finds
that for all X , Y ∈ {M1 , . . . , Bg}, the Dirac bracket takes the form

{pa
X , pb

Y}D ≈ 0 , (9.9a)

{ ja
X , pb

Y}D ≈ { ja
X , pb

Y} +
3

∑
i , j=1

[{ ja
X , Ci+6}(B−1)i j{pb

Y , Cj+3}

+ { ja
X , Ci+9}(A−1)i j{pb

Y , Cj} − { ja
X , Ci+6}(B−1 CA−1)i j{pb

Y , Cj}] ,

(9.9b)

{ ja
X , jb

Y}D ≈ { ja
X , jb

Y} +
6

∑
i=1

12

∑
j=7

{ ja
X , Ci}(D−1)i j{ jb

Y , Cj}

+
12

∑
i=7

6

∑
j=1

{ ja
X , Ci}(D−1)i j{ jb

Y , Cj} +
12

∑
i=7

12

∑
j=7

{ ja
X , Ci}(D−1)i j{ jb

Y , Cj}.

(9.9c)

2. To prove the relations for the brackets involving ψ and α, we use (9.9) to compute
the Dirac brackets of pM1 , pM2 , jM1 , jM2 with the variables associated with the
non-gauge-fixed holonomies M3 , . . . , Bg . For i ∈ {1 , 2} and X ∈ {M3 , . . . , Bg},
it follows directly from the block form of D−1 that {pMi , pX}D ≈ 0 and hence
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9. General puncture gauge fixing conditions

{ψ , pX}D ≈ 0 by (9.2). Moreover, we have { j X , Cj+9} = 0 for all j ∈ {1 , 2 , 3}
and thus

{ ja
X , pb

Mi
}D ≈ −(1 − Ad(u−1

X ))a
c

3

∑
j ,k=1

W c
k−1 [

(B−1)k j{pb
Mi

, Cj+3} − (B−1 CA−1)k j{pb
Mi

, Cj}] , (9.10)

where W : R → Mat(3 ,R) is a function of the variable ψ from (9.2) defined
by the condition { ja

X , Cj+6} = −(1 − Ad(u−1
X ))a

bWb
j−1 for all j ∈ {1 , 2 , 3},

X ∈ {M3 , . . . , Bg}. From equations (9.1) for the constraints and the definition
of the matrices A , B , C it follows that the right-hand side of this equation can
be expressed as a function of ψ and the fixed parameters that characterize the
conjugacy classes Cµ1 ,s1 ,Cµ2 ,s2 . This implies that there is a map qψ : R2→ R3

with ∂αqψ = 0 such that

{ψ , j X}D ≈ −(1 − Ad(u−1
X ))qψ . (9.11)

Similarly, we obtain:

{ ja
Mi

, pb
X}D ≈ −εbc

dpd
X{−(1 − Ad(u−1

Mi
))a

c +
3

∑
k , j=1

[{ ja
Mi

, Ck+9}(A−1)k jδ
j−1
c (9.12)

+{ ja
Mi

, Ck+6}(B−1)k j

2

∑
l=1

Θ
Ml , j
d (1−Ad(u−1

Ml
))d

c−{ ja
Mi

, Ck+6}(B−1 CA−1)k jδ
j−1
c ]}.

The term inside the curly brackets on the right-hand side again depends on ψ

only, which shows that there is a map qα : R2→ R3 with ∂αqα = 0 such that

{α , pX}D ≈ −qα ∧ pX . (9.13)

The remaining brackets which involve ψ , α and the variables ja
X , X ∈ {M3 , . . . ,

Bg}, are obtained from the Dirac brackets of ja
Mi
, i ∈ {1 , 2}, with ja

X :

{ ja
Mi

, jb
X}D ≈ −εbc

d jd
X [−(1 − Ad(u−1

Mi
))a

c +
12

∑
k=7

3

∑
j=1

{ ja
Mi

, Ck}(D−1)k jδ
j−1
c (9.14)

+
12

∑
k=7

6

∑
j=4

{ ja
Mi

, Ck}(D−1)k j

2

∑
l=1

Θ
Ml , j−4
e (1 − Ad(u−1

Ml
))e

c]

− (1 − Ad(u−1
X ))b

c[
6

∑
k=1

9

∑
j=7

{ ja
Mi

, Ck}(D−1)k j W c
j−7 −

12

∑
k=7

9

∑
j=7

{ ja
Mi

, Ck}(D−1)k j W c
j−7 ].

The term in the second set of square brackets depends on ψ and α while the
term in the first set of square brackets coincides with the term in the curly
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9.1. The Dirac bracket

brackets in the expression for { ja
Mi

, pb
X}D. This implies that there is a map

qθ : R2→ R3 with ∂2
αqθ = 0 such that for all X ∈ {M3 , . . . , Bg}:

{α , j X}D ≈ −(1 − Ad(u−1
X ))qθ − qα ∧ j X . (9.15)

It remains to show that {α ,ψ}D ≈ 0 and that qψ ∧ qα = 0. With the definitions

(u−1
12 , j12) := M−1

1 · M−1
2 ,

(u−1
R , j R) := M−1

3 · · ·M−1
n [A−1

1 , B1] · · · [A−1
g , Bg] ,

(9.16)

the constraints C7 , C8 , C9 imply u−1
12 ≈ uR and hence µ12 ≈ µR. From the

Dirac brackets (9.13) of α with variables pX , X ∈ {M3 , . . . , Bg}, it follows that
the Dirac bracket of α and ψ vanishes. Moreover, the constraint functions
C1 , C2 , C3 imply j12 ≈ −Ad(u−1

12)j R and it follows from (9.11) that

0 ≈ {ψ , j12}D ≈ −Ad(u−1
12){ψ , j R}D ≈ −(1 − Ad(u−1

12))qψ . (9.17)

For each function g ∈ C∞(SO+(2 , 1)), we have two associated functions gR2 ∈
C∞(R2), gR2(ψ , α) := g(u−1

12) and ḡ ∈ C∞(SO+(2 , 1)n−2+2g), ḡ(uM3 , . . . , uBg
) :=

g(uR). With the identity {ψ , α}D ≈ 0, we obtain

0 ≈ {α , gR2}D ≈ {α , ḡ}D ≈∑
Y∈{M3 ,... ,Bg}

qa
α(JY

R ,a + JY
L ,a)ḡ . (9.18)

Together with (9.17), this implies that both, exp(qa
αJa) and exp(qa

ψJa), stabilize
u12 and hence qψ ∧ qα = 0.

3. To prove the second part of the theorem, we explicitly compute the Dirac brackets
of the variables j X and pY for X , Y ∈ {M3 , . . . , Bg} from expressions (9.9).
To determine the brackets { j X , pY}D, we note that { ja

X , Cj+9} = 0 for all
j ∈ {1 , 2 , 3}, which implies

{ ja
X , pb

Y}D ≈ { ja
X , pb

Y} + (1 − Ad(u−1
X ))ae Vedε

db
cpc

Y with (9.19)

Ved := W f
e (B−1 CA−1)f+1 ,d+1 −W f

e

3

∑
j=1

(B−1)f+1 , j

2

∑
i=1

Θ
Mi , j
a (1 − Ad(uMi))

a
d .

As none of the terms in the expression for V depend on α, it gives rise to a map
V : R2→ Mat(3 ,R) that satisfies ∂αV = 0. Similarly, we obtain

{ ja
X , jb

Y}D = { ja
X , jb

Y} + (1 − Ad(u−1
X ))ad Vdg ε

gb
f

jfY
− (1 − Ad(u−1

Y ))bd Vdg ε
ga

f
jfX

+ (1 − Ad(u−1
X ))ac(1 − Ad(u−1

Y ))bdUcd , (9.20)
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9. General puncture gauge fixing conditions

with Ucd := W e
c W f

d (D−1)e+7 ,f+7 for all c , d ∈ {0 , 1 , 2}. The matrix U depends
only on the parameters ψ and α, and its dependence on α is at most linear.
Moreover, it follows directly from the definition of the matrix D that U is
antisymmetric. This allows us to expand U in a basis: Uab = εabcmc with
m : R2→ R3, ∂2

αm = 0.

4. By inserting the expressions (1.18) and (1.19) for the left- and right-invariant
vector fields on ISO(2 , 1) into the Poisson bivector (5.5) together with the
expression for r(ψ , α), one obtains after some computations expressions (9.19),
(9.20). This proves the claim.

The above theorem gives explicit expressions for the Dirac bracket for a rather
general set of gauge fixing conditions based on punctures. The structural features are
similar to those found in Theorem 8.1 for a specific puncture gauge fixing. The two
variables ψ , α Poisson-commute and their brackets with functions on ISO(2 , 1)n−2+2g

are determined by three functions qψ , qα , qθ. The bracket of two functions on
ISO(2 , 1)n−2+2g is again given by the Poisson bivector (5.5), but with the classical
r-matrix r = Pa ⊗ Ja replaced by the map r : R2→ iso(2 , 1)⊗ iso(2 , 1) that depends
on the variables ψ , α.

9.2. Relation to the classical dynamical Yang-Baxter
equation

The Dirac bracket in Theorem 9.1 defines a Poisson structure on the constraint
surface Σ = C−1(0), which can be identified with a subset of R2 × ISO(2 , 1)n−2+2g .
However, this identification is implicit, and it is cumbersome to give an explicit
parametrization of this subset for general gauge fixing conditions. To study the
mathematical structure of the Dirac bracket, it is therefore advantageous to consider
the bracket on R2 × ISO(2 , 1)n−2+2g defined by the expressions in Theorem 9.1.

Definition 9.2 ([64]). We denote by { ,}D the antisymmetric bilinear map { ,}D :
C∞(R2 × ISO(2 , 1)n−2+2g)× C∞(R2 × ISO(2 , 1)n−2+2g)→ C∞(R2 × ISO(2 , 1)n−2+2g)
that takes the form described in Theorem 9.1. With R2 parametrized by ψ , α and
the different copies of ISO(2 , 1) labeled by {M3 , . . . , Mn , A1 , B1 , . . . , Ag , Bg}, this
bracket is given by:

1. {ψ , α}D = 0, and for all X ∈ {M3 , . . . , Bg}:

{ψ , pX}D = 0 , {ψ , j X}D = −(1 − Ad(u−1
X )) qψ ,

{α , pX}D = −qα ∧ pX , {α , j X}D = −(1 − Ad(u−1
X ))qθ − qα ∧ j X ,

(9.21)

with qψ , qα , qθ : R2→ R3 satisfying qψ∧qα = 0 and ∂αqψ = ∂αqα = ∂2
αqθ = 0.

88



9.2. Relation to the classical dynamical Yang-Baxter equation

2. For all F, G ∈ C∞(ISO(2 , 1)n−2+2g): {F, G}D = Bn−2 ,g
r (dF⊗dG), where Bn−2 ,g

r
is the Poisson bivector (5.5) and r : R2→ iso(2 , 1)⊗ iso(2 , 1) is given by

r(ψ , α) = Pa ⊗ Ja − V bc(ψ)(Pb ⊗ Jc − Jc ⊗ Pb)+ εbcdmd(ψ , α)Pb ⊗ Pc , (9.22)

where V : R2→ Mat(3 ,R) and m : R2→ R3 satisfy ∂αV = ∂2
αm = 0.

