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ABSTRACT

Algebraic reconstruction techniques when applied to a limited number of data usually suffer from noise caused  
by the process of correction or by inconsistencies in the data coming from the stochastic process of radioactive 
emission and oscillation equipment. The post - processing of the reconstructed image with the application of  
filters can be done to mitigate the presence of noise. In general these processes also attenuate the discontinuities  
present in edges that distinguish objects or artifacts, causing excessive blurring in the reconstructed image. This 
paper proposes a built-in noise reduction at the same time that it  ensures adequate smoothness level in the  
reconstructed surface, representing the unknowns as linear combinations of elements of a piecewise polynomial 
basis, i.e. a B-splines basis. For that, the algebraic technique ART is modified to accommodate the first, second 
and  third  degree  bases,  ensuring  C0,  C1 and  C2 smoothness  levels,  respectively.  For  comparisons,  three 
methodologies are applied:  ART,  ART post-processed with regular B-splines filters (ART*) and the proposed 
method  with  the  built-in  B-splines  filter  (BsART).  Simulations  with  input  data  produced  from  common 
mathematical phantoms were conducted. For the phantoms used the BsART method consistently presented the 
smallest errors, among the three methods. This study has shown the superiority of the change made to embed 
the filter in the ART when compared to the post-filtered ART.  
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1. INTRODUCTION  

Computerized Tomography (CT) is popularly known as a method of diagnosis in medical CT 
scanners with x-ray, MRI, SPECTs, PETs, ultrasound and others. The CT is divided in two 
processes:  acquisition  of  data  (projections)  from  source-detector  arrangements  and  the 
determination of a density distribution function that describes the object being studied. The 
latter is known as tomographic reconstruction, producing the density distribution function in 
the form of a reconstructed image.

The reconstruction function can be resolved through algebraic or analytical methods. The 
analytical  ones  are  based  on  Fourier  transform  and  the  most  known  is  the  Filtered 
Backprojection (FBP). Algebraic methods model a given section of the reconstructing object 
as a matrix of unknowns (pixels) representing the density distribution function μ (x, y). From 
the  acquired  data,  a  system  of  equations  produced  from  the  Beer-Lambert  relationship 
(Equation 1) is created, and its computation results in the reconstructed image (or distribution 
of densities). Due to the characteristics of this system, indirect methods are usually more 
recommended,  and  among  them,  the  method  of  projections  Kaczmarz  has  a  guaranteed 
convergence [1]. The solution is obtained from an initial approximation and corrections are 
performed iteratively until it reaches the desired accuracy. With the advent of CT scanner in 
the  1970s,  techniques  based  on  Kaczmarz's  method  have  been  developed  and  the  most 
prominent is the Algebraic Reconstruction Technique of additive correction (ART). Although 
this method is conceptually simpler than transform-based methods, this approach is usually 
less computationally efficient.  However,  one advantage of this  technique is  that  a priori 
information (ex: some values of density, lower and upper limits, symmetries, etc..) can be 
easily incorporated into the process. Considerably more difficult situation one may find in the 
methods based upon transforms.

Unfortunately,  these  techniques  usually  suffer  from  noise  caused  by  the  processes  of 
correction during the reconstruction, and also by inconsistencies in the data acquired by CT 
scanners. Pre-processing in the input data or post - processing filtering of the reconstructed 
image  can  be  done  to  mitigate  the  presence  of  noise,  a  process  known  as  denoising. 
Generally these actions also attenuate the discontinuities present in edges that distinguish 
objects  or  artifacts,  causing  objectionable  blurring  in  the  reconstructed  image.  The most 
popular filters in this process are: arithmetic mean, median, B-splines, Gaussian, histogram 
equalization, adaptive median, minimum, gradient-based, etc. These filters only work with 
image information, and any other type of data that could contribute to shape the filter is not 
used.  Alternative approaches  are  able  to  incorporate  filters  to the reconstruction process, 
imposing restrictions on their linear system created in the algorithm [2]. 

Over  the  past  year,  few scientific  studies  have  been  performed  in  Brazil  in  the  area  of 
incomplete-data  reconstructions,  as  well  as  tomographic  imaging  with  built-in-filter 
reconstruction [3]. The objective of this work is to reduce artifacts and noise in reconstructed 
images  from  a  tomographic  system  whose  acquired  data  come  from  a  low  number  of 
projections.  The  proposal  is  to  ensure  an  adequate  smoothness  level  in  the  surface  that 
represents the graph of the density distribution function, during the reconstruction. It assumes 
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a linear  model  for  the  graphs of  possible  density functions,  and uses  B-splines  surfaces, 
which represent a function as a linear combination of piecewise polynomial functions. The 
tomographic experience with the representation of surfaces  with a single patch of Bézier 
basis [4], which are infinitely differentiable,  has shown desirable qualities in this  type of 
techniques,  but  also has  indicated that  a  greater  freedom would bring more flexibility to 
handle higher frequency shapes, but at the cost of a smaller smoothness level. It was for this  
purpose that the B-splines basis was selected. Another advantage of working with B-splines is 
that you can choose the degree of surface smoothness, allowing more general shapes in the 
density functions than the ones produced by the Bézier basis, although they are less general 
than a piecewise linear surface. This work shows the application of three B-splines basis: B1, 
B2 and B3, ensuring C0, C1 and C2 - degrees of smoothness, respectively. 

