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The main conditions of fusion channels(sub-barrier and above barrier fusion) , namely 

separating  distance between centers of the two colliding nuclei and  barrier height and extension  
are more interest points guiding to fit the excitation functions of fusion for various interacting pairs  
Interpretations and differentiations are made on the different forms used to deduce all concerned 
variables . Definitions of these variables due to different theories are explained in the text. Different 
interacting pairs are studied to deduce most of these parameters aiming to approach the best fit for 
excitation functions, measured upon fusion regions. Present calculations support the significance of 
specifying the barrier radial position and height. Various forms of nuclear forces based on different 
theories as well as approximated and empirical for excitation functions.  The effect of critical and  
maximum angular momentum   on smooth  cutoff approximation has been cleared .Finally , 
comparisons with measured and  calculated barrier parameters and excitation functions for the 
undertaken,  light to heavy pairs,   at different excitation  energies are given.   
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 INTRODUCTION 
 

Direct reaction of two nuclei, bombarded towards each other, tends to one or more of 
fusion channels before approaching the formation of a compound nucleus. To approach a 
definite reaction channel, the separating distance between the directions of motion of these 
colliding nuclei must not be more  than that abeling this type of reaction to be going on 
,this is the first condition . The second condition is that the excitation energy of the 
colliding nuclei must be greater than the barrier height which represents the summation of 
the mutual forces. These forces, represent the barrier height, and are repulsive (Coulomb), 
or massive (nuclear), in addition to an orientation (centrifugal) force. The last one increases 
the barrier height and slightly shifts its location, referring to the moment of inertia of the 
interacting nuclei. 

The more important requirement to be near fusion channel is that the probability of 
occurance of fusion reaction must be close to unity this becomes an acceptable condition if 
the projectile energy approaches the barrier height. Our study of fusion reaction has been 
deduced for different interacting pairs, chosen in a way covering light, intermediate and 
heavy ions regions within wider ranges of excitation energies. 

For light system (AP   24), the fusion probability is close to unity at bombarding 
energies near the fusion barrier. At much higher energies, of the order of two to five times 
the barrier, the fusion probability is found to decrease to values of the order of 50% for 
systems involving at least one heavy partner (AP    80), on the other hand, surface 
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reactions are usually significant- if not dominant-already near the interaction barrier. The 
fusion probability of the heavier systems in general depends only weakly on bombarding 
energy between about 1.1 and 2 times the barrier. For a given target nucleus or projectile it 
decreases strongly with increasing mass number of the other fragment.  Comparing 
different systems which lead to the same or neighboring compound nuclei, one finds a 
tendency for the fusion probability to increase with increasing mass asymmetry in the 
entrance channel. 

The development of nuclear models has followed along two different lines: Strong 
Interaction Models, SIM, which treat the nucleus as an assemblage of closely coupled 
particles, and the various Independent Particle Models, IPM, in which the nucleons are 
assumed to move rather independently in the average nuclear field [1]. The main features 
of the nuclear models used in this work can be discussed as following: the Proximity 
potential provides a simple recipe for the variation of the nuclear potential with the sizes of 
the collision partners [2]. Therefore, it is very interesting to pursue the study of fusion 
process using the potential which can be extended to inner radius. The Bass potential: has 
been based on the liquid-drop model and general geometrical arguments to give the 
nucleus-nucleus potential for spherical nuclei and frozen densities [1]. The Woods Saxon 
potential presents  the  real  part  of  the optical model potential taking into account  that  
above  the fusion barrier, the imaginary part of that potential  has  been neglected [3]. The 
unified potential has been built upon folding mechanism and is given in terms of a double 
volume integral of a Yukawa-plus-exponential folding function [2].  

Our aim is to approach the best fit of the available data of fusion reactions and to 
investigate the effect of potential model on the calculated cross section, keeping the cross 
section formula constant.  Also we stick to a certain potential model and try the different 
formula calculating the cross sections to provide a summary for the potential model and the 
method of calculation effects upon calculations.   

