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We are pleased to announce the 3rd Strings, Cosmology and Gravity Student Conference 
(SCGSC), which this year will take place at the Institut Henri Poincaré in Paris from the 3rd to the 5th 
of November 2010. The conference is designed to bring together young PhD and postdoctoral 
scientists working in theoretical high energy physics, especially in the areas of String Theory, 
Cosmology and Gravity. Our primary aim is to give attendants the opportunity to present their research 
via contributed talks and to form collaborations. There is no registration fee and the conference is 
open to all interested graduate students and postdoctoral researchers. In the spirit of previous 
conferences there will be contributed talks only, which will be selected from the abstracts submitted. 
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SCSGC 2010 - ABSTRACTS
• Arshad Jawad,

King’s College, London

Moduli stabilisation using worldsheet techniques
Gepner models provide algebraic constructions of string backgrounds where the compact part
of the manifold is represented by internal conformal field theories carrying the correct central
charge. We use these ideas to construct cosmological toy models that provide a way for
freezing the string moduli. We also look at the effective field theory of the fields in the
spectrum and possible ways of inducing inflation.

• Borot Gaëtan,
IPhT - CEA/Saclay

Topological strings: an introduction to the BKMP conjecture
In 2007, motivated by large random matrices techniques, Eynard and Orantin gave an
axiomatic to associate numbers Fh(S) to any plane curve S. These objects enjoy many
properties, like integrable PDEs, holomorphic anomaly equations, special geometry, which are
reminiscent of the expected properties of the amplitudes of type B topological string theory.
Soon after, Bouchard, Klemm, Marino, Pasquetti proposed a constructive definition to all
genus closed amplitudes of the type B topological string theory of a toric Calabi-Yau 3-fold,
X: they should be given by Fh(S), where S is the mirror curve of X. Actually, only the type A
theory of X had a precise definition at that time, and they conjectured, based on the A-B
duality: the partition function of the type A topological string theory of X is
exp(

∑
h g

h
sFh(S)), where gs is the string coupling constant. The goal of the talk is to give a

short introduction to the notions around this conjecture, its status, and its consequences.

• Christopherson Adam,
Queen Mary, London

Vorticity generation in the early universe
Vorticity is a common phenomenon in situations involving fluids in the ’real world’. Yet, to
date, little attention has been paid to the role vorticity plays in cosmology and, specifically, in
the early universe. In this talk I will consider vorticity generation in cosmology using
cosmological perturbation theory. I will show that, while at first order the vorticity equation
has no source term, at second order vorticity is sourced by gradients in entropy (non-adiabatic
pressure) and energy density perturbations. I then will present some estimates for the
magnitude and scale dependence of the vorticity power spectrum using a simple ansatz for the
entropy and a simple input for the energy density perturbation. Finally, I will close with some
hints toward the observational importance of such vorticity.

• Cluzel Emeline,
IPhT CEA/Saclay

DBI Inflation : particle creation, backreaction and features
We consider DBI inflation with a quadratic potential and the effect of trapped branes on the
inflationary fluctuations. When going through a trapped brane the effective potential of the
inflaton receives a contribution whose effect is to induce a jump in the power spectrum of the
inflaton perturbations.
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• Coimbra Andre Janeiro,
Imperial College, London

Exceptional Generalised Geometry
I will talk about Exceptional Generalised Geometry as introduced by Hull and Waldram and
its relation with pure supergravities in diverse dimensions and M-theory compactifications.

• Crampton Benedict,
Imperial College, London

Hyperbolic Extra Dimensions
String Theory and Supergravity solutions with extra dimensions of positive curvature
typically induce a negative cosmological constant in the lower dimensions. Such models have
been extensively studied, for example the famous S5 ×AdS5 space of the AdS/CFT
conjecture. If we want to induce a positive cosmological constant however, we are naturally
led to consider negatively curved extra dimensions. Just as the simplest possible positively
curved spaces are spheres, the simplest negatively curved spaces are hyperboloids.
Remarkably, almost all the properties of sphere reductions can be analytically continued over
to the hyperbolic case in such a way that the extra dimensions remain spacelike. In particular,
they preserve all supersymmetries, and their isometry group becomes a gauge group of the
lower dimensions. I will give a schematic introduction to hyperboloid constructions, before
focusing on a certain class of models in which the lower dimensions naturally have domain
walls as their vacuum solutions. I will also attempt to answer the question: if the extra
dimensions are hyperbolic then why don’t we see them?

