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ABSTRACT 

 
In this paper an analytical calculation of the isotopic depletion equations is proposed, featuring a chain of major 

isotopes found in a typical PWR reactor. Part of this chain allows feedback reactions of (n,2n) type. The method 

is based on decoupling the equations describing feedback from the rest of the chain by using the decomposition 

method, with analytical solutions for the other isotopes present in the chain. The method was implemented in a 

PWR reactor simulation code, that makes use of the nodal expansion method (NEM) to solve the neutron 

diffusion equation, describing the spatial distribution of neutron flux inside the reactor core. Because isotopic 

depletion calculation module is the most computationally intensive process within simulation systems of nuclear 

reactor core, it is justified to look for a method that is both efficient and fast, with the objective of evaluating a 

larger number of core configurations in a short amount of time 

 

1. INTRODUCTION 

 

The changes in the properties of a nuclear reactor along its operation cycle, due to nuclear 

reactions, are determined by changes in the isotopic compositions of fuel and the way these 

changes are handled. 

 

The importance of knowing the concentrations of these nuclides in the core during reactor 

operation, is the fact that such changes in the core composition can affect the  neutron flux, as 

well as the reactivity and power distribution. 

 

The solution of the isotopic depletion equations, i.e., the calculation of isotopic 

concentrations in the reactor core, is the task that consumes more processing time in the 

systems that simulate nuclear reactor core. Therefore, it is interesting that this type of 

calculation is made as quickly as possible without any loss in accuracy.  This is justified 

because the calculations for optimizing the core for a new  operation cycle is very time 

consuming and how much faster is the  calculation, more core configurations can be 

simulated and thereby, obtaining an optimized nuclear core becomes more likely to be 

achieved. 

 

In this paper, a method is being proposed to solve the depletion isotopic equations, found in 

systems that simulate PWR nuclear reactor core, which combines the method of 
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decomposition of matrices with analytical solutions. We shall examine a closed chain of 

actinides, which consists of 17 actinides where in the initial elements exists feedback 

reactions. We will analyze also the fission products resulting from the burnup of these 

nuclides in the fuel. The main objective will be to calculate the isotopic concentrations, trying 

to minimize the computational time associated with their calculation. 

   

                               2.  THE ISOTOPIC DEPLETION EQUATIONS 

 

The depletion equations describing the concentrations of isotopes in the reactor core can be 

derived using a balance between losses and gains. In general, consider a nuclide i inserted in 

a certain chain of actinides. If  is its concentration in a given time t, the depletion 

equations describing the rates of changes that occur with this isotope will be given by [1] 

 

 

 

 

 

 

 

 

 where: 

 

 

  Isotopic concentration of nuclide i. 

 

  Radioactive decay constant of nuclide i. 

          

 Microscopic cross section of capture of nuclide i. 

          

 Microscopic cross section of reaction (n, 2n) of the nuclide i.              

 

 Microscopic cross section of fission of nuclide i.        

 

 Microscopic cross section of absortion of nuclide i. 

          

 Neutron flux 

 

 

We use the multigroup energy formulation to discretize the continuous variable E, which 

characterizes the neutron energy, in energy range. In this formulation, the energy of neutron 

spectrum  is divided into G energy groups. Thus, we can rewrite the equation (1) as follows 

 

 

 

(1) 
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To deal with the spatial part, we will use a coarse mesh method NEM (Nodal Expansion 

Method) [2]. In the NEM, the spatial domain of the reactor core is divided into a contiguous 

set of cobblestones called nodes where the multigroup nuclear parameters are uniform, as 

represented in   Figure 1. 

 

 

                                                 Figure 1: General node 

 

 

In this method, the nodal balance equation is obtained by integrating the neutron continuity 

equation in the volume  of a node and subsequent division by  . This equation 

are calculated average fluxes in the nodes . This average flux at node n is defined by: 

 

 

 

Using a similar idea, integrating the equation (2) in the volume   of a node n 

and then dividing it by the volume of the node, and considering that the isotopic 

concentrations at node n are defined by 
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The equations that describe  the change in  isotopic concentration become:  

 

 

 

 

 

We can generalize equation (5) to encompass any actinide present in a given chain using the 

following expression: 

 

 

 

being  the total number of actinides and the coefficients  given by 

 

 

 

 

 

where   represents the percentage that the nuclide j produces nuclide i by decay or neutron 

capture. In addition,  for j > i represents the possible reactions of existing feedback 

(reactions (n, 2n) and alpha decay). The coefficients matrix h’s of the equation (6) is called 

the evolution matrix of the system, or  depletion matrix. 

 

Considering that there are a total of  nuclides (actinides over fission products), the 

equations for these fission products are given by: 

 

 

 

 where 
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  and 

 

 

 

 

In the depletion equations it is customary to use an approximation to the temporal part, called 

of quasi-static. In this approach the burnup period is divided into small intervals, along which 

the neutron flux is kept constant. Thus, for any t within the burnup range  will have, 

 

 

 

 

Thus, for each start of the burnup range the neutron flux is calculated by the  neutron 

diffusion stationary equation, with the nuclear parameters held constant during the interval 

. Thus, we can rewrite the equation (6) in matrix as follows: 

 

 

 

 

 

where  represents the burnup range   and  is the stationary evolution 

matrix. 

 

 

 

3. PROPOSED METHOD                                                          

 

 

3.1  Chains depletion 

 

The nuclides chain to be used in this paper is shown in Figure 2. We can see that in this chain 

are allowed  feedback reactions. The decoupling of these equations will be done by using the 

matrices decomposition method and the rest of the string will be treated analytically. 
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Figura 2. Actinides chain  

                                                     

 

As an illustration, in Figure 3 is shown a chain of fission products. 

 

 

Figura 3. Fission product chain 

                  



INAC 2011, Belo Horizonte, MG, Brazil. 

 

 

3.2.  Matrices decomposition  

 

The equation that describes the isotopic concentrations of the system formed only by the first 

three actinide of the chain shown in Figure 2 is given by: 

 

 

 

  where   

 

 

 

and the evolution matrix of this system  given by 

 

 

 

We can relate the isotopic concentrations vector with a vector  such that 

 

 

 

and equation (11) following which 

 

 

 

where the matrix  whose columns are formed by the eigenvectors associated with 

eigenvalues , for k = 1,2,3  of the matrix , diagonalizes the matrix , i.e. : 

 

 

 

 

Then the equations (15) and (16) it follows that, 

 

 

 

for k = 1,2,3. The solution of equation (17) for  is as follows: 

 

 

 

Using equation (14), we obtain, for  known that, 
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Now, defining 

 

 

    

and 

 

 

 

 we can write that, 

 

 

 

for i= 1, 2, 3. And  

 

 

 

Thus, using equations (18), (22) and (23) we obtain 

 

 

 

 

Where, 

 

 

 

3.3.  Analitic solutions 
 

The general solution for the other nuclides in the chain can be written as: 

 

 

where 
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In a general form the coefficients a's that appear in this equation are given by: 

 

 

 

 

for i= 4,5,.....,17. 

 

 

After some algebraic manipulations we can express the general solution of fission products in 

a manner analogous to writing for the actinides: 

 

 

 

 

Because the sum of the coefficients of the equation (27) and the fission term  possess 

various forms, we will avoid their clarifications in order to facilitate reading. 

 

4. RESULTS 

 

To evaluate the effectiveness of the method, we will simulate a PWR reactor composed of 

121 fuel elements, using for this the neutronic simulation code developed in Nuclear 

Engineering Program (PEN) of COPPE / UFRJ. The method used in that code, taken as a 

reference uses the exponential matrix method coupled with the Jacobi orthogonal 

polynomials [3]. This method will be named as exponential, while the method proposed in 

this paper will be referred to as analytical. Table 1 shows the values for the isotopic 

concentrations of all the actinides present in the chain of Figure 2. We can see the data found 

a high compatibility of results, with differences in orders of magnitude too low. The isotopes 

positioned between the first elements of the chain had  isotopic concentrations nearly 

identical. The concentrations that showed a larger deviation was the beginning of the cycle 

and between elements located at the end of the chain because of its isotopic concentration 

values present small values. The isotopic concentrations of actinides obtained with the 

analytical method were approaching their respective benchmarks as the fuel was being 

burned, resulting in a high-precision values at the end of the cycle 
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Isotope Method 

Burnup (MWD/Kg) 

 

     0.113             0.226            4.518            9.412          14.307 

U234 
Exponential 

Analytical 

1.594E-06 

1.594E-06 

1.594E-06 

1.594E-06 

1.564E-06 

1.564E-06 

1.515E-06 

1.515E-06 

1.447E-06 

1.447E-06 

U235 
Exponential 

Analytical 

1.894E-04 

1.894E-04 

1.892E-04 

1.892E-04 

1.802E-04 

1.802E-04 

1.654E-04 

1.654E-04 

1.453E-04 

1.453E-04 

U236 
Exponential 

Analytical 

3.188E-08 

3.188E-08 

6.850E-08 

6.850E-08 

1.633E-06 

1.633E-06 

4.170E-06 

4.170E-06 

7.525E-06 

7.525E-06 

U238 
Exponential 

Analytical 

6.983E-03 

6.983E-03 

6.983E-03 

6.983E-03 

6.977E-03 

6.977E-03 

6.968E-03 

6.968E-03 

6.955E-03 

6.955E-03 

Np237 
Exponential 

Analytical 

5.396E-10 

5.396E-10 

1.157E-09 

1.157E-09 

3.291E-08 

3.290E-08 

1.055E-07 

1.055E-07 

2.392E-07 

2.392E-07 

Pu238 
Exponential 

Analytical 

1.703E-13 

1.703E-13 

7.755E-13 

7.755E-13 

5.094E-10 

5.094E-10 

4.123E-09 

4.123E-09 

1.717E-08 

1.717E-08 

Np239 
Exponential 

Analytical 

6.469E-08 

6.469E-08 

1.002E-07 

1.002E-07 

1.689E-07 

1.690E-07 

2.571E-07 

2.571E-07 

3.610E-07 

3.610E-07 

Pu239 
Exponential 

Analytical 

3.268E-08 

3.268E-08 

1.075E-07 

1.075E-07 

4.458E-06 

4.458E-06 

1.041E-05 

1.041E-05 

1.617E-05 

1.617E-05 

Pu240 
Exponential 

Analytical 

1.495E-11 

1.495E-11 

1.132E-10 

1.132E-10 

1.405E-07 

1.405E-07 

8.569E-07 

8.567E-07 

2.580E-06 

2.579E-06 

Pu241 
Exponential 

Analytical 

1.351E-14 

1.351E-14 

2.231E-13 

2.231E-13 

7.815E-09 

7.815E-09 

1.105E-07 

1.105E-07 

4.682E-07 

4.681E-07 

Am241 
Exponential 

Analytical 

1.075E-18 

4.947E-19 

3.487E-17 

3.284E-17 

2.641E-11 

2.641E-11 

7.234E-11 

7.233E-11 

4.475E-09 

4.474E-09 

Am242m 
Exponential 

Analytical 

4.833E-23 

2.711E-22 

3.341E-21 

1.120E-21 

6.466E-14 

6.465E-14 

4.205E-12 

4.204E-12 

4.102E-11 

4.101E-11 

Am242 
Exponential 

Analytical 

2.532E-22 

8.347E-21 

1.325E-20 

1.157E-19 

2.466E-14 

2.467E-14 

1.059E-12 

1.059E-12 

9.708E-12 

9.708E-12 

  Pu242 Exponential 

Analytical 

2.230E-18 

6.089E-17 

7.871E-17 

6.540E-16 

7.861E-11 

7.860E-11 

3.236E-09 

3.235E-09 

2.974E-08 

2.974E-08 

  Am243 Exponential 

Analytical 

2.073E-22 

7.127E-21 

1.518E-20 

2.602E-18 

4.202E-13 

4.202E-13 

4.749E-11 

4.747E-11 

8.430E-10 

8.429E-10 

  Cm242 Exponential 

Analytical 

9.878E-23 

1.586E-22 

1.037E-20 

5.243E-19 

4.164E-13 

4.164E-13 

3.229E-11 

3.228E-11 

4.118E-10 

4.117E-10 

   Cm244 Exponential 

Analytical 

2.517E-26 

4.691E-20 

3.766E-24 

6.681E-18 

2.820E-15 

2.820E-15 

8.747E-13 

8.747E-13 

3.021E-11 

3.021E-11 

 

 

 

Table 1. Isotopic concentrations of actinides using both methods 
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The computational time spent by the two methods, to simulate 1/4 core, are in Table 2. The 

analytical method requires a time interval considerably shorter than the exponential method. 

 

 

 

Table 2: Time spent by the two computational methods 

 

 

Method Time(s) 

Exponential 45.30 

Analytical 5.64 

 

 

 

 

 

5.   CONCLUSIONS 

 

 

In this paper, we realized that the proposed method for calculating depletion, based on the 

matrices decomposition  and analytical solutions is effective for the prediction of 

concentrations with a high accuracy of results. Moreover, with the results, we realize that 

there was a significant reduction in processing time taken to obtain the isotopic 

concentrations, ie, the solution of the depletion equations and, thus, leading to a significant 

improvement in total time spent for the simulation of the nuclear core, allowing us to evaluate 

a greater number of configurations of reactor core in a shorter time interval. 
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