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ABSTRACT
This article discusses the parameter estimation for dynamic
system by a Bayesian approach associated with Markov
Chain Monte Carlo methods (MCMC). The MCMC meth-
ods are powerful for approximating complex integrals, sim-
ulating joint distributions, and the estimation of marginal
posterior distributions, or posterior means. The Metropolis-
Hastings algorithm has been widely used in Bayesian in-
ference to approximate posterior densities. Calibrating the
proposal distribution is one of the main issues of MCMC
simulation in order to accelerate the convergence.

Index Terms— MCMC, Metropolis-Hastings, Bayesian
approach, MMSE, dynamic system, parameters estimation

1. INTRODUCTION

The Systems identification or looking for models from ex-
perimental data is a major concern in most disciplines. It is
usually described as a collection of methods or techniques
to determine mathematical models able to reproduce as
authentically as possible the performance of a physical,
chemical, biological or economic system. Once the model
structure is chosen or given, the problem of system iden-
tification is reduced to a problem of parameter estimation.
The methods of estimation in statistical parametric identi-
fication are usually based on minimization the prediction
error and the method of maximum likelihood. These tech-
niques often require a sufficiently large number of data
[1, 2].

The Bayesian approach is particularly efficient in the
presence of short data measurements in contrast to other
methods. It’s taking into account both the information pro-
vided by the observations and knowledge available to the
experimenter. The approach is presented as a method of
estimating random models and requires the calculation of
estimators from a posteriori probability distribution gener-
ally very complicated. To solve a variety of "unsolvable"
problems in Bayesian inference (integration, normaliza-
tion, marginalization, expectation, optimization), we use
the Markov Chain Monte Carlo approach (MCMC). Many
applications can be envisaged with MCMC; some of them
are introduced in [4, 5, 6, 7, 8, 9].

Markov chain simulation is essentially a general tech-
nique based on generating samples from proposal distri-
butions and then correcting (acceptance or rejection) those
samples to approximate a target posterior distribution. Here
we must know both the targetp(.), (up to a normaliz-
ing constant), and the proposal,q(x). The most pow-
erful and efficient MCMC methods are: the Metropolis-
Hastings and Gibbs sampler and their variants.

In [3], for dynamic systems estimation and closed loop
controller, a very good study have been presented for pos-
terior computation via MCMC. However the authors un-
derline some questions about the MCMC convergence ac-
celeration, the proposal density choice and the estimation
of the noise variance.

In this paper we want to compute the marginal pos-
terior density function of a subset of parameters by using
MCMC, and thus the MAP estimation of these parameters.
The variance of the noise is added as nuisance parameter
and the proposal distribution is calibrated to ensure a fast
convergence of MCMC algorithm with low rejection rate.

2. BACKGROUND

Let consider a linear time-invariant model as described by
[1]:

M(θ) : y(t) = G(q, θ)u(t) +H(q, θ)e(t). (1)

The structure of the general model is :

A(q, θ)y(t) =
B(q, θ)

F (q, θ)
u(t) +

C(q, θ)

D(q, θ)
e(t) (2)

with :

A(q, θ) = 1 + a1q
−1 + · · · ana

q−na (3)

B(q, θ) = b1q
−1 + · · · bnb

q−nb (4)

F (q, θ) = 1 + f1q
−1 + · · · fnf

q−nf (5)

C(q, θ) = 1 + c1q
−1 + · · · cnc

q−nc (6)

D(q, θ) = 1 + d1q
−1 + · · · dnd

q−nd (7)

The parameter vector to be determined is :

θ = [a1, b1, c1, d1, f1 . . . ana
, bnb

, cnc
, dnd

, fnf
, σ2

e ] (8)
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The structures FIR, ARX, ARMAX, Box-Jenkins or OE,
are particular cases from this model. A one-step-ahead
predictor of (2), is given by :

ŷ(t|t− 1, θ) = H−1(q, θ)G(q, θ)u(t)+
[

1−H−1(q, θ)
]

y(t)
(9)

where:

G(q, θ) =
B(q, θ)

A(q, θ)F (q, θ)
(10)

H(q, θ) =
C(q, θ)

A(q, θ)D(q, θ)
(11)

The prediction error is :

y(t)− ŷ(t|t− 1, θ) = −H−1(q, θ)G(q, θ)u(t)

+H−1(q, θ)y(t)

= e(t, θ)

(12)

The estimation ofθ is based on the prediction-error
identification-method (PEM), generally with quadratic norm:

VN (θ, ZN ) =
1

N

N
∑

t=1

1

2
[y(t)− ŷ(t|t− 1, θ)]

2

(13)

whereZN = [y(1), u(1), y(2), u(2), . . . y(N), u(N)] .