• de Sousa Coelho Flávio,
DAMPT, Cambridge

Black Holes and the Golden Ratio
A Weyl solution describing two Schwarzschild black holes is considered. We focus on the Z2
invariant solution, with Arnowitt-Deser-Misner mass MADM = 2MK , where MK is the Komar
mass of each black hole. For this solution the set of fixed points of the discrete symmetry is a
totally geodesic submanifold. The existence and radii of circular photon orbits in this
submanifold are studied, as functions of the distance 2L between the two black holes. For
L = 0 there are two such orbits, corresponding to r = 3MADM and r = 2MADM in
Schwarzschild coordinates. As the distance increases, it is shown that the two photon orbits
approach one another and merge when MK = φ · L, where φ is the golden ratio. Beyond this
distance there exist no circular photon orbits. The two null orbits delimit a forbidden band for
timelike circular orbits, which is interpreted in terms of optical geometry. For large L, timelike
circular orbits are allowed everywhere, as in the analogous Newtonian problem. The analysis
is generalized by considering a Z2 invariant Weyl solution with an array of N black holes and
also by charging the black holes, which connects the Weyl solution to a Majumdar-Papapetrou
spacetime.
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• Florakis Ioannis,
Ecole Normale Supérieure - Paris

String Cosmology of the Hagedorn Era
Understanding the phases of string theory in the strong curvature and high temperature
regime, which is inaccessible to the field theory approximation, may provide insights about the
physics of the very early Universe. Cosmological solutions can be described at the
perturbative string level, arising as quantum or thermal instabilities of an initially flat
background. Two major obstacles that typically prevent a perturbative treatment of the
backreaction are the Hagedorn/tachyonic divergences that take place in such strong curvature
or high temperature regions and the initial gravitational singularity ("Big Bang"), that is
present in field theory. In this talk, I will present recent progress in tackling these problems
within the framework of perturbative string theory.

• Geiller Marc,
APC - Paris 7

Spin foam models for quantum gravity
Spin foam models are a proposal for a non-perturbative and background independent theory
of quantum gravity. They represent a covariant formulation of loop quantum gravity, in which
kinematical states of the gravitational field are spin networks, and the dynamics is obtained as
a sum over histories of such states. The aim of this talk is to introduce the basic ideas behind
loop quantum gravity and briefly review some recent developments. In particular, we will
discuss the geometry of spin network states and present the construction of Lorentzian (or
Riemannian) spin foam models.

• Gnecchi Alessandra,
Padova University

Dyons in U(1) gauged supergravity
We present static dyonic black holes solutions in the context of N = 2 U(1) gauged
supergravity in four dimensions, with AdS4 asymptotic geometry. The flow of scalar fields and
metric warp factors is governed by first order equations that we derive for a general U(1)
gauging potential. We construct explicit examples of solutions admitting a spherical horizon,
showing that they only preserve up to half the supersymmetry and thus escape previous no-go
theorems.

• Godazgar Hadi,
DAMPT, Cambridge

Real fermionic symmetry in type II supergravity
Recently, Berkovits and Maldacena have generalised T-duality to fermionic T-duality. This
new duality shifts the Ramond-Ramond fields by complex Killing spinors, while leaving the
metric and NSNS 2-form invariant. Given the success of T-duality, it is expected that
fermionic T-duality will also be of importance in string theory. One the key applications of
T-duality is as a solution-generating mechanism in supergravity, but in fermionic T-duality,
because of the complexity of the Killing spinors, this application is limited to supergravity
backgrounds with time-like Killing vectors. In this talk we will give a review of T-duality and
fermionic T-duality and explain how in supergravity fermionic T-duality can be extended into
a symmetry that includes real transformations.
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• Godazgar Mahdi,
DAMPT, Cambridge

Classification of higher dimensional spacetimes
Despite growing interest in the study of higher dimensional gravity in recent years, most
higher dimensional solutions found to date, have been direct generalisations of four
dimensional solutions. One way to investigate higher dimensional gravity independent of 4d
case is to attempt a systematic study of higher dimensional general relativity. In four
dimensions, the Petrov classification of the Weyl tensor has been a useful tool in studying
solutions to Einstein’s equations. In this talk, we shall review two generalisations of Petrov
classification to higher dimensions and present some applications.

