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ABSTRACT
This paper shows the interest of extending the dynamic

parity space fault detection method for fractional systems.
Accordingly, a comparison between fractional and ratio-
nal residual generators using the later method is presented.
An analysis of fractional and rational residuals’ sensitivity
shows the merits of the fractional residual generators. A
numerical example illustrating the advantage of using frac-
tional residual generators for fractional systems diagnosis
is given.

Index Terms— Fractional derivative, fault diagnosis,
dynamic parity-space, residual sensitivity

1. INTRODUCTION

Diagnosis has always been an interesting research area.
In particular, model-based diagnosis methods have been
developed during the three last decades. It concentrates
on the problem of isolating faults using the mathematical
model of the system’s behavior. Faults in the processes, in
the actuators and in the sensors are detected through the
dependencies between different measurable signals. The
most common three model-based methods are: parameter
estimation [1], observers [2] and parity-space [3]. Studies
on system identification prove that a multitude of phys-
ical processes such as thermal [4, 5] and electrochemi-
cal [6] reveals inherent fractional differentiation behavior.
Thus, the use of classical models, based on rational order
derivative, is inappropriate in representing these systems.
Therefore, a further class called fractional models has been
developed since 1945 using the concept of fractional dif-
ferentiation. Classical diagnosis methods, based on ratio-
nal model, are not suitable for fractional model. Thus, it
seems extremely important to study the fractional systems
diagnosis methods namely model-based ones. This paper
presents the advantage of extending the dynamic parity
space method for fractional systems diagnosis. It com-
pares between fractional and rational residual generators
using the later method.

The paper is organized as following. Section 2, presents
some definitions and properties of fractional calculus. Sec-

tion 3, develops the dynamic parity space fault detection
method for fractional order systems. Section 4, presents
residual analysis and section 5 illustrates the advantage of
using fractional residual generators for fractional systems
diagnosis with numerical examples.

2. FRACTIONAL CALCULUS

2.1. Fractional integral and derivative

The Reimann fractional integral at a positive real number
n of a function f(t) is defined by:

Inf(t) =
1

Γ(n)

∫ t

0

f(τ)

(t− τ)1−n
dτ (1)

where Γ(n) is the Euler function:

Γ(n) =

∫ ∞

0

e−xxn−1dx. (2)

The Riemann fractional derivative at non-negative real
number n of f(x) is defined as:

Dnf(t) =

(
d

dt

)m

(Im−n
t0 f(t))

=
1

Γ(m− n)

dm+1

dtm+1

(∫ t

0

f(τ)

(t− τ)n+1−m
dτ

)
(3)

where m is the smallest integer greater or equal to n.
Dnf(t) can be numerically evaluated using many meth-

ods [7, 8]. The most common, when f(t) is null for t ∈
R− and for small h, is :

Dnf(t) ≈ 1

h

[ t
h ]∑

j=0

(−1)j(nj )f(t− jh) (4)

where: (
n
j

)
=

Γ (n+ 1)

Γ(n+ 1)Γ(n− j + 1)
(5)

Equation (4) shows that fractional derivative is not a
local operator, because quantity (5) is not zero as j > n
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and n /∈ N, whereas it is zero when j > n and n ∈ N.
Hence, Dnf(t) depends on the whole past of f(t), t ∈
[0, t], unless differentiation order n is integer.

2.2. Fractional systems’ representation

A Single Input Single Output (SISO) Linear Time Invari-
ant (LTI) fractional systemH , relaxed at t = 0 is described
by a differential equation:

a1D
νa1 y(t) + a2D

νa2 y(t) + · · ·+ aLD
νaL y(t) =

b1D
ν
b1 u(t) + · · ·+ bMD

ν
bM u(t)

(6)
where : a1, a2, . . . , aL, b1, . . . , bM are real numbers;
u(t), y(t), are respectively the input and the output signals;
νa1 , . . . , νaL

and νb1 , . . . , νbM are real positive
differentiation orders such that νa1<. . . νaL and νb1< . . .
νbM . Let ν be the greatest real number such that νai

ν ∈ N,
i = 1,...,L and

νbj

ν ∈ N, j = 1,...,M are integers. ν is
called commensurate order [7]. Then, equation (6) can be
rewritten as follows [9, 7] :

a1D
ν(. . . (Dνy(t)))︸ ︷︷ ︸

νa1
ν times

+ . . .+ aLD
ν(. . . (Dνy(t)))︸ ︷︷ ︸

νaL
ν times

=

b1D
ν(. . . (Dνu(t)))︸ ︷︷ ︸

νb1
ν times

+ . . .+ bM Dν(. . . (Dνu(t)))︸ ︷︷ ︸
νbM

ν times

(7)
By changing the notation, equation (7) is equivalent to:

a′1D
νy(t) + . . .+ a′L′ Dν(. . . (Dνy(t)))︸ ︷︷ ︸

L′times

=

b′1D
νu(t) + . . .+ b′M ′ Dν(. . . (Dνu(t)))︸ ︷︷ ︸

M ′times

(8)

where: L′ =
νaL

ν ∈ N, M ′ =
νbM

ν ∈ N and a′L′ = 1.
A fractional system can also be described with a frac-

tional state-space representation where A, B, and C are
complexes coefficients fulls matrix with appropriate di-
mensions. {

x(ν)(t) = Ax (t) +Bu (t)
y (t) = Cx (t)

(9)

A companion fractional state-space representation can
be easily obtained from (8) where :

A =


0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

...
...

0 0 0 · · · 1
−a′1 −a′2 · · · · · · −a′L′−1

,B =



0
...
0

b′M ′

...
b′1


and C =

[
1 0 0 · · · 0

]
Note that the evolution matrix ’s dimension of a system

described by differential equation (6) is inversely propor-
tional to the commensurate order ν.

Indeed, size(A) = L′ =
νaL

ν . Thus, the commensurate
order as it is defined previously yields to a state space rep-
resentation of minimum size.

2.3. Equivalence with rational models:

Due to the consideration that real physical systems gener-
ally have bandlimited fractional behavior and due to the
practical limitations of input and output signals (The spec-
trum of the output signal), fractional operators are usu-
ally approximated by high order rational models. As a
result, a fractional model and its rational approximation
have the same dynamics within a limited frequency band
[10]. The most commonly used approximation of sν in
the frequency band [wA, wB ] is the recursive distribution
of zeros and poles proposed by Oustaloup [11].

sν → sν[wA,wB ] = C0

(
1 + s

wb

1 + s
wh

)ν

≃ C0

(
N∏

k=1

1 + s
w′

k

1 + s
wk

)
;

(10)
where wA and wB are transitional frequencies expressed
by :

wA = 10wb; wB =
wh

10
. (11)

The recursivity of zeros and poles is realized through a dis-
tribution of transitional frequencies wk and w′

k according
to these relationships :

w′
1 = wb

√
η;

wk+1

wk
=
w′

k+1

w′
k

= αη;

w′
k+1

wk
= η and

wk

w′
k

= α.

(12)

where α and η are real parameters depending on the dif-
ferentiation order ν and the number of zeros and poles N .
The bigger N , the better the approximation of sν is:

α =

(
wh

wb

)ν/N

and η =

(
wh

wb

)(1− ν)/N

(13)

3. FRACTIONAL DYNAMIC PARITY SPACE
METHOD :

Let consider a fractional system affected with a fault and
described by the state space representation:{

x(ν)(t) = Ax (t) +Bu (t) + F1d(t)
y (t) = Cx (t) + F2d (t)

(14)

where x(t) ∈ Rn, u(t) ∈ Rq, y(t) ∈ Rm and d(t) ∈ Rr

are respectively the state, the input, the output and the fault
vectors. A, B and C are constant matrices of appropriate
dimensions. F1 andF2 are matrices reflecting the faults di-
rections. The fault vector d(t) is assumed to be unknown.

To generate analytical redundancy equations, starting
from the output equation:

y (t) = Cx (t) + F2d (t) (15)



the first step consists in calculating the time derivative at
the order ν of the output .

y(ν)(t) = Cx(ν)(t) + F2d
(ν)(t) (16)

Using the state equation (14) leads to a differential equa-
tion which links the output, the input, the state and the
fault:

y(ν)(t) = CAx(t)+CBu(t)+CF1d(t)+F2d
(ν)(t) (17)

In a second step the time derivative of the output to order
2ν is calculated:

y(2ν)(t) = Cx(2ν)(t) + F2d
(2ν)(t) (18)

Referring to equations (14) and (17), equation (18) can be
rewritten as:

y(2ν)(t) = CA2x(t) + CABu(t) + CBu(ν)(t)+
CAF1d(t) + CF1d

(ν) + F2d
(2ν)(t)

(19)
So on, successive time derivatives of the output y(t) are
calculated up to a given order kν, where k denotes the
number of derivatives.

y(kν) = CAkx(t) + CA
k−1

Bu(t) + ...+ CBu((k−1)ν)(t)+
CAk−1F1d(t) + ...+ CF1d

((k−1)ν)(t) + F2d
(kν)(t)

(20)
Then, using (15), (17), (19) and (20):

Y (t, k)−G(k)U(t, k) = H (k)x(t)+E(k)D(t, k) (21)

where:
Y (t, k) = [ yT (t) (y(ν)(t))T · · · (y(kν)(t))T ]T ;

U(t, k) =
[
uT (t) (u(ν)(t))T · · · (u(kν)(t))T

]T
;

D(t, k) =
[
dT (t) (d(ν)(t))T · · · (d(kν)(t))T

]T
;

H (k) =
[
C CA · · · CAk

]T
;

E(k) =


F2 0 · · · · · · 0
CF1 F2 0 · · · 0
CAF1 CF1 F2 · · · 0

...
...

. . . . . .
...

CAk−1F1 CAk−2F1 · · · CF1 F2

;

G(k) =


0 0 · · · · · · 0
CB 0 0 · · · 0
CAB CB 0 · · · 0

...
...

. . . . . .
...

CAk−1B CAk−2B · · · CB 0

.

As in the rational systems case, the same procedure is used
to eliminate unknown states. It consists in left-multiplying
equation (21) by a matrix Ω called parity matrix such that:

ΩH = 0 and ΩE ̸= 0 (22)

Thus, two expressions of the residual vector are obtained.
The first is expressed as a function of the fault (called in-
ternal form):

R(t) = ΩE(k)D(t, k). (23)

The second is expressed as a function of the input and the
output signals (called external or computational form).

R(t) = Ω(Y (t, k)−G(k)U(t, k)). (24)

Equation (23), shows that the residual vector R(t) is
zero in the fault-free case and non-zero when a fault oc-
curs. In practice the residual is evaluated using (24). Note
that the two residual forms (23) and (24)are identical to
those obtained for rational models. The differences are
behind U(t, k), Y (t, k) andD(t, k) which depend on frac-
tional derivatives of the input, the output and the fault.
Thus, residual obtained using fractional models is called
fractional residual.

4. RESIDUAL ANALYSIS:

4.1. Fault detectability:

• Weak detectability : The ith fault fi(t) is weakly
detectable if there exists a stable residual generator
such that R(t) is affected by fi(t). In literature weak
detectability is also referred to as detectability [12].

• Strong detectability : A fault fi(t) is strongly de-
tectable if there exist a stable residual generator such
that R(t) reaches a non zero steady state value for a
fault signal that has a bounded final value different
from zero [12].

4.2. Residual sensitivity:

Equation (24) can be rewritten as :

R(t) =
[
Ω −ΩG(k)

] [ Y (t, k)
U(t, k)

]
= θ(p)ψ(t).

(25)
where p represents physical parameters of the system, θ(p)
is a matrix containing model’s information and ψ(t) is a
vector of input-output measures [13].
So residual ’s deviation depends on model’s parameters
variation ∆(p) (which describes sensitivity of the residual
to multiplicative faults) and on input and output measures’
variation ∆ψ(t) (which describes sensitivity of the resid-
ual to additive faults).

As shown in (24) the residual is a linear combination
of the input, the output and their derivatives. As the ra-
tional derivative of a constant is null, the impact on the
input and output derivatives of a constant magnitude ad-
ditive fault appears only at instants when adding and re-
moving the fault. So, for rational residual, if the input and
the output have lower weights than their derivatives, the
residual has low sensitivity to the fault. The residual sen-
sitivity depends namely on the input and the output wights.
In this case, faults are weakly detectable. This problem is
less frequent with fractional systems because the fractional
derivative of a constant is not null. So, the impact of the
input and output fractional derivatives on the residual is
important. The residual has high sensitivity to the fault. In
this case, faults are strongly detectable.



5. NUMERICAL EXAMPLES :

In this section, numerical examples are presented. Frac-
tional and rational residuals, denoted respectively Rfrac

and Rratio, are generated using the parity space method.
Assuming that the rational system results from the frac-
tional system ’s approximation,Rfrac andRratio are com-
pared.

5.1. Generation and analysis of fractional residual :

Consider a fractional system described by its transfer func-
tion as:

H(s) =
1

s0.25 + 1
. (26)

Assuming that an additive fault can affect the sensor, the
system can be modeled with the following fractional state
space representation:{

x(0.25) (t) = Ax (t) +Bu (t)
y (t) = Cx (t) + F2f(t)

(27)

where: A = 1; B = −1; C = 1 and F2 = 1.
Initially the fault vector f(t) is considered zero.
According to equation (21)

H (1) =

[
1
−1

]
; E (1) =

[
1 0
0 1

]
and

G (1) =

[
0 0
1 0

]
;

The parity matrix Ω verifying (22) can be easily obtained:

Ω = [1 1] (28)

Then, the computation form of the residual (24) is :

Rfrac(t) = y(t) + y(0.25)(t)− u(t). (29)

The fractional derivative of y(t) inRfrac(t) is numerically
evaluated using the approximation (4).

Let f(t) be an additive fault affecting the sensor. It has
a magnitude of 10% and begins from the instant tf = 60s.
Residual ’s variation depends on the variation of the sys-
tem ’s response and its derivative.Figure (1.a) and figure
(1.b) show the effect of the fault respectively on the the
system ’s response and on its derivative.
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Figure 1. Fault ’s effect on the output and its derivative.

As it is shown in figure (1.b) the fractional derivative
of the output is not zero even in steady state. Also, the
derivative of the fault is not zero when the fault is not null.
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(a) Faultless residual evolution
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(b) Faulty residual evolution.

Figure 2. Evolution of fractional residual.

The residual is plotted for the two cases without fault
in figure (2.a) and with fault in figure (2.b).

As expected from the evolutions of the output and its
derivative, the residual is sensitive to the fault. It has a non
zero steady state value when the fault signal is different
from zero. The form of the residual reflects the fault ’s
type and its duration.It is a permanent fault of unlimited
duration. In this case the fault is said ’strongly detectable’.

5.2. Generation and analysis of rational residual :

The fractional model (26) is approximated by 7 recursive
poles and zeros using the approximation explained in sec-
tion (2.3).
The rational transfer function obtained is given by (30) :

A(s) = A1(s)A2(s)A3(s). (30)

A1(s) =
0.35953(s+ 0.002276)(s+ 0.008483)

(s+ 1.376)(s+ 0.3803)
; (31)

A2(s) =
(s+ 0.03162)(s+ 0.1179)(s+ 0.4394)

(s+ 4.945)(s+ 0.1048)(s+ 0.02883)
;

(32)

A3(s) =
(s+ 1.638)(s+ 6.105)

(s+ 0.007906)(s+ 0.002167)
; (33)

The Bode diagram in figure (3) shows that the fractional
model (26) and its rational approximation (30) have the
same dynamics within the limited frequency band [0.01, 1].
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Figure 3. Bode diagram of fractional system and its ratio-
nal approximation.



The error between the step responses of fractional and
rational systems in figure (4) shows a notable similitude in
the temporal behavior of H and its approximation A.
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Figure 4. Error between the step response of the fractional
system and its rational approximation.

Assuming that an additive fault can affect the sensor,
the system can be modeled with the following fractional
state space representation:

{
ẋ (t) = Ax (t) +Bu (t)
y (t) = Cx (t) + F2f(t)

(34)

where:

A =



0 0 0 0 0 0 0
0 −6.32 −2.61 0 0 0 0
0 2.61 0 0 0 0 0
0 1.42 1.22 −0.48 −0.2 0 0
0 0 0 0.2 0 0 0
0 1.42 1.22 0.07 0.06 −0.04 −0.01
0 0 0 0 0 0.01 0


;

B =
[
1 1 0 1 0 1 0

]T ;
C =

[
0 0.51 0.44 0.026 0.02 0 0

]
and D = 0.3595;
According to equation (21),

H(7) = 104



0 0.0001 0 0 0 0 0
0 −0.0002 −0.0001 0 0 0 0
0 0.0010 0.0005 0 0 0 0
0 −0.0046 −0.0025 0 0 0 0
0 0.0228 0.0121 0 0 0 0
0 −0.1125 −0.0594 0 0 0 0
0 0.5562 0.2934 0 0 0 0

0.0001 −2.7502 −1.4507 0 0 0 0


;

G(7) = 103



0.0004 0 0 0 0 0 0 0
0.0005 0.0004 0 0 0 0 0 0
−0.0021 0.0005 0.0004 0 0 0 0 0
0.0095 −0.0021 0.0005 0.0004 0 0 0 0
−0.0463 0.0095 −0.0021 0.0005 0.0004 0 0 0
0.2278 −0.0463 0.0095 −0.0021 0.0005 0.0004 0 0
−1.1250 0.2278 −0.0463 0.0095 −0.0021 0.0005 0.0004 0
5.5616 −1.1250 0.2278 −0.0463 0.0095 −0.0021 0.0005 0.0004


;

The parity matrix verifying (22) is:
Ω =

[
0 0 0 0.03 0.3 0.79 0.53 0.08

]
;

Then, the computational form of residual is :

R(t) = 0.03y(3)(t) + 0.3y(4)(t) + 0.79y(5)(t)+
0.53y(6)(t) + 0.08y(7)(t)− 0.02u(3)(t)− 0.18u(4)(t)

−0.41u(5)(t)− 0.23u(6)(t)− 0.03u(7)(t)
(35)

The residual ’s expression is a linear combination of ratio-
nal derivatives of the input and the output. Consequently,
if a fault affects the sensor, residual’s evolution will de-
pend only on derivatives of the output.

As previously an additive permanent fault f(t), of mag-
nitude 10%, affects the sensor from tf = 60s.

Figure (5.a) and figure (5.b) show the fault ’s effect
respectively on the system ’s output and on its successive
derivatives.
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Figure 5. Fault ’s effect on the output and its successive
derivatives.

As it is shown in figure (5.b), the successive derivatives
of the output are superposed. They are null in steady state
if there is no fault. If a permanent fault appears from tf =
60s, the derivative signals present peaks only at instant tf
and return to zero.

The residual is plotted for the two cases without fault
in figure (6.a) and with fault in figure (6.b). In absence of
fault, the residual shows a null steady state. In presence of
the fault f(t), the residual shows a peak at t = 60s when
adding the fault and then it has a null value despite that the
fault persists for unlimited duration. So the residual is sen-
sitive to the fault but it doesn’t reflect neither its type nor
its duration. It evolutes as if the fault was instantaneous. In
fact, figure (7) shows a similitude between the two residu-
als’ behaviors despite the fault ’s type differences.
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(b) Faulty residual.

Figure 6. Evolution of rational residual.
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(a) Case of permanent fault.
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Figure 7. Faulty residuals’ evolution.

5.3. Comparison between fractional and rational resid-
uals:

The fractional systems’ models are characterized by their
compactness. That is why fractional residual ’s computa-
tional form (29) is reduced. However, the rational resid-
ual ’s expression is complex (35). In fact, to generate the
rational residual, seven differentiations of the output are
needed, which complicates the residual computation.

Concerning the residuals’ forms, in fault free case, frac-
tional and rational residuals are perfectly null in steady
state (figures (2.a) and (6.a)). Nevertheless, they have’nt
the same behavior in faulty case. For the same permanent
fault, fractional residual is different from zero while the
fault is not null (figures (2.b)) but the rational residual de-
viates only when adding or removing the fault and it is
zero otherwise (figure (6.b)). So, the fractional residuals
reflect the fault’s type and duration as opposite to the ra-
tional ones which react as if the fault was instantaneous
(figure (6.b)).

6. CONCLUSION :

The advantage of using fraction residual generators based
on the parity space method is outlined. Analysis of frac-
tional and rational residuals shows that fractional residuals
are more sensitive to additive faults. Consequently, frac-
tional residual generators are more suitable than rational
ones. Bearing in mind the merits of fractional differenti-
ation for the decision about fault ’s type and duration, it
seems very interesting to consider the fractional nature of
systems while modeling.
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