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ABSTRACT 

 
Annular fuel elements have been intensively studied for the purpose of increasing power density in light water 
reactors (LWR). This paper presents an improved lumped parameter model for the dynamics of a LWR core 
with annular fuel elements, composed of three sub-models: the fuel dynamics model, the neutronics model, and 
the coolant energy balance model. The transient heat conduction in radial direction is analyzed through an 
improved lumped parameter formulation. The Hermite approximation for integration is used to obtain the 
average temperature of the fuel and cladding and also to obtain the average heat flux.  The volumetric heat 
generation in fuel rods was obtained with the point kinetics equations with six delayed neutron groups. The 
equations for average temperature of fuel and cladding are solved along with the point kinetic equations, 
assuming linear reactivity and coolant temperature in cases of reactivity insertion. The analytical development 
of the model and the numeric solution of the ordinary differential equation system were obtained by using 
Mathematica 7.0.  The dynamic behaviors for average temperatures of fuel, cladding and coolant in transient 
events as well as the reactor power were analyzed. 
 
 

1. INTRODUCTION 
 
The annular fuel element has been proposed for light-water reactors (LWR) to achieve higher 
average power density without increasing reactor vessel dimensions [1]. A high specific 
power density can be reached by increasing the heat transfer in the reactor core. All LWR 
cores currently in operation are constructed based on cylindrical fuel elements, which are 
cooled at their external surface. In annular fuel elements, an internal cooling hole is 
considered so that both inner and outer surfaces exchange heat, thus raising the heat transfer 
capacity. 
 
The transient thermo-hydraulic and neutronic analysis of the nuclear core is important for 
studying stability of reactors and for real-time simulation of nuclear power plants. In this 
study, an improved lumped formulation is used to develop a simplified model of transient 
heat conduction in the annular fuel rods. The Hermite approach for integration was used to 
obtain the average temperatures of fuel and claddings and for the average heat flux. The 
reactor core volumetric heat generation was modeled with the kinetic points with six delayed 
neutron groups. Primary coolant temperature was modeled by using the energy equation 
described in [2]. The analytical development of the model and the numeric solution of the 
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ordinary differential equation system were obtained by using Mathematica 7.0 [3]. The 
dynamic behavior of fuel, cladding and coolant temperatures, as well as the reactor power in 
case of insertion of reactivity were analyzed.  
 
The idea of using annular fuel in operating LWR's to increase the power density is 
currently being studied in research reactors, like MIT reactor [1]. Problems to determine the 
best thickness cladding, taking into account safety criteria, as well as the maximum fuel 
temperature are features being studied in other works. 
 
 

2. THERMOHYDRAULIC ANALYSIS 
 
The thermo-hydraulic analysis was developed through the improved lumped formulation 
when coupled to the kinetic model constitute a simplify model for the dynamics of nuclear 
core. The same formulation was used for a solid cylindrical fuel in [4]. The calculation steps 
are described in this paper for the annular fuel design shown in Fig 1. 
 

 
  Figure 1. Annular fuel element design 
 
 

2.1. Fuel Dynamics  
 

An annular fuel element proposed for the reactor core of a LWR consists of tree concentric 
cylindrical rods, namely, the uranium dioxide (UO2) and two zyrcaloy claddings. The gaps 
between the fuel and the claddings are filled with helium gas. Furthermore the transient 
behavior in the thermo-hydraulic analysis was studied by considering the following 
assumptions for heat conduction in the fuel rod: 
 
1.  The thermal conductivity is only in the radial direction. This is a reasonable assumption 
since the temperature gradient across the fuel element in the radial direction is much higher 
than in the axial direction; 
2. The fission energy is uniformly distributed throughout the fuel. This work disregards the 
spatial variation in the thermal analysis of the reactor core; 
3. Material properties such as thermal conductivity are considered independent of 
temperature; 
4. There is no heat produce in the cladding. We considered only the heat generated 
in the fuel, calculated from the point kinetics equations with six groups of delayed neutrons; 
5.  Heat is removed both from the outer and inner surfaces, with coolant flowing in the same 
direction; 



INAC 2011, Belo Horizonte, MG, Brazil. 
 

