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Abstract - The partial half-life of radioactive decay of nuclei by the emission of fragments

heavier than the alpha particle, such as the emission of carbon, oxygen, neon, magnesium,

and silicon isotopes from translead nuclei (known as cluster radioactivity), is re-evaluated

in the framework of a semiempirical, one-parameter model based on the quantum mechan-

ical tunneling mechanism through a potential barrier where the Coulomb, centrifugal, and

overlapping contributions to the barrier are considered within the spherical nucleus approx-

imation. This treatment has shown not only very adequate to fit all the existing half-life

data, but also to give more reliable half-life predictions for new, yet unmeasured cases of

spontaneous emission of massive nuclear fragments both from heavy and intermediate-mass

parent nuclei as well.
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1 Introduction

The process of spontaneous emission of nuclear fragments heavier than the alpha particle,

known as cluster (or exotic) radioactivity, observed in the translead nuclei has been described

by several authors, and it is a nuclear process firmly established nowadays (see, for instance,

Refs. [1–17] and references quoted therein). Since the detection for the first time in 1983

of 14C ions emitted from a source of 223Ra isotope by Rose and Jones from the University

of Oxford [18], and promptly confirmed independently by several research groups [19–22], a

number of cases for cluster radioactivity of heavy nuclei (from 221Fr up to 242Cm) have been

observed which involve the emission of fragments even heavier than 14C such as 20O, 23F,

22,24–26Ne, 28,30Mg, and 32,34Si isotopes [6, 12]. The latest case observed to date has been

the emission of 14C from 223Ac parent nucleus, as reported by Guglielmetti et al. [23]. It

appears that cluster radioactivity is indeed a very rare nuclear process since the observed

branching ratio relative to alpha decay varies from 5 × 10−17 (238Pu → 32Si) to 4.1 × 10−9

(223Ra → 14C).

The possible existence for such a rare spontaneous disintegration process was considered

quantitatively for the first time early in 1975–1976 by de Carvalho et al. [24, 25], when

very preliminary calculations based on the classical WKB method for penetration through a

potential barrier indicated the possibility of a few heavy fragments in the mass range 20–70

being emitted from 238U. These calculations were motivated by the observation of short-

range tracks (as compared to ordinary fission fragment tracks) recorded in nuclear-track

emulsion that had been loaded with a solution of natural uranium aimed at remeasuring its

spontaneous-fission half-life. At that time it was supposed that those shorter-range tracks

had originated from a case of emission of large nucleon clusters of intermediate-mass in the

region from neon to nickel [26, 27]. Those early calculations showed that shell effects were

clearly manifested since results had indicated the processes involving magic numbers either

for the emitted fragment or daughter product (or both) as the most likely emission modes

(a historical account on this subject is briefly reported in [11, 28]).

These surprising, novel results were interpreted soon after by Săndulescu and Greiner [29,

30] as a case of very large asymmetry in the break-up of heavy fissile nuclei caused by shell

effects of one or both fragments. Later on, more refined and improved calculations showed
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that the new radioactive process could be interpreted either as a highly mass-asymmetric

fission mode or as an emission of intermediate-mass nucleon clusters between the alpha parti-

cle and ordinary fission fragments [31–33]. These theoretical investigations on exotic decays

have stimulated a number of experimental research groups to identify and measure the activ-

ity in rare possible cases of cluster radioactivity of extremely small (∼ 10−16–10−9) predicted

branching ratio relative to alpha decay. Today, twenty-seven cases of exotic decays have been

experimentally identified in the region of translead parent nuclei. Detailed descriptions for

this phenomenon from both the experimental and theoretical points of view can be found in

Refs. [4–7, 9, 10, 15–17, 34–36], and, quite recently, descriptions of heavy-particle radioac-

tivity are being considered for superheavy nuclei [37, 38] as well as new unified treatments

to cluster and alpha radioactivities became available [13, 14].

In a recent past we were successful in developing a one-parameter model to systematize

the alpha decay half-life data of bismuth isotopes [39], and, afterwards, this routine cal-

culation showed again very adequate to systematize the half-lives of cases for alpha decay

of platinum isotopes [40, 41], heavy-cluster radioactivity of translead nuclei [11] as well as

radioactivity by proton emission observed in very neutron-deficient complex nuclei [42, 43].

In the present paper we thought it worthwhile to apply our original model description [39],

but introducing a slight modification concerning the dependence of the one-parameter of the

model with cluster radius to obtain a unique, universal trend for the half-life of all cases

of cluster decay. The present description can be useful to obtain half-life evaluations for

new cases of exotic decays not yet experimentally observed and for heavy-fragment emission

modes of heavy and intermediate-mass parent nuclei as well.

2 Semiempirical treatment to cluster radioactivity

The one-parameter model to half-life evaluation of heavy-fragment decay cases has been

reported in details in our previous papers [11, 39, 41], and it is based on the current, quan-

tum mechanical tunneling mechanism through a Coulomb-plus-centrifugal-plus-overlapping

potential barrier constructed within the spherical nucleus approximation. In brief, the decay

constant, λ, is given by the product of three quantities, namely,

λ = λ0SP, S = e−Gov , P = e−Gse , (1)
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in which λ0 represents the number of assaults on the barrier per unit time, S is the cluster

preformation probability at the nuclear surface, and P is the penetrability factor through

the external, separation barrier region, i.e. the Coulomb-plus-centrifugal potential barrier.