The Likelihood function ofN -independent measure-
ments or observations dataYN , {y(1), . . . , y(N)} is
given by:

p(YN θ) =

N
∏

t=1

pe(y(t)− ŷ( t| t− 1, θ)) (14)

wherep(·) is noise probability density function.

Under some regularity conditions of [2], the maximum
of likelihood estimator (MLE) is asymptotically Gaussian
with:

θ̂MV

N(N→∞) ∼ N (θ0, I
−1
Y

(q0)) (15)

whereI−1
Y

is the Fisher information matrix andθ0 is the
unknown true parameters vector such as :

IY (θ0) = −E

[

∂2

∂θ∂θT
ln p(YN |θ )

]
∣

∣

∣

∣

θ=θ0

(16)

The MLE is asymptotically efficient and unbiased (It’s gen-
erally biased for finiteN ).

3. BAYESIAN ESTIMATION

We now depart from the classical approach to statistical
estimation in which the parameterθ of interest is assumed
to be a deterministic but unknown constant. Instead, we
assume thatθ is a random variable whose particular real-
ization we must estimate. The Bayesian approach, when

applicable, can therefore improve the estimation accuracy.
In [10], an overview of all the principal estimation ap-
proaches is given. In Bayesian estimation the most popu-
lar formulations are: maximum a posteriori (MAP), maxi-
mum likelihood (ML), minimum variance (MV) or equiv-
alently minimum mean-squared error (MMSE). In deter-
mining the MAP or MMSE estimators we first require the
posterior distributionp(θ|YN ) which represents the sum of
the knowledge available. We can use Bayes’ rule to deter-
mine it as:

p(θ| YN ) =
p(YN | θ)p(θ)

p(YN )
(17)

=
p(YN | θ)p(θ)

∫

p(YN | θ)p(θ)dθ
(18)

wherep(θ) is the prior density (the knowledge pos-
sessed before measurement),p(YN |θ) is called the likeli-
hood done by (more likely to be true) andp(YN ) is called
the evidence (scales the posterior to assure its integral is
unity).

The MAP estimation is the value ofθ, that maximizes
the posterior density:

θ̂MAP = argmax
θ

p(θ|YN ) (19)

The MMSE estimation of one componentθi( the opti-
mal estimator in terms of minimizing the Bayesian MSE )
is the mean of the posterior density :

θ̂iMMSE = E(θi|YN ) =

∫

θi

θip(θi|YN ) dθi (20)

The posterior density distribution of one component
from θ(marginal posterior) is obtained by calculating the
following integral:

p(θi|YN ) =

∫

p(θ|YN )dθ1 . . . dθi−1dθi+1 . . . dθd (21)

The calculation of this integral in most real applica-
tions is complicated and involves numerical difficulties and
cannot be solved analytically. It is therefore the same for
the term of equation (13), which is often difficult to as-
sess and the problem is usually circumvented by working
with the functionlog p(θ |YN ). However, in this case the
marginal densities cannot be calculated. This is the rea-
son why Bayesian inference remained an elegant theoret-
ical construction with little practical application untilthe
introduction of efficient approximations techniques and in
particular of Markov chain Monte Carlo (MCMC) simula-
tion. There are two basic types of MCMC algorithms, the
Metropolis algorithm and the Gibbs sampler, have been
widely used in diverse fields.

4. METROPOLIS-HASTINGS ALGORITHM

The Metropolis algorithm was introduced in its simplest
form by Metropolis in 1953 and generalized by Hastings



in 1970 [8]. The algorithm is a procedure to simulate a
sample of a univariate and multivariate distribution. We
must know both the targetπ = p(θ|YN ) (up to a normal-
izing constant), and the proposal densityq(x), a priori.

To ensure that the stationaryπ(·) can be achieved, what-
ever the starting point at which the string is initializedθ(0),
it is necessary that the chain is ergodic. This implies that
the chain isπ-irreductible and aperiodic.

Irreducibility means that there is a positive probability
that the Markov chain can reach any non-empty set from
all starting points [9].

q(θ(n−1)|ξ) > 0 ∀θ, ξ

Aperiodicityensures that the chain will not oscillate be-
tween different sets of states. These conditions are usually
satisfied if the proposal distribution has a positive den-
sity on the same support as the target distribution. They
can also be satisfied when the target distribution has a re-
stricted support.

