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ABSTRACT

In this communication, two recursive parametric estima-
tion algorithms are analyzed and applied to an squirrel-
cage asynchronous machine located at the research “Unit
of Automatic Control” (UCA) at ENIS. The first algo-
rithm which, use the transfer matrix mathematical model,
is based on the gradient principle. The second algorithm,
which use the state-space mathematical model, is based
on the minimization of the estimation error. These algo-
rithms are applied as a key technique to estimate asyn-
chronous machine with unknown, but constant or time-
varying parameters. Stator voltage and current are used
as measured data. The proposed recursive parametric esti-
mation algorithms are validated on the experimental data
of an asynchronous machine under normal operating con-
dition as full load. The results show that these algorithms
can estimate effectively the machine parameters with reli-
ability.

Key words— State-space mathematical model; Trans-
fer matrix mathematical model; Parametric estimation;
Recursive algorithms; Asynchronous machine.

1. INTRODUCTION

The asynchronous machine is a multivariable system with
constant or time-varying parameters, which has motivated
many research in the control community [1], [2]. For
simulation of the machine operation modes, it is necessary
to know the machine parameters. The complexity of
electrical machine control has led to a more accurate
study of their parameter determination. The parametric
estimation algorithms must generally satisfy a robust
criterion and its is necessary to have an infinite preci-
sion on the estimated values to realize an adequate control.

The parametric estimation of the electric machines
have widely integrated the optimization methods. Most
of the estimation procedures use complex algorithms for
the parametric estimation. The major difficulty behind the
optimization techniques is the choice of the asynchronous
machine physical model and of the optimization algo-
rithm.

Many parametric estimation algorithms based on
transfer matrices for multiple input-multiple output
systems adopted the idea of decomposing into subsytems
and then estimating parameters of the subsystems one by
one; since such algorithms are computationally intensive.
For multivariable systems described by transfer matrix,
a recursive parametric estimation algorithm is developed
[3].

In this communication, we want to present two recur-
sive parametric estimation algorithms. The first recursive
parametric estimation algorithm is based on gradient
techniques to estimate parameters of the subsystems
simultaneously from the given input-output measurement
data. This algorithm contains a time-varying convergence
factor, which allows an easy estimation of the time-
varying parameters. By means of the stator voltage and
currents measurement, the gradient algorithm is applied to
estimate the parameters of asynchronous machine which
is described by transfer matrix. The second parametric
estimation algorithm is based on the experimental mea-
surements and the minimization of a quadratic criterion
relating to the prediction error by least squares method.

The communication is organized in four sections. Next
section presents the analysis of two recursive parametric
estimation algorithms. Section three was reserved to test-
ing the proposed algorithms by application for an asyn-
chronous machine and we conclude in section four.

2. ANALYSIS OF TWO RECURSIVE
PARAMETRIC ESTIMATION ALGORITHMS

In this section, a gradient-based recursive parametric es-
timation algorithm and a recursive parametric estimation
algorithm are presented and analyzed.

2.1. Gradient-based recursive parametric estimation
algorithm

Let us consider a linear multivariable system described
by the following discrete-time state-space mathematical
model:
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x(k + 1) = A(k + 1)x(k) +B(k + 1)u(k) + v(k)

y(k) = Cx(k) + e(k) (1)

where u(k) ∈ Rr, y(k) ∈ Rz and x(k) ∈ Rn

represent the input vector, the output vector and the
state vector of the system at the discrete time k. The
matrices A(k + 1), B(k + 1) and C represent the state
matrix, the command matrix and the measurement matrix,
respectively, v(k) ∈ Rn is the noise vector which acts
on the system, e(k) indicates the noise which affects the
measurement of the output y(k).

The input-output relationship of a discrete-time multi-
variable system can be represented as:

y(k) = G(q−1)u(k)

=
P (q−1)

D(q−1)
u(k) (2)

where P (q−1) is a polynomial matrix and D(q−1) is
a polynomial.