Note that it is a priori not guaranteed that the bracket { ,}D onR2×ISO(2 , 1)n−2+2g

satisfies the Jacobi identity. The Dirac gauge fixing procedure only guarantees
that this is the case on the constraint surface Σ = C−1(0), which can be identified
with a subset of R2 × ISO(2 , 1)n−2+2g . Moreover, it remains to investigate how the
Jacobi identity on Σ is encoded in the maps that characterize the Dirac bracket:
r : R2→ iso(2 , 1)⊗ iso(2 , 1) and qψ , qα , qθ : R2→ R3. As the classical Yang-Baxter
equation (4.8) for the classical r-matrix in the Poisson bivector (5.5) ensures that
the associated bracket satisfies the Jacobi identity, it is natural to expect that the
Jacobi identity for the Dirac bracket follows from an analogous property of the map
r. This suggests that r should be related to solutions of the classical dynamical
Yang-Baxter equation (4.18) and hence to classical dynamical r-matrices for the Lie
algebra iso(2 , 1).
This intuition is also supported by the relation of the original Poisson structure

(5.4) to certain Poisson structures from the theory of Poisson-Lie groups, as described
in Section 5. Specifically, it has been shown by Fehér, Gábor and Pusztai [38, 37] that
Dirac gauge fixing in the context of Poisson-Lie groupoids is linked to classical dy-
namical r-matrices. Note, however, that the situation we consider is different. While
Fehér, Gábor and Pusztai investigate a gauge fixing procedure for a generalization of
the Sklyanin bracket to the context of Poisson-Lie groupoids, our Poisson structure
involves several copies of the dual Poisson-Lie structure and the Heisenberg double
Poisson structure which interact in a non-trivial way.
As explained in Section 4, classical dynamical r-matrices are h-invariant maps

r : U→ g⊗ g from some open subset U ⊂ h∗ of the dual of an abelian Lie subalgebra
h ⊂ g into two copies of the Lie algebra g that solve the classical dynamical Yang-
Baxter equation (4.18). In the following, we only require the case where g = iso(2 , 1)
and where h is a two-dimensional abelian Lie subalgebra of g. We thus identify h∗
withR2 and parametrize it by two variables x1 = ψ, x2 = α. Moreover, we temporarily
drop the requirements that the elements x1 , x2 in the CDYBE form a fixed basis of
h ⊂ iso(2 , 1) and that r is invariant under the action of h.

Instead, we investigate solutions of the CDYBE associated withmaps x1 , x2 : R2→
iso(2 , 1) of the form x1 = qa

ψPa and x2 = qa
αJa + qa

θ
Pa with qψ , qα , qθ : R2 → R3

satisfying qψ ∧ qα = 0 and ∂αqψ = ∂αqα = ∂2
αqθ = 0. Note that this implies that

h(ψ , α) = span{x1(ψ , α) , x2(ψ , α)} is a two-dimensional abelian Lie subalgebra of
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9. General puncture gauge fixing conditions

iso(2 , 1) for all values of ψ and α. It is a Cartan subalgebra if and only if qψ , qα

satisfy the additional requirement q2
α , q2

ψ 6= 0.
Although such generalized solutions of the CDYBE do not correspond to classical

dynamical r-matrices in the sense of Definition 4.10, admitting them allows us to
apply the CDYBE to the maps r and qψ , qα , qθ in Definition 9.2 and to determine
under which conditions they give rise to a solution. By comparing these conditions to
the requirements for the Dirac bracket { ,}D to satisfy the Jacobi identity, we obtain
the following theorem.

Theorem 9.3 ([64]). The bracket { ,}D in Definition 9.2 satisfies the Jacobi identity
and hence defines a Poisson structure on R2 × ISO(2 , 1)n−2+2g if and only if:

1. The map r : R2→ iso(2 , 1)⊗ iso(2 , 1) in (9.22) satisfies the CDYBE (4.18) with
x1 = ψ, x2 = α and x1 = qa

ψPa, x2 = qa
αJa + qa

θ
Pa.

2. The following additional conditions hold:

0 = qa
ψ + εa

bcqb
ψ∂ψqc

ψ + qb
ψV a

b − qa
ψV b

b , (9.23)
0 = εa

dhqd
αV bh + εb

dhqd
αV ah + εcdeqc

αV deηab − εb
deqa

αV de + qa
α∂αqb

θ − qb
ψ∂ψqa

α ,
0 = qa

θ + εa
bcqb

θ∂αqc
θ + εa

bcqb
ψ∂ψqc

θ − εa
bcmbqc

α + qd
θV a

d − qa
θV d

d .

Proof.

1. As a first step, we show that a map r : R2 → iso(2 , 1)⊗ iso(2 , 1) of the form
(9.22) is a solution of the CDYBE (4.18) with x1 = ψ , x2 = α, x1 = qa

ψPa , x2 =

qa
αJa + qa

θ
Pa if and only if it satisfies the equations

0 = Υ
abc := qa

αε
bcd∂αmd − qb

ψ∂ψV ca + qc
ψ∂ψV ba

− V bdV cgε a
dg − V daV cgε b

dg + V daV bgε c
dg − V daεbc

d , (9.24a)
0 = Ω := qψ · ∂ψm + qθ · ∂αm +w ·m with εabcwc = V ab − V ba . (9.24b)

Inserting expression (9.22) for r into the left-hand side of the CDYBE and using
expressions (1.12) for the Lie bracket of iso(2 , 1), we obtain

[[r, r]] = −w ·m εabcPa⊗Pb⊗Pc + [V bdV cgε a
dg + V daV cgε b

dg

− V daV bgε c
dg + V daεbc

d](Ja⊗Pb⊗Pc−Pb⊗Ja⊗Pc+Pb⊗Pc⊗Ja). (9.25)

Setting x1 = ψ, x2 = α, x1 = qa
ψPa, x2 = qa

αJa + qa
θ
Pa and using ∂αV = 0, we

find that the right-hand side of the CDYBE is given by:
2

∑
i=1

(x(1)
i ∂xi r23−x(2)

i ∂xi r13+x(3)
i ∂xi r12) = (qψ · ∂ψm + qθ · ∂αm)εabcPa⊗Pb⊗Pc+

(qa
αε

bcd∂αmd − qb
ψ∂ψV ca + qc

ψ∂ψV ba)(Ja⊗Pb⊗Pc−Pb⊗Ja⊗Pc+Pb⊗Pc⊗Ja).
(9.26)

90



9.2. Relation to the classical dynamical Yang-Baxter equation

A comparison of the coefficients in these two expressions then yields equations
(9.24).

2. To determine under which conditions the bracket in Definition 9.2 satisfies the
Jacobi identity, we consider the variables ψ , α and the variables pX , j X for
X ∈ {M3 , . . . , Bg}. The structure of the Poisson algebra in Theorem 9.1 allows
us to reduce the proof to six cases which are distinguished by the number of
variables ψ , α , ja

X in the brackets.
a) For cyclic sums over brackets of the form {pa

X , { jb
Y , j c

Z}D}D with X , Y, Z ∈
{M3 , . . . , Bg}, we obtain

{pa
X , { jb

Y , j c
Z}D}D + { jb

Y , { j c
Z , pa

X}D}D + { j c
Z , {pa

X , jb
Y}D}D

= (1 − Ad(u−1
Y ))b

d(1 − Ad(u−1
Z ))c

eε
a
gh ph

X Υ
deg , (9.27)

where Υdeg is the term in (9.24a). Consequently, this expression vanishes
if r satisfies the CDYBE.

b) For cyclic sums over brackets of the form { ja
X , { jb

Y , j c
Z}D}D with X , Y, Z ∈

{M3 , . . . , Bg}, we find

{ ja
X , { jb

Y , j c
Z}D}D + { jb

Y , { j c
Z , ja

X}D}D + { j c
Z , { ja

X , jb
Y}D}D

= (1 − Ad(u−1
Y ))b

f
(1 − Ad(u−1

Z ))c
e ε

a
dg jd

X Υ
efg

+ (1 − Ad(u−1
X ))a

e(1 − Ad(u−1
Z ))c

f
εb

dg jd
Y Υ

efg

+ (1 − Ad(u−1
X ))a

f
(1 − Ad(u−1

Y ))b
e ε

c
dg jd

ZΥ
efg

+ (1 − Ad(u−1
X ))a

d(1 − Ad(u−1
Y ))b

e(1 − Ad(u−1
Z ))c

f
εdef

Ω , (9.28)

where Υefg and Ω are, respectively, the terms in (9.24a) and (9.24b). This
shows that the Jacobi identity for brackets of this type is satisfied if and
only if r is a solution of the CDYBE.

c) The remaining cases involve cyclic sums over Dirac brackets of the form
{ψ , { ja

X . jb
Y}D}D, {ψ , {α , ja

X}D}D, {α , {pa
X , jb

Y}D}D and {α , { ja
X , jb

Y}D}D
with X , Y ∈ {M3 , . . . , Bg}. A direct calculation along the same lines
as in cases a) and b) shows that the Jacobi identity is satisfied for brackets
of this type if and only if the identities (9.23) hold.

The above theorem provides a direct link between Poisson structures on R2 ×
ISO(2 , 1)n−2+2g of the form in Definition 9.2 and solutions of the CDYBE. As is
apparent from the proof, the CDYBE is a necessary and sufficient condition which
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9. General puncture gauge fixing conditions

ensures that the Poisson brackets of functions F, G ∈ C∞(ISO(2 , 1)n−2+2g) satisfy
the Jacobi identity for all values of ψ and α. The additional conditions (9.23) ensure
that the Jacobi identity also holds for mixed brackets involving the variables ψ and
α as well as functions F ∈ C∞(ISO(2 , 1)n−2+2g). We will show in the next section
that these conditions have a direct geometrical interpretation: they allow one to
locally transform a solution r : R2→ iso(2 , 1)⊗ iso(2 , 1) of the CDYBE of the form in
Definition 9.2 into a classical dynamical r-matrix in the sense of Definition 4.10, i.e. a
solution of the CDYBE that is invariant under a fixed Cartan subalgebra h ⊂ iso(2 , 1).

9.3. Examples of solutions of the classical dynamical
Yang-Baxter equation

The conditions (9.24) that characterize the classical dynamical Yang-Baxter equation
and the supplementary conditions (9.23) in Theorem 9.3 are quite complicated. We
have shown that the Dirac gauge fixing procedure yields solutions, but it is not
obvious how to determine solutions in other ways. In the following, we first show
explicitly that the specific puncture gauge fixing conditions (8.3) investigated in
Section 8.1 give rise to a solution of the CDYBE that also satisfies the additional
conditions (9.23). Note that this follows already from Theorems 8.1 and 9.3, but the
simpler forms of equations (9.23) and (9.24) obtained from the explicit calculations
will prove helpful in Section 10. We also determine a simplified standard set of
solutions of these equations that are classical dynamical r-matrices in the sense of
Definition 4.10.

Lemma 9.4 ([64]). The map r : R2→ iso(2 , 1)⊗ iso(2 , 1) given by

r(ψ , α)= 1
2 (Pa⊗Ja+Ja⊗Pa)− 1

2 ε
abcwc(ψ)(Pa⊗Jb−Jb⊗Pa)+εabcmc(ψ , α)Pa⊗Pb , (9.29)

with w , m as in (8.7) and (8.8), is a solution of the CDYBE with x1 = ψ, x2 = α,
x1 = qa

ψPa, x2 = qa
αJa+ qa

θ
Pa, with qψ , qα , qθ as in (8.5), and satisfies the additional

conditions (9.23). The maps x1 , x2 : R2 → iso(2 , 1) define a Cartan subalgebra
h(ψ , α) for all values of ψ for which q2

ψ(ψ) , q2
α(ψ) 6= 0.