• Goutéraux Blaise,
APC - Paris 7

Einstein-Maxwell-Dilaton Theories: Solutions and Applications
In this talk we wish to examine the black-hole solutions of modified gravity theories inspired
by String Theory or Cosmology. Namely, these modifications will take the guise of additional
gauge and scalar fields for the so-called Einstein-Maxwell-Dilaton (EMD) theories with an
exponential Liouville potential. The black-hole solutions of EMD theories as well as their
integrability are reviewed and classified. One of the main results is that a master equation is
obtained in the case of planar horizon topology, which allows to completely integrate the
problem for a special relationship between the couplings. Moving on, we study the
thermodynamic properties of black holes in EMD theories. Phase transitions may be found in
the canonical ensemble, which resemble those in General Relativity. Generically, we find that
the thermodynamic properties (stability, order of phase transitions) depend crucially on the
values of the EMD coupling constants. Finally, we interpret our planar EMD solutions
holographically as approximations of the Infra-Red geometry through the AdS/CFT
correspondence, taking into account various validity constraints. We also compute AC and
DC conductivities as applications to Condensed Matter Systems, and find some properties
characteristic of strange metal behaviour.

• Hoare Ben,
Imperial College, London

Complex sine-Gordon and one-loop integrability
The one-loop factorised scattering of the complex sine-Gordon model will be discussed, and in
particular its relation to the Pohlmeyer reduction of string theory on R× S3.

• Junghans Daniel,
Hannover University

Smeared versus localised sources in flux compactifications
We investigate whether vacuum solutions in flux compactificationa that are obtained with
smeared sources (orientifolds or D-branes) still survive when the sources are localised. This
seems to rely on whether the solutions are BPS or not. First we consider two sets of BPS
solutions that both relate to the GKP solution through T-dualities: (p+ 1)-dimensional
solutions from spacetime filling Op-planes with a conformally Ricci-flat internal space, and
p-dimensional solutions with Op-planes that wrap a 1-cycle inside an everywhere negatively
curved twisted torus. The relation between the solution with smeared orientifolds and the
localised version is worked out in detail. We then demonstrate that a class of non-BPS AdS4
solutions that exist for IASD fluxes and with smeared D3-branes (or analogously for ISD
fluxes with anti-D3-branes) does not survive the localisation of the (anti) D3-branes. This
casts doubts on the stringy consistency of non-BPS solutions that are obtained in the limit of
smeared sources.
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• Marozzi Giovanni,
IAP

Covariant and gauge invariant formulation of the cosmological backreaction: formalism
and possible applications
I will show, using a gauge invariant prescription to average scalar quantities, a covariant and
gauge invariant formulation of the so-called cosmological ’backreaction’. In particular, these
effective covariant equations allow us to describe in explicitly gauge invariant form the way
quantum inhomogeneities affect the average evolution of our Universe. In the end of the talk I
will try to give some application in this direction.

• Marqués Diego,
IPhT - CEA/Saclay

Generalized Fluxes and Moduli Fixing
I will review the apearence of dual fluxes arising from string dualities in many flux
compactification scenarios, and their impact in moduli stabilization.

• Massai Stefano,
IPhT - CEA/Saclay

Instantons in D-brane models
In this talk I will review the basics of instanton calculus for supersymmetric gauge theories
and its relations with string theory. With the purpose of identify the main points underlying
the vast literature in the subject, I will focus on a simple system of D-branes on orbifold in
type IIB theory and I will discuss how gauge theory quantities can be recovered from standard
string theory techniques. I will also briefly mention the role of purely stringy contributions to
gauge theory couplings.

• Mozaffari Ali,
Imperial College, London

Experimental tests of modified gravity in the solar system
It is well known that the Earth-Sun gravitational field has a few interesting features, such as
the Lagrange points. It also has a saddle point, which from a Newtonian/GR point of view is
rather boring, but in the context of modified gravity becomes a whole lot more interesting.
Using both theoretical and computational models, we will present a way of testing modified
gravity theories in the Solar System, using the forthcoming LISApathfinder space probe.

• Orani Stefano,
Imperial College, London

Domain Walls in Hybrid Inflation
I will discuss the formation of domain walls through the phase transition that ends inflation
and their statistics and evolution.
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• Puhm Andrea,
IPhT - CEA/Saclay

Heterotic String Models
Of particular interest among the five different types of consistent superstrings in ten
dimensions are those yielding GUT gauge groups which, by construction, contain as a
subgroup the Standard Model gauge group. For phenomenological reasons it is therefore
interesting to study heterotic strings with gauge group E8 × E8 which, by breaking one of the
E8 factors, yield different GUT gauge groups as well as the Standard Model gauge group as
subgroups. We will investigate heterotic string models with N = (0, 2) worldsheet
supersymmetry and GUT gauge group SO(10). In this context we discuss the heterotic (0,2)
conformal field theory/geometry correspondence which relates string models on Calabi-Yau
manifolds to certain conformal field theories.