 
Therefore, equations (1)-(9) describe the transient heat conduction in the radial direction in 
the annular fuel rod, with the boundary conditions. Initials conditions were evaluated by 
assuming an average temperature from the steady state solution of eqs. (1)-(9). All 
parameters and the respective values are described in Tables 1, 2, and 3. 
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For developing the lumped improved formulation the following dimensionless numbers were 
used: 
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The mathematical formulation in dimensionless form was thus derived as follows: 
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2.2. Improved Lumped Formulation 
 
The spatially averaged temperatures for the inner cladding, the fuel and the outer cladding are 
defined as follows: 
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Using the definition of the spatially averaged temperatures (19)-(21) and the boundary 
conditions (10), (12), (13), (15), (16), (18) we can rewrite (11), (14) and (17) as follows: 
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The classical lumped system analysis (CLSA) makes the usual assumption that both surface 
temperatures are essentially equal to the average value. For the improved lumped formulation 
the surface temperatures are found by employing the Hermite Hα,β approximation (eq. 25) in 
the equation that define the average temperatures and the heat flux [5]. 
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Using the H0,0 for the integrals of heat flux (26)-(28) and H1,1 for the integrals of  average 
temperatures (19)-(21), we have six linear equations to find the values of  9��%�, 5	,  9��%�, 5	, 
9 �% �, 5�, 9 �% �, 5�, 9��%��, 5	, 9��%��, 5	. As those values are functions of the coolant 
temperature and the rate of heat generation, we can use them in (22)-(24) which coupled with 
more eight equations to be discussed next are a system of partial differentials equations that 
were solved in Mathematica 7.0. 
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2.3. Point Kinetics Equations 
 
The nuclear reactor power is directly proportional to the neutron population every instant of 
time. The point kinetic equations are usually used to model the neutronics in the reactor core. 
This model, with six precursor groups, consists of seven time dependent coupled ordinary 
differential equations (29)-(30), providing the behavior of neutron’s population and 
decay of delayed neutron precursors [6]. 
 
Depending on the function used to model the reactivity, obtaining the analytical solution can 
become a very cumbersome problem. However, in some specific cases, as the insertion of a 
constant or a linear function of time reactivity, analytical solutions can be obtained with 
relative ease. In this work, a reactivity dependent on fuel temperature (31) was used. 
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where αf is a negative constant that introduces a negative reactivity with the increasing fuel 
temperature. The used point kinetics parameters are presented in Table 4.  

2.4. Primary coolant  
 
For modeling the coolant temperature a modification was introduced in the energy balance 
equation described in [2]. The inner surface was taken into account to remove the heat in the 
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fuel rods providing a higher linear density of energy transferred to the coolant. All parameters 
are described in Table 2. 
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3. RESULTS 
 
The numerical solutions of equations (22)-(24), (29), (30) and (32) were obtained by using 
Mathematica 7.0 with the insertion of a constant reactivity of 0.002. The parameters used and 
the Biot numbers for each contour surface are shown in Tables 1-3. The geometry (Table 1), 
Mc, ṁ and P0 have been taken from ref. [7]. The remaining parameters are typical of a PWR. 
 
 

Table 1 -  Geometric parameters [7] 
 

Assempbly type 15x15 
Number of fuel rods 177 
Active core length 3.81 m 
Inner clad-inner diameter  ri 3.3665 mm 
Outer clad-inner diameter ro 3.9500 mm 
Inner fuel diameter rfi 4.0000 mm 
Outer fuel diameter rfo 5.9900 mm 
Inner clad-outer diameter rci 6.1400 mm 
Outer clad-outer diameter rco 6.6225 mm 

 
 