Proof.

1. That the maps x1 , x2 : R2 → iso(2 , 1) define a two-dimensional abelian Lie
subalgebra of iso(2 , 1) follows directly from the condition qψ ∧ qα = 0. One
finds that this Lie subalgebra is a Cartan subalgebra for all values of ψ for
which q2

ψ(ψ) 6= 0.

2. That r solves the CDYBE can be shown with a direct calculation. Inserting the
expressions (8.7), (8.8) for w , m and expressions (8.5) for qψ , qθ into (9.24b),
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9.3. Examples of solutions of the classical dynamical Yang-Baxter equation

one finds after some computations that this expression vanishes. To verify
that (9.24a) is satisfied, we note that for maps V : R→ Mat(3 ,R) of the form
V ab(ψ) = 1

2η
ab + 1

2 ε
ab

cwc(ψ) with w : R → R3, (9.24a) is equivalent to the
following conditions

1 +w2 + 2qψ · ∂ψw = 0 , ∂ψw ∧ ∂αm = 0 , ∂αmaqb
α = −1

2∂ψwaqb
ψ . (9.30)

Setting qα = −qψ and inserting expressions (8.7), (8.8) for w , m together with
expression (8.5) for qψ into (9.30), one verifies that (9.24a) holds.

3. To show that r and qψ , qα , qθ satisfy the additional conditions (9.23), we note
that for matrices V of the form V ab(ψ) = 1

2η
ab + 1

2 ε
abcwc(ψ), these conditions

reduce to the following set of equations

0 = qψ ∧ (∂ψqψ − 1
2 w) ,

0 = 1
2(q

b
αwa − qa

αwb)+ qa
α∂αqb

θ − qb
ψ∂ψqa

α ∀a , b ∈ {0 , 1 , 2} ,
0 = qθ ∧ (∂αqθ − 1

2 w)+ qψ ∧ ∂ψqθ + qα ∧m .

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

(9.31)

Inserting expressions (8.7), (8.8) for w , m and expressions (8.5) for qψ , qα , qθ

into these equations, one finds that they are indeed satisfied.

Note that the abelian Lie subalgebra h(ψ , α) = span{qa
ψPa , qa

αJa + qa
θ
Pa} asso-

ciated with the above solution varies with ψ and α. A direct calculation shows
that, depending on the value of ψ, the Lie subalgebra h(ψ , α) is conjugate either
to the Cartan subalgebra ha = span{J0 , P0} for q2

ψ(ψ) > 0, to the Cartan subal-
gebra hb = span{J1 , P1} for q2

ψ(ψ) < 0 or to the two-dimensional Lie subalgebra
hc = span{J0 + J1 , P0 + P1} for q2

ψ(ψ) = 0.
The solution therefore combines solutions of the CDYBE that are associated with

different, non-conjugate two-dimensional Lie subalgebras of iso(2 , 1). To show that
the existence of solutions associated with different Lie subalgebras is a generic
phenomenon and not a consequence of the specific gauge fixing conditions from
Section 8.1, we determine a simple set of solutions of a similar form.

Lemma 9.5 ([64]). For all c ∈ R, γ ∈ C∞(R), the map r : R2→ iso(2 , 1)⊗ iso(2 , 1),

r(ψ , α) = 1
2(Pa⊗Ja+Ja⊗Pa)−εab

c∂ψqc
ψ(ψ)(Pa⊗Jb−Jb⊗Pa)−αεab

c∂
2
ψqc

ψ(ψ)Pa⊗Pb (9.32)

is a solution of the CDYBE and the conditions (9.23) with x1 = ψ, x2 = α, x1 = qa
ψPa,

x2 = qa
αJa + qa

θ
Pa and

qψ(ψ) = qα(ψ) = γ(ψ)e0 +
√

γ2(ψ)+ 1
4(ψ − c)2 e1 , qθ(ψ , α) = α ∂ψqψ(ψ). (9.33)
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Proof. This follows by a direct calculation. As r is of a form similar to the solution in
Lemma 9.4 with w = 2∂ψqψ, m = −α ∂2

ψqψ, inserting these expressions into (9.31)
shows directly that the conditions (9.23) are satisfied. The CDYBE then reduces to
the requirement 1 + 2∂2

ψ(q2
ψ) = 0, which is verified by a simple computation.

Note, however, that the CDYBE and the additional requirements (9.23) also admit
solutions which are associated with fixed Cartan subalgebras of iso(2 , 1) and which
therefore define classical dynamical r-matrices in the sense of Definition 4.10. To
obtain such solutions, we set qθ(ψ , α) = 0 and either qψ(ψ) = qα(ψ) = e0 or qψ(ψ) =
qα(ψ) = e1 for all admissible values of ψ. The conditions (9.31) then reduce to
the requirements w , m ∈ span{qψ}, and the expressions (9.30) to ∂αm = −1

2∂ψw,
1 +w2 + 2qψ · ∂ψw = 0. From this, one then obtains two solutions associated with
the Cartan subalgebras ha = span{J0 , P0} and hb = span{J1 , P1} in iso(2 , 1).

Lemma 9.6 ([64]). Two solutions of the CDYBE with x1 = ψ, x2 = α, x1 = qa
ψPa and

x2 = qa
αJa + qa

θ
Pa that also satisfy the additional conditions (9.23) are given by

a) qψ = qα = e0, qθ = 0 and r : (− ]
2 , ]

2)×R→ iso(2 , 1)⊗ iso(2 , 1),

ra(ψ , α) = 1
2(Pa⊗Ja+Ja⊗Pa)+

tan ψ
2

2 (P1∧J2−P2∧J1)+
α

4 cos2 ψ
2

P1∧P2 , (9.34)

b) qψ = qα = e1, qθ = 0 and r : R2→ iso(2 , 1)⊗ iso(2 , 1),

rb(ψ , α) = 1
2(Pa⊗Ja+Ja⊗Pa)+

tanh ψ
2

2 (P2∧J0−P0∧J2)+
α

4 cosh2 ψ
2

P2∧P0 , (9.35)

where X ∧ Y := X ⊗ Y − Y ⊗ X . These solutions are classical dynamical r-matrices
as in Definition 4.10 for, respectively, the Cartan subalgebras ha = span{J0 , P0} and
hb = span{J1 , P1}.

Lemma 9.6 provides us with two particularly simple classical dynamical r-matrices
for iso(2 , 1). We will show in the next section that every solution of the CDYBE of
the form (9.22) which satisfies the additional conditions (9.23) can be transformed
into one of these two solutions for all values of ψ for which either q2

ψ(ψ) , q2
α(ψ) > 0

(case a) or q2
ψ(ψ) , q2

α(ψ) < 0 (case b).
One might wonder if there are similar solutions of the CDYBE and conditions

(9.23) for which qψ , qα are fixed lightlike vectors that do not depend on ψ and α.
However, it turns out that such solutions do not exist.

Lemma 9.7 ([64]). There are no simultaneous solutions of the CDYBEand conditions
(9.23) for which qψ , qα , qθ are constant vectors with qψ ∧ qα = 0 and q2

ψ = q2
α = 0.
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9.3. Examples of solutions of the classical dynamical Yang-Baxter equation

Proof. Suppose that r : R2 → iso(2 , 1) ⊗ iso(2 , 1) is of the form in Definition 9.2
with V ab(ψ) = 1

2η
ab + Qab(ψ)+ 1

2 ε
abcwc(ψ), where Q : R→ Mat(3 ,R) is symmetric.

Then conditions (9.23) imply Q02 = Q12 = Q22 = 0, Q00 = Q01 = Q11 and w ∈
span{e0 + e1}. Inserting this into (9.24a) yields a contradiction and thus proves the
claim.

The absence of purely lightlike solutions appears to be linked to the way the
signature of the vectors qψ , qα associated with the solutions in Lemma 9.4 and
Lemma 9.5 depends on ψ: they are spacelike or timelike for values of ψ in certain
open intervals of R, but become lightlike only for a very specific discrete set of values
of ψ. This suggests that the variation of qψ , qα with ψ is a generic feature of the
Dirac gauge fixing procedure, and that there are no gauge fixing conditions that allow
one to obtain a Poisson structure determined by vectors qψ , qα that are lightlike for
all ψ.
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10. Classification of Dirac brackets:
Dynamical Poincaré
transformations and standard
solutions

The results of the previous section show how puncture gauge fixing conditions that
satisfy requirements 1 and 2 from Section 6 and requirements a and b from Section 7
give rise to Dirac brackets that are determined by solutions of the classical dynamical
Yang-Baxter equation (CDYBE) and certain additional equations. In this section, we
investigate how the Dirac bracket and the associated solution of the CDYBE vary
with the imposed gauge fixing conditions. The results will then allow us to give a
complete classification of all Dirac brackets obtained from puncture gauge fixing,
and hence of all associated solutions of the CDYBE, in terms of classical dynamical
r-matrices in the sense of Section 4.3.

10.1. Dynamical Poincaré transformations

Recall from the discussion before Theorem 9.1 that any set of admissible gauge fixing
conditions restricts the holonomies M1 , M2 which parametrize the first two copies of
ISO(2 , 1) in ISO(2 , 1)n+2g in such a way that they are determined uniquely by the two
conjugation-invariant quantities ψ , α which depend only on the product M2 ·M1. This
implies that for any two sets of variables M1 , M2 and M′1 , M′2 obtained from different
gauge fixing conditions, there is a Poincaré transformation p(ψ , α) ∈ ISO(2 , 1) such
that M′1 = p(ψ , α) · M1 · p(ψ , α)−1 and M′2 = p(ψ , α) · M2 · p(ψ , α)−1. Due to the
requirements a and b from Section 7, it follows from (9.2) that one can restrict
attention to Poincaré transformations p(ψ , α) whose Lorentz components do not
depend on α and whose translational components depend on α at most linearly.
As explained previously, for a given set of gauge fixing conditions, the constraint

surface Σ can be thought of as being embedded in R2 × ISO(2 , 1)n−2+2g :

Σ ∼= {(ψ , α , M3 , . . . , Bg) ∈ R2 × ISO(2 , 1)n−2+2g |
M3 ∈ Cµ3 ,s3 , . . . , Mn ∈ Cµn ,sn , [Bg , A−1

g ] · · ·M3 = M−1
1 · M−1

2 } , (10.1)
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where M1 , M2 are constructed from the gauge fixing conditions and ψ , α. For a
different set of gauge fixing conditions we obtain a different constraint surface Σ′.
The Poincaré transformation p(ψ , α), which relates the holonomies M′1 , M′2 to the
original holonomies M1 , M2, allows us to give a parametrization of the embedding of
Σ′ in terms of that of Σ:

Σ
′ ∼= {(ψ , α , p(ψ , α)−1 · M3 · p(ψ , α) , . . . , p(ψ , α)−1 · Bg · p(ψ , α))

| (ψ , α , M3 , . . . , Bg) ∈ Σ}. (10.2)

The transition between the two sets of gauge fixing conditions can therefore be
described by smooth maps

Φ
p : R2 × ISO(2 , 1)n−2+2g → R2 × ISO(2 , 1)n−2+2g (10.3)

(ψ , α , M3 , . . . , Bg) 7→ (ψ , α , p(ψ , α) · M3 · p(ψ , α)−1 , . . . , p(ψ , α) · Bg · p(ψ , α)−1) ,

where p = (g ,−Ad(g)t) ∈ C∞(R2 , ISO(2 , 1)). As explained above, we can restrict
attention to those transformations for which ∂αg = ∂2

αt = 0. Note that the maps Φp

descend to isomorphisms from Σ to Σ′; we define them on R2 × ISO(2 , 1)n−2+2g for
convenience.

