
2011 International Nuclear Atlantic Conference - INAC 2011
Belo Horizonte, MG, Brazil, October 24-28 2011
ASSOCIAÇÃO BRASILEIRA DE ENERGIA NUCLEAR - ABEN
ISBN: 978-85-99141-04-5

ON A CLOSED FORM SOLUTION OF THE POINT KINETICS
EQUATIONS WITH REACTIVITY FEEDBACK OF TEMPERATURE

Jeronimo J. A. Silva1,a, Antônio C. M. Alvim2, Marco T. M. B. Vilhena1,b, Cláudio Z.
Petersen1,c and Bardo E. J. Bodmann1,d

1 Programa de Pós-Graduação em Engenharia Mecânica - (PROMEC / UFRGS)
Universidade Federal do Rio Grande do Sul

Rua: Sarmento Leite, 425/314
90050-170 Porto Alegre, RS

shaolin.jr@gmail.coma

vilhena@pq.cnpq.brb

claudio.petersen@ufrgs.brc

bardo.bodmann@ufrgs.brd

2 Instituto Alberto Luiz Coimbra de Pós-Graduação e Pesquisa em Engenharia - (COPPE / UFRJ)
Universidade Federal do Rio de Janeiro

Rua: Av. Horácio de Macedo, 2030
21941-914 Rio de Janeiro, RJ

alvim@nuclear.ufrj.br

Abstract

An analytical solution of the point kinetics equations to calculate reactivity as a funcion of time by the
Decomposition method has recently appeared in the literature. In this paper, we go one step forward,
by considering the neutron point kinetics equations together with temperature feedback effects. To
accomplish that, we extended the point kinetics by a temperature perturbation, obtaining a second order
nonlinear ordinary differential equation. This equation is then solved by the Decomposition Method,
that is, by expanding the neutron density in a series and the nonlinear terms into Adomian Polynomials.
Substituting these expansions into the nonlinear ordinary equation, we construct a recursive set of linear
problems that can be solved by the methodology previously mentioned for the point kinetics equation.
We also report on numerical simulations and comparisons against literature results.

1 INTRODUCTION

The point reactor kinetics equations with temperature feedback corresponds to a stiff system of
nonlinear differential equations for the neutron density and delayed precursor concentrations.
These variables determine the time-dependent behavior of the power level of a nuclear reactor
and are influenced, for example, by the position of the control rods. Computing solutions of the
equations of point kinetics provide information on the dynamics of nuclear reactor operation and
are useful, for example, in understanding the power fluctuations experienced during startup or
shutdown, when the control rods are adjusted. Recently, a large number of kinetics studies have



been reported ([1] to [12]), who modeled the time-dependent behavior of a nuclear reactor using
point-kinetic equations.

As pointed out by many authors, this system of point kinetics equations continues to be an im-
portant set of equations. Although its range of applicability has been severely restricted by the
increasing importance of optimal power reactor cores with loosely coupled, they remain very use-
ful in terms of preliminary studies, especially when control aspects are considered. The presence
of temperature feedback is useful to provide an estimate of the transient behavior of reactor power
and other system variables of the reactor cores that are very tightly coupled.

In this paper, the point reactor kinetics equations in the presence of Newtonian temperature feed-
back are reduced to a second order nonlinear differential equation in a simple form convenient for
application of Adomian’s method ([13] [14]). The basic idea consists in expanding the solution
in series of functions and the nonlinear term is expanded in polynomials defined by Adomian.
Substituting these expansions into the original equation, a recursive linear system is built, which is
then solved analytically. This technique has been applied to a broad class of problems in physics,
mathematics and engineering.

Here we show a solution in analytical form for the point kinetics equations with temperature feed-
back in the presence of one group delayed neutrons concentration. The reactor is assumed to be
initially critical at some steady power level and a Newtonian feedback model is being assumed for
the fuel temperature equation. Practical use of the method is tested with different types of step
reactivity input and compared with results of the literature.

