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The basic approaches to the description of the ceramics sintering phenomenon are 

considered. It is established that diffusive sintering models incorrectly describe an intermediate 
stage of this process. The physical model of sintering, considering the substance plastic flow of 
pressing under the influence of internal stress forces and capillary forces, as the basic mechanism 
defining the shrinkage of sintering oxide nuclear fuel, is offered 
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Sintering process of the sample made of the pressed powder of uranium dioxide, is 

accompanied by reduction of its linear sizes. Change of the macroscopical sizes of the sample 
occurs as result of reduction of voids total volume between grains of powder.  Similar voids 
between grains of powder are always present in pressing of uranium dioxide powder. According 
to the general representations of sintering at early stages of this process [1-3] inside sintering 
sample occurs closing of the channels connecting voids, on late are closing of isolated pores [4-
6]. As the mechanisms defining of such kinetics of sintering process, usually consider the 
diffusive mechanism of sintering [1-5] and the mechanism of viscous flow of solids under the 
influence of surface tension force [6]. 
 
1. Current state of ceramics sintering theory 

Sintering process usually subdivide into 3 consistently proceeding stages: initial, 
intermediate and final stages. Stages are defined as an interval of time or value of density at 
which the microstructure of sintering compact can be unambiguously identified. We will 
consider the definitions of sintering stages and their characteristic is more detailed. 

 
a) There is a growth of neck in the area of contact of grains inside heating pressing in process of 
an initial stage of sintering. It is supposed [7] that the initial stage of sintering proceeds until the 
characteristic radius of neck between particles reaches values 0.4-0.5 from initial radius of 
contact grains of powder. For pressings of fuel tablets with initial density 0.5-0.6 from 
theoretical density (TD) the initial stage of sintering results as a maximum to 3-5 % shrinkage or 
in increase in density of pressing to 0.65TD. 
 
b) Intermediate stage of sintering begins, when pores in pressing reaches the quasi-equilibrium 
shape dictated by a minimum of their surface energy in a compact and forces of surface tension. 
Porosity in pressing at this stage of sintering is connected. In models of sintering system the 
pores at an intermediate stage usually describe as system of intercepted «cylindrical tunnels» 
located along sides of grains. In the end, the pressing densification occurs as result of cross-
section section area reduction of «cylindrical» pores. Finally the radius of pores reaches a critical 
value at which the phase of open porosity becomes unstable, unprofitable from energy point of 
view. Further "cylindrical" pores are collapsing, forming system of the isolated pores. This 
moment of time corresponds to the beginning of a final stage of sintering. The intermediate stage 
composes a main part of sintering process and comes to an end, when the pressing density 
reaches values ~0.9TD. 
 
c) One of the most simplified approaches to visual representation of a final stage of sintering is 
the closing the isolated pores inside or on grain border. At such approach it is supposed that the 
process of closing proceeds continuously, the characteristic linear dimension of all pores in 
pressing is identical and is decreasing simultaneously.  Division of sintering process into stages 
is conditional method which is used by authors of works on sintering [1-3,7,8] for simplification 
of construction of their models. Similar division of sintering phenomenon into stages is poorly 
founded from the physical point of view as the structure of pressing in process of its sintering 
remains strongly non-uniform. At any stage of sintering in the heating tablet of uranium dioxide 
it is possible to find as the area, which is satisfying to definition of one of sintering process 
stages, and the areas which are not corresponding to definition of sintering stage at given density 
of a tablet. Hence, the criterion which is used by authors for identification of each stage of 
sintering is insufficiently founded. From all possible mass transport mechanisms of sintering 
substances are usually limited only to diffusive mechanisms: volume diffusion and grain 
boundary diffusion of lattice ions on vacancy mechanism [1]. However the models based on the 
diffusive approach to the phenomenon of sintering of pressing, not allow to predict, but even to 
describe an experimental sintering curve of material [9]. In diffusive approaches the model 
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problems are considered generally. It is problems not concerning with physical process of 
sintering, such as heating of spherical particles. Moreover, the result of calculation of material 
shrinkage function within the limits of diffusive approach is expressed through physical 
magnitudes which, in particular for ceramics, or aren't known (grain boundary diffusion factor), 
or not well known (surface tension, uranium diffusion factor, size distribution function of 
powder grains in green compact).  