The preceding remarks imply that applying a dynamical Poincaré transformation
to the Dirac bracket associated with a set of gauge fixing conditions yields the Dirac
bracket associated with the transformed set of gauge fixing conditions. This provides
a strong motivation to investigate the form of the transformed bracket.

Theorem 10.1 ([64]). Let { ,}D and r : R2→ iso(2 , 1)⊗ iso(2 , 1) be given as in Defi-
nition 9.2 and let Φp : R2× ISO(2 , 1)n−2+2g → R2× ISO(2 , 1)n−2+2g be a dynamical
Poincaré transformation as above. Then for all F, G ∈ C∞(R2 × ISO(2 , 1)n−2+2g):

{F ◦ Φp , G ◦ Φp}D = {F, G}p
D ◦ Φp , (10.4)

where { ,}p
D is the Dirac bracket from Definition 9.2 associated with

qp
ψ = Ad(g)qψ , qp

α = Ad(g)qα , qp
θ
= Ad(g)(qθ − qα ∧ t) ,

rp = (Ad(p)⊗ Ad(p)) [r + η̄p − η̄
p
21] ,

(10.5)

and η̄p : R2→ iso(2 , 1)⊗ iso(2 , 1) is given by

η̄p = qa
ψPa ⊗ p−1∂ψp+ (qa

αJa + qa
θPa)⊗ p−1∂αp. (10.6)

Proof.
1. To derive explicit expressions for the transformed bracket { ,}p

D, it is convenient
to consider two cases separately, namely Lorentz transformations g : R2 →
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SO+(2 , 1), which do not depend on α, and translations t : R2 → R3, which
depend on α at most linearly.
We start by determining concrete expressions for rp from (10.5). For a Lorentz
transformation p = (g , 0) : R2 → SO+(2 , 1) with ∂αp = 0, we have η̄p(ψ) =
qa
ψ(ψ)Pa ⊗ g−1∂ψg(ψ). Expanding this terms of a basis as g−1∂ψg(ψ) = na(ψ)Ja

then yields

rp = (Ad(g)⊗ Ad(g))[r + qa
ψnb(Pa ⊗ Jb − Jb ⊗ Pa)]. (10.7)

In the case of a translation p = (1 , t) : R2 → R with ∂2
αt = 0, we have

η̄p = qa
ψ∂ψtbPa ⊗ Pb + qa

α∂αtbJa ⊗ Pb + qa
θ
∂αtbPa ⊗ Pb. Inserting this with

expression (9.22) for r into (10.5) and using the identities Ad(t)Ja = Ja +

ε c
ab tbPc, Ad(t)Pa = Pa, we obtain after some computations

rp = r − ∂αtaqb
α(Pa ⊗ Jb − Jb ⊗ Pa)

+ εab
c[(1 − V d

d)t + V T t + qψ ∧ ∂ψt + [qθ − qα ∧ t]∧ ∂αt]cPa ⊗ Pb .
(10.8)

2. We now derive explicit expressions for the transformed Poisson brackets { ,}p
D.

For a Lorentz transformation p = (g , 0) : R2 → SO+(2 , 1) with ∂αp = 0, it
follows directly from the identity {ψ , α}D = 0 that the Poisson brackets involving
the variables ψ and α with functions on ISO(2 , 1)n−2+2g are given by:

{ψ ◦ Φp , pX ◦ Φp}D = 0 , (10.9)
{ψ ◦ Φp , j X ◦ Φp}D = [ − (1 − Ad(u−1

X )) Ad(g)qψ] ◦ Φp ,
{α ◦ Φp , pX ◦ Φp}D = [ − (Ad(g)qα)∧ pX ] ◦ Φp ,
{α ◦ Φp , j X ◦ Φp}D = [ − (1 − Ad(u−1

X )) Ad(g)qθ − (Ad(g)qα)∧ j X ] ◦ Φp ,

for all X ∈ {M3 , . . . , Bg}. To determine the brackets of the type {F, G}p
D with

F, G ∈ C∞(ISO(2 , 1)n−2+2g), we compute the brackets of the variables j X , pY ,
X , Y ∈ {M3 , . . . , Bg}:

{ ja
X ◦ Φp , pb

Y ◦ Φp}D =

Ad(g)a
c Ad(g)b

d[{ j c
X , pd

Y} + (1 − Ad(u−1
X ))c

h(V h
e − qh

ψne)εed
f pf

Y ] , (10.10)

which allows us to express the transformed bracket as

{ ja
X ◦ Φp , pb

Y ◦ Φp}D = [{ ja
X , pb

Y} + (1 − Ad(u−1
X ))a

h(V
p)h

eε
eb

f pf
Y ] ◦ Φp ,

with (V p)h
e = Ad(g)h

m Ad(g) p
e [V m

p − qm
ψ np]. (10.11)

An analogous calculation for the brackets of the form { ja
X ◦ Φp , jb

Y ◦ Φp}D
shows that it is obtained by transforming V → V p as above and replacing
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m : R2→ R3 by mp = Ad(g)m : R2→ R3. This implies that the transformed
bracket takes the form {F ◦ Φp , G ◦ Φp}D = [Bn−2 ,g

rp (dF ⊗ dG)] ◦ Φp with rp

given by (10.7) and proves the claim for the Lorentz transformations.

3. To determine the transformation of the bracket { ,}D under translations, we
again use the parametrization in terms of the variables j X , pY , X , Y ∈ {M3 ,
. . . , Bg}. The transformation of these variables under a translation p = (0 , t) :
R2→ R3 is given by pY ◦ Φp = pY and j X ◦ Φp = j X + (1 − Ad(u−1

X ))t. This
implies directly that the brackets {ψ , pY}D and {α , pY}D are preserved, and
with the relations {α ,ψ}D = 0, {ψ , pY}D = 0, one obtains the same for the
brackets {ψ , j X}D. The formula for the brackets {α , j X}p

D follows directly from
the relation

{α , (1−Ad(u−1
X ))a

b}D
= [ε a

d m(1−Ad(u−1
X ))m

b+ε
m

db (1−Ad(u−1
X ))a

m]qd
α . (10.12)

We thus find that the transformed brackets involving the variables ψ , α are
given by

{ψ ◦ Φp , pX ◦ Φp}D = 0 , (10.13)
{ψ ◦ Φp , j X ◦ Φp}D = [−(1 − Ad(u−1

X )) qψ] ◦ Φp ,
{α ◦ Φp , pX ◦ Φp}D = [−qα ∧ pX ] ◦ Φp ,
{α ◦ Φp , j X ◦ Φp}D = [−(1 − Ad(u−1

X ))(qθ − qα ∧ t)− qα ∧ j X ] ◦ Φp .

To determine the transformed brackets {F ◦ Φp , G ◦ Φp}D for all F, G ∈
C∞(ISO(2 , 1)n−2+2g), we calculate the brackets of the variables j X , pY for
X , Y ∈ {M3 , . . . , Bg}. A direct computation yields

{ ja
X ◦ Φp , pb

Y ◦ Φp}D = [{ ja
X , pb

Y} + (1 − Ad(u−1
X ))a

g
(V p)gdε

db
f pf

Y ] ◦ Φp ,

{ ja
X ◦ Φp , jb

Y ◦ Φp}D =

[{ ja
X , jb

Y} + (1 − Ad(u−1
X ))a

g
(V p)gd εdb

f jfY − (1 − Ad(u−1
Y ))b

g
(V p)gd εda

f jfX

+ (1 − Ad(u−1
X ))a

c(1 − Ad(u−1
Y ))b

dε
cdf mp

f
] ◦ Φp , (10.14)

with

(V p)bc = V bc + ∂αtbqc
α ,

mp = m + (1 − V d
d)t + V T t + qψ ∧ ∂ψt + (qθ − qα ∧ t)∧ ∂αt .

(10.15)

For all F, G ∈ C∞(ISO(2 , 1)n−2+2g) the transformed bracket therefore takes
the form {F ◦ Φp , G ◦ Φp}D = [Bn−2 ,g

rp (dF ⊗ dG)] ◦ Φp with rp given by (10.8).
This proves the claim.
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10.1. Dynamical Poincaré transformations

The above lemma gives explicit expressions for the change of the Dirac bracket
in Definition 9.2 under dynamical Poincaré transformations which depend on the
variables ψ , α and act diagonally on ISO(2 , 1)n−2+2g . It allows one to identify the
transformed bracket with another bracket of the form in Definition 9.2 associated
with transformed maps rp : R2→ iso(2 , 1)⊗ iso(2 , 1) and qp

ψ , qp
α , qp

θ
: R2→ R3.

It is natural to ask whether these dynamical Poincaré transformations preserve
the Jacobi identity. This is guaranteed by the following general argument. Given any
Poisson manifold (M, { ,}) and a diffeomorphism Φ : M → M, then one can show that
one obtains a new Poisson bracket { ,}Φ on M from {f , g}Φ := {f ◦ Φ , g ◦ Φ} ◦ Φ−1.
As shown in Theorem 10.1, the bracket { ,}p

D obtained from { ,}D by applying the
diffeomorphism Φp from (10.3) is again of the form in Definition 9.2, but with the
transformed maps rp , qp

ψ , qp
α , qp

θ
. From Theorem 9.3 we thus deduce that these

transformed maps are solutions of the CDYBE (4.18) and the additional conditions
(9.23) if and only if the original maps r, qψ , qα , qθ are.

Corollary 10.2 ([64]). Let r : R2 → iso(2 , 1) ⊗ iso(2 , 1) as in (9.22) be a solution
of the CDYBE with x1 = ψ, x2 = α, x1 = qa

ψPa, x2 = qa
αJa + qa

θ
Pa such that the

conditions in (9.23) are satisfied and let p : R2→ ISO(2 , 1) be a dynamical Poincaré
transformation as in Theorem 10.1. Then rp : R2→ iso(2 , 1)⊗ iso(2 , 1) is a solution
of the CDYBEwith x1 = ψ, x2 = α and x1 = qp ,a

ψ Pa, x2 = qp ,a
α Ja+qp ,a

θ
Pa and satisfies

(9.23). The map Φp is a Poisson isomorphism between the Poisson structures { ,}D
and { ,}p

D.

As discussed in the previous section, the equivalence of the CDYBE and conditions
(9.23) with the Jacobi identity for the bracket in Definition 9.2 suggests that the
solutions should be viewed as a generalization of the classical dynamical r-matrices
in Definition 4.10 for which the associated abelian subalgebra of iso(2 , 1) is allowed
to vary with the variables ψ and α. The specific form (10.5) of the change of the maps
r : R2 → iso(2 , 1) ⊗ iso(2 , 1) under dynamical Poincaré transformations and the
invariance of the Jacobi identity suggest that these dynamical Poincaré transforma-
tions should be interpreted as a generalized version of the gauge transformations of
classical dynamical r-matrices that we described in Section 4.3.