• Sébastien Renaux-Petel,
DAMPT, Cambridge

On the squeezed limit of the bispectrum in general single field inflation.
We investigate the consistency relation relating the squeezed limit of the bispectrum to the
scalar spectral index in single field models of inflation. We give a simple integral formula for
the bispectrum in the squeezed limit in terms of the free mode mode functions of the
primordial curvature perturbation, in any Lorentz invariant single field model of inflation and
without resorting to any approximation, generalizing a recent result obtained by Ganc and
Komatsu in the case of canonical kinetic terms. We use our result to verify the consistency
relation in an exactly solvable class of models with a non-trivial speed of sound. We then
verify the consistency relation at the first non-trivial order in the slow-varying approximation
in general single field inflation (a known result) and at second order in this approximation in
canonical single field inflation.

• Siampos Konstadinos,
CPHT École Polytechnique

Canonical pure spinor (Fermionic) T-duality
We establish that the recently discovered fermionic T-duality can be viewed as a canonical
transformation in phase space. This requires a careful treatment of constrained Hamiltonian
systems. Additionally, we show how the canonical transformation approach for bosonic
T-duality can be extended to include Ramond–Ramond backgrounds in the pure spinor
formalism.

• Strickland-Constable Charles,
Imperial College, London

Generalised Geometry and Supersymmetric Backgrounds
I will present an outline of generalised geometry and Â show how it provides a natural
description of supersymmetric backgrounds. The discussion will be in slightly different terms
to those appearing in the majority of the literature.
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• Thomas Daniel,
Imperial College, London

Galaxy Clusters and Modified Gravity
Model-independent parametrisations of modified gravity have attracted a lot of attention over
the past few years, with there even being a claim, later retracted, that a deviation from
General Relativity had been detected. Numerous combinations of experiments and
observables have been suggested to constrain these parametrisations, and future surveys look
very promising. I will look at some of the previous results and forecasts, before adding galaxy
clusters into the mix and examining whether cluster counts, particularly from the SZ effect,
could improve the constraints.

• Torri Giuseppe,
Imperial College, London

Brane tilings, M2-branes and Chern-Simons Theories
After a short review of supersymmetric Chern-Simons theories and the role they have been
playing recently in the AdS/CFT correspondence, in my talk I will discuss the use of brane
tilings to investigate such theories. In particular, I will focus on the so-called forward
algorithm and the Hilbert series, showing how these have proved to be interesting tools to
study the classical moduli space of vacua of supersymmetric Chern-Simons theories living on
M2-branes.

• Vercnocke Bert,
IPhT - CEA/Saclay

Supersymmetric Goedel space in string theory
Put forth in the nineteen fourties by Kurt Goedel, the Goedel universe has intrigued ever
since. Sourced by seemingly innocuous matter, it describes a solution to Einstein’s equations
which contains closed timelike curves (CTCs). Goedel space has also appeared in various
guises and dimensionalities in string theory. In this talk, I will review recent work on
three-dimensional spaces consisting of a Goedel inner part and a locally anti-de Sitter outer
part, separated by a domain wall. Such a construction should hopefully eliminate the CTCs in
the Goedel part of the geometry, while shedding light on the properties of the locally AdS
geometry. I present applications in black hole microstate counting, in relating the presence
(absence) of CTCs (’chronology protection’) to (not) having unitarity in the CFT dual to the
locally AdS space, and finally supersymmetric constructions of such Goedel/AdS spaces in
string theory. The latter have interesting consequences, such as a derivation of the stringy
exclusion principle from demanding absence of CTCs in the bulk spacetime perspective.
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The spin foam approach to quantum gravity

Quantum gravity is expected to reconcile general relativity and quantum
mechanics.

Because we have no experimental data, approaches are motivated by
intellectual prejudices.