2. COMPUTERIZED TOMOGRAPHY

The goal of tomography is to determine the density distribution function μ (x, y) in the plane 
cut  defined  by the  movement  of  rotation  and translation  of  the  pair  source-detector.  An 
example of such a section is shown in Figure 1. 

The Beer-Lambert equation (Equation 1) describes the exponential decay of radiation along 
its path and returns the one-dimensional projection of the distribution density of the section. 
This  also corresponds to  the function defined mathematically by Johann Radon in 1917, 
known as the Radon transform of a function  :

 (1)

Where I is the final intensity of the radiation, I0 the initial intensity of the radiation, μ (x, y) 
the linear attenuation coefficient and ds the differential element of distance traveled. The set 
of projections is called sinogram and its inverse corresponds to the reconstructed image. The 
inverse should then be found by some method of tomographic reconstruction. 
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Figure 1: Example of tomographic section



 =  Reconstructed Image  Original Image (2)

3. ALGEBRAIC RECONSTRUCTION TECHNIQUE (ART)

As it was said earlier, algebraic methods model a given section of the reconstructing object as 
a matrix of unknowns (pixels) representing the density distribution function μ (x, y). From 
the  acquired  data,  a  system  of  equations  produced  from  the  Beer-Lambert  relationship 
(Equation 1) is created, and its computation results in the reconstructed image (or distribution 
of densities). Basic methods, like the indirect method of projections Kaczmarz, are usually 
more recommended for systems with low number of projections [1]. The iterative techniques 
are  summarized  basically  in  four  steps:  creation  of  the  initial  image,  calculation  of 
corrections, application of the corrections and convergence test. These algorithms differ in 
how corrections are calculated and applied [5]. In this work, the basic algebraic technique 
(ART)  is  used.  In  this  representation,  a  ray  corresponds  to  a  band  width  which  mostly 
coincides with the width of one pixel  (Figure 2). 

The process can be summarized in: 

1) Create an initial image array with N elements parameterized in j, usually random or 
zero. This is the beginning of the 1st iteration (k = 1).

2) Calculate the projections for all the rays from the formula: 

(3)
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Figure 2: Discretization of the irradiated section 



3) For each ray,  calculate  the  difference  between original  P(i) and  reconstructed  the 
projection P'(i).

4) Calculate the sum of all weights along each ray. 

 (4)

5)  Obtain the correction for each ray  i.

 (5)

6)  Apply the correction to each cell along the ray i.

 (6)

where  is a relaxation parameter, a value ranging between 0 and 2. 

7) Repeat steps 2-6 for all rays.
8) Find the sum of the convergence of all pixels in the image. 

9)  Finalize the k iteration. 

The iterations are finished when a pre - established value for Δf  is reached. Many authors 
established a criterion of Δf ≤ 0.01%. Whenever this criterion is not reached, a new iteration 
is initiated in step 2. ART frequently suffers from salt-and-pepper-type noises, caused by 
inconsistencies introduced into the set of equations by approximations utilized in the weights. 
This effect  is  even more exacerbated in the algorithm because each pixel along a ray is 
changed each time a particular projection is calculated, i.e., its values are updated before the 
next  projection  is  computed.  Both  the  noise  and the  rate  of  convergence  of  the  method 
depend on the relaxation parameter used, chosen empirically (usually between 0 and 2)  [6]. 

4. B-SPLINES SURFACES 

The  modeling  with  parametric  surfaces  generated  through  barycentric  combinations  of 
control points is used to produce quite complex shapes, like the human body. In this class, we 
cite  two  polynomial-based:  Bézier  surfaces  and  the  B-spline  surfaces  [7].  These 
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representations serve as powerful tools in computer graphics due to their smoothness, easy 
representation and modeling.  They can be roughly characterized as composed of  surface 
points, or evaluated points lying on the surface, that can be obtained through polynomial 
combinations of control points, which are usually much less numerous and do not necessarily 
lie on the surface. The control points can be used to manipulate the shape of the surface.

