


 
 



Design and Optimization of the Lattice of the

Superconducting Synchrotron SIS300 for Slow Extraction

Dissertation
zur Erlangung des Doktorgrades

der Naturwissenschaften

vorgelegt beim Fachbereich Physik
der Johann Wolfgang Goethe-Universität

in Frankfurt am Main

von
Ángela Saá Hernández
aus Palma de Mallorca

Frankfurt am Main 2011
(D 30)





vom Fachbereich Physik der Johann Wolfgang Goethe-Universität
als Dissertation angenommen.

Dekan: Prof. Dr. M. Huth

Gutachter: Prof. Dr. U. Ratzinger
Prof. Dr. O. Kester

Datum der Disputation: 15 / 07 / 2011





Contents

Abstract 1

Zusammenfassung 3

1 Introduction 9
1.1 The FAIR accelerator facility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.2 The FAIR synchrotrons complex . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.3 The SIS300 lattice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4 Operation modes of SIS300 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.4.1 The high-energy ramped mode or CBM mode . . . . . . . . . . . . . . . . . 13

1.4.2 The low-energy stretcher mode or RIB mode . . . . . . . . . . . . . . . . . 14

1.5 Slow extraction from a superconducting synchrotron . . . . . . . . . . . . . . . . . 15

1.6 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

I Theory of beam dynamics 19

2 Linear beam dynamics 21
2.1 Magnetic �elds generated by accelerator magnets . . . . . . . . . . . . . . . . . . . 21

2.2 Transverse linear beam dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2.1 Coordinate system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.2.2 Motion of a charged particle in a linear electromagnetic �eld . . . . . . . . 25

2.2.3 Transfer matrix formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.2.4 Linear resonances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.2.5 O�-momentum particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3 Nonlinear beam dynamics 33
3.1 The sextupole magnets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.1.1 Sextupole magnets and resonance excitation . . . . . . . . . . . . . . . . . . 34

3.1.2 Sextupole magnets and chromaticity correction . . . . . . . . . . . . . . . . 35

3.2 The slow extraction model of Kobayashi . . . . . . . . . . . . . . . . . . . . . . . . 36

3.2.1 Generalization of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.2.2 The Hardt condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.3 General resonance excitation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.3.1 Resonance driving terms from perturbation theory up to �rst order . . . . . 46

3.3.2 Resonance driving terms from perturbation theory up to second order . . . 47



II Redesign of the SIS300 synchrotron for slow extraction 51

4 Rearrangement and optimization of the SIS300 lattice 53
4.1 Basic concepts on lattice design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.1.1 Dispersion-free straight sections . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.1.2 Sextupole patterns . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.2 Original lattice of SIS300 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.3 Alternative lattice proposals for SIS300 . . . . . . . . . . . . . . . . . . . . . . . . 62

4.3.1 Proposal 1: a lattice with many quadrupole families . . . . . . . . . . . . . 62

4.3.2 Proposal 2: the half-bend lattice . . . . . . . . . . . . . . . . . . . . . . . . 63

4.3.3 Proposal 3: the missing magnet lattice . . . . . . . . . . . . . . . . . . . . . 67

4.3.4 Proposal 4: a compromise lattice . . . . . . . . . . . . . . . . . . . . . . . . 70

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5 Optimization method for the gradients of the sextupoles 77
5.1 Goals and general structure of the optimization . . . . . . . . . . . . . . . . . . . . 77

5.2 The optimization function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

5.2.1 Description of the objective functions . . . . . . . . . . . . . . . . . . . . . 80

5.2.2 The optimization variables . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

5.2.3 Weighting terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

5.2.4 The two-stage optimization function . . . . . . . . . . . . . . . . . . . . . . 83

5.2.5 An additional consideration: the in�uence of the initial estimate . . . . . . 86

5.3 Optimization of the number of sextupole families . . . . . . . . . . . . . . . . . . . 86

5.4 Results of the optimization for the SIS300 sextupoles . . . . . . . . . . . . . . . . . 88

5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

6 Comparison of the slow extraction performance for the initial and optimized
lattices of SIS300 93
6.1 The analytical model for slow extraction in the initial and optimized lattices . . . 93

6.2 Tracking simulations for slow extraction . . . . . . . . . . . . . . . . . . . . . . . . 95

6.2.1 The Elegant tracking code . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

6.2.2 Single-particle tracking simulations vs. analytical model for the CBM mode 96

6.2.3 Dynamic aperture simulations and tune di�usion maps for the CBM mode 97

6.2.4 Multi-particle tracking simulations and e�ciency calculations for the CBM
mode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.3 Results for the RIB mode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

6.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

III In�uence of the �eld errors of superconducting magnets on the
slow extraction process and their compensation 119

7 Field errors in the SIS300 superconducting dipoles 121
7.1 Field errors in superconducting magnets . . . . . . . . . . . . . . . . . . . . . . . . 121

7.2 Estimation of the �eld errors of the SIS300 dipoles . . . . . . . . . . . . . . . . . . 123

7.2.1 Allowed components: ROXIE calculations . . . . . . . . . . . . . . . . . . . 123

7.2.2 Non-allowed components: measurements on the prototype . . . . . . . . . . 126



8 Compensation of steady and time dependent �eld errors for slow extraction
with superconducting magnets 129
8.1 E�ects of the �eld errors on the slow extraction process . . . . . . . . . . . . . . . 129
8.2 Compensation of the �eld errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

8.2.1 Working principle of the compensation method for b3 . . . . . . . . . . . . 130
8.2.2 Compensation of the steady �eld errors . . . . . . . . . . . . . . . . . . . . 131
8.2.3 Compensation of the dynamic �eld errors . . . . . . . . . . . . . . . . . . . 135

8.3 Tolerances to other �eld errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
8.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

Conclusions 141

Appendix 143

A A proposal for �eld quality measurements on the SIS300 dipole prototype 145

B Summary of the lattice and magnet parameters for the initial and optimized
lattices of SIS300 153

References 159

Acknowledgements 161

Curriculum Vitae 163





Abstract

The superconducting synchrotron SIS300 is planned to be built at the new Facility for Antipro-
ton and Ion Research (FAIR), at GSI-Darmstadt [1]. SIS300 will be a versatile machine, which by
means of a low-energy stretcher-mode or a high-energy ramped-mode will provide slowly extracted
heavy ion beams towards the experimental areas. To reach the required maximum �eld of 4.5 T,
cos(θ) magnets are necessary. Thus, SIS300 will become the �rst superconducting synchrotron
worldwide with cos(θ) magnets providing resonant slow extraction.

Since SIS300 will be installed in the same tunnel as the SIS100 synchrotron, the dipole layout
of SIS300 cannot be freely chosen. Thus, a standard lattice cannot be applied. A redesign of
the SIS300 lattice accepting compromises concerning the positions and phase advances between
the optical elements has been proposed. Using the analytical model of the slow extraction, �rstly
proposed by Kobayashi, and the analytical description of the resonance driving modes, a multi-
objective optimization algorithm has been developed for the optimization of the lattice under the
given boundary conditions. The �nal goal of the lattice optimization is a higher e�ciency of the
slow extraction. The results are evaluated by means of tracking simulations performed with the
code Elegant.

The �eld quality in superconducting cos(θ) magnets is determined by the positions of the
superconducting cable and the static and time-dependent e�ects of the current in the cable. Fur-
thermore, the fast ramp rates of 1 T/s in the dipoles, which are �fty times faster than in any
other superconducting cos(θ) magnet, together with the fact that the aperture is smaller than in
conventional accelerator magnets, makes it extremely di�cult to obtain a high-quality magnetic
�eld. The unavoidable �eld errors a�ect the beam dynamics and worsen the slow extraction e�-
ciency. Therefore, the �eld errors in the SIS300 dipoles have been estimated, and their e�ects have
been taken into account in the optimization algorithm. As a result a compensation scheme has
been proposed, in which time-dependent gradients in the sextupoles counteract the decay of the
sextupole �eld errors in the dipole magnets during the slow extraction. For the limits where the
compensation was no longer possible, tolerances to the magnet �eld errors have been determined.





Zusammenfassung

Das FAIR-Projekt am GSI Helmholtzzentrum für Schwerionenforschung sieht den Bau des supra-
leitenden Schwerionensynchrotrons SIS300 vor. Beim SIS300 handelt es sich um eine vielseitige
Maschine, die Experimenten langsam extrahierte Ionenstrahlen zur Verfügung stellen kann. Dabei
wird zwischen dem sogenannten �Stretcher Mode� und dem �Ramped Mode� unterschieden.
Beim �Stretcher Mode� wird der im SIS100 beschleunigte Ionenstrahl in das SIS300 transferiert,
aus dem der Strahl dann langsam extrahiert werden kann, während das SIS100 in dieser Zeit
weitere Experimente mit hochintensiven Schwerionenstrahlen versorgen kann. Im �Ramped Mode�
werden die Ionen aus dem SIS100 bis zu einer maximalen magnetischen Stei�gkeit von 300 Tm
weiter beschleunigt und anschlieÿend langsam extrahiert. Um die hierfür benötigten maximalen
Feldstärken von 4,5 T zu erreichen, sind cos(θ)-Magnete vorgesehen. Das SIS300 wird somit das
erste supraleitende Synchrotron mit cos(θ)-Magneten sein, welches eine langsame Extraktion von
Ionenstrahlen ermöglicht.

In dieser Arbeit wird die ionenoptische Auslegung des supraleitenden Synchrotrons SIS300
für eine hoche�ziente langsame Extraktion behandelt. Hierfür waren Lösungen für die beiden
folgenden maÿgeblichen Herausforderungen zu �nden:

1. Das SIS300 wird oberhalb des SIS100 im selben Tunnel installiert werden. Da der Tunnel ba-
sierend auf der SIS100 Magnetstruktur geplant wurde, legt dieser gleichzeitig die Anordnung
der Dipolmagnete im SIS300 fest. Dies verhindert den Einsatz von Standardstrategien zur
Positionierung der Sextupolmagnete für die langsame Extraktion. Die Auslegung der nicht-
linearen Magnetstruktur muss im Falle des SIS300 mit besonderem Bedacht durchgeführt
werden, um eine Anregung von Resonanzen, die zu einer Kopplung der horizontalen und
vertikalen Phasenräume und damit einhergehend zu einer Reduktion der dynamischen Aper-
tur führen würden, zu verhindern. Eine zu starke Reduktion der dynamischen Apertur hätte
unkontrollierten Teilchenverlust zur Folge. Aus diesem Grund war eine maÿgeschneiderte
Lösung für das SIS300 notwendig.

2. Die Feldqualität in supraleitenden cos(θ)-Magneten wird durch die Anordnung der Leiter und
durch statische und zeitabhängige Strome�ekte bestimmt. Die hohe Ramprate von 1 T/s, die
50 mal schneller ist als in allen existierenden cos(θ)-Magneten, kombiniert mit der Tatsache,
dass die Apertur verglichen mit konventionellen Dipolmagneten relativ klein ist, erschwert
es erheblich ein magnetisches Feld hoher Güte zu erhalten. Die nicht vermeidbaren Feldfeh-
ler beein�ussen die Strahldynamik und senken die E�zienz der langsamen Extraktion. Aus
diesem Grund müssen die Feldfehler der Dipolmagnete bei der Auslegung der nichtlinearen
Strahlführungskomponenten berücksichtigt bzw. kompensiert werden.

Um diese Probleme erfolgreich zu lösen, wurde ein multidimensionaler Optimierungsalgorith-
mus entwickelt, der es ermöglicht die nichtlinearen Elemente der Strahlführung auszulegen. Der
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Algorithmus berücksichtigt die statischen und zeitabhängigen Feldfehler in den Dipolmagneten
und kann deren E�ekte kompensieren. Durch Tracking-Rechnungen wurde ein oberes Limit für die
Feldfehler der Dipolmagnete, bis zu dem eine Kompensation möglich ist, bestimmt und somit die
maximal vertretbaren Feldfehler der SIS300 Dipolmagneten ermittelt.

Auslegung einer nichtlinearen Magnetstruktur für das SIS300 mittels eines multidi-
mensionalen Optimierungsalgorithmus

Die nichtlinearen Magnetkomponenten im SIS300 bestehen aus sogenannten chromatischen und
resonanten Sextupolmagneten, welche gegensätzliche Aufgaben erfüllen sollen: Einerseits sollen die
resonanten Sextupole eine 3Qx-Resonanz und damit einhergehend instabile Separatrizen erzeugen,
die die Teilchen in das Extraktionsseptum leiten. Die chromatischen Sextupole andererseits
sollen die Chromatizität korrigieren, so dass die Hardt-Bedingung erfüllt ist und damit der
Eintrittswinkel der extrahierten Strahlionen in das Septum unabhängig von deren Relativimpuls
ist.

Um eine optimale Anordnung der nichtlinearen Magnetkomponenten für eine langsame Extrak-
tion zu �nden, wurde die ionenoptische Auslegung des SIS300 überarbeitet. Durch geometrische
Beschränkungen, die durch die Geometrie des SIS100 gegeben sind, mussten allerdings die FODO-
Struktur und die Anordnung der Dipolmagnete erhalten werden. Lediglich Parameter, die keine
Auswirkungen auf die Geometrie des SIS300 Rings haben, d.h. die Quadrupolgradienten, die Posi-
tionen der Sextupolmagnete und deren Gradienten und die Anzahl der Sextupolfamilien, konnten
variiert werden.

Zunächst wurden geänderte Quadrupolgradienten bestimmt, die den Arbeitspunkt Qx = 9.32,
Qy = 9.14 festlegen und quasi dispersionsfreie Geraden ermöglichen. Dispersionsfreie Geraden sind
vorteilhaft, da hiermit eine Trennung der Wirkung der chromatischen und resonanten Sextupole
für eine optimale langsame Extraktion realisiert werden kann.

Nach der Festlegung des neuen Arbeitspunktes wurden die Sextupolmagnete entsprechend des
neuen Dispersionsverlaufs, der in Abbildung 1 gezeigt ist, neu positioniert. Die chromatischen
Sextupole wurden paarweise mit einem Phasenvorschub von 160◦, der nahe am idealen Wert von
180◦ liegt, angeordnet. Die resonanten Sextupole wurden in die quasi dispersionsfreien Geraden
verlegt, was deren Beitrag zur gesamten Chromatizität minimiert.
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Abbildung 1: Dispersionsfunktion der ursprünglichen und überarbeiteten SIS300 Magnetstruktur.
Dargestellt ist der Verlauf in Sektor 1 des Synchrotrons. Die Positionen der chromatischen und
resonanten Sextupole sind entlang der Dispersionsfunktionen eingezeichnet.
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Zur Bestimmung der Sextupolfeldgradienten, der optimalen Anzahl der Sextupolfamilien und
deren Gruppierung in der Magnetstruktur wurde ein multidimensionaler Optimierungsalgorithmus
entwickelt. Der Optimierungsalgorithmus berücksichtigt das analytische Modell für die langsame
Extraktion von Kobayashi [2], die analytische Beschreibung der resonanten Anregung und die
amplitudenabhängige Verschiebung des Arbeitspunktes von Bengtsson [3], und korrigiert die
Chromatizität um die Hardt-Bedingung zu erfüllen. Eine schematische Darstellung des Optimie-
rungsverfahrens ist in Abbildung 2 gegeben.

SIS300 Magnetstruktur-Datenbank

Optimierungsalgorithmus

Analytische

Beschreibung der

Separatrizen für die

langsame Extraktion

Analytische

Beschreibung der

Chromatizität

Optimierte Sextupolfeldgradienten k2 für langsame

Extraktion mit hoher Effizienz bei gleichzeitiger

Kompensation des b3-Feldfehlers

Analytische

Beschreibung der

Anregungsterme

Eingaben

Ausgaben

Chromatizität
Resonanzen,

Detuning,

Winkel

Iteration

SIS300 Feldfehler-Datenbank

Abbildung 2: Schematische Darstellung des multidimensionalen Optimierungsverfahrens.

Die Bedingungen für eine Optimierung sind durch die Gleichungen (1) und (2) gegeben. Die op-
timalen Parameter werden durch die Minimierung dieser Funktionen in einem iterativen Verfahren
bestimmt. Die Optimierungsparameter sind die Sextupolfeldgradienten, welche in 2 Familien chro-
matischer und 6 Familien resonanter Sextupole gruppiert sind: k2,chrom = [k2(SCH), k2(SCV )],
k2,res = [k2(SR1), k2(SR2), k2(SR3), k2(SR4), k2(SR5), k2(SR6)].

fchrom(k2,chrom) = |ξx(k2,chrom)− ξhardt| (1)

fres(k2,res) = w1|h30000(k2,res)− 2A|+ w2|αxy(k2,res)|+ w3|x′(k2,res)− x′ES |+
∑

i,unwanted

wi|hi(k2,res)|

(2)
Bei der Optimierung wurden die folgenden Ziele, die sich auf die in den Gleichungen (1) und (2)
enthaltenen Terme beziehen, berücksichtigt:

• Korrektur der horizontalen Chromatizität ξx um die Hardt-Bedingung ξHardt zu erfüllen.

• Anregung der Resonanz dritter Ordnung 3Qx, welche durch den Term h30000 hervorgerufen
wird und die langsame Extraktion antreibt. Die Stärke der Anregung ist durch die gewünschte
Gröÿe der stabilen Phasenraum�äche gegeben. Die Separatrizen, welche die Phasenraum�ä-
che A = | ϵ

3πεx/4
√
3
| umschlieÿen, hängen wiederum vom Abstand des Arbeitspunktes von der

Resonanz ϵ und der horizontalen Emittanz εx ab.
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• Minimierung der Abhängigkeit der horizontalen (vertikalen) Arbeitspunktverschiebung von
der vertikalen (horizontalen) Einteilchenemittanz, die durch den Kopplungsterm αxy beschrie-
ben wird.

• Sicherstellung der korrekten Orientierung der Separatrizen, um den richtigen Eintrittswinkel
der Teilchen in das Septum zu gewährleisten.

• Minimierung der Resonanzen Qx, Qx+2Qy, Qx− 2Qy, welche durch die Terme hi ≡ h21000,
h10110, h10200 und h10020 hervorgerufen werden und in Ref. [3] beschrieben sind.

Jeder Term in der Optimierungsfunktion fres(k2,res) wurde mit einem Faktor wi multipliziert,
um die einzelnen Terme bei Bedarf gewichten zu können. Da nicht alle unerwünschten Resonanzen
gleichzeitig vollständig unterdrückt werden können, ist es so beispielsweise möglich die Anregung
einer Resonanz für einen nahe an dieser gelegenen Arbeitspunkt zu vermeiden.

Strahldynamiksimulationen welche die Bahnen einzelner Teilchen Umlauf für Umlauf durch
eine ionenoptische Struktur verfolgen, wurden mit Elegant [4] durchgeführt, um die E�zienz ei-
ner optimierten ionenoptischen Struktur zu beurteilen. In der optimierten Magnetstruktur ist die
dynamische vertikale Apertur um mehr als eine Gröÿenordnung gröÿer als in der ursprünglichen
ionenoptischen Auslegung des SIS300. So ist nun eine Extraktion aller Teilchen unabhängig von
deren vertikaler Amplitude möglich. Die Extraktionse�zienz eines homogenen Teilchenstrahls, der
im �Ramped Mode� des SIS300 beschleunigt wurde, liegt bei 96.4%.
Abbildung 3 zeigt, dass im Fall der ursprünglich vorgeschlagenen ionenoptischen Struktur keine
Teilchen extrahiert werden können, da diese in den Dipol, Quadrupol- und Sextupolmagneten ver-
loren gehen. Im optimierten Fall werden die Teilchen hingegen durch das elektrostatische Septum
aus der Maschine ausgelenkt.

Ein�uss und Kompensation von statischen und zeitabhängigen Feldfehlern der supra-
leitenden Magnete auf die langsame Extraktion

Der erste supraleitende Dipolmagnet für das SIS300 wurde beim Instituto Nazionale di Fisica
Nucleare (INFN) gebaut [5], konnte jedoch noch nicht unter supraleitenden Bedingungen getestet
werden. Folglich existieren keine Messungen von Feldfehlern, wodurch die Entwicklung eines
Feldfehlermodells nötig war. Hierfür wurde eine Kombination aus Berechnungen mit dem Pro-
gramm ROXIE [6], Messungen an dem SIS300-Dipol ähnlichen Magneten und eine experimentell
bestimmte Fitfunktion für den zeitabhängigen Abfall der Feldfehler verwendet. Der Abfall der
Feldfehler als Funktion der Zeit tritt auf, wenn der Strom im Magneten konstant bleibt und ist
insbesondere bei niedrigen Feldstärken relevant. Dieser E�ekt muss bei den Rechnungen für den
�Stretcher-Mode� berücksichtigt werden.

Die Sextupolkomponenten der Feldfehler in den Dipolmagneten wirken sich besonders nega-
tiv auf die langsame Extraktion aus. Die E�ekte dieser Feldkomponenten können durch die bereits
erwähnten analytischen Modelle beschrieben werden und sind im Optimierungsalgorithmus berück-
sichtigt. Demzufolge konnten diese Feldfehler durch optimierte Feldgradienten für die verschiedenen
Sextupolfamilien kompensiert werden.

Ein Beispiel für die langsame Extraktion im �Ramped Mode� des SIS300 ist unter Berück-
sichtigung der Feldfehler der Dipolmagnete in Abbildung 4 dargestellt. Im linken Diagramm
wurden die Feldfehler nicht kompensiert. Hierdurch wird die Hardt-Bedingung nicht erfüllt und
es tritt eine Verbreiterung der Separatrizen mit einer um den Faktor zehn breiteren Verteilung
der Eintrittswinkel am Spetum auf. Die Extraktionse�zienz sinkt somit auf 80%. Im rechten
Diagramm in Abbildung 4 wurden die Sextupolkomponenten der Feldfehler kompensiert und
hierfür eine Extraktionse�zienz von 93.6% bestimmt, welche der E�zienz für eine Rechnung
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Abbildung 3: Aperturen der Magnete und des elektrostatischen Septums sind zusammen mit den
auf ihnen auftretenden Teilchenverlusten dargestellt. Die �Verluste� auf dem Septum entsprechen
den extrahierten Teilchen. Die dargestellten Ergebnisse entsprechen der ursprünglich vorgeschla-
genen (links) und der optimierten ionenoptischen Struktur (rechts) unter Berücksichtigung der
Hardt-Bedingung. Im Fall der optimierten Struktur werden nahezu alle Teilchen extrahiert. Bei
der ursprünglichen Struktur hingegen treten Teilchenverluste in den Magnetkammern und im Sep-
tum, allerdings in einer nicht kontrollierten Form auf. Selbst nach erschöpfenden Versuchen war
es nicht möglich die Extraktionse�zienz für die ursprüngliche Struktur über die Marke von 0% zu
verbessern. Für die optimierte Struktur wurde eine E�zienz von 96.4% berechnet.

ohne Dipolfeldfehler sehr nahe kommt. Es konnte ebenfalls eine maximale Toleranz für die
Sextupolkomponenten der Feldfehler bis zu der eine Kompensation möglich ist ermittelt werden.

Weiterhin wurden optimierte zeitabhängige Feldgradienten für die Sextupolmagnete mittels
des entwickelten Optimierungsalgorithmus bestimmt, die den zeitabhängigen Abfall der Sextupol-
komponenten der Feldfehler in den Dipolmagneten kompensieren. Der Abfall der Feldfehler als
Funktion der Zeit ist zusammen mit den optimierten Sextupolgradienten in Abbildung 5 dargestellt.

Feldfehler höherer Ordnungen können mit dem Optimierungsalgorithmus nicht kompensiert
werden. Aus diesem Grund werden die Toleranzen für diese Feldfehler basierend auf der durch
Tracking-Rechnungen ermittelten E�zienz der langsamen Extraktion bestimmt. Die durch
gedrehte Quadrupolfelder hervorgerufene a2-Komponente der Feldfehler, die den horizontalen mit
dem vertikalen Phasenraum koppelt, reduziert die E�zienz der langsamen Extraktion und darf
eine �Unit� (1 Unit entspricht einem relativen Feldfehler von 10−4) nicht übersteigen.

Zum Abschluss der vorliegenden Arbeit wurden mehrere Vorschläge zur Messung der Feldqua-
lität des SIS300-Dipolprototypen vorgestellt. Die Ergebnisse der Messkampagne sollten zur Aktua-
lisierung des Modells für die Feldfehler herangezogen werden. Mit den neuen Daten können dann
die zeitabhängigen Gradienten der Sextupolmagnete auf einer verbesserten Datenbasis mittels des
vorgestellten Optimierungsalgorithmus erneut berechnet werden.
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Abbildung 4: Diese Abbildung zeigt den simulierten horizontalen Phasenraum bei langsamer Ex-
traktion im �Ramped Mode�. Die linke Abbildung stellt die Verbreiterung der Separatrizen durch
die Sextupolkomponenten der Dipolfeldfehler dar. Die Extraktionse�zienz im �Ramped Mode� des
SIS300 sinkt auf 80%. Die rechte Abbildung zeigt den Phasenraum unter Berücksichtigung der op-
timierten Feldgradienten der 2+6 Sextupolfamilien. Hierdurch wird die Extraktionse�zienz wieder
auf 93.6% angehoben, was dem Wert den man für Dipolmagnete ohne Feldfehler erhalten würde
sehr nahe kommt.
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Abbildung 5: Dieses Diagramm zeigt den angenommenen Abfall der Sextupolfeldfehler b3 in den
supraleitenden SIS300-Dipolmagneten zusammen mit den zeitabhängigen Feldgradienten der Sex-
tupolmagnete, die zu einer Kompensation der Feldfehler führen. Die dargestellten Werte beziehen
sich auf den niedrigenergie �Stretcher Mode� bei einer magnetischen Stei�gkeit von 64 Tm.



Chapter 1

Introduction

Accelerators for charged particle beams are based on the interactions of the electrically charged
particles with static and dynamic electromagnetic �elds. Since Wideroe reported the �rst
operation of a linear accelerator in 1928 [7], the understanding and development of particle
accelerator technologies has converted them into excellent tools for fundamental research, as well
as for a broad range of applications in science and industry.

The GSI Helmholtz Centre for Heavy Ion Research operates a large, in many aspects worldwide
unique, accelerator facility for heavy-ion beams, which enables the acceleration of ion beams of all
elements up to uranium. The research program conducted at GSI covers a broad range of activities
including nuclear, atomic and plasma physics, materials research, biophysics and cancer therapy [8].

In February 2003, the German Federal Government approved the project FAIR (Facility for
Antiproton and Ion Research), an international accelerator facility of the next generation to be built
at the GSI site [1]. The heart of the new facility will be two superconducting synchrotrons called
SIS100 and SIS300. SIS300 will generate the most energetic beams by means of superconducting
cos(θ) magnets. Thus, SIS300 will become the �rst superconducting synchrotron worldwide with
cos(θ) technology providing slowly extracted beams towards the experimental areas. This thesis
deals with the design of the SIS300 lattice for a high e�ciency slow extraction in the presence of
the characteristic steady and time dependent �eld errors of superconducting magnets.

1.1 The FAIR accelerator facility

The FAIR complex will be constructed east of the existing GSI facility. The new facility will
provide ion beams with 30 times higher energy and a factor 100 to 10.000 higher intensities for
the primary heavy ions beams and secondary radioactive beams, respectively.

The existing GSI accelerators will serve as injector for the new facility. The accelerator chain
is ilustrated in �gure 1.1. The ion beam is produced at the very left of the plot, in one of the
three available ion sources. The ions will be initially accelerated in the UNILAC, a 120-meter
long linear accelerator, towards the heavy ion synchrotron SIS18. Alternatively, protons can be
produced in a dedicated proton source and accelerated by the new p-LINAC. The synchrotron
SIS18, the present synchrotron of the GSI facility, will act as a booster to further accelerate
the particles before injection into the new superconducting synchrotron SIS100. In SIS100, the
reference ion, U28+, will reach a maximum energy of 2.7 GeV/u. Depending on the requirements
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Figure 1.1: Scheme of the GSI and FAIR facilities. In blue the existing complex, in red the new
projected complex.

of the experiment, the particles may be transferred to SIS300 for further acceleration, or extracted
towards the experiments. The beam extracted from SIS100 will be guided to the caves of atomic and
plasma physics, or alternatively, to the super-fragment separator (Super-FRS) or to the antiproton
production target, where intense beams of secondary particles - unstable nuclei or antiprotons -
will be produced. The beams of secondary particles will then be guided to the storage rings NESR,
HESR or CR, for cooling, accumulation, and use in in-ring experiments.
The beam injected into SIS300 can be accelerated up to a maximum energy of 34 GeV/u, for the
reference ion U92+. This energy is reached when the dipoles are ramped to their maximum �eld,
4.5 T. The beam extracted from SIS300 at 4.5 T will be guided to the CBM cave, where highly
compressed nuclear matter will be investigated.
Alternatively, the beam injected into SIS300 can be kept at a constant injection �eld and then
resonantly extracted. In this case the extracted beam will be guided to Super-FRS and then
towards the storage ring NESR or to the NuSTAR high and low energy caves, for rare ion beam
experiments. The two working modes of SIS300 are described in detail in section 1.4.
The design of the FAIR complex foresees the operation of up to four scienti�c programs in parallel.

1.2 The FAIR synchrotrons complex

The two superconducting synchrotrons will be installed in a common tunnel. The tunnel will be
built underground, at a minimum depth of 10 m for radiation protection. The circumference of
the tunnel will be of 1083.6 m, and the cross section will have an inner size of 6.6 m × 4.5 m
(width × height) [9].

The SIS100 synchrotron is the primary accelerator in the FAIR accelerator complex. It is
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designed for a maximum magnetic rigidity of 100 Tm, with a doublet focusing lattice in the
scheme D,F . It has a 6-fold symmetry and a hexagonal shape.

The SIS300 synchrotron will be mounted above the SIS100 synchrotron. Both machines will
be connected by a vertical transfer line. Thus, they are forced to have the same geometrical
layout, with a low lateral displacement. Because the SIS300 synchrotron has to follow precisely
the SIS100 geometry, the dipole layout of SIS300 could not be freely chosen. This constraint
strongly a�ects the lattice design, as compromises concerning the positions and phase advances
between the optical elements had to be accepted. A FODO structure with a 6-fold symmetry is
used for the lattice of SIS300 [10], [11].

Both synchrotrons will be equipped with superconducting magnets. As beams with high average
intensity have to be produced, the ramping and cycling times of the magnets must be short.

The requirements for the SIS100 dipoles are ramp rates of 4 T/s up to 1.9 T. To ful�ll these
requirements, fast ramped superferric magnets, which are similar to the Nuclotron magnets at
JINR-Dubna [12], will be used. The superferric magnets are iron dominated magnets with a
superconducting coil. The �eld quality of these iron-dominated magnets is generally good, which
was con�rmed by the measured �eld harmonics on the short test-model dipoles [9].

The requirements for the SIS300 dipoles are ramp rates of 1 T/s up to a maximum �eld of 4.5
T. To reach this relatively high �eld, cos(θ) magnets are needed. A ramp rate of 1 T/s is �fty
times faster than the ramp rate of any other superconducting synchrotron worldwide based on
cos(θ) technology, and a dedicated development was needed [13], [14]. The �eld quality of a cos(θ)
magnet is determined by the cable positioning and the current e�ects, which can be static and also
time-dependent. Thus, the unavoidable �eld errors in superconducting cos(θ) magnets vary as a
function of the total current and also as a function of time, and cannot be neglected.

The main characteristics of the synchrotrons SIS100 and SIS300 are summarized in table 1.1.

Table 1.1: Main parameters of the heavy ion synchrotrons SIS100 and SIS300

Synchrotron Magnetic
rigidity [Tm]

Maximum
dipole �eld [T]

Ramping
rate [T/s]

Maximum energy per
nucleon1 [GeV/u]

Reference
ion

SIS100 100 1.9 4 2.7 U28+

SIS300 300 4.5 1 34 U92+

1 For the reference ion.

1.3 The SIS300 lattice

The main design constraint of the SIS300 layout comes from the need to match the geometrical
shape of SIS100 precisely. The SIS300 lattice has a 6-fold periodicity or 6 superperiods, that
is, it has 6 identical sextants. Every sextant contains 7 FODO cells. The cells which do not
host dipole magnets form the straight section, while the rest of the cells form the arc. To
arrange the rings directly on top of each other, the SIS300 lattice is designed with two types of
dipole magnets; 8 long dipoles with a length of 7.76 m create the arc of each sextant, while 2
short dipoles with half the length of the long dipoles, are situated at both ends of the arc. In
this manner, the SIS300 layout matches the missing dipole scheme of SIS100. A top sketch of
the SIS300 lattice is plotted in �gure 1.2 and the main lattice parameters are presented in table 1.2.
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sector 2

RF acceleration

sector 1

Transfer section

sector 6

sector 3

Laser cooling

sector 5

Extraction

sector 4

Figure 1.2: Top sketch of the SIS300 synchrotron. Marked are the usage of the straight section of
the di�erent sextants.

Table 1.2: Lattice parameters of the SIS300 synchrotron

Machine circumference [m] Superperiods FODO cells Length per FODO cell [m]

1083.6 6 6 · 7 25.80

The dipoles for SIS300 are curved, superconducting cos(θ) magnets, with a single layer coil.
The radius of curvature of the dipole is only 66 m. Thus, the dipoles for SIS300 will be the
cos(θ) magnets with the smallest curvature radius worldwide, which required a new dedicated
development [5], [15]. A full-length prototype of a SIS300 dipole is being built by the Italian
National Institute of Nuclear Physics INFN. The �rst prototype was completed in June 2010. The
very �rst �eld quality measurements on the prototype were realized in the second half of 2010 and
will be presented in chapter 7. This prototype will be delivered at the end of 2011 to GSI, where
further �eld quality measurements, in this case in superconducting conditions, will be realized.

