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and

Nonlinear Physics and Complex Systems Group, Département de Physique,
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Abstract

We consider a simple model of spring-mass block placed over a constant velocity v of a rolling

plate. The map of the dynamic is presented in the (v, r) space where r accounts for the possible

variation of the periodic shape profile of the rolling carpet. In order to characterize each type of

motion, we found that evaluating the area of the phase space trajectories is more relevant than

attempting on one hand, to solve analytically the asymptotic behavior or on the other hand, to

obtain an equivalent of the entropy and the free energy.
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1 Introduction

Earthquakes, avalanches and many other areas in physics are concerned with the problem of

friction [1-5]. The permanent interest allocated to this field resides on the large range of physical

applications that are related to it. Magnetic storage and recording systems, miniature motors,

and certain aerospace components are some examples that can result from investigations such

as frictional forces in an electrolytic environment [6], or in physics of granular matter [7-10].

Among experimental tools for these investigations, the use of atomic force microscope [11, 12],

and the friction force microscope have revealed to be very important. Besides the experimental

studies [13-20], theoretical and numerical studies [3,21-24] have also been done. As mentioned in

ref. [25], important features have been outlined from different approaches. First, let’s us recall

that friction can depend dramatically on the local chemical and atomic nature of the surfaces in

contact, and can be extremely sensitive to monolayers or submonolayers of adsorbed atoms or

molecules [26]. Also, the origin of stick-slip motion is a thermodynamic instability of the sliding

rather than a dynamic instability [27], and lastly when the friction is not velocity weakening but

velocity strengthening, different self-organized behavior is obtained [14,28-30]. A large variety of

models has been used for these studies, lying from single to two-block models [3, 21], including

lattice models [31-39] and discrete cellular automata [40, 41]. A great number of models in which

a particle is dragged by a spring moving at constant velocity [3, 4, 6, 21, 25, 42, 43] has been

proposed.

In this paper, we investigate the dynamics of a mass interacting with a nonlinear periodic substrate

potential URP (φ, r). This potential plays an important role in one-dimensional atomic chains. It is

produced by the interaction of an adatom with substrate atoms. Its shape can vary continuously as

a function of a parameter r which could account for the temperature or pressure dependence, or for

the geometry of the surface of the metallic surface. The sine-Gordon potential is a particular case.

Very few works using deformable potential in the study of problems of friction and lubrication

can be found in the literature [25,44-46].

The paper is organized as follows. In Section 2, we introduce the model under consideration and

derive the equation of motion for the displacement field. A systematic numerical study is done

and the map of motion is established in Section 3. Section 4 is dedicated to the analytic treatment

under the assumption of small oscillations around a fixed position. In order to characterize each

motion type, we evaluate some quantities which are considered as order parameters; among them

the entropy of the system which is an important physical parameter. The last Section concludes

the paper.

2 Model description and equation of motion

The purpose of this section is to introduce the model under consideration as schematized in Fig. 1.

Quite in contrast with the above cited dragging particle, the spring connected to the mass M
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has the other extremity fixed while the mass M itself is interacting with a rolling carpet. The

carpet has a constant velocity v. The displacement of the mass is characterized by the variable

X. The above system totally describes the case of dry friction. The interactions between the

rolling carpet and the block are modelled by a general class of nonsinusoidal oscillators, that is,

the Remoissenet-Peyrard (RP) potential URP (X, r) given by [47]

URP (X, r) = U0(1− r)2 1− cos (2πX/b)
1 + r2 + 2r cos(2πX/b)

(1)

This potential is 2π-periodic with the displacement field X and has a constant amplitude U0.

The parameter b is the period of the potential. The shape of the potential is determined by the

parameter of deformability r (| r |< 1). When r = 0, a well-known sine-Gordon (sG)-like poten-

tial is recovered from Eq.(1). Negative values of r lead to a shape with sharp wells separated by

flat wide barriers, while their positive values give flat bottom separated with thin barriers.

The RP potential (1) was firstly introduced in the context of soliton theories [48]. The r pa-

rameter can be obtained directly from the measured values of the activation energy for diffusion

of an isolated adatom, and the frequency of adatom oscillations parallel to the surface [49-52].

However, it has also been used in many different domains such as deformable spin model Hamil-

tonian [53, 54], discrete lattice systems [55-57], diffusion mechanism [58, 59], thermodynamical

properties of kink-antikink at low temperatures [60-63].