By comparing formula (10.5) for the action of dynamical Poincaré transformations
on the solutions of the CDYBE with the one in Definition 4.11, it becomes apparent
that the two expressions agree. The only difference is that in Definition 4.11 the
gauge transformations are restricted to take values in the centralizer of the subgroup
H ⊂ G, while no such condition is imposed in our case. Consequently, the dynamical
Poincaré transformations also act on the maps qψ , qα , qθ : R2→ R3 and hence on
the associated two-dimensional Lie subalgebra h(ψ , α) = span{qa

ψPa , qa
αJa + qa

θ
Pa}.
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10. Classification of Dirac brackets

This is also apparent in the formula for the map η̄p : R2 → iso(2 , 1)⊗ iso(2 , 1) in
(10.6), which depends on the chosen basis of the subalgebra h(ψ , α).

It is therefore instructive to consider the gauge transformations (4.19) for the
classical dynamical r-matrices from Lemma 9.6 which are associated with fixed
Cartan subalgebras ha = span{P0 , J0} ⊂ iso(2 , 1) and hb = span{P1 , J1} ⊂ iso(2 , 1).
In that case, the abelian subgroup H in Definition 4.11 is obtained by exponentiating,
respectively, the Cartan subalgebras ha and hb, and the associated centralizer GHa ,b

coincides with Ha ,b. With our additional restriction that the Lorentz component
of Π does not depend on α and its translational component depends on α at most
linearly, the map Π : h∗a ,b → GHa ,b in Definition 4.11 therefore takes the form
Π(ψ , α) = (exp(−β(ψ)Jj) ,−[γ(ψ)+ αδ(ψ)]e j)with β , γ , δ : R→ R and j = 0 in case
a) and j = 1 in case b). The transformation of the classical dynamical r-matrices
ra ,b : R2→ iso(2 , 1)⊗ iso(2 , 1) in Lemma 9.6 under Π is thus given by

rΠ
a ,b(ψ , α) = ra ,b(ψ , α)− [β′(ψ)− δ(ψ)]P j ∧ Jj , (10.16)

with j = 0 in case a) and j = 1 in case b). As [β′(ψ)− δ(ψ)]P j ∧ Jj satisfies the
classical dynamical Yang-Baxter equation and because [[r(ψ , α) , P j ∧ Jj]] + [[P j ∧
Jj , r(ψ , α)]] = 0, it is directly apparent that this yields another classical dynamical
r-matrix for (iso(2 , 1) , ha ,b)which differs from ra ,b only by a twist.

10.2. Classification of solutions

Although Theorem 9.3 provides a direct link between the Jacobi identity for the
bracket in Definition 9.2 and solutions of the CDYBE that are subject to the additional
conditions (9.23), the disadvantage of this description is that the associated solutions
r : R2 → iso(2 , 1)⊗ iso(2 , 1) are in general quite complicated and the additional
conditions (9.23) do not have an immediate geometrical interpretation.
It is therefore natural to ask if we can employ the dynamical Poincaré transfor-

mations to relate the solutions to a simple set of standard solutions which define
classical dynamical r-matrices in the sense of Definition 4.10. We find that this is
possible for those values of the parameters ψ for which qψ and qα are timelike or
spacelike.
Lemma 10.3. Consider r : I ×R→ iso(2 , 1)⊗ iso(2 , 1) as in (9.22) and qψ , qα , qθ :
I×R→ R3, where I ⊂ R is an open interval with q2

ψ(ψ) , q2
α(ψ) 6= 0, qψ(ψ)∧qα(ψ) = 0

and ∂αqψ(ψ) = ∂αqα(ψ) = ∂2
αqθ(ψ) = 0 for all ψ ∈ I. If r and qψ , qα , qθ satisfy

the conditions (9.23), then there exists a dynamical Poincaré transformation as in
Theorem 10.1 such that the transformed quantities rp : I ×R→ iso(2 , 1)⊗ iso(2 , 1),
qp
ψ , qp

α , qp
θ

: I ×R→ R3 defined by (10.5) are of the form

rp = 1
2(Pa ⊗ Ja + Ja ⊗ Pa)− 1

2 ε
abcwp

c Pa ∧ Jb +
1
2 ε

abcmp
c Pa ∧ Pb , (10.17)
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10.2. Classification of solutions

with one of the following:
a) qp

ψ , qp
α , qp

θ
, wp , mp ∈ span{e0} and qp ,0

α ∂αqp ,0
θ
= qp ,0

ψ ∂ψqp ,0
α ,

b) qp
ψ , qp

α , qp
θ

, wp , mp ∈ span{e1} and qp ,1
α ∂αqp ,1

θ
= qp ,1

ψ ∂ψqp ,1
α .

Proof.

1. Let r be of the form (9.22) and qψ , qα , qθ : I ×R→ R3 with qψ ∧ qα = 0 and
either q2

ψ , q2
α > 0 (case a) or q2

ψ , q2
α < 0 (case b). Then the formulas in Theorem

10.1 imply that via a suitable Lorentz transformation g : R2 → SO+(2 , 1),
∂αg = 0, we can achieve one of the following: a) qψ , qα ∈ span{e0} or b)
qψ , qα ∈ span{e1}.
The resulting matrix V : R2 → Mat(3 ,R) in (9.22) can be decomposed into a
symmetric and an antisymmetric component according to

V ab(ψ) = 1
2η

ab + Qab(ψ)+ 1
2 ε

abcwc(ψ) (10.18)

with w : I→ R3 and Qab : I→ Mat(3 ,R) symmetric. By applying a suitable
translation t : I × R → R3, ∂2

αt = 0, which does not affect qψ , qα, one can
then achieve that the symmetric matrix Qab : I × R → Mat(3 ,R) satisfies
Q0a = Qa0 = 0 ∀a ∈ {0 , 1 , 2} in case a) and Q1a = Qa1 = 0 ∀a ∈ {0 , 1 , 2} in
case b). With a further translation t′ : R2 → R3 which satisfies ∂αt′ = 0 and
hence does not affect V , one can achieve that qθ takes the form qθ = α·∂αqθ+ q̃θ

with ∂α q̃θ = 0 and q̃θ ∈ span{e0} in case a) or q̃θ ∈ span{e1} in case b).

2. After these transformations, the first condition in (9.23) is satisfied if and only if
w ∈ span{e0} and Q11+Q22 = 0 in case a) and w ∈ span{e1} and Q00−Q22 = 0
in case b). The second equation in (9.23) then simplifies to

qa
α∂αqb

θ − qb
ψ∂ψqa

α + qd
α(εa

dhQbh + εb
dhQah) = 0 ∀a , b ∈ {0 , 1 , 2}. (10.19)

This implies ∂αqθ ∈ span{e0}, Q = 0 in case a) and ∂αqθ ∈ span{e1}, Q = 0 in
case b). Combining this with the previous results, we obtain qθ ∈ span{e0} and
q0
α∂αq0

θ
= q0

ψ∂ψq0
α in case a) and qθ ∈ span{e1} and q1

α∂αq1
θ
= q1

ψ∂ψq1
α in case b).

Inserting these conditions into the third equation in (9.23), one finds that this
equation simplifies to the condition m ∧ qα = 0, which implies m ∈ span{e0}
in case a) and m ∈ span{e1} in case b). This proves the claim.

If r : R2 → iso(2 , 1) ⊗ iso(2 , 1) and qψ , qα , qθ : R2 → R3 are of the form in
Lemma 10.3, then h(ψ , α) = span{qa

ψPa , qa
αJa + qa

θ
Pa} is a fixed Cartan subalgebra

of iso(2 , 1)which no longer varies with ψ and α. Moreover, a direct calculation shows
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10. Classification of Dirac brackets

that r(ψ , α) is then invariant under the action of h(ψ , α): [y ⊗ 1 + 1 ⊗ y , r(ψ , α)] = 0
for all y ∈ h(ψ , α).

This provides us with a natural geometrical interpretation of the conditions (9.23)
in Theorem 9.3: they ensure that for all values of ψ for which q2

ψ(ψ) , q2
α(ψ) 6= 0, the

maps r : R2 → iso(2 , 1)⊗ iso(2 , 1), qψ , qα , qθ : R2 → R3 (which are not required
to satisfy the CDYBE in Lemma 10.3) can be brought into a standard form via a
suitable dynamical Poincaré transformation p : R2→ ISO(2 , 1). The resulting map
rp : R2 → iso(2 , 1)⊗ iso(2 , 1) is then invariant under the fixed Cartan subalgebra
spanned by qp

ψ , qp
θ

, qp
α. The conditions (9.23) can therefore be viewed as a generalized

or Poincaré-transformed version of the invariance condition in Definition 4.10.
Lemma 10.3 applies in particular to solutions of the CDYBE that satisfy the

conditions (9.23) and hence give rise to Poisson structures { ,}D. This allows us to
(locally) classify all possible solutions of the CDYBE that arise from gauge fixing
conditions satisfying the requirements 1 and 2 in Section 6 and a and b in Section 7
and hence all associated Dirac brackets.

Theorem 10.4 ([64]). Let I ⊂ R be an open interval and r : I × R → iso(2 , 1) ⊗
iso(2 , 1) a solution of the CDYBE with x1 = ψ, x2 = α, x1 = qa

ψPa, x2 = qa
αJa + qa

θ
Pa

that satisfies conditions (9.23) in Theorem 9.3 and for which q2
ψ , q2

α 6= 0, qψ∧ qα = 0
and ∂αqψ = ∂αqα = ∂2

αqθ = 0 on I × R. Then there exists a dynamical Poincaré
transformation p : I × R → ISO(2 , 1) as in Lemma 10.3 and a diffeomorphism
y = (y1 , y2) : I × R → I′ × R with ∂αy1 = ∂2

α y2 = 0 such that one of the following
holds:
a) qp

ψ , qp
α , qp

θ
∈ span{e0} and

rp(ψ , α) = 1
2(Pa ⊗ Ja + Ja ⊗ Pa)

+ 1
2 tan y1(ψ)

2 (P1 ∧ J2 − P2 ∧ J1)+
y2(ψ , α)

4 cos2 y1(ψ)
2

P1 ∧ P2 , (10.20)

b) qp
ψ , qp

α , qp
θ
∈ span{e1} and

rp(ψ , α) = 1
2(Pa ⊗ Ja + Ja ⊗ Pa)

+ 1
2 tanh y1(ψ)

2 (P2 ∧ J0 − P0 ∧ J2)+
y2(ψ , α)

4 cosh2 y1(ψ)
2

P2 ∧ P0 . (10.21)

These classical dynamical r-matrices are invariant under, respectively, the action of
the Cartan subalgebras ha = span{J0 , P0} and hb = span{J1 , P1}.