The 84 and 36 superconducting quadrupole and sextupole magnets, respectively, are presently
designed at IHEP-Protvino. The quadrupole speci�cations can be found in [16], [17]. Two di�erent
types of sextupole magnets are being designed. The type of a sextupole magnet is determined by its
speci�c task. This task can be the correction of the chromaticity, done by the chromatic sextupoles,
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or the excitation of the third integer resonance, done by the resonant sextupoles.

A total of 24 chromatic sextupoles of two di�erent families (2 × 12) aim for a correction of
the natural chromaticity created by the quadrupoles. Each family corrects the chromaticity in
one of the planes; horizontal or vertical. In the presence of �eld errors in the dipole magnets, the
chromatic sextupoles will also be used to correct the contribution to the chromaticity from the
sextupole �eld components present in the dipoles.

A total of 12 resonant sextupoles aim to excite the third integer resonance needed for slow
extraction.

The speci�cations for the sextupole magnets can be found in [18].

The basic parameters of the dipole, quadrupole and sextupole magnets for SIS300 are compiled
in table 1.3. The positions and the gradients of the di�erent magnets will be discussed and
optimized for slow extraction along this work.

Table 1.3: Parameter table for the SIS300 dipole, quadrupole and sextupole magnets

Dipole Quadrupole Sextupole

Long Short Chromatic Resonant

Number of magnets 48 12 84 24 12
B [T], B' [T/m], B" [T/m2] 4.5 4.5 45 130 325
Le� [m] 7.76 3.39 1 0.75 1
bending angle [◦] 6 2

3 3 1
3 - - -

aperture (circular) [mm] 85 85 105 105 105

The septa for slow extraction are situated in the straight section of sextant 5. The extraction
septa consist of a combination of an electrostatic septum (ES), a Lambertson septum (LS) and a
two stage magnetic septum (MS). A scheme of the di�erent septa is represented in �gure 1.3.
The electrostatic septum will have a total length of approximately 9 m, a maximum �eld gradient
of 102 kV/cm, a horizontal aperture of 20 mm and a bending angle of 1 mrad. It will separate
a beam with a step width of 10 to 15 mm at the separatrix. The spill will be guided into a
Lambertson septum. The Lambertson septum with a �eld of 0.42 T will de�ect the spill 2.8 mrad
in the vertical plane towards a two stage magnetic septum. The two stage magnetic septum with
�elds of 1 T and 3.6 T respectively will guide the ions into the extraction channel [19].

The twiss parameters at the entrance of the electrostatic septum determine the geometry of
the slow extraction. These paramenters are listed in appendix B for the di�erent working points
studied in this work.

1.4 Operation modes of SIS300

The SIS300 synchrotron will be operated in two di�erent working modes, whose technical speci�-
cations can be found in [20].

1.4.1 The high-energy ramped mode or CBM mode

The operating cycle of the high-energy ramped mode is sketched in �gure 1.4, and consists of the
following steps:
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Figure 1.3: Scheme of the slow extraction geometry. The three septa are represented together
with the physical apertures of the dipoles (in light blue), quadrupoles (in red and dark blue) and
sextupoles (in yellow), placed at the straight section of sector 5. The circulating beam for the
CBM mode is plotted in dark grey and the extracted beam in light grey. The resonant extraction
process is explained in detail in chapter 3

1. A fully stripped heavy ion beam, is accelerated in SIS100 to 100 Tm and then transferred to
SIS300. The injection duration is less than 1 ms.

2. The magnets are ramped up, with a ramping rate of 1T/s, to the maximum magnetic rigidity
of SIS300, 300Tm. A beam of reference ions, U92+, would be accelerated to an energy of 34
Gev/u.

3. During the cycle �at top, the magnetic rigidity remains constant at its maximum value while
the beam is extracted by means of resonant slow extraction. For the standard operation
mode the resonant slow extraction has a duration of 10 s, which can be extended up to 100 s
in extreme cases. The extracted beam is guided towards the CBM cave for experiments with
highly compressed nuclear matter.

4. The magnets are ramped down to the injection rigidity.

The values of the beam emittance for the injection and extraction of the high-energy mode are
summarized in table 1.4.

1.4.2 The low-energy stretcher mode or RIB mode

The operating cycle of the low-energy stretcher mode is simple: the beam is injected into SIS300,
where it is naturally debunched, and it is slowly extracted at the injection energy. The magnets
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Figure 1.4: Scheme of the operating cycle for the high-energy mode

Table 1.4: Beam emittances for the high-energy mode

εx [mm mrad] εy [mm mrad] Magnetic rigidity [Tm]

Injection 6 3 100
Extraction 2 1 300

are not ramped at any time during the cycle and the beam is not accelerated. A sketch of this
mode is found in �gure 1.5.

Thus, the low-energy stretcher mode provides quasi-continuous slowly extracted beams1 of high
intensity in the energy range of SIS100. For the partly stripped reference ion U28+, beams with
an intensity of 1012 ions/s are extracted at energies between 0.4-2.7 GeV/u. For the fully stripped
reference ion U92+, beams with an intensity of 1011 ions/s are extracted at energies between 4.9-8.9
GeV/u. The extracted beam will be guided to the Super-FRS for the production of radioactive ion
beams.

The values of the beam emittance for the stretcher mode are summarized in table 1.5.

Figure 1.5: Scheme of the stretcher mode for the reference ion U28+

1.5 Slow extraction from a superconducting synchrotron

The resonant slow extraction is a well established technique to extract the beam from a synchrotron
by making it unstable in a controlled manner. To this end, an integer resonance is excited, which

1Only interrupted during the injection from SIS100, with a injection duration of less than 1 ms.
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Table 1.5: Beam emittances for the RIB mode for the reference ion U28+

εx [mm mrad] εy [mm mrad] Magnetic rigidity [Tm]

Lower limit 20 10 27
Nominal mode 10 4 64
Higher limit 6 3 100

can be of second, third or fourth order. For the slow extraction from SIS300, a third order resonance
will be excited by means of the resonant sextupole magnets.

The introduction of sextupoles in a lattice has to be done with care as they induce a nonlinear
behavior on the beam dynamics. This nonlinear behavior is proportional to the gradient of the
sextupoles, which is up to three times stronger for the resonant sextupoles than for the chromatic
sextupoles. There exist well established strategies to position the chromatic and the resonant
sextupoles in a lattice with certain gradients and certain phase advances between them, in order
to avoid an uncontrolled unstable motion. Due to the geometric constraints on the SIS300 lattice,
most of these standard strategies are not applicable. A tailored solution will be needed for SIS300.

SIS300 will be the �rst superconducting synchrotron with cos(θ) magnets to realize slow res-
onant extraction. In iron-dominared magnets the �eld is determined by the shape of the ferro-
magnetic poles. In contrast, in superconducting cos(θ) magnets the �eld is determined by the
spatial distribution of the superconducting cable. In iron-dominated magnets a precision of 0.01
mm can be achieved in the polishing of the poles, while in cos(θ) magnets the maximum attainable
precision on the cable positioning is 0.1 mm [21]. Moreover, the �eld in the superconducting cos(θ)
magnets also depends on the static and time-dependent e�ects of the current in the cable. Due
to these di�erences the �eld quality in superconducting cos(θ) is intrinsically worse than in iron-
dominated magnets, and varies as a function of time. The unavoidable �eld errors present in the
superconducting dipoles will a�ect the beam dynamics. For example, the sextupole �eld error in
the dipole will cause changes in the chromaticity, in the excitation of the resonances, in the size and
orientation of the stable orbits in phase-space, etc. These e�ects will worsen the slow extraction
e�ciency. Therefore, a study on slow extraction is not complete unless the e�ects caused by the
�eld errors are taken into account and compensated.
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1.6 Outlook

The structure of this thesis is the following:

Part I: Theory of beam dynamics
The theoretical principles and models on which this thesis is built are presented in part I.
Chapter 2 deals with the basics of linear beam dynamics. The conventions used to describe the
magnetic �eld inside the accelerator are presented and a reference system for the circular lattice
is de�ned. The movement of a charged particle under the e�ect of dipole and quadrupole magnets
is described in detail.
Chapter 3 deals with the nonlinear beam dynamics caused by the introduction of sextupole
magnets in the lattice. Their e�ects on the chromaticity and the resonance excitation are studied.
Particular emphasis is placed on the excitation of the third order integer resonance used for slow
extraction. The analytical model of Kobayashi to describe the resonant slow extraction is presented.

Part II: Redesign of the SIS300 synchrotron
Part II is the core of the thesis, in which the redesign of the SIS300 lattice is presented, and the
performance of the slow extraction for the initial and optimized lattice proposals are analyzed and
compared.
In Chapter 4 some basic concepts on lattice design are introduced. Then, the initial SIS300 lattice
and 4 alternative proposals are presented and discussed.
In Chapter 5 an optimization algorithm developed to deal with the multivariable problem
of optimizing the number of sextupole families and their gradients for the slow extraction is
presented.
In Chapter 6 the slow extraction results for the initial and the optimized designs are compared.
To this end, single- and multi-particle tracking simulations have been run in order to study the
limits of stability, to identify the excited resonances and to calculate the extraction e�ciency.

Part III: In�uence and compensation of the �eld errors of superconducting magnets
on the slow extraction process
Up to this point, it has been assumed that the accelerator magnets were ideal. But supercon-
ducting magnets su�er from severe �eld errors, and no study on slow extraction, which is very
sensitive to �eld quality, would be complete until the e�ects caused by the �eld errors have been
considered.
In chapter 7 a general overview of the �eld errors which a�ect the superconducting cos(θ) magnets
is presented. Then, the �eld errors that a�ect the SIS300 superconducting dipoles have been
estimated with the use of a computer program. The very �rst warm measurements on the SIS300
dipole prototype are presented.
In chapter 8 the e�ects of the �eld errors on the slow extraction are studied. The optimization
function, developed previously, is now used to calculate new sextupole gradients that compensate
the sextupole error in the dipoles. A dynamic compensation method has been proposed to
compensate the time-dependent sextupole �eld errors in the SIS300 dipoles. The limits to the
tolerable �eld errors on the magnets are established.
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Chapter 2

Linear beam dynamics

The guiding and focusing of a charged particle beam in a circular accelerator rely on a series of
magnetic elements, separated by �eld-free drift regions, that form the accelerator lattice.
The magnetic �eld generated by an accelerator magnet is derived in the �rst section of this chapter.
There, the notation which will be used along this thesis is established. Afterwards, the motion of a
particle in a linear lattice, that is, in a lattice formed by dipoles and quadrupoles, which does not
contain any higher order magnet, is described. Basic concepts in accelerator physics which will be
needed along this work, as the twiss functions, the tune and the beam emittance, are introduced.

2.1 Magnetic �elds generated by accelerator magnets

In this section, the magnetic �eld inside the magnet aperture is described. The description is done
in the most general manner and it is valid for all magnet types. A table at the end of the section
summarizes the results for the dipole, quadrupole and sextupole magnets.

The magnet aperture, where the beam circulates, is an area free of currents and magnetized
material. Thus, inside the magnet aperture Maxwell's equations for the magnetic �eld B are:

∇ ·B = 0 (2.1)

∇×B = 0 (2.2)

Along this work, the current in the magnets is assumed to circulate only along the magnet's
longitudinal axis, J=Jz ẑ, and to be constant as a function of the length, ∂Jz

∂z =0. With this ap-
proximation, which is typically used for beam dynamic studies, the magnets are treated piecewise,
with a constant �eld and no end-�eld e�ects. In this case, the vector potential A has only the
z-component, A = Az ẑ. The magnetic �eld is related to the vector potential as:

B = ∇×A (2.3)

Hence, B is a purely two-dimensional �eld contained in the transverse plane of the magnet,
B=(Bx,By,0).

From eq. 2.1 and 2.2 the following relations for the two-dimensional magnetic �eld in the
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aperture of a magnet are ful�lled:

∂Bx
∂x

= −∂By
∂y

(2.4)

∂Bx
∂y

=
∂By
∂x

(2.5)

By replacing eq. 2.3 in eq. 2.2 Laplace's equation is obtained:

∇2Az = 0 (2.6)

With the the aim of determining the magnetic �eld inside the magnet's aperture, eq. 2.6 is
solved in detail in [6] using polar coordinates (r, ϕ) and the method of separation of variables.
After applying, as a boundary condition, that the �eld is �nite at the center of the magnet, the
solution for the vector potential is found in the form of a multipole series

Az(r, ϕ) =
∞∑
n=1

rn(Cn sin(nϕ) +Dn cos(nϕ)) (2.7)

The transverse magnetic �eld B is derived from the vector potential by means of eq. 2.3. The
solution is transformed into Cartesian coordinates and expressed in complex notation, which is
convenient in order to describe a two-dimensional �eld:

B = By + iBx =

∞∑
n=1

(Bn + iAn) ·
(
x+ iy

r0

)n−1

(2.8)

The multipole coe�cients Bn and An are called normal and skew coe�cients, respectively.
They are calculated through the boundary conditions at the reference radius r0. The order of
the multipole coe�cient is given by the factor n. In the european convention1, n=1 is a dipole
coe�cient, n=2 a quadrupole coe�cient, etc.

According to the notation chosen for this thesis, the magnetic �eld is expanded relative to the
main �eld component Bmain of the magnet. Bmain is equivalent to B1 if the magnet is a dipole, to
B2 if it is a quadrupole, etc.

B = By + iBx = Bmain

∞∑
n=1

(bn + ian) ·
(
x+ iy

r0

)n−1

(2.9)

The terms bn and an denote, respectively, the relative normal and skew multipole coe�cients,
also referred to as the �eld harmonics. They are dimensionless. For practical purposes they are
often multiplied by 104, as they are very small, typically on the order of 10−4.

Generally, computer programs for accelerator design do not work in terms of �eld harmonics,
but in terms of �eld gradients. The �eld gradient of a magnet is the variation of the �eld with
the position inside the magnet aperture. The magnetic �eld can be described in terms of the �eld
gradients as a Taylor expansion:

By(x, y) = By0 +
1

1!

(
∂By
∂x

)
x+

1

1!

(
∂By
∂y

)
x+

1

2!

(
∂2By
∂x2

)
x2 +

1

2!

(
∂

∂x

(
∂By
∂y

))
xy + . . . (2.10)

1In the american convention the numeration of the multipole coe�cients starts at 0, being n=0 a dipole, n=1 a
quadrupole, etc.
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and equivalently for Bx.
The relationship between the multipole coe�cients and the �eld gradients of the magnets, is

found when eq. 2.9 is expanded and compared to eq. 2.10, with the use of the relations derived in
eq. 2.4 and 2.5:

(
∂n−1By
∂xn−1

)
= (n− 1)!

Bmain bn

rn−1
0

(2.11)(
∂n−1By
∂yn−1

)
= −(n− 1)!

Bmain an

rn−1
0

(2.12)

The code Elegant used in this thesis for the simulations, de�nes the gradient of a magnet
normalized to the magnetic rigidity of the synchrotron. The magnetic rigidity, given by Bρ, will
be de�ned in section 2.2.2. The normalized gradient corresponding to the multipole coe�cient bn
is denoted as kn−1:

kn−1 =
1

Bρ

(
∂n−1By
∂xn−1

)
(2.13)

An ideal single-multipole magnet would contain a pure multipole �eld, with just the corre-
sponding order n. As an example the values for the magnetic �eld and normalized gradients for
the ideal dipole, quadrupole and sextupole magnets are presented in table 2.1. However, in real
magnets, higher order harmonics are always present in the magnet aperture.

For certain conditions of the magnet geometry, some of the multipole components vanish. These
harmonics are called non-allowed components, while the rest are the allowed components. As an
example, for an up-down symmetry in a dipole magnet no skew terms occur, an = 0. If there is
an additional left-right symmetry, the even terms are also canceled, b2 = b4 = · · · = 0.

Table 2.1: Magnetic �eld and normalized gradient for an ideal dipole, quadrupole and sextupole
magnet.

Magnet Type Order Field [T] Normalized Gradient [m−n]

dipole n = 1 Bx = 0 k0 = B
Bρ = 1

ρ

By = B

quadrupole n = 2 Bx =
dBy

dx · y k1 = 1
Bρ

dBy

dx

By =
dBy

dx · x

sextupole n = 3 Bx =
d2By

dx2 · xy k2 = 1
Bρ

d2By

dx2

By =
1
2
d2By

dx2 · (x2 − y2)

The �eld in an iron-dominated magnet (resistive or superconducting) is determined by the
shape of the iron yoke. In cos(θ) superconducting magnets, the dominant contribution to the �eld
originates from the current �owing through the superconducting cables2. An approximation of a
pure normal dipole �eld can be obtained with a current shell, the simplest of which is shown in
�gure 2.1 (left) [22]. Similarly, an approximation of pure normal quadrupole and sextupole �elds
can be obtained with current shells of the type shown in �gure 2.1 (center) and (right) respectively.

2There are other sources that contribute as well to the magnetic �eld, such as the iron saturation or the currents
that decay between the cable �laments and strands. These will be described in chapter 7.
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Figure 2.1: Current shell models. The generation of: (left) a normal dipole �eld, (center) a normal
quadrupole �eld and (right) a normal sextupole �eld.

Ideal magnets, containing just the corresponding order n, are assumed for most of the chapters
of this thesis. Only in the chapters of section III all the �eld harmonics, up to the 15-pole, are
taken into account.

2.2 Transverse linear beam dynamics

A lattice containing only ideal magnetic dipoles and quadrupoles, is referred to as a linear lattice.
The dipole magnets bend the particles onto circular trajectories in the horizontal plane. The
quadrupole magnets are needed for the focusing of particles with small deviations from the reference
orbit. The reference orbit can be de�ned as the orbit of a particle with the design momentum p0
that closes upon itself after one turn and is stable. The motion of an arbitrary particle in an
accelerator is then conveniently described by the deviations of its trajectory from the reference
orbit.

2.2.1 Coordinate system

The coordinate system is de�ned over the reference orbit, which has a radius ρ. The position of
an ideal particle on the reference orbit is parameterized by the path length s0(t) =

∫
v0dt, where

the velocity v0 = v0ŝ is determined by the design momentum of the particle p0 = p0ŝ, according
to the special theory of relativity.

The motion of a non-ideal particle is expressed by means of a six dimensional, curvilinear
coordinate system centered on the ideal particle. The vector r = (x, x′, y, y′, s,∆p)T represents the
deviation of the particle from the ideal one.

x, y, s are the coordinates in real space. The azimuthal coordinate s is directed along the
tangent of the orbit. x and y de�ne the transverse plane such that x points to the horizontal
direction and y to the vertical one.
x′ and y′ are the divergence angles de�ned as x′ = dx/ds, y′ = dy/ds. The prime always represents
in this document the derivation with respect to s. The particles will leave the reference orbit when
divergence angles exist. ∆p is the relative longitudinal momentum deviation. It is normalized to
the design momentum as ∆p = (p− p0)/p0.

All the simulations in this thesis are done for the slow extraction of a coasting beam. Under
these conditions, the longitudinal direction is not relevant. Thus, the study of the dynamics of the
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reference orbit

ˆ

y

s
x

ˆ

ˆ

orbit of the non ideal particle

Figure 2.2: Coordinate system parameterizing the position of a particle with respect to the reference
orbit

particle beam is restricted to the transverse plane.

2.2.2 Motion of a charged particle in a linear electromagnetic �eld

The force experienced by a particle of charge q moving in a magnetic �eld is given by the Lorentz
equation as:

F =
dp

dt
= q(v ×B) (2.14)

The constant vertical magnetic �eld of a dipole magnet, B = Bŷ as stated in table 2.1, acts
on a particle with velocity v = vŝ bending its trajectory in the horizontal plane:

F = qvB x̂ (2.15)

Since the Lorentz force always acts perpendicular to the particle velocity, only the direction of
movement changes while the magnitude of the velocity is constant. The traveled trajectory, s, can
be approximated by the product of the mean radius and the traveled azimuthal angle θ, s ≃ ρθ.
Thus:

dp

dt
= p

dθ

dt
x̂ =

p

ρ
v x̂ (2.16)

When eq. 2.15 and 2.16 are equalled, the expression for the magnetic rigidity, Bρ, is found:

Bρ =
p

q
(2.17)

The magnetic rigidity indicates the reluctance of the particles to be de�ected. Its maximum
value is often used characterize a synchrotron.

The horizontal and vertical magnetic �elds in a quadrupole are linear in the deviation from
the magnet center, as shown in table 2.1. Depending on the sign of the normalized gradient
k1, the force will be focusing in the horizontal direction and defocusing in the vertical direction
or vice versa. A quadrupole that focuses horizontally (k1 > 0) is called a focusing quadrupole,
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and a quadrupole that defocuses horizontally (k1 < 0) is called a defocusing quadrupole3. By
alternating focusing and defocusing quadrupoles an overall focusing e�ect can be obtained in both
the horizontal and the vertical plane.

If the �eld of the quadrupoles is included in the Lorentz equation, eq. 2.14, together with
the dipole �eld, after some manipulations the equations of transverse motion, also called Hill's
equations, are obtained [23]:

x′′ + (k20(s)− k1(s))x = 0

y′′ + k1(s)y = 0 (2.18)

It has to be noticed that in a linear machine, containing only dipoles and normal quadrupoles,
the horizontal and vertical motion are completely decoupled. Both equations are very similar, only
di�ering in the coe�cient of the linear term; K(s) = (k0(s)

2 − k1(s)) for the horizontal case and
K(s) = k1(s) for the vertical one. Thus, in the rest of the section only equations for the horizontal
plane are used:

x′′ +K(s)x = 0 (2.19)

The eq. 2.19 would indeed describe a harmonic oscillator if K were constant. This only occurs
piecewise in an ideal synchrotron, in which K(s) is constant within a magnetic element and zero
outside (hard edge model). In this model, the fringe �elds of the magnetic elements are neglected.
On the other hand, the function K(s) in a synchrotron is periodic, K(s) = K(s+L), where L is the
periodicity of the lattice. Therefore the solution for eq. 2.19 can be written as a pseudo-harmonic
oscillator in the form developed by Courant and Snyder [24]:

x(s) =
√
εxβx(s) cos[ψx(s) + ψ0,x] (2.20)

x(s) represents the motion of particles, with the nominal momentum p0, about their equilibrium
orbit as a function of their position in the ring. It is known as betatron motion. εx is an integration
constant. β(s) is the betatron amplitude function and has the dimension of length. The betatron
function is one of the Courant-Snyder parameters also known as Twiss parameters. The other two
parameters are derived from it:

α(s) = −1

2

dβ(s)

ds
and γ(s) =

1 + α2(s)

β(s)
(2.21)

The betatron phase of the pseudo-oscillation is given by:

ψx(s) =

∫ s

0

dσ

βx(σ)
(2.22)

and ψ0,x is the initial phase, a constant which depends on the initial conditions.

The pseudo-harmonic motion described by eq. 2.20 can be further transformed into a simple
harmonic motion. To this end, eq. 2.20 is di�erentiated:

x′(s) = − εxαx√
βx(s)

cos[ψx(s) + ψ0,x]−
εx√
βx(s)

sin[ψx(s) + ψ0,x] (2.23)

3This is the standard convention, which is used in most accelerator codes including Elegant (the code used in this
thesis). However the code MIRKO (frequently used at GSI) uses a standard in which k1 < 0 de�nes a defocusing
quadrupole and vice versa. This should be taken into account if the results of this thesis are implemented in a
lattice described using MIRKO.
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New coordinates which use the betatron phase ψx, instead of the distance s, as the indepen-
dent variable can be de�ned. These coordinates are known as the normalized coordinates. The
oscillation amplitude in terms of the normalized coordinates is constant:

X(ψ) =
√
εx cos[ψx + ψ0,x] = x(s)

1√
βx(s)

(2.24)

X ′(ψ) = −
√
εx sin[ψx + ψ0,x] = x′(s)

√
βx(s) + x(s)

αx(s)√
βx(s)

(2.25)

The transformations between the two systems are conveniently expressed in matrix form as:

 X
dX

dψ

 =MN,x

(
x
dx

ds

)

MN,x =

 1√
βx

0

αx√
βx

√
βx

 ; (MN,x)
−1 =

√
βx 0

−αx√
βx

1√
βx

 (2.26)

The elimination of the betatron phase from equations 2.24 and 2.25 allows to easily obtain an
invariant of the motion:

εx = X2 +X ′2 = γxx
2 + 2αxxx

′ + βxx
′2 (2.27)

This equation describes a circle in the normalized phase space (X,X ′) and an ellipsoid in the
real phase space (x, x′), as shown in �gure 2.3. Orientation and shape of the ellipse change along
the orbit as the Twiss parameters are a function of s. On the other hand, the area πεx described
by the betatron motion in either the normalized or the real phase space, remains constant. When
referring to a single particle, the quantity εx is called single-particle emittance. When referring to
a beam it is known as emittance. The horizontal (vertical) emittance is a measure of the energy
in the horizontal (vertical) motion.

The beam envelope x̂(s) is de�ned by choosing a maximum single-particle emittance εx,max
and demanding that all possible trajectories be contained within x̂(s):

x̂(s) =
√
εxβx(s) (2.28)

An important concept for a synchrotron is the (betatron) tune or working point, Q. The tune
is de�ned as the total number of transverse oscillations during one revolution in the synchrotron.
Q denotes either the horizontal (Qx) or the vertical (Qy) tune if no subscript is given. It can be
expressed in terms of the phase advance, eq. 2.22, along the reference orbit:

Q =
1

2π

∮
ds

β(s)
(2.29)

2.2.3 Transfer matrix formalism

The particle motion inside the lattice can also be expressed using a matrix formalism, in which
the matrix represents the transport from a position s1 to a position s2:



28 Chapter 2. Linear beam dynamics
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Figure 2.3: Invariant ellipses in real and normalized phase space.

(
x
x′

)
s2

=M(s1 → s2)

(
x
x′

)
s1

(2.30)

The result for the general form of the 2× 2 transport matrix is found with the implementation
of the initial conditions s(0) = s1 and ψ0 = 0 to the expressions of the displacement and divergence
of the particle, eq. 2.20 and 2.23. With the use of some properties of the trigonometric functions
and after de�ning the phase advance from s1 to s2 as ∆ψ, the following expression is derived [25]:

M(s1 → s2) =

 √
β2

β1
(cos∆ψ + α1 sin∆ψ)

√
β1β2 sin∆ψ

− 1√
β1β2

[(1 + α1α2) sin∆ψ + (α2 − α1) cos∆ψ]
√

β1

β2
(cos∆ψ − α2 sin∆ψ)


(2.31)

When equation 2.30 is applied to a full turn in a ring, the initial conditions equal the �nal
conditions (α1 = α2 = α, β1 = β2 = β,∆ψ = 2πQ), and the one-turn matrix is found:

M1 =

(
(cos 2πQ+ α sin 2πQ) β sin 2πQ

−γ sin 2πQ (cos 2πQ− α sin 2πQ)

)
(2.32)

This expression describes the evolution of the phase-space coordinates of a particle at a
certain position in the machine. A plot of the coordinates for a large number of turns gives
a phase-space trajectory. In a linear machine the phase-space trajectories are always of el-
liptical shape. The orientation of the ellipses at any position s in the machine is determined
by the local Twiss parameters and the beam size is found from the emittance according to �gure 2.3.

The general transfer matrix for normalized coordinates is simply a 2x2 rotation matrix describ-
ing a clockwise rotation by the phase advance ∆ψ between positions s1 and s2:

MN (s1 → s2) =

(
cos∆ψ sin∆ψ
− sin∆ψ cos∆ψ

)
(2.33)

The one-turn matrix for the normalized coordinates is:
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MN,1 turn =

(
cos 2πQ sin 2πQ
− sin 2πQ cos 2πQ

)
(2.34)

2.2.4 Linear resonances

From eq. 2.32 and 2.34 it is clear that if the number of transverse oscillations of a particle around
the reference orbit is an integer N , i.e. if the tune is Q = N , the particle returns to its initial
coordinates after 1 turn. The same would occur after 2 turns if Q is set to halves, after 3 turns if
Q is set to thirds, etc.

In practice, the bending and focusing �elds deviate from their design values due to powering
and alignment errors, perturbing the motion of the particles. If the frequency driven by the
perturbation is equal to the betatron frequency, the perturbation would add up: every turn in the
case of a dipole �eld error and an integer tune, every two turns in the case of a quadrupole �eld
error and a half-integer tune, etc. Hence, a resonance would occur, causing amplitude growth and
eventually particle loss.

Formally the problem is equivalent to a driven harmonic oscillator, in which the magnet imper-
fection acts as an external force that may "pump" energy into the system. Hill's equation under
the presence of magnet imperfections can be written as [26]:

x′′(s) +K(s)x(s) =
F (s)

pv
(2.35)

where F (s) is the Lorentz force on the magnet imperfection.

To study the perturbation on the particle trajectory caused by a �eld imperfection at s = s0,
the magnet is described with the use of the thin lens approximation. This approximation treats
the magnet as an in�nitely thin lens, which acts as a kick on the particle at s = s0. In this manner,
after passing through the thin lenses the particle positions remain unchanged, i.e. ∆x = ∆y =
0, but the particle has been kicked in both directions, yielding ∆x′, ∆y′. These kicks change the
direction of the trajectory proportionally to the integrated magnetic �eld, that is, proportionally
to the product of the magnet length l and the �eld at the particle position:

∆x′ =
F (s)l

pv
δL(s− s0) =

By(s)ls
Bρ

δL(s− s0) (2.36)

where δL(s − s0) is a periodic delta function, with periodicity L, the synchrotron length. If
the periodic delta function is written in terms of a Fourier expansion, and K(s) is approximated
to a constant K to get a purely harmonic oscillation, then the equation of motion for a single
perturbation in the synchrotron is:

x′′(s) +
(2πQ

L

)2
x(s) =

l

L

∞∑
N=−∞

cos
(2πN

L
s
)F (s)
pv

(2.37)

where Q is the tune and 2πQ
L the betatron oscillation frequency.

For a dipole �eld error:
F (s)

pv
= k0 (2.38)

when eq. 2.38 is replaced in 2.37, the resonance condition Q = N is found.
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For a quadrupole �eld error:
F (s)

pv
= k1x(s) (2.39)

when eq. 2.39 is replaced in 2.37 and x(s) = A cos( 2πQL s), the resonance condition Q = N/2 is
found.

2.2.5 O�-momentum particles

Those particles with a momentum p di�erent from the design momentum, p0, are called o�-
momentum particles. The previous description of the motion of charged particles in a linear
lattice is only valid for particles with momentum p0. This occurs since the normalized gradients
of the magnets, shown in table 2.1, are inversely proportional to the momentum of a particle, due
to the nature of the Lorentz force.

An o�-momentum particle is bent by the dipoles on an orbit with a slightly di�erent radius.
The equation of the horizontal transverse motion is extended to:

x′′ +K(s)x = ∆p · 1

ρ(s)
(2.40)

The equation of transverse motion for o�-momentum particles is an inhomogeneous di�erential
equation. The dispersion function D(s) appears as a particular solution, xp(s) of equation 2.40:

x(s) =
√
εxβ(s) cos[ψx(s) + ψ0,x]︸ ︷︷ ︸

xh(s)

+D(s)∆p︸ ︷︷ ︸
xp(s)

(2.41)

The equation 2.41 shows that the equilibrium orbit for an o�-momentum particle is displaced
from the central orbit, proportionally to the momentum deviation ∆p. The factor that scales ∆p
creating a displacement is called the dispersion function. An analytic derivation of the dispersion
function can be found in [25].

Naturally, the expression for the beam envelope, as described in 2.28, is extended to o�-
momentum particles by simply adding the displacement from the central orbit:

x̂(s) =
√
εβx(s) +D(s)∆p (2.42)

The solution for the divergence x′ is likewise modi�ed by an additional term containing the
derivative of the dispersion function D′(s), multiplied by the momentum deviation:

x′(s) = − εxαx√
βx(s)

cos[ψx(s) + ψ0,x]−
εx√
βx(s)

sin[ψx(s) + ψ0,x] +D′(s)∆p (2.43)

The normalized form of the dispersion function (Dn, D
′
n), similar to 2.26, is given by: Dn

dDn

dψ

 =MN,x

(
D
dD

ds

)
(2.44)
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The e�ect of the momentum dependence on the normalized gradient of the quadrupoles, k1, is
a change of focusing for the o�-momentum particles. The consequence is a shift of the betatron
tune Q as a function of the relative momentum:

∆Q = ξ∆p (2.45)

The ratio, ξ, of the tune shift per momentum shift is called chromaticity. The chromaticity
created by the quadrupoles in a synchrotron is expressed as [25]:

ξ = − 1

4π

∮
k1(s)β(s)ds, (2.46)

The tune shift caused by a non-zero chromaticity may lead the particles into integer or half-
integer resonances which blow up the amplitude of the betatron oscillation. Moreover, the tune
shift has a negative impact on slow extraction. To avoid it, the chromaticity can be controlled
with the use of sextupole magnets in the lattice. This will be demonstrated in the next chapter on
nonlinear beam dynamics.
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Nonlinear beam dynamics

In SIS300 two types of sextupole magnets are used: chromatic sextupole magnets to correct the
chromaticity and resonant sextupole magnets to manipulate the beam in the transverse phase
space via the excitation of a third order resonance, which drives resonant slow extraction. But
the inclusion of sextupole magnets in a lattice leads to a nonlinear regime, in which the particle
motion in the x and y planes is nonlinear and, furthermore, the planes are coupled. To solve
the trajectory equations in a lattice with sextupole magnets perturbation theory has to be used.
Hence, the solution is no longer exact.
Moreover, the sextupole magnets excite resonances of �rst and third order, even in the case of
ideal sextupole magnets.