Why is perturbative quantum gravity non renormalizable? Is it
because general relativity is inconsistent at high energies? Is it because
we are doing perturbations on a fixed background?
Spacetime geometry is fully dynamical and therefore we want to
implement background independance.
Geometry itself becomes quantum mechanical. Can we have a
description in terms of ’atoms of geometry’?
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The spin foam approach to quantum gravity

Spin foam models allow to define the gravitational path integral

〈Σ1, q1|PH |Σ2, q2〉kin = 〈Σ1, q1|Σ2, q2〉phys =

∫
g|Σ=q

D[g] exp(iSEH),

where SEH is the Einstein-Hilbert action and |Σ, q〉 is a kinematical state of
spatial 3-geometry.

In loop quantum gravity, we have a good handle on the kinematical Hilbert
space: it is spanned by spin network states.

So let us start by looking at the canonical framework of loop quantum
gravity to see how this comes about.
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The spin foam approach to quantum gravity

Canonical loop quantum gravity: key ideas and results
What is canonical loop quantum gravity?

Loop quantum gravity is a quantization of general relativity that follows
the ideas (60’s) of Dirac, Bergmann, Wheeler, DeWitt,. . .

. . . with a new point of view, which is that of gauge theories.



The spin foam approach to quantum gravity

Canonical loop quantum gravity: key ideas and results
Connection-triad formulation of gravity

The Einstein-Hilbert action

SEH[g] =

∫
M

d4x
√−gR

written in terms of a local flat frame (tetrad)

eI = eIµdx
µ, gµν = eIµe

J
ν ηµν ,

and an so(3, 1) spin connection ωIJ with curvature FIJ , becomes the
so-called Hilbert-Palatini action

SHP[e, ω] =

∫
M

�(eI ∧ eJ) ∧ FIJ .



The spin foam approach to quantum gravity

Canonical loop quantum gravity: key ideas and results
Connection-triad formulation of gravity

We can add a topological term to the Hilbert-Palatini action to obtain the
so-called Holst action

Sγ [e, ω] =

∫
M

[
� (eI ∧ eJ ) +

1

γ
(eI ∧ eJ)

]
∧ FIJ ,

which depends on a free parameter γ ∈ R
∗.

For all values of γ, this action is equivalent to the Einstein-Hilbert action if
the tetrad eI is invertible.



The spin foam approach to quantum gravity

Canonical loop quantum gravity: key ideas and results
Hamiltonian formulation

In the Hamiltonian framework (M = Σ× R), we introduce the Ashtekar
variables

Ai
a = ωi

a + γω0i
a , Ea

i =
1

2
εabcεijke

j
be

k
c ,

{Ai
a(x), E

b
j (y)} = γδijδ

b
aδ

3(x, y).

The constraints are

Gi = DaE
a
i , Ha = Eb

iF
i
ab, H =

Ea
i E

b
j√

detE

(
εijkF

k
ab + 2(γ2 + 1)Ki

[aK
j
b]

)
.

They generate SU(2) gauge and diffeomorphism symmetries, and time
reparametrization (dynamics).

Phase space variables are the su(2) connection Ai
a and the electric field Ea

i .

The quantization strategy is

Hkin
Ĝi−−−−→ H0

Ĥa−−−−−→ H Ĥ−−−−→ Hphys.
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j
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.

They generate SU(2) gauge and diffeomorphism symmetries, and time
reparametrization (dynamics).

Phase space variables are the su(2) connection Ai
a and the electric field Ea

i .

The quantization strategy is

Hkin
Ĝi−−−−→ H0

Ĥa−−−−−→ H Ĥ−−−−→ Hphys.
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Canonical loop quantum gravity: key ideas and results
Holonomy-flux algebra

Appropriate smearing of the basic variables:
The 2-form Ea

i is smeared along a surface to define the electric flux

Ei =

∫
S

naE
a
i d

2σ.

The connection 1-form Ai
a is smeared along a path � to define an SU(2)

group element, the holonomy

h�[A] = P exp

∫
�

Ai
aτi�̇

a.

This leads to the holonomy-flux algebra hf.

On which Hilbert space shall we represent the corresponding algebra of
quantum operators?
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Canonical loop quantum gravity: key ideas and results
Uniqueness of quantization

LOST (Lewandowski, Okolow, Sahlmann, Thiemann) theorem: On the
holonomy-flux algebra, there is a unique SU(2)-gauge and diffeomorphism
invariant state ω : hf −→ C.

The GNS (Gel’fand, Naimark, Segal) construction then provides a unique
Hilbert space H and a representation of the holonomy-flux algebra by
quantum operators on it.

Uniqueness of the kinematical structure of loop quantum gravity.