Proof.
1. By Lemma 10.3 there exists a dynamical Poincaré transformation p : I ×

R → ISO(2 , 1) whose Lorentz component does not depend on α and whose
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10.2. Classification of solutions

translation component depends on α at most linearly such that rp : I ×R→
iso(2 , 1)⊗ iso(2 , 1) and qp

ψ , qp
α , qp

θ
: I ×R→ R3 satisfy again the CDYBE as

well as conditions (9.23) and are of the form given in Lemma 10.3. This implies
that rp is of the form (10.17):

rp = 1
2(Pa ⊗ Ja + Ja ⊗ Pa)− 1

2 ε
abcwp

c Pa ∧ Jb +
1
2 ε

abcmp
c Pa ∧ Pb (10.22)

with qp
ψ , qp

α , qp
θ

, wp , mp subject to conditions a) or b) in Lemma 10.3. It follows
that there are smooth functions β , γ , δ , ε , ϕ0 , ϕ1 : I→ R with β(ψ) , γ(ψ) 6= 0
for all ψ ∈ I such that

qp
ψ = βe j , qp

α = γe j , qp
θ
= (δ + α γ′β/γ) e j ,

wp = ε e j , mp = (ϕ0 + αϕ1)e j ,
(10.23)

where j = 0 in case a) and j = 1 in case b). Inserting these expressions into
(9.30), one finds that rp satisfies the CDYBE with x1 = ψ, x2 = α, x1 = qp ,a

ψ Pa
and x2 = qp ,a

α Ja + qp ,a
θ

Pa if and only if the coefficient functions satisfy the
following set of differential equations:

γϕ1 +
1
2βε

′ = 0 , 1 ± ε2 ± 2βε′ = 0 , βϕ′0 + δϕ1 + εϕ0 = 0 , (10.24)

where the sign “+” in the second equation refers to case a) and the sign “−” to
case b). Set g = 1/γ and let f : R → R be a function with f ′ = 1/β. Then
the second equation can be integrated to ε(ψ) = − tan(f(ψ)/2) in case a) and
ε(ψ) = tanh(f(ψ)/2) in case b). Inserting this result into the remaining two
equations, we obtain

ϕ1(ψ) = −1
2g(ψ)ε

′(ψ) , δ(ψ) = − h′(ψ)
f ′(ψ)g(ψ) , (10.25)

with h(ψ) = 4ϕ0(ψ)cos2(f(ψ)/2) in case a) and h(ψ) = 4ϕ0(ψ)cosh2(f(ψ)/2) in
case b). It follows that the transformed quantities are given by:

qp
ψ(ψ) =

e0
f ′(ψ) , qp

α(ψ) =
e0

g(ψ) , qp
θ
(ψ , α) = −h′(ψ)+ αg′(ψ)

f ′(ψ)g(ψ) e0 , (10.26)

wp(ψ) = − tan(f(ψ)/2) e0 , mp(ψ , α) = h(ψ)+ αg(ψ)
4 cos2(f(ψ)/2) e0 in case a) ,

wp(ψ) = tanh(f(ψ)/2) e0 , mp(ψ , α) = − h(ψ)+ αg(ψ)
4 cosh2(f(ψ)/2)

e0 in case b).

2. With the definitions y1(ψ) = f(ψ), y2(ψ , α) = h(ψ)+ αg(ψ) this yields expres-
sions (10.20) and (10.21) for rp. For any y1 , y2 ∈ iso(2 , 1) the right-hand side
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of the CDYBE then takes the form

y(1)
1 ∂y1 r23−y(2)

1 ∂y1 r13+y(3)
1 ∂y1 r12+y(1)

2 ∂y2 r23−y(2)
2 ∂y2 r13+y(3)

2 ∂y2 r12 (10.27)

= x(1)
1 ∂ψ r23 − x(2)

1 ∂ψ r13 + x(3)
1 ∂ψ r12 + x(1)

2 ∂α r23 − x(2)
2 ∂α r13 + x(3)

2 ∂α r12 ,

where

x1(ψ) =
y1(ψ)
f ′(ψ) , x2(ψ , α) = y2(ψ , α)

g(ψ) − (h′(ψ)+ αg′(ψ)) y1(ψ)
f ′(ψ)g(ψ) . (10.28)

Setting y1 = P0, y2 = J0 in case a) and y1 = P1, y2 = J1 in case b), we obtain
x1 = qp ,a

ψ Pa, x2 = qp ,a
α Ja+qp ,a

θ
Pa with qp

ψ , qp
α , qp

θ
given by (10.26). This proves

the claim.

This theorem amounts to a classification of all possible solutions of the CDYBE of
the form in Definition 9.2 that satisfy the additional conditions (9.23) and hence of all
Poisson structures of the type in Definition 9.2. It states that locally all such Poisson
structures are obtained from one of the classical dynamical r-matrices in Lemma
9.6 by applying a suitable Poincaré transformation together with a rescaling of the
variables ψ , α. Note, however, that this classification is only local in the following
sense: for any ψ0 ∈ R such that q2

ψ , q2
α(ψ0) 6= 0, there is an open interval I ⊂ R,

ψ0 ∈ I, such that r(ψ , α) can be transformed into one of the classical dynamical
r-matrices in Theorem 10.4 for all (ψ , α) ∈ I ×R.
In particular, this locally determines all possible Dirac brackets that arise from

puncture gauge fixings that satisfy the requirements 1 and 2 in Section 6 and a and
b in Section 7. Locally, the Dirac bracket of such a gauge fixing procedure can be
transformed into the bracket defined by one of the two classical dynamical r-matrices
in Theorem 10.4.

The classification result is intuitive from a Lie algebra perspective, because every
Cartan subalgebra of iso(2 , 1) is conjugate to either ha or hb. It also has a direct
geometrical interpretation in the context of the Dirac gauge fixing procedure: As
discussed in Section 8.1, the product M2 · M1 of the two gauge-fixed holonomies
determines a cone in Minkowski space whose axis is the geodesic stabilized by M2 ·M1.
The direction of its axis is given by qψ and its offset orthogonal to the axis is encoded
in qθ. If qψ is timelike or spacelike, it can be mapped to a vector that is parallel
to, respectively, the x0-axis or the x1-axis via a suitable Poincaré transformation
that depends on the variables ψ and α. This transforms the associated solution r of
the CDYBE and the vectors qψ , qα , qθ into one of the forms in Lemma 10.3. The
rescaling in Theorem 10.4 then eliminates the freedom in defining ψ , α as functions
of the holonomy M2 · M1 in (9.2).
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10.2. Classification of solutions

From the physics point of view, we can interpret the timelike solution in Theo-
rem 10.4 as corresponding to an observer in the center-of-mass frame of the universe,
to whom the center of mass appears as an effective particle that is at rest at the
origin. Similarly, but less intuitively, the spacelike solution can be associated with an
observer who sees the center of mass of the universe as a “tachyonic” particle whose
worldline coincides with the x1-axis. This can arise for those values of ψ for which
the elliptic holonomies M1 , M2 are such that their product M2 · M1 is hyperbolic, i.e.
when they form a Gott pair [45].
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11. Appendix: Mathematica code

Determining the Dirac bracket for specific gauge fixing conditions involves com-
putations that can become quite involved even for simple gauge fixing conditions.
Although all the calculations that we presented were done by hand, the complexity of
these calculations justifies the use of computer algebra routines to check the results.
For this reason, we developed a set of Mathematica routines which directly compute
the Dirac bracket for any set of gauge fixing conditions satisfying the requirements
1 and 2 from Section 6 and a and b from Section 7. In addition to allowing the
verification of our calculations, these routines are also useful for quickly generating
examples and testing hypotheses for different gauge fixing conditions.
For the implementation of these routines, we rely on a suite of Mathematica

packages called xAct [56] to be able to conveniently handle computations involving
tensors. Specifically, we use the package xTensor for abstract tensor algebra and
the package xCoba for calculations in a specific coordinate basis.

Loading and definitions We start by loading the xCoba package, which automat-
ically also loads the xTensor package.
Needs["xAct`xCoba`"]

Then we define an object M3 that corresponds to the three-dimensional spacetimeman-
ifold, and we specify that indices a , . . . , h shall refer to its tangent space TangentM3,
whose coordinate basis we label with M. We also define a flat metric η on the tan-
gent space and specify its form in the basis M to be that of the Minkowski met-
ric. For the Levi-Civita tensor epsilonη associated to η, we specify the convention
epsilonη012 = 1.

DefManifold[M3, 3, IndexRange[{a, h}]]

DefMetric[1, \[Eta][-a, -b], CD, FlatMetric -> True]

DefBasis[M, TangentM3, {0, 1, 2}]

MetricInBasis[\[Eta], -M, DiagonalMatrix[{1, -1, -1}]];

MetricInBasis[\[Eta], M, DiagonalMatrix[{1, -1, -1}]];

ComponentValue[epsilon\[Eta][{0, -M}, {1, -M}, {2, -M}], 1];

Next we define the basic quantities that we will be using throughout the calcula-
tions. First, we have tensors that correspond to the quantities pX and j X that define
the parametrization (1.10) of the holonomies X ∈ {M1 , . . . , Bg}, together with their
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11. Appendix: Mathematica code

parameters µX and sX which we represent here as 0-tensors. We specify that the
masses and spins of the punctures are to be treated as plain numbers. The notation
LI@X marks an index as a “label index”; we use it to denote the holonomy X that a
tensor refers to. The tensor ρ[LI@X, a] corresponds to p̂X . Finally, we define two
parameters that correspond to the dynamical variables ψ and α that parametrize
the gauge-fixed holonomies.

DefTensor[p[LI@X, a], M3]

DefTensor[j[LI@X, a], M3]

DefTensor[\[Rho][LI@X, a], M3]

DefTensor[\[Mu][LI@X], M3]

DefTensor[s[LI@X], M3]

\[Mu] /: NumberQ[\[Mu][-LI@m@_]] := True

s /: NumberQ[s[-LI@m@_]] := True

DefParameter[\[Psi]]

DefParameter[\[Alpha]]

We also define tensors for two derived quantities: the adjoint representation
Ad(exp(−pc

X Jc))ab given by (1.9) and the map T(pX)ab given by (1.14):

DefTensor[Ad[LI@X, a, b], M3]

DefTensor[AdI[LI@X, a, b], M3]

DefTensor[T[LI@X, a, b], M3]

DefTensor[TI[LI@X, a, b], M3]

AdI and TI denote their inverse maps. We define replacements that express these
tensors in terms of the fundamental tensors ρ[LI@X, a]:

AdReplacements = {

AdI[-LI@X_, a_, b_] :> Ad[-LI@X, b, a],

Ad[l:-LI@m@X_, a_, b_] :> Module[{c},

\[Rho][l, a] \[Rho][l, b] +

Cos[\[Mu][l]] (\[Eta][a, b] - \[Rho][l, a] \[Rho][l, b]) +

Sin[\[Mu][l]] epsilon\[Eta][a, b, -c] \[Rho][l, c]],

Ad[l:-LI@(A|B)@X_, a_, b_] :> Module[{c},

-\[Rho][l, a] \[Rho][l, b] +

Cosh[\[Mu][l]] (\[Eta][a, b] + \[Rho][l, a] \[Rho][l, b]) +

Sinh[\[Mu][l]] epsilon\[Eta][a, b, -c] \[Rho][l, c]],

};

TReplacements = {

T[l:-LI@m@X_, a_, b_] :> Module[{c},

\[Rho][l, a]\[Rho][l, b] + Sin[\[Mu][l]/2]/(\[Mu][l]/2)(

Cos[\[Mu][l]/2](\[Eta][a, b] - \[Rho][l, a]\[Rho][l, b]) -
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Sin[\[Mu][l]/2]epsilon\[Eta][a, b, -c]\[Rho][l, c])],

TI[l:-LI@m@X_, a_, b_] :> Module[{c},

\[Rho][l, a]\[Rho][l, b] + (\[Mu][l]/2)/Sin[\[Mu][l]/2](

Cos[\[Mu][l]/2](\[Eta][a, b] - \[Rho][l, a]\[Rho][l, b]) +

Sin[\[Mu][l]/2]epsilon\[Eta][a, b, -c]\[Rho][l, c])],

T[l:-LI@(A|B)@X_, a_, b_] :> Module[{c},

-\[Rho][l, a]\[Rho][l, b] + (Sinh[\[Mu][l]/2])/(\[Mu][l]/2)(

Cosh[\[Mu][l]/2](\[Eta][a, b] + \[Rho][l, a]\[Rho][l, b]) -

Sinh[\[Mu][l]/2]epsilon\[Eta][a, b, -c]\[Rho][l, c])],

TI[l:-LI@(A|B)@X_, a_, b_] :> Module[{c},

-\[Rho][l, a]\[Rho][l, b] + (\[Mu][l]/2)/Sinh[\[Mu][l]/2](

Cosh[\[Mu][l]/2](\[Eta][a, b] + \[Rho][l, a]\[Rho][l, b]) +

Sinh[\[Mu][l]/2]epsilon\[Eta][a, b, -c]\[Rho][l, c])]};

Note that these definitions assume that the holonomies A j , B j associated to handles
are spacelike.