This type of surfaces also satisfies an important property: the affine invariance. This property 
states that if we apply affine operations only to the control points, the resulting surface built 
from the modified control points is equivalent to the surface that results from applying the 
same operations  to  all  of  its  evaluated points,  which  are  much more numerous than  the 
control  points.  For  instance,  a  biquadratic  Bézier  surface  possesses  nine  control  points. 
Suppose that we want to evaluate this surface on 100 points and draw all of these points. And 
now we need to apply a certain rotation to the surface. We just need to apply rotations to the 
nine  control  points,  and evaluate  the  new surface  on  100 points,  which  is  cheaper  than 
evaluating  and applying rotations  to  100 points.  The biggest  advantage  that  this  type  of 
technique  presents  is  to  reduce  the  computational  complexity  while  ensuring  a  desired 
smoothness in certain areas of modeling, such as automobile and aerospace industries. Figure 
3 shows two surfaces and their control points  

The points set  is shown in Figure 3. It represents the surface and is computed through 
a barycentric combination of the control points  ,  where the barycentric coefficients are 
provided by a piecewise polynomial bases:

 (7)

 e    bases characterize this  method of representation.  They are weights that 
specify the influence of each control point parameterized by i, j to any specified point in the 
surface. The bases also control surface smoothness. Surfaces generated by Bézier basis are 
infinitely differentiable, while the ones produced by B-splines bases can have its smoothness 
level  reduced  to  achieve  higher  flexibility  with  respect  to  high  frequency detais  [7]. To 
produce a non-smooth curve we define the B0 basis as the function that takes unit value into 
[0, 1), and zero outside this range. The convolution of  B0 function with itself generates the 
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Figure 3: Parametric surfaces and their control points 



basis element B1, used to build curves and surfaces with C0 smoothness. Larger continuities 
are found with basis generated by successive convolutions of B0. The functions that ensure 
smoothness until C2 are shown in Figure 4.

5. POST-PROCESSING BY B-SPLINES FILTERS

Assuming each point (or pixel) in the reconstructed image as one point of a B-spline surface, 
it is easy to determine the control points that best fit to that surface. To this end, we choose 
the base that will impose smoothness on the surface, mount the linear system with control 
points  as  unknowns  (equation  8),  we solve  the  system with  any numerical  method,  and 
determine any desired point lying on the surface by using the equation 7.   

 (8)

 

6. BsART

As it was mentioned before, algebraic algorithms discretize the reconstructing section in such 
a way that its unknowns can be determined by any linear solver. One of the proposals of this  
work is to continue using the initial discretization, but representing the unknown densities as 
control points for B-splines, ensuring the smoothness of the reconstructed surface (Figure 5). 
In this representation we may write:
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Figure 4: B-splines basis 



 (9)

 

generating a new equation for the projections  :

 (10)

This representation creates a new weight matrix with arbitrary size, regardless of number of 
pixels of the original discretization, with   x  control points as unknowns. Each element 
of this matrix is the product of sum of B-splines basis by weight Wij.

 

(11)

Notice that one of the characteristics of the B-splines' weight matrix is that it preserves the 
number of equations (rows) of the original weight matrix. Let the number of columns be 
equal to n x m control points. To determine one element, fix the i, j and compute the sum of 
B-splines basis elements evaluated at all  s, t, for one given beam (I). This matrix is sparse. 
When the B0 basis is used, for which the number of control points equals the number of 
pixels of the surface, the resulting matrix has the same entries as the traditional ART's weight 
matrix. Solving the system by ART, the B-splines control points can be determined. The 
value of each pixel of the reconstructed image is found through the barycentric combination 
of  the  aforementioned control  points.  In  this  way,  this  procedure  finds  the reconstructed 
image with the smoothness guaranteed by the chosen B-splines basis.  

INAC 2011, Belo Horizonte, MG, Brazil.

Figure 5: Exchange of unknowns by control points 



 (12)

6.1 Technique Validation by the phantoms reconstruction

Mathematical  phantoms  or  test  images  are  often  used  to  evaluate  the  precision  of 
reconstruction algorithms. They are precisely described by mathematical functions and their 
Radom transform simulates tomographic projections. Their pixels are the sections discretized 
by  algebraic  algorithms  and  their  values  (or  colors)  represent  density  or  attenuation 
coefficient. The simulated projection is the sum of each ray's traveled distances multiplied by 
its respective value in each affected pixel. Because it is not possible to produce noiseless 
acquisitions in real experiments, it is highly advisable to simulate this pathology in artificial 
data, which can be done by inserting random noises to the sinograms [8], usually obeying the 
Poisson standard deviation.  For  each phantom's  sinogram we applied  both the technique 
representing B-splines (BsART) and the post-processing technique with B-splines filters. The 
performance is measured through Root Mean Square Error (RMSE), between the original 
and the reconstructed sinograms for each iteration [9]. The error measurement is given by:

(13)

Where,    represents the pixel's original value,  represents the reconstructed pixel 
and   the number of image or sinogram pixels

Two mathematical  phantoms are used,  Spike and Shepp-Logan.  The phantom Spike is  a 
picture to evaluate  the precision of reconstruction algorithms considering the image high 
frequencies.  They are two circles of uniform density equals to one, with null underground. 
The following function describes the phantom.

f(x,y)=1 se  ou  ,
f(x,y)=0, otherwise. (14)

The chosen parameters were proposed by Subbarao [5] and Verhoeven [9]. That is: A 50x50 
pixels  picture,  x1=0.3,  y1=0.1,  r1=0.04,  x2=0.2,  y2=0.25  and  r2=0.08.  Shepp-Logan's 
mathematical  phantom represents  a  simplified  model  of  a  human  brain's  slice  and  it  is 
considered  an  image  that  demands  more  precision,  flexibility  and  complexity  from  a 
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reconstruction algorithm. The brain model was created by Shepp and Logan in 1974 and it's  
often used to test reconstruction algorithms. The test image has a 64x64 pixels resolution. 
The simulations were performed with 10 views corresponding to angles 0º, 18º, 36º, 54º, 72º, 
90º, 108º, 126º,  144º, 162º and 20dB Signal/Noise rate added to simulate sinogram. The 
phantoms are shown in Figures 6 and 7.

Figure 6: Phantom Spike

7. RESULTS

7.1 Phantom Spike

Different relaxation parameters were tested for Spike phantom with 10 views, and the found 
range that presented the smallest error for ART was 0.1 ≤ λ ≤ 1.5. The Errors produced at the 
best performance of each method are shown in Figure 8.
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Figure 7: Phantom Shepp and Logan
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Figure 8:  Errors to the best performance of each method

There's  no  clear  difference  between  images  of  proposes  methods,  but  is  noticeable  the 
improvement in the images when compared to ART's with and without filtering , Pictures 9 a 
and f, g and h, respectively.

                          a)ORIGINAL                                                             b)ART (λ= 0.20)                                           c)BsART1 (λ = 0.10)

                          d) BsART2                                                              e) BsART1                                                      f) B1 Filter in ART 

               g)B2 filter in ART                                                     h)B3 filer in  ART

Figure 9: Results for the best performance in each algorithm
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7.2 Phantom Shepp-Logan

Many relaxation parameters were tested. Ones offered less error and more convergence are  λ 
= 1.2 para ART e  λ =10.0 para o B-splines.  The stop criterion was defined as twice the 
number  of  iterations  for  the  method  to  reach  a  0.01%  variation  between  images  of 
consecutive iterations.  The errors are shown in Figure 10 and the Figure 11 illustrates the 
reconstructed images.

a)ART -  best  λ = 1,2 b)B3 in BsART -  best  λ = 10,0 

Figure 10: Choice of the best relaxation parameter  ART and B-splines with ART for 
Shepp-Logan

The highlighted values in (Figure 10 a) show the fast convergence with parameter λ = 1.2  for 
ART, converging in only 10 iterations. The same iterations number is performed with BsART 
on a B3 base (Figure 10 b). The difference between each one RMSE is less than 2% and some 
parameters there's no convergence. The noise reduction Is visible in images reconstructed 
using the B-spline filter, both the proposed method (Figure 11 c), and a posteriori filtered 
image (Figure 11 d).

a)ORIGINAL                        b)ART (λ =1,2 e RMSE=0,5843) c) BsART B3 (λ =10,0 e 
RMSE=0,5724) 

d) FILTRO B3 em 
ART(RMSE=0,6147)

Figure 11: comparison of errors(ART/BsART/B-splines filters) for Shepp-Logan

The 0º profile reconstructed from each method is shown below (Figure 12) over the original 
profile.
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Figure 12: Results ART/BsART with B3/B3 filter for Shepp-Logan

8. CONCLUSIONS

The BsART technique was satisfactorily validated on every proposed phantom. All of the 
reconstructed images matched with their respective phantoms. All of the analyzed B-splines 
bases had smaller errors than the ART correction techniques, and the B3 presented the best 
performance. This result can be explained by the imposed restrictions on the reconstructed 
surface smoothness by B-spline basis and also by the additive techniques' predisposition to 
noises, especially for a limited number of data (10 views). For all tests, the techniques based 
upon B-splines  representation overcame similar filters  applied in post  processing.  This is 
explained by the incorporation of smoothness constraints in the weight matrix. The method 
presented incorporates this filtering during the reconstruction process, differently from post-
processing filters that use only information from already reconstructed images. 
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