2. THE KINETIC MODEL WITH TEMPERATURE FEEDBACK

The model used in this study starts from the point kinetics equations and one group precursors as
reported in ref. [7], where n(t) is the neutrons population, C(t) is the concentration of delayed
neutrons precursors, T (t) is the temperature of the core,ρ(T ) is the reactivity (which depends on
the temperature T ), β is the delayed neutron fraction, L is the prompt neutrons generation time,λ
is the average decay constant of the precursors.

n′(t) =

(
ρ(T ) − β

L

)
n(t) + λC(t) (1)

C ′(t) =
β

L
n(t) − λC(t) (2)

This equation system is extended by a perturbation in form of an temperature feedback, where
the perturbation may be understood as a change in the nuclear system configuration, with a conse-
quence of an altered specific heat flow that induces a change in the temperature. Since the source of
heat production are the nuclear processes, we assume that the thermal change rate may be related
to the neutron density, which in its simplest form is linear.
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T ′(t) = Hn(t) (3)

In this sense the equation for the temperature change rate is a perturbation where the proportion-
ality constant H signifies a parameter for the influence of the change of heat flow on the rate of
temperature change. Thus, the linear relation between temperature change rate and neutron density
supplies with a feedback mechanism.

As the equation system is formed by first order differential equations, it is necessary to know the
initial conditions of each of the variables to determine a unique solution of the problem. Thus, we
consider the reactor initially at equilibrium (n′(0) = 0), with known initial power and temperature
(n(0), T (0)). The equilibrium condition allows us to calculate the initial concentration of delayed
neutrons precursors as:

C(0) =
1

λ

(
β − ρ

L

)
n(0) (4)

In the model discussed in this work, the variation of reactivity with temperature is given by the
following equation:

ρ(T ) = ρ(0) − α[T − T (0)] (5)

where ρ(0) is the initial reactivity and α is the fuel temperature reactivity coefficient.

Substituting (5) in equation (1) results in:

n′ =

(
ρ(0) + αT (0) − β

L

)
n− α

L
Tn+ λC (6)

Representing such a system in matrix form is not convenient, since the product Tn appears in the
first equation. Thus, we chose to decouple the equation system. From the first equation, we have:

n′ =
ρ− β

L
n+ λC (7)

λC = n′ − an (8)

where a = ρ−β
L

. Differentiating (8) with respect to time leads to

λC ′ = n′′ − an′ − a′n (9)

From (2)
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λC ′ =
βλ

L
n− λ (λC) (10)

substituting (9) into (10) results in:

n′′ + (λ− a)n′ −
(
a′ +

βλ

L
+ λa

)
n = 0 (11)

and substituting (5) back in a yields

a =
ρ(0) − α[T − T (0)] − β

L
(12)

a′ =
−αT ′

L
=

−αHn
L

(13)

Upon substituting a and a′ in (11) establishes the non-linear second order differential equation for
the neutron density:

n′′ +

(
λ+

β − ρ(0)

L

)
n′ −

(
λρ(0)

L

)
n+

+

(
α[T − T (0)]

L

)
n′ +

(
λα[T − T (0)]

L

)
n+

(
αH

L

)
n2 = 0 (14)

Passing the non-linear terms and the ones with the products Tn and Tn′ to the right hand side, we
get:

n′′ + bn′ + cn = S(n, n′, T, n2) (15)

Thus, the system that represents the problem is:

n′′ + bn′ + cn = S (16)
T ′ = Hn (17)

with b = λ+ β−ρ(0)
L

, c = −λρ(0)
L

and S is given by
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S = −
(
α[T − T (0)]

L

)
(n′ + λn) −

(
αH

L

)
n2 (18)

Therefore, the system to be solved is represented by a pair of coupled equations. Moreover, the
concentration of precursors does not appear explicitly, but can be calculated at any given time
from the known values of power and temperature. However, one still faces the difficult that arises
because of the non-linear term in the source term of the first equation. To solve this problem, we
used the Decomposition method and Adomian polynomials.

2.1. Decomposition

The decomposition method, already successfully applied to problems of point reactor kinetics as
shown in [11]. The procedure consists in expanding in a series the neutron density, the temperature
and the non-linear source term, rearranging the system in an ordered fashion, that appears more
convenient for constructing a solution. There are multiple ways of rearranging terms, however the
one used in this paper was found by the first author to be the more stable one.

First, we defined:

n =
R−1∑
j=0

nj (19)

T =
R−1∑
j=0

Tj (20)

S = S0 +
R−1∑
j=1

Sj −
(
αH

L

)
Aj−1 (21)

where Aj are the Adomian’s polynomials (which replace the non-linearity n2) and the Sj are given
by equation (18) and depends only on terms already determined in the previous recursion steps
with expansion indexes (r < j), i.e. S1 = S1(n0, n

′
0, T0), S2 = S2(n0, n

′
0, T0, n1, n

′
1, T1), ...,

Sj = Sj(n0, n
′
0, T0, ..., nj−1, n

′
j−1, Tj−1).

We made use of freedom to chose the initialization condition S0 = 0 and Sj (with j > 1) given by
the following recursion:

Sj =
−α
L

[
j−1∑
r=0

[Tr − T (0)]

][
j−1∑
r=0

[n′r + λnr]

]
−

j−1∑
r=0

Sr (22)

This way, for each value of the subscript j a system with two differential equations is built. Starting
with j = 0: {

n′′0 + bn′0 + cn0 = [S0] = 0
T ′0 = Hn0

(23)
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This first system is solved using the initial conditions n(0), ρ(0) and T (0), as well as the kinetics
parameters λ, β, L e H . From the first equation, we have:

n0(t) = n(0)

[(
k2

k2 − k1

)(
ek1t − ek2t

)
+ ek2t

]
(24)

where k1 and k2 are the roots of the characteristic equation associated with n0(t). Using this result,
we compute T0(t) as:

T0(t) = T (0) +H

ˆ t

0

n0(τ)dτ (25)

After evaluating n0 and T0, it is possible to calculate S1 using (22). This way, the second system
is:  n′′1 + bn′1 + cn1 = S1 −

(
αH

L

)
A0

T ′1 = Hn1

(26)

It is noteworthy that by construction the initial conditions for all the systems with subscript j > 0
are:

nj(0) = 0 (27)
n′j(0) = 0 (28)
Tj(0) = 0 (29)

that is, all the initial conditions given in the problem are used to solve the first system (j = 0).

From the second recursive step on, the non-linearity is present and the introduction of the Ado-
mian polynomials is required. The Adomian polynomials are an option to deal with differential
equations containing non-linear terms. These terms are expanded in a recurrent series, which is
not unique. The form chosen to represent the non-linearity n2 in the present work is [13] [14] [15]:

A0 = n2
0 (30)

A1 = n2
1 + 2n0n1 (31)

A2 = n2
2 + 2n2(n0 + n1) (32)

...

Aj = n2
j + 2nj

j−1∑
r=0

nr (j > 1) (33)

Now, with the known expressions of T0, n0, n′0, A0 e S1, we can solve the system (16) (17) for
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j = 1:

n′′1 + bn′1 + cn1 = −n0(0)

(
αH

L

ˆ t

0

n0(τ)dτ

){[(
k2

k2 − k1

)(
k1e

k1t − k2e
k2t
)

+ k2e
k2t

]
+ λ

[(
k2

k2 − k1

)(
ek1t − ek2t

)
+ ek2t

]}
−
(
αH

L

)(
n0(0)

[(
k2

k2 − k1

)(
ek1t − ek2t

)
+ ek2t

])
(34)

T ′1 = Hn1 (35)

By virtue, the complexity of the systems grows fast, and in order to simplify this problem we opted
to divide the time range in steps of equal duration ω, proceeding as follows:

1. Evaluation of n0(t) from it’s homogeneous equation (23).

2. Using n0(t) we evaluate T0(t) according to (25).

3. S1(ω) and A0(ω) are obtained using the values T0(ω) and n0(ω), so that S1 and A0 are
constants (and not time-dependent expressions)

4. The first equation of (26) is solved. This is a non-homogeneous second order differential
equation, and we are interested in the particular solution (since the homogeneous had already
been solved in the previous system).

5. T1(ω), S2(ω) and A1(ω) are evaluated following the steps 2 and 3. This proceeds until the
desired convergence is achieved.

6. Finally, we have

(a) n(ω) =
∑

j nj(ω)

(b) n′(ω) =
∑

j n
′
j(ω)

(c) T (ω) =
∑

j Tj(ω)

(d) ρ(ω) = ρ(0) − α[T (ω) − T (0)]

(e) C(ω) = 1
λ

(
n′(ω) − ρ(ω)−β

L
n(ω)

)

7. Those values are used as initial conditions to the next time step, repeating until we reach a
final time tmax.
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3. RESULTS

Following the method previously discussed, the cases presented in [7] were evaluated, using the
following nuclear parameters: β = 0.0065, L = 0.0001s, λ = 0.07741s−1, H = 0.05 K

MWs
,

α = 5 × 10−5K−1. The initial conditions are: n(0) = 10, n′(0) = 0, T (0) = 0K, C(0) =
1
λ
(β−ρ(0)

L
)n(0)and three cases for the initial reactivity ρ(0) = 0.2β, ρ(0) = 0.5β and ρ(0) = 0.8β.

The time step was chosen as ω = 0.01s and the recursion was truncated at j = 4.

Figures (1), (2) and (3) represent the behavior of the power of the core with initial reactivi-
ties ρ(0) of 0.2β 0.5β and 0.8β respectively. The tables show the comparison between the val-
ues obtained numerically in [7] and by the Decomposition method and their mutual asymmetry
∆ = 2 × Decomposition−Numeric

Decomposition+Numeric
[%], for both the power and the temperature of the reactor. Units

used seconds for time, MW for power and K for temperature.
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Figure 1. Power for ρ(0) = 0.2β
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Table I. Power n(t) for ρ(0) = 0.2β

Time (s) Numerical (MW) Decomposition (MW) ∆
0 10.000000 10.000000 0.0000%

10 11.270597 11.270244 -0.0031%
20 12.094137 12.093458 -0.0056%
30 12.402006 12.401070 -0.0076%
40 12.220168 12.219068 -0.0090%
50 11.639050 11.637935 -0.0096%
60 10.777035 10.776036 -0.0093%
70 9.750800 9.749974 -0.0085%
80 8.658279 8.657563 -0.0083%
90 7.572253 7.571768 -0.0064%

98.7 6.671694 6.671139 -0.0083%

Table II. Temperature T (t) for ρ(0) = 0.2β

Time (s) Numerical (K) Decomposition (K) ∆
0 300.000 300.000 0.0000%

10 305.333 305.333 -0.0029%
20 311.195 311.195 -0.0055%
30 317.341 317.341 -0.0076%
40 323.515 323.514 -0.0096%
50 329.494 329.493 -0.0106%
60 335.107 335.105 -0.0109%
70 340.244 340.241 -0.0105%
80 344.847 344.844 -0.0108%
90 348.904 348.899 -0.0092%

98.7 352.000 351.995 -0.0114%
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Figure 2. Power for ρ(0) = 0.5β

Table III. Power n(t) for ρ(0) = 0.5β

Time (s) Numerical (MW) Decomposition (MW) ∆
0 10.000000 10.000000 -0.0000%

10 18.195158 18.192858 -0.0126%
20 26.726191 26.719004 -0.0269%
30 31.895273 31.884462 -0.0339%
40 32.597210 32.585985 -0.0344%
50 30.103104 30.094202 -0.0296%
60 26.081541 26.075600 -0.0228%
70 21.698225 21.694910 -0.0153%
80 17.578548 17.577274 -0.0072%
90 13.988706 13.988750 0.0003%
100 10.995258 10.996057 0.0073%
110 8.567273 8.568453 0.0138%
120 6.633668 6.635031 0.0205%
130 5.113089 5.114456 0.0267%
140 3.927845 3.929129 0.0327%

146.6 3.339961 3.296952 -1.3045%
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Table IV. Temperature T (t) for ρ(0) = 0.5β

Time (s) Numerical (K) Decomposition (K) ∆
0 300.000 300.000 0.0000%

10 306.953 306.955 0.0005%
20 318.256 318.258 0.0005%
30 333.100 333.098 -0.0005%
40 349.391 349.385 -0.0016%
50 365.162 365.151 -0.0031%
60 379.243 379.227 -0.0043%
70 391.186 391.167 -0.0049%
80 400.987 400.965 -0.0054%
90 408.854 408.832 -0.0055%
100 415.076 415.052 -0.0057%
110 419.944 419.921 -0.0056%
120 423.726 423.702 -0.0056%
130 426.647 426.624 -0.0055%
140 428.895 428.872 -0.0054%

146.6 430.000 430.061 0.0142%
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Figure 3. Power for ρ(0) = 0.8β
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Table V. Power n(t) for ρ(0) = 0.8β

Time (s) Numerical (MW) Decomposition (MW) ∆
0 10.000000 10.000000 -0.0000%

10 64.557487 64.482282 -0.1166%
20 83.320236 83.252406 -0.0815%
30 70.490250 70.464534 -0.0365%
40 53.917503 53.913786 -0.0069%
50 39.760925 39.766702 0.0145%
60 28.824406 28.833550 0.0317%
70 20.703527 20.713236 0.0469%
80 14.789428 14.798334 0.0602%
90 10.528523 10.536173 0.0726%
100 7.478508 7.484798 0.0840%
110 5.304107 5.309185 0.0956%
120 3.758143 3.762135 0.1061%
130 2.660907 2.664022 0.1169%
140 1.883123 1.885519 0.1271%
150 1.332234 1.334066 0.1373%
155 1.116575 1.122044 0.4874%
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Table VI. Temperature T (t) for ρ(0) = 0.8β

Time (s) Numerical (K) Decomposition (K) ∆
0 300.000 300.000 0.0000%

10 317.305 317.306 0.0003%
20 356.699 356.664 -0.0098%
30 395.611 395.550 -0.0154%
40 426.669 426.597 -0.0169%
50 449.955 449.880 -0.0167%
60 466.973 466.898 -0.0160%
70 479.250 479.178 -0.0150%
80 488.044 487.975 -0.0141%
90 494.315 494.249 -0.0134%
100 498.774 498.711 -0.0127%
110 501.939 501.878 -0.0122%
120 504.182 504.123 -0.0116%
130 505.771 505.714 -0.0113%
140 506.895 506.840 -0.0109%
150 507.691 507.637 -0.0107%
155 508.002 507.943 -0.0116%

4. CONCLUSIONS

In the present work we developed a closed form solution for the point kinetics equations, consid-
ering the temperature feedback to reactivity. The obtained results coincide almost perfectly with
those from [7] and in this sense we are aware that our numerical findings do not bring new insights.
Nevertheless, the present approach is considered a step into a new direction, where in a more com-
plex context our closed form approach will show its efficiency. It is noteworthy, that the consid-
ered problem if implemented numerically has to face the stiff character of the equations. Since
the present approach allows in principle an analytical derivation of the terms that constitute the
solution (note, for computational convenience we introduced a segmentation of the problem into
small time intervals), so that in principle no instabilities due to the computational implementation
occurs. In the present studied case such an effect did not occur in the numerical implementation
(from ref. [7]), but for more complex scenarios such as differentiating six precursor groups with
its characteristic time scales, effects due to the stiffness character are likely to occur, and exactly
for those cases the present approach is designed. The precision of our calculations could already
be achieved truncating the recursive scheme after 4 steps, which shows that the stopping criterion
already reflects some property concerning convergence of the way the non-linearity was cast into
the Adomian scheme. The analysis of convergence is not the focus of the present work and for a
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rigorous discussion we refer to a future work, however, there exists an analysis of the method, that
shows that the present scheme is likely to converge in a stable fashion already for a small number
of terms of the solution expansion, as shown in ref. [15]. Concluding, we showed that the approach
works, so that in future extensions, we will consider calculations, that consider temperature effects
and the question of reactor criticality.
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