The oxide nuclear fuel tablet is made of granulated powder of uranium dioxide by its 
pressing. Under pressure in a tablet appear elastic stresses which don't vanish even after removal 
of external pressure. The magnitude of elastic stress is much less than external pressure. Here the 
pressing structure is non-uniform. There are both crystalline particles of uranium dioxide and 
voids in it. Similar voids are sources of stress in pressing due to finite curvature radius of their 
surface.  

Sintering of pressing is carried out at high temperatures (~1600 °C), exceeding the 
temperature of brittle-ductile transition of uranium dioxide (Tbdt~1100 °C at stress 30 МПа [10]). 
At heating of pressing above temperature of brittle-ductile transition the tablet of uranium 
dioxide passes from brittle in ductile state which is characterized by nonzero creep rate. In a 
ductile state the substance also has a finite magnitude of viscosity. Thus, in the sintering pressing 
there is a possibility of realization of viscous flow of substance under the influence of residual 
stress forces and forces of surface tension. Hence there is possibility of mass transport in the 
heating tablet by a plastic flow besides diffusion process. 

Therefore the purpose of the present work is construction of the physical model taking 
into account the influence of viscous flow of uranium dioxide on the sintering process of oxide 
nuclear fuel. 

 
2. Mechanism of plastic flow 

Let's consider the process of closing of single pore in the medium. Here under medium 
we will understand the substance consisting of structure elements with average size L. An 
example of the similar medium is the pressing of powder of uranium dioxide. Kinetics of pore 
closing is defined by ratio between the pore characteristic size and the size of structure elements 
(R/L), and also atmosphere in which sintering occurs. 

Let gas-filled isolated pore is located in the pressing consisting of grains of powder, 
which characteristic size is much less than characteristic size of pore. We will assume that the 
temperature of pressing exceed the temperature of brittle-ductile transition. Note that the 
temperature of brittle-ductile transition depends on deviation from stoichiometry of uranium 
dioxide sample and additives content in pressing [11]. If gas pressure in pore Pg much less than 
Laplace pressure γ·dΣ/dV (γ is factor of pore surface tension, Σ is pore surface area, V is its 
volume) then under the influence of surface tension forces in viscous medium the pore will 
continuously decay [6,12]. The pressing creation is reduced to influence of pressure upon a 
powder. Hence, grains of powder in pressing are under stress. Really, stress distribution between 
grains of powder is non-uniform and non-isotropic. The magnitude of such stress depends on 
mutual orientation of grains and their contact area in compact. At construction of closing pores 
model at the expense of a viscous (plastic) flow for the purpose of simplification, we will replace 
the real stress distribution in pressing by homogeneous and isotropic pressure P.  

Stress forces work and surface tension work connected with the tendency of pore surface 
to a minimum, are expended for creation of substance flux toward pore: 

 
( )2 ,
2
r tdPdV d dt dV

dt
ρυ

γ
′⎛ ⎞

′+ Σ = ⎜
⎝ ⎠

∫ ⎟  (1) 

where integration in the right part of relation (1) is made over volume of substance without pore 
volume, ρ – medium density, υ – flow rate substance to pore, γ – factor of surface tension. 

In viscous substance the friction forces operate, resulting in a loss of impulse [12]: 
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Here quantity 
 ik ik ikPσ δΠ ≡ −  
is tensor of forces operating on volume element of viscous substance [13]. On the physical sense 
the product of forces tensor on area elementikΠ kdf df nk≡ ⋅ , ( kn  is an individual vector of a 

normal in a direction k  to a surface , the limiting elementary volume), is equal to i- force 
component  operating on differential of area df . 

df
idF = Πikdfk

 ik ik r r
μ ν

μν
ν μ

υ υσ η
⎛ ⎞∂ ∂

≡ +⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠
 

is tensor of viscous stress; ikμνη  is viscous tensor of medium, depending on the form, grains size  
and also from structural anisotropy of pressing. 