The equation of motion for the top plate can be obtained from the Lagrangian for a nonconser-

vative system. The dimensionless form is written as

ẍ+ µ (ẋ− v) + α2
0x+

1
2π

(
1− r2

)2 sin 2π (x− vτ)
[1 + r2 + 2r cos 2π (x− vτ)]2

= 0 (2)

where x = X/b is the position of the plate in unit of the period b of the deformable potential,

τ = ω0t is the dimensionless time, µ = η
mω0

is the dimensionless friction constant, v = V
bω0

, the

dimensionless velocity of the rolling carpet, α0 = Ω
ω0

is the ratio of frequencies of the free oscilla-

tions of the block of mass m. The parameter Ω =
√

k
m is the frequency of small oscillations when

the top mass is only connected to the spring and interacts with nothing else, while ω0 = 2π
b

√
U0
m

is the frequency when the top mass undergoes onto small oscillations in the minima of the RP

potential well at the particular value r = 0. The frequency ω of small oscillations of the plate

in the minima of the potential is connected to the shape parameter r by ω = ω0(1−r
1+r )2. For the

present investigations, we will use the following set of parameters: α0 = 0.4 and µ = 0.15. The

dimensionless velocity v normally varies from 0 (the steady state) to 1 (necessary velocity to have

a kinetic energy corresponding to the maximum of potential energy).
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3 Map of motion

The real importance of the model comes out when one numerically examines the dynamics of

the system. On the contrary to the usually studied systems (see for example refs. [21, 25]), there

is no need to impose the transformation z = x − vt to analyze the phase space trajectory. The

present model already acts as an oscillator and this is convenient because we do not need again to

apply any transformation. The understanding of dynamical processes of the model also passes by

a numerical integration of the equation of motion (2). We use for this purpose the fourth-order

Runge-Kutta algorithm with the time step equal to 10−3. The system starts from the rest, i.e.,

x = 0 and ẋ = 0 and the coefficients are fixed to α0 = 0.4 and µ = 0.15. Data are recorded

after a long transient time to be sure that we have overrun the transitory regime and to avoid

numerical artefacts even if it is well-known that the algorithm converges rapidly. As expected,

the type of motion varies from stick-slip motion to fixed point via intermittent chaotic motion.

Stick-slip motion is usually presented in many ways using temporal evolution of position, spring

force or other. In Fig. 2(a), we present in the phase space its characteristic shape which can

slightly change with r parameter but without loosing its basic form. There is always the well-

known plateau i.e. the region where the velocity is zero and the mass is pulled by the carpet

until the repeal spring force gains over the static friction force. Fig. 2(b) exhibits some cases of

chaotic behavior. The shape of attractors strongly varies with the deformable parameter r. The

right-below curve in this panel is a transitional case between the stick-slip motion and a fixed

point. The last panel, i.e. Fig. 2(c), presents regular motions. Curves in the left column are

fixed points for same velocity and different values of r while those on the right column which are

not fixed points also present single and double period; once more the dependence of the shape

on r parameter is noticeable. As a general remark, stick-slip motion occurs for weak velocity

while fixed points are characterized by oscillatory states (either regular or chaotic) with small

amplitude around the considered fixed point. This last regime corresponds to the sliding motion

when considering the case of a pulled top plate [25].

The bifurcation diagram is sometimes used to present the richness of a dynamical system. It

normally allows to know in which range of control parameter used the system presents regular,

multi-period or chaotic motion. For an oscillating system with an external periodic driven force,

the simplest way to plot a bifurcation diagram is to collect datas at specified times linked to the

period. In the present case, there is no external periodic driven force. We then use a general pro-

cedure, i.e., considering a constant value of the first derivative of the position ¯̇x and then record

the position every time when its velocity passes by ¯̇x in the same direction (only increasing or

only decreasing). Fig. 3 shows the diagram for r = 0.15 and the inside curve is obtained for

r = −0.15. Windows of periodic motions alternated with chaotic motions are observed. However,

it is impossible to distinguish cases of real chaos from cases of stick-slip motion with multiple

period (see Fig. 2b). Also, limit cycle, i.e., single (or double) periods are mingled with fixed
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points. As remarks, we first note that fixed points occur later for positive r parameter than for

negative values when varying the constant velocity v of the rolling carpet. Secondly, we also point

out that fixed point varies linearly with the constant velocity v.

We show in Fig. 4, a map of motion types for some selected values of parameters r and v. The

intervals between these selected values are constant and equal to 0.05 for both parameters. This

is just to have an idea of the global behavior of the system. For more accuracy and a better

overview of the real map, it is important to reduce significantly the step size of v and r on the

above map. But, it will also be absolutely necessary to find a way to individually characterize

each type of motion.

4 Small oscillations approximation and order parameter

In the case of small oscillations approximation, the particle oscillates either with regular motion

or chaotic vibrations as we saw in the previous section. The central point of these small oscilla-

tions is not at the rest point. The block has first been displaced in the direction of the movement

of the rolling carpet. Therefore, it is reasonable to choose the following scale for the block position

x = x0 + εx1 (3)

We assume in our investigation that x0 is time independent, while x1 will characterize the oscil-

latory motion around x0. In a first approximation, we consider the mean constant position x0

close to µv
α2

0
and the differential equation on x1 is given by

ẍ1 + µẋ1 + α2
0 (1 + a cosφ0 + c sinφ0)x1 = 0 (4)

with a = 2πε20
α2

0(1+e cosφ0)2
and c =

4πe

(
µv

α2
0

−x0

)
1+e cosφ0

, ε2
0 = 1

2π
(1−r2)2

(1+r2)2
, e = 2r

1+r2
and φ0 = 2π(x0 − vτ).