Equation (2) can be expressed as:

D(q−1)y(k) = P (q−1)u(k) (3)

or

y(k) +
n∑

i=1

diy(k − i) =
n∑

i=0

piu(k − i). (4)

From (4), we obtain the following mathematical
model:

y(k) + ψ(k)α = βϕ(k) (5)

with β ∈ Rz×l(l = (n + 1)r), α ∈ Rn, ϕ(k) ∈ Rl

and ψ(k) ∈ Rz×n, represent the parameter matrix, the pa-
rameter vector, the input information vector and the output
information matrix, respectively. They are defined as:

β =
[
p0 p1 . . . pn

]
(6)

α =


d1
d2
.
.
.
dn

 (7)

ϕ(k) =


u(k)

u(k − 1)
.
.
.

u(k − n)

 (8)

and

ψ(k) = [y(k − 1) y(k − 2) . . . y(k − n)] (9)

The posed problem is to estimate the unknown param-
eters (di, pi) in (4) from the given input-output measure-
ment data (u(k), y(k) : k = 1, 2, ...,m), or equivalently,
to estimate (α, β) in (5) from (y(k), ψ(k), ϕ(k) : k =
1, 2, ...,m). The iterative solutions of the parameter vec-
tor α and the parameter matrix β of the model (5) based
on gradient principle are established by application of the
iterative algorithm, for m >> zl + n, as follows:

α̂(k)= α̂(k − 1)− µ(k)
m∑
i=1

ψT (i)[ψ(i)α̂(k − 1) (10)

−ρ1(i)]

β̂(k)= β̂(k − 1)− µ(k)

m∑
i=1

[β̂(k − 1)ϕ(i)− ρ2(i)]ϕ
T (i)

with

ρ1(i) = β̂(k − 1)ϕ(i)− y(i) (11)

and

ρ2(i) = ψ(i)α̂(k − 1) + y(i) (12)

and µ(k) is the convergence factor.

The analysis of the stability conditions leads to the fol-
lowing condition (Damak. N and Samira.K, 2010):

0<µ(k)<2(

m∑
i=1

[
tr[ψ(i)Tψ(i)]+tr[ϕ(i)Tϕ(i)]

]
)−1(13)

2.2. Recursive parametric estimation algorithm

The description of a dynamic multivariable system with
time-varying parameters can be explained by the mathe-
matical model (1).

The parametric estimation problem of the dynamic
multivariable system described as a state mathematical
model is composed of an estimation procedural develop-
ment that allows us to estimate the unknown parameters
of the A(k + 1) and B(k + 1) matrices.

The formulation of this problem is based on ex-
perimental measurements (input and state sequences)
originated in the considered system and minimizing a
quadratic criterion comprising the estimation error (also
called prediction error), which is defined as:

δ(k) = x(k)− xp(k) (14)

with xp(k) the state vector of the adjustable model, as



follows:

xp(k + 1) = Â(k + 1)x(k) + B̂(k + 1)u(k) (15)

where Â(k + 1) and B̂(k + 1) are the estimated matrices
of A(k + 1) and B(k + 1) at the discrete-time k + 1,
respectively.

For the estimation of the parameters of the two ma-
trices A(k + 1) and B(k + 1) of the state-space mathe-
matical model, we can use a modified version of the recur-
sive parametric estimation algorithm proposed by Kamoun
(2007), which has been developed for monovariable sys-
tems:

Â(k + 1)= Â(k) + ξ(k)Rδ(k)xT (k − 1)

B̂(k + 1)= B̂(k) + ξ(k)Rδ(k)uT (k − 1)

δ(k)=x(k)− Â(k)x(k − 1)− B̂(k)u(k − 1) (16)

ξ(k) =
l(k)

λR[uT (k − 1)u(k − 1) + xT (k − 1)x(k − 1)]

where l(k) is a positive parametric gain and λR is the
maximum eigenvalue of the matrix R.

The analysis of the stability conditions leads to the fol-
lowing condition, which is related to the choice of the gain
intervening in the algorithm (16):

1 < l(k) < 2 (17)

3. APPLICATION TO AN ASYNCHRONOUS
MACHINE

In this section, the gradient-based recursive algorithm and
the recursive algorithm which are presented in the previous
section are applied to the estimation of the asynchronous
machine’s parameters.

3.1. Mathematical model of the asynchronous ma-
chine and posed problem

The proposed algorithms are applied on the experimental
set-up located at the research “Unit of Automatic Con-
trol” (UCA) at ENIS. The set-up is composed of a 1
kW squirrel-cage motor, a real time controller board of
dsPACE DS1104 and interfaces which allow to measure
the currents and the voltages. The experimental stator
currents and voltages observed with ControlDesk, are de-
tected at very sampling instant. A diagram of the experi-
mental setup is depicted in Figure 1.

Figure 1. View of the experimental setup.