A key role is played by the requirement of diffeomorphism invariance
(Ashtekar, 0904.0184v1 [gr-qc]).
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Canonical loop quantum gravity: key ideas and results
Spin network states

A spin network is
a graph Γ consisting of L links and N nodes,
a labelling of the links � with SU(2) irreducible representations j�,
a labelling of the nodes n with SU(2) invariant tensors in.

�

�

i1

i2
j1

j2

j3

SU(2)-gauge and diffeomorphism invariant kinematical states are given by
spin network states

|S〉 =
⊗
�

D(j�)(h�[A]) ·
⊗
n

in.

They form a basis of the loop quantum gravity Hilbert space

H =
⊕
Γ

HΓ =
⊕
Γ

L2[SU(2)L/SU(2)N
]
.
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Canonical loop quantum gravity: key ideas and results
Quantum geometry

Spin network states provide a notion of quantum Riemannian 3-geometry.

The simplest operator that acts on a spin network state is the area operator:

Âr|S〉 ∝
√

j�(j� + 1)|S〉.
The area of a surface punctured by the link � has a discrete spectrum!

Geometrical operators have discrete spectra in loop quantum gravity: space
is fundamentally discrete at the Planck scale.
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Canonical loop quantum gravity: key ideas and results
Towards the dynamical picture

Now let us define the dynamics...



The spin foam approach to quantum gravity

Quantum dynamics
Heuristic picture

Let us start with two boundary states of the gravitational field.

S3

S1j1

j2

j3

face f

edge e

vertex v

The transition amplitude is 〈S1|S2〉 =
∑
F

∏
f

Af

∏
e

Ae

∏
v

Av.
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The spin foam approach to quantum gravity

Quantum dynamics
Discretized geometry

Consider a triangulation ∆ of a 4-manifold consisting of

�

points segments triangles tetrahedra 4-simplices

The cellular complex defining the spin foam is dual to this triangulation. In
particular, the vertices are dual to 4-simplices.
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The spin foam approach to quantum gravity

Quantum dynamics
Hamiltonian constraint

What is the relation with the Hamiltonian constraint operator Ĥ?

We want to compute the physical inner product

〈S1|PH |S2〉kin = 〈S1|S2〉phys,

where the projector

PH =

∫
D[N ] exp

(
i

∫
Σ

d3xN(x)Ĥ(x)

)

projects onto the kernel of the quantum Hamiltonian constraint.
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Quantum dynamics
Hamiltonian constraint

With an appropriate regularization Pα
H of the projector, it is possible to

formally write the inner product as

〈S1|Pα
H |S2〉kin =

∞∑
n=0

inαn

n!

∑
Fn:S1→S2

∏
v

Av,

where Fn is a spin foam with n vertices, i.e. n actions of the Hamiltonian
constraint.

But how do we obtain the amplitudes?
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Spin foam models
BF theory of gravity

Gravity in any dimension D can be written as a constrained topological
field theory for the structure group SO(D) or SO(D − 1, 1).

This is encoded in the Plebanski action

S[ω,B,Φ] =

∫
M

(
BIJ ∧ FIJ +

1

γ
� BIJ ∧ FIJ − 1

2
ΦIJKLB

IJ ∧BKL

)
,

where B is a Lie algebra valued 2-form, F a curvature 2-form, and Φ a
multiplier used to enforce the simplicity constraint.

This simplicity constraint ensures that the B field can be written as

BIJ = �(eI ∧ eJ ).
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Spin foam models
A strategy

The strategy behind the spin foam approach is then the following:
appropriately discretize the classical action,
promote the basic fields to quantum operators,
impose the simplicity constraints at the discrete level.



The spin foam approach to quantum gravity

Spin foam models
Descretized BF theory

The discretized BF action is

S =
∑
f

Tr (Bf Uf ),

where Uf is the holonomy of the spin connection ωIJ around a face f of the
dual triangulation.
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Spin foam models
Descretized BF theory

The partition function is then

Z =

∫ ∏
e

dge
∏
f

dBf exp
(
iTr (Bf Uf )

)

=

∫ ∏
e

dge
∏
f

δ(ge1 . . . gen)

=
∑
jf

∫ ∏
e

dge
∏
f

dimjf Trjf (ge1 . . . gen)

. . .

and ends up being of the form

Z =
∑
jf

∑
ie

∏
f

Af

∏
e

Ae

∏
v

Av.
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Spin foam models
Simplicity constraints

Now recall that the vertex amplitude Av is associated to a 4-simplex, which
is an object that has 5 boundary tetrahedra and 10 faces.