Using the Newton's second law (2) for elementary volume of creeping substance, we will 
rewrite the law of conservation of energy (1) in the form [12]: 

 i
ik

k

dV dP dV
dt dt r

υγ σΣ ∂′+ = −
∂∫  (3) 

In the elementary case of a structural isotropy the viscous tensor can be represented in 
form ijkl ik jlη ηδ δ= . Nonzero components of viscosity tensor are equal to viscosity factor (η ). 

The viscosity factor of matter of pressing can be found from the creep rate experiment far 
from threshold of brittle-ductile transition through creep factor. The creep factor κ  is the 
constant of proportionality between the residual stress σ  in pressing and the creep rate ε  [8]: 
 ε κσ=  (4) 
In fact, the creep factor of material is equal to inverted viscosity 1κ η−= . 

In isotropic approach the right parts of expression (3) can be symmetrized: 

 
2

2
i k

k i

dV dP dV
dt dt r r

η υ υγ
⎛ ⎞Σ ∂′+ = − +⎜ ∂ ∂⎝ ⎠

∫
∂

⎟  (5) 

The equation (5) together with Newton’s second equation (2) makes the full system of 
differential equations defining time dependence of characteristic size of pore.  

In a quasi-stationary state, when characteristic times exceed the time of establishment of 
a stationary flow of matter the time derivative in the equation (2) vanish. 

Let's suppose that grain in a plastic state is incompressible ( 0tρ∂ ∂ = ). Then from 
continuity equation reflecting the fact of grain volume invariance in the moving process equality 
follows to zero of divergence of grain velocity ( ( ) 0div υ = ). In approximation of stationary flux 

toward pore, taking into account a condition ( ) 0υdiv = , the equation (2) is possible to rewrite in 
the form [12]: 
 0υΔ =  (6) 

Moreover the total flow of substance of pressing through pore surface should coincide 
with its volume reduction rate with time: 

 
dVdf
dt

υ
Σ

= −∫  (7) 

Relation (7) should be considered as a boundary condition to the equation for flow rate of 
substance (6). 
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The further integration of the differential equation (5) demand the knowledge about a 
concrete geometry of a problem (5) - (7). 

At the initial stage of sintering the voids between grains of powder are connected with 
each other by channels and form intergranular connected porosity. The characteristic length of 
such channels appreciably exceeds the size of grains of powder. For simplification the connected 
porosity at the given stage of sintering usually describe as set of branched and extensive 
"tunnels" having the form of the cylinder. 

In approach of cylindrical and spherical symmetry the solutions of a problem  (5) - (7) are 
given by: 

a) Cylindrical symmetry: 

 
2

dR R P
dt R

γ
η
⎛ ⎞= − +⎜
⎝ ⎠

⎟  (8) 

b) Spherical symmetry: 

 
2

4
dR R P
dt R

γ
η
⎛ ⎞= − +⎜
⎝ ⎠

⎟  (9) 

From formulas (8)-(9) follows the flow rate projection of plastic substance of pressing to 
surface normal of pore is always negative, i.e. flow rate is directed toward the interior of pore 
that corresponds to tendency of pressing to reduce the internal surface area formed by pores. 

Thus, expression for the closing rate of spherical pore (9) with respect to functional type 
is similar to expression for the closing rate of pore in cylindrical symmetric case (8). Difference 
of 2 expressions consists only in distinction of surface curvature of pore K=d Σ/dV (2/R – in case 
of sphere and 1/R – in case of the cylinder, respectively) and number of spatial degrees of 
freedom in a problem (it is consisting in multiplication factor 2 at the viscosity in the right part 
of expression (9) for closing rate of spherical symmetric pore). 