The samples are sequentially generated forming an er-
godic Markov chain (irreducibility and aperiodicity) with
invariant density equal to the required posterior density.
Typically, in Markov chain simulation, samples are gener-
ated from the transition kernel or distribution.

p(θ(k) = θ|θ(k−1)) (22)

Thekey, however, is not really the chain itself, but the fact
that the approximate distribution improves sequentially as
it converges to the target posterior.

lim
t→∞

p(θ(t) = θ|θ(init)) = p(θ|YN ) ∀θ(init) (23)

From the reversibility condition :

π(ξ)p(θ|ξ) = π(θ)p(ξ|θ) (24)

the invariance condition is satisfied :
∫

π(ξ)p(θ|ξ)dξ =

∫

π(θ)p(ξ|θ)dξ

= π(θ)

∫

p(ξ|θ)dξ = π(θ)

The Hastings sampler is an accept-reject routine which
induces a Markov chain by generating candidate random
variates from a transition probabilityq(·). The algorithm
is as follows:

1. Initializeθ(0)

2. In k iteration

a) Generate a candidate sampleξ(k) from proposal:

ξ(k) ∼ q(./θ(k−1))

b) Calculate the acceptance probability :

α(ξ(k)|θ(k−1)) = min

{

1,
p(ξ(k))|θ(k−1)

p(θ(k−1)|YN )
×

q(θ(k−1)|ξ(k))

q(ξ(k)|θ(k−1))

}

(25)

c) Generateuk ∼ U[0 1] (uniform distribution):

• If uk < α, accept the proposedξ(k) and setθ(k) =
ξ(k) , with probabilityα(ξ(k)|θ(k−1)),

• else reject withθ(k) = θ(k−1)

3. Incrementk and return to step 2

The Metropolis-Hastings algorithm yields a Markov
chain for which the reversibility condition holds, and con-
sequently, if the chain is also ergodic, then it converges to
the invariant distribution [3].

The speed with which the ergodic limit is reached de-
pends on the choice of the instrumental distribution com-
bined with a judicious choice of initial values. This distri-
bution is available either analytically (a constant), is sym-
metrical (e.g, such thatq(x(n)|y) = q(y|x(n))). Moreover,
to improve the acceptance rate of the algorithm, it must
be simulated quickly and must be chosen according to the
distribution of interest. In particular, must be a good ap-
proximation ofπ and must cover all its support. Indeed,
if the instrumental support of the distribution is too small,
some areas of support of are not explored and thus there
will be no simulated sample, however distribution instru-
mental support would create too much too wide releases,
and slow convergence of the algorithm. In general, the
rules of choice distributions are instrumental heuristics. In
practice, different choices of instrumental delivery can de-
fine several variants of the Metropolis-Hastings algorithm.

A special case of the Metropolis algorithm is random-
walk Metropolis. It is defined by the relation(q(ξ|θ) =
q(θ − ξ)). The candidate is generated as :

ξ(k) = θ(k−1) + εk (26)

Where the increment random variable (or random walk)ε
is independent and identically distributed. A reasonable
choice for this distribution is a symmetric Gaussian. The
acceptance probability will be in this case:

α =

{

1,
p(ξ(k)|θ(k−1), Y(N))

p(θ(k−1), Y(N))

}

(27)

5. EXEMPLE OF SIMULATION WITH OE
MODELE

We associate now MCMC with parameters estimation for
an Output-Error model (OE). According the general struc-
ture (2), the likelihood function associated with an ob-
served data record under independence assumption of ran-
dom variables of the noise is given by :

p(YN |θ) = p(y(0)|θ)
N
∏

t=1

p(y(t)|Y (t− 1), θ) (28)

= p(y(0)|θ)
N
∏

t=1

pe(y(t)− ŷ(t|t− 1, θ))

wherepe(.) represent the noise density function andYN ,

{y(1), y(2), . . . , y(N)}. The posterior densityp(θ|YN )



calculated through the Bayes’ rule is given by :

p(θ|YN ) =
p(YN |θ)p(θ)

p(YN )

=
p(y(0)|θ)p(θ)

∫

p(YN |θ)p(θ)dθ
×

N
∏

t=1

pe(y(t)− ŷ(t|t− 1, θ))

(29)

We take now the example of an Output-Error model (OE)
defined by the flowing equation:

y(t) = (
b1q

−1 + b2q
−2

1 + f1q−1
)u(t) + e(t) (30)

For our simulation, we take:F = [ 1 0.8 ] andB =
[ 0 0.5 0.2 ], ande(t) an independent and identically dis-
tributed (i.i.d) Gaussian noise with zero mean and variance
σ2
e .
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Figure 1. Example of System response of OE model, with
F = [1 0.8] andB = [0 0.5 0.2].

The inputu(t) is a signal of 10 samples only, transiting
from 1 −→ 0 at t = 5s. The input and the response are
shown by the Figure (1).