The asynchronous machine is described by the follow-
ing discrete-time state-space mathematical model:

x(k + 1) = A(k + 1)x(k) +Bu(k) + v(k) (18)
y(k) = Cx(k) + e(k)

where u(k), y(k) and x(k) represent the input vector,
the output vector and the state vector of the asynchronous
machine. These are defined by:

uT (k) = [ uds(k) uqs(k) ] (19)

yT (k) = [ ids(k) iqs(k) ] (20)

and

xT (k) = [ ids(k) iqs(k) ϕdr(k) ϕqr(k) ] (21)

The state vector x(k) contains the stator currents
ids(k) and iqs(k) and the rotor flux ϕdr(k) and ϕqr(k).
The input and the output of the asynchronous machine
correspond to the stator voltage uds(k) and uqs(k) and to
the stator currents ids(k) and iqs(k), respectively.

The matrices A(k), B and C are defined, respectively,
by the following expressions:

A(k)=


a11 a12 a13(k) a14(k)
a21 a22 a23(k) a24(k)

a31(k) a32(k) a33 a34
a41(k) a42(k) a43 a44

(22)

B =


b11 0
b21 0
0 b33
0 b43

 (23)

and

C =

(
1 0 0 0
0 1 0 0

)
(24)



The time-varying parameters of the matrix A(k + 1)
depend on the mechanical speed ωm(k).

The stator voltages uds(k) and uqs(k), the state vari-
ables ids(k), iqs(k), ϕdr(k) and ϕqr(k) are presented in
Figures 2, 3 and 4.
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Figure 2. Evolution curves of the stator voltages uds(k)
and uqs(k).
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Figure 3. Evolution curves of the stator currents ids(k)
and iqs(k).
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Figure 4. Evolution curves of the rotor flux ϕdr(k) and
ϕqr(k).

The parametric estimation problem of the asyn-
chronous machine, described as a state-space mathemat-
ical model, is composed of an estimation procedural de-
velopment that allows us to estimate the unknown con-
stant parameters and the unknown varying-time parame-
ters, which are depending on the mechanical speed ωm(k),
of the matrices A(k + 1) and B.

3.2. Parametric estimation of the asynchronous ma-
chine using the gradient-based recursive parametric
estimation algorithm

The asynchronous machine is described by the following
transfer matrix model:

D(q−1, k)y(k) = P (q−1, k)u(k) (25)

where

D(q−1, k) = 1 + d1(k)q
−1 + d2(k)q

−2 (26)
+d3(k)q

−3 + d4(k)q
−4

and

P (q−1, k) = p0(k) + p1(k)q
−1 + p2(k)q

−2 (27)
+p3(k)q

−3p4(k)q
−4

The parameter vector α and the matrix parameter β are
defined by:

αT (k) = [d1(k) d2(k) d3(k) d4(k)] (28)

and

β(k) = [p0(k) p1(k) p2(k) p3(k) p4(k)] (29)

We use the parametric estimation algorithm (10) for
estimating the vector parameter α(k) and the matrix
parameter β(k).

We consider the following estimation errors ξ1(k) and
ξ2(k), which are introducing in the algorithm (10):

ξ1(k) = µ(k)

m∑
i=1

ψT (i)[ψ(i)α̂(k − 1)− ρ1(i)] (30)

and

ξ2(k) = µ(k)
m∑
i=1

[β̂(k − 1)ϕ(i)− ρ2(i)]ϕ
T (i) (31)

To oppose the increase of the error ξ1(k) and ξ2(k),
we integrate a fuzzy supervisor in the recursive parametric
estimation algorithm (10). The input of this supervisor
is the error ξ(k)= max(ξ1(k), ξ2(k)) and the output is
convergence factor µ(k).

Initially, by using the studies in simulation, the field
variation division of supervisor input which is the error ξ
give three fuzzy sets: absolute value of the error ξ is small
(S) or big (B) or very big (VB) and the field variation divi-
sion of supervisor output which is the convergence factor
µ give three fuzzy sets: value of the convergence factor µ
is very small (VS) or small (S) or big (B). The evolution
curves of these memberships functions are shown Figure
5.

Then, the establishment of the fuzzy rules make it pos-
sible to determine the value of convergence factor µ ac-
cording to the error ξ; these rules are the following:

if |ξ| is small (S), then µ is big (B);
if |ξ| is big (B), then µ is small (S);
if |ξ| is very big (VB), then µ is very small (VS).
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Figure 5. Evolution curves of the memberships functions.

Finally, the conversion of the knowledge base into an
actual value represents the effective value of the conver-
gence factor µ. By integrating the fuzzy supervisor in the
recursive algorithm (10), we can exploit in an optimal
way, at every instant, and among several values, the
convergence factor µ adequate according to the criterion
based on the error ξ.

The unknown vector parameter and matrix parameter
α and β are estimated using the recursive algorithm (10)
with supervised convergence factor and the input and
output measurements.