 
CALCULATIONS 

 
1- Barrier Potential  
Barrier radius fusR is given by different   reasonable forms [4, 5] as:   

                                             )( 3/13/1
Tpifus AArR                               (1) 

where ri  is referring to barrier height and extension     and  it has a critical value  [6]  as  ri 
= rc =1.3  . The barrier Height [6,7,8,9] for a specified reaction channel reads :    

VT(Rfus,L)  = VB+ VL = VC(Rfus) + VN(Rfus) + VL(Rfus)          (2) 
 Is composed of the well known Coulomb potential and the strongly attractive, nuclear 
potential that essentially acts only within the volume occupied by the ions and falls rapidly 
outside. The nuclear part has been deduced due to different theories as: 
 
1- Proximity potential with recommended values [2] of its controlling parameters   
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where s is the distance  between the inner equivalent sharp surfaces of the two nuclei and D 
is the depth constant of the potential .  
 
3- Woods Saxon potential, taken as the real part of optical potential [3], deduced from 
standard M3Y interaction for nucleus-nucleus interaction:   
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The last term is the pseudo-potential included to take into account as an exchange 
correction. Woods-Saxon formulation represents that part is 

                    )/)exp(1/(16)( 0 aRrRarV dn                             (6) 
 Rd,R0 are the reduced and half density radius , a is  the diffusivity   and   
  is the average value of both the projectile and target surface tension . 

4- In terms of the liquid drop model, R. Bass presented the nuclear potential [7] as: 
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With  d 1.35  fm and   are the diffusivity and the specific surface energy   and 

PT P TR R R   is the sum of the half-maximum density radii. 
 
 2 - Cross Section   

The reaction cross section through a definite channel of an energy E has been given 
by summation over all penetrating partial waves [10].  
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here  , Tl (E)  and Pl (E)  are  reduced DeBroglie wave length of the incident ion, the 
transmission coefficient and  the probability of  penetration . For fusion we assume rec = 
fus   and 1lP .  The upper limit of summation in last equation becomes maxl  which has 
been defined due to the conditions:  

                E = V ( max, lR fus )        and        0
max,

),( lRdr
lrdV

fus
                      (8) 

  And  σfus  reads  

          






 




max

0

2

)(2exp1

)12(l

l cm
fus EV

l








                     (9) 

  is  the harmonic oscillator frequency or curvature parameter [4] 
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A sharp cut-off approximation assumes that relative angular momenta l smaller than 
a particular critical angular momentum crl  contribute to complete fusion, while higher 
values of  l   are associated with direct (peripheral) process [11]  

              2
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                      (11) 

 Heavy-ion-induced fusion reactions can be treated classically and the cross sections are 
decomposed into partial ones corresponding to orbital angular momenta. This 
approximation gives the fusion cross section [12] similar to that given by equation (11) 
replacing lfus by lcr which could be deduced when applying the form: 
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on the measured data from more recent references as mentioned on next section . 

As  CRfus ll   for CRll max  or  maxll fus   for CRll max , 

The formed composite nucleus by the complete fusion will decay by either fission or 
evaporation residue and the evaporation residues cross section will be   
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 as, ERer ll   for ERll max , or maxller   for ERll max , ERl  isg the specific angular 
momentum at which the partial level width for fission is equal to that for evaporation . 
According to equations (12, 13), the two cross section ought to be inversely proportional to 
the center-of-mass energy above the critical points.  
 Sharp limits [13] or sharp cut-off approximation, are: 
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For l  › maxl  the real potential no longer has a pocket, established by    
dv(r, l )/dr          = 0,               d2 v(r, l )/dr2    < 0, 

fusR , maxl                                            fusR , maxl  
  and so the cross section formula, eq. (12) in Sharp Cut-Off approximation tends to be 
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The relation (fus , 1/Ecm ) is represented by a straight line, leading to extraction of fusion 
radius as the maximum distance at which fusion can take place. This form has been used 
for along time to calculate the compound nucleus formation cross-section and it is also 
commonly used for the heavy- ion fusion reaction. 
 