�

�

�

�

�

ij3

ij2

ij1
ij5

ij4

j34

j24

j53

j45
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Spin foam models
Simplicity constraints

The simplicity constraints are going to put restrictions on the group
representations and the intertwiners assigned to the 4-simplex.

How do we find them?
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Spin foam models
Simplicity constraints

We can reformulate the simplicity constraints in the following way:

Any sl(2,C) element BIJ is of the form

BIJ = eI ∧ eJ +
1

γ
� (eI ∧ eJ),

iff its rotation and boost components �L and �K are related by

�K = −γ�L.
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Spin foam models
Simplicity constraints

Now recall that we originally started with an SU(2) theory. How does it
relate to the Lorentz group?

Use the Peter-Weyl theorem to write

L2
[
SL(2,C)L

]
=

⊕
(pl,kl)

⊗(
H∗

(pl,kl)
⊗H(pl,kl)

)
,

where p ∈ R and k ∈ Z+.

It has been shown (Ding and Rovelli, 0911.0543 [gr-qc]) that there is a map
Yγ whose image is a subspace of L2

[
SL(2,C)L

]
where the constraint

�K = −γ�L is implemented weakly.
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Spin foam models
Simplicity constraints

This construction allows to map an SU(2) state to an SL(2,C) one, and to
impose the simplicity constraints as conditions on group representations in
the definition of the vertex amplitude.

It is done via the map
fγ = PSL(2,C) ◦ Yγ ,

where PSL(2,C) is a projector onto the the SL(2,C) invariant states.

The quantum gravity amplitude is finally given by

〈Av|Ψ〉 = (fγ ◦Ψ)(I),

where fγ features essentially Clebsch-Gordan coefficients.



The spin foam approach to quantum gravity

Spin foam models
Simplicity constraints

This construction allows to map an SU(2) state to an SL(2,C) one, and to
impose the simplicity constraints as conditions on group representations in
the definition of the vertex amplitude.

It is done via the map
fγ = PSL(2,C) ◦ Yγ ,

where PSL(2,C) is a projector onto the the SL(2,C) invariant states.

The quantum gravity amplitude is finally given by

〈Av|Ψ〉 = (fγ ◦Ψ)(I),

where fγ features essentially Clebsch-Gordan coefficients.



The spin foam approach to quantum gravity

Spin foam models
Simplicity constraints

This construction allows to map an SU(2) state to an SL(2,C) one, and to
impose the simplicity constraints as conditions on group representations in
the definition of the vertex amplitude.

It is done via the map
fγ = PSL(2,C) ◦ Yγ ,

where PSL(2,C) is a projector onto the the SL(2,C) invariant states.

The quantum gravity amplitude is finally given by

〈Av|Ψ〉 = (fγ ◦Ψ)(I),

where fγ features essentially Clebsch-Gordan coefficients.



The spin foam approach to quantum gravity

Beyond

Some developpements related to loop quantum gravity...
loop quantum cosmology: avoidance of the big-bang singularity, and
corrections to the Friedmann equation(

ȧ

a

)2

=
8πG

3
ρ

(
1− ρ

ρc

)
,

graviton propagator calculation,
spin foam cosmology.
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Thank you!



Classification of higher dimensional spacetimes

Mahdi Godazgar

DAMTP, Cambridge

November, 03 2010

scgsc10, Paris



Why study higher dimensional GR?

String theory: contains gravity and is only consistent in higher
dimensions.

Gauge/gravity correspondence: relates gauge theory to a
higher dimensional gravity theory.

Brane-world models: scenario in which we live on a brane in
higher dimensions.

Provides a contrast with 4d: how and why is 4d GR special?



Why should higher dimensional gravity be different?

Simple answer: increasing the dimension, increases the degrees of
freedom in the theory. In a very naive sense 4d gravity is very
constrained.

There are extended black objects in higher dimensions (black
strings and branes).

There is different rotation dynamics in higher dimensions:

more planes of rotation in higher dimensions,
centrifugal repulsion in stronger than gravitational attraction
as d increases −→ no stable orbits for d > 4.



Increasing richness in higher dimensions means that it is also more
difficult to study.
Standard 4d results don’t apply in higher dimensions:

topological censorship [Hawking 1972]: the event horizon of a
black hole must be spherical,

coincidence of event and killing horizons [Hawking 1972]: the
event horizon is a global property of a spacetime. This result
helps us locate it locally,

no hair theorems [Israel 1967, Carter 1971, Robinson 1975]:
Schwarzschild and Kerr solutions are the unique static and
stationary black hole solutions.