We can pass of the representation by transfer matrix
(25) to the representation by continuous state-space
mathematical model. The passage from the obtained
continuous mathematical model to the discrete-time math-
ematical model, by the exponential method of matrices,
gives us a mathematical discrete model. We obtain then
the estimated parameters of matrix A(k) (22).

The evolution curves of the estimated parameters
â11(k), â12(k), â13(k) and â14(k) are shown in Figures
6 and 7.
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Figure 6. Evolution curves of the estimated parameters
â11(k) and â12(k).
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Figure 7. Evolution curves of the estimated parameters
â13(k) and â14(k).

3.3. Parametric estimation of the asynchronous ma-
chine using the recursive parametric estimation algo-
rithm

The parametric estimation problem of the asynchronous
machine represented by a state-space mathematical model
(18) is the development of an estimation procedure which
allows us to estimate the unknown parameters of matrices
A(k) and B.

The gain matrix R is chosen as follows:

R =


1000 0 0 0
0 1000 0 0
0 0 1000 0
0 0 0 1000

 (32)

The evolution curves of the estimated parameters
â11(k), â12(k), â13(k) and â14(k) are shown in Figures
8 and 9.
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Figure 8. Evolution curves of the estimated parameters
â11(k) and â12(k).
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Figure 9. Evolution curves of the estimated parameters
â13(k) and â14(k).

3.4. Comparison of the two recursive parametric esti-
mation algorithms

In this section, we try to compare the effectiveness of the
two developed recursive parametric estimation algorithms
(10) and (16) of the squirrel-cage asynchronous machine.

We consider the following estimation error:

δ1i(k) = a1i(k)− â1i(k) (33)

with i = 1, ..., 4.



To evaluate the estimation quality of the two recursive
parametric estimation algorithms (10) and (16), we cal-
culate the average (m̄) and the variance σ2 of the last two
hundred values of the estimated parameters using the fol-
lowing equations:

m̄â1i(k) =
1

200

1000∑
k=801

δ1i(k) (34)

σ2 =
1

200

1000∑
k=801

δ1i(k)− m̄â1i(k))
2 (35)

with i=1,...,4.

The values of averages and variances associated to the
different errors of parameters a11(k), a12(k), a13(k) and
a14(k) are given in Tables 4 and 5.

Table 4. Averages and variances values using the
gradient-based recursive parametric estimation algorithm.

Parameter Average(m̄) Variance(σ2)
a11(k) -0.00065 1.6× 10−9

a12(k) 0.002 1.39× 10−9

a13(k) 0.00061 1.4× 10−9

a14(k) -0.0006 1.5× 10−9

Table 5. Averages and variances values using the
recursive parametric estimation algorithm.

Parameter Average(m̄) Variance(σ2)
a11(k) -0.0015 4.56× 10−9

a12(k) -0.025 5.35× 10−7

a13(k) -0.0007 2.2× 10−9

a14(k) -0.0006 1.5× 10−9

We notice that the values of averages are near to zero
and the values of variances are low. We deduce that the
two developed recursive parametric estimation algorithms
(10) and (16) are efficient.

Starting from the iteration k = 500, the recursive
parametric estimation algorithm (16) converges towards
the real values. The estimated parameters given by the
recursive parametric estimation algorithm (16) have
oscillation in the beginning of the estimation (see Figures
8 and 9), but this oscillation does not exist in the evolution
curves of the estimated parameters given by the gradient-
based recursive parametric estimation algorithm (10) (see
Figures 6 and 7).

The simulation time of the first algorithm (10) is 0.4s
and the second algorithm (16) is 2.3s. We deduce that the
recursive parametric estimation algorithm based on gradi-
ent principle is more rapid then the recursive parametric
estimation algorithm based on minimizing the estimation
error.

4. CONCLUSION

In this communication, we dealt with parametric estima-
tion of an asynchronous machine using two recursive al-
gorithms. The two algorithms contains a time-varying
convergence factor and parametric gain which allows an
easy estimation of the time-varying parameters. By means
of the stator voltage and currents measurements, the first
algorithm based on gradient principle is applies to esti-
mate the parameters of asynchronous machine which is de-
scribed by transfer matrix model. The second parametric
estimation algorithm is based on experimental measure-
ments and minimizing a quadratic criterion relating to the
estimation error by least squares method. A comparison
between the two algorithms is realized. We show the ef-
fectiveness of the two algorithms on the convergence of
the estimated parameters towards the real one. The algo-
rithm based on gradient principle is more rapid and allows
us to obtain less oscillation in the evolution curves of the
estimated parameters than the recursive parametric estima-
tion algorithm based on minimizing the estimation error.
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