Even dipoles and quadrupoles lead to nonlinear motion when �eld errors of order n ≥ 3 are
included. Ideal magnets are initially assumed in this thesis, and only at the end, in chapters 7 and
8 non-ideal magnets will be considered.

3.1 The sextupole magnets

The magnetic �eld created by a normal sextupole magnet has the following vertical and horizontal
components:

By =
1

2

(
d2By
dx2

)
0

(x2 − y2) =
k2
2
Bρ (x2 − y2)

Bx =

(
d2By
dx2

)
0

xy = k2Bρ xy (3.1)

Thus, contrary to the �eld created by dipole and quadrupole magnets, the �eld created by a
sextupole magnet is no longer linear.

The inclusion of the sextupole �eld in Hill's equation, eq. 2.35, yields nonlinear equations, in
which the vertical and horizontal planes are coupled:

x′′ +K(s)x =
k2
2
(x2 − y2)

y′′ +K(s)y = k2xy (3.2)

A typical analytical approach to solve this nonlinear harmonic oscillator problem is to use a
perturbative approximation, see [27], [28]. In this case, the solution is found in the form of a
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truncated Taylor expansion, which is not symplectic. Alternatively this problem can be solved
using Lie Algebra, see [3]. In this case the linear formalism of transfer matrices from section 2.2.3
is extended to transfer maps. Transfer maps accept higher orders and are always symplectic [3].
Di�erent computer codes can be used for a numerical approach. Some of the codes use the transfer
maps derived from the Lie algebra. However, the most common method is the canonical integration
method from Ruth [29].

In this chapter the nonlinear problem is treated analytically, using perturbation theory and
Kobayashi's model to describe slow extraction. Several approximations will be assumed, which will
be justi�ed when realized. In chapter 6, the results from the analytical models derived with the
use of these approximations will be compared to the results from the exact trajectories calculated
using computer simulations.

3.1.1 Sextupole magnets and resonance excitation

In the analytical models used in this thesis, the e�ect of a sextupole on the particle trajectory is
described with the use of the thin lens approximation. The thin lens approximation was already
explained in chapter 2, where it was used to describe the dipole and quadrupole errors causing the
integer and half-integer resonances.

The kicks given by a sextupole placed at s = s0 are:

∆x′ =
Byls
Bρ

δL(s− s0) =
k2
2
(x2 − y2)lsδL(s− s0)

∆y′ =
Bxls
Bρ

δL(s− s0) = −k2xylsδL(s− s0) (3.3)

A one dimensional approximation of the problem is used in this section, while a general treat-
ment of the problem is presented in section 3.3. Thus, the problem is reduced to the horizontal
plane, which is enough to describe the excitation of the 3rd order integer resonance needed for slow
extraction:

∆x′ =
k2
2
x2lsδL(s− s0) (3.4)

If the periodic delta function is written in terms of a Fourier expansion, and K(s) is approxi-
mated to a constant K in Hill's equation, then the equation of motion in the presence of a single
sextupole is:

x′′(s) +
(2πQx

L

)2
x(s) =

lk2
2L

∞∑
N=−∞

cos
(2πN

L
s
)
x2 (3.5)

By de�nition, a perturbative approximation is applicable if the problem to be faced can be
formulated by adding a "small" term to the mathematical description of the exactly solvable prob-
lem. In this case the perturbation term is the sextupole gradient, k2. Therefore, the perturbative
approximation is only expected to successfully model the particle motion for "small" values of k2.

The solution is Taylor expanded in k2 to 1st order:

x(s) = x0 + k2x1 +O(k22) (3.6)

By replacing 3.6 in and separating the terms of the series:
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O(k02) x′′0 +
(2πQx

L

)2
x0 = 0 → x0 = A cos

(2πQx
L

)
(3.7)

O(k12) x′′1 +
(2πQx

L

)2
x1 =

l

2L

∞∑
N=−∞

cos
(2πN

L
s
)
x20 (3.8)

The solution of the exactly solvable problem 3.7 is replaced into 3.8. With the use of some
trigonometric identities, it is found:

O(k12) x′′1 +
(2πQx

L

)2
x1 =

lA2

2L

∞∑
N=−∞

cos
(2πN

L
s
)
+
lA2

8L

∞∑
N=−∞

cos
(2π[N ± 2Qx]

L
s
)

(3.9)

From this equation the following resonance conditions are found:

Qx = N

Qx = N ± 2Qx → Qx = N, 3Qx = N (3.10)

Therefore, the presence of a sextupole in the lattice drives resonances of 1st and 3rd order. The
excitation of a 3rd integer resonance, 3Qx = N , can be used to make the particles unstable in a
controlled manner, such that the particles of the circulating beam are slowly extracted during a
large number of turns. A special set of sextupoles, called resonant sextupole magnets are used to
excite this resonance.

3.1.2 Sextupole magnets and chromaticity correction

As was shown in chapter 2, the quadrupoles are a source of chromaticity due to the momentum
dependency of their normalized gradient. The chromaticity created by the quadrupoles is called
natural chromaticity. The natural chromaticity causes a tune shift which depends on the particle
momentum. Due to the tune shift, particles with di�erent momenta will have stable areas of
di�erent sizes at slow extraction. This a�ects the extraction e�ciency, as will be explained in
section 3.2.2. Additionally, because of the tune shift dangerous resonances will be crossed, which
will have to be compensated to avoid beam loss.

To correct the tune shift a counteracting focusing force, whose e�ect is a function of the particles
momentum, is needed. It can be obtained by placing sextupole magnets at locations where the
horizontal dispersion is not zero. At these locations the equilibrium orbit of the o�-momentum
particles is displaced from the center of the magnets by the product of the dispersion function and
the relative momentum of the particle:

x = xβ +D∆p (3.11)

where xβ is the motion of a particle that performs betatron oscillations, as given by eq. 2.20,
but, in this case, around an orbit de�ned by the dispersion function.

By inserting eq. 3.11 into eq. 3.2 the e�ect of the sextupoles is extended to the o�-momentum
particles:

x′′ +K(s)x =
k2
2
[(x+D∆p)2 − y2]

y′′ +K(s)y = −k2(x+D∆p)y (3.12)
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The linear terms which result from equations 3.12, k2xD∆p and −k2yD∆p, act as chromatic
lenses similarly to the quadrupoles.

Thus, the contribution from the sextupoles to the chromaticity has the form:

ξsext =
1

4π

∮
k2(s)β(s)D(s)ds. (3.13)

The total chromaticity in the lattice is given by the addition of the quadrupole and sextupole
contributions:

ξtotal = ξnat + ξsext = − 1

4π

∮
[k1(s)− k2(s)D(s)]β(s)ds (3.14)

Therefore, to correct the chromaticity to any desired value, in either x or y plane, the sextupole
gradients k2(s) have to be properly chosen in order to compensate the natural chromaticity ξnat
via the sextupole chromaticity ξsext. A special set of sextupoles, called chromatic sextupoles, are
used to achieve this chromaticity correction. From eq. 3.13 it is clear that a sextupole magnet
placed where the dispersion function is zero does not contribute to the chromaticity.

3.2 The slow extraction model of Kobayashi

A perturbative approximation was used by Y. Kobayashi in 1967 to develop a model which
describes the resonant slow extraction [2] analytically. Kobayashi's model was generalized by
M. Pullia in his PhD thesis in 1999 [30]. The extended model can be applied to o�-momentum
particles and to any observation point s in the machine. The extension by Pullia also allows to
consider the e�ect of all the sextupoles in the lattice. This is done via the introduction of the
concept of the virtual sextupole, a virtual magnet that would act with the strength and phase
advance of all the sextupoles combined.

To illustrate Kobayashi's model, consider the case of a lattice with one sextupole as the only
higher order element. The horizontal betatron tune is chosen close to a third integer resonance,
3Qx = N ± 1/3 + δq, where N is an integer number of oscillations and δq ≪ 1/3 is the tune
distance of the particle from the resonance. The tune distance can be written as the di�erence
between the fractional tunes of the particle and the resonance, δq = qpart − qres.

The model is developed in normalized coordinates. The normalized kicks were calculated from
eq. 3.3 with the use of the transformation matrices, eq. 2.26:

∆X = 0, ∆X ′ =
1

2
β3/2
x lsk2(X

2 − βy
βx
Y 2)

∆Y = 0, ∆Y ′ = −β3/2
x lsl2

βy
βx
XY (3.15)

The expressions for the kicks can be simpli�ed with the introduction of the normalized

sextupole strength, S, de�ned as S = 1
2β

3/2
x lsk2.

Thus, the normalized kicks in terms of the normalized sextupole strength are:

∆X ′ = S(X2 − βy
βx
Y 2)

∆Y ′ = −2S
βy
βx
XY (3.16)
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Kobayashi's model is a one dimensional model. To be able to neglect the vertical motion, the
vertical tune has to be chosen far from a 3rd integer resonance. Also the term βy/βx, which couples
the horizontal and vertical planes, has to be small at the position of the resonant sextupole. If these
conditions are ful�lled the model can be limited to one dimension. Only the horizontal motion
is considered in the slow extraction model of Kobayashi. Thus, the e�ect of the sextupole as a
perturbation to the linear machine is:

∆X = 0 ∆X ′ = SX2 (3.17)

The accuracy of the perturbative one dimensional model of Kobayashi "was proven to be
fairly good by numerical calculations", by Kobayashi in his original paper [2]. In this work the
correctness of the perturbation theory is checked by comparing the approximate analytical model
to the numerical tracking simulations, which work with the exact Hamiltonian.
How small a "small" k2 is will not be de�ned a priori. However, it will be proven that for some
values higher order e�ects appear, e.g. stable islands. These higher order e�ects are not described
by the model of Kobayashi, which only includes perturbation theory at �rst order.

The Kobayashi Hamiltonian

If Mk is the general transfer matrix for normalized coordinates, describing k turns in the machine:

Mk=

(
cos[2π(kQx)] sin[2π(kQx)]
− sin[2π(kQx)] cos[2π(kQx)]

)
(3.18)

The transfer matrices for one, two and three turns can be approximated by:

M1 =

(
cos[2π(p± 1/3 + δq)] sin[2π(p± 1/3 + δq)]
− sin[2π(p± 1/3 + δq)] cos[2π(p± 1/3 + δq)]

)
∼=
(

−1/2 ±
√
3/2

∓
√
3/2 −1/2

)

M2 =

(
cos[4π(p± 1/3 + δq)] sin[4π(p± 1/3 + δq)]
− sin[4π(p± 1/3 + δq)] cos[4π(p± 1/3 + δq)]

)
∼=
(

−1/2 ∓
√
3/2

±
√
3/2 −1/2

)

M3 =

(
cos[6π(p± 1/3 + δq)] sin[6π(p± 1/3 + δq)]
− sin[6π(p± 1/3 + δq)] cos[6π(p± 1/3 + δq)]

)
∼=
(

1 6πδq
−6πδq 1

)
(3.19)

Three turns can be considered as a unit of time when solving equations of slow extraction. This
is valid because 3 turns is much shorter than the typical spill time of about 106 turns.

If ε = 6πδq is de�ned as tune distance, the particles coordinates after three turns in an unper-
turbed machine are given by: (

X
X ′

)
3

∼=
(

1 ε
−ε 1

)(
X
X ′

)
0

(3.20)

Thus, a particle with the exact resonant tune would have ε = 0 and return to its initial
position every three turns.

The contribution of the sextupole during three turns is now added to the linear solution. To
calculate the e�ect of the sextupole as a perturbation, three terms are linearly added in the following
manner:
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• The e�ect of the three turns with a sextupole placed after the third turn,
(M3 + sextupole)

• The e�ect of the three turns with a sextupole placed after the second turn,
(M2 + sextupole + M1)

• The e�ect of the three turns with a sextupole placed after the �rst turn,
(M1 + sextupole + M2).

To add the terms in this manner is a small trick that leads to the Henon-Helios system [31], a
well studied problem. The equations of the particle's coordinates in the perturbed machine after
three turns are obtained after some manipulations [30]:

∆X = εX ′ +
3

2
SX0X

′

∆X ′ = −εX +
3

4
S
(
X2 −X ′2) (3.21)

The expressions of the change of the particle's coordinates after three turns can be treated as
the equations of motion derived from the Hamiltonian. Therefore, the Hamiltonian for the lattice
with a single sextupole is found by integrating the partial di�erentials:

∆X =
∂H

∂X ′

∆X ′ = −∂H
∂X

H =
ε

2

(
X2 +X ′2)︸ ︷︷ ︸

linear term

+
S

4

(
3XX ′2 −X3

)
︸ ︷︷ ︸
perturbation term

(3.22)

The Kobayashi Hamiltonian is time independent and therefore a constant of the motion. The
plot of this function, for constant values of H, creates maps of particle trajectories in normalized
phase space at the position of the sextupole.
The Hamiltonian consists of two parts. The �rst term describes particle motion in the linear
unperturbed machine (S=0). These trajectories are circles with the radius

√
2H/ε in normalized

space. The second term is the perturbation term. It is proportional to the sextupole strength and
distorts the circles. The trajectories for the linear and perturbative terms are plotted separately in
�gure 3.1 for di�erent values of H. It can be observed that there is no bounded motion for ε = 0.

When both contributions to the Hamiltonian are added it is observed that the quadratic terms
dominate near the origin, and the phase-space trajectories are approximately circular. Thus, this
corresponds to stable motion of the particles. Away from the origin the curves are distorted with
a three-fold symmetry. For H=(2ε/3)3/S2, the equation factorizes in three straight lines:

(
S

4
X +

ε

6

)(√
3X ′ +X − 4ε

3S

)(√
3X ′ −X +

4ε

3S

)
= 0 (3.23)

The three lines are known as the separatrices, and form an equilateral triangle which de�nes
the boundaries between stable and unstable regions in phase space. Finally, for H > (2ε/3)3/S2,
the phase-space trajectories open, leading to unstable motion of the particles.
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Figure 3.1: Left: trajectories in normalized phase space for the linear unperturbed term, cor-
responding to a linear machine (S =0). Right: trajectories in normalized phase space for the
perturbative term, with no contribution from the linear part, that corresponds to a particle on the
resonance (ε = 0).

If the apothem of the triangle de�ned by the three lines is called a, with a = 2
3
ε
S , the equations

of the separatrices are:

X = −a

− 1

2
X +

√
3

2
X ′ = a

1

2
X +

√
3

2
X ′ = a (3.24)

From the equations of the separatrices it can be seen that a change in sign of a (i.e. either S
or ε changes sign) is equivalent to a 180◦ rotation of the stable triangle around the origin or a
re�ection about the X ′ axis.

The separatrices have a direction in which particles move. This direction depends on the sign
of the sextupole strength S. The direction of the outgoing section of the upright separatrix is
always downwards for positive values of S and upwards for negative values.

The area of the stable triangle is constant along the ring and represents the maximum stable
emittance of the beam. It can be derived from the apothem of the triangle and rewritten in terms
of parameters with physical meaning, the tune distance and the sextupole strength:

Area of the triangle = π · stable emittance = 3
√
3a2 =

48
√
3π2

S2
(δq)2 (3.25)

3.2.1 Generalization of the model

To obtain the most general expressions for the separatrices, the model of Kobayashi has to
be generalized to o�-momentum particles and to an arbitrary number of sextupoles placed at
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Figure 3.2: Normalized phase space at the sextupole.

arbitrary positions along the ring.

In the model derived above it is assumed that the equilibrium orbit is coincident with the center
of the sextupole. However, the equilibrium orbit of the o�-momentum particles is displaced from
the origin by the product of the relative momentum deviation ∆p and the dispersion function at
the observation point. The normalized coordinates of a particle seen from the center of the magnet
are:

X = Xβ +Dn∆p

X ′ = X ′
β +D′

n∆p (3.26)

where Xβ , X
′
β are the coordinates of a particle that performs a betatron oscillation around an

orbit de�ned by the dispersion function. The kick from a sextupole on the o� centered equilibrium
orbit is then ∆X ′

β = SX2 = S (Xβ +Dn∆p)
2
. This yields a more general Hamiltonian that

includes a dispersion-dependent term:

H =
1

2
(ε− 3SDn∆p)

(
X2 +X ′2)+ S

4

(
3XX ′2 −X3

)
(3.27)

The dispersion dependent term a�ects only the circular part shifting the origin of the trajectories
in phase space. Much like the tune distance ε was the coe�cient of the unperturbed term in
Kobayashi's Hamiltonian, eq. 3.22, a modi�ed tune distance ε̃ can be de�ned for the generalized
Hamiltonian. The modi�ed tune distance can also be written, after some manipulations [30], in
terms of the chromaticity, which will prove suitable:

ε̃ = (ε− 3SDn∆p) = 6π(δq + ξ∆p) (3.28)

The separatrices are derived in the same manner as before, leading to the generalized expressions
for o�-momentum particles:
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X −Dn∆p = a

1

2
(X −Dn∆p)−

√
3

2
(X ′ −D′

n∆p) = a

1

2
(X −Dn∆p) +

√
3

2
(X ′ −D′

n∆p) = a (3.29)

where the apothem of the triangle is rede�ned to account for the o�-momentum particles:

a =
2

3

ε̃

S
(3.30)

Moreover, the expression for the area of the stable triangle is extended to:

Area of the stable triangle = 3
√
3a2 =

48
√
3π2

S2

(
δq + ξ∆p

)2

(3.31)

Up to now the model has only taken into account the e�ect of a single sextupole. Usually,
and this is also the case for SIS300, more than one sextupole are present in the lattice. In this
case the simplest approximation to the problem is to work with a virtual sextupole equivalent to
a combination of all the sextupoles of the machine. This virtual sextupole describes the e�ect on
the third order resonance, and therefore on the slow extraction problem, of all the sextupole �elds.
The strength and the phase advance of the virtual sextupole are:

S2
virt =

(∑
n

Sn cos(3ψx,n)

)2

+

(∑
n

Sn sin(3ψx,n)

)2

(3.32)

ψvirt =
1

3

∑
n Sn sin(3ψx,n)∑
n Sn cos(3ψx,n)

(3.33)

Finally, the expression of the separatrices is generalized to any observation point of the machine.
This is necessary as one could be interested in plotting the phase-space map at, for example, the
entrance of the septum for slow extraction studies.
The evolution of the separatrices around the machine is simply a clockwise rotation around the
equilibrium orbit by ∆ψ, the di�erence between the phase advance of the sextupole, ψvirt, and
the phase advance of the observation point, ψ0 [30]. In Kobayashi's model the observation point
was always situated at the sextupole yielding ∆ψ = 0. When the expression of the separatrices is
written in terms of ∆ψ, the most general expression for the separatrices is found:

(
X −Dn∆p

)
cos(∆ψ) +

(
X ′ −D′

n∆p

)
sin(∆ψ) = a(

X −Dn∆p

)
cos(∆ψ − 2π

3
) +

(
X ′ −D′

n∆p

)
sin(∆ψ − 2π

3
) = a(

X −Dn∆p

)
cos(∆ψ +

2π

3
) +

(
X ′ −D′

n∆p

)
sin(∆ψ +

2π

3
) = a (3.34)

These are simple linear equations. The three equations are essentially equal and di�er from
each other just in the orientation. Each separatrix is rotated 2π/3 or 120◦ from the others, forming
an equilateral triangle in normalized phase space. The stable triangle created in phase space by
the sextupoles can be analytically described in terms of physical parameters
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• The center of the triangle is shifted from the origin by the product of the dispersion
function and the momentum deviation.

• The area of the triangle or correspondingly the stable emittance, which are constant
along the ring, depend only on the sextupole strength S and the modi�ed tune distance ε̃

• The orientation of the triangle depends on the phase advance between the sextupole and
the observation point ∆ψ = ψ0 − ψvirt.

The jump length of the extracted particles

After a particle has become unstable, it starts moving on the outgoing part of one of the separa-
trices. As shown in section 3.2.1, all three separatrices are essentially equal, they simply exchange
their position from turn to turn. However, when analysing the extraction process, it is convenient
to consider the separatrices as geometrically �xed in phase space. Then, an unstable particle moves
out along a separatrix, one turn later it is on the next and after every third turn it returns to its
initial separatrix. After a certain number of turns, the particle amplitude has increased so much,
that the particle "jumps" into the electrostatic septum and is extracted.

The jump length of the particles entering the septum is quanti�ed introducing the variables
spiral step (∆R) and spiral pitch (∆R′). These two variables are the projection in the horizontal
and vertical axis of the phase space respectively, of the jump of the particles into the septum.
Starting from the change of the particle coordinates within three revolutions in the machine eq.
3.21, the expressions for the spiral step and pitch are derived from purely geometric arguments:

∆R =
[
ε2X2

ES +
9

16

S2X4
ES

cos2(θ)
+

3

2
εSX3

ES(3 sin
2(θ)− cos2(θ))

]1/2
∆R′ =

[
ε2X2

ES tan
2(θ) +

9

16
S2X4

ES

tan2(θ)

cos2(θ)
+

3

2
εSX3

ES sin
2(θ)(3 tan2(θ)− 1

]1/2
(3.35)

where XES is the normalized position at the entrance of the electrostatic septum and θ the
angle between the separatrix that heads towards the electrostatic septum and the horizontal axis.

For particles on the resonance (qpart = qres, ε = 0) this general expression is largely simpli�ed:

∆R =
3

4
|S| 1

cos θ
XES

∆R′ =
3

4
|S| tan θ

cos θ
XES (3.36)

3.2.2 The Hardt condition

The beam in an accelerator always has a certain momentum spread. Due to the chromaticity, eq.
2.45, those particles with a relative momentum di�erent from the design one will have a di�erent
tune. As the area of the stable triangle depends linearly on the tune distance from the resonance,
the particles with di�erent momenta have stable areas of di�erent sizes. The separatrices which
limit the triangles are in general not superimposed for triangles of di�erent sizes. This results in
separatrices reaching the septum with di�erent angles, as plotted in �gure 3.4 (left).

At a position in the machine where the dispersion is not zero, the stable triangles will be
shifted according to their momenta. With a �nite dispersion at the electrostatic septum this e�ect
can be used to superimpose all the extraction separatrices of triangles of di�erent momenta, thus
forcing all the particles to enter the septum with the same angle.
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Figure 3.3: Geometry of the jump length for a realistic stable triangle for the SIS300 extraction.
ε is negative, as the WP is situated below the resonance. The sign of S determines the direction
of the outgoing section of the separatrices

The Hardt condition is de�ned as the condition to arrange the separatrix geometry and set the
optics at the electrostatic septum such that the extraction separatrices for di�erent momenta are
superimposed.

From the general expression of the extraction separatrix:(
X −Dn∆p

)
cos(ψ0 − ψvirt + γ) +

(
X ′ −D′

n∆p
)
sin(ψ0 − ψvirt + γ) = a (3.37)

in which γ = −2π
3 , 0 or 2π

3 depending on the separatrix, it can be seen that it becomes
momentum-independent when the following condition, the Hardt condition, is ful�lled:

Dn cos(ψ0 − ψvirt + γ) +D′
n sin(ψ0 − ψvirt + γ) =

−4π

S
ξ (3.38)

Though the Hardt condition is a function of several parameters, most of them are �xed by the
geometry of the lattice and the position of the electrostatic septum. The horizontal chromaticity
ξ is the only parameter that can be adjusted to ful�ll the Hardt condition. This is achieved by
tuning the horizontal chromatic sextupoles.

The chromaticity that ful�lls the Hardt condition is denoted along this thesis as ξHardt.

Hardt condition at a position of zero dispersion

If the electrostatic septum is placed at a position where the dispersion function is zero, the center
of the stable triangle will be placed at the origin for all particles independent of their momenta,
according to 3.37. In this case it is not possible to shift the origin of the triangles to superimpose
the extraction separatrices. Therefore, the only possibility to have the same entrance angle at the
septum for all particles independent of their momentum, is that all triangles have exactly the same
size. To force all triangles to have the same size implies that the apothem has to be independent
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Figure 3.4: stable triangles for di�erent relative momenta. In the left plot the Hardt condition is
not ful�lled. In the right plot the Hardt condition is ful�lled; the center of the stable triangles are
shifted by the product (Dn∆p,D

′
n∆p) and the separatrices directed towards the septum overlap.

In blue ∆p = 0, in red ∆p < 0 and in green ∆p > 0.

of the momentum. This condition is only true if the modi�ed tune distance term is zero, and that
occurs only for a zero value of the chromaticity, according to 3.28.
The same conclusion is reached straightforwardly if the dispersion function is equalled to zero
in the Hardt condition, eq. 3.38. The left-hand-side of the equation is canceled and the Hardt
condition can only be ful�lled if the chromaticity is equal to zero.

3.3 General resonance excitation

The integer resonances of �rst and second order driven by dipole and quadrupole imperfections
were described in section 2.2.4. The description of the integer resonance of third order driven by
sextupole magnets was done in section 3.1.1 with the use of a perturbative approximation. The
perturbative approximation can be extended to higher order magnets and �eld errors, and also
to coupling resonances. The general expression of Hill's equation, with K(s) approximated to a
constant K to get a purely harmonic oscillation, in the presence of an nth order perturbation is
[26]:

u′′(s) +
(2πQ

L

)2
u(s) = kn−1

∑
K1+K2<n,N

anK1K2N xK1yK2 cos
(2πN

L
s
)

(3.39)

where u(s) stands either for the x or y transverse coordinates, and kn−1 is the n-pole gradient
which is used as the perturbation term. Using the perturbative approximation up to �rst order,
u(s) is expressed as:

u(s) = u0(s) + kn−1u1(s) +O(k2n−1) (3.40)

By replacing eq. 3.40 in eq. 3.41, separating the terms of the series and replacing the exactly
solvable problems in both transverse planes, it is �nally found:
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u′′1(s) +
(2πQ

L

)2
u1(s) =

∑
K̃1,K̃2,N

anK̃1K̃2N
cos
(2π
L

[K̃1Qx + K̃2Qy +N ]s
)

(3.41)

If eq. 3.41 is solved for the horizontal plane, u(s) = x(s), Q = Qx, the resonance condition
found by equalling the natural oscillator frequency to the resonant frequency is:

(K̃1 − 1)Qx + K̃2Qy = −N (3.42)

Equivalently, if eq. 3.41 is solved for the vertical plane, u(s) = y(s), Q = Qy, the resonance
condition is:

K̃1Qx + (K̃2 − 1)Qy = −N (3.43)

A general condition can be stated with A1 as the integer coe�cient of the horizontal tune and
A2 as the integer coe�cient of the vertical tune:

A1Qx +A2Qy = −N (3.44)

The sum of the tune coe�cients, |A1|+ |A2| = n, determines the order of the resonance. Thus,
resonances of order n are excited if the tune is set to Q = N/n or if the sum or di�erence of Qx
and Qy is equal to an integer N .

A tune diagram showing all resonances up to fourth order is plotted in �gure 3.5.
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Figure 3.5: Resonances up to the 4th order in the tune phase space. The axes qx, qy represent the
fractional part of the tunes.

An undesired consequence of the presence of sextupoles in a lattice is the excitation of other
"unwanted" resonances, di�erent from the third integer resonance needed for slow extraction. The
"unwanted" resonances are a cause of dynamic aperture reduction and beam loss.

The excitation of the resonances can be calculated by quantifying the coe�cients anK̃1K̃2N
.

This problem is typically faced in terms of a Hamiltonian, such that the perturbation in Hill's
equation are the equations of motion of the perturbed Hamiltonian H1:

u′′(s) +
(2πQ

L

)2
u(s) = −∂H1

∂u
(3.45)
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The derivation is not presented here. Instead it can be found in [28]. Only the result for the
perturbed Hamiltonian to �rst order, in terms of action-angle variables (Ix, Iy, ϕx, ϕy) and the
independent variable θ is presented:

H1 =
∑
jklm

hjklm I
j+k
2

x I
l+m

2
y ei{(j−k)(ϕx+Qxθ)+(l−m)(ϕy+Qyθ)} (3.46)

The terms hjklm are used to quantify the excitation of the resonances, and are called resonance
driving terms or Hamiltonian modes 1.

The indices of the expression for the driving modes jklm are related to the tune coe�cients of
eq. 3.44 as:

(j − k) = A1

(l −m) = A2 (3.47)

3.3.1 Resonance driving terms from perturbation theory up to �rst or-

der

In the case of the SIS300 lattice, the nonlinearities are caused only by normal sextupole magnets.
The general expression for the �rst order resonance driving terms generated by normal sextupole
magnets has the form:

hjklm ∝
Nsext∑
n

k2nlsβ
j+k
2

xn β
l+m

2
yn ei{(j−k)ψxn+(l−m)ψyn} (3.48)

The driving terms will ful�ll the constraint j + k + l +m = 3. There are �ve di�erent driving
terms of �rst order, which drive four di�erent resonances:

Qx h2100 = −1

8

Nsext∑
n=1

k2nlsβ
3/2
xn e

iψxn

3Qx h3000 = − 1

24

Nsext∑
n=1

k2nlsβ
3/2
xn e

i3ψxn

Qx h1011 =
1

4

Nsext∑
n=1

k2nlsβ
1/2
xn βyie

iψxn

Qx − 2Qy h1002 =
1

8

Nsext∑
n=1

k2nlsβ
1/2
xn βyie

iψxn−2ψyn

Qx + 2Qy h1020 =
1

8

Nsext∑
n=1

k2nlsβ
1/2
xn βyne

iψxn+2ψyn (3.49)

The expressions for the resonance driving terms, eq. 3.49, become more intuitive when the
driving terms are interpreted as sum of complex vectors or phasors, each of them representing one
of the sextupoles in the lattice:

hjklm ∝
Nsext∑
n

Vjklme
iϕjklm (3.50)

1Alternatively the expression of the resonance driving terms is derived using Lie algebra and transfer maps in
[3].
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where Vjklm is the length or modulus of the phasor, and ϕjklm is the complex phase:

Vjklm = k2nlsβ
j+k
2

xn β
l+m

2
yn

ϕjklm = (j − k)ψxn + (l −m)ψyn (3.51)

The phasors can be represented on a polar plot, gaining a graphical estimation of the resonance
excitation. A net complex vector can be calculated from the addition of the complex vectors from
all the sextupoles.

An example for the excitation of the third integer resonance 3Qx caused by two sextupoles is
shown in �gure 3.6. The two sextupoles have the same strength and are situated at symmetric
positions in the lattice, that is positions in which the optical functions are identical. In this case
both sextupoles have the same vector modulus. If these sextupoles are separated by a phase
advance of 2π the complex vectors would overlap in the polar plot. On the other hand if the phase
advance between the sextupoles is π they would be placed opposite in the polar plot.
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Figure 3.6: Polar plots showing the excitation of the driving mode h3000 due to two sextupoles
placed at symmetric points of the lattice, for three di�erent combinations of phase advances between
them.

In the case of the driving term h3000, the net complex vector corresponds to the virtual sextupole
which acts as the combination of all the sextupoles in the machine, eq. 3.33. Thus, in this case
the driving term can also be written as a function of the virtual sextupole:

h3000 = − 1

24
Svirte

i3ψx,virt (3.52)

3.3.2 Resonance driving terms from perturbation theory up to second

order

Sextupole magnets which excite �rst and third order resonances at �rst order of perturbation the-
ory, do excite second and fourth order resonances at second order of perturbation theory. The
physical explanation is the following: the trajectory oscillations due to the nonlinear kicks propa-
gate around the ring and do a�ect the kicks of other sextupoles.
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Most of the second order driving terms will not be used afterwards in this thesis and, therefore,
are only named in this section. The reason why most of them can be neglected in an optimization
is that the control of the �rst order driving terms is enough for indirectly controlling the second
order driving terms [28].

Eight of the second order modes drive the following six resonances:

2Qx, 4Qx, 2Qy, 4Qy, 2Qx − 2Qy, 2Qx + 2Qy

The three additional second order modes have no complex phase. These modes drive the
amplitude-dependent tune-shift which has a strong in�uence on the slow extraction, as will be
shown in chapter 6. These modes, also called detuning coe�cients have the expressions:

αxx =− 1

16π

∑
i

∑
j

(k2ls)i(k2ls)jβ
3/2
xi β

3/2
xj

[
3 cos(|ψi→j,x| − πQx)

sin(πQx)
+

cos(|3ψi→j,x| − 3πQx)

sin(3πQx)

]

αxy =
1

8π

∑
i

∑
j

(k2ls)i(k2ls)jβ
1/2
xi β

1/2
xj βyiβyj

[
2 cos(|µi→j,x| − πQx)

sin(πQx)

− cos(|ψi→j,x + 2ψi→j,y| − π(Qx + 2Qy))

sin[π(Qx + 2Qy)]
+

cos(|ψi→j,x − 2ψi→j,y| − π(Qx − 2Qy))

sin[π(Qx − 2Qy)]

]

αyy =− 1

16π

∑
i

∑
j

(k2ls)i(k2ls)jβ
1/2
xi β

1/2
xj βyiβyj

[
4 cos(|µi→j,x| − πQx)

sin(πQx)

− cos(|ψi→j,x + 2ψi→j,y| − π(Qx + 2Qy))

sin[π(Qx + 2Qy)]
+

cos(|ψi→j,x − 2ψi→j,y| − π(Qx − 2Qy))

sin[π(Qx − 2Qy)]

]
(3.53)

where the indices i, j run over all the sextupoles, resonant and chromatic, in the lattice.