The frequency factor λ0 has been evaluated as

λ0 =
v

2a
=

√
2

2a

√
Q

µ0

, (2)

where v is the relative velocity of the fragments, a = RP − RC is the difference between

the radius of the parent nucleus and the cluster radius, µ0 is the final reduced mass of the

system (see below), and Q is the total disintegration energy, i.e. the Q-value for the decay

process. In (1), the G ′s are the classical WKB-integral approximation (Gamow’s factor for

decay) given by

G =
2

~

∫ s2

s1

√
2µ(s) [V (s)−Q] ds (3)

where s is the separation between the centres of the fragments (the emitted cluster and

daughter, residual nucleus), V (s) is the potential barrier, and µ(s) is the reduced mass of

the disintegration system.

Gamow’s factor Gov is calculated in the overlapping barrier region where the cluster to be

emitted drives away from the parent nucleus (s1 = a = RP − RC) until the configuration at

contact of the preformed fragments is reached (s2 = c = RD+RC; here, RD denotes the radius

of the daughter nucleus). The quantity S = e−Gov represents, therefore, the preformation

probability, or the “arrival” of the cluster to the nuclear surface. S is sometimes known

as the spectroscopic factor, which is strongly related to the complexity of the cluster to be

preformed.

On the other hand, Gse is calculated through the external, separation barrier region

which extends from s1 = c up to the separation point s2 = b where the total potential

energy equals the Q-value for decay, i.e. V (b) = Q.

In the overlapping region, following previous descriptions by Duarte and Gonçalves [44]

and Poenaru et al. [1] to µ(s) and V (s), respectively, both these quantities have been assumed

to follow power functions of s (a ≤ s ≤ c) such that

µ(s) = µ0

(
s− a
c− a

)p
, p ≥ 0 , (4)
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V (s) = Q+ (Vc −Q)

(
s− a
c− a

)q
, q ≥ 1 , (5)

where the total potential energy at contact configuration, Vc , is given by

Vc =
ZCZDe

2

c
+
`(`+ 1)~2

2µ0c2
, (6)

in which e2 = 1.4399652 MeV·fm is the square of the electronic elementary charge, ` is the

mutual orbital angular momentum resulting from the rotation of the disintegration product

nuclei around their common centre of mass, ~ = h/2π is Planck’s constant, and the Z ′s are

the atomic numbers.

In the separation region (c ≤ s ≤ b) the effective reduced mass of the already defined

fragments is constant, µ0, given by µ−1
0 = m−1

C +m−1
D , and the potential energy is calculated

as the ordinary 1/s-Coulomb plus 1/s2-centrifugal potentials. Here, the m ′s denote nuclear

(rather than atomic) mass-values (see below). Figure 1 shows the potential barrier V (s) for

three cases of cluster radioactivity (` = 0) where the overlapping and separation regions are

clearly evidenced, as well as the differences in the shape of the potential between each other

case.

Accordingly, from the above considerations and assumptions, and by expressing lengths

in fm, masses in u, energies in MeV, and time in s, the half-life has been computed as

τ = log10 T1/2 = log10

[
ln 2

λ

]
= τ0 + τ1 + τ2 , (7)

where

τ0 = −22 + log10

[
a (µ0/Q)1/2

]
(8)

is the term related to the frequency of assaults on the barrier,

τ1 = 0.19 (c− a) g
√
µ0QH(x, y) (9)

is the contribution from the overlapping barrier region, and

τ2 = 0.27358ZDZC (µ0/Q)1/2 F (x, y) (10)

is the one corresponding to the external, separation barrier region. The functions H(x, y)

and F (x, y) contain the dependence upon angular momentum, `, and they are given by

H(x, y) = (x+ 2y − 1)1/2 , (11)
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F (x, y) =
x1/2

2y
· ln x

1/2H(x, y) + x+ y√
x+ y2

+ arccos

[
1

2

(
1− y − 1√

x+ y2

)]1/2

− H(x, y)

2y
, (12)

where the quantities x and y are defined as

x =
20.9008 `(`+ 1)

µ0c2Q
, y =

1

2

ZCZDe
2

cQ
. (13)

Expressions (11) and (12) are valid for all values of x ≥ 0 and y > 1/2. In the present

description, g (which appears in equation (9)) is the only adjustable parameter, the value

of which being thus determined from a set of half-life measurements (see below). In solving

the Gov WKB-integral (eqs. (3)–(6)), parameter g results as a combination of the unknown

exponents p and q, namely,

g =

(
1 +

p+ q

2

)−1

, 0 < g ≤ 2/3 . (14)

The semiempirical g-value depends upon the source data for both nuclear mass and radius

as well as the set of measured half-lives for the different cluster emission cases. The g-

value is related through eq. (9) to the strength of the spectroscopic factor, i.e., the cluster

preformation probability.