 

RESULTS AND DISCUSSION 
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In the present study we used the nuclear potentials: unified, proximity, WS and Bass 
potentials. We can deduce that for most of interacting pairs of zpzT ≤ 500 , the WS 
potential is the shallowest one while the Bass potential is significantly deeper than other 
potentials, and the depth of the Bass potential (at R=10 fm ) is about 10 times that of the 
other three ones. This ratio gradually decreases as we move towards the intermediate 
systems (fig.1) , although all depths apparently increase .For heavier systems (500≤ zpzT 
≤1400), the strength of all potentials substantially increases, however the WS potential 
becomes deepest one and the Bass potential seems to be shallower than other potentials in 
the interior region  Fusion excitation functions, are calculated in terms of the one-
dimensional barrier penetration model (BPM), at near- and sub-barrier energies, over wide 
ranges of mass numbers and bombarding energies. The calculations are carried out in the 
framework of either smooth cut-off approximation, eq.(9) or its version pointed out 
analytically by Wong formula[14] . In parallel these functions are reanalyzed using the 
Gupta-Kailas empirical formula which is seemed to be no longer as a nuclear potential 
independent formula [12]. These investigations enable us to outline the most appropriate 
potential and formula to approach the best fit. 

From the obtained results, one may notice that near-barrier energies and for lighter 
pairs (ZPZT<100), the empirical Gupta-Kailas formula successfully predicts the 
experimental data. On the same time, it is noticeable that, in general, reasonable 
predictions are found for the smooth cut-off approximation and Wong formulas using all 
considered potentials as shown from Figs. (2,3). The Bass potential, however, clearly 
overestimates the fusion cross sections using Wong formula. From these figures, one can, 
also, see that the unified and WS potentials show almost similar behaviors in both smooth 
cut-off approximation and Wong formulas. It is, also, seen that the proximity potential is 
better than other potentials. In addition, it is obvious from these figures that the proximity 
potential with smooth cut-off approximation reveals more distinguish success to reproduce 
the data than that obtained using through Wong formula. 

For the intermediate systems (ZPZT < 500), twenty-three systems are considered. 
Smooth cut-off approximation and Wong formulas with the WS and unified potentials 
predictions agree well with the experimental data, while the Bass model does not, as shown 
from Figs. (4,5). On the other hand, the proximity potential comes next to the W-S and 
unified ones under the same circumstances. We notice, also, that the empirical Gupta-
Kailas formula still produces a good agreement with data. 

For the heavier systems (ZPZT ≤ 1400), we found that the smooth cut-off 
approximation and Wong formulas with WS and Bass models successfully predict the 
experimental data. However, predictions of the proximity potential performed through both 
formulas and Gupta-Kailas formula, as shown from Figs. (6-9) fail to fit the data. The 
unified potential comes next to WS and Bass ones under the same circumstances. 

 
CONCLUSION 

 
 At sub-barrier energies, the present results show that the one dimension BPM is, in 

general, unable to describe fusion excitation function at sub-barrier energies, where the 
measured fusion cross sections are found to be, relatively, enhanced over the extracted 
theoretical predictions, as shown from Figs (2), (3),(4), and (5). In general, this 
enhancement increases as the product ZPZT increases, as evidently shown in Figs. (6-9). On 
the other hand, one may notice from Figures (4-9) that the degree of enhancement strongly 
depends on the type of the target nucleus (i.e. spherical or deformed). In general, and 
specially in the last three figures (7-9), one may conclude, as evident in the figures, that at 
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high energies the 1D BPM fails to successfully reproduce the experimental data . The same 
note could be pointed out for larger values of ZPZT. In the last group (8a,8b,9a and 9b) we 
deduced two corresponding curves for every interacting pair to mention that the empirical 
formula of the excitation function gives an agreement of higher rate than that for the one 
dimensional barrier penetration model.  

 
Table 1: Barrier radius and heights of the concerned interacting pairs .The heights were 
calculated using different nuclear potentials as indicated in the text. 
 