The Poisson bracket To formulate the relations that define the auxiliary Poisson
bracket (5.4), we first need to implement the partial ordering of the holonomies
X ∈ {M1 , . . . , Bg} that enters its definition. We denote Mi by m[i] and A j , B j by
A[j], B[j]. The partial ordering can then be implemented via relations associated to
m, A and B:

m /: m[X_] < m[Y_] := X < Y

A /: A[X_] < A[Y_] := X < Y

B /: B[X_] < B[Y_] := X < Y

m /: m[_] < A[_] := True

m /: A[_] < m[_] := False

m /: m[_] < B[_] := True

m /: B[_] < m[_] := False

A /: A[X_] < B[Y_] := X < Y

B /: B[X_] < A[Y_] := X < Y

The relations that characterize the Poisson bracket (5.4), which we denote by PB,
are derived from Theorem 5.3 and can be formulated as follows. First we have the
brackets that involve the variables associated with a puncture:

PB[p[-LI@m@X_, _], p[-LI@m@X_, _]] := 0

PB[j[-LI@m@X_, a_], p[-LI@m@X_, b_]] := Module[{c},

-epsilon\[Eta][a, b, -c] p[-LI@m@X, c]]

PB[j[-LI@m@X_, a_], j[-LI@m@X_, b_]] := Module[{c},

-epsilon\[Eta][a, b, -c] j[-LI@m@X, c]]

Then the brackets involving the various combinations of the variables associated
with a handle:
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PB[p[-LI@A@X_, a_], p[-LI@A@X_, b_]] := 0

PB[j[-LI@A@X_, a_], p[-LI@A@X_, b_]] := Module[{c},

-epsilon\[Eta][a, b, -c] p[-LI@A@X, c]]

PB[j[-LI@A@X_, a_], j[-LI@A@X_, b_]] := Module[{c},

-epsilon\[Eta][a, b, -c] j[-LI@A@X, c]]

PB[p[-LI@B@X_, a_], p[-LI@B@X_, b_]] := 0

PB[j[-LI@B@X_, a_], p[-LI@B@X_, b_]] := Module[{c},

-epsilon\[Eta][a, b, -c] p[-LI@B@X, c]]

PB[j[-LI@B@X_, a_], j[-LI@B@X_, b_]] := Module[{c},

-epsilon\[Eta][a, b, -c] j[-LI@B@X, c]]

PB[p[-LI@A@X_, a_], p[-LI@B@X_, b_]] := 0

PB[j[-LI@A@X_, a_], p[-LI@B@X_, b_]] := Module[{c, d},

-epsilon\[Eta][a, b, -c] p[-LI@B@X, c]

+\[Eta][-c, -d] AdI[-LI@A@X, a, d] TI[-LI@B@X, c, b]]

PB[j[-LI@B@X_, a_], p[-LI@A@X_, b_]] := -TI[-LI@A@X, a, b]

PB[j[-LI@A@X_, a_], j[-LI@B@X_, b_]] := Module[{c},

-epsilon\[Eta][a, b, -c] j[-LI@B@X, c]]

Finally, we define the brackets involving variables associated with both, punctures
and handles. We use the partial ordering given above.

PB[j[-LI@X_, a_], p[-LI@Y_, b_]] := Module[{c, d},

-(\[Eta][d, a] - Ad[-LI@X, d, a])

epsilon\[Eta][b, -c, -d] p[-LI@Y, c]] /; X < Y

PB[j[-LI@X_, a_], j[-LI@Y_, b_]] := Module[{c, d},

-(\[Eta][d, a] - Ad[-LI@X, d, a])

epsilon\[Eta][b, -c, -d] j[-LI@Y, c]] /; X < Y

PB[p[-LI@X_, _], j[-LI@Y_, _]] := 0 /; X < Y

PB[p[-LI@X_, _], p[-LI@Y_, _]] := 0 /; X < Y

We also need to implement the general properties of Poisson brackets. As the
Jacobi identity will not be needed in our calculations, we only implement linearity,
the Leibniz identity and antisymmetry:

PB[x_, -y_] := -PB[x, y]

PB[x_, y_ + z_] := PB[x, y] + PB[x, z]

PB[x_, c_?NumberQ] := 0

PB[x_, epsilon\[Eta][a_, b_, c_]] := 0

PB[x_, \[Eta][a_, b_]] := 0

PB[x_, delta[a_, b_]] := 0

PB[x_, y_ z_] := PB[x, y] z + y PB[x, z]

PB[x_, Power[y_, n_?((IntegerQ[#]||IntegerQ[-#])&)]] :=

n PB[x, y] y^(n-1)
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PB[x_, y_] := -PB[y, x] /;

Hold[PB[y, x]] =!= (Hold[PB[y, x]]/.Most@DownValues[PB])

Note that, to avoid infinite recursion, the antisymmetry definition only takes effect
when one of the preceding rules would apply after the switch of the arguments. This
relies on the antisymmetry being defined last, so that Most[] strips it off.1 Some
straightforward additional rules were also used in our calculations to implement
linearity and the chain rule for some expressions, but they are omitted here because
they are of a purely technical nature.

Constraints and gauge fixing conditions Once the basic variables and their
Poisson structure are defined, we can turn to the ingredients necessary for the Dirac
gauge fixing procedure. First, we need the functions pC , j C which parametrize the
first-class constraints (7.5). We represent them as p[-LI@∞, a], j[-LI@∞, a] and
collect their components in a list:

Constraints = {

p[-LI@\[Infinity], {0, M}],

p[-LI@\[Infinity], {1, M}],

p[-LI@\[Infinity], {2, M}],

j[-LI@\[Infinity], {0, M}],

j[-LI@\[Infinity], {1, M}],

j[-LI@\[Infinity], {2, M}]};

To compute the Dirac bracket we also need to know the Poisson brackets of these
variables. They actually follow from the relations given above for the Poisson bracket,
but since they will be needed often, we implement them directly:

PB[j[-LI@\[Infinity], _], j[-LI@\[Infinity], _]] := 0

PB[j[-LI@\[Infinity], _], p[-LI@\[Infinity], _]] := 0

PB[p[-LI@\[Infinity], _], p[-LI@\[Infinity], _]] := 0

PB[j[-LI@\[Infinity], a_], p[-LI@Except[\[Infinity], X_], b_]] :=

Module[{c}, -epsilon\[Eta][a, b, -c] p[-LI@X, c]]

PB[j[-LI@\[Infinity], a_], j[-LI@Except[\[Infinity], X_], b_]] :=

Module[{c}, -epsilon\[Eta][a, b, -c] j[-LI@X, c]]

PB[p[-LI@\[Infinity], _], p[-LI@Except[\[Infinity]], _]] := 0

PB[p[-LI@\[Infinity], a_], j[-LI@Except[\[Infinity], X_], b_]] :=

\[Eta][b, a] - AdI[-LI@X, b, a]

1 This technique was suggested by Szabolcs and Leonid Shifrin in the newsgroup comp.soft-sys.math.
mathematica.
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Then we implement the gauge fixing conditions. Their exact form depends on
the gauge we choose. For instance, the specific puncture gauge fixing discussed in
Section 8.1 is given by

GaugeFixations = {

p[-LI@m@1, {1, M}],

p[-LI@m@1, {2, M}],

p[-LI@m@2, {2, M}],

j[-LI@m@1, {1, M}],

j[-LI@m@1, {2, M}],

j[-LI@m@2, {2,M}]p[-LI@m@2,{1,M}]/\[Mu][-LI@m@2] +

Tan[\[Mu][-LI@m@2]/2](

p[-LI@m@2,{0,M}]/\[Mu][-LI@m@2]

p[-LI@m@2,{1,M}]/\[Mu][-LI@m@2] j[-LI@m@2,{1,M}] -

p[-LI@m@2,{1,M}]/\[Mu][-LI@m@2]

p[-LI@m@2,{1,M}]/\[Mu][-LI@m@2] j[-LI@m@2,{0,M}])};

GaugeReplacements = Thread[GaugeFixations -> 0];

The gauge fixing conditions give rise to a parametrization of the holonomies M1 , M2
in terms of the parameters ψ , α:

ParametrizationReplacements = {

IndexRule[p[-LI@X_, a_], \[Mu][-LI@X] \[Rho][-LI@X, a]],

\[Rho][-LI@m@1, {0, M}] -> 1,

\[Rho][-LI@m@1, {1, M}] -> 0,

\[Rho][-LI@m@1, {2, M}] -> 0,

\[Rho][-LI@m@2, {0, M}] -> Cosh[\[Psi]],

\[Rho][-LI@m@2, {1, M}] -> Sinh[\[Psi]],

\[Rho][-LI@m@2, {2, M}] -> 0,

j[-LI@m@1, {0, M}] -> s[-LI@m@1],

j[-LI@m@1, {1, M}] -> 0,

j[-LI@m@1, {2, M}] -> 0,

j[-LI@m@2, {0, M}] -> s[-LI@m@2] Cosh[\[Psi]]

- \[Alpha] Sin[\[Mu][-LI@m@2]] Sinh[\[Psi]],

j[-LI@m@2, {1, M}] -> s[-LI@m@2] Sinh[\[Psi]]

- \[Alpha] Sin[\[Mu][-LI@m@2]] Cosh[\[Psi]],

j[-LI@m@2, {2, M}] ->

\[Alpha] - \[Alpha] Cos[\[Mu][-LI@m@2]]};

The Dirac bracket In order to finish the implementation of the Dirac gauge fixing
procedure and to determine the Dirac bracket, we now need to compute the Dirac
matrix and invert it. In terms of the gauge fixing conditions and the constraints, the
Dirac matrix is given as follows:

GaugeFixedConstraintsJP = Join[
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Constraints[[4 ;; 6]], GaugeFixations[[4 ;; 6]],

Constraints[[1 ;; 3]], GaugeFixations[[1 ;; 3]]];

DiracMatrixJP =

Table[PB[GaugeFixedConstraintsJP[[k]],

GaugeFixedConstraintsJP[[l]]], {k, 1, 12}, {l, 1, 12}];

The expression for its inverse will be complicated at first. To simplify it, we introduce a
few auxiliary functions that expand expressions in a basis, insert all the replacements
that we defined above and implement the mass and spin constraints (7.2):

BasisExpand[e_] :=

e // ToBasis[M] // TraceBasisDummy // ToValues // ToValues

InsertAndExpand[e_] :=

(

e //. AdReplacements //. TReplacements // BasisExpand

) //. GaugeReplacements //. ParametrizationReplacements;

\[Rho]HasUnitLength = {

(\[Eta][-a, -b] \[Rho][-LI@m@#, a] \[Rho][-LI@m@#, b]//BasisExpand)

== 1

}& /@ Range[1, 7] // Flatten;

\[Rho]jIsSpin = (

(\[Eta][-a, -b] \[Rho][-LI@m@#, a] j[-LI@m@#, b]//BasisExpand)

== s[-LI@m@#]

)& /@ Range[1, 7];

SimplifyWithCasimirConstraints[e_] :=

Simplify[e, Join[\[Rho]HasUnitLength, \[Rho]jIsSpin]]

Applying these functions, we can expect to get reasonably simple expressions for the
Dirac matrix and its inverse.