The tune can be written as a sum of the ideal tune Q0, that is the tune of a particle at the
origin, with x = y = 0, plus a tune shift ∆Q. The tune shift, in each plane, is a function of the
horizontal and vertical single-particle emittances εx and εy, respectively:

Qx =Qx0 +∆Qx = Qx0 + αxxεx + αxyεy

Qy =Qy0 +∆Qy = Qy0 + αxyεx + αyyεy (3.54)

The single-particle emittances are scaled by the detuning coe�cients. The detuning coe�cient
αxy couples the horizontal and vertical planes and is called the coupling coe�cient. If the coupling
coe�cient is much bigger than the other detuning coe�cients, then those particles with the biggest
vertical amplitudes would su�er the biggest horizontal detuning and vice versa.

An example is shown in �gure 3.7, in which the contribution from αxx, αyy is neglected assuming
αxy ≫ αxx, αyy. A particle with no horizontal amplitude (εx = 0) and increasing vertical amplitude
(↑ εy), will feel an increasing distortion in horizontal tune Qx = Qx0 + αxyεy, while the vertical
tune stays ideal Qy = Qy0. In tune space this corresponds to a horizontal excursion from the
working point WP . The larger detuning coe�cients provoke the larger excursions from the WP ,
thus increasing the chances to cross an excited resonance, which may generate beam loss.
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Redesign of the SIS300 synchrotron

for slow extraction





Chapter 4

Rearrangement and optimization of

the SIS300 lattice

The initial lattice for the SIS300 synchrotron was not optimal for resonant slow extraction. On the
contrary, it was impossible to resonantly extract particles with non-zero vertical amplitudes. This
happened even without the in�uence of �eld errors, which are severe in superconducting magnets.
For this reason the SIS300 synchrotron lattice had to be redesigned. The goal was to ensure a high
e�ciency slow extraction for a lattice with ideal magnets. Afterwards, it would be easier to deal
with the e�ects caused by the �eld errors of the superconducting magnets.

In this chapter, the results of the redesign process are presented. Some basic concepts on lattice
design are initially introduced. The initial lattice is presented and brie�y discussed. Then, four
alternative lattices are considered. One of them, which was designed as a compromise between the
design theory and the project constraints, will be used for optimizing the slow extraction.

4.1 Basic concepts on lattice design

To control the nonlinearities caused by the sextupoles during the slow extraction it is convenient
to separate the tasks of the resonant and chromatic sextupoles. To this end, it is useful to:

• Suppress the dispersion function in the straight sections, where the resonant sextupoles are
situated. To ful�ll the Hardt condition in dispersion-free straight sections implies to correct
the chromaticity ξHardt to zero.

• Create ideal phase advances between the di�erent sextupole magnets, such that the resonance
driving modes are enhanced or canceled depending on the resonance.

The means to satisfy these two requests are treated in more detail in the following two subsections.

4.1.1 Dispersion-free straight sections

The sextupoles placed in dispersion-free straight sections do not generate chromaticity, as was
shown in eq. 3.13. For this reason, in order to separate the tasks of the di�erent types of sextupole
magnets, it is useful to have dispersion-free straight sections where to place the resonant sextupoles.

The dispersion is caused by the dipole magnets and focused by the quadrupole magnets. To
create dipersion-free straight sections, the dispersion is suppressed at the exit to an arc with the
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use of a matching insertion, so it remains zero through the following straight section until the
next dipole magnet. A scheme of the betatron and dispersion functions in the periodic arc and
the straight section is represented in �gure 4.1. The matching insertion is situated in between
the periodic arc and the straight section, and it is designed such that matches the betatron and
dispersion function on both ends.

Figure 4.1: Scheme of the beta and dispersion functions in the periodic arc and the straight section
of a lattice.

The simplest matching insertion is created with the use of several families of quadrupoles, which
focus the dispersion to zero at the entrance of the straight section and match the Twiss functions to
the values at the arc end. In a FODO lattice the dispersion can be suppressed in alternative ways,
which do not interrupt the cadence of the quadrupoles. The principal methods are the half-bend
suppressor and the missing magnet suppressor. Alternative lattice proposals to the initial lattice,
build following the above mentioned dispersion suppressors will be presented in section 4.3.

4.1.2 Sextupole patterns

The positions of the sextupoles in the lattice, their gradients and the phase advances between them
determine the excitation of the resonances. The general expression of the resonance driving terms
caused by the sextupoles was discussed in section 3.3 and has the form:

hjklm ∝
Nsext∑
n

k2nβ
j+k
2

xn β
l+m

2
yn︸ ︷︷ ︸

Vjklm

ei{(j−k)ψxn+(l−m)ψyn}︸ ︷︷ ︸
eiϕjklm

(4.1)

where Vjklm and ϕjklm can be considered as the modulus and the phase of a phasor which
represents the nth sextupole. The values of the moduli and the phases for all of the resonance
driving modes of 1st order are compiled in table 4.1. The excitation of the resonances is easily
evaluated using the graphical phasor method described in the section 3.3.1.
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Table 4.1: Moduli and phases of all resonance driving modes for the n sextupole

h2100 h3000 h1011 h1020 h1002

Vjklm k2nβ
3/2
xn k2nβ

3/2
xn k2nβ

1/2
xn βyn k2nβ

1/2
xn βyn k2nβ

1/2
xn βyn

ϕjklm ψxn 3ψxn ψxn ψxn + 2ψyn ψxn - 2ψyn

There are di�erent strategies that can be used to cancel the excitation of all resonances. These
strategies should be applied for the chromatic sextupoles, as their e�ect on the resonance excitation
should be none.
On the other hand, in the case of slow extraction the excitation of the third integer resonance
3Qx up to a certain value is needed. This excitation is provoked by the resonant sextupoles and,
therefore, they should be placed following a di�erent pattern, such as to excite the third integer
resonance while keeping the excitation of any other resonance low.

Ideal sextupole patterns to cancel all the resonances

Two straightforward methods to cancel all the high order e�ects driven by the sextupoles are
presented. These methods are only valid when all the sextupoles of the same family have the same
gradients and are placed at symmetric positions in the lattice, i.e. positions with equal values of
the beta and the dispersion functions. In this case, all the sextupoles have the same moduli Vn
and contribute equally to the resonance excitation.

Two sextupoles with the same moduli Vjklm cancel each others higher order e�ects if the
phase advance between them is ∆ψ = 180◦. That is, a pair of sextupoles separated half-a-betatron
oscillation do not generate a net excitation of any resonance. It is convenient to have phase advances
per FODO cell of 90◦ or 60◦ to pair the sextupoles with a phase advance of ∆ψ = 180◦. In those
cases, the sextupoles of the same family should be placed at symmetric positions, separated by 2
or 3 FODO cells, respectively. In this case, the phase advance between sextupoles which belong to
di�erent pairs is irrelevant.

In �gure 4.2 two examples of the cancelation of the modes h2100 and h3000 by a sextupole pair
are represented using the phasors method. The cancelation works as well for the rest of the �rst
order modes of perturbation theory. This is shown in table 4.2 where the driving modes caused
by this sextupole pattern are listed.

Table 4.2: Driving terms caused by 2 resonant sextupoles with ∆ψx,y = π = 180◦

h2100 h3000 h1011 h1020 h1002

sext. 1 ϕ1=0 ϕ1=0 ϕ1=0 ϕ1=0 ϕ1=0
sext. 2 ϕ2=π ϕ2=3π≡π ϕ2=π ϕ2=π+2π≡π ϕ2=π-2π≡π
virtual sext. Vvirt=0 Vvirt=0 Vvirt=0 Vvirt=0 Vvirt=0

The other cancelation method makes use of the lattice periodicity, as described in [32]. In this
case the high order e�ects are not canceled by pairs of sextupoles but, instead, by all the sextupoles
within a sector.
If each of the synchrotron sectors has N FODO cells, and each cell has a sextupole of the same
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Figure 4.2: Cancelation of the resonances Qx and 3Qx achieved by grouping in pairs all the
sextupoles (3 pairs in this example) with phase advances of 180◦. The three pairs have di�erent
moduli to show all phasors even when superimposed.

family, then the horizontal and vertical phase advances per FODO cell have to be chosen such that:

1

2π
N∆ψx = n, n = integer

1

2π
2N∆ψy = m, m = integer (4.2)

In the case of SIS300 the number of FODO cells per sector is N = 7. Therefore the suitable
phase advances would be ∆ψx = 51.43◦, 102.86◦, 154.29◦, . . . and ∆ψy = 25.71◦, 51.43◦, 77.14◦,
102.86◦, . . . .
An example of the resonance cancelation using the lattice periodicity is shown in �gure 4.3 for the
modes h2100 and h3000. The cancelation works as well for the rest of the 1st order modes of the
perturbation theory: h1101, h1020 and h1002.
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Figure 4.3: Cancelation of the resonances Qx and 3Qx achieved making use of the periodicity of
the lattice, by placing one sextupole in each of the N=7 FODO cells of a sector, and adjusting the
phase advances such that ψx = 1

2π
2
N = 102.86◦ and ψy = 1

2π
4

2N = 102.86◦.

There is an additional method to cancel all resonances excitation making use of the lattice
periodicity. In this case, instead of canceling the high order e�ects within a sector, the periodicity
of the full lattice or superperiodicity is used. The sextupoles have to be placed in symmetric
positions in each sector or superperiod. The superperiodicity for the SIS300 lattice is N = 6.
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Ideal sextupole patterns for slow extraction

The goal of the resonant sextupoles is to excite the third integer resonance, driven by the mode
h3000, while keeping the other driving modes at zero. Unfortunately no ideal sextupole pattern
exists for the resonant sextupoles in which these goals are ful�lled simultaneously.

Often, a horizontal phase advance ∆ψx = 120◦ is used. With this phase advance the mode
h3000 is excited and, simultaneously, the modes h2100 and h1011 are canceled, as shown in �gure
4.4. If the vertical phase advance would be chosen as ∆ψy = 120◦, then the mode h1020 would also
be canceled. Unfortunately the mode h1002 would be strongly excited. If, instead, ∆ψy = 60◦ the
opposite situation would be found, with a zero excitation of h1002 and a strongly excited h1020.
Any other value of ∆ψy would excite both modes, but only partly.

The resonance driving modes are presented for the cases ∆ψy = 120◦ and ∆ψy = 60◦ in the
tables 4.3 and 4.4, respectively.

30

210

60

240

90

270

120

300

150

330

180 0

30

210

60

240

90

270

120

300

150

330

180 0

h
3000

 (3Q
x
)h

2100
 (Q

x
)

Figure 4.4: Cancelation of the resonance Qx and excitation of the 3Qx achieved using 3 sextupoles
separated by 120◦.

Nevertheless, some actions can be taken to reduce the excitation of the undesired resonances
or to reduce their e�ects:

• Put the resonant sextupoles where βx is maximum and βy minimum. In this manner the

phasor modulus is bigger for the mode h3000, proportional to β
3/2
x , than for the modes h1002

and h1020, proportional to β
1/2
x · βy.

• Use di�erent sextupole families. This implies that the gradients, k2, of the independently
powered sextupoles can be di�erent. The lengths of the phasors are proportional to k2.
Therefore, the phasor modulus of the sextupoles from di�erent families will be di�erent and
can be adjusted to enhance or cancel the di�erent resonances. The bigger the number of
families the more degrees of freedom to play with.

• Place the working point far away of those unwanted resonances which cannot be canceled.
In this manner, even if those resonances are excited the e�ect on the beam is minimized and
may be negligible.
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Table 4.3: Driving terms caused by 3 resonant sextupoles with ∆ψx = ∆ψy = 2π
3 = 120◦

h2100 h3000 h1011 h1020 h1002

sext. 1 ϕ1=0 ϕ1=0 ϕ1=0 ϕ1=0
sext. 2 ϕ2=

2π
3 =120

◦ ϕ2=3
2π
3 =2π =h21000 ϕ2=

2π
3 +2

2π
3 =2π ϕ2=

2π
3 -2

2π
3 ≡240◦

sext. 3 ϕ3=
4π
3 =240

◦ ϕ3=3
4π
3 ≡ 2π ϕ3=

4π
3 +2

4π
3 ≡2π ϕ3=

4π
3 -2

4π
3 ≡120◦

virtual Vvirt=0 Vvirt=3V30000 Vvirt=0 Vvirt=3V10200 Vvirt=0
sext. ϕvirt=2π ϕvirt=2π

Table 4.4: Driving terms caused by 3 resonant sextupoles with ∆ψx = 2π
3 = 120◦, ∆ψy = π

3 = 60◦

h21000 h3000 h1011 h1020 h1002

sext. 1 ϕ1=0 ϕ1=0 ϕ1=0 ϕ1=0
sext. 2 ϕ2=

2π
3 =120

◦ ϕ2=3
2π
3 =2π =h21000 ϕ2=

2π
3 +2

π
3≡240

◦ ϕ2=
2π
3 -2

π
3=0

sext. 3 ϕ3=
4π
3 =240

◦ ϕ3=3
4π
3 ≡ 2π ϕ3=

4π
3 +2

2π
3 ≡120◦ ϕ3=4π

3 -2
2π
3 =0

virtual Vvirt=0 Vvirt=3V30000 Vvirt=0 Vvirt=0 Vvirt=3V10020
sext. ϕvirt=2π ϕvirt=2π

4.2 Original lattice of SIS300

A color code for the di�erent accelerator magnets, which will be used in all lattices, is introduced
in �gure 4.5.

Figure 4.5: Color code for the di�erent accelerator magnets, which will be used in all lattices.

The working point initially planned for SIS300 was Qx = 13.31, Qy = 9.27, represented on the
tune diagram in �gure 4.24, on page 74. This working point corresponds to a phase advance per
FODO cell of ψx = 114.09◦, ψy = 79.46◦. The horizontal tune was chosen close to the third integer
resonance 3Qx = 13, which was excited to resonantly extract the beam.

The dispersion function for the initial lattice took positive and negative values and was
non-zero in the straight sections. The beta and the dispersion functions are shown in �gure 4.7.
The Twiss calculations have been realized with the code Elegant, which is described in detail in
the section 6.2.1.

A scheme of one sector of the initial SIS300 lattice is represented in �gure 4.6. As shown,
four chromatic sextupoles are placed in the arc of each sextant. The two horizontal chromatic
sextupoles are positioned in front of focusing quadrupoles and the two vertical chromatic sex-
tupoles in front of defocusing quadrupoles. The two resonant sextupoles per sextant are situated
at the end of the arc sections between the short dipoles and the neighboring defocusing quadrupoles.
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Figure 4.6: Scheme of 1 sector of the lattice initially proposed for SIS300.
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Figure 4.7: Betatron and dispersion functions for one sector of the initial lattice of SIS300.

The phase advances between the sextupoles are listed in table 4.5. For the phase advances
between the chromatic sextupoles, the contribution to the resonance excitation by sextupole pairs
or by sextupoles within a sector is not canceled. Nevertheless, as all chromatic sextupoles of the
same family are placed in symmetric positions, the lattice superperiodicity leads to a relative weak
excitation of resonances. This is not true for the resonant sextupoles as they are not situated in
symmetric points of the lattice, i.e. the phase advance between them is not an integer number of
FODO cells.

The consequences for these sextupole positions are the following:

• In front of the focusing quadrupoles, where the horizontal chromatic sextupoles are placed,
βx is quasi maximum and βy quasi minimum. And vice versa in front of the defocusing
quadrupoles, where the vertical chromatic sextupoles are placed. Thus, the coupling between
the horizontal and vertical planes is minimized.
The chromatic sextupoles are situated where the dispersion function is largest. Thus, a
smaller gradient is needed for the chromaticity correction. The gradient of the horizontal
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Table 4.5: The phase advance between sextupoles placed in the same sextant/ in neighboring
sextants, for the initial SIS300 design

.

∆ψ [FODO cells] ∆ψx [◦] ∆ψy [
◦]

SCH 2 / 5 230 / 208 156 / 39
SCV 3 / 4 342 / 92 239 / 317
SR ∼ 1.5 / ∼ 5.5 257 / 182 168 / 28

chromatic sextupoles is chosen to fully match the Hardt condition.
As the phase advances between the chromatic sextupoles do not follow the sextupole patterns
which cancel the excitation of all resonances, they contribute to the resonance excitation in
a non-negligible manner, as shown in �gure 4.8.

Figure 4.8: Resonance excitation generated by the chromatic sextupoles in the initial lattice

• The resonant sextupoles are placed close to the defocusing quadrupoles, where βx is minimum
and βy is maximum. Thus, the modes h1002 and h1020 which drive coupling resonances and

are proportional to β
1/2
x βy are more excited than the mode h3000, proportional to β

3/2
x , for

slow extraction. The same occurs for the coupling term of the amplitude-dependent tune

shift, αxy ∼ (β
1/2
x βy)

2 compared to αxx ∼ (β
3/2
x )2 The dispersion function at the positions

of the resonant sextupoles is di�erent from zero. Therefore, they contribute to the total
chromaticity. The only manner to avoid the contribution from the resonant sextupoles to
the total chromaticity is to use di�erent families of sextupoles and choose their gradients
in order to cancel this contribution. This was done with the use of 6 families of resonant
sextupoles for the initial SIS300 lattice. The corresponding gradients are listed in appendix
B. For these gradients the coupling resonances are strongly excited. As shown in �gure 4.9,
the resonance Qx + 2Qy is excited a factor 6 stronger than the resonance 3Qx used for slow
extraction. The excited resonances which pass close to the working point are a dangerous
source of dynamic aperture reduction and beam loss. The consequences of this resonance
excitation will be analyzed in chapter 6.

A top view of the original lattice, also called initial lattice, is shown in �gure 4.10 superposed
over the SIS100 lattice. The geometrical shape of this lattice follows the shape of the SIS100, with
a maximum lateral deviation smaller than 0.015 m.
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Figure 4.9: Resonance excitation generated by the chromatic and resonant sextupoles in the initial
lattice.

Grid size  40.00 [m]

Figure 4.10: Top view of the original linear lattice (red) superposed over the SIS100 lattice (blue).
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4.3 Alternative lattice proposals for SIS300

With the use of the basic concepts on lattice design, some alternative lattices are proposed and
discussed in this section.
The FODO structure of the lattice has been conserved in the redesign process, as well as the main
parameters of the accelerator magnets �lengths, bending radius, maximum �elds, etc.� listed in
table 1.3. The goal is to design an alternative lattice from the same initial building blocks with a
higher slow extraction e�ciency. To this end, the building blocks will be re-positioned and their
gradients varied, always within the speci�cation limits [16], [17].

4.3.1 Proposal 1: a lattice with many quadrupole families

The �rst lattice proposal conserves the initial dipole structure, which was chosen to match the
geometry of the SIS100 synchrotron, and, therefore to �t inside the tunnel, as shown in �gure 4.10.
To suppress the dispersion in the straight section, two quadrupole families are needed to adjust the
tune to a given working point (Qx, Qy) and six additional quadrupole families are used to match
the Twiss and the dispersion functions between the arc and the straight section. That is, to ful�ll
the following conditions:

αx,arc = αx,straight; αy,arc = αy,straight

βx,arc = βx,straight; βy,arc = βy,straight

Darc = D′
arc = 0 (4.3)

where the subindices arc and straight correspond to those positions in the lattice at the end of
the periodic arc and at the beginning of the straight section, as marked in �gure 4.1.

The advantages of this kind of dispersion suppressor are:

+ It is very �exible as it can be used for an arbitrary phase advance per FODO cell.

+ It does not change the ring geometry, as no dipoles are moved or their strengths changed.

On the other hand it has the disadvantages that:

− Each quadrupole family requires a separate power supply. Therefore, for the use of this
dispersion suppressor at least 6 additional power supplies are necessary. This makes the
solution expensive.

− This solution is not valid for small rings with many straight sections, as the quadrupole
gradients are not independent variables. That is, the tune depends on the gradients of
all quadrupole families, and not only of the two families used to match the tune. Thus, the
number of quadrupole magnets used for tune selection has to be big enough, compared to the
number of quadrupoles needed to match the dispersion suppressor, to ensure the possibility
of tuning the lattice to any working point without provoking a mismatch of the dispersion
and beta functions.

The matching of the di�erent quadrupole gradients for the SIS300 lattice was done using the
program Elegant. It was possible to �nd a matched solution to create six dispersion-free straight
sections on the SIS300 lattice with the initial dipole layout. The working point for this matched
solution with a perfect dispersion-free straight sections was found to be Qx = 10.36, Qy = 10.28.

A scheme of one sector of the modi�ed lattice with the di�erent quadrupole families is shown in
�gure 4.11. The suppressed dispersion and the matched beta functions for this design are plotted
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in �gure 4.12. The quadrupole gradients used in this lattice are listed in table 4.6, together with
the corresponding phase advance per FODO cell, tunes, and natural chromaticities.

Table 4.6: Lattice linear parameters for proposal 1

plane ψFODO [◦] Q ξnat

horizontal 88.8 10.36 -12.95
vertical 88.1 10.28 -12.59

k1(QF)
[m−2]

k1(QD)
[m−2]

k1(QF1)
[m−2]

k1(QF2)
[m−2]

k1(QF3)
[m−2]

k1(QF4)
[m−2]

k1(QD1)
[m−2]

k1(QD2)
[m−2]

0.1112 -0.1101 0.1036 0.1104 0.1105 0.1202 -0.1078 -0.1086

Unfortunately, when a working point more suitable for slow extraction (Qx=10.32, Qy=10.14)
is forced, the beta and the dispersion functions result mismatched. The mismatch is small and
the e�ect on the dispersion function is shown in �gure 4.13.

Due to the small mismatch at the slow extraction working point, this proposal is not ideal.
Moreover, the mismatch is extremely sensitive to the accuracy with which the quadrupole gradients
are included in the lattices. Additionally, because a total of eight quadrupole power supplies would
be needed, the implementation of this solution would be expensive. Therefore, this �rst proposal
is discarded even before the inclusion of the sextupole magnets is studied.

4.3.2 Proposal 2: the half-bend lattice

The half-bend suppressor consists of n FODO cells at the end of the arc, which are identical to
the arc cells except for the strength of the dipoles.

In a regular FODO arc the dispersion function makes a small amplitude oscillation around the
maximum and minimum values of the dispersion, determined by the bending angle, α, of the dipole
magnet. If the dipole �eld is reduced or removed, the dispersion function becomes mismatched
and starts to oscillate about a new equilibrium position. If the �eld is reduced to half its value,
then the dispersion will swing towards its new equilibrium, half of the original value, overshoot
and reach zero. This will occur in half a betatron oscillation. If the dipoles are completely re-
moved downstream the point where the dispersion reaches zero, it will then remain matched to zero.

To ful�ll the conditions of equation 4.3 and produce a dispersion-free straight section it is
necessary that:

αs =
αa
2

nψ = kπ; with k = 1, 3, . . . (4.4)

where αa and αs refer to the bending angles of the dipoles in the arc or in the suppressor
section, respectively. The bending angle of a dipole is equivalent to its integrated gradient, i.e.
α = k0L = L

ρ . To have a dipole bending angle in the straight sector that is half the value the
bending angle in the regular arc, dipoles with half length can be used.

The matching conditions have been derived from the transfer matrices for the FODO cells of
the arc and the suppressor section. However, the detailed derivation is lengthy and it will not be
presented here, but it can be found in [33].
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Figure 4.11: Scheme of one sector of SIS300 with the di�erent quadrupole families needed to
suppress the dispersion in the straight section. The position of observation points where the
matching conditions are imposed are marked.

10

20

30

40

50

b
e
ta

 f
u
n
c
ti
o
n
s
 [

m
]

β
x
 (m)

β
y
 (m)

0 20 40 60 80 100 120 140 160 180

0

1

2

3

4

5

6

7

8

s [m]

D
x
 [

m
]

horizontal dispersion Dx

Figure 4.12: Dispersion suppressor in SIS300 created using several families of quadrupoles.

If the phase advance per FODO cell is ψ = 60◦, then n=3 FODO cells with half length dipoles
are necessary between the arc and the straight section. If the phase advance per FODO cell is
ψ = 90◦, then n = 2 FODO cells with half length dipoles are needed.

The advantages of this scheme are:

+ No individually powered quadrupoles are used, therefore no additional power supplies are
needed.

+ No additional aperture requirements.
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Figure 4.13: Distortion of the dispersion when forcing a certain tune, which is needed for slow
extraction.

And the disadvantages:

− Works only for certain values of the phase advance per FODO cell.

− Requires special dipoles with half the regular length.

− Changes the ring geometry, as the dipole structure of the lattice is changed.

To redesign the SIS300 lattice including a half-bend dispersion suppressor, the phase advance
per FODO cell is tuned to 90◦. Then, in order to match the dispersion, half-length dipoles are
placed in the 2 consecutive FODO cells upstream and downstream the straight section.

A scheme of one sector of the modi�ed SIS300 is shown in �gure 4.14. The suppressed dispersion
and the corresponding beta functions for this design are plotted in �gure 4.15. The quadrupole
gradients used in this half-bend lattice are listed in table 4.7, together with the corresponding
phase advance per FODO cell, tunes, and natural chromaticities.

Table 4.7: Lattice linear parameters for proposal 2

plane k1 [m−2] ψFODO [◦] Q ξnat

horizontal 0.1097 90 10.5 -13.38
vertical -0.1097 90 10.5 -13.38

Once the linear lattice is designed, the next step is to reposition the sextupoles in this lattice.

The chromatic sextupoles have to be placed where the dispersion and the betatron functions,
βx for the horizontal and βy for the vertical chromatic sextupoles, have maximum values. By this
means the e�ect of the chromaticity sextupoles is maximized. These conditions are ful�lled when
the horizontal and vertical chromatic sextupoles are placed just behind focusing and defocusing
quadrupoles, respectively. Moreover, the chromatic sextupoles have to be placed with certain phase
advances between them, to cancel their contribution to the resonance excitation, as previously
explained in section 4.1.2. Because this lattice has ψFODO = 90◦, the simplest solution to resonance
cancelation is to group the sextupoles in pairs. The pairs are situated in symmetric points of the
lattice separated by two FODOs, thus with a phase advance between them of ∆ψ = 180◦.
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Figure 4.14: Scheme of one sector of SIS300 with a half-bend dispersion suppressor for a phase
advance per FODO cell of ψ = 90◦.
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Figure 4.15: Betatron and dispersion functions for one sector of SIS300 with a phase advance per
FODO cell of ψ = 90◦ and a half-bend dispersion suppressor.

On the other hand, the resonant sextupoles are situated in dispersion-free straight sections. To
optimize the excitation of the third integer resonance and simultaneously avoid the excitation of
other undesired resonances, di�erent families of resonant sextupoles are used. Their gradients have
to be chosen using an optimization algorithm.

The positions chosen for the sextupoles in this half-bend lattice are shown over two sectors in
�gure 4.16.

The tasks of the chromatic and resonant sextupoles are completely separated in this design.
The correction of the chromaticity does not provoke resonance excitation and, vice versa, the exci-
tation of the third integer resonance does not create chromaticity. However, the tunes Qx = 10.5,
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Qy = 10.5 cannot be used as the working point for slow extraction. Instead Qx should be moved
closer to a third integer resonance, e.g. Qx = 10.32, which would slightly a�ect the task separation.

This lattice seems, at a �rst sight, an excellent alternative to the initial design of SIS300
due its simplicity and perfect performance. Unfortunately, this lattice proposal does not follow
precisely the shape of the SIS100 synchrotron, which de�nes the shape of the tunnel in which both
synchrotrons are hosted. The maximum deviation from the half-bend lattice to the SIS100 lattice
is of 2.7 m, when both rings are centered in the middle of an arc. A top view of the half-bend
lattice is sketched in �gure 4.17 superposed over the SIS100 lattice. This lattice does not �t in the
tunnel in which the machine has to be installed. Therefore, the proposal 2 is not acceptable.

4.3.3 Proposal 3: the missing magnet lattice

The missing magnet suppressor can be qualitatively explained following the behavior of the dis-
persion function:

If the dipoles are completely removed over m FODO cells, the dispersion function is mis-
matched and has an equilibrium value equal to zero. The dispersion function starts to oscillate
about this value and swings downwards. If left, it will overshoot to an equal negative value half
a wavelength later. But if an number n of regular FODO cells are now inserted into the lattice a
quarter of a wavelength later, the dispersion can be given a kick that reduces D′ to zero at the
instant in which D = 0.

The conditions that need to be ful�lled to create a missing magnet dispersion suppressor are:

2m+ n

2
ψ = (2k + 1)

π

2

sin(
n

2
ψ) =

{
1
2 , k = 0, 2, . . .

−1
2 , k = 1, 3, . . .

(4.5)

The matching conditions can be derived from the transfer matrices, see [33], but this will not be
done explicitly here.

If the phase advance per FODO cell is ψ = 60◦, then m = 1 FODO cell without dipoles,
followed by n = 1 regular FODO cell placed between the regular arc and the straight section
produces a dispersion-free straight section.

The advantages and disadvantages are the same as for the half-bend suppressor, except that
for a missing magnet suppressor with ψ = 60◦ no half-length dipole magnets have to be built.

To redesign the SIS300 lattice including a missing magnet dispersion suppressor, the phase
advance per FODO cell is tuned to 60◦. Then, in order to match the dispersion, a regular FODO
cell, equivalent to the cells in the regular arc, is placed upstream and downstream the straight
section. This regular FODO cell is immediately followed by a FODO cell that hosts no dipoles.
A scheme of one sector of the modi�ed SIS300 is shown in �gure 4.18. The suppressed dispersion
and the corresponding beta functions for this design are plotted in �gure 4.19. The quadrupole
gradients used in this missing magnet lattice are listed in table 4.8, together with the corresponding
phase advance per FODO cell, tunes, and natural chromaticities.

The repositioning of the sextupoles in this missing magnet lattice is done following the same
rules as previously explained for the half-bend lattice. The horizontal and vertical chromatic
sextupoles are placed just behind the focusing and defocusing quadrupoles, respectively. To avoid
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Figure 4.16: Scheme of two sectors of the proposed lattice 2. The chromatic sextupoles do not
contribute to the resonance excitation as they are paired with ∆ψ = 180◦. The resonant sextupoles
are placed in dispersion-free straight sections and do not generate chromaticity.

Grid size  40.00 [m]

Figure 4.17: Top view of the half-bend linear lattice (red) superposed over the SIS100 lattice
(blue).
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Table 4.8: Lattice linear parameters for proposal 3

plane k1 [m−2] ψFODO [◦] Q ξnat

horizontal 0.0776 60 7 -7.73
vertical -0.0776 60 7 -7.73

Figure 4.18: Scheme of one sector of SIS300 with a missing magnet dispersion suppressor for a
phase advance per FODO cell of ψ = 60◦.
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Figure 4.19: Betatron and dispersion functions for one sector of SIS300 with a phase advance per
FODO cell of ψ = 60◦ and a missing magnet dispersion suppressor.

any resonance excitation they are grouped in pairs separated by 180◦. This implies, for this
design, a separation of three FODO cells, as the phase advance per FODO is 60◦. The resonant
sextupoles are placed in the straight section where the dispersion function has zero value. The
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Table 4.9: Lattice linear parameters for proposal 4

plane k1 [m−2] ψ [◦] Q ξnat

horizontal 0.1017 79.9 9.32 -10.57
vertical -0.0994 78.3 9.14 -10.72

positions chosen for the sextupoles in this missing magnet lattice are shown over two sectors in
�gure 4.20.

The tasks of the chromatic and resonant sextupoles are also completely separated in this
design. However, as it happened for the half-bend lattice, the tunes Qx = 7, Qy = 7 cannot
be used as the working point for slow extraction. Instead Qx should be moved closer to a third
integer resonance, e.g. Qx = 7.32, which would slightly a�ect the task separation.

As in the previous lattice, the missing magnet lattice seems again an excellent alternative at
�rst sight. The lattice is simple and the dispersion suppressor is easy to implement, though in this
case the maximum of the dispersion function is almost twice the previous value.

A top view of the missing magnet lattice is sketched in �gure 4.21 superposed over the SIS100
lattice. The shape of the ring is round and does not match the hexagonal shape of the SIS100
synchrotron. The maximum displacement between the SIS100 lattice and the missing magnet
lattice is 4.6 m. This implies this lattice would not �t inside the tunnel. Therefore, the lattice
proposal 3 is not acceptable, either.

4.3.4 Proposal 4: a compromise lattice

A 4th and �nal lattice proposal is created. This lattice:

• conserves the initial dipole structure, in order to match the geometry of the SIS100 syn-
chrotron;

• uses the minimum number of quadrupole families which can lead to an approximate suppres-
sion of the dispersion in the straight sections.

In other words, this lattice is a result of di�erent compromises accepted between the lattice de-
sign concepts and the project constraints. These constraints are the tunnel geometry and the costs.

For the used non-standard dipole layout, which is the initial dipole layout, the dispersion can
be partly suppressed with the use of non-standard phase advances per FODO cell. A working
point of Qx = 9.32, Qy = 9.14, which is usable for slow extraction, is found to generate a
dispersion function very close to zero along the straight sections. This dispersion function is
created without the use of any additional quadrupole family.
The corresponding quadrupole gradients, phase advance per FODO cell and natural chromaticity
are listed in table 4.9. The Twiss and dispersion functions for one sector of SIS300 with this
working point are shown in �gure 4.23. There, the nearly suppressed dispersion for this lattice
design is compared to the dispersion function of the initial design.

This optimized working point is represented together with the initial working point on the
tune diagram in �gure 4.24. The e�ect of the excitation of the resonances surrounding each of the
working points is studied in chapter 6.
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Figure 4.20: Scheme of two sectors of SIS300 with a missing magnet dispersion suppressor for a
phase advance per FODO cell of ψ = 60◦.

Grid size  40.00 [m]

Figure 4.21: Top view of the missing magnet linear lattice (red) superposed over the SIS100 lattice
(blue).
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The repositioning of the sextupole magnets in the lattice is done according to the new phase
advances and dispersion function. A scheme of the resulting SIS300 sector is shown in �gure 4.22.

One horizontal chromatic sextupole is placed just in front of the QF and a vertical chromatic
sextupole in front of the QD of the so-called cell 1 of each sector. At these positions the βx and
βy functions are maximum, respectively, and the dispersion function is close to the peak for the
horizontal chromatic sextupole and at half peak height for the vertical chromatic sextupole. With
the aim of partly canceling the resonance contribution, an additional chromatic sextupole of each
family is situated in the arc separated by 2 FODO cells from the sextupole of the same family.
These two additional sextupoles lie in positions where the dispersion is small. Therefore, their
contribution to the chromaticity is quite limited. Still, it is worth to place those two sextupoles in
these positions as their phase advance to the sextupoles of the same family is ∆ψ ≃ 160◦. This is
not far from the optimal 180◦ which would avoid the excitation of any resonance.

Contrary to the initial design, the resonant sextupoles are now repositioned close to focusing
quadrupoles, where βx is maximum and βy minimum. They are placed in the center of the
straight section, where the dispersion function is close to zero. Therefore, the contribution from
the resonant sextupoles to the chromaticity is smaller than it was in the initial design. How small
depends on the gradient of the resonant sextupoles, which will be determined in chapter 5, but,
typically, one order of magnitude smaller.

The horizontal and vertical beam envelopes for the two extraction modes of SIS300 are plotted
in �gure 4.25. The beam envelopes have been calculated following eq. 2.28, for a momentum
deviation of ∆p = 1h. This is a worst-case scenario, as the nominal value for the momentum
deviation is ∆p = 0.5h.

To estimate the distance from the beam to the entrance of the electrostatic septum, the Courant-
Snyder invariant ellipses for the horizontal plane are plotted in �gure 4.26.

4.4 Conclusions

The standard design techniques cannot be used to create a dispersion-free straight section for
SIS300, due to the geometrical constraints or due to cost considerations. Thus, compromises
had to be accepted to redesign the lattice. The resulting lattice has the same FODO structure
and identical dipole layout as the initial proposal. In other words, the positions of dipoles and
quadrupoles remain unchanged in the rearrangement process. The gradients of the quadrupoles
were modi�ed to create dispersion-free straight sections. The positions of the sextupoles were
changed to adapt to the new dispersion function. The sextupole pattern implemented for the
chromatic sextupoles, pairing them with phase advances of 160◦, is not far from the ideal one,
which would have phase advances of 180◦. The resonant sextupoles were repositioned in quasi
dispersion-free straight sections and, therefore, they contribute little to the total chromaticity.
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Figure 4.22: Scheme of one sector with the sextupoles placed in the new proposed lattice.
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Figure 4.23: Betatron and dispersion functions of the original and redesigned SIS300 lattices,
plotted for one sector of the synchrotron. The positions of the chromatic and resonant sextupoles
are indicated along the dispersion functions.
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Figure 4.25: Horizontal and vertical beam envelopes plotted on the �fth sector of SIS300, where
the electrostatic septum (ES) is placed. The envelopes are plotted for a momentum spread of
dp/p = 1h.
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Figure 4.26: Horizontal phase-space ellipses at the entrance of the septum in normalized coordinates
(left) and in laboratory coordinates (right). The two di�erent operation modes, CBM and RIB,
are represented with their corresponding emittances.





Chapter 5

Optimization method for the

gradients of the sextupoles

The SIS300 lattice was redesigned in chapter 4, as a compromise between the standard design
solutions and the geometrical constraints to �t the lattice into the same tunnel as SIS100. In the
rearranged lattice the dipole layout and the positions of the quadrupoles remained unchanged,
while new quadrupole gradients and new positions for the sextupoles were proposed.
To optimize the slow extraction e�ciency of this non-ideal lattice, a dedicated setting for the
sextupole magnets is worked out in this chapter. The designation of the sextupole gradients for
the di�erent sextupole families and the number of these families is a complex problem. This is
the case as multiple parameters can be varied simultaneously to ful�ll di�erent objectives. This
problem cannot be solved analytically, and a try and error approach does not ensure an optimal
solution. Therefore, a numerical algorithm has been developed to obtain an optimized set of
sextupole gradients.

The goals and general structure of the optimization algorithm are described in the �rst section
of this chapter. In the second section, the implementation of the optimization algorithm on the
SIS300 sextupoles is explained in full detail. The optimization variables and the weighting terms
are introduced and the convergence of the numerical algorithm is proved. Moreover, the in�uence
of the initial estimate of the optimization variables on the optimization performance is studied.
Finally, the dependence of the optimization performance on the number of optimization variables
is calculated and the choice of the sextupole families taken for SIS300 is justi�ed.

5.1 Goals and general structure of the optimization

The excitation of unwanted resonances and an amplitude-dependent tune-shift coupling coe�cient
bigger than the purely horizontal and vertical coe�cients may eventually lead to coupling of the
horizontal and vertical planes, reduction of the dynamic aperture and overall particle loss. The
excitation of these resonances and the coupling coe�cient can be quanti�ed and conveniently
minimized by resorting to an adequate optimization function. The optimization function can also
be used to �x the entrance angle of the particles into the septum, and to force the total chromaticity
to ful�ll the Hardt condition.
The goals pursued by the optimization are summarized in the following list:

• Excitation of the 3rd integer resonance, 3Qx, driven by the h30000 mode, for slow extraction.
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The excitation is �xed in order to have, in the horizontal plane, a stable emittance equal to
the beam emittance.

• Orientation of the extraction separatrix to match the entrance angle of the particles at the
septum position.

• Correction of the horizontal chromaticity to ful�ll the Hardt condition.

• Minimization of the unwanted resonances Qx, Qx +2Qy, Qx − 2Qy which correspond to the
�rst order hamiltonian modes h2100, h1011, h1020 and h1002, as described in section 3.3.

• Minimization of the coupling term, αxy, of the amplitude-dependent tune-shift.

To ful�ll all the objectives a certain number of the goal variables have to be optimized by means
of a numerical algorithm. These variables are called the optimization variables.

It could be tempting to use a large number of variables to simultaneously optimize the working
point and the positions of the sextupoles and the electrostatic septum in the lattice. However, the
number of optimization variables has to be kept limited to reduce the complexity of the problem,
to understand at all times the behavior of the numerical algorithm and to achieve convergence.
For these reasons, the sextupole gradients, k2, were chosen as the optimization variables. k2 is
an array of variables as two di�erent types of sextupoles and several sextupole families are used
in the SIS300 lattice.

The structure of the optimization program is represented in �gure 5.1. In order to reach its
goals the optimization is composed of the following elements:

• The SIS300 lattice database of optical functions and magnet gradients.

• The analytical expressions of the separatrices for slow extraction.

• The analytical expressions of the resonance driving modes.

• The analytical expressions of the chromaticity.

• The numerical optimization algorithm.

The SIS300 lattice database stores all the inputs needed by the analytical models to evaluate
the chromaticity, resonances and geometry of the separatrices. The numerical algorithm has been
developed as a two-stage optimization function, in which the stages are run iteratively. The output
of this iterative process is an optimized set of sextupole gradients which, when evaluated on the
analytical models, results closer to the objective values.

5.2 The optimization function

To ful�ll all the goals named above, a multi-objective optimization is carried out. This is a process
of simultaneous optimization of the di�erent con�icting objectives subject to certain constraints.
The solution of a multi-objective problem is found when each objective has been minimized to the
extent that, if it is minimized any further, then the other objectives su�er as a result.

In mathematical terms the minimization of a general multi-objective problem subject to con-
straints can be written as:
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min
x
f(µ1(x), µ2(x), . . . , µn(x))

g(x) ≤ 0

h(x) = 0

xl ≤ x ≤ xu (5.1)

where µi is the i-th objective function, g and h are the inequality and equality constraints and
x = (x1, x2, ..., xn) is the vector of optimization variables. The vector of optimization variables is
limited by the lower and upper boundaries xl and xu, respectively.

To solve a multi-objective function an aggregate goal function is constructed. To this end all
the objective functions are combined into a functional form. In the present case the combination
is done as a sum, where each objective to be optimized is multiplied by a weighting term wi.
Therefore, the solution obtained will depend on the relative values of the weights speci�ed.

f(µ1(x), µ2(x), . . . , µn(x)) = w1 · µ1(x) + w2 · µ2(x) + . . .+ wn · µn(x)
g(x) ≤ 0

h(x) = 0

xl ≤ x ≤ xu (5.2)

Once the problem has been reduced to an aggregate goal function subject to constraints it can
be solved using a single objective optimization algorithm. In this thesis the sequential quadratic
programming (SQP) optimization algorithm has been used. The SQP algorithm is one of the most

SIS300 lattice database

Numerical optimization
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of the chromaticity

Optimized sextupole gradients k2

for a high efficiency slow extraction
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of the driving modes

inputs

outputs

chromaticity
resonances,

detuning,

angle

iteration

Figure 5.1: Scheme of the optimization procedure.
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popular and robust algorithms for nonlinear continuous optimization. An overview of the SPQ
algorithm is found in [34].

5.2.1 Description of the objective functions

Each goal to be ful�lled is represented by a term, or objective function, in the aggregate goal
function:

1. The total chromaticity is a sum of the contribution of all the sources of chromaticity in the
lattice, namely: the natural chromaticity from the quadrupoles and the chromaticity created
by the sextupoles at positions with non-zero dispersion function1.

The objective value to which the horizontal chromaticity is adjusted is the one that ful�lls
the Hardt condition:

ξhardt =
−Svirt
4π

[
Dn cos(ψ0 − ψvirt + γ) +D′

n sin(ψ0 − ψvirt + γ)
]

Here, Dn and D′
n are the values of the normalized dispersion function at the septum

position, ψ0 is the phase advance at the entrance of the septum and the parameter γ can
take the values 0, 2π

3 or −2π
3 depending on which separatrix is directed towards the septum.

The contribution to the chromaticity from the sextupoles has the form:

ξx =
1

4π

Nsext∑
i=1

k2,i βx,i Di

The contribution from the sextupoles to the total chromaticity has to be varied to adjust it
to the chromaticity that ful�lls Hardt condition. The term which controls the chromaticity
in the aggregate function is:

µξ = |ξx − ξhardt| (5.3)

2. The expression of the entrance angle of the extraction separatrix at the septum is given by:

x′ =
2ε

3Svirt(k2)

1√
βx,ES sin(ψ0 − ψvirt(k2) + γ)

+
1

βx,ES

( 1

tan(ψ0 − ψvirt(k2) + γ)
−αx,ES

)
xES

where αx,ES and βx,ES are the horizontal alpha and betatron function, respectively, at the
entrance of the electrostatic septum. Special care has to be taken to ensure an entrance angle
from the �rst quadrant.

The desired value for the entrance angle of the separatrix at the septum is x′ES = -1.4 mrad

The term which controls the entrance angle in the aggregate function is:

µx′ = |x′ − x′ES | (5.4)

1The contribution from the sextupole error of the dipoles should be added as well when the �eld errors are
considered. This will be done in chapter 8.
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3. The coupling coe�cient αxy drives an amplitude dependent tune shift that couples the hori-
zontal and vertical planes. As explained in section 3.3, it can degrade the performance of the
slow extraction. This term has to be minimized as much as possible, that is, its goal value is
zero. The detuning coe�cient has the form:

αxy =
1

8π

Nsext∑
i=1

Nsext∑
j=1

(k2ls)i(k2ls)jβ
1/2
xi β

1/2
xj βyiβyj

[
2 cos(|µi→j,x| − πQx)

sin(πQx)

− cos(|ψi→j,x + 2ψi→j,y| − π(Qx + 2Qy))

sinπ(Qx + 2Qy)
+

cos(|ψi→j,x − 2ψi→j,y| − π(Qx − 2Qy))

sinπ(Qx − 2Qy)

]
The term to minimize the detuning coupling coe�cient in the aggregate function is:

µα = |αxy| (5.5)

4. The low order resonances Qx, Qx − 2Qy, Qx + 2Qy may be harmful and are easily excited.
Thus, the driving terms h2100, h1011, h1002, h1002 that excite these resonances have to be
minimized. The goal to achieve for each one of the resonance driving modes is zero. The
expressions of these resonance driving modes are:

h2100 = −1

8

Nsext∑
n=1

(k2nL)β
3/2
xn e

iψxn

h1011 =
1

4

Nsext∑
n=1

(k2nL)β
1/2
xn βyie

iψxn

h1002 =
1

8

Nsext∑
n=1

(k2nL)β
1/2
xn βyie

iψxn−2ψyn

h1020 =
1

8

Nsext∑
n=1

(k2nL)β
1/2
xn βyne

iψxn+2ψyn

The term for the minimization of the undesired resonances in the optimization function is:

µhi = |h2100|+ |h1101|+ |h1020|+ |h1002| =
∑

i,unwanted

|hi| (5.6)

5. The 3rd order integer resonance is used to produce the unstable separatrices that generate
slow extraction, as seen in 3.2. The expression that quanti�es the excitation of this resonance
is given by:

h3000 = − 1

24

Nsext∑
j=1

(k2jL)β
3/2
xj e

i3ψxj

The goal to achieve is a stable triangle with an area or stable emittance equal to the initial
emittance.

πεx = A =
48
√
3π2

S2

(
δQ+ ξ∆p

)2
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The term which controls the 3rd integer resonance in the aggregate function is:

µh3000 = |h3000 − 2A| (5.7)

5.2.2 The optimization variables

The objective functions described above are a function of the following variables:

ξx = ξx(k2, D, βx)

x′ = x′(k2, βx, ψx, βx,ES , αx,ES , xES , ψ0)

hjklm = hjklm(k2, l, βx, βy, ψx, ψy, Qx, Qy)

αxy = αxy(k2, l, βx, βy, ψx, ψy, Qx, Qy)

Due to the rearrangement of the lattice, presented in chapter 4, most of these variables were
�xed and cannot be used as optimization variables.

Thus, the working point for slow extraction was �xed at Qx = 9.32, Qy = 9.14 and the
sextupole magnets were repositioned in the lattice. Therefore, the horizontal and vertical tunes
and the value at the sextupole magnet of the beta functions (βx, βy), the dispersion function (D)
and the phase advance (ψx, ψy) are constant. Also the length of the sextupole magnets is assumed
to be �xed and will not be used as an optimization variable. Finally, the length and the position of
the electrostatic septum in the rearranged lattice are assumed to be �xed. Thus, all the variables
related to the electrostatic septum (βx,ES , αx,ES , xES , ψ0) are constant.

In this manner the only variables left, common to all goals, are the gradients of the sextupole
magnets k2:

ξx = ξx(k2)

x′ = x′(k2)

hjklm = hjklm(k2)

αxy = αxy(k2)

k2 is an array of variables, as two di�erent sextupole types, chromatic and resonant, and several
sextupole families are present in the SIS300 lattice. Because each of the sextupole families is inde-
pendently powered, there is an optimization variable, k2i, for each sextupole family. Two families
of chromatic sextupoles and six families of resonant sextupoles are used along this thesis. This
decision is justi�ed later in this chapter, in section 5.3. Thus, a total of eight di�erent optimization
variables, k2 = (k2(SCH), k2(SCV ), k2(SR1), k2(SR2), k2(SR3), k2(SR4), k2(SR5), k2(SR6)) are
used by the numerical algorithm.

Because of the task separation between chromatic and resonant sextupoles achieved with the
lattice redesign, it is convenient to group the optimization variables in two arrays which combine
the two chromatic and six resonant sextupole families, respectively:

k2,chrom = (k2(SCH), k2(SCV ))

k2,res = (k2(SR1), k2(SR2), k2(SR3), k2(SR4), k2(SR5), k2(SR6)) (5.8)

Constraints

The only constraints acting on the optimization variables are the lower and upper boundaries for
the sextupole gradients �xed by the sextupole technical speci�cations, [18]. These speci�cations
are given in terms of non-normalized �eld gradients B′′ = 1

2k2Bρ. The values for the resonant
sextupoles are B′′

res =325 T/m2 and B′′
chrom =130 T/m2 for the chromatic ones.
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Therefore, the lower and upper boundaries set for the sextupole gradients in the case of the
resonant sextupoles are:

0 ≤ k2,res ≤ 2 m−3 that is, xl = 0 and xu = 2 (5.9)

In the case of the chromatic sextupoles the boundaries are:

−0.85 ≤ k2,chrom ≤ 0.85 m−3 that is, xl = −0.85 and xu = 0.85 (5.10)

The lower and upper boundaries determined by the technical speci�cations result convenient
as, on one hand, smaller boundaries for the sextupole gradients would prevent the algorithm to
converge inside the permitted area. On the hand, larger boundaries for the sextupole gradients
would be wasted. The most extreme values could not be used in an analytical description of the
slow extraction using perturbation theory, as the perturbative term is proportional to k2, and the
prerequisite of "small perturbations" would be broken. In such a case, the separatrices would be
bent, and the phase space trajectories would form stable islands. The analytical model could not
describe the e�ect of the highly excited sextupoles.

No equality or inequality constraints are used in this problem because no additional relation-
ships have to be ful�lled by the di�erent sextupole gradients, .

5.2.3 Weighting terms

The weighting terms w = (w1, . . . w7) are used to weight the objective functions in the aggregate
goal function. The weights are chosen according to the needs: for example, if the working point is
placed very close to a given unwanted resonance a large weight is chosen. Thus, the function can
only be minimized if the contribution from this speci�c resonance is very close to zero. In other
words, the function is penalized with large values unless this resonance is minimized.
The weighting terms are also used to normalize or scale the objective functions and make them
dimensionless. To this end the weighting terms are divided by the optimization goals: e.g. the
weighting term for the entrance angle wx′ = C

x′
ES

where C is chosen to weight the objective function

and x′ES , the entrance angle at the septum, normalizes the objective function µx′ = |x′ − x′ES |. In
the case the goal has a value zero, then the denominator is chosen to be of the order of magnitude
of the objective function for the initial optimization variables.

5.2.4 The two-stage optimization function

The lattice rearrangement presented in chapter 4 aimed to separate the tasks between the chro-
matic and resonant sextupoles. As a result, the resonant sextupoles contribute very little to the
chromaticity and the chromatic sextupoles contribute very little to the resonance excitation. Hence,
though the objective functions presented above are a function of all sextupole gradients, only the
gradients of one of the sextupole types plays a relevant role. For this reason a two-stage optimiza-
tion function is created by aggregating the objective functions, equations (5.3, 5.4, 5.5, 5.6 and
5.7) to one or the other stage depending on which optimization variables are relevant to them:

fchrom(k2,chrom) = |ξx(k2,chrom)− ξhardt|

fres(k2,res) = w1|h3000(k2,res)− 2A|+ w2|αxy(k2,res)|+ w3|x′(k2,res)− x′ES|+
∑

i,unwanted

wi|hi(k2,res)|

(5.11)
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The two stages are iteratively minimized. The minimization of each stage is �nished when at
least one of these conditions is ful�lled:

• The distance between the objective and the value of the function is smaller than 10−5.

• The distance betwee the optimization variables in successive steps is smaller than 10−5.

The approach of each of the terms µi of the optimization functions to their respective goals is
plotted, as a function of the number of steps done by the algorithm, in �gure 5.2.

Convergence

To optimize the two-stage function the two terms fres and fchrom, described in eq. 5.11, have to
be iteratively minimized until convergence is found. The process occurs as follows:

1. Optimization of the resonance function fres. The relative distance to the goal from each of the
terms is reduced from the initial estimate. Globally, the value of the function is minimized to
1% the value of the initial estimate. The gradients of the chromatic sextupoles are not varied
during this stage, and because the dispersion is very close to zero at the straight sections
where the resonant sextupoles are situated, the function fchrom does practically not change
its value.

2. Optimization of the chromatic function fchrom. The optimization takes less than 100 steps to
reach a distance to the goal ≤ 10−5. Due to the in�uence of the gradients of the chromatic
sextupoles on the terms of the resonance function the value of fres is triplicated (to ∼3%
the value of the initial estimate).The optimization could be �nished after the run of the two
stages of the optimization function. However, due to the mutual in�uence of the optimization
variables, after the optimization of the second stage, one would run the �rst stage again to
compensate for the slight variation caused by the second stage. Therefore, the two stage
optimization process is iterated with the goal to ensure convergence.

3. Start the second iteration: optimization of the resonance function fres for the second time.
As a consequence of the new resonant sextupole gradients fchrom is increased from 10−5 by
two orders of magnitude.

4. Optimization of the chromatic function fchrom for the second time. fchrom reaches again a
value of ∼ 10−5 while the e�ect on fres is very small, on the order of 10−2 to 10−3. End
second iteration.

5. Start the third iteration: optimization of the resonance function fres for the third time. The
e�ect on fchrom is an increase from 10−5 by more than one order of magnitude.

6. Optimization of the chromatic function fchrom for the third time. The e�ect on fres is on the
order of ≤ 10−5. Then, end the third iteration and end the optimization algorithm.

In �gure 5.3 it is shown how the convergence is achieved through the run of the optimization
function for three iterations, each consisting of two stages. The decrease of the number of steps
with each iteration is clearly visible. This decrease is a consequence of the proximity of the
starting values to ful�ll one of the conditions mentioned above, which stop the optimization.

If there would be no task separation between the chromatic and resonant sextupoles a two-
stage optimization function would hardly converge, as the modi�cation of the gradients of the
resonant sextupoles to minimize fres would also strongly a�ect the term fchrom, and vice-versa. A
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Figure 5.2: Distance to the goal vs. number of steps for each of the goals of the multi-variable
optimization function. The fchrom function is plotted in light blue and the seven terms of the fres
function are plotted in dark blue. Notice the vertical logarithmic scale. The goals ξx, h3000 and
αxy achieve closer values to the goal as they are weighted stronger, while the goals h2100, h1002,
h1020 and h1011 have less priority, are less weighted and their distance to their goals is less reduced.
The term x′ has a starting value already very close to its goal.
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Figure 5.3: Iterative convergence of the two optimization functions fres and fchrom.

unique optimization function combining the chromaticity and the resonance objective functions,
to optimize all sextupole gradients simultaneously, results extremely di�cult to control and ensure
convergence.

5.2.5 An additional consideration: the in�uence of the initial estimate

The optimization algorithm requires an initial set for the optimization variables as start values
for minimizing the function. Depending on the starting point, the optimization could �nd a local
minimum instead of the global minimum.

To check the independence from the initial estimate, the evolution of the optimization variables
of the function fchrom is plotted in �gure 5.4. The �gure represents the evolution from the starting
point to the optimized point, for three di�erent initial estimates. The contour of the function
fchrom is represented, as well. It can be seen that, independent of the initial sets, an optimized
point situated over the minimum of the function is reached for all cases. The minimum of this
function is, however, a line and not a unique point. For this reason the three optimized points lie
over the minimum line but do not yield the same pair of variables (k2(SCH), k2(SCV )).
The achievement of the goal for the function fchrom is plotted versus the number of steps performed
by the optimization function in �gure 5.5. It can be seen that for the three di�erent initial values,
the goal is achieved in practically the same number of steps.

5.3 Optimization of the number of sextupole families

The number of sextupole families, and, thus, the number of optimization variables should also
be optimized. A compromise has to be found between having the smallest number of families,
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Figure 5.5: Distance to the goal vs. number of steps for the fchrom function for di�erent initial
estimates. When the distance to the goal is 10−5 or smaller the optimization stops. This happens
for practically the same number of steps, for the di�erent initial estimates. I.e. depending on the
initial estimates the goal may be achieved earlier, though the di�erence is not signi�cant.
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implying the smallest number of power supplies, which would be the cheapest solution, and the
best optimization performance, characterized by the smallest value of fres.

On one hand, two families of chromatic sextupoles have been used. In order to correct the
horizontal chromaticity to ful�ll the Hardt condition, it would be enough to vary k2(SCH), the
gradient of the horizontal chromatic sextupoles. The other optimization variable of the function
fchrom, that is k2(SCV ), is unneeded. This could be seen in �gure 5.4, as the minimum of fchrom
is a line and not a point, and therefore it can be reached for any value of k2(SCV ) by just varying
k2(SCH). The evolution of the variables would be in this case exclusively horizontal. The main
di�erence is that the optimization might take longer as the shortest distance, and thus the largest
gradient, between the initial point and the minimum of the function is not horizontal. This
happened for the initial estimate 1 in �gure 5.4. In that case k2(SCV ) was sitting over the lower
boundary and could, therefore, not be decreased even though that would have produced a steeper
gradient.
However, the chromaticity in both planes may need to be corrected at another part of the
cycle di�erent from slow extraction. To that e�ect, two variables, and therefore two families of
sextupoles would be needed. Therefore, two families of chromatic sextupoles are kept in the lattice.

On the other hand, the number of families of resonant sextupoles could be changed. For
a di�erent number of sextupole families the performance of the optimization function would
vary. For instance, the �exibility to ful�ll the di�erent optimization terms would be none if only
one sextupole family was present. On the contrary, the �exibility would be maximum if twelve
optimization variables would be present, that is, if each sextupole would have an independent
power supply. In �gure 5.6 the performance of the resonance function is calculated for various
numbers of sextupole families. It can be seen in the plot that for a given number of families there
can be two or three very di�erent results. The di�erent results belong to di�erent con�gurations
of the sextupole families in the lattice. For example, when only two families are present, the
sextupoles with k2(SR1) and k2(SR2) can be placed alternated in the lattice, i.e. (k2(SR1),
k2(SR2), k2(SR1), k2(SR2), . . . ). Another option is to place the six sextupoles of a family
followed by the six sextupoles of the other family, i.e. (k2(SR1), k2(SR1), . . . k2(SR2), k2(SR2),
. . . ). Di�erent con�gurations of sextupoles have also been studied for three, four and six families
of sextupoles. The di�erence in the performance can take large values. The biggest di�erence is
found to be 45 times between the value of one con�guration and the value of another, for the case
of four sextupole families. It is possible to guess the optimal con�guration from the phasors plots.

The proposed option for the SIS300 lattice is to use six families of resonant sextupoles and
place the sextupoles alternated, i.e. (k2(SR1), k2(SR2), k2(SR3), k2(SR4), k2(SR5), k2(SR6),
k2(SR1), k2(SR2), k2(SR3), k2(SR4), k2(SR5), k2(SR6)). In this manner the two sextupoles of
the same family are placed opposite each other in the ring. The symmetry of the lattice in the
presence of the resonant sextupoles is reduced to a two-fold symmetry.

5.4 Results of the optimization for the SIS300 sextupoles

The implementation of the optimization algorithm on the SIS300 lattice yields a set of optimized
sextupole gradients. The resulting optimized gradients for the two working modes, CBM and RIB,
are listed in table 5.1.

The combination of the lattice proposal 4, from chapter 4, together with the sextupole gradients
obtained from the optimization algorithm is, from this point on, called the optimized lattice.

With the determination of the sextupole gradients, all the lattice parameters which concern



5.4 Results of the optimization for the SIS300 sextupoles 89

1 2 3 4 5 6 7 8 9 10 11 12
0

5

10

15

20

25

30

35

40

45

50

Number of families

f re
s

4 6 8 10 12
0

0.5

1

1.5

2

2.5

3

Number of families
f re

s

selected option
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Table 5.1: Optimized sextupole gradients

Sextupole Type Family normalized gradient k2 [m−3]

CBM mode RIB mode

Chromatic SCH 0.1179 0.1138
SCV -0.1880 -0.1912

SR1 0.3835 0.0905
SR2 0.0259 0.5925

Resonant SR3 1.5000 0.2153
SR4 0.1471 1.0000
SR5 0.8857 0.0556
SR6 0.0000 0.4505

slow extraction have already been �xed for the optimized lattice. Now it is possible to calculate
the values of the virtual sextupole, of the amplitude-dependent tune-shift coe�cients and of
the di�erent resonance driving modes. All these values, derived from the optimized lattice, are
compiled in several tables in appendix B.

The resonance excitation driven by the sextupoles is compared for the initial and optimized
lattices, to calculate the improvement caused by the use of the latter. The calculations are done
with the use of the analytical expressions developed in section 3.3. The excitation of the 3Qx
resonance needed for slow extraction is de�ned as 100%, and it is used for normalization.
When the resonance excitation driven only by the chromatic sextupoles is studied, �gure 5.7, it
is shown how the chosen positions for the chromatic sextupoles in the optimized lattice allow
a partial self-compensation of the resonance excitation. Thus, the resonances are only excited
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between 0.35% and 4.28%. This self-compensation of the chromatic sextupoles is, on average,
approximately 6 times better in the �nal lattice than in the initial lattice. Also in a one-to-one
comparison the excitation of all the driving modes except h1020 has been reduced.

However, the relevant result is the resonance excitation driven by the combination of chromatic
and resonant sextupoles, represented in �gure 5.8. The sum and di�erence resonances, modes h1020
and h1002 respectively, are very strongly excited for the initial sextupole positions and gradients.
The excitation of Qx + 2Qy is a factor 6 stronger than the one of 3Qx used for extraction.
Moreover, the working point for the initial lattice is situated close to the excited resonance
Qx + 2Qy, as shown in �gure 4.24. This resonance is a dangerous source of dynamic aperture
reduction and beam loss, as will be shown in chapter 6. In contrast, the new sextupole positions
and gradients of the optimized lattice yield a better result, as the undesired resonances are only
excited between 0.45% and 19.40% of the 3Qx excitation. Furthermore, the working point for
the optimized lattice is situated far from the unwanted resonance that is most excited Qx + 2Qy,
and close to the unwanted resonance that is less excited Qx − 2Qy. In this manner, the ef-
fect of these resonances in the limitation of the dynamic aperture is small, as explained in chapter 6.

5.5 Conclusions

An optimization algorithm has been developed to determine the gradients of the sextupoles. The
di�erent terms of the optimization function, their weights, the convergence, etc. have been dis-
cussed. The number of sextupole families used and their grouping has also been optimized.

The results of the optimization for the CBM and RIB modes are presented. The excitation of
the resonances driven by the sextupoles is compared for the initial and the optimized lattice for the
CBM mode. It is shown that the sextupole pattern implemented in the optimized lattice avoids
mostly the contribution to the resonance excitation from the chromatic sextupoles. Moreover, the
repositioned resonant sextupoles with the optimized gradients excite the 3rd order resonance to
the value needed for slow extraction while the undesired resonances are strongly suppressed.
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Figure 5.7: Study of the resonance excitation caused by the chromatic sextupoles. Red and blue
phasors correspond to the vertical and horizontal chromatic sextupoles, respectively. The resonance
excitation is normalized to the excitation of the mode h3000 needed for slow extraction.
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Figure 5.8: Study of the resonance excitation caused by all sextupoles in the lattice. Red and blue
phasors correspond to the vertical and horizontal chromatic sextupoles, respectively, and green
phasors to the resonant sextupoles. The excitation of the studied resonances is normalized to the
excitation of the mode h3000 needed for slow extraction.



Chapter 6

Comparison of the slow extraction

performance for the initial and

optimized lattices of SIS300

As a consequence of the lattice redesign discussed in chapter 4, and the optimization of the sex-
tupole gradients presented in chapter 5, new settings were proposed for the quadrupole and sex-
tupole magnets. These settings, together with the initial settings, are compiled in appendix B for
the two working modes of SIS300.

It is the goal of this chapter to compare the slow extraction performances for the initial and
the optimized lattices. To this end, the analytical model and di�erent types of numerical tracking
simulations are used as analysis tools. With these tools the beam dynamics of both lattices are
studied and the extraction e�ciency is evaluated. The analysis of the slow extraction performance
is carried out in detail for the CBM mode. For the RIB mode only the results are presented. This
is done in the last section of the chapter.

It is convenient for the study of the slow extraction to place the the observation point at the
entrance of the electrostatic septum. Therefore, all phase space plots presented from this chapter
on will be represented at this position.

6.1 The analytical model for slow extraction in the initial

and optimized lattices

In chapter 3 Kobayashi's analytical model for slow extraction was described in detail. A simple
expression was derived to characterize the separatrices, see eq. 3.28, 3.30 and 3.34, in which γ
takes the values −2π

3 , 0 or 2π
3 to yield each of the separatrices:(

X −Dn∆p

)
cos(ψ0 − ψvirt + γ) +

(
X ′ −D′

n∆p

)
sin(ψ0 − ψvirt + γ) =

4π

Svirt
(δq + ξ∆p) (6.1)

The generalized expression of the separatrices is de�ned by the dispersion function (Dn, D
′
n)

and the phase ψ0 at the observation point, by the parameters of the virtual sextupole Svirt and
ψvirt and by the tune di�erence δq and chromaticity ξ of the lattice. In turn, all these parameters
are de�ned by the settings of the quadrupole and sextupole magnets. Therefore, the initial and
optimized lattices can be used as inputs to the analytical model, in order to predict the phase
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space trajectories of the particles at the boundary between stable and unstable motion.

The separatrices which result from the given initial settings for the CBM mode are plotted
in �gure 6.1 for di�erent relative momenta. As it can be observed, the separatrices directed
towards the septum are superimposed, thus ful�lling the Hardt condition. Nevertheless, no resonant
extraction would be possible for the initial settings as the stable triangular area delimited by the
separatrices crosses the septum. Hence, the particles moving on stable orbits, which by de�nition
have no jump length, would hit the septum wires. This indicates that the initial quadrupole and
sextupole settings were already not optimal for the slow extraction described with Kobayashi's
model.

The horizontal emittance for the CBM mode is only of εx = 2 mm mrad. Thus, such a big
stable area is not necessary to contain the invariant ellipse, as it is shown in �gure 6.1. The size
of the stable area would decrease for a smaller the tune distance or for a bigger strength of the
virtual sextupole. In this manner the invariant ellipse would still be contained and the septum
would not be crossed.
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Figure 6.1: Separatrices for the initial SIS300 lattice, plotted together with the invariant ellipse at
the entrance of the septum, in normalized coordinates (left) and in real space coordinates (right).

The analytical model for the optimized lattice yields the separatrices plotted in �gure 6.2.
As it can be observed, the sextupole gradients were chosen to ful�ll the Hardt condition. The
superimposition occurs for all separatrices because the chromaticity ξHardt has a value close to
zero.

In this case, the sextupole gradients were also optimized to produce the right entrance angle at
the septum, x′ES= -1.4 mrad at xES= -15 mm, and to create a stable triangular area of the same
size as the area of the invariant ellipse. This was done implicitly when choosing the objective
value of h3000, eq. 5.7.
It is convenient to have a small stable area in order to increase the distance from the stable
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triangle to the septum and the particles' jump length, as de�ned by eq. 3.35. The smallest area
the stable triangle can have is the area of the invariant ellipse. A smaller area would lead to beam
losses as the stable emittance would be smaller than the beam emittance.
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Figure 6.2: Separatrices for the optimized SIS300 lattice, plotted together with the invariant ellipse
at the entrance of the septum, in normalized coordinates (left) and in real space coordinates (right).
Note that the separatrices for all momenta coincide because ξHardt = 0.

It is important to remember that the analytical model is a one dimensional model in which
the motion in the vertical plane was assumed to be negligible. Other approximations were as well
assumed: the sextupole magnets were treated as thin lenses and their gradients were assumed to
be small enough for a perturbative expansion.

To test the accuracy of the analytical model, it will be compared to three dimensional numer-
ical simulations in which the magnets are treated as thick lenses and the Hamiltonian is exact.
Moreover, the numerical simulations will be run to study the dynamic aperture and the detuning
of the particles with amplitude, which cannot be done analytically.

6.2 Tracking simulations for slow extraction

The beam particles are tracked through the lattice using the code Elegant developed by M. Borland
at APS [4]. In the �rst part of this section an introduction to this program is given, and the basics
of the tracking algorithms are explained.

Afterwards, the particles at the border of stability are tracked and the numerically simulated
separatrices are found. These tracking simulations are run for particles with di�erent relative
momenta and di�erent vertical amplitudes. The simulated separatrices are compared to the ana-
lytically calculated separatrices and the discrepancies are explained.

Then, the study of the beam dynamics at the extraction working point is realized with the use
of dynamic apertures and tune di�usion maps. These numerical methods enable the estimation of
the area of stability and of the tune shift, or detuning, as a function of the particle's amplitude. Due
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to the amplitude-dependent tune shift some resonances are crossed. If those resonances are excited
they may become a source of beam loss. With the use of tune di�usion maps these resonances can
be identi�ed.

In the last part of this section, a batch of particles is tracked through the lattice while being
excited by white noise. In this manner the extraction e�ciency is estimated for the initial and
optimized lattices.

6.2.1 The Elegant tracking code

Accelerator tracking codes1 typically belong to one of three types: those using matrix methods,
those using traditional numerical integration (e.g. Runge-Kutta), and those using canonical
integration. In Elegant, the choice of method is up to the user on a per-element basis for the
di�erent magnet elements [4].

In this thesis the magnetic elements are treated as thick-lens magnets for computation of the
Twiss parameters and the beam envelope. The situation is di�erent for simulations that include
particle tracking, like single- and multi-particle tracking, dynamic aperture and tune di�usion cal-
culations. In these cases the simulation is performed using canonical kick magnets. The canonical
kick magnets are implemented in the code as elements made of several kicks, which are integrated
symplectically with the exact Hamiltonian, based on the method of Ruth [29]. The number of kicks
per magnetic element has to be speci�ed high enough to avoid the possibility of orbit and path-
length errors for the reference orbit. The number of kicks implemented in the di�erent accelerator
magnets of SIS300 is compiled in table 6.1.

Table 6.1: Implementation of the SIS300 magnets in the Elegant code

magnet type in Elegant code number of kicks

canonical kick sector dipole CSBEND 20
canonical kick quadrupole KQUAD 10
canonical kick sextupole KSEXT 8

6.2.2 Single-particle tracking simulations vs. analytical model for the

CBM mode

The tracking simulations run with the code Elegant have been compared to the analytical model
implemented in the optimization algorithm. In particular it is of interest to track particles at the
border of stability, to compare their trajectories with the equations of the separatrices, described
in their most general form in eq. 6.1.

In single-particle tracking simulations a unique test particle with initial coordinates
(x0, x

′
0, y0, y

′
0) is launched. To �nd the border of stability a scanning procedure is run. The

particle is tracked with initial coordinates given by x0 = 0.001 m, y0 = 0, x′0 = y′0 = 0. If
the particle is stable, this procedure is repeated with increasing initial horizontal amplitudes
xi = x0 + idx, while keeping the other coordinates zero. The repetition is carried out until the
amplitude for which the particle is lost is found.

1A summary on numerical and computational methods to perform particle tracking through an accelerator lattice
can be found in [35] and [36].
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To prove the ful�lment of the Hardt condition, the border of stability is investigated for particles
with relative momenta −5 · 10−4, 0 and 5 · 10−4.

The analytical and tracked separatrices are represented in �gures 6.3 (top) and 6.4 (top),
respectively. In both cases the Hardt condition is ful�lled by the tracked particles. However, the
tracked separatrices do no �t the analytical separatrices: in both cases the border of stability of
the former is smaller than the border of stability of the latter. This is more noticeable for the
initial lattice, for which the discrepancy is about 3 mm.

The one dimensional analytical model was developed assuming that the motion in the vertical
plane was negligible. Thus, the analytical separatrices are independent of the particle's vertical
amplitude y0. Tracking simulations for particles with di�erent vertical amplitudes were run to
compare their trajectories to the analytical separatrices.

In the case of the initial lattice, the tracking simulations were run for particles with vertical
amplitudes y0 = 0, 0.5, 1, 2 and 3 mm. The trajectories in phase-space are represented in �gure 6.3
(bottom). As shown, the simulated stable area decreases with the vertical amplitude. Moreover,
those unstable particles with a vertical amplitude di�erent from zero do not follow the separatrices.
Therefore, they cannot be resonantly extracted in a controlled manner.
This behavior indicates an in�uence of the vertical plane on the slow extraction. This occurs
because the assumptions made to reduce the description of the slow extraction to one dimension
are not ful�lled. Namely, the ratio βy/βx that couples the horizontal and vertical planes is not
small at the resonant sextupoles. As a consequence, some sum and di�erence resonances are
excited stronger than the third integer resonance used for extraction (see table B.6 in appendix B
and also �gure 5.8). This excitation of undesired resonances can limit the size of the stability area.
Furthermore, the coupling coe�cient αxy is one order of magnitude bigger than the coe�cient
αxx of the amplitude-dependent tune shift (see table B.7 in appendix B). The coupling coe�cient
can limit the stability area further, as the horizontal tune may be shifted, reaching an excited
resonance, when the vertical amplitudes are increased. This will be seen in more detail in the next
section, with the study of the dynamic apertures and the tune di�usion maps.

The results for the optimized lattice are plotted in �gure 6.4 (bottom). In this case the sex-
tupoles were situated in positions in which the ratio βy/βx was small and, moreover, their gra-
dients were optimized to minimize further the coupling coe�cient term and the most important
resonances. The tracked trajectories for the di�erent vertical amplitudes are superimposed. This
means that for the optimized lattice no coupling between the horizontal and vertical planes af-
fects the slow extraction. Therefore, all particles can be extracted, independent of their vertical
amplitude.

6.2.3 Dynamic aperture simulations and tune di�usion maps for the

CBM mode

The single-particle tracking simulations are also used to realize studies on the dynamic apertures
and frequency maps of the lattices investigated.

Dynamic Apertures

The dynamic aperture determines the area of stability for the particles under the in�uence of the
nonlinear dynamics. It can be understood as an amplitude threshold: when the amplitude of the
motion of a charged particle is smaller than this threshold, the particle does not get lost. On the
contrary, when the amplitude exceeds this threshold the betatron oscillation of the particle has no
boundaries and the motion becomes unstable. It is necessary to study the area of stability during
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Figure 6.3: Phase-space plots for the initial lattice, in normalized coordinates (left) and in lab-
oratory coordintates (right). Top �gure: comparison of single-particle tracking simulations vs.
analytical model for particles with di�erent relative momenta. Bottom �gure: comparison of
single-particle tracking simulations vs. analytical model for particles with di�erent vertical ampli-
tudes.



6.2 Tracking simulations for slow extraction 99

−0.02 −0.01 0 0.01 0.02

−3

−2

−1

0

1

2

3

x 10
−3

x [m]

x
’ 
[r

a
d
]

tracking

tracking

tracking

model

model

model

origin      for ∆p = − 5⋅ 10
−4

origin      for ∆p = 0 septum

−5 0 5

x 10
−3

−8

−6

−4

−2

0

2

4

6

8
x 10

−3

X [m
1/2

]

X
’ 
[m

1
/2

]

origin      for ∆p = 5⋅ 10
−4

−0.02 −0.01 0 0.01 0.02

−3

−2

−1

0

1

2

3

x 10
−3

x [m]

x
’ 
[r

a
d
]

−5 0 5

x 10
−3

−8

−6

−4

−2

0

2

4

6

8
x 10

−3

X [m
1/2

]

X
’ 
[m

1
/2

]

y = 0.0   m y = 0.003  m y = 0.005  m model septum

Figure 6.4: Phase-space plots for the optimized lattice, in normalized coordinates (left) and in
laboratory coordinates (right). Top �gure: comparison of single-particle tracking simulations vs.
analytical model for particles with di�erent relative momenta. Bottom �gure: comparison of single-
particle tracking simulations vs. analytical model for particles with di�erent vertical amplitudes.

the lattice design to ensure a bounded motion and avoid beam loss.
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The duration of the slow extraction from SIS300 in the CBM mode ranges from 10 s for the
standard cycle up to 100 s for the extreme cycle. This corresponds, approximately, to 3 · 106 turns
up to 3 · 107 turns, respectively. Tracking such numbers of turns is very time consuming and only
feasible with CPU clusters. For this reason, only short-term dynamic aperture studies are carried
out in this work. The short-term dynamic aperture simulations were run for 3000 turns, which is
equivalent to 0.1% the duration of the slow extraction for the standard cycle.

The dynamic aperture can be represented in di�erent manners. In this thesis it is plotted in real
space, plane xy, at the entrance of the septum. The dynamic aperture is assumed to be symmetric
in the vertical axis. Thus, it is only studied for y ≥ 0.

The method used to determine the dynamic aperture is sketched in �gure 6.5. It consists of
the following steps:

1. De�ne a rectangle in real space xy inside which the border of stability is investigated.

2. Discretize the space creating a grid of points.

3. Start from the lower right corner of the grid tracking a test particle for n turns, with n=3000
for the short-term studies realized in this work.

4. If the particle is lost during the n-turns tracking, this grid point is considered to be unstable.
The tracking simulation is repeated at the following grid point in the same row. This process
is repeated until a stable point is found.

5. If the particle survives n turns the grid point is considered to be stable. Thus, the limit
of stability for the right side (x ≥ 0) of that row has been found and the coordinates are
saved. The process is repeated for x ≤ 0 starting from the lower left corner. Once the limit
of stability for the left side of that row has also been found, the searching process for the
dynamic aperture continues at the next row.

With this algorithm the rectangular region is searched point by point from the outside inwards.
Going from outwards direction inwards is much faster as for the unstable points the tracking
simulation is run only until the particle gets lost. Thus, unstable particles are promptly discarded.
The disadvantage of this method is that it may include stable islands. These islands are small
stable areas unconnected from the central stable region where the beam circulates. The stable
islands are not usable by the beam and the size of the central stable region can be overestimated
if they are included.

The dynamic apertures have been calculated for the initial and the optimized lattices, for two
di�erent situations:

• in the presence of only the chromatic sextupoles

• in the presence of all sextupole magnets (chromatic and resonant)

The reason for this 2-step study is to understand the in�uence of each type of sextupole separately.

The results are plotted in �gure 6.6. As can be seen, the in�uence of the di�erent relative
momenta in the dynamic apertures is negligible. Therefore, in the remaining simulations only
on-momentum particles were tracked.

The dynamic apertures in the presence of chromatic sextupoles only are of similar size for both
lattices. As the dynamic apertures are bigger than the magnets physical apertures, the beam would
be stable in either lattice, even if the chromaticity is corrected to ful�ll the Hardt condition.
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Figure 6.5: Scheme of the search process for the dynamic aperture.
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momenta for the initial and optimized lattices. Left �gure: simulations for a lattice with chromatic
sextupoles and no resonant sextupoles. Right �gure: simulations for a lattice with chromatic and
resonant sextupoles.

The dynamic apertures are strongly reduced, however, when the resonant sextupoles are added.
The reduction of the stability limits on the horizontal axis is a consequence of the excitation of
the third integer resonance: for slow resonant extraction it is, after all, necessary to generate an
unstable area within the physical aperture. This is the unstable area limited by the separatrices.
On the other hand, the vertical axis is not supposed to be a�ected by the excitation of the third
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integer resonance.

In the case of the initial lattice the dynamic aperture has a value of [−7, 6]y=0 mm ×[0, 2.8]x=0

mm. The aperture in the horizontal axis decreases to [−3.5, 3]mm for y ̸= 0. The dynamic aperture
is further reduced with increasing vertical coordinates until the amplitude y = 3 mm is reached, for
which there is no longer a stable area. This agrees with the observations made in �gure 6.3, where
particles with non-zero vertical amplitudes have reduced stable areas in the horizontal phase-space.

For the optimized lattice the dynamic aperture has a value [−2.5, 3.5]y=0 mm ×[0, 48]x=0 mm.
It is an order of magnitude bigger in the vertical axis than for the initial lattice. A particle with
an amplitude y = 5 mm has a horizontal stability limit of the same size than a particle with y
= 0 mm. This explains why the particles tracked for the optimized lattice with non-zero vertical
amplitudes �tted the model and could be extracted, as seen in �gure 6.4.

Tune di�usion

To study the tune di�usion the frequency map analysis (FMA) is used. The FMA is a useful
technique to gain insight into the dynamics leading to a reduction of the dynamic aperture and
to identify the resonances crossed by the beam through the action of the amplitude-dependent
tune shift. The FMA can lead to an increase of the dynamic aperture by compensating identi�ed
resonances which limit the stable area.

To perform an FMA, test particles are tracked in all the grid points of the selected rectangle
in real space. The particles are tracked for 1000 turns2. For each surviving particle its transverse

betatron tunes are determined separately for the �rst 500 turns, yielding (Q
(1)
x , Q

(1)
y ) and for

the last 500 turns, yielding (Q
(2)
x , Q

(2)
y ). The betatron tunes are computed using the Numerical

Analysis of Fundamental Frequency method (NAFF) developed by J. Laskar [38]3.

The tune variation with time is used as a stability indicator. The logarithm of the root mean
square of the tune di�erence gives a di�usion index D:

D = log10

√
(Q

(2)
x −Q

(1)
x )2 + (Q

(2)
y −Q

(1)
y )2 (6.2)

This di�usion rate is coded by a color scale from blue, for very stable orbits, to red for unstable
and chaotic ones. Because of the fast convergence of the FMA method, the di�usion gives a good
long-term stability criterion [39]. Moreover, the correspondence between the dynamic aperture
and the tune space is one-to-one, which gives also an insight into the dynamic aperture inner
structure [40].

The analysis of the SIS300 frequency maps is done in analogy to the analysis done by Nadolski
and Laskar for the synchrotrons ALS, ESRF, SOLEIL and Super-ACO [40]. As explained in that
paper, three kinds of areas can be identi�ed on the frequency map, namely:

• Regular areas where the points in tune space are regularly spaced with very low di�usion
rates (blue-green color). The motion is a very regular betatron motion; this happens usually
in the vicinity of the working point.

2The numerical FMA converges as 1/T 4 with a Hanning window [37], where T is the number of turns. This
enables one to use such a small number of turns.

3The NAFF method is a numerical method based on re�ned Fourier transformations. It was developed for its
use in Frequency Map Analysis of planetary orbits, and only later was applied to accelerator physics.
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• Resonance lines, the straight lines of the rational slope A1Qx+A2Qy = n, as shown in �gure
3.5. In their neighborhood there is either a lack of points if the resonance is crossed through
a hyperbolic point or an accumulation of points for the elliptic case. The di�usion rate is
larger: particles tend to oscillate transversally to the resonance.

• Irregular areas where all structure is lost. The irregular areas have high di�usion rates (yellow
to red color) which lead to nonlinear and even chaotic behaviors. This is the case at large
amplitudes, at the boundary of the dynamic aperture.

Analysis of the initial lattice

An example of the one-to-one correspondence between the dynamic aperture and the tune di�usion
map is shown in �gure 6.7 for the initial lattice with chromatic sextupoles only. The ideal working
point Qx0, Qy0 is the tune of those particles at the origin, with single-particle emittances εx = 0,
εy = 0, which su�er no tune-shift. The ideal working point is marked inside a yellow rectangle in
both sub�gures. Particles with bigger emittances su�er an amplitude-dependent tune-shift. The
tune shift is represented by the spread of points from Qx0, Qy0 in di�erent directions in tune-space.
The opening branches correspond to a horizontal and vertical amplitude increase, marked in black
and dark grey, respectively. Then, the di�erent excited resonances crossed during the tune-shift
are marked in tune-space and correspondingly in real space on the dynamic aperture. If any of
these resonances would be further excited, such that no stable particles with a larger tune-shift
would be found, the dynamic aperture would be reduced to the aperture limited by that resonance.

The tune di�usion maps are analyzed in the same manner for all studied cases.
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Figure 6.7: Scheme tune di�usion plots.

Lattice with chromatic sextupoles When the chromatic sextupoles are the only nonlinear
magnets of the lattice, then the dynamic aperture appears to be very large from �gure 6.8 (top):
[−100, 150]y=0 mm ×[130]x=0 mm. In this case, the stable area is larger than the dipole chambers:
[−52.5, 52.5]y=0 mm ×[52.5]x=0 mm. However, a more accurate analysis of its inner structure
reveals resonance islands in�ating it arti�cially.
The horizontal extension of the dynamic aperture is limited by the half integer resonance 2Qx = 27.
This resonance limits the extension of the tune shift with amplitude, thus, no stable particles with
larger tune shifts are found. The tune space is represented in �gure 6.8 (bottom).
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The fourth order coupling resonance −Qx + 3Qy = 14 is reached for the horizontal amplitude
x = 130 mm in �gure 6.8 (top). Particles trapped between this resonance and the half integer
resonance show very high di�usion rates and are distributed irregularly. It is possible to forecast
the loss of these particles in further turns.

The third order coupling resonance 2Qx+Qy = 36 is reached for the horizontal amplitude x =
80 mm (x = -60 mm in the negative dynamic aperture). If this resonance would be more excited,
e.g. by magnetic �eld errors, the stable orbits beyond that resonance might become unstable. The
horizontal dynamic aperture would shrink horizontally, but would still be bigger than the physical
aperture. The fourth order resonance 3Qx −Qy = 31 crosses in a node the third order di�erence
resonance Qx − 2Qy = 5. This third order resonance has some particles trapped with a di�usion
rate of −1, likely to be lost in the very next turns.

Another resonance node is formed by the fourth order coupling resonance 2Qx+2Qy = 45 and
the higher order resonances −Qx + 6Qy = 42 and 5Qx − 2Qy = 48. This node seems to limit the
extension of the dynamic aperture vertically. The working point [13.31, 9.27] is situated on top of
this latter resonance. If this resonance would be more excited the dynamic aperture would shrink
practically to 0, and there would be no stable motion.

Finally, the third integer resonance 3Qx = 40 is also slightly excited. That is, the tune space
points are regularly spaced and the di�usion rate is −4. The "tongue" of the resonance reaches
in real-space a horizontal amplitude of x = 45 mm (x = -40 for negative dynamic aperture). The
dynamic aperture would be reduced to those amplitudes if this resonance would be more excited.

Lattice with both chromatic and resonant sextupoles The addition of the resonant sex-
tupoles to the lattice changes the scenario completely, even when the strengths of the chromatic
sextupoles remain unchanged. The resonant sextupoles have strengths that are up to one order
of magnitude stronger than those of the chromatic sextupoles. Therefore, the resonance excita-
tion depends mainly on the strength of the resonant sextupoles, as can be seen in the comparison
of �gures 5.7 and 5.8. Additionally the resonant sextupoles for the initial lattice are situated in
positions where the ratio βy/βx that couples the horizontal and vertical planes is not small.

An analysis of the frequency map in the presence of the resonant sextupoles evidences a strong
coupling of the vertical and horizontal tune shifts with amplitudes. The working point (Qx, Qy) =
(13.31, 9.27) is in the lower left corner of the �gure 6.9. The tune shift opens vertically and
diagonally. The vertical tune shift corresponds to an increase of the horizontal amplitude. On the
other hand, the diagonal tune shift, which is directed towards the third order integer resonance
used for extraction 3Qx = 40, corresponds to an increase of the vertical amplitude. Thus, the
dynamic aperture is limited horizontally by the coupling resonance Qx −Qy = 4 and the vertical
third integer resonance 3Qy = 28, instead of being limited by the horizontal third integer resonance
3Qx = 40. The vertical dynamic aperture should ideally not be a�ected by the horizontal slow
extraction. Instead, it is limited by the horizontal third integer resonance 3Qx = 40 at an amplitude
of y = 3 mm for x = 0 mm.
Additionally, the tune shift of particles with a combination of horizontal and vertical amplitudes
opens in the direction of a resonance node. The resonance node is constituted by the already
mentioned resonances 3Qx = 40, 3Qy = 28, and Qx − Qy = 4, together with the resonances
Qx + 2Qy = 36 and 5Qx − 2Qy = 48. This latter seventh order resonance passes very close to
the working point. The yellow "tongues" of this resonance intersect with the horizontal axis at
amplitudes x = ±1.8 mm in �gure 6.9 (top). The tune di�usion caused by this resonance is low for
particles with small vertical amplitudes. However, the di�usion rate increases rapidly with vertical
amplitude and causes particle losses at the edges of the dynamic aperture, as can be seen in �gure
6.9 (bottom).
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Figure 6.8: Tune di�usion on the dynamic aperture (top) and on the frequency map (bottom) of
the initial lattice with the chromatic sextupoles the only nonlinear magnets.
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Analysis of the optimized lattice

Lattice with chromatic sextupoles The dynamic aperture in the presence of only the chro-
matic sextupoles appears to be very large: [−150, 130]y=0 mm ×[140]x=0 mm. As it occurred for
the initial design, also for the optimized lattice the dynamic aperture is larger than the biggest
physical aperture. On the other hand, for the optimized lattice the structure of the frequency map
is simpler, only a�ected by a pair of resonances.

The working point Qx, Qy = (9.32, 9.14) is situated in the upper right corner of the �gure 6.10
(bottom). The tune shifts downwards with the amplitude. The integer resonance Qy = 9 limits the
tune shift and the dynamic aperture horizontally. A stronger excitation of the integer resonance
would imply a wider resonance band. In this case those particles with tune shifts very close to the
integer resonance would get lost and the dynamic aperture would shrink horizontally.
The fourth order resonance −Qx+3Qy = 18 crosses the frequency map in the middle. In xy space
this resonance creates the two small red "horns" of the dynamic aperture.
The fourth order integer resonance 4Qx = 37 is excited by sextupoles in second order perturba-
tion theory. However, though this resonance is crossed during the tune shift, it drives no e�ect
on the particles motion. Thus, the excitation of this resonance has been indirectly canceled by
controlling the excitation of the resonances from the �rst order perturbation theory, by means of
the optimization algorithm.
An accumulation of points is seen at the third order coupling resonance Qx − 2Qy = 9. The
particles that oscillate with this frequency are situated at the center of the dynamic aperture,
surrounded by regular motion, which con�nes the orbit di�usion.

Lattice with both chromatic and resonant sextupoles The frequency map in the presence
of the resonant sextupoles reveals very stable dynamics.

The dynamic aperture has a size of [−3, 3]y=0 mm ×[0, 43]x=0 mm. That is a dynamic aperture
of about one order of magnitude in the vertical axis, compared to the initial lattice.
As shown in �gure 6.11 (bottom) the frequency map extension is smaller in the tune space. Less
resonances are reached, none of them of low order. The dynamic aperture shows no areas with
high di�usion rates. It also does not show any zone trapped by resonances.

The horizontal axis is limited by the third integer resonance 3Qx = 28, which is excited de-
liberately by the resonant sextupoles. This resonance excitation creates the separatrices in phase
space, which limit the boundaries of stable motion. The horizontal limits of the dynamic aperture,
[−3, 3] mm, are the projection, for x′ = 0, of the stable triangle delimited by the separatrices.
The particles outside this limit are unstable. Those particles with a bigger horizontal amplitude
would be trapped by the third integer resonance and extracted. The slow resonant extraction can
be, therefore, understood as the creation of unstable areas in which particles are trapped by a
resonance and are lost in a controlled manner, producing a continuous spill.

6.2.4 Multi-particle tracking simulations and e�ciency calculations for

the CBM mode

If instead of tracking a single particle a batch of particles is used, it is called a multi-particle
tracking simulation. This type of simulation is used to quantify the e�ciency of the slow
extraction. For that, a statistical study of the successfully extracted particles is realized.

In the simulation the batch contains n particles, where, typically, n = 104. The initial coordi-
nates of the particles are generated randomly, following a uniform distribution within the invariant
ellipses in the horizontal and vertical planes, eq. 2.27. The beam has a sharp edge, which means
that no particles are created outside the invariant ellipses. The particle momenta are generated
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Figure 6.10: Tune di�usion on the dynamic aperture (top) and on the frequency map (bottom) for
the initial lattice with the chromatic sextupoles the only nonlinear magnets.
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following a normal distribution cut at 2σ. The normal distribution is centered at the central mo-
mentum of the beam p0, and has a variance equal to the fractional momentum spread σ = ∆p =
5·10−4. No interaction between the particles is considered.

Dynamic simulations of the slow extraction

In the horizontal phase-space the initial elliptical batch is gradually deformed into the triangle
delimited by the separatrices when the sextupoles are switched on. The particles of the bunch
move in closed stable orbits inside the triangle. To be extracted they have to be driven into the
separatrices. There are three principle ways to achieve that:

• quadrupole driven extraction

• sextupole driven extraction

• RF-knockout extraction

With the �rst method the gradients of the quadrupoles are varied in order to move the working
point towards the resonance. The triangular stable area decreases proportionally to the tune
distance ε, until it reaches a zero value when the horizontal tune equals the resonance tune, as
ε = 6π(Qres −Qx).

With the second method the gradients of the sextupoles are varied to increase the strength of
the virtual sextupole, S. The area of the stable triangle decreases inversely proportional to S.

In RF-knockout extraction the beam is excited in the horizontal phase-space with the use of
white noise, a random signal with a �at power spectral density [41]. The amplitude of the betatron-
oscillation of the particles increases when the particles are excited with a resonant frequency.
Thus, the horizontal emittance of the beam gradually increases, reaching the boundaries of the
stable region limited by the separatrices. There the particles become unstable and are resonantly
extracted.

The latter is the foreseen normal operation extraction in SIS300.

To compare the e�ciency of extraction in the initial and the optimized lattices, the RF-
knockout extraction was implemented into the simulation.
The noise signal is produced using a random number generator, that adds random terms to the
horizontal angle, x′, of each particle on every turn. The horizontal kicks received at a given turn
are statistically independent to the kicks in any other turn. The amplitude distribution of the
kicks is a gaussian distribution4.

By construction, the betatron frequency always lies within the bandwidth of the noise.
If frev is the revolution frequency of a particle in the synchrotron, its betatron oscillation frequency
is given by:

fβ = Qx · frev (6.3)

A resonant frequency f0 is any frequency which matches the horizontal oscillation of the par-
ticles at a certain point in the ring on successive turns:

f0 = (n± qx) · frev (6.4)

4It has to be pointed out that being uncorrelated in time does not restrict the values of the amplitudes. White

refers only to the way the signal power is distributed over time or among frequencies.
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where n ϵ N and qx is the fractional part of the tune.
Because of the non zero chromaticity the momentum spread of the particles is transformed into a
tune spread and into a spread of the betatron frequency

∆f = ∆Qx · frev = ξQx
∆p

p
· frev (6.5)

In order to be able to extract all particles in the batch, all their frequencies have to be excited.

The white noise generated in our code has a bandwidth which covers all frequencies up to the
revolution frequency. This occurs because the revolution frequency is the sampling frequency fs,
with which the kicks are implemented. Therefore, for n = 0 it is always true that f0 < frev. An
example of the white noise implemented at SIS300 is represented in �gure 6.12.
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Figure 6.12: Top left: Pseudo randomly generated white noise signal with a kick amplitude of 3
µrad. Top right: Fast Fourier Transform of the white noise signal. Bottom right: Power spectral

density of the white noise signal, P (f) = sin2(π(f−f0)/fs)
[π(f−f0)/fs]2 .

It has to be noticed that the white noise is a purely theoretical construction. It is valid for
the purpose for which it is used: the RF-knockout as a tool to compare the e�ciency of di�erent
lattices. But no conclusions should be drawn about the spill structure, that is, on the extracted
beam as a function of time. To that end, a more realistic RF-knockout should be implemented in
the code5.

A multi-particle simulation with white noise extraction is plotted in �gure 6.13. A bunch is
tracked for 3·103 turns (or equivalently for t ≃0.01 s). The RMS amplitude of the kicks to achieve
full extraction during the time t is 10 µrad.

5Typically in a synchrotron the RF-knockout extraction is implemented using an exciter with an RF voltage:

U(t) = U0 sin(2πf0t+ ϕ(t))
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A much smaller kick amplitude would be needed to achieve full extraction during 10 s or 3·106
turns, which is the extraction time of the CBM reference cycle. A smaller kick amplitude yields a
thinner separatrix. The width of the separatrix at the septum entrance is inversely proportional
to the extraction e�ciency. Therefore, for short term tracking simulations, as the ones realized in
this thesis, the extraction e�ciency is always underestimated.

The width of the separatrices depends strongly on whether the Hardt condition is ful�lled or
not. For that reason the simulations are run for both cases, with and without ful�llment of the
Hardt condition, which are represented in �gure 6.13.

Figure 6.13: Phase-space simulations of slow resonant extraction using knockout extraction. Left
�gure: lattice with the chromaticity corrected to the Hardt condition. Right �gure: lattice with
natural chromaticity.

Losses and extraction e�ciency

A particle is considered to be lost when its position coordinates (x, y) are bigger, in absolute
value, than the aperture limits of any of the elements in the machine. In other words, a particle
is lost when it hits the physical aperture of any element during the tracking simulation. For the
simulations of losses, the electrostatic septum is turned into an scraper placed at xES = −0.015
m. Therefore, any particle at the position of the septum with x < xES is considered to be lost. In
this manner, lost and extracted particles are undistinguishable unless their other coordinates are
considered.

The losses which result from tracking 104 particles during 3·103 turns are studied for the initial
and optimized lattices. To understand where the losses are produced, these are plotted vs. the
longitudinal coordinate s along the synchrotron, in �g. 6.15, and projected onto the machine's

where f0 is the resonant frequency for an on-momentum particle and ϕ(t) is used to excite also the o�-momentum
particles. ϕ(t) can be a frequency modulation function or a random phase. The frequency modulation is used at the
medical synchrotron CNAO and it is explained in detail in the PhD Thesis of Carmignani [42]. The pseudo-stochastic
noise produced with the addition of random phases is used at SIS18 in GSI [43]. U0 is the voltage amplitude of the
RF-exciter. It can be calculated from the kick amplitude required to extract the beam in a certain time, and from
the geometry of the exciter [43].
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cross section, in �gure 6.14.

For the optimized lattice all particles are extracted at the electrostatic septum. The extraction
e�ciency may not be 100%, though. Depending on their entrance coordinates some of the particles
are actually lost. This occurs if the particles enter with an angle x′ directed towards the septum
such that:

|x′ − x′ES |lES ≥ |xES − x| (6.6)

where lES is the septum length, of approximately 9 m. A particle ful�lling eq. 6.6 hits the
septum along its length and gets lost. This region is referred to as the septum shadow.

But even a particle entering the septum with x′ = x′ES can get lost because the septum wires
are not in�nitely thin. Thus, a particle can collide with the cross section of the septum's �laments,
that have a width of 0.1 mm. The smaller the jump length of the particles at the septum the
bigger the chances to collide with the �laments cross section.

The septum shadow and the �laments cross section are marked in grey in �gure 6.16. The
particles crossing this zone will be considered lost for the e�ciency calculations.

It has to be noticed that at the inner side of the septum, the side of the extraction channel,
there is an electric �eld. This �eld drives the particles away from the septum's �laments. The
e�ect of this �eld has not been considered in this work. Thus, the size of the septum shadow inside
the septum is overestimated. The consequence is an underestimation of the extraction e�ciency.

For the initial lattice only 1/4 of the total losses are produced at the septum, while the rest
are lost at di�erent elements along the lattice. Furthermore, the particles lost at the septum do
not come from an extraction separatrix, do not enter the septum with the right entrance angle
and cannot be extracted. The percentage of extracted beam for the initial lattice is 0% to all intents.

The e�ciency results for the initial and optimized lattices, including the CBM and RIB modes,
with and without the implementation of the Hardt condition are summarized in table 6.2.

Table 6.2: Comparison of the slow extraction e�ciency for di�erent situations

initial lattice optimized lattice
CBM mode RIB mode

Hardt No Hardt Hardt No Hardt
e�ciency 0% 96.4% 92.9% 50.9% 26.1%

6.3 Results for the RIB mode

Simulations of beam dynamics and e�ciency calculations were also carried out for the RIB mode,
using the same methods as for the CBM mode.

The standard RIB mode is planned for ions with an energy of 1.5 GeV/u, which corresponds to
a magnetic rigidity of 64 Tm. The beam emittance for this magnetic rigidity is εx =10 mm·mrad,
εy =4 mm·mrad, that is, approximately �ve times bigger than the beam emittance for the CBM
mode. As the beam emittance de�nes the area of the invariant ellipse, eq. 2.27, the invariant
ellipse for the RIB mode is approximately �ve times bigger than for the CBM mode.

The optimization algorithm was used to determine the sextupole gradients in the same manner
and with the same goals as for the CBM mode, as described in chapter 5. The values of the stable
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Figure 6.14: Apertures of the magnets and the electrostatic septum plotted together with the
losses produced on them. The results correspond to the initial (left) and optimized (right) lattices
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Figure 6.16: Zoom of the septum region in phase-space showing the slow resonant extraction using
RF-knockout extraction. In grey: septum shadow where the particles get lost due to the cross
section of the septum's �laments, or due to the length of septum element. Left �gure: lattice with
the chromaticity corrected to the Hardt condition. Right �gure: lattice with natural chromaticity.

emittance and the chromaticity which ful�lls the Hardt condition were adapted to the standard
RIB mode, i.e. the stable emittance was equalled to the RIB beam emittance. Smaller stable
emittances would cause beam loss.

The separatrices determined by the analytical model for the optimized sextupole gradients are
plotted in �gure 6.17 (top left), together with the invariant ellipse. As shown, the stable triangle
crosses the septum. If the stable triangle crosses the septum, the beam cannot be resonantly
extracted. Instead, the beam gets lost as it collides with the septum �laments.

Multiparticle tracking simulations were run to evaluate the accuracy of the analytical model,
which resulted from several approximations in chapter 3.
The simulated extracted beam follows in phase space the separatrices determined by the
analytical model but does not match them. The tracked limit of stability is found for hori-
zontal amplitudes of x=0.011 m at x′ = 0 mrad, approximately 2.5 mm smaller than for the
analytical model. For this reason the simulated stable triangle does not cross the septum,
as shown in �gure 6.18, and extraction e�ciencies can be calculated for the standard RIB
mode. The multi-particle simulations yield an extraction e�ciency of 50.9% when the Hardt
condition is ful�lled. This value decreases down to 26.1% if the chromaticity is not corrected to the
Hardt value. In that case the entrance angle at the septum is even wider, with a spread of 0.8 mrad.

A simulation of the dynamic aperture shows the boundaries of stability situated at [−6, 11]y=0

mm ×[0, 90]x=0 mm. Because the dynamic aperture in the vertical axis is bigger than the magnets
physical aperture, all particles will be extracted independent of their vertical amplitude. That is,
the slow extraction is independent of the vertical component.

Therefore, the poor extraction e�ciency of the RIB mode is not caused by coupling of the
horizontal and vertical planes or the excitation of undesired resonances, as occurred for the CBM
mode with the initial settings. In this case, because of the proximity of the stable triangle to the
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Figure 6.17: Separatrices predicted by the analytical model for the RIB mode on the optimized
SIS300 lattice. In dashed lines the alternatives proposed: in solution 1 the septum has been moved
outwards, in solution 2 the beam emittance has been reduced, in solution 3 the entrance angle has
been increased, in absolute value.

septum blade there is a big spread on the entrance angle, of 0.4 mrad, approximately 4 times
broader than for the CBM mode. This spread occurs because the tracked separatrix takes some
turns to approach the analytical separatrix asymptotically. Moreover, the proximity of the stable
triangle to the septum blade yields a smaller jump length for the RIB mode than for the CBM
mode, which increases the probability of hitting the septum wires. However, the biggest cause for
the losses is the bending of the tracked separatrix which enters the septum at an angle of -1.2
mrad. Particles with an entrance angle of -1.2 mrad need a minimum jump length of 2 mm not
to collide with the �laments along the septum length and get lost.

Possible alternatives for the RIB mode to avoid the stable emittance crossing the septum, would
be:

1. To move the septum outwards. E.g: from the current position xES = -15 mm to, at least,
xES = -18 mm.

2. To decrease the horizontal beam emittance and, therefore, the area of the stable triangle or
stable emittance. E.g: from the current value εx = 10 mm·mrad to the minimum emittance
for the RIB mode at 100 Tm, εx = 6 mm·mrad.
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Figure 6.18: Phase-space plot of a multiparticle simulation for a standard RIB mode.

3. To accept a bigger entrance angle at the septum. E.g: from the current entrance angle x′ES
= -1.4 mrad to, at least, x′ES = -1.7 mrad.

The analytical separatrices for these alternative proposals are represented in �gure 6.17
together with the invariant ellipses, at the entrance of the electrostatic septum.

Solutions 1 and 3 do not appear to be easy to implement on SIS300 due to the extraction
channel design, [19]. Solution 2 would be automatically ful�lled if a beam with a higher energy,
and a corresponding higher magnetic rigidity, would be used. That is, if a beam with the highest
magnetic rigidity which can be injected from SIS100 would be used, i.e. 100 Tm. Then the
emittance of the beam would be εx = 6 mm·mrad, εy = 3 mm·mrad.

To investigate if any of the 3 solutions proposed above to avoid the analytical separatrices to
cross the septum would increase the extraction e�ciency, multi-particle tracking simulations were
run. The results are presented in table 6.3.

Table 6.3: Comparison of the slow extraction e�ciency for the 3 alternative solutions

solution 1 solution 2 solution 3
Hardt No Hardt Hardt No Hardt Hardt No Hardt

e�ciency 60.8% 64.3% 89.7% 63.1% 49.6% 39.3%

The best results are obtained for solution 2, in which a reduced beam emittance is used. That
is, the highest extraction e�ciency is obtained for the extreme RIB mode, in which the beam is
injected at 100 Tm from SIS100. For solution 1 a better extraction e�ciency is found when the
Hardt condition is not ful�lled. This result is an artefact caused by the bending of the extraction
separatrix, which drives more particles into the septum's shadow when the Hardt condition is
ful�lled. In contrast, when the Hardt condition is not ful�lled the spread of the particles at the
septum entrance is bigger, placing less particles in the septum's shadow.
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A RIB mode run at lower magnetic rigidities, e.g. at 27 Tm is disregarded due to the big
horizontal emittances εx = 20 mm·mrad, and will not be further considered

6.4 Conclusions

The slow extraction has been studied for the CBM and RIB modes and the results for the
original and optimized SIS300 lattices have been compared. The comparison has been done
using the analytical model and single- and multi-particle tracking simulations. The boundaries
of stability and the dynamic aperture have been analyzed, and the excited resonances identi�ed.
Finally with the use of multiparticle simulations the extraction e�ciency has been calculated
for di�erent scenarios and the losses simulated. The extraction e�ciency has increased from
0% for the original lattice up to 96.4% for the optimized lattice for the CBM mode. It has
been shown that a better performance is achieved when the Hardt condition is ful�lled. In
the case of the standard RIB mode only an extraction e�ciency of 50.9% has been achieved
for the optimized lattice, and the causes have been analyzed. Possible solutions have been
studied and as an alternative the extreme RIB mode, with an energy of 2.7 GeV/u corresponding
to a magnetic rigidity of 100 Tm, is proposed to be run, achieving an extraction e�ciency of 89.7%.

Up to now only the ideal situation, with ideal magnets, has been studied. In the presence of
�eld errors the extraction e�ciency can only be worsened. In the next chapters the �eld errors will
be introduced and their e�ects studied.
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Chapter 7

Field errors in the SIS300

superconducting dipoles

In part III, for the �rst time in this thesis, the magnets are not considered to be ideal magnets
but, instead, to su�er from �eld errors. The presence of �eld errors in superconducting magnets
is unavoidable. Furthermore, the �eld errors in cos(θ) superconducting magnets are big compared
to those in iron-dominated magnets. The �eld errors distort the magnetic �eld inside the aperture
of the magnet, which a�ects the beam dynamics in general, but in particular the dynamics of slow
extraction. As will be demonstrated, the lowest order �eld errors are the most harmful. Thus, the
sextupole �eld error in the dipoles cause changes in the chromaticity, in the resonance excitation,
in the size and orientation of the stable triangle, etc. These variations impair the slow extraction
process, which was optimized in the absence of �eld errors. Therefore, a study on slow extraction
is not complete unless the e�ects caused by the �eld errors are taken into account and compensated.

The present chapter is intended as a short introduction to the �eld errors in superconducting
magnets. Afterwards, the �eld errors expected for the SIS300 dipoles are presented. These �eld
errors have been calculated by H. Mueller, from GSI's Magnet Technology group, with the use of
the computer program ROXIE [6]. The �rst warm measurements performed on the �rst SIS300
dipole prototype are also presented. The simulation of the e�ects caused by the �eld errors and
the design of a compensation method will be treated in the next chapter.

7.1 Field errors in superconducting magnets

A detailed derivation of the magnetic �eld inside the aperture of an accelerator magnet was already
presented in chapter 2. The transverse magnetic �eld inside the magnet's aperture was de�ned as:

B(x, y) = By + iBx = Bmain

∞∑
n=1

cn ·
(
x+ iy

r0

)n−1

(7.1)

with cn = bn + ian de�ned as a complex multipole component. The multipole components can
be linearly decomposed in terms of independent physical origin [44]:

cn = cgeon + csatn + cPCn + cIFCCn + cISCCn + · · · (7.2)

As these terms have di�erent sources and characteristics, they are relevant at di�erent parts of
the cycle. Only those errors a�ecting the process of slow extraction are taken into account in this
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work. A short description of the di�erent terms, indicating their source and their dependencies, is
presented:

• Geometric �eld component (cgeon ): The source of the �eld is the current density of the
current �owing through the superconducting cable, which in turn depends on the geometric
arrangements of the superconducting cable. The geometric �eld components do not vary
with the current, that is, they remain constant along the magnet's cycle. An example of the
geometric �eld errors calculated for the SIS300 dipoles is found in table 7.1.

Table 7.1: Geometric �eld components in units [15].

b1 b3 b5 b7 b9 b11 b13

104 0.10 0.10 0.40 0.48 0.95 -1.11

• Iron saturation component (csatn ): The source of this �eld term is, as its name suggests,
the saturation of the iron yoke which surrounds the coils. The saturation of the iron is reached
when the magnetic �eld in the iron is equal or bigger than 1.5 T. The �eld errors due to the
iron saturation component increase as a function of the main �eld Bmain once the threshold
is reached. Therefore, this term is current-dependent and varies along the magnet's cycle.

• Persistent current component (cPCn ):

The persistent currents are a particularity of superconducting magnets. These currents,
also known as supercurrents, circulate within the �laments and, because of the non-resistive
nature of the superconductor, are not dissipated.

The persistent current components are the biggest contribution to the total �eld error at low
magnetic �elds, that is at B≤ 1 T. Their value and their relevance decreases with increasing
�elds. The persistent current components are not only current-dependent but also time-
dependent: though the persistent currents are not dissipated, their contribution to the �eld
decays as a function of time when the current of the magnet is kept constant. This occurs
at di�erent periods of the cycle, as the injection or during �at top, while the beam is slowly
extracted.
Moreover, at the restart of the ramp the persistent currents are rapidly re-induced to their
original value before the decay. This fast re-induction of the currents, and therefore of the
�eld caused by them, is called snapback. The snapback can cause a blow-up of the emittance
and beam losses.

The e�ect of the persistent currents on the accelerator performance is treated in detail in
[45].

• Inter�lament and interstrand coupling currents (cIFCCn and cISCCn ): The source
of the inter�lament and interstrand coupling currents are eddy currents that cross through
resistive points between the �laments or between the strands. These currents are generated
during the ramping of the magnets and they are dissipated in 0.01 to 0.1 s in the case of
inter�lament and 0.1 to 10 s in the case of interstrand coupling currents [46].
The coupling currents increase linearly the width of the hysteresis cycle as a function of the
ramp rate. Furthermore, they do not only a�ect the allowed �eld components but also the
non-allowed ones. The �eld distortion produced by the coupling currents is not an issue for
the operation of most accelerators because of their moderate ramp rates of the order of 1
A/s. But SIS300 will need fast cycling magnets with ramp rates of the order of 1 T/s, or
equivalently ≃ 2000 A/s. To study the e�ect of the coupling currents and to devise possible
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cures, �eld quality measurements have to be carried out on the dipole prototype. A proposal
for those measurements is described in appendix A. A detailed study of the coupling currents
can be found in [44] and some models to quantify them are described in chapter 7 of the PhD
thesis of A. Verweij [46].

The relevance of the di�erent �eld sources on the two working modes foreseen for SIS300 depends
on the magnetic rigidity at which the slow extraction takes place.

The RIB mode, represented in �gure 1.5, is operated in a low-current region. The slow ex-
traction is proposed at a magnetic rigidity of 20 Tm for fully-stripped ions, and of 64 Tm for
partly-stripped ions. At such low currents the main contribution to the total �eld error is the
contribution from the persistent currents, which vary as a function of time. Therefore, the slow
extraction in the RIB mode will be a�ected by the time-dependent decay of the persistent currents,
which will have to be taken into account and, in some cases, to be compensated.

As represented in �gure 1.4, in the CBM mode the slow extraction is proposed at a magnetic
rigidity of 300 Tm. At high currents the dominating source of �eld errors is the iron saturation,
which is steady. The contribution of the persistent current to the total �eld amounts only to 0.2
units. Thus, the decay of the persistent currents is a negligible e�ect for the slow extraction in the
high-energy mode.

7.2 Estimation of the �eld errors of the SIS300 dipoles

A dipole prototype has been built by INFN [5]. So far, only few warm measurements have been
performed on the dipole prototype. A warm measurement is taken on a superconducting magnet
which has not been cooled down to reach superconductivity, i.e. the magnet behaves like a normal-
conducting magnet. Due to the limited amount of measured data, a combination of simulations
and warm measurements has to be used to estimate the �eld errors, suggest possible correction
schemes and set limits on the acceptable level for the �eld errors of the series magnets.

7.2.1 Allowed components: ROXIE calculations

The �eld components for the designed SIS300 dipole were calculated with the use of the computer
program ROXIE1 [6]. The multipoles were calculated up to the 15-pole, for a reference radius
r0=35 mm. As the input for the simulations is a magnet without imperfections, only the allowed
components are non-zero. For a dipole, due to its up-down and left-right symmetries, the allowed
components are the normal odd multipoles. Therefore, all the skew multipoles an, and the normal
even multipoles b2n, are always zero in these calculations.

A series of studies were performed in order to characterize the �eld quality of the SIS300
dipole magnets, with a special interest on the �eld levels corresponding to the di�erent extraction
rigidities.

First, the �eld components were studied as a function of the current, during the ramping up.
In �gure 7.1 the di�erent �eld components are plotted as a function of the current in the magnet,
for various �lament diameters. The sextupole component, b3, varies strongly during the ramp
while the components b5 and b7 have smaller variations. The value of the higher order harmonics
remains practically constant along the cycle, equal to their geometric contribution.
The dependence of the �eld errors on the �lament diameter is studied only for the case of b3. It
is found that the absolute value of the �eld error increases with the thickness of the �laments.

1ROXIE stands for Routine for the Optimization of Magnet X-Sections, Inverse Field Computation and Coil
End Design. It has been developed at CERN by S. Russenschuck and combines analytical and numerical �eld
computation for the design and optimization of superconducting magnets.
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This e�ect is particularly important at low �elds, in the region where the persistent currents are
the dominating source of �eld errors. For higher �elds, corresponding to a current of 4000 A or
higher, the dependence of the �eld errors on the �lament diameter disappears.
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Figure 7.1: ROXIE simulations for the allowed �eld components of the SIS300 dipoles up to b15.
The sextupole �eld component, b3, is plotted in blue for di�erent �lament diameters (2, 2.5, 3.5
and 4 µm). The absolute value of b3 increases with the thickness of the �laments at low �elds.
The thick blue line is used as a reference value (2.5 µm) in the text.

To further characterize the �eld of the SIS300 dipole, the �eld quality inside the dipole's aperture
was studied as a function of the distance to the center of the magnet, which is de�ned as the origin.
To this end, the �eld error (in units) generated by the higher order �eld components was de�ned
as:

berror(x, y) =
15∑
n=3

cn ·
(
x+ iy

r0

)n−1

(7.3)

and was calculated for the following rigidities:

• 20 and 64 Tm, corresponding to the RIB extraction rigidities

• 300 Tm, corresponding to the CBM extraction rigidity

• 151 Tm, corresponding to the best �eld quality

The �eld error generated by the higher order �eld components is represented as a 2D �eldmap
in �gure 7.2. The �eld scale ranges from 0 to 20 units, higher values were set to 20 units. For
all magnetic rigidities studied the area limited by 20 units of magnetic �eld has a similar size,
and it is outside the reference radius. The good �eld area is the area with ± 1 units or less. This
area varies strongly depending on the magnetic rigidity: the largest areas are found for 151 Tm
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(optimum) and 64 Tm. For 300 Tm the area is signi�cantly reduced, for 20 Tm even further.
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Figure 7.2: 2D �eldmaps of the allowed �eld components b3 to b15 of the SIS300 dipoles. The
�eldmaps are plotted for the di�erent extraction modes at 20 (A), 64 (B) and 300 (D) Tm. The
sub�gure (C) corresponds to a magnetic rigidity of 151 Tm, where the �eld quality is best. The
white circle represent the reference radius, r0 = 0.035 m, and the yellow circle represents the inner
aperture of the dipole magnet, at 0.0425 m.

To study the variation of the di�erent �eld components along the horizontal axis it is useful
to introduce 1D plots. For y = 0, because the skew components an are zero in magnets without
imperfections, the equation of the transverse magnetic �eld is reduced to:

By = Bmain

∞∑
n=1

bn ·
(
x

r0

)n−1

(7.4)

In �gure 7.3 the 1D �eld, By, and the di�erent �eld components, bn, are represented along
the horizontal axis. As the �eld components are proportional to the term (x+iyr0

)n−1, the lowest
order �eld errors are the dominant coe�cients within the reference radius, while the higher order
coe�cients increase rapidly outside the reference radius. For positions within the reference radius,
x≤ r0, all �eld errors are smaller than ± 15 units for any of the extraction rigidities. The b3 �eld
component varies much faster as a function of the position for a magnetic rigidity of 20 Tm than
for 64 Tm. This behavior of b3 is the cause for the smaller size of the good �eld area in the case
of the fully-stripped RIB mode compared to the partly-stripped RIB mode.
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Figure 7.3: ROXIE calculations of the magnetic �eld along the horizontal axis. The total �eld is
plotted inside the magnets aperture for the di�erent extraction modes (left �gures). The allowed
�eld components of the SIS300 dipoles up to b15 are represented for the di�erent extraction modes
(right �gures). The radius of reference, r0 = 0.035 m, is represented as a dashed line.

7.2.2 Non-allowed components: measurements on the prototype

The �rst �eld quality measurements have been performed under warm conditions on the half-
length, L=3.87 m, dipole prototype [47]. The �eld harmonics were measured after integrating the
collared coil inside the iron yoke. The �eld probe or mole used had 650 mm length and 60 mm
diameter. The mole was inserted from both coil sides and it was moved along the magnet, taking
measurements at 5 di�erent positions per side. The measurements were taken only for currents of
+20 A and -20 A.
The results for +20 and -20 A are practically coincident. The measurements from both coil sides
are consistent and only di�er at the very ends of the magnet, where the symmetry of the cabling
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is broken. This occurs because the cabling connections are situated at just one end of the magnet.
The �eld quality is maintained along the center of the magnet till the very ends.
All �eld components, allowed and non-allowed, up to the 15-pole are presented in table 7.2. The
data correspond to the warm measurements for +20 A at the center of the dipole prototype.

Table 7.2: Measured �eld harmonics at 20 A (warm) in SIS300 prototype dipole

Normal harmonics at r0=30 mm [units] Skew harmonics at r0=30 mm [units]

b1 1e+04 b9 0.07 a1 0.13 a9 0.18
b2 0.73 b10 0.00 a2 0.62 a10 0.00
b3 5.00 b11 0.46 a3 0.57 a11 -0.04
b4 0.10 b12 0.14 a4 -1.06 a12 -0.09
b5 -1.63 b13 -0.07 a5 0.80 a13 0.04
b6 -0.22 b14 0.08 a6 0.23 a14 0.11
b7 -0.32 b15 -0.04 a7 0.23 a15 0.10
b8 -0.28 a8 0.46

Measured data are available for a single value of the current only, which moreover, is a
very low value. Due to the scarceness of the measured data it does not make much sense to
compare the measurements on the prototype with the ROXIE calculations: the measured value
would correspond to a single point in �gure 7.1. What is more, because the measurements
were done under warm conditions the persistent currents do not contribute to the total �eld, as
the magnet was not in a superconducting state. Neither does the iron saturation contribute at
such a low �eld. Therefore, the measured �eld errors correspond to the geometric contribution only.

Since measured data are available for one current value only, the data calculated with ROXIE
is the data mostly used for the compensation of �eld errors in the next chapter. However, the
measured data provide an estimation of the non-allowed harmonics, which cannot be simulated.

A proposal for the measurements that should be performed in the SIS300 dipole prototype as
soon as possible, and in any case before the construction of a new prototype or a pre-series magnet,
is presented in appendix A.





Chapter 8

Compensation of steady and time

dependent �eld errors for slow

extraction with superconducting

magnets

The �eld errors in the SIS300 superconducting dipoles were described in chapter 7. In this chapter
the �eld errors are implemented in the lattice and, for the �rst time in this thesis, the slow
extraction simulations are run in the presence of non-ideal magnets.

To deal with the sextupole �eld error in the dipoles, b3, a compensation method is introduced
using the optimization functions developed in chapter 5. The limits of this compensation de�ne
the maximum sextupole �eld errors tolerable.

In the �rst section of this chapter, the compensation method for the sextupole �eld errors is
demonstrated. Initially, a steady �eld error is considered and limits are set for the systematic
and random components of b3. In the second section, the time dependence of b3 generated by the
decay of the persistent currents is considered. To deal with a time-dependent b3(t), a dynamic
compensation method is developed. Finally, tolerances are set for the remaining �eld errors, allowed
and non-allowed, which cannot be compensated.

8.1 E�ects of the �eld errors on the slow extraction process

The low order �eld components are the dominant coe�cients within the reference radius, i.e. for
x < r0, y < r0. This occurs because the magnetic �eld inside the magnet aperture, eq. 2.9, is
proportional to the term (x+iyr0

)n−1, where n is the multipole order. Therefore, the lowest order
�eld errors are the most harmful. The lowest allowed �eld error in the dipole magnets is the
sextupole component, as explained in chapter 2.

A dipole with a non-zero b3 component acts like a sextupole magnet which would be placed at
the position of the dipole and would have a normalized gradient k2, given by:

k2 =
2

Bρ

Bmainb3
r20

(8.1)
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Thus, the sources of sextupole �elds in a lattice which includes the �eld errors in the dipoles,
are not only the sextupole magnets but also the sextupole errors in the dipole magnets.

The b3 �eld errors have to be considered in the calculation of the virtual sextupole, of the
resonance driving modes and of the total chromaticity. To this end, the sum over all sextupole
components is extended over the dipole and sextupole magnets of the lattice, Ndip and Nsext,
respectively.

The virtual sextupole in the presence of b3 �eld errors is calculated as:

S2
virt =

Nsext+Ndip∑
n

Sn cos(3ψx,n)

2

+

Nsext+Ndip∑
n

Sn sin(3ψx,n)

2

ψvirt =
1

3

∑Nsext+Ndip

n Sn sin(3ψx,n)∑Nsext+Ndip

n Sn cos(3ψx,n)
(8.2)

A change of the virtual sextupole implies a change on the separatrices. Thus, the size and
orientation of the stable triangle, which was optimized for the slow extraction in the absence of
�eld errors, are varied.

The general expression of the driving modes in the presence of b3 �eld errors is calculated as:

hjklm ∝
Nsext+Ndip∑

n

k2nβ
j+k
2

xn β
l+m

2
yn ei{(j−k)ψxn+(l−m)ψyn} (8.3)

Therefore, the �eld errors also modify the excitation of the resonances.

The b3 �eld errors in the dipoles also contribute to the total chromaticity:

ξtotal = − 1

4π

(Nquad∑
n

k1,nlnβn +

Nsext+Ndip∑
n

k2,nlnβnDn

)
(8.4)

A change in the total chromaticity implies that the Hardt condition is no longer ful�lled in the
presence of the errors. The following calculation shows how strongly the slow extraction is a�ected
by the change in the total chromaticity, in the case of the CBM mode:

For the predicted value of b3 for the CBM mode, b3 ≃ 5 units, the contribution from the
sextupole �eld errors to the chromaticity is ξb3 ≃ 25. As the the gradients of the chromatic
sextupoles were optimized to match the Hardt condition by counteracting only the contribution
from the natural chromaticity ξnatural ≃ 12, the total chromaticity reaches a value far from ξHardt.

Not ful�lling the Hardt condition results in a big broadening of the separatrices. The beam
entrance angle at the septum results ten times wider for a lattice with the nominal b3 errors than
for a lattice with ideal magnets. The extraction e�ciency decreases down to 80%. This is shown
in �gure 8.2(left), where the results of a multiparticle tracking simulation in a lattice with b3 �eld
errors in the dipoles are plotted in phase-space.

8.2 Compensation of the �eld errors

8.2.1 Working principle of the compensation method for b3

As seen in equations 8.2, 8.3 and 8.4, the b3 �eld errors can be implemented as additional sextupole
sources in the analytical descriptions of the resonance driving modes, of the chromaticity and of
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the separatrices, via the virtual sextupole. Thus, the e�ect of the b3 �eld errors can be described
by the analytical models used in the optimization algorithm presented in chapter 5.

An optimization plus compensation procedure has been implemented by just adding the sex-
tupole �eld errors in the dipoles as additional inputs. As a result, an optimized set of gradients
for the chromatic and resonant sextupole magnets is found, which compensates the e�ect of the
sextupole �eld errors. A scheme of the multi-objective optimization plus error compensation pro-
cedure is represented in �gure 8.1.

SIS300 lattice database

Numerical optimization

Analytical description

of the slow extraction

separatrices

Analytical description

of the chromaticity

Optimized sextupole gradients k2 for high

efficiency slow extraction including

compensation of the b3 field errors

Analytical description

of the driving modes

inputs

outputs

chromaticity
resonances,

detuning,

angle

iteration

SIS300 field errors

database

Figure 8.1: Scheme of the optimization + b3 compensation procedure.

The beam dynamics of slow extraction with compensated sextupole �eld errors is shown in
�gure 8.2(right). The broadening of the separatrices has been corrected by means of optimized
gradients for the sextupole magnets, such that the Hardt condition has been ful�lled. Once
the errors are compensated the slow extraction performance of a lattice with ideal magnets is
recovered, and an extraction e�ciency of 93.6% is reached.

For the limit where the compensation of the �eld errors is no longer possible a maximum
tolerance for b3 is de�ned, which has to be ful�lled by the magnet designers. The search for this
limit is carried out in the next section.

8.2.2 Compensation of the steady �eld errors

The �eld errors di�er from magnet to magnet. The mean value of a �eld component in all the
magnets is called the systematic component. By means of the magnetic �eld calculations done
with ROXIE, presented in chapter 7, the systematic components for the di�erent working modes
have been calculated.



132 Chapter 8. Compensation of �eld errors

Figure 8.2: Phase-space plots of a multi-particle simulation for slow extraction. The left �gure
shows the widening of the separatrices caused by the b3 �eld errors in the main dipole magnets.
The extraction e�ciency is 80%. The right �gure shows the compensation by means of a new set
of optimized strengths for the 2+6 families of sextupoles. The extraction e�ciency is 93.6%.

The variability of a �eld component from magnet to magnet, i.e. the variance of the component,
is called the random component. The random component cannot be estimated a priori.

The limits to the systematic and random components are not independent. Depending on the
value of the systematic b3, a maximum random b3 can be allowed, and vice-versa.

To obtain limits for both components, a scan has been performed on a grid with a horizontal
axis equal to the systematic b3 and a vertical axis equal to the random b3. The b3 components
take values from 0 to 20 units.

The scan has been realized following the successive steps for each grid point:

1. Assign the b3 errors to all dipoles of the lattice with the use of a random generator, following
a normal distribution cut at 2σ. The mean value of the normal distribution corresponds to
the systematic component and the variance to the random component at that point of the
grid. A di�erent seed is used for each grid point.

2. With the use of the numerical algorithm, calculate the optimized settings for the sextupole
gradients which ful�ll the multi-objective optimization function, compensating the �eld er-
rors.

3. Run a short-term multi-particle tracking simulation on the lattice in which the magnet errors
from the �rst step, and the optimized sextupole gradients from the second step have been
implemented.

4. Filter the phase-space coordinates of the tracked particles at the entrance of the septum to
calculate the number of extracted particles.
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The results for the scan are shown in �gure 8.3. A color code indicates the extraction e�-
ciency for each combination of systematic and random components. Three possible scenarios are
compared:

1. The systematic and random components are known.

2. Only the systematic component is known.

3. The systematic and random components are unknown.

The �rst scenario implies that all dipoles have to be measured cold, or in superconducting
conditions, prior to their installation in the tunnel. In this case the systematic and random
components can be compensated. The resulting scan for the CBM mode using scenario 1 is shown
in �gure 8.3(A).

The second case implies that all magnets have to be measured warm, or at room-temperature
conditions, and only a few magnets have to be measured cold. If all warm measurements are
similar and warm-cold correlations can be established for the few magnets measured cold, then
the mean value of the components measured cold is assumed to be the systematic component for
all magnets. The random component, which is characteristic of each speci�c magnet, is unknown.
Thus, the optimized settings are calculated taking only into account the systematic component. In
this case only the systematic component is compensated. The resulting scan for the CBM mode
using scenario 2 is shown in �gure 8.3(B).

In the last case the sextupole �eld errors have not been measured. Thus, they cannot be
compensated and no optimization algorithm is used. The resulting scan for the CBM mode using
scenario 3 is shown in �gure 8.3(C).

In order to put limits to the tolerable systematic and random b3 errors, the extraction e�ciency
scans have been analyzed. A bad point is de�ned in this work as a grid point with an extraction
e�ciency smaller than 50%.

In �gures 8.3(A),(B) and (C) clear boundaries for the bad points are shown when b3 random
is zero. For bigger random components the results are less homogeneous, and bad points are
often found surrounded by points with high extraction e�ciencies. This occurs because a di�erent
random seed has been used for each grid point. Thus, the result depends on the error distribution
over the dipoles in the lattice, which was given by a normal distribution whose variance is the
random component.

The limits set to b3 systematic and b3 random de�ne an area of acceptable combinations of the
systematic and random errors. However, inside this area there are also bad points. The limits are
set such that the number of bad points is smaller than 10%. The values found for the limits of the
systematic and random component of b3 for the three possible scenarios are compiled in table 8.1.

In the case of the CBM mode it is found that if the errors are known and compensated,
scenario 1, the limits can be more relaxed. Furthermore, for scenario 1, the extraction e�ciency
of some of the bad points which are surrounded by points with a high extraction e�ciency could
be improved with a dedicated placement of the dipoles in the lattice depending on their errors.
The predicted b3 error for the CBM mode is ∼5 units, as shown in �gure 7.1. Therefore, the b3
error is within the limits presented in table 8.1 and can be compensated for scenarios 1 and 2,
recovering a high extraction e�ciency.

For the standard RIB mode the extraction e�ciency in the case of ideal magnets was only of
50.9%, see table 6.2. This value would correspond to the grid point b3 systematic = b3 random =
0, that would almost be a bad grid point. In the presence of sextupole �eld errors this e�ciency
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Figure 8.3: 2D histograms showing the number of extracted particles as a function of the systematic
and random components of the sextupolar multipole b3. A: scenario 1, the systematic and random
errors are known and compensated. B: scenario 2, only the systematic errors are known and
compensated. C: scenario 3, no error is compensated.

is only expected to decrease. Despite the predicted b3 error is of only ∼2 units, this error is not
tolerable. This occurs because any sextupole �eld error generates an extraction e�ciency not
bigger than 50%, even for compensated errors.

In contrast, the extraction e�ciency for the RIB mode at the highest magnetic rigidity, 100
Tm, was found to be 89.7%, as shown table 6.3. Therefore, the search for the maximum tolerable
�eld errors components is done for this RIB mode.
The predicted b3 error for the RIB mode at 100 Tm is ∼1 unit. Therefore, the b3 error is within
the limits presented in table 8.1 and can be compensated, recovering a high extraction e�ciency.

