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Abstract. The Bayesian inference was employed to reduce the uncertainties contained in 
EAC modeling parameters that have been established from experiments with Alloy X-750. 
Corrosion fatigue crack growth rate model(FCGR) was developed by fitting into Paris’ Law 
of measured data from the several fatigue tests conducted either in constant load or constant 
∆K mode. From fitting the data to Paris’ Law, the parameters C and m of Paris’ Law model 
were assumed to obey the Gaussian distribution. These parameters characterizing the 
corrosion fatigue crack growth behavior of X-750 were updated to reduce the uncertainty in 
the model by using the Bayesian inference method.  

1. Introduction 

The safety analysis of nuclear power plants (NPP’s) has been studied in order to extend the 
operating life of existing NPP’s beyond 60 years. To ensure reliability of components in 
NPP’s, the advanced analysis is necessary. Until now, the deterministic approach has been 
widely used, and also probabilistic approach such as probabilistic safety assessment (PSA) 
has been applied mainly for analysis of active components. It is difficult to predict further 
degradation accurately for determining actions prior to the restart of NPP’s when a defect is 
identified. Therefore, there are still significant uncertainties in general probabilistic approach. 
In this study, Bayesian inference which is a key theorem in probabilistic environmentally 
assisted cracking (PEAC) model is introduced to decrease uncertainties of the unknown 
parameters and update the corrosion fatigue crack growth rate. 

2. Theory 

Bayesian inference permits to verify the reliability of the components and instruments by 
combining the data obtained from various experiments with any other relevant model. It is 
effectively used when there is insufficiency of data in many fields. This gives the more direct, 
iterative and meaningful analysis of the probability at which a hypothesis is true [1]. 

The basic principle of Bayes’ theorem which is represented by conditional probability are 
shown in Eq (1). 
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where θ is a constant to be updated; x is observed data; φ is a set of θ. 
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The distribution of unknown parameter θ is updated by using the information of known data x 
from that equation due to many uncertainties. Bayesian inference can decrease those 
uncertainties using personal probability and testing requirements (test time and sample size). 
In this equation, f(θ) is defined as a prior distribution for unknown parameter θ. Also, the 
prior distribution in a Bayesian analysis usually embodies a subjective notion of probability 
since the distribution of a parameter such as θ is rarely known. It is a degree of belief about θ 
before the observational data x are obtained [1]. g(x|θ) in numerator defined as a likelihood 
function is the conditional probability of known data x and used to update the prior 
distribution of θ. The calculated result, f(θ|x), defined as a posterior distribution is also a 
function of θ including the information of data x and resultant small uncertainties. The 
denominator term is just regarded as normalizing constant because the integral value of 
posterior distribution should be one.  

The overall Bayesian inference is shown in FIG. 1 [1]. It is useful to combine reliability 
analysis methods with defect prediction models or fracture mechanics models and to 
incorporate a wide variety of information such as expert judgments as well as statistical data. 

Many studies using Bayesian approach have been conducted for many cases. Bayesian model 
updating approach was adopted to detect the fatigue crack path. The hypothesized damage 
stats were updated by finding the optimal set of elastic moduli [2]. The crack detection 
method also followed Bayesian statistical system. It was performed by updating uncertain 
model parameters [3]. Bayesian approach was introduced to make the crack growth model by 
updating the relative speed of growth of device. This was incorporated with Markov Chain 
Monte Carlo (MCMC) method for numerical computation [4]. Parameters of Weibull 
distribution for the time to crack initiation were updated by applying Bayesian parameter 
estimation. The used data for updating was in-service inspection data measuring crack length 
through some tests [5].  

 

FIG. 1. The schematic diagram of Bayesian inference [1] 

 

3. Experimental 

Environmental corrosion fatigue crack growth rate tests with Ni-base alloy X-750 were 
conducted to make relationship between crack size and stress for application of probabilistic 
environmentally assisted cracking(PEAC) model [6]. They were conducted at various 
mechanical and chemical conditions including fatigue modes, environments in accordance 
with ASTM E647-08 [7]. Test equipment that consists of single edge notched 
specimen(SEN), water cell, potentiostat, loading machine and data acquisition system is 
shown in FIG. 2. The single edge notched specimen having 8 holes(4 holes for each side) 
were used to keep the specimen in loading alignment. Crack lengh was measured by traveling 
microscope with dial gauge of 10nm resolution. High purity water(resistivity over 17MΩ·cm) 
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purged with inert nitrogen gas flows in and out the wet cell. There was a luggin probe on the 
right side of the cell to minimize the solution IR drop and a fritted glass immersion disk on 
the left side of the cell for bubbling with nitrogen through fine holes to purge oxygen 
dissolved in water. Platinum wire was used as a counter electorde and saturated calomel 
electode(SCE) was used as a reference electrode. Wet cell condition was controlled by 
cathodic polarization with potentiostat. Instron 8516 machine that has servo-hydraulic 
controlled fatigue system was used. All specimens were heat-treated to AH condition (885°C 
for 24 hr and 704°C for 20 hrs, air cool)  by a larger vacuum furnace. 