It is difficult, even to generalise the simplest of concepts such as
asymptotic flatness to higher dimensions.



In the study of 4d GR, the Petrov formalism [1954] is a very useful
scheme:

it helps with a systematic understanding of solutions to the
Einstein equations and how they relate to one another,

it has helped in terms of understanding properties and novel
features of particular solutions,

many solutions have been found using this formalism.



Applications of Petrov classification

Peeling property: only the simple (transverse) part of
radiation emitted from an isolated source remains near
asymptotic infinity. [Bondi et. al. 1962; Sachs 1962]

This makes it easier to detect gravitational waves at
experiments such as LIGO.

The Goldberg-Sachs theorem: a vacuum Einstein solution is
algebraically special iff there exists a shear-free null geodesic
congruence. [Goldberg, Sachs 1962]

Crucial ingredient in constructing Kerr metric. [Kerr 1963]



Newman-Penrose (NP) formalism: approach to GR motivated
by the Petrov classification. Using spinor and null tetrad
methods, the Einstein equation and Bianchi identity are
transformed into a set of 1st order equations, which are easier
to solve. [Newman, Penrose 1962]

Analysis of vacuum type D solutions using NP formalism lead
to discovery of rotating C -metric. [Kinnersley 1969]

Useful in study of perturbations (e.g. [Teukolsky 1972]).

Given the success of the Petrov formalism in 4d GR, it is natural to
consider higher dimensional generalisations of it. But first what is
it?



Given a solution of the vacuum Einstein equation

Rab = Λgab,

the remaining degrees of freedom in the curvature (Riemann
tensor) are encoded in the Weyl tensor, which is the trace-free part
of the Riemann tensor:

Rabcd = Cabcd +
2

d − 2
(ga[cRd ]b − gb[cRd ]a)−

1

(d − 1)(d − 2)
R ga[cgd ]b .

Therefore, the Weyl tensor contains information about the
propagating degrees of freedom of the solution.

The Petrov formalism classifies solutions based on properties of
their Weyl tensor. There are three equivalent ways of formulating
the classification.



Bivector approach: Treat the Weyl tensor as an endomorphism
on the space of bivectors (2-forms):

Xab −→ Cab
cdXcd .

We can then view the Weyl tensor as a symmetric operator and
study its eigenvalue problem. The different types in the
classification are then given by considering the multiplicity of the
eigenvalues.



Petrov type Multiplicities
I 1111
II (11)11
D (11)(11)
III (111)1
N (1111)
O Cabcd ≡ 0



Tensor approach: Consider a complex null frame
eµ = (ℓ, n,m, m̄)µ. The metric is equal to

gab = ea
µeb

νηµν ,

where

η =









0 −1 0 0
−1 0 0 0
0 0 0 1
0 0 1 0









.

Now define 5 complex scalar that are equivalent to the Weyl
tensor:

Ψ0 = Cabcdℓ
ambℓcmd , Ψ1 = Cabcdℓ

anbℓcmd , Ψ2 = Cabcdℓ
ambm̄cnd ,

Ψ4 = Cabcdℓ
anbm̄cnd , Ψ5 = Cabcdn

am̄bncm̄d .

The different types are given by considering whether there exist
null vectors ℓ and n for which certain scalars vanish. It turns out at
a ℓ can always be chosen such that Ψ0 = 0.



Petrov type Vanishing scalar
I Ψ0

II Ψ0,Ψ1

D Ψ0,Ψ1,Ψ3,Ψ4

III Ψ0,Ψ1,Ψ2

N Ψ0,Ψ1,Ψ2,Ψ3

O Cabcd ≡ 0



Spinor approach: Use the isomorphism SL(2,C)/Z2 ≡ SO(3, 1)↑

to relate Lorentz and chiral spinor indices:









x
0

x1

x2

x
3









←→ i

(

x0 + x3 x1 − ix2

x1 + ix2 x0 + x3

)

Xαα̇ = iX
a
σaαα̇, X

a =
i

2
Xαα̇σ̄

a α̇α
.

Can use this correspondence and the symmetries of the Weyl
tensor to show that the spinor equivalent of the Weyl tensor (Weyl
spinor) is a rank 4 totally symmetric spinor:

Ψαