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ABSTRACT

This paper deals with continuous-time system identifica-
tion using fractional models in a noisy input/output con-
text. Thethird-order cumulantsbased least squaresmethod
(tocls) is extended here to fractional models. The deriva-
tives of the third-order cumulants are computed using a
new fractional state variable filter. A numerical exam-
ple is used to demonstrate the performance of the pro-
posed method called ftocls (fractional third-order cumu-
lantsbased least squares). Theeffect of thesignal-to-noise
ratio and thehyperparameter is studied.

Index Terms— Systemidentification, Errors-In-Variab-
les, Fractional derivatives, Third-order cumulants, High-
order statistics, Fractional SVF.

1. INTRODUCTION

Fractional calculus is the field of mathematical analysis
dealing with the investigation and application of integrals
and derivativesof arbitrary non-integer orders.
Fractional calculus has been introduced in various areas
such as viscoelasticity and rheology [16, 21], acoustics
[5], chemical physics [20], electromagnetism [17] and au-
tomatic control [2].
Continuous-timeidentificationusing fractional modelswas
initiated in the Ph.D thesis of Le Lay [14], Lin [8], Cois
[18] and Aoun [15]. Thedeveloped methodstreat only the
casewheretheoutput signal iscorrupted by additivenoise
and the input signal is known. But it can be easily ver-
ified that in presence of additive noise in both input and
output measurements the classical methods give biaised
estimations. In this case the system is called EIV (Errors-
In-Variables) system. Many solutionshavebeen proposed
to solve the problem of identification of EIV systems by
rational models in both discrete-time[26] and continuous-
time [12, 23, 26].

In this paper, a new method has been proposed for iden-
tification of continuous-timesystemsby fractional models
in the EIV context. This work is inspired by the work on
continuous-timesystem identification using rational mod-
els proposed by Thil [23, 24]. It extends the third-order
cumulantsbased least squares method denoted by tocls to
system identification by fractional models. The proposed
method isdenoted ftoclswhich stands for fractional third-
order cumulantsbased least squares.
The main idea is to avoid using measured input/output
data by introducing the third-order cumulantsand obtain-
ing consistent parameters.
The paper isorganized as follows. In section 2, a brief re-
view of fractional systems definitions taking into account
theEIV context ispresented. In section3, somedefinitions
and properties of third-order cumulants are detailed. In
section 4, the fractional third-order cumulants based least
squares method is developed. The implementation of the
ftocls algorithm is summarized in section 5. The perfor-
mances of the proposed ftocls method are demonstrated
using a numerical example in section 6.

2. FRACTIONAL EIV MODELS

2.1. Definitionsof fractional systems

Several books[6, 10, 11, 22] present agood introductionto
fractional calculus. Only the definitions that will be used
later arepresented in this section.
A SISO fractional system is governed by the differential
equation:

N
∑

n=0

anDαny(t) =

M
∑

m=0

bmDβmu(t) (1)

whereDαn andDβm arethedifferentiationoperators, u(t)
and y(t) are respectively the input and output signals,
(an, bm) ∈ R

2 and the differentiation ordersαn(0 ≤ n ≤
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N), βm(0 ≤ m ≤ M) are allowed to be non-integer posi-
tive numbers.
Theν-order fractional derivative off(t) is defined as:

Dνf(t) = lim
h→0

1

hν

∞
∑

k=0

(−1)k

(

ν

k

)

f(t − kh) (2)

whereh is the sampling period and

(

ν

k

)

is the Newton’s

binomial generalized to fractional order,
(

ν

k

)

=
ν (ν − 1) (ν − 2) ... (ν − k + 1)

k!
(3)

The Laplace Transform, denoted byL (.), is a concise
algebraic tool allowing to write [11]:

L (Dνf(t)) = sνF (s) (4)

with F (s) = L (f(t)), f(t) and its fractional derivatives
are equal to zero whent ≤ 0 ands is Laplace variable.
In case of zero initial condition, the transfer function is
obtained by applying the Laplace Transform to (1):

H(s) =
Y (s)

U(s)
=

M
∑

m=0

bmsβm

N
∑

n=0

ansαn

(5)

2.2. Problem statement

Consider the EIV system described in figure 1.

 

  H
0 ( )u t 0 ( )y t

( )ku t% ( )ku t  ( )ky t% ( )ky t

Figure 1. Fractional system with noisy input/output data.