Finally, for the particular cases of ` = 0 it results x = 0, and the expressions (9) and (10)

are transformed, therefore, to

τ1 = 0.19 (c− a) g
√
µ0Q
√
u−1 − 1 , (15)

and

τ2 = 0.27358ZCZD (µ0/Q)1/2 F (u) , (16)

in which

F (u) = arccos
√
u−

√
u(1− u) , u = (2y)−1 . (17)

3 Basic quantities and input data

To apply the present routine calculation to half-life evaluations of nuclear decay cases by

cluster emission, the source for three basic quantities should be specified. These quantities
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are: i) nuclear mass, ii) nuclear radius, and iii) angular momentum associated to the ground-

state to ground-state transitions. The values for both the quantities Q and µ0 have been

evaluated from the nuclear (rather than atomic) mass-values of the participating nuclides,

namely,

Q = mP − (mD +mC) , µ−1
0 = m−1

D +m−1
C , (18)

where the m ′s are given by

mi = Ai − Zime +
(

∆Mi + kZβ
i

)
/F , i = P,D,C , (19)

in which F = 931.494009 MeV/u is the mass-energy conversion factor, me = 0.54858×10−3 u

is the electron rest mass, and ∆M is the atomic mass-excess evaluation as tabulated by Audi

et al. [45] (the 2003 AME or AME03). The quantity kZβ represents the total binding energy

of the Z electrons in the atom, where the values k1 = 8.7 × 10−6 MeV and β1 = 2.517 for

nuclei of Z ≥ 60, and k2 = 13.6 × 10−6 MeV and β2 = 2.408 for Z < 60 have been found

from data reported by Huang et al. [46]. In this way, the Q-value for decay is calculated as

Q = ∆MP − (∆MD + ∆MC) +
[
k1

(
Zβ1

P − Z
β1

D

)
− k2Z

β2

C

]
, (20)

where the term in brackets represents the effect of the screening to the nucleus caused by

the surrounding electrons.

The spherical nucleus approximation has been adopted to the present calculation model,

and the nuclear radius-values, Ri (i = P,D,C), have been evaluated following the droplet

model of atomic nuclei [47, 48]. Accordingly, the following radius expressions for the average

equivalent root-mean-squares radius of the proton and neutron density distributions have

been used throughout:

Ri =
Zi
Ai
Rpi +

(
1− Zi

Ai

)
Rni , i = P,D,C . (21)

Here the equivalent proton and neutron radii Rji are given by

Rji = rji

[
1 +

5

2

(
w

rji

)2
]
, j = p, n , (22)

in which w = 1 fm is the diffuseness of the nuclear surface, and the rji
′s denote the equivalent

sharp radius of the proton (j = p) or neutron (j = n) density distributions. These latter
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quantities, in turn, are calculated following the finite-range droplet model description of

nuclei by Möller et al. [48], being given by

rpi = r0 (1 + εi)

[
1− 2

3

(
1− Zi

Ai

)(
1− 2Zi

Ai
− δi

)]
A

1/3
i , (23)

rni = r0 (1 + εi)

[
1 +

2

3

Zi
Ai

(
1− 2Zi

Ai
− δi

)]
A

1/3
i , (24)

where

εi =
1

4 e0.831A
1/3
i

− 0.191

A
1/3
i

+
0.0031Z2

i

A
4/3
i

, (25)

δi =

(
1− 2Zi

Ai
+ 0.004781

Zi

A
2/3
i

)/(
1 +

2.52114

A
1/3
i

)
, (26)

and r0 = 1.16 fm. Although this radius parametrization is valid for nuclei from 16O on, we

decided to extend it down to 14C without any detriment of the systematic analysis of the

data. Figure 2 shows the reduced radius, R/A1/3, of the equivalent liquid-drop model of the

nucleus plotted against mass number. The trend reveals a strong decrease of reduced radius

when one passes from less-massive nuclei to heavy and superheavy ones, thus reflecting a

clear degree of nuclear compressibility.

Finally, the values of mutual angular momentum, `, have been obtained from the usual

nuclear spin (J) and parity (π) conservation laws (JP = JD + JC + `, πP = πD · πC(−1)`),

where the values for the different J ′s and π ′s (when available) are those reported in [45].

Sometimes, in cluster radioactivity it is not possible to evaluate the `-value (particularly for

heavy cluster emission cases) but, fortunately, the influence of the `-values (up to ` = 10 or

so) on calculated half-life is not significant in these cases because the value of x is always

very small (see eqs. (11)–(13)), and, therefore, H(x, y) ≈ H(0, y) and F (x, y) ≈ F (0, y),

which makes τ = log10 T1/2 practically unchanged.

The input data for all experimentally known cases of exotic radioactivity have been

taken from the literature [6, 7, 9, 11, 12, 23], and they reach the total of fifty-nine measured

half-life-values for twenty-seven distinct cases of heavy-ion emission from twenty different

translead parent nuclei. In about half of the decay cases all nuclei involved in are of the

even-even type, therefore ` = 0. In the other cases ` can take only one among the values 1,

2, 3, or 4 depending upon nuclear spin and parity values of the participating nuclides. Q-

values for different cluster emissions investigated experimentally are in the range ∼ 28 MeV
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(226Ra→ 14C)–97 MeV (242Cm→ 34Si), thus corresponding to a small variation of ∼ 1.9–2.4

MeV/u in the kinetic energy of the emitted cluster. The branching ratio relative to alpha

decay of the parent nuclei, bα = λC/λα, is of great importance to experimental identification

of an emitted heavy-ion. Values of bα have been found as low as 5 × 10−17 (for the case

238Pu → 32Si) up to 4× 10−9 (223Ra → 14C).