From a prior knowledge about the system and the pa-
rameters usedθ = [f1, b1, b2, σ

2
e ], we know thatf1 ∈

[−1, 1] (for stability) etb1 andb2 are≥ 0 (physical con-
straints). So we use a uniform prior density. According
(26), the random walk method is adopted for the proposal
density choice. The increment random variable is a gaus-
sian perturbationε ∼ N (0, σ2

ε ). All the values ofξ(k)
wheref1 is outside[−1,+1] andb1 or b2 are< 0, will
be rejected. The noise varianceσ2

e is to be regarded as a
nuisance parameter and we assign for it anIG(α, β) prior
PDF :

p(σ) ∝
βα

Γ(α)
(
1

σ2
)α+1 exp(

−β

σ2
) 1R+ (31)

We assume that the nuisance parameter are indepen-
dent of the desired parameters.
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Figure 2. An example of positive normal distribution.

To accelerate the convergence of the Markov chain, we
adopt some strategies :
First, the good calibration of the proposal distribution. In
[11], an accept-reject algorithm has been proposed to sim-
ulate positive normal variables in the univariate case. This
algorithm will increase the probability of acceptation (since
b1 andb2 must be≥ 0), and accelerate the convergence
since it generates low reject, see the figure (2).
Second, the choice ofσ2

ε is very important and must be
done carefully. A wrong choice will compromise the con-
vergence. In [12, 13, 14], the authors propose to adopt a
combination of strategies aimed at evaluating and acceler-
ating MCMC sampler convergence. According these rec-
ommendations, we propose to supervise the convergence
by trying to have an acceptation rate between (40%−50%).
We test and repeat different parameters calibration for the
104 realizations only, till to have the good acceptance rate.
Once the calibration is done, we compute for5 × 104

realizations. The approximation of posterior densities is
done by using histograms after a sufficiently long burn-in.
The length of burn-in depends on the chain kernel and the
rate of convergence, see [12, 16]. Heidelberger and Welch
[15], suggest an iterative procedure, based upon repeated
hypothesis tests of these statistics, in order to estimate the
length of the burn-in. For simplicity, we monitor the con-
vergence of the MCMC for several trials. The starting
points for these chains are chosen to be widely dispersed in
the target distribution (to prevent a convergence problem).
The length of burn-in for our example it’s around1.5%.
In order to shorten the length of burn-in, at the beginning,
we take a relatively a large value ofσ2

ε , this value will be
decreased by a half two times during the first 5000 itera-
tions. The figure (3), depicts the first5000 simulations of
the chain.

For the simulation example described by (30), we take
a noise variance ofσ2

e = 0.707. The approximations of the
marginal densities of the different parameters are shown in
the figure (4). At the left, the posterior densities with105

iterations and at the right with5 × 104 iterations. The
shapes of the densities are relatively the same. We can
compare the maximum of these densities with the reel val-
ues. The PEM method minimizing the cost function given
by (13), give us the following results:f1 = −0.89 and
b1 ≃ 0.4 and b2 ≃ −0.32. So, the "classical estima-
tor" falls (f1 andb2) outside the known constraint interval.
With bayesian estimation,̂θMAP ≃ [0.8 0.34 0.14 0.68]

and θ̂MMSE ≃ [0.376 0.433 0.327 0.783]. The MMSE
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Figure 3. MCMC convergence monitoring ofθ, we take
the first 5000 iterations from Metropolis algorithm sam-
pling, with σ2

e = 0.707.

estimator depends in general on the prior knowledge as
well as the data. In the simulation example, we have a
short data measurements and the MMSE estimator is "bi-
ased" towards the prior mean. We prefer the MAP esti-
mator which is usually easier to determine since it involve
only a maximization of the marginal posterior densities al-
ready computed by the MCMC.
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Figure 4. Histograms of the MCMC samples which rep-
resent the posterior marginal densities of parameters, OE
model with σ2

e = 0.707, F = [1, 0.8] and B =
[0 0.5 0.2].

6. CONCLUSION

In absence of data measurements, the Bayesian approach
can improve the estimation accuracy by incorporating the
prior knowledge in the estimation. By using Markov Chain
Monte Carlo methods (MCMC) methods, the marginal pos-
terior densities can be calculated easily. The calibrationof
MCMC parameters for accelerating the convergence de-
pends on the prior knowledge of the system studied. We
can improve the performances according the considered
application. The incorporation of the noise variance in the
parameters to be estimated, affect the accuracy but remain
acceptable. The MCMC methods can be explored more
and more to profit of the Bayesian estimation advantages
in many fields.
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