The situation is very di�erent if a fully stripped RIB mode would be considered. The maximum
magnetic rigidity for the fully stripped RIB mode is 30 Tm, and the magnetic rigidity for a standard
fully stripped RIB mode is 20 Tm. The b3 �eld errors for this mode would be ∼10 and ∼14 units,
respectively, which are far from the limits presented in table 8.1 and could not be compensated.
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Thus it is recommended to disregard the fully stripped mode and only run the partly stripped
mode at the highest magnetic rigidity.

Table 8.1: Tolerances for the �eld components [units], such that the number of combinations with
an extraction e�ciency smaller than 50%, so called bad points, is smaller than 10%.

b3 systematic b3 random
scenario 1 scenario 2 scenario 3 scenario 1 scenario 2 scenario 3

CBM mode 11 10 3 14 13 11
RIB mode 5 4 2 1 1 1

8.2.3 Compensation of the dynamic �eld errors

As explained in chapter 7, the persistent currents in the superconducting �laments decay when
the current in the magnet is kept constant, e.g. during the injection or at the slow extraction
plateau. The time-dependent decay of the persistent currents a�ects the main �eld of the dipole
and all the allowed components. However, the most noticeable e�ects are caused by the main �eld
and the sextupole component.

The decay of the main �eld changes the bending �eld of the dipoles. Thus, it distorts the
orbit of the beam. No data is available, either measured or calculated, to estimate the decay of
the main �eld in the SIS300 dipole magnets. A compensation scheme of the decay of the main
�eld is not developed within this work. Further investigations should be performed to estimate
the requirements. The experience at other facilities is that the decay of the main �eld needs
to be corrected. At the HERA synchrotron the decay was measured on-line on two reference
dipoles connected in series with the dipoles in the machine. The correction was done by means of
compensating currents in the steerers [48]. At LHC, the decay of the main �eld was measured in a
certain number of dipoles prior to their installation in the tunnel. An experimental �tting function
was derived from the measurements and is used for a feed-forward compensation in the machine [49].

The decay of the b3 component leads to a time-dependent variation of the virtual sextupole,
of the resonance driving modes and of the chromaticity. A time-dependent variation of the total
chromaticity, which drifts away from the Hardt chromaticity, is particularly important during the
slow extraction, as it causes a progressive widening of the extraction separatrix. This e�ect can
only be compensated with a time-dependent variation of the gradients of the sextupoles.

The in�uence of the b3 decay on the slow extraction depends on the duration of the current
plateau and the magnetic rigidity at which the extraction takes place, among others. Thus, the
in�uence is not the same for the di�erent working modes of the SIS300:

CBM mode The injection plateau takes place at 100 Tm and has a duration of less than 1 ms.
The decay of the persistent currents for such a short time period is negligible. The �at top
or extraction plateau, at 300 Tm, has a duration of 10 s for the standard mode which can
be extended up to 100 s in extreme cases. The nominal value of b3 for the �at top of CBM
is ∼5 units. The contribution from the persistent currents to the nominal value of b3 is only
of 0.2 units. This value is the maximum decay amplitude which can be reached during the
slow extraction at this magnetic rigidity. A decay amplitude of 0.2 units is so small that it
can be neglected. Under these conditions the b3 decay is irrelevant for CBM mode.

RIB mode The injection and the extraction take place at the same current plateau. Thus, the
current can remain constant for very long periods, which can last up to days. Therefore, the
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time-dependent decay of the persistent current cannot be neglected in this mode. Further-
more, the stretcher mode is planned at low magnetic rigidities, in the range from 27 to 100
Tm, where the persistent currents are the dominating �eld errors, as shown in �gure 7.1.

Semi-analytical description of the persistent current decay

To anticipate the persistent current decay in the SIS300 dipoles is di�cult since the decay does
not only depend on the magnet parameters but also on their powering history.

So far there is no analytical model which provides a full description of the persistent current
decay. Instead, experimental �tting-functions are typically used to describe the decay observed
for the di�erent superconducting synchrotrons. It is natural to use an exponential function to �t
a decay. In this work, the �tting function proposed to �t the decay of the LHC dipoles, by N.
Sammut in his PhD thesis [49], is used. This function is a sum of two exponentials, one of which
decays nine times slower than the other. Thus, the function combines a fast and a slow decay
mode, which are weighted by a �tting parameter C. The other �tting parameters are the decay
amplitude, A, and the decay rate, τ .

The �tting function has the form:

f(t) = A
[
C
(
1− e

−t
τ

)
+ (1− C)(1− e

−t
9τ )
]

(8.5)

The experimental results of the b3 decay on the dipole magnets from the HERA, RHIC,
Tevatron, and LHC accelerators have been taken from [45], [50], [51] and [49], respectively. The
results of the measurements have been �tted with the function f(t), described in eq. 8.5. The
results for the three �tting parameters are presented in table 8.2.

For completeness, the value of some parameters which seem to be relevant for the decay are
also included in table 8.2. These parameters are:

• The �lament diameter, d�lament

• The current at injection, Iinj

• The maximum current of the pre-cycle, Imax

The dependence of the absolute value of the �eld error on the �lament diameter was already
mentioned in chapter 7. From �gure 7.1, it can be seen that the absolute value of the b3 �eld
error increases with the thickness of the �laments at low �elds, where the �eld errors are mainly
generated by the persistent currents.

M. Haverkamp studied, in his PhD thesis [52], the dependence of the decay on many parameters
of the cycle and the cleansing pre-cycle. He concluded that the most relevant parameters for the
decay are the current at injection and the maximum current of the pre-cycle.

From the data compiled in table 8.2, the dependence of the decay amplitudes on the maximum
current of the pre-cycle can be noticed. For the HERA synchrotron the decay was measured for
�ve di�erent maximum currents of the pre-cycle. For the highest currents in the pre-cycle, the
biggest decay amplitudes were found.

It can also be observed that for the thickest �lament diameters the decay rate is the fastest.
However, for a given �lament diameter the decay rate is not constant, but varies as a function
of the maximum current reached during the pre-cycle. All di�erent parameters seem to be
interrelated.

The decay rates measured in the di�erent machines di�er by more than one order of magnitude.
On one hand, to deal with slow decay rates, a ramping of the sextupoles could be proposed as a
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Table 8.2: decay �tting parameters

synchrotron A C τ [s] d�lament[mm] Iinj[A] Imax pre-cycle [A]

LHC 2.01 0.66 189.04 7 760 11850
Tevatron 1.07 0.56 28.23 9 660 4878
RHIC 1.85 0.81 52.30 6 568 ?
HERA 1.40 0.30 6.57 13 244 750
HERA 1.67 0.43 4.98 13 244 1500
HERA 3.32 0.47 6.08 13 244 3000
HERA 6.06 0.39 9.60 13 244 4500
HERA 8.06 0.40 9.05 13 244 5000

dynamic compensation on the current plateau. Slow decay rates were obtained from the �t to the
experimental data of RHIC, LHC and TEVATRON. On the other hand, in the case of fast decay
rates (e.g. τ ≤ 10 s) a waiting period before injection would be the easiest applicable solution.

Toy model for the b3 decay in the SIS300 dipole magnets

No calculations can be done with the program ROXIE to predict the persistent current decay
for the SIS300 dipoles. Nor have measurements been carried out, yet. Thus, due to the lack of
data for the SIS300 dipoles, a toy model has been build with the use of measured data from the
superconducting dipoles of other machines.

The arc dipoles from RHIC are, among the di�erent dipole magnets of all studied supercon-
ducting machines, the most similar to the SIS300 dipoles. Their characteristics can be found
in [53]. Because of the similarities between the dipoles of both machines, it is assumed that a
similar decay rate, τ , and a similar weight between fast and slow modes, C, could be expected
for the SIS300 dipoles. The decay amplitude, A, is assumed to be the persistent current contri-
bution to the total �eld, calculated with ROXIE for each of the extraction modes. In �gure 8.4
the b3 decay assumed for SIS300 is plotted as a function of time, for the 350 s after the decay starts.

To compensate the time-dependent decay of the sextupole �eld error, b3=b3(t), the optimization
program is used to calculate new gradients for the di�erent families of sextupoles. The calculation is
performed for di�erent instants of time t, in which the corresponding b3(t) is used. In this manner,
time-dependent optimized sets of sextupole gradients are found, k2=k2(t). The time-dependent
sextupole gradients are plotted in �gure 8.4 together with the b3 decay.

The chromaticity variation caused by the b3 decay is plotted in �gure 8.5. The plot compares
two di�erent cases, namely:

1. The sextupole gradients of the chromatic sextupoles are varied as a function of time, in order
to compensate the decay of the b3 �eld errors.

2. The sextupole gradients of the chromatic sextupoles are not modi�ed. Thus, the decay of
the b3 �eld errors is not compensated.

In the �rst case the horizontal chromaticity is kept at a constant value equal to the Hardt chro-
maticity. The vertical chromaticity was not corrected as it has no in�uence on the slow extraction.
In the second case the horizontal and vertical chromaticities drift approximately 11 units of chro-
maticity in 350 s. Due to the drift of the horizontal chromaticity from the Hardt chromaticity, the
width of the separatrices increases as a function of time. The consequence on the slow extraction
is a decrease of the extraction e�ciency as a function of time.
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Figure 8.4: Estimated b3 decay for the RIB mode at 64 Tm plotted together with the dynamic
sextupoles gradients needed to compensate it.

However, as soon as measurements on the persistent current decay are available for the SIS300
dipole prototype, the calculations presented in this section should be updated with the use of the
experimental �tting parameters for the SIS300 dipole. Therefore, a proposal for the �eld quality
measurements on the SIS300 dipole prototype is presented in appendix A.

8.3 Tolerances to other �eld errors

The �eld components di�erent from b3 are mainly determined by the geometric �eld source. The
geometric �eld source is constant as a function of the current and also as a function of time, as it
was shown in �gure 7.1. Therefore, it is assumed in this work that the �eld components di�erent
from b3 have a constant value.

The e�ect of these components cannot be implemented in the analytical expressions of the one
dimensional extraction model. Therefore, these components cannot be compensated by setting
new gradients in the sextupoles. No correction is attempted for them. Tolerances are proposed
based on the e�ciency results of the slow extraction tracking simulations. A compilation of the
maximum tolerated allowed and unallowed �eld components is done in table 8.3.

The higher order allowed and unallowed components, n ≥ 5, have only a small e�ect on the
slow extraction e�ciency. No limits are found for them within ten times their predicted value.

On the other hand, the lower order components have a stronger e�ect on the beam dynamics.
The lowest order skew component, a2, acts as a skew quadrupole which couples the horizontal
and vertical planes and impairs the slow extraction up to the point where extraction is actually
impossible. For this reason, the limit found for the skew quadrupole is very small, <1 unit. This
limit is smaller than the nominal value for a2 on the arc dipoles from RHIC [53]. The e�ect of an
a2 component bigger than tolerable is shown in �gure 8.6(left).
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Figure 8.5: Variation of the total chromaticity with time due to the persistent current decay of b3
in the dipoles. In blue and red the chromaticities are plotted with and without compensation of
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Table 8.3: Tolerances for the systematic value of the �eld errors di�erent from b3, for the CBM and
RIB modes [units]. The nominal values for the normal errors have been calculated with ROXIE
for the SIS300 dipoles. The skew nominal values are taken from measurements on the arc dipoles
from RHIC, [53].

b5 b7 b9 b11 b13 b15 a2 a3 a4 a5 a6 a7 a8 a9
nominal errors -0.98 0.95 1.38 3.61 -5.66 -4.84 -1.51 -1.07 -0.36 -0.2 -0.06 -0.1 -0.01 0.02
tolerances >10 <1 4 2 > 10

The skew components a3 and a4 bend the separatrices creating stable islands that prevent slow
extraction. Therefore, they have to be limited. An example of stable island formation for a4 = 2.5
units is shown in �gure 8.6(right).

8.4 Conclusions

The e�ect of the sextupole �eld errors in the dipoles on the slow extraction separatrices, on the
resonance driving modes and on the chromaticity can be described by means of analytical models.
Because it can be analytically described, it can be compensated with the use of the numerical
algorithm developed in chapter 5. Thus, a compensation method for the sextupole �eld errors
in the dipole magnets has been developed by means of the optimization of the gradients of the
di�erent families of sextupole magnets. Tolerances on the sextupole error in the dipole magnets
are proposed for the limits where the compensation of the sextupole error is no longer possible.
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Figure 8.6: Two examples of the consequences of �eld errors exceeding the tolerances. Left: tracking
simulation with a skew quadrupole component a2=3 units. The planes x and y are coupled and
extraction is no longer possible. Right: tracking simulation with a skew octupole a4=2.5 units.
Formation of stable islands that cut the extraction septum occurs.

The limits are found to be more relaxed when the systematic and random errors are known.
The fully stripped RIB modes do not seem feasible, as for the low �elds at which they take

place, 0.3 to 0.4 T, the magnitudes of the �eld errors in the superconducting dipoles are bigger
than tolerable.

The time dependence of the b3 component due to the decay of the persistent currents is
estimated for SIS300 despite the lack of experimental measurements. A dynamic compensation
method is designed to deal with the decay.

The �eld components di�erent from b3 cannot be compensated with the use of the optimization
algorithm. Tolerances are proposed based on the e�ciency results of the slow extraction track-
ing simulations. The skew quadrupole a2, which couples the horizontal and vertical planes, is
particularly harmful for the slow extraction and has to be controlled down to 1 unit.



Conclusions

A tailored solution for the design of the nonlinear magnet scheme of the SIS300 superconducting
synchrotron has been developed in this thesis, with the aim to ensure a high e�ciency slow
extraction. This tailored solution is the result from: (1) the search of a compromise between
the standard lattices for slow extraction and the project constraints, (2) the development of
a multi-objective optimization algorithm to determine the gradients of the di�erent sextupole
families, even in the presence of time-dependent �eld errors.

As a result of this work, the lattice of SIS300 has been rearranged, while preserving the original
FODO structure and dipole layout. New quadrupole gradients for the slow extraction, yielding
a working point Qx = 9.32, Qy = 9.14 and quasi dispersion-free straight sections, have been
determined. The sextupole magnets have been repositioned in the lattice, adapted to the new
dispersion function. Thus, the chromatic sextupoles have been placed in pairs in the arcs, with
a phase advance of 160◦, not far from the ideal phase advances of 180◦. The resonant sextupoles
have been positioned in the quasi dispersion-free straight sections. As a consequence of the lattice
rearrangement, the tasks of the two types of sextupoles, chromatic and resonant, have been sep-
arated. That is, the contribution from the chromatic sextupoles to the resonance excitation and
the contribution from the resonant sextupoles to the total chromaticity have been minimized.

A multi-objective optimization algorithm has been developed in this thesis to determine the
gradients of the sextupoles, the optimal number of sextupole families and their grouping. The
optimization algorithm is based on the analytical models of the slow extraction, the excitation
of the resonances and the chromaticity. It aims to correct the chromaticity such as to ful�ll
the Hardt condition, to excite the third resonance for slow extraction while minimizing other
resonances and coupling terms, and to orientate the extraction separatrix to match the entrance
angle at the septum. The optimization algorithm combines two functions, which are iteratively
minimized until convergence is found.

The rearrangement of the SIS300 lattice together with the compensation of the "unwanted"
resonances and of the amplitude-dependent coupling coe�cient, has resulted in an increase of the
dynamic aperture by one order of magnitude in the vertical plane compared to the initial lattice.
Thus, in contrast to the initial lattice, the extraction of all particles is possible independent of
their vertical amplitude. Tracking simulations of the slow extraction, generated by means of
white noise, show that no beam could be extracted from the original lattice. In contrast, an
extraction e�ciency of 96.4% is reached for the optimized lattice in the case of the high-energy
ramped mode (CBM). The extraction e�ciency has also been studied for the low-energy stretcher
mode (RIB) at di�erent magnetic rigidities. For the nominal magnetic rigidity, 64 Tm, only an
extraction e�ciency of 50.9% could be reached. The extraction e�ciency increased to 89.7%
when a magnetic rigidity of 100 Tm was used. In contrast, for lower magnetic rigidities the beam
emittance and the magnitude of the �eld errors are bigger and the e�ciency decreases. Therefore,
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the operation of the stretcher mode at magnetic rigidities lower than 64 Tm is strongly discouraged.

The �eld errors for the SIS300 dipoles have been estimated, despite the lack of �eld quality
measurements in superconducting conditions. To estimate the �eld errors of the SIS300 dipoles a
combination of ROXIE calculations, warm measurements of the SIS300 dipole prototype, measure-
ments from similar dipoles of other facilities and experimental �tting functions have been used.
Moreover, a model for the decay of the sextupole �eld error in the SIS300 dipoles, as a function of
time during the slow extraction, has been proposed.

Using these data, the e�ect of the sextupole �eld errors in the dipoles on the slow extraction
performance has been studied. The optimization code has been used to compensate them by means
of optimized gradients in the sextupole magnets. A dynamic compensation method consisting of
an optimized ramp for the sextupoles during the current plateau has been proposed.

At the limits where the compensation of the sextupole �eld errors was no longer possible,
tolerances for the systematic and random components have been determined and should be ful�lled
by the magnet designers. The limits were studied for di�erent scenarios depending on whether all
dipoles were measured in superconducting conditions prior to their installation in the tunnel,
only some dipoles were measured cold and the rest at room temperature, or if no �eld quality
measurements were done. The most relaxed tolerances were found for the �rst and second cases,
which implies that the systematic components of all dipoles will have to be measured.

Tolerances have also been determined for other �eld components, which cannot be compensated.
Relaxed limits have been found except for the skew quadrupole, which couples the transversal
planes and has to be constrained to less than 1 unit.
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Appendix A

A proposal for �eld quality

measurements on the SIS300 dipole

prototype

Several magnetic �eld quality measurements are proposed to be performed on the dipole prototype
during the test time at GSI. These measurements are proposed according to the designed cycles
for the low-energy stretcher mode and the high-energy ramped mode. The comparison of the
measured �eld harmonics with the calculations done with ROXIE will permit an estimation of the
accuracy of the model. Afterwards, the beam dynamics simulations should be updated with the
implementation of the measured �eld components.

The standard cycles of the two working modes foreseen for SIS300 were already presented in
the introductory part of this thesis and plotted in �gures 1.5 and 1.4. However, some additional
extreme cycles, with di�erent energies and longer extraction times, have also been planned. The
energies, ramp rates and extraction times of the cycles are not absolutely �xed. Thus, they may
be modi�ed if it is shown, from the point of view of the �eld quality, to be convenient.

Preparation for the measurements

The in�uence of the persistent currents on the beam dynamics depends on the history of the
superconducting magnets, that is, on the detailed excitation curve the magnets have experienced
[45]. Thus, during the magnet testing, a well de�ned initialization cycle preceding the �eld quality
measurements is necessary to bring the magnet into reproducible conditions. This cycle should
start with a quench of the magnet, that is an increase of its temperature to provoke a loss of the
superconducting state, to erase all previous history. In this manner clean results will be obtained
and the in�uence of the remanent �eld components from previous cycles is avoided. As an example,
the initialization cycle during the magnet testing at HERA consisted of [45]:

1. A quench of the magnet

2. Application of the maximum transport current (Imax = 6000 A)

3. Putting the magnet to the minimum current (Imin = 50 A)

4. Adjusting the required current for the measurement (Iinjection = 250 A)
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Field quality tests for the RIB mode

The operating cycle of the low-energy stretcher mode was introduced in section 1.4. The energies
for the stretcher mode could be varied in the range of 0.4 to 2.7 GeV/u for the U28+ reference ion,
which corresponds to magnetic rigidities between 27 and 100 Tm.

The �eld quality for the corresponding �eld range is expected to vary largely, and it will be the
constraint which determines the cycle operating parameter, including the duration of the current
plateau. As there is no beam inside the machine during the ramp up to the injection plateau, a
cycle parameter that could be optimized is the ramp rate to the injection plateau. An experiment
performed on the short dipole model magnets for the LHC showed how the decay of the sextupole
component depends on the ramp rates to the injection plateau [52].

Proposal 1

Cycle 1: The dipole is ramped up to the energy of the stretcher mode (2.7, 1.5, 0.9 and 0.4
GeV/u) with a ramp rate of 1, 0.5, 0.2 or 0.05 T/s. The duration of the �eld measurements for
each combination of energy and ramp rate should be at least ten times the expected decay rate,
∼5000 s for the SIS300 dipole toy model.

A sketch of cycle 1 is plotted in �gure A.1, where only the �rst 40 s of the cycle are shown, for
a better observation of the di�erent ramp rates.
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Figure A.1: cycle proposal 1

Measurements 1: Main �eld Bmain and allowed components b3, b5, b7 and b9 during 5000 s.

Goals 1: Fit the measured persistent current decay to the exponential function, eq. 8.5. Determine
the experimental �tting parameters for the di�erent combinations of energies and ramp rates. The
experimentally �tted function will allow to forecast the decay as a function of time.
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Analyze the in�uence of the ramp rate on the decay: whether the decay amplitude is decreased
with the use of lower ramp rates, and whether the ratio amplitude/ramp time is worth the use of
a lower ramp rate.

Field quality tests for the CBM mode

The operating cycle of the high-energy ramped mode was explained in detail in section 1.4. For
this mode, the �eld quality could be jeopardized in the following cases:

Injection Takes place during less than 1 ms at a magnetic rigidity of 100 Tm. The persistent
current decay for such a short time span and the subsequent snapback at the beginning of
the ramp are negligible.

However, if the time spent at a constant current during the injection plateau would be
signi�cantly longer, e.g. in order to check if the machine is ready for injection, then the
decay and snapback could not be neglected any longer. Instead, the drift of the components
b1 and b3 would probably need to be corrected.

Ramp up A ramp rate of 1 T/s is 2 to 3 orders of magnitude faster than the usual ramp rates in
other superconducting synchrotrons. Therefore, the e�ect of the coupling currents, usually
neglected at other machines, is expected to be relevant at SIS300. The �eld errors caused
by the coupling currents a�ect all �eld components, increasing the width of the hysteresis
curve as a function of the ramp rate. Because the coupling currents are dissipated in a
time span of 0.01 to 10 s, their variation during the �at top will a�ect the slow extraction.
Di�erent ramp rates should be tested to optimize the CBM mode. Ramp pro�les of the form
quadratic - linear - quadratic and exponential - linear - quadratic have been proposed to
partly counteract the e�ect of the snapback and avoid overshooting [54].

Flat top At 300 Tm, the decay of the persistent currents is expected to be small, with a maximum
value of approximately 0.2 units for b3 according to the ROXIE calculations. The e�ect of
this decay in the broadening of the separatrix used to extract the beam is small enough to be
neglected. Nevertheless, the decay at �at top should be measured on the prototype magnet
to con�rm the calculations. If it would be bigger than calculated, it would a�ect the slow
extraction, in particular for the longest extraction durations.

Because the ramp down of the high-energy ramped mode takes place with no beam inside the
machine, its parameters (ramp rate, ramp pro�le, etc) can be modi�ed if proven worth.

Proposal 2

Cycle 2: Run n complete standard cycles (injection - ramp up - 10 s �at top - ramp down) in a row.

Measurements 2A: All �eld components, normal (bn) and skew (an), during the ramp up, up to
the 11-pole.
Goal 2A: Measure the �eld quality during the ramp at a ramp rate of 1 T/s. Study the
reproducibility of the �eld quality during the ramps by comparing the measurements for the
di�erent cycles.

Measurements 2B: Main �eld Bmain and allowed components b3, b5, b7 and b9 during 10 s
duration of the �at top.
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Figure A.2: cycle proposal 2 (up) and zoom of one standard CBM cycle (down).

Goals 2B: Compare the measured decay of the �eld components, specially of b1 and b3, with
the results from the ROXIE calculations. In the case the decay of the �eld errors is not negli-
gible, determine the experimental �tting parameters to the exponential function, eq. 8.5. The
experimentally �tted function will allow to forecast the decay as a function of time during the
extraction.

Study the reproducibility of the �eld quality at �at top by comparing the measured �eld
components for the n successive cycles. Only if the measured �eld components are the same, the
cycles can be linked without the need of any cleansing pre-cycle. Is there a limit on the number
of cycles that can be successively linked?

Proposal 3

Cycle 3: Run n complete extreme cycles (injection - ramp up - 100 s �at top - ramp down) in a row.

Measurements 3: Main �eld Bmain and allowed components b3, b5, b7 and b9 during 100 s
duration of the �at top.

Goal 3: Study the reproducibility of the �eld components at this long-lasting �at top by comparing
the measured �eld components for the n successive cycles.

Proposal 4

Cycle 4: After quenching the magnet, perform 16 complete standard cycles, rotating the coil from
cycle to cycle to have a complete set of harmonic measurements during ramp, for 4 di�erent ramp



149

rates (0.5, 0.75, 1.25 and 1.5 T/s).
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Figure A.3: cycle proposal 3

Measurements 4: of all the harmonic components up to the 11-pole during the ramp up, for
each of the ramps.
Goal 4: Add these measurements to the data measured previously at 1 T/s, and study the
dependence of the �eld quality on the ramp rate.

Cleansing cycles and connection between working modes

During the regular operation of SIS300 the magnets cannot be quenched between the di�erent
cycles. Thus, to ensure the �eld quality and its reproducibility on the subsequent cycles when
di�erent working modes are connected, a cleansing pre-cycle may be necessary.

The use of a cleansing pre-cycle is a standard procedure in the di�erent superconducting syn-
chrotrons before each new beam injection. For example, a standard pre-cycle at HERA consists of
[45]:

1. The magnets are set to their maximum �eld, of about 5 T.

2. The magnets are set to their nominal injection values, of about 0.23 T.

3. The magnets are set to their minimum values.

4. The magnets are set again to their nominal injection values.

It has to be taken into account that all superconducting synchrotrons with cos(θ) magnets built
to date are colliders and have cycle durations of the order of some hours. Therefore, the run of a



150

cleansing pre-cycle, with a duration of the order of seconds, before the start of a new cycle does
not decrease the duty cycle of the machine.
On the other hand, SIS300 accelerates the beam to afterwards extract it to external experiments or
storage rings. The cycles, understood as the duration between the beam injection and the end of
the extraction, are of the order of tens to hundreds of seconds. Therefore, the usage of a pre-cycle
before each new cycle would decrease the duty cycle.

Furthermore, the design of an optimum pre-cycle is not a simple task. The di�erent parameters
that characterize the pre-cycle are mainly: the �at top current, the �at top duration, the pre-cycle
ramp rate, the number of pre-cycles run, the ramp rate to injection, etc. These parameters were
varied in an experiment conducted at CERN on short dipole model magnets [52]. The time
dependence of the decay was measured on the subsequent injection plateau. Of these parameters,
the current at the pre-cycle �at top and the duration of the �at top seemed to be the determining
factors. However, the measured decays varied from magnet to magnet. Moreover, the decay trend
as a function of time depended on the magnet design. Therefore, estimations cannot be done a
priori and the design of an optimum pre-cycle has to be based on measurements on the dipole
magnet of a particular machine.

The main guidelines that have to be followed to design the connection between the di�erent
working modes in SIS300 can only be provided in a general manner. Once the �eld measurements
have been done, the results have to be used to de�ne a realistic proposal for a pre-cycle and a
scheme for the connections. The main points are:

• Minimize the number of pre-cycles. Favor certain combination of cycles and modes, which
avoid the use of a pre-cycle.

• In those cases a pre-cycle is unavoidable, minimize its duration.

• Choose the pre-cycle parameters which minimize the decay amplitude of the persistent and
coupling current.

Proposal 5

Cycle 5: Run the stretcher mode for a long period, e.g. 1000 s. Immediately afterwards:

A: Run a standard CBM cycle, with no cleansing pre-cycle between them.

B: Run a cleansing pre-cycle and later a standard CBM cycle. To �nd the optimum value of the
pre-cycle parameters, run the pre-cycle with di�erent values of �at top currents and �at top
durations. Run the pre-cycle with a decrease of the current to Imin before the ramp to the
injection plateau, and without it.

A sketch of the cycle proposal is plotted in �gure A.4 for both options.
Measurements 5: Main �eld Bmain and allowed components b3, b5, b7 and b9 during the 10 s
duration of the �at top.
Goal 5: Compare the �eld quality measurements, steady and time-dependent, of the CBM cycle
which follows the long stretcher mode without a pre-cycle (option 1) and with a cleansing pre-
cycle (option 2) with the measurements of a cycle which follows a quench. The latest values are
clean, not in�uenced by the previous history. The optimum pre-cycle parameters are those ones
for which the measured �eld components are the closest to the clean values. To quantify when the
�eld components are "close enough" to the clean values, one has to evaluate the measured �eld
quality on the beam dynamics with the use of simulations.
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Figure A.4: Magnetic �eld in the dipole sketched as a function of time (not to scale) for the
connection of a long stretcher mode followed by a ramped CBM cycle. Di�erent possibilities
for the pre-cycle �at top currents and durations are sketched. Both working modes can also be
connected directly, as marked by the blue line, without any cleansing pre-cycle in between

Proposal 6

Cycle 6: Combine the cycles in reversed order. Run �rst a standard CBM cycle and immediately
afterwards:

A: Run the stretcher mode for a long period of time, e.g. 1000 s, with no cleansing pre-cycle
between them.

B: Run a cleansing pre-cycle and later the stretcher mode. To �nd the optimum value of the
pre-cycle parameters, run the pre-cycle with di�erent values of �at top currents and �at top
durations. Run the pre-cycle with a decrease of the current to Imin before the ramp to the
injection plateau, and without it.

Measurements 6: Main �eld Bmain and allowed components b3, b5, b7 and b9, during the long
stretcher mode.
Goal 6: Compare the �eld quality measurements, steady and time-dependent, on the long stretcher
mode which follows a CBM cycle without a pre-cycle and the measurements on a stretcher mode
which follows a cleansing pre-cycle, with those on a stretcher mode which follows a quench. The
optimum pre-cycle parameters are those ones for which the measured �eld components are the
closest to the clean values. To quantify when the �eld components are "close enough" and to
evaluate their e�ect, the �eld components can be implemented in simulations of beam dynamics.





Appendix B

Summary of the lattice and magnet

parameters for the initial and

optimized lattices of SIS300

Parameters of the linear lattice:

Common for the di�erent operation modes, CBM and RIB.

Table B.1: Betatron tunes, phase advances per FODO cell and quadrupole magnets

Parameter Initial Lattice Optimized Lattice

Qx Qy 13.31 9.27 9.32 9.14
ψFODO,x ψFODO,y [◦] 114.09 79.46 79.886 78.34
k1(QF ) k1(QD) [m−2] 0.1293 -0.1089 0.1017 -0.0994

Table B.2: Twiss and dispersion parameters at the entrance of the electrostatic septum

Parameter Initial Lattice Optimized Lattice

αx αy -0.6471 2.4485 -0.7079 1.6731
ψFODO,x ψFODO,y [◦] 6.6767 41.7310 11.8807 33.0013
ψx ψx [rad] 9.4065 6.4112 0.0 0.0
Dx Dy [m] -0.0592 0.0 -0.0380 0.0
D′
x D′

y 0.2207 0.0 0.0057 0.0
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Parameters of the nonlinear lattice:

Distinction between the di�erent operation modes, CBM and RIB.

Table B.3: Gradients of the sextupole magnets

Parameter Initial Lattice Optimized Lattice
CBM mode RIB mode

k2(SCH) [m−3] 0.1213 0.1179 0.1138
k2(SCV ) [m−3] -0.1453 -0.1880 -0.1912
k2(SR1) [m−3] 2.4397 0.3835 0.0905
k2(SR2) [m−3] 0.0646 0.0259 0.5925
k2(SR3) [m−3] -0.627 1.5 0.2153
k2(SR4) [m−3] 2.1614 0.1471 1.0
k2(SR5) [m−3] -1.8127 0.8857 0.0556
k2(SR6) [m−3] -2.2259 0.0 0.4505

Table B.4: Chromaticities

Chromaticity type Initial Lattice Optimized Lattice
CBM mode RIB mode

Natural
ξnat,x ξnat,y -17.3913 -13.0327 -10.7376 -10.4281 -10.7376 -10.4281
Chromatic
ξchrom,x ξchrom,y 13.6714 4.0594 11.8741 10.7711 11.2571 11.1465
Resonant
ξres,x ξres,y -0.0001 0.0008 -1.1205 0.4033 -0.4626 0.1594
Total
ξtotal,x ξtotal,y -3.7200 -8.9724 0.0160 0.7464 0.0569 0.8778
Hardt
ξHardt,x -3.7200 0.0160 0.0570

Table B.5: Parameters of the virtual sextupole

Parameter Initial Lattice Optimized Lattice
CBM mode RIB mode

Svirt [m
−1/2] -86.6275 -152.37 68.14

ψvirt [
◦] 0.2895 -0.3790 0.4098
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Table B.6: Relative resonance excitation of the driving terms up to �rst order pertur-
bation theory

Driving mode (Resonance) Initial Lattice Optimized Lattice
CBM mode RIB mode

h2100(Qx) 28 % 14.32 % 0.0 %
h3000(3Qx) 100 % 100 % 100 %
h1011(Qx) 281.5 % 5.78 % 3.57 %
h1002(Qx − 2Qy) 146 % 0.45 % 0.82 %
h1020(Qx + 2Qy) 603.1 % 19.40 % 19.05 %

Table B.7: Amplitude dependent tune-shift coe�cients

Parameter Initial Lattice Optimized Lattice
CBM mode RIB mode

αxx -1207.69 -4739.39 -1116.11
αxy -20107.90 16.13 0.03
αyy -21880.79 47.88 6.46
log10(αxx/αxy) -1.22 2.47 4.63
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