4 Semiempirical determination of parameter g

To proceed with a systematic analysis of the partial half-life for nuclear exotic decays, firstly

we applied our routine calculation method to obtain the semiempirical value of the one-

parameter, g, of the present model. Two methods have been used, namely: i) a best g-value

is found out in such a way the standard deviation

σ =

[
1

n− 2

n∑
i=1

(τ c
i − τ e

i )2

]1/2

(27)

becomes a minimum. Here, the superscripts denote calculated (τ c) or experimental (τ e)

values of the decimal logarithm of the half-life, and n = 59 is the number of cases considered.

This gives a best g-value of g = 0.349 corresponding to a σmin = 0.81; ii) the g-value could

alternatively be determined as the average of the individual g-values obtained for each decay

case by inverting eq. (7), i.e.,

g =
τ e + 22− log

[
a(µ0/Q)1/2

]
− 0.27358ZCZD(µ0/Q)1/2F (x, y)

0.19 (c− a)
√
µ0QH(x, y)

. (28)

In this way, a value g = 0.349± 0.021 has been found by using all the existing half-life data.

Figure 3 shows the individual g-values plotted against mass asymmetry, η = 1 − 2AC/AP

(note that η . 0.40 for fission process, 0.40 . η . 0.92 for cluster emission, 0.92 . η . 0.96

for α-decay, and η & 0.96 for cases of radioactivity by proton emission). It is clear from fig. 3

that a unique g-value should be associated to all cases of cluster radioactivity. Of course, the

g-value obtained by either method i) or ii) above depends upon the choice for the source of

data related to nuclear mass (the AME03 [45], FRDM95 [48], or AME11 [50], and others)

as well as nuclear radius (different systematics for root-mean-squares radius of the charge

or neutron distributions, sharp radius of proton or neutron distributions, equivalent proton
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or neutron radius, and so on). In our previous study [11], for instance, the radius-values

adopted for the emitted clusters, RC, were the average of the rms-radius evaluation of the

neutron and proton density distributions following the parametrization by Dobaczewski et

al. [49], thus giving RC/A
1/3
C -values in the range ∼ 1.02–1.13 fm, therefore resulting in a value

g = 0.260 ± 0.024, i.e. ∼ 25% lower than that obtained in the present analysis. Another

example is the result g = 0.300 ± 0.026 which is obtained by choosing the same reduced

radius-value R/A1/3 = 1.205 fm for all parent, daughter, and emitted nuclei. A general rule

thus emerges from inspection on eq. (28): an increase in nuclear radius or Q-value (or in

both these quantities) leads to an increase in g-value. From the physics point of view, this

is because whatever the case the effective potential barrier (of both the overlapping and

separation regions) becomes lower, therefore g will result greater to compensate for half-life.

The conclusion can be drawn that once a mass-table and/or radius parametrization have

been chosen, all subsequent half-life evaluations should be made by using these mass- and

radius-values with which the semiempirical g-value has been obtained. Accordingly, option

has been made for the AME03 mass-table [45] and the radius parametrization following the

FRDM in the spherical approximation [48] to be used throughout the present description.

5 Systematics of half-life for exotic decays

The semiempirical determination of the one-parameter (g = 0.349 ± 0.021) of the present

calculation model is now inserted back into eq. (9), thus allowing the evaluation of the half-

lives and subsequent comparison with the experimental half-life data. In addition, half-life

predictions for new, not yet experimentally investigated heavy-ion emission cases can be ob-

tained at the utmost within two orders of magnitude. However, a simple, global description

and systematization of the known data can be presented following the methodology devel-

oped, for instance, in [41], where the Coulomb (τ coul
2 ) and centrifugal (τ cent

2 ) contributions to

the external, separation barrier region are completely separated from each other such that,

in eq. (10), τ2 = τ coul
2 + τ cent

2 . It suffices to write the “penetrability” function F (x, y) as

F (x, y) = F (0, y) + [F (x, y)− F (0, y)] , (29)
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and, after substitution into eq. (10) gives

τ coul
2 = 0.27358z , z = ZCZD (µ0/Q)1/2 · F (0, y) , (30)

where, as before, F (0, y) ≡ F (u) (cf. equation (17)). Now, one defines the “reduced” half-

life, τr, by subtracting from the half-life all its contributions other than the Coulomb one,

i.e.

τr = τ − (τ0 + τ1 + τ cent
2 ) ≡ τ coul

2 = 0.27358z . (31)

This means that τr ≡ τ coul
2 should be proportional to the Coulomb parameter z as given by

(30), and, therefore, τr does not depend upon angular momentum `. The present methodol-

ogy has proved quite satisfactory in analysing decay data for radioactivity by proton emis-

sion [43] and alpha decay [41] as well.

The same happens to all known cases of exotic decays, as can be appreciated in figure 4.

Data points defined by pairs of values (z, τ e
r ) in figure 4 are seen indeed very close to the

straight line τ c
r = 0.27358z irrespective of `-values (see inset histogram). All data showed

in figure 4 fit the straight line within two standard deviations (this corresponds to σ ≈

1.60 orders of magnitude). Only in one case (236U → 30Mg + 206Hg [51], filled rhomb)

the difference ∆τ = τ c − τ e amounts to 1.58, which represents a quite acceptable level of

reproducibility. The inset graph shows the relative positions between the actual data for

translead parent nuclei (87 ≤ ZP ≤ 96, full symbols) and exotic decay cases that could

eventually occur in the region of superheavy parent nuclei (ZP > 103, open symbols).