Table I shows the various experimental conditions performed in this study. Fatigue pre-crack 
for each specimen were generated at 10Hz in air condition with R ratio of 0.1 until the crack 
length reached 2.0mm approximately. Then, fatigue crack growth rate test was performed at 
constant maximum load 12kN at 5Hz with R ratio of 0.1 in wet condition to determine the 
fatigue crack growth rate equation. Cell temperature was kept at 60°C to enhance the CGR 
during the corrosion fatigue test for Alloy X-750 in AH condition. After that, constant ∆K 
mode fatigue tests were performed at 15MPa√m, 20MPa√m, 25MPa√m, 30MPa√m at 5Hz 
with R ratio of 0.1 to generate the FCGR data for each ∆K condition. These data were used to 
update the FCGR curve by using the probabilistic Bayesian updating technique. 

Table I. Corrosion fatigue test conditions 

Test No. 1 2 3 4 5 

Constant 
Mode 

Load ∆K ∆K ∆K ∆K 

∆K - 15 20 25 30 

Environment Pure Water Pure Water Pure Water Pure Water Pure Water 

ECP 
(mV vs SCE) 

-462.67 -462.67 -462.67 -462.67 -462.67 

Temperature 
(°C) 

60 60 60 60 60 

 

 

FIG. 2. Schematics of the experimental corrosion fatigue test system 
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4. Results and discussion 

4.1. Fatigue test 

FIG. 3 shows CGR results for tests 1 of Table I. Under the constant load tests, ∆K was 
changed from 13MPa√m of ∆K to 30MPa√m. FCGR was fitted versus ∆K according to Paris’ 
law which can simulate behavior of stable fatigue crack growth shown in the Eq (2). The 
fitting curves are also shown as a red line in FIG. 3. 

/ ( )mda dN C K= ∆                                                                                                 (2) 

where C and m are material constants; ∆K is the stress intensity range (Kmax – Kmin). 

 

FIG. 3. The result of constant load test of Alloy X-750 with AH heat treatment in 60°C pure 
water 

As shown in FIG. 3, the data over 15MPa√m of ∆K showed high R square, whereas the 
region below 15MPa√m of ∆K showed poor low R square. It means stable crack propagation 
is ranging from 15MPa√m of ∆K and above.  

The four constant ∆K tests were conducted to obtain the data of CGR needed for probabilistic 
modeling. The test condition was surely same with test1 because the data from constant ∆K 
tests were used to update parameters of FCGR model which was made by the result of test1. 
Since test1 was conducted at the rage from 13MPa√m of ∆K to 30MPa√m of ∆K, the ∆K 
values were selected to 15, 20, 25, 30MPa√m. It was shown in FIG. 4. 

For the test at 15MPa√m of ∆K, one data was missed due to program error around the 15mm 
of crack length. After the program was recovered, test was conducted continuously. Higher 
FCGR was obtained as ∆K increased and the values are quite uniform regardless of crack 
length. The mean values of the result of tests were 1.94×10-5 mm/cycle at 15MPa√m of ∆K, 
1.02×10-4 mm/cycle at 20MPa√m of ∆K, 2.03×10-4 mm/cycle at 25MPa√m of ∆K and 
3.15×10-4 mm/cycle at 30MPa√m of ∆K.  
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FIG. 4. The result of constant ∆K test of Alloy X-750 with AH heat treatment in 60°C pure 
water 

 

4.2. Probabilistic approach 

The modeling of FCGR was conducted by using probabilistic approach. It was aimed at 
demonstrating a new procedure to develop a probabilistic FCGR mode by combining 
laboratory test data and ISI result, by employing Bayesian inference method. This new 
procedure will prove useful in PSA. Overall approach is to show that the uncertainties of 
Paris’ Law constants can be reduced by updating them with data. The initial modeling of the 
FCGR was conducted by the result of constant load test, especially test 1. There were some 
assumptions for the modeling of FCGR. The parameters C and m in Paris’ law were targeted 
for updating by Bayes’ theorem. Originally, while C and m depended on the material 
properties and environmental conditions [8, 9], they were assumed to have truncated normal 
distribution as a distributed value to apply Bayes’ theorem shwon in Eq (3). 

'( , ) ( , ) ( , )f C m kL C m a f C m= &                                                                                        (3) 

where f(C,m) is the prior distribution for C and m; L�C,m|�� 	 is likelihood function; f’(C,m) is 
the posterior distribution for C and m; k is the normalizing constant. 

The truncated normal distribution is the probability distribution of a random variable whose 
value is either bounded below or above (or both). This was assumed to be suitable on a prior 
distribution, f(C,m). The mean and standard deviation of C and m are determined from the 
fitting result of the test 1 shown in Table II. R square value represents the goodness of fit. 
Because the R square value of both cases are higher than 0.97, fitting work was done 
successfully.  