SimpleDiracMatrixJP = DiracMatrixJP // InsertAndExpand // Simplify;

InverseDiracMatrixJP = SimpleDiracMatrixJP // Inverse // Simplify;

The Dirac bracket, which we denote by DB, is now defined via formula (6.5).

SimplifiedPB[A_, B_] := SimplifiedPB[A, B] =

PB[A, B] // InsertAndExpand

DB[A_, B_] := DB[A, B] =

SimplifiedPB[A, B] -

Table[SimplifiedPB[A, GaugeFixedConstraintsJP[[i]]], {i, 1, 12}]

.

InverseDiracMatrixJP

.

Table[SimplifiedPB[GaugeFixedConstraintsJP[[i]], B], {i, 1, 12}]
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Note that we cache the results for computations of SimplifiedPB and DB in an attempt
to accelerate calculations involving repeated brackets.

Example calculation As an example of a calculation performed with these tools,
we present a verification of relation (8.6b) for the Dirac bracket of the variables
j X and pY , X , Y ∈ {M3 , . . . , Bg} associated with the gauge fixing conditions (8.3).
First, we define the matrix V as in (8.17):
DefTensor[V[-a, -b], {M3, \[Psi]}]

DefTensor[\[CapitalTheta][-a, -LI@i, -LI@X], M3]

\[CapitalTheta]Replacement =

\[CapitalTheta][{a_Integer, -M}, -LI@i_Integer, -LI@X_] :>

D[GaugeFixedConstraintsJP[[i]], j[-LI@X, {a, M}]];

BB = SimpleDiracMatrixJP[[4 ;; 6, 7 ;; 9]];

CC = SimpleDiracMatrixJP[[4 ;; 6, 10 ;; 12]];

AA = SimpleDiracMatrixJP[[1 ;; 3, 10 ;; 12]];

KK = (Table[

Sum[(\[Eta][{d, -M}, g] - Ad[-LI@Z, {d, -M}, g])

\[CapitalTheta][-g, -LI[f + 4], -LI@Z],

{Z, {m@1, m@2, A@1, B@1}}],

{f, 0, 2}, {d, 0, 2}]

// SeparateMetric[\[Eta]] // InsertAndExpand

) //. \[CapitalTheta]Replacement // InsertAndExpand;

VValues = Inverse[BB].(CC.Inverse[AA] - KK) // FullSimplify;

Then we compare it to the expressions obtained from DB:
ManualBracket[{Y_, a_}, {Z_, b_}] := Module[{c, d, e},

PB[j[-LI@Y, a], p[-LI@Z, b]]

+ (delta[a, c] - AdI[-LI@Y, a, c]) V[-c, -d]

epsilon\[Eta][d, b, -e] p[-LI@Z, e]]

ManualVersusDB[{Y_, a_}, {Z_, b_}] :=

((ManualBracket[{Y, a}, {Z, b}] // InsertAndExpand) -

DB[j[-LI@Y, a], p[-LI@Z, b]]) // SimplifyWithCasimirConstraints

ManualVersusDBTable[Y_, Z_] :=

Table[ManualVersusDB[{Y, {ii, M}}, {Z, {jj, M}}],

{ii, 0, 2}, {jj, 0, 2}]

Evaluating commands like ManualVersusDBTable[m@3, m@7] now yields a 3× 3 zero
matrix, which verifies that relation (8.6b) is correct.
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Part IV.

Conclusion
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In this thesis, we applied Dirac’s gauge fixing procedure to the combinatorial
description of the moduli space of flat ISO(2 , 1)-connections on manifolds of topology
R × Sg ,n, where Sg ,n is a surface of genus g and with n punctures. We used the
close relation of the moduli space to the phase space of Lorentzian (2+1)-gravity with
vanishing cosmological constant as a guideline for the physical interpretation of our
results.

We started by considering three specific sets of gauge fixing conditions, one of which
involves the holonomies of two punctures while the other two involve the holonomies
of a handle. We showed that, in all three cases, the gauge fixing procedure is related
to the inclusion of an observer in (2+1)-gravity: The puncture gauge fixing conditions
specify an observer with respect to the worldlines associated with the gauge-fixed
punctures, while the handle gauge fixing conditions specify an observer with respect
to the geometry of a handle.
We derived explicit expressions for the Dirac brackets arising from these gauge

fixing conditions and described the geometry of the associated residual systems.
For the puncture gauge fixing conditions, we found that the effective symmetries
of the residual system are those of a cone that is determined by the gauge-fixed
punctures. In contrast, we found that the handle gauge fixing conditions give rise
to a residual system whose effective symmetries are those of Minkowski space. We
also showed that, in all three cases, the residual system with the Dirac bracket can
be obtained from a reduced system with the original Poisson bracket by acting on
all holonomies with a global translation. We demonstrated that, in the puncture
case, this translation is exactly such that the effective symmetries of the residual
system reduce to those of a cone. For the handle gauge fixings, on the other hand,
the global translation defines a Poisson isomorphism between the residual system
and the reduced system.

To analyze the mathematical structures underlying the Dirac gauge fixing proce-
dure, we then determined the Dirac bracket for a large class of gauge fixing conditions,
subject merely to two structural requirements: the gauge fixing conditions must
involve two puncture holonomies only, and they must preserve the natural N-grading
of the original Poisson structure. We showed that the corresponding Dirac brackets
are in one-to-one correspondence with solutions of the classical dynamical Yang-
Baxter equation (CDYBE) and a set of additional equations. These solutions are
a generalization of classical dynamical r-matrices for which the associated Cartan
subalgebras are allowed to vary with the dynamical variables that parametrize the
gauge-fixed holonomies.
Then we investigated how the Dirac bracket changes under a transition from one

set of gauge fixing conditions to another. We showed that this change corresponds
to the action of dynamical Poincaré transformations, which are a generalization of
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the gauge transformations of classical dynamical r-matrices. Using these dynamical
Poincaré transformations, we then demonstrated that any solution of the CDYBE
arising from the gauge fixing procedure is locally equivalent to one of two standard
solutions. These standard solutions define classical dynamical r-matrices. This
implies in particular that the additional equations that the solutions must satisfy
can be seen as a generalization of the invariance condition for classical dynamical
r-matrices.
The classification holds only locally because, for generic gauge fixing conditions,

the associated solutions cannot be transformed into one of the standard solutions for
certain isolated values of the dynamical variables. These values are associated with
two-dimensional abelian Lie subalgebras which contain parabolic elements and thus
do not define Cartan subalgebras. They appear at the transition between classical
dynamical r-matrices associated with two non-conjugate Cartan subalgebras. We
therefore expect the occurrence of these isolated values to be due to the indefiniteness
of the invariant bilinear form (1.15), and that no such values exist for complex Lie
algebras (for which all Cartan subalgebras are conjugate).

It would be interesting to understand in more detail how our results are related
to other constructions in physics and in the context of symplectic reduction and
Lie-group-valued moment maps. This applies in particular to the classical dynamical
r-matrix symmetries obtained by Buffenoir, Noui and Roche via a regularization
procedure for point particles coupled to Chern-Simons theory with gauge group
SL(2 ,C) [18, 21, 73]. The setting in this work is very different from ours and its
approach does not involve gauge fixing. This suggests that the occurrence of classical
dynamical r-matrix symmetries together with observers is not limited to specific
gauge fixing procedures. Rather, it appears to be a generic feature of (2+1)-gravity.
Another indication that this might be the case is provided by the work of Bursztyn
and Crainic [22], who relate group-valued moment maps to Poisson-Lie groupoids.
This has important implications for the quantization of the theory and for the

question which quantum groups are relevant to quantum gravity in 2+1 dimensions.
Some results suggest that κ-Poincaré symmetries or the Drinfel’d double of the
Lorentz group SO+(2 , 1) provide the relevant quantum groups for (2+1)-gravity [54,
53, 55, 48, 43, 68, 62, 61]. However, the appearance of classical dynamical r-matrix
symmetries in the gauge-fixed theory suggests that the implementation of an observer
in the quantum theory leads to dynamical quantum groups and that their dynamical
variables should be related to the total energy and total angular momentum of the
universe as measured by the observer.

We anticipate our results to generalize to other moduli spaces of flat connections.
From the viewpoint of physics, the most interesting examples are given by the moduli
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spaces that arise in the Chern-Simons formulation of (2+1)-gravity for different signa-
tures of the metric and different values of the cosmological constant. For Lorentzian
signature, the relevant gauge groups are ISO(2 , 1), PSL(2 ,R) × PSL(2 ,R) and
PSL(2 ,C) for vanishing, negative and positive cosmological constant, respectively.
For Euclidean signature, they are ISO(3), SO(3)× SO(3) and PSL(2 ,C). The Dirac
gauge fixing procedure should yield similar results in all of these cases, with the
exception of the transition between non-conjugate Cartan subalgebras, which will
not occur for Euclidean signature. The calculations will likely be more involved for
those gauge groups that do not have a semi-direct product structure.
Additionally, there are many interesting open questions concerning the relation

between the gauge fixing procedure and the mathematical structures associated with
classical dynamical r-matrices. For instance, it would be interesting to determine the
gauge fixing conditions that give rise to the two classical dynamical r-matrices that
correspond to the standard solutions of the CDYBE in our classification. The isolated
values of the dynamical variables for which the classification is not applicable also
merit further investigation to analyze the structure of these points and to find an
interpretation for the corresponding solutions of the CDYBE.
We expect the gauge fixing procedure to yield dynamical variants of the Poisson-

Lie theoretical structures that appear in the description of the original auxiliary
Poisson structure, namely the dual Poisson-Lie structure and the Heisenberg double
structure. As classical dynamical r-matrices are interpreted geometrically as defining
dynamical Poisson groupoids and since the solutions of the CDYBE that arise from
the gauge fixing procedure combine different classical dynamical r-matrices, it would
also be interesting to investigate whether the solutions correspond in some sense to
a family of dynamical Poisson groupoids.

Finally, our results could be useful for the quantization of the moduli space of flat
ISO(2 , 1)-connections. The close resemblance of the Dirac bracket and the original
auxiliary Poisson bracket suggests that the combinatorial quantization formalism
could be extended to the gauge-fixed system. The only difference between both Poisson
structures is that the classical r-matrix is replaced by a solution of the CDYBE. As
no constraints remain for the gauge-fixed system, the task of quantizing is reduced
to constructing an associated dynamical quantum group.

In physics applications, this approach would yield a fully gauge-invariant quantum
theory of the Chern-Simons formulation of (2+1)-gravity, which would include the
notion of an observer. As the observer is defined in terms of the total momentum and
total angularmomentum of the residual system, it would be interesting to see whether
the quantization would give rise to quantization conditions for them. Furthermore,
in the cases where both approaches are possible, it would be instructive to compare
the quantization of the gauge-fixed system to the quantizations obtained from the
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other existing formalisms, most of which implement a “quantization before constraint
implementation” approach. In contrast, quantizing the gauge-fixed system would
correspond to “quantization after constraint implementation” and would potentially
avoid the representation-theoretical difficulties associated with implementing the
constraints in the quantum theory for non-compact, non-semisimple gauge groups.
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