6 Cluster radioactivity in the heaviest nuclei

The present routine calculation has been used in this study to estimate partial half-lives of

heavy cluster (ZC ≥ 14) radioactivity in the region of the heaviest actinide parent nuclei.

Exotic decay cases have been selected in such a way that the daughter nucleus is preferably

either a neutron-magic, the double magic 208Pb or its nearest nuclei as, for instance, 203,204Pt,

204,205Au, 205,206Hg, 206–209Tl, 206–212Pb, and 209–213Bi isotopes. In addition, the most likely

candidates to be considered as a heavy cluster (ZC ≥ 14) are those selected according

to Ronen’s ‘golden rule’ for exotic decays [52], i.e., those nuclei which have the highest
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average binding energy per total number of deuterons and tritons. Ronen, besides the

aspects related to shell effects, has considered nuclei as composed of blocks of deuterons and

tritons. Accordingly, the average binding energy per deuteron-plus-triton is calculated as

Bd+t(Z,A) = 10.01855 +
1

Z
[1.8140846A−∆M ]− 1.36× 10−5Z1.408 MeV , (32)

where ∆M is the atomic mass excess values (in MeV) taken from [45], and the expression

above is restricted to nuclei of 2Z ≤ A ≤ 3Z. Following Ronen’s rule 28Mg should be,

among magnesium isotopes, the most likely candidate to be emitted. Indeed, this is the

case since 28Mg has been observed as the emitted cluster from 234U and 236,238Pu parent

nuclei producing 206Hg and 208,210Pb as daughter nuclei, respectively (the case 236Pu→ 28Mg

+ 208Pb is the most likely to occur in view of the strong shell effect due to the double

magic 208Pb). Another example is the preference for 32Si isotope (which shows the greatest

Bd+t) as a cluster to be emitted, but 34Si combined with 208Pb in the decay of 242Cm is

∼ 2 orders of magnitude more likely to occur than the case 238Pu → 32Si + 206Hg (again,

the strong influence of the double magic 208Pb daughter nucleus). The same happens when

neon isotopes are seen as emitted clusters. In fact, 24Ne and 22Ne, which exhibit the greatest

values of Bd+t (14.97 and 14.81 MeV, respectively) have been observed in seven (six as 24Ne

and one as 22Ne emissions) of the ten cases of exotic decays which produce neon isotopes,

the most likely decay cases occurring with formation of 208Pb daughter nucleus.

Figure 5 shows, for a sample of isotopic sequences of clusters, the behavior of Bd+t in

a comparison with that exhibited by ordinary average binding energy per nucleon, Bp+n.

Except for the double magic 16O the position of the maxima in Bd+t does not coincide with

the ones of Bp+n. Therefore, we decided to use the “golden rule” mentioned above as a

guide to choose cluster candidates to be emitted and, thus, consider those nuclei located

around the maximum of Bd+t in each ZC-sequence. Finally, a daughter nucleus and cluster

emitted, both selected following Ronen’s golden rule, are combined in such a way to form

heavy parent nuclei of longest measured total half-life. These latter have been considered

in estimating their partial half-life for cluster radioactivity. Table 1 lists a number of exotic

radioactivity cases chosen according to the criteria here described. Only cases of emitted

clusters with ZC ≥ 14, half-lives τ = log T1/2 (s) . 28, and branching ratio relative to alpha

decay log bα & −20 have been displayed. Of special interest and importance are the cases of

product nuclei of either 20, 28, and 126 neutron- or 20 and 82 proton-shell closures (or both)
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and their neighbours. Mass asymmetry of the various processes listed in Table 1 is in the

range 0.600–0.740. τ -values obtained following the methodology of the present work (10th

column) show uncertainties within about 1–2 units, i.e. 1–2 orders of magnitude in the half-

life (see section 7). The present results can be compared to results (when available) reported

by Poenaru et al. [3] and Duarte et al. [8]. These latter ones (12th column) are systematically

lower than both the present estimates and the ones of Ref. [3]. Good agreement (differences

not greater than ∼ 2 orders of magnitude) is achieved between the present results and those

obtained by the ASAFM calculation of Ref. [3]. Table 1 shows, in addition, the most likely

cases predicted to occur in heavy cluster radioactivity, namely, the emission of 32Si from

236,237Np, 238Pu and 240Cm isotopes, and 34Si from 238U, 239,240Pu, 241Am, and 242,243Cm

parent nuclei for which cases the branching ratio to alpha decay is evaluated as bα & 10−16.