The continuous-time systemH is described by the differ-
ential equation (1),u0 andy0 are the free-noise input/output
signals,u andy are the discrete-time available measure-
ments of input/output corrupted by additives noisesũ and
ỹ:

u(tk) = u0(tk) + ũ(tk) (6)

y(tk) = y0(tk) + ỹ(tk) (7)

The fractional EIV system is then described as follows:






















N
∑

n=0

anDαny0(t) =

M
∑

m=0

bmDβmu0(t)

u(tk) = u0(tk) + ũ(tk)

y(tk) = y0(tk) + ỹ(tk)

(8)

Without loss of generality,aN is assumed to be equal to1
and parameters vector is:

θT = [a0, ..., aN−1, b0, ..., bM ] (9)

2.3. Assumptions

The following assumptions are needed:

• A1: The fractional derivativesαn (0 ≤ n ≤ N)
andβm (0 ≤ m ≤ M) are a priori known.

• A2: The noise-free input signalu0 is a zero mean
stationary stochastic process such that its third-order
cumulants are non-zero. It’s probability density func-
tion (pdf) cannot therefore be symmetric.

• A3: ũ andỹ are stationary, zero-mean random vari-
ables independent ofu0 andy0 and having a sym-
metric pdf.

3. DEFINITIONS AND PROPERTIES OF
THIRD-ORDER CUMULANTS

3.1. Definition

The third-order cumulant of a real-valued, zero-mean sta-
tionary random process{x(tk)} is defined as [3, 4, 7, 9].

Cxxx(τ1, τ2) = Cum [x(tk), x(tk + τ1), x(tk + τ2)]

= E [x(tk)x(tk + τ1)x(tk + τ2)]
(10)

whereE [.] stands for mathematical expectation.

3.2. Properties

The cumulants of order higher than two have many prop-
erties amongst which only those used in the proposed esti-
mation algorithm are recalled. Letx = [x(t1), ..., x(tn)]

T

andy = [y(t1), ..., y(tn)]
T be two random vectors.

• P1. Multilinearity: The cumulants are linear with
respect to each of their arguments. Ifαi, βj andγk

are scalars:

Cum





∑

i

αix(ti),
∑

j

βjx(tj),
∑

k

γkx(tk)



 =

∑

i,j,k

αiβjγkCum [x(ti), x(tj), x(tk)]

(11)

• P2. Additivity: If x andy are independent, the cu-
mulant of their sum equals the sum of their cumu-
lants.

Cum [x(t1) + y(t1), ..., x(tn) + y(tn)] =

Cum [x(t1), ..., x(tn)] + Cum [y(t1), ..., y(tn)]
(12)

• P3: The third-order cumulant of a random variable
with a symmetric probability density function (pdf)
is equal to zero.

If the third-order cumulant of the measured input signal is
considered, using properties P2 and P3 yields:

Cuuu(τ1, τ2) = Cu0u0u0
(τ1, τ2) + Cũũũ(τ1, τ2)

= Cu0u0u0
(τ1, τ2)

(13)



In the same manner, this result is obtained for the mea-
sured output signal:

Cyyy(τ1, τ2) = Cy0y0y0
(τ1, τ2) + Cỹỹỹ(τ1, τ2)

= Cy0y0y0
(τ1, τ2)

(14)

In a more general case the obtained result is true for third-
order cumulant of any combination of input/output signals.

4. FRACTIONAL THIRD-ORDER CUMULANTS
BASED LEAST SQUARES METHOD

The third-order cross-cumulant between the measured in-
put/output signals satisfies [24]:

Cuyu(τ1, τ2) =

M
∑

m=0

bmpβm

N
∑

n=0

anpαn

Cuuu(τ1, τ2) (15)

where the differential operatorpαn stands for ∂αn

∂τ1
νan

and

pβm stands for ∂βm

∂τ1
βm

.
Proof. Let h(t) the impulse response of systemH . Con-
sider the third-order cross-cumulant between the measured
input and output:

Cuyu(τ1, τ2) = Cu0y0u0
(τ1, τ2)

= E [u0(tk) y0(tk + τ1)u0(tk + τ2)]

= E

[

u0(tk)

(
∫

R

h(τ)u0(tk + τ1 − τ) dτ

)

u0(tk + τ2)

]

=

∫

R

h(τ)E [u0(tk)u0(tk + τ1 − τ)u0(tk + τ2)] dτ

=

∫

R

h(τ) Cu0u0u0
(τ1 − τ, τ2)dτ

= H(p)Cu0u0u0
(τ1, τ2) = H(p)Cuuu(τ1, τ2)

(16)
Since third-order cumulant is equal to zero for symmetric
distributed signals, (15) can be rewritten as:

Cu0y0u0
(τ1, τ2) =

M
∑

m=0

bmpβm

N
∑

n=0

anpαn

Cu0u0u0
(τ1, τ2) (17)

In practice, cumulants are estimated fromNt samples of
input/output data{u(tk), y(tk)}Nt

k=1
such as:

Ĉuyu(τ1, τ2) =

M
∑

m=0

bmpβm

N
∑

n=0

anpαn

Ĉuuu(τ1, τ2) + ε(τ1, τ2, θ)

(18)

ε(τ1, τ2, θ) =

M
∑

m=0

bmpβm

N
∑

n=0

anpαn

C̃uuu(τ1, τ2) − C̃uyu(τ1, τ2)

(19)

whereC̃.(τ1, τ2) denotes the estimation error ofC.(τ1, τ2):

C̃.(τ1, τ2) = C.(τ1, τ2) − Ĉ.(τ1, τ2) (20)

Since estimated cumulants (18) are unbiased and consis-
tent. The following equation holds:

lim
Nt→∞

ε(τ1, τ2, θ) = 0 (21)

Let,

Ĉν
xxx(τ1, τ2) =

∂ν

∂τ1
ν Ĉxxx(τ1, τ2) (22)

Then the equation (18) can be rewritten as a linear regres-
sion:

ĈαN
uyu(τ1, τ2) = Φ̂T (τ1, τ2)θ +

N
∑

n=0

anpαn ε(τ1, τ2, θ)

(23)
where

Φ̂T (τ1, τ2) =
[

−Ĉα0

uyu(τ1, τ2), ...,−ĈαN−1

uyu (τ1, τ2),

Ĉβ0

uuu(τ1, τ2), ..., Ĉ
βM
uuu(τ1, τ2)

]

(24)
The equation error is defined as:

eCum(τ1, τ2, θ) = ĈαN
uyu(τ1, τ2) − Φ̂T (τ1, τ2)θ

=
M
∑

m=0

bmpβm C̃uuu(τ1, τ2) −
N
∑

n=0

anpαnC̃uyu(τ1, τ2)

(25)
The optimal parameters vectorθ̂ftocls is:

θ̂ftocls(τ2, T ) = argmin
θ

V (τ2, θ, T ) (26)

where the criterionV is defined as:

V (τ2, θ, T ) =
1

T

T
∑

τ1=0

1

2
e2

Cum(τ1, τ2, θ) (27)

and the hyperparameterT must be chosen such thatT >

N + M + 1 [23].
The optimal parameters vector is:

θ̂ftocls(τ2, T ) =

[

1

T

T−1
∑

τ1=0

Φ̂(τ1, τ2)Φ̂
T (τ1, τ2)

]−1

[

1

T

T−1
∑

τ1=0

Φ̂(τ1, τ2)Ĉ
αN
uyu(τ1, τ2)

]

(28)

5. IMPLEMENTATION OF THE FTOCLS
ALGORITHM

The classicaltocls is a third-order cumulants based least
squares method. It uses the SVF approach while comput-
ing the derivatives of cumulants [19, 23]. Theftoclsalgo-
rithm generalizes thetoclsalgorithm to fractional models.
The fractional derivatives of cumulantŝCν

xxx(τ1, τ2) in re-
gression vector (24) are substituted by filtred fractional



derivatives of cumulantŝCν
xxx,f(τ1, τ2), which can be eval-

uated according to [23]:

Ĉν
xxx,f(τ1, τ2) = Ĉxxν

f
x(τ1, τ2) (29)

wherexν
f is the filtredxν signal through a new fractional

SVF filter bank:

Fν(p) = pν

(

λ

p + λ

)bνc+1

(30)

wherebνc stands for the floor operator andλ is the filter
cut-off frequency.
Proof. Let fn the impulse response of the filter.

Cν
xxx,f(τ1, τ2) = Fν(p)Cxxx(τ1, τ2)

=

∫

R

fn(τ) E [x(tk)x(tk + τ1 − τ)x(tk + τ2)] dτ

= E

[

x(tk)

(
∫

R

fn(τ) x(tk + τ1 − τ) dτ

)

x(tk + τ2)

]

= E
[

x(tk)xν
f (tk + τ1)x(tk + τ2)

]

= Cxxν
f
x(τ1, τ2)

(31)
The implementation of the developedftocls approach is
summarized in three steps and described by the following
algorithm:

• Step1:Defining the fractional filter bank:

Fαn
(p) = pαn

(

λ

p + λ

)bαNc+1

; 0 ≤ n ≤ N

(32)

Fβm
(p) = pβm

(

λ

p + λ

)bαN c+1

; 0 ≤ m ≤ M

(33)
and generating fractional derivatives of input/output
signals as:

u
βm

f (tk) = Fβm
(p)u(tk); 0 6 m 6 M (34)

yαn

f (tk) = Fαn
(p) y(tk); 0 6 n 6 N (35)

• Step2: Computing third-order cumulants and their
derivatives:

Ĉ
βm

uuu,f (τ1, τ2) =
1

Nt − µ

Nt−µ
∑

k=1

u(tk)uβm

f (tk + τ1)

u(tk + τ2); 0 6 m 6 M
(36)

Ĉαn

uyu,f (τ1, τ2) =
1

Nt − µ

Nt−µ
∑

k=1

u(tk)yαn

f (tk + τ1)

u(tk + τ2); 0 6 n 6 N
(37)

whereµ = max(τ1, τ2) andτ2 = 0.

• Step3:Building the regression vector:

Φ̂T
f (τ1, τ2) =

[

−Ĉα0

uyu,f (τ1, τ2), ...,−Ĉ
αN−1

uyu,f (τ1, τ2),

Ĉ
β0

uuu,f (τ1, τ2), ..., Ĉ
βM

uuu,f (τ1, τ2)
]

(38)

and estimating the parameters vectorθ̂ftocls by ap-
plying the developed fractional third-order cumulant
based least squares method:

θ̂ftocls(τ2, T ) =

[

1

T

T−1
∑

τ1=0

Φ̂f (τ1, τ2)Φ̂
T
f (τ1, τ2)

]−1

.

[

1

T

T−1
∑

τ1=0

Φ̂f (τ1, τ2)Ĉ
αN

uyu,f (τ1, τ2)

]

(39)

6. NUMERICAL EXAMPLE

The following system is considered:

H(s) =
b

s0.5 + a
(40)

wherea = 1 andb = 1.
The noise-free input signalu0 is chosen as a pseudo ran-
dom binary sequence (figure (2)). The input/output sig-
nals are both subject to additive zero mean white noise
generated by the randn function in MATLAB. The signal-
to-noise ratio (SNR) is equal to 15dB on both input and
output. All assumptions described above are verified.
The measurements of input/output signals are sampled uni-
formly with a sampling periodh = 0.1s, the number of
samples isNt = 500 and the cut-off frequency of filters is
choosed equal toλ = 3.
Figure 2 shows the noisy input and output signals.
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Figure 2. Noisy input/output data with SNR=15dB.

The parameters of the fractional model (40) are estimated
using the proposedftoclsalgorithm forT = 50. Parame-
ters estimates are given in Table 1.

Table 1. Simulation results for SNR=15dB and T=50.

True parameters Estimated parametersMNE (%)
a 1 1.0113 1.13
b 1 1.0015 0.15

The normalized mean squares error is defined as,

MNE = 100

∥

∥

∥
θ̂ftocls − θ

∥

∥

∥

‖θ‖
(41)



This example shows that the proposed algorithm gives con-
sistent estimation.
Next, the influence of the hyperparameterT is studied.T
is chosen between0 andNt = 500 and theftocls algo-
rithm has been applied for different values ofT .
Figure 3 shows the evolution of estimated parameters ac-
cording toT . The best estimated parameters are obtained
for 30 ≤ T ≤ 100 and300 ≤ T ≤ 450.
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Figure 3. Evolution of estimated parameters according to
T for SNR=15dB.

Figure 4 shows the evolution of the normalized means squares
errors of estimated parameters according to the hyperpa-
rameterT . It validates the choice of the intervals above.
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Figure 4. Evolution of MNE(%) according to T for
SNR=15dB.

The following table presents the estimated parameters for
three different values ofT chosen in the intervals above.

Table 2. Simulation results for SNR=15dB.

T a = 1 b = 1
30 1.0061 0.9982
60 1.0152 1.0035
90 1.0188 1.0055

To test the robustness of the performed algorithm, the SNR
have been reduced to 10dB on both input and output and
the ftocls algorithm have been applied while varyingT

from 0 to Nt = 500.
Figure 4 shows the evolution of estimated parameters ac-
cording toT . The best estimated parameters are obtained
for 30 ≤ T ≤ 200.
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Figure 5. Evolution of estimated parameters according to
T for SNR=10dB.

Figure 6 shows the evolution of the normalized means squares
errors of estimated parameters according to the hyperpa-
rameterT . It validates the choice of the interval above.
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Figure 6. Evolution of MNE(%) according to T for
SNR=10dB.

Table 3 presents the estimated parameters for 3 different
values ofT chosen in the interval above.

Table 3. Simulation results for SNR=10dB.

T a = 1 b = 1
30 0.9857 0.9742
60 0.9944 0.9775
90 1.0009 0.9813

Notes that for large values ofT both for SNR=15dB and
10dB, a very small bias appears in the estimated parame-
ters. The best values ofT are dependent on the system and
the experimental conditions. They are determined empiri-
cally.



7. CONCLUSION

In this paper, a new method to consistently identify a contin-
uous-time system by fractional models in an EIV frame-
work is proposed. The developed method uses a high-
order statistics. The main objective is to avoid using ex-
plicitly measured input/output data by introducing the third-
order cumulants. The least squares algorithm is applied
on cumulants. Their derivatives are computed using a new
fractional state variable filter. A numerical example illus-
trates the performance of the proposed method. The effect
of the signal-to-noise ratio (SNR) and the hyperparameter
T is studied. It’s shown for important SNR the estimated
parameters are close to the true values.
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