Table 2 -  Thermo-hydraulic parameters 
 

Zircaloy density  ρc 6,500 kg/m3 
UO2 density ρf 11,000 kg/m3 
Zircalloy specific heat cc 330 J/kg°C 
UO2 specific heat cf 410 J/kg°C 
Zircalloy thermal conductivity kc 17.31 W/m°C 
UO2 thermal conductivity kf 3.00 W/m°C 
Heat transfer coefficient between the fuel and cladding (gap) hg 6,500 W/m2°C 
Heat transfer coefficient between the cladding and coolant h 20,000  W/m2°C 
Coolant specific heat at constant pressure cp 1870 J/kg°C 
Core flow rate ṁ 15,454 kg/s 
Primary coolant mass Mc 306,000 kg 
Primary coolant inlet temperature  Tmi 286 °C 
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Table 3 - Biot numbers 
 

Bi1 = (h ri)/kc 3.890 

Bi2 = (hg ro)/kc (rfi/ro) 1.502 

Bi3 = (hg rfi)/kf (ro/rfi) 8.558 

Bi4 = (hg rfo)/kf (rci/rfo) 13.303 

Bi5 = (hg rci)/kc (rfo/rci) 2.250 

Bi6 = (h rco)/kc 7.652 
 
 

Table 4 – Point Kinetics parameters 
 

Initial power P0 2815  MW 
Prompt fuel temperature coefficient αf -0.000007 °C-1 
Neutron generation time Λ 0.0005 s 
i th group decay constant λ1 0.0127 s-1 
 λ2 0.0317 s-1 
 λ3 0.1150 s-1 
 λ4 0.3110 s-1 
 λ5 1.4000  s-1 
 λ6 3.8700  s-1 
Delayed neutrons fraction βΤ 0.0075000 
i th delayed neutron fraction β1 0.0002850 
 β2 0.0015975 
 β3 0.0014100 
 β4 0.0035250 
 β5 0.0009600 
 β6 0.0001950 

 
 
Figures 2 to 6 show the behavior of the reactor linear power density, the fuel, the inner and 
outer cladding and the coolant average temperatures, using the classical and improved 
formulations. In Fig. 2 we note that the reactivity insertion provided a power increase in both 
formulations, with a higher increase when using the classical lumped formulation. 
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Figure 2. Transient behavior of power for step 

insertion of reactivity 
 
 
Fig. 3 shows the average fuel temperature for both the classical and the improved 
formulation. We can note that both formulations provided a similar behavior.  
 
 

 
 

Figure 3. Transient behavior of average fuel  
temperature for step insertion of reactivity 

 
 
The average temperature of the inner cladding shown in Fig. 4 displays an asymptotic 
behavior for both the classical and the improved formulation, like the ones shown in Fig. 5 
for the outer cladding average temperature. The classical formulation for both temperatures 
predicts a difference of about 60ºC as compared with the improved formulation. 
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Figure 4. Transient behavior of average inner clad  
temperature for step insertion of reactivity 

 
 

 
 

Figure 5. Transient behavior of average outer clad 
temperature for step insertion of reactivity 

 
 

The transient behavior for the coolant average temperature is shown in Fig. 6. It is noted that 
the classical lumped approach predicts a higher average coolant temperature.  
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Figure 6. Transient behavior of average coolant  
Temperature for step insertion of reactivity 

 
 

4. CONCLUSIONS  
 
The analysis of the thermo-hydraulic behavior of annular fuel elements through lumped 
formulations simulates the dynamic behavior of the reactor core when coupled with the point 
kinetics equations and the energy balance of the primary coolant.  
 
The classical lumped parameter formulation does not adequately model the problem because 
it considers the surface temperatures equal to the average temperatures, due to the high 
temperature gradient in the fuel rods. This, in turn, causes a great increase in the reactor 
power by reactivity insertion and, consequently, an increase in the rod and coolant 
temperatures. 
 
However, the improved lumped formulation provided a higher accuracy since it took 
into account changes in the spatial derivatives of the fuel and cladding, when the Hermite 
approximation was used.  
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