Harder to be observed are the cases for the emission of 32Si from 241Am and 242Cm parent

nuclei, 34Si from 243Am and 240Cm emitter nuclides, as well as 48Ca from 252Es and 50Ca

from 258Md. Rather unlikely of being detected are also the emission cases for 46Ar from

252Cf and 254Es, 50Ca from 254Es, and 49,50Ca from 259No parent nuclei. For heavier parent

nuclei, i.e. the so-called superheavy nuclei (ZP ≥ 104, AP & 250), the present calculation

method combined with the measured alpha-decay half-life data lead to bα-values still lower

than those listed in table 1. Since the cross sections of production of these heaviest nuclei

are very low too it results very unlikely (even not practicable) to observe cluster decays of

superheavy nuclei such as the synthesized by the methods currently used in. Nevertheless,

a remarked effect of the 126 neutron shell closure on exotic decay half-life would be still

seen if it would be possible to observe such decays. As an example, figure 6 shows for the

superheavies 278110 and 282111 parent nuclei the calculated half-life trends for the emission

of Cu and Ni isotopes. In all cases a sharp minimum in τ = log T1/2 occurs whenever the

number of neutrons of the daughter nucleus fills completely the 126 shell. The reason is

that for an isotopic sequence of clusters from the same parent emitter the trend of half-

life τ is almost totally governed by the quantum mechanical cluster penetrability through

the separation, external Coulomb barrier region, which trend in turn is proportional to the

quantity F (u)/
√
Q , u=Q/Vc (see eq. (16)). This latter is a strongly decreasing function

of Q-value (see the case for 282111 → 70–77Cu detailed in the inset graph of figure 6). Since

Q is maximum when one or both decay products exhibit a structure of closed shell (mainly

for neutrons) because of the greatest binding energies of these nuclei, this peak Q-value will
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lead ultimately to a sharp minimum in the half-life.

7 Uncertainties in calculated exotic decay half-lives

Once the choice for parametrization of the nuclear radii Ri (i = P,D,C) has been done (eqs.

(21)–(26)) to systematize all the existing data of partial half-life of exotic decays, the uncer-

tainty associated to an estimated half-life value, δτ , depends basically upon the uncertainties

accompanying Q-value, δQ, and parameter g, δg (figure 3). Calculations have indicated that

for heavier cluster emission cases angular momentum, `, does not affect significantly the esti-

mated half-lives. For example, when one passes from ` = 0 to ` = 6 in cases for 34Si emission

the variation in τ = log T1/2 (s) is solely ∆τ ≈ 0.13; for a 60Cr cluster it is ∆τ ≈ 0.07, and for

83As it gives ∆τ ≈ 0.05. Hence, we thought it unnecessary to consider such small variations

in the half-life due to changes in `-values. Therefore, it results that the major contributions

to δτ should be due to δQ and δg. In this way, starting from eq. (7), and using (8), (15),

and (16) all valid for ` = 0, an evaluation of δτ can be obtained as

δτ =

[(
∂τ

∂g

)2

(δg)2 +

(
∂τ

∂Q

)2

(δQ)2

]1/2

(33)

in which ∣∣∣∣∂τ∂g
∣∣∣∣ = k1

√
1− u , u = Q/Vc (34)∣∣∣∣ ∂τ∂Q

∣∣∣∣ =
1

2Q

[
0.4343 +

k1u√
1− u

+ k2

(
F (u)√
u

+ 2
√

1− u
)]

, (35)

and where

k1 = 0.19 (c− a)
√
µ0Vc and k2 = 0.27358ZCZD

√
µ0/Vc . (36)

Suppose, for instance, one uses the FRDM-mass table [48] instead of the AME03 [45] to

obtain Q-value for exotic decays (electron screening always included). In this case one may

consider δQ as the difference between the Q-values which come from each other mass-table,

i.e. δQ = ∆Q = Q(FRDM) − Q(AME03). Some representative examples of the resulting

half-life uncertainties, δτ , can be appreciated in Table 2 (5th column). It is seen that the

δτ -values are estimated in the range ∼ 1–3 orders of magnitude, and they result from a

combination of variations in atomic mass excess and mass asymmetry of the process.



CBPF-NF-011/12 14

On the other hand, if one uses the mass excess and its one standard deviation error as

tabulated in the AME03 mass evaluation [45] to obtain the Q-values and their associated

uncertainties δQ (6th and 7th columns, respectively, in Table 2) the resulting half-life uncer-

tainties drop to ∼ 1–2 orders of magnitude (8th column in Table 2), and seem to increase

with mass asymmetry (this is because the mass excess of the heaviest nuclei are in general

less precise than that of known nuclei).

8 Exotic radioactivity of median-mass nuclei

Not only translead nuclei do (or may) disintegrate by the emission of heavy nuclear fragments

of ZC ≥ 6, but some median-mass parent nuclei may undergo such mode of radioactive decay

as well. In fact, some reasearch works, both theoretical [3, 8, 10, 17, 53] and experimental [54,

55], were in recent past devoted to investigation of such type of decay. However, experiments

have indicated to date negative results at all [54, 55].

In addition to a positive Q-value required for the process to be energetically possible,

the quantity u = Q/Vc (0 < u < 1) must be as great as possible, at the same time that the

product ZCZD be small. These conditions are satisfactorily fulfilled in decay cases for which

the daughter nucleus results around the double magic 100
50 Sn and the emitted clusters may be

12C, 16O, 20Ne, and 28Si. Therefore, the parent nuclei should be proton-rich isotopes of the

elements extending from Barium (ZP = 56) up to Gadolinium (ZP = 64). Hence this region

of parent nuclei is being known as the transtin island of cluster emitters, in analogy to the

translead cluster emitters leading to the daughter 208
82 Pb nucleus.