 
Reaction 

 
ZPZt 

 
Lmax 

 
Rfus 
(fm) 

VB(Mev) 
Unified 

VB (Mev) 
Proximity 

VB 
W-S 

VB 
R. Bass 

CLi 127   18 35.00 7.325 2.867 3.117 3.023 1.720 

AlLi 277   39 62.00 8.159 5.951 6.272 6.111 4.736 

ZnLi 647   90 107.00 9.292 12.581 12.981 12.727 11.301 

ZrO 9216   320 310.00 10.103 41.455 42.492 41.197 39.858 

TiTi 4646   484 493.00 9.976  62.966 64.621 62.224 61.504 

YS 8934   624 593.00 10.517  77.180 78.888 76.014 75.805 

ThN 23214   630 457.00 11.669  71.441 72.508 70.419 69.942 

ZrS 9036   640 617.00 10.604  78.503 80.175 77.286 77.083 

ZrCa 9640   800 726.00 10.707  97.102 98.963 95.109 95.999 

HfSi 17829   1008 789.00 11.428  114.897 116.552 112.341 114.153 

LuP 17531   1065 833.00 11.426    121.241 122.929 118.437 120.672 
 
Table 2: Barrier radius and heights of some other pairs in comparison with the 
corresponding measured values taken from ref. [5,7,14 ]. 
 

 
 

Reactions 

 
R(measured) 

 
V(measured) 

 
R 
 

 
V(Proximity) 

 
V(unified) 

 
V(W-S) 

5858 NiNi   10.3 101.2 10.380 100.040 97.862 96.206 
8960 YNi 

 
11.1 132.5 10.939 131.058 128.926 126.077 

8990 YZr 
 

11.2 187.5 11.338 177.859 176.342 171.756 

9290 ZrZr 
 

11.3 189.6 11.377 181.520 180.132 175.381 

9090 ZrZr   11.2 192.52 11.335 182.259 180.771 176.077 
20850 PbTi 

 
12.1 203.6 12.029 192.193 192.239 186.430 

6464 NiNi   10.7 98.0 10.726 96.653 94.786 92.995 
20816 PbO   11.7 76.3 11.483 76.546 75.351 74.195 

9040 ZrCa   10.4 94.3 10.577 100.192 98.174 96.372 
14416 SmO   10.9 56.6 10.785 61.670 60.443 59.830 
20819 PbF   11.6 86.0 11.577 85.105 83.824 82.431 
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15416 SmO   11.0 60.6 10.950 60.802 59.662 58.946 
14440 SmAr 

 
11.1 133.5 11.287 129.860 128.043 125.211 

15440 SmAr 
 

11.3 131.4 11.441 128.150 126.521 123.502 

11240 SnAr   10.9 110.6 10.927 108.758 106.829 104.775 
9286 MoKr 

 
11.1 179.9 11.345 172.500 171.041 166.464 

10486 RuKr 
 

11.5 185.9 11.539 177.038 176.036 171.144 

PdS 11036 
 

11.0 90.3 10.906 89.506 87.857 86.287 
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Figure1: Calculated values of the nuclear potentials for two pairs of (ZPZT  =328 and 1400 
respectively ), to display difference in their behavior for small and larger values of ZPZT. 
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Figure 2: fusion excitation function for 7 12Li C , using  Gupta Kailas empirical formula with 
the proximity , while experimental data  are from Ref. [15].                                                                      

 

 
Figure 3: same as fig.(2 for 7 27Li Al , experimental data are  from Ref. [16,17]. 
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Figure 4: same as fig.(2) but for 7 64Li Zn , experimental data are  from Ref. [16]. 
 

 
Figure 5: same as fig.(2) for 16 92O Zr , experimental data are taken from Ref. [18]. 
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Figure 6: same as fig.(2) for 46 46Ti Ti , experimental data are taken from Ref. [19]. 
 

                            
 
Figure 7: same as fig.(2)  for 34 89S Y , experimental data are taken from Ref. [20]. 



 

 -41- 

 
        (8a )                                                                              (8b ) 

 
Figure 8a,8b: same as fig.(2)  for 36 90S Zr , experimental data are  from Ref. [21]  
 

 
(9a )                                                                       (9b ) 

 
Figure 9a,9b: same as fig.(2)  for 40 96Ca Zr , experimental data are  from Ref. [22]. 
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