From formulas (8), (9) follows that in case of small pressure in comparison with Laplace 
pressure P<<γdΣ/dV, the closing rate of pore doesn't depend on its radius. It is occurs under the 
law, received in Frenkel's work [6]: 

 
2

dR
dt

γ
η

= −  (10) 

On the contrary, in case of major pressure in comparison with Laplace pressure 
P>>γdΣ/dV, the change of radius with time occurs under the exponential law:  

 ( ) ( ) ( )
0

0 exp
2 4

t

t

PdtR t R
tη

⎛ ⎞′
−⎜⎜ ⎟⎟′⎝ ⎠
∫  (11) 

The solution of the equation describing the closing of a unique pore in pressing (8) at any 
pressure P in isothermal regime of sintering can be expressed in the simplest form. In this case 
pressing long time soak at constant temperature, therefore viscosity (or creep factor) of 
substances of pressing and surface tension are constants and are don't depend on time.  

Let at the initial time t0 the pore radius was equal R0 then the solution of the equation (8) 
is given by: 

 ( ) 0
0

0 0

1 exp t tR t R ,
R P R
γ γ

τ P
⎡ ⎤⎛ ⎞ −⎛ ⎞= + − −⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠⎣ ⎦
 (12) 

where 2 Pτ η≡  is characteristic time of the pore closing process, connected with the 
presence of elastic stress in pressing. 

From the formula (12) it is obvious that under isothermal regime of sintering the 
deviation of time dependence of radius of growing pore from linear law is connected with 
residual elastic stress in the pressed sample. 
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3. Behavior of pore ensemble in the sintering process 
Pore ensemble we will describe, using formalism of distribution function [14,15]. 
Let ( , )f R t  is size distribution function of pores, defined in such a way that the integral 

over pore sizes from pore distribution function is equal to full number of pores N (t) at the 
moment of time t: 

  (13) ( ) (
0

,dRf R t N t
∞

=∫ )
Knowing the size distribution function of pores at arbitrary moment of time it is easy to 

find the full volume of pores at same moment of time:    

 ( ) (3

0

4 ,
3

V t dR R f R tπ∞

= ⋅∫ )  (14) 

However, if the law of changing of pore radius with time is known then for estimation of 
full volume of pores at any moment of time only distribution function of pore at initial time is 
required [16] (for simplification it is adopted that all pores possess the spherical shape): 

 ( ) ( ) (3
0 0 0

0

4 ,
3

V t dR R R t f Rπ∞

= ∫ )0⋅  (15) 

Here ( )0 ,R R t  is the law of changing of pore radius with time; ( )0 0R R t t≡ =  is pore radius at 

initial time; ( ) ( )0 0 0,f R f R t t≡ =  is size distribution function of pores at the initial time. 
Equality (15) can be rewritten in form more convenient for the further application: 

 ( ) ( )3
0

4 ,
3

V t N R tπ
= ⋅  (16) 

where notation of ensemble average of pores at initial time  

 ( )0 0 0
0 0

1 dR f R
N

∞

≡ ∫… …  

and notation of full number of pores at initial time ( )0N N t t0≡ = are entered. 
Relative variation of sample volume in the sintering process coincides with relative 

variation of volume of pores ensemble. Therefore shrinkage of the sample 0y L L=  is given 
by: 

 
( )3

3
0

1 1
3

R t
y

R

⎡ ⎤
= −⎢ ⎥

⎢ ⎥⎣ ⎦
 (17) 

In the formula (17) it is accepted that shrinkage at initial time is equal to zero y(t=t0)=0.  
In practice maybe that the mechanism controlling the sintering during one of stages of this 
process defines the shrinkage of sample since time moment t0 at which shrinkage possesses 
nonzero value y0. In that case in the right part of the formula (17) it is necessary to add summand 
y0. 
Thus, if the microscopic parameters - the time dependence of pore radius and the averaged initial 
volume of pore are known, then it is possible to calculate behavior of macroscopic parameter - 
shrinkage of sintering of sample. 
 
4. "An intermediate" stage of sintering 

During "an intermediate" stage of sintering the significant reduction of pore volume in 
sintering sample is takes place. We will assume that intermediate stage of sintering is controlled 
by the mechanism of viscous flow of solids. Then the time dependence of pore radius at an 
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isothermal regime of sintering, but under the condition of spherical symmetry, is described by 
the formula (12). We will calculate the assembly average of pores volume: 

 

( )
3 2

3 2 0
0 0 0

2 3
0

0

2
2 0
0 0

4 2 2 23 3 exp 3
3

2 2 2              3 exp

2 2 2              3 2 exp 2

t tV t R R R
P P P

t tR
P P P

t tR R
P P P

π γ γ γ
τ

γ γ γ
τ

γ γ γ
τ

⎡⎛ ⎞ −⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + + + −⎢⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢⎝ ⎠⎣

−⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + − − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ −⎛ ⎞ ⎛ ⎞− + + −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

⎤⎛ ⎞⎥⎜ ⎟
⎝ ⎠⎥⎦

+

 (18) 

From expression for time dependence of full volume of pore the formula for shrinkage of 
sample as function of time follows: 

 0 0
0 1 2 3exp exp 2 exp 3t t t t t tу C C C C 0

τ τ τ
− −⎛ ⎞ ⎛ ⎞ ⎛= + − + − + −⎜ ⎟ ⎜ ⎟ ⎜

⎝ ⎠ ⎝ ⎠ ⎝
− ⎞

⎟
⎠

 (19) 

where the coefficients  are independent of time and are connected with the moments of 
initial pore radius by ratios: 

0,1,2,3C

 
3

0 3 3
0

8 1
33

C
P R
γ

= − − ; 

 
2 3

0
1 3 3

0 0

2 8R
C

P 3R P R
γ γ⎛ ⎞= +⎜ ⎟

⎝ ⎠
; 

 
2 3 2
0 0

2 23 3 3
0 0

2 8 8R
3
0

R
C

P PR P R R
γ γ γ

= − − − ; 

 
2 23
0 0

3 3 3 3 3
0 0 0

1 8 2 2
3 3

R R
C

P PP R R R
γ γ γ⎛ ⎞= + + + ⎜ ⎟

⎝ ⎠
. 

By implication, the coefficients C1,2,3 are the ratio of average Laplace pressure 02 Rγ  
over pore surface to the average residual stress in the sample  after its pressing. P

Moreover, out of structure of coefficients follows that their sum is equal to zero 
С0+С1+С2+С3=0, therefore expression for shrinkage can be rewritten in form: 

 

 0 0
1 2 3exp 1 exp 2 1 exp 3 1t t t t t tу C C C

τ τ
⎡ − ⎤ ⎡ − ⎤ ⎡ −⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − + − − + −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥ ⎢⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦ ⎣

0

τ
⎤

− ⎥
⎦

 (20) 

Thus, from ratio (20) follows that the shrinkage of sintering sample as time function at an 
isothermal regime of sintering represents a linear combination of damped exponential curve with 
time. 

On figure 1 the sintering curves of uranium dioxide are represented. Such curves are 
received by linear heating and soaking of UO2 samples at temperatures T=1100 °C÷1500 °С. At 
the same figure, the continuous lines are result of fitting of experimental points by dependence of 
type (20), using least squares method.   

From figure 1 follows that the derived functional form of shrinkage of the sample (20) 
allows to describe the experimental sintering curve in principle. 
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5. Conclusions 
• The process of a viscous flow in heating tablet of uranium dioxide under the influence of 

forces of surface tension of pore and residual stress is considered. The stated stress 
appears in green compact of uranium dioxide in the process of its preliminary pressing. 

• Kinetics of closing process of pores in the plastic medium for models of spherical and 
cylindrical pore is received.  The law of variation of the linear size of pressing with time 
in case of an isothermal regime of sintering at temperature of soaking above the 
temperature of brittle-ductile transition of a material of green compact is deduced.  

• It is shown that the relative change of pressing volume of UO2, takes place in 
consequence of viscous (plastic) flow of a material of pressing under the influence of 
internal stress forces and capillary forces.  

• Physical model of sintering of UO2 considering a viscous flow as dominant process 
which defines the shrinkage of sintering oxide nuclear fuel is constructed. 
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Fig 1. Sintering curves of UO2 and their approximation in intervals which are corresponding to 

soaking of the sample at constant temperature. 

 

 

 10