We have applied the present calculation model to evaluate the half-life of cluster emis-

sion in transtin nuclei such as the ones mentioned above. More than fifty cases have been

computed of which nearly forty ones have given τ = log T1/2 (s) . 28. Results are depicted

in figure 7 as Geiger-Nuttall-like plots, in complete analogy to what was observed very early

in alpha decay [56]. The apparent quite linear trend of decreasing of τ with increasing Q-

value showed in figure 7 is a direct consequence of the formalism described by eqs. (7)–(13).

In fact, for a given cluster to be emitted from parent nuclei of the same isotopic sequence

the quantities τ0, c − a, µ0, Vc, and, therefore, k1 and k2 as given by eq. (36) do not vary
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appreciably, so that the half-life can be expressed as

τ = τ0 + k1

√
1− u+ k2F (u)/

√
u , u = Q/Vc . (37)

Now, it is sufficient to expand (37) about u = 〈Q/Vc〉 keeping only the first two terms in the

expansion. Here, u is the average value of the Q/Vc-values of the different decay cases in an

isotopic sequence of parent nuclei. In this way, the half-lives follow the approximate linear

trends obtained by

τ(Q) ≈ τ(u) +
τ ′(u)

Vc
(Q− 〈Q〉) . (38)

For the emission cases 114–120Ba → 12C, for instance, one obtains

log T1/2(s) = τ ≈ 68.53− 3.15Q . (39)

Despite the promising decay case 114Ba → 12C (Q-value = 19.05 MeV), which shows the

lowest predicted half-life-value of T1/2 = 4.7×109 s, careful experiments conducted to search

for this decay process have led to the conclusion of nonobservation of 12C decay of 114Ba

isotope [54].

9 Conclusion

The radioactive decay by the emission of nuclear fragments heavier than the alpha particle

is a process firmly established from both experimental and theoretical points of view. Inves-

tigations on such exotic decays during the last thirty years or so have indicated a number of

cases of clusters (14C–34Si) emitted from translead (Fr–Cm) parent nuclei of extremely low

(5×10−17–4×10−9) branching ratio relative to alpha decay. All current models that have been

developed to give a quantitative description of this rare nuclear process are based on the

quantum-mechanical tunneling mechanism of penetration through a potential barrier, and

they have shown that this spontaneous nuclear break-up may also occur in heavier nuclei

and median-mass, transtin nuclei as well.

Like in alpha decay and ordinary fission processes, cluster radioactivity is a manifestation

of the nuclear shell structure, and the most likely observed cases have been those where the

product nuclei exhibit a neutron or proton (or both) shell closure. The phenomenon can be
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described quite similar to alpha decay, although some remarked differences there exist such

as i) preformation probability of a cluster at the nuclear surface 4–10 orders of magnitude

smaller than that for an alpha particle; ii) difficulties in detecting these rare modes of decay

in view of the expected extremely small branching ratio relative to alpha decay; iii) large

uncertainties (∼ 1–2 orders of magnitude) to predicted half-lives for new cases of cluster

decay from the current models. However, Geiger-Nuttall-like plots for different heavy-ion

emissions emerge nicely in a quite complete analogy to what was very early observed in alpha

decay.

To conclude, it would be rewarding to see detected and measured in a near future other

cases for natural cluster radioactivity such as 26Ne from 232Th (bα ∼ 2 × 10−12) and the

intriguing radioactive disintegration of 34Si from 238U for which case the branching ratio

relative to alpha decay has been computed as 10−13–10−11. The authors anticipate seeing

results confirmed.
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Table 1 - A sample of calculated half-life values for radioactive decay of heaviest actinide parent nuclei by

the emission of massive (Zc ≥ 14) nuclear fragments.

Parent Emitted Daughter Mass Branching

nucleus cluster nucleus asymmetrya Q-valueb Half-life values, τc = log T1/2 (s) to α-decayd

El Zp Ap Zc Nc ZD ND η (MeV) This work Ref. [3] Ref. [8] log bα

U 92 238 14 20 78 126 0.714 86.06c 30.02 −12.87

Np 93 236 14 18 79 125 0.729 88.47 27.58 26.71 −12.11

237 14 18 79 126 0.730 87.96 28.16 30.0 26.99 −14.33

Pu 94 238 14 18 80 126 0.731 91.45 25.37 26.1 24.43 −15.93

239 14 20 80 127 0.715 91.09 26.84 29.0 25.75 −14.96

240 14 20 80 126 0.717 91.29 26.52 27.4 25.40 −15.20

Am 95 241 14 18 81 128 0.734 90.92 27.50 28.9 26.59 −17.37

14 20 81 126 0.718 94.19 24.53 25.8 23.37 −14.40

243 14 20 81 128 0.720 91.04 28.34 29.9 27.25 −16.97

Cm 96 240 14 18 82 126 0.733 97.82 20.96 21.2 19.90 −14.59

14 20 82 124 0.717 95.74 24.40 25.1 23.29 −18.03

242 14 18 82 128 0.736 93.88 25.42 26.0 −18.27

14 20 82 126 0.719 96.78 23.00 23.5 21.81 −15.85

243 14 20 82 127 0.720 95.02 25.03 27.0 23.87 −16.07

Cf 98 252 18 28 80 126 0.635 127.04 26.53 26.5 23.81 −18.60

Es 99 252 20 28 79 125 0.619 142.63 26.08 27.6 22.77 −18.36

254 18 28 81 127 0.638 128.81 26.41 28.2 23.67 −19.03

20 30 79 125 0.606 142.69 26.44 27.9 22.96 −19.06

Md 101 258 20 30 81 127 0.612 148.40 24.44 25.2 20.79 −17.79

No 102 259 20 29 82 128 0.622 150.53 24.00 20.41 −20.33

20 30 82 127 0.614 151.69 23.13 23.3 19.42 −19.46

a This is defined by η = 1− 2AC/AP.

b Screening effects included (see equation (20)).

c Assuming a mass excess of −18.54 MeV for 204Pt isotope according to the droplet model by Möller et

al . [48].

d This is given by log bα = τα − τc where τα is the decimal logarithm of the measured partial alpha-decay

half-life as tabulated in [45], and τc is the corresponding entry in the 10th column.
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Table 2 - Examples of evaluation of half-life uncertainties in exotic radioactivity.

Q-valuea (MeV) Q-valuea (MeV)

Decay case FRDM [48] AME03 [45] δQ = ∆Q δτ AME03 [45] δQb δτ

228Th → 20O + 208Pb 46.06 44.87 1.19 2.3 44.87 0.003 0.8

240Pu → 34Si + 206Hg 91.41 91.29 0.12 1.3 91.29 0.024 1.3

259No → 50Ca + 209Pb 150.27 151.69 1.42 2.1 151.69 0.100 1.6

282Rg → 73Ni + 209Bi 224.13 224.76 0.63 2.0 224.76 0.939 2.1

291115 → 85Br + 206Hg 279.12 281.36 2.24 2.7 281.36 0.890 2.1

a Screening effects included (see equation (20)).

b δQ = [(δ∆MP)2 + (δ∆MD)2 + (δ∆MC)2]
1/2

where the δ∆M ′s are the 1σ errors to the mass

excess values as tabulated in the AME03 [45].
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Figure Captions

Fig. 1 Illustrating the one-dimensional potential barrier for three cases of cluster radioac-

tivity. The shaded area emphasizes the overlapping barrier region a–c (where the

cluster is being formed). The region of the external barrier c–b comprises the Coulomb

plus centrifugal (for cases of ` 6= 0) contributions to the barrier. Note the differences

when one passes from case a) to c).

Fig. 2 Reduced, equivalent liquid drop nuclear radius (r0 = R/A1/3) to the average equiva-

lent root-mean-squares radius of the proton and neutron density distributions following

the finite-range droplet model by Möller et al . [48]. Different symbols refer to different

types of nuclei as indicated.

Fig. 3 Values of parameter g obtained semiempirically as a function of mass asymmetry,

η, for all cases of cluster radioactivity observed to date. Symbols represent different

cluster emission cases as indicated (parent nuclei are shown straight in front of each

emitted cluster). The dashed line represents the average value (g = 0.349 ± 0.021),

and the shaded area its uncertainty to 1.7σ.

Fig. 4 Reduced half-life, τr ≡ τ coul
2 (defined by eqs. (30) and (31)) plotted against Coulomb

parameter z (as given by definition (30)) for all cases of cluster radioactivity observed to

date. Symbols represent experimental reduced half-lives, τ e
r , for cluster emission cases

indicated in the same way as shown in figure 3. τr-values have been obtained by using

the average g-value shown in figure 3. The straight line τ c
r = 0.27358z gives the reduced

calculated half-life values according to the present methodology. The left inset graph

shows the distribution of the difference ∆τ = τ c− τ e = τ c
r − τ e

r between calculated and

experimental half-life values which is seen normally centered at ∆τ = 0 with standard

deviation σ = 0.818 (80% of cases are of |∆τ | ≤ 1). The right inset graph shows the

range where the τ c
r -values for cases of eventual cluster emission from superheavy parent

nuclei would be located; few examples are: �, Zp = 104; M, Zp = 109; O, Zp = 112;

◦, Zp = 115 (full circles represent observed cluster emission cases of 87 ≤ Zp ≤ 96).

Fig. 5 a) Average nuclear binding energy per deuteron-plus-triton, Bd+t (eq. (32)), com-

pared to b) average nuclear binding energy per nucleon, Bp+n, for intermediate-mass

and less massive neutron-rich nuclei. The numbers near the broken lines are the atomic
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numbers of the isotopic sequences, and those near the vertical arrows indicate the neu-

tron shell closure.

Fig. 6 Partial cluster decay half-life plotted against mass number of the emitted cluster

for the decay cases 278110 → Ni, Cu (part a) and 282111 → Cu (part b). Data points

are calculated values following the present calculation model. Note in all cases the

clear effect caused by the 126 neutron shell closure of the daughter nucleus. The inset

graph shows the variation of Q-value and the quantity F (u)Q−1/2 (eq. (17)) with mass

number of the daughter nucleus, AD, for the emission cases 282111→71–77Cu.

Fig. 7 Geiger-Nuttall-like plots for radioactive decay cases of median-mass parent nuclei:

114–120Ba → 12C (l), 114–119Ba → 16O (◦), 119–124Ce → 16O (n), 124–127Nd → 16O

(s), 119–121Ce → 20Ne (�), 124–126Nd → 20Ne (M), 128–132Sm → 24Mg (t), and

128–132Sm → 28Si (O). Points represent calculated half-life data following the method-

ology of the present work, and the lines are to guide the eyes. All mass excess values

are from the 2003 mass evaluation by Audi et al. [45].
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