The standard deviation of distribution of C was quite large comparing with mean value. It 
means the parameter C had a large uncertainty, and therefore it is difficult to estimate FCGR 
exactly. Thus, this uncertainty should be decreased by updating C. The only known 
information was just the mean and standard deviation of truncated normal distribution of C 
and m defined as the prior distribution. More information needed to decrease these 
uncertainties was obtained from the four constant ∆K tests, as summarized in Table I. The 
prior distribution was updated to posterior distribution by using likelihood which was defined 
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as the multiplication of difference between fitting value and real data obtained from constant 
∆K tests. The likelihood was assumed to follow a normal distribution with zero at center. The 
standard deviation was determined accordingly from the difference between real data and 
fitting value. FIG. 5 shows the CGR at constant ∆K with fitting line obtained from constant 
load test because the data deviate to some extent from the fitting line. The data are assumed to 
represent the distribution of C and m at specific ∆K. 

Table II. The mean and standard deviation of C and m 

Equation da/dN=C (∆K)  m 

Adj. R-Square 0.97462 

  
Mean value <µ> Standard Deviation <σ> 

da/dN 
C 8.78604×10-9 4.7887×10-9 

m 3.06384 0.16079 

* Units for da/dN are mm/cycle, and for ∆K are MPa√m. 

 

FIG. 5. Likelihood distribution at specific ∆K 

It was defined as a likelihood function that has a normal distribution of �y� � ��	 with zero at 
center, as represented in Eq (4). If there are many data, the likelihood function is expressed by 
the production each contribution because posterior distribution is also expressed by the 
product of the prior distribution and the likelihood function. 
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where yi is i-th FCGR data obtained from tests; ��  is the FCGR value calculated from a fitting 
model; σ is the standard deviation of CGR data vs fitted model. 

Updated distributions of parameters C and m were obtained in according with Bayes’ theorem 
expressed in Eq (3). C and m were determined separately from 100,000 random sampling by 
using Monte Carlo simulation. The updating was processed in order of ∆K. At first, prior 
distributions of C and m were updated by using the CGR data at 15MPa√m of ∆K test and 
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posterior1 distribution was calculated. Secondly, posterior2 distribution was obtained from 
the CGR data at 20MPa√m of ∆K by updating posterior1 distribution which was new prior 
distribution. Posterior3 and posterior4 distribution were obtained from the CGR data at 
25MPa√m of ∆K and 30MPa√m of ∆K respectively in the same way. 

 

FIG. 6. The posterior distribution of (a) C and (b) m 

The distributions of C and m at each step are also shown in FIG. 6 (a) and (b) respectively. 
The standard deviation decreased as updating was proceeded more and more regardless of 
mean value. That means the mean value had more accuracy and reliability whenever updating 
was conducted by reducing the uncertainty of distribution. The standard deviation of final 
posterior decreased by a factor of 10 compared with that of prior distribution for both of C 
and m.  

The prior FCGR was obtained by substituting random sampled C and m to Paris’ law. It is the 
result before updating without any information of constant ∆K tests. After updating with all 
data, posterior FCGR was calculated by substituting the mean value of C and m of posterior4 
to Paris’ law. It is shown in FIG. 7. 

 

FIG. 7. Updating fatigue crack growth rate curve 

 



 

8 

FCGR was increased a little to include the data obtained from constant ∆K tests which were 
represented as colored points. Though the posterior FCGR contained all information of data, 
the deviation of data from FCGR at 15MPa√m of ∆K was larger after updating unlike the 
other results at 20, 25, 30MPa√m of ∆K. It means that the stable propagation region of FCGR 
is invalid at 15MPa√m of ∆K. 

5. Conclusions 

In this study, a probabilistic model of corrosion fatigue crack growth rate of Alloy X-750 was 
determined from the corrosion fatigue tests. The Bayesian inference method has been 
employed to update the model using additional test data that represent in-service inspection 
(ISI) results. It has been demonstrated from this study that a laboratory developed 
environmentally assisted cracking (EAC) model can be updated with ISI data to produce an 
improved probabilistic prediction model.  

The modeling of FCGR was performed in accordance with Paris’ law by using a constant load 
test and four constant ∆K tests conducted in low temperature pure water environment with 
cathodic polarization. Bayesian inference approach was successfully employed to develop the 
FCGR model by reducing its uncertainty with multiple measurements and model updating. 
Therefore, it is demonstrated that probabilistic failure models for passive components can be 
developed by updating a laboratory model with field-inspection data, when crack growth rates 
(CGRs) are low and multiple inspections can be made prior to the component failure. 

As additional work, PSA models need to be improved to include aging effects of passive 
components in NPP’s. The study about aging PSA has already performed by incorporating 
FAC model with PSA. Likewise, the fatigue model developed in this study can be applied to 
PSA. Therefore the prioritization of aging management effort can be made using PSA model 
including aging effect. 
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