Assuming x0 as previously mentioned, c becomes zero and the above equation can be written as

ẍ1 + µẋ1 + α2
0 (1 +A cos 2ατ +B sin 2ατ)x1 = 0 (5)

with A = a cosϕ and B = a sinϕ, φ0 = ϕ− 2ατ , ϕ = 2πx0, α = πv.

The above equation (5) is a modified Matthew equation type. Looking at the linear stability, we

might get a good idea of the valid domain of this type of motion. On one hand, trying sinusoidal

solutions with small amplitude, we recover the fact that fixed points arise earlier for negative r

than for positive r values, but the ansatz is not valid for all r and v parameters. On the other

hand, solutions of the form x1 ' eλτ cos(ατ + ϕ) with α close to α0, produce a stability domain

of Eq.(5) in agreement with the map only for some values of r and v parameters.The stability

5



condition is then given by

(
α2

0 − π2v2
) [ (1− r2

)2
2 (1 + r2)2 (a1 − a2) +

(
α2

0 − π2v2
)]
≺

(
1− r2

)4
4 (1 + r2)4a1a2 (6)

with a1 =
∫ 1/v

0
cos2(πvτ)

[1+e cos 2π(vτ−x0)]2
dτ and a2 =

∫ 1/v
0

sin2(πvτ)

[1+e cos 2π(vτ−x0)]2
dτ .

The shaded part of Fig.4 represents the instability region of the Matthewś equation solutions.

According to these, an order parameter (OP) which can determine each kind of motion type is

then important.

As the entropy of a system is an important physical observable, we can expect that its variation

reflects the dynamics of the studied system and then allows to differentiate each type of motion.

From the relation dS = dQ
T , we use the following modified dimensionless form of the entropy of

our system that is s = 1
2µ( ẋv − 1)2 in units of kBω0. Unfortunately, this gives nothing good in the

sense of appreciating kinds of motion in the dynamics. As observed in Fig. 5 presenting some

entropy curves, very few differences are noticed when varying either parameters r or the velocity

v of the carpet. This induced that motion type cannot be determined using this quantity. Better

than the previous entropy, an equivalent free energy F = E−2π2µ(ẋ−v)2 expressed in unit of U0

presents a varying peak position (see Fig. 6), when tuning the constant velocity v. Unfortunately,

this observation does not always match with the end (or the beginning) of a type of motion. In

contrast to these two related thermodynamic quantities, which might however be important when

studying frictional problems (either dry or lubricated friction), the evaluation of the interior area

of the (v,r) space trajectory surprisingly gives a very good indication of the motion type. In

this case, the value of the surface area at very low velocities generally gives an idea of the region

where one can find a stick-slip behavior (see Fig. 7). A rapid drop towards zero marks the

transition stick-slip motion to a fixed point while a sudden jump indicates the transition from

stick-slip to chaotic-like motions. The direct transition from a fixed point to chaotic-like motions

(and vice-versa) is possible but occurs rarely and only for few parameter values. In this figure,

the small variation of v on the bottom curve of the panel shows the dependence of the type of

motion with v. Even with a plateau in a given small domain of v, it remains possible to have two

different types of motion (see v ∈ [0.03781; 0.0389]). It is very important to remark on this plot

that there is a sort of stratification of occupied level. The above two curves, obtained on the same

panel for r = −0.9 and r = 0.9 upward, respectively, are in good agreement with our remark

that fixed point occurs earlier for negative r than for positive r values. As a general observation,

there are more fluctuations for positive r values than for negative r values. This means that in a

real case, in which the constant velocity of the carpet will be subjected to variations (no matter

small enough) around the assigned value, it will be better to choose a negative r value for the

substrate potential shape.
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5 Conclusion

In this paper, we have considered an oscillating model to study dry friction and stick-slip dynamics

instead of usual models. A map of motion is provided for regularly selected values of v and

r parameters. The analytical approximation matches only for some restricted values of these

parameters. In the other case of pulled mass-spring block, the use of the ratio between the mean

velocity of the block and the constant velocity v of the carpet [25] failed as the order parameter

characterizing different types of motions. Meanwhile, we have found that it is more convenient

to evaluate the surface area of the phase space trajectory and compare it to the value obtained

at a very low velocity. Also, the transitions from one kind of motion to another undergo the

first-order like transitions.
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Figure 1: Schematic representation of the model.
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Figure 2: Phase space trajectories with r and v specified on each curve: (a) stick-slip motion, (b) chaotic-like
motions; the last on down-right corner of this panel is a transition from stick-slip, and (c) regular motion (right
column) and fixed points (left column).
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Figure 3: Bifurcation diagrams using the constant velocity of the carpet v as key parameter for r = 0.15. The
inside curve is obtained for r = −0.15.

Figure 4: Associated map of motion type in the (v, r) plane.
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Figure 5: Entropy as a function of v for some values of r specified on the curves.

Figure 6: Free energy as a function of v for some values of r specified on the curves.
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Figure 7: Order parameter characterizing the type of motion as a function of v for r specified on the curves. The
one at the bottom of the panel i.e., for r = 0.5, presents only a small window of v where its step-size has been
reduced, shows a strong dependence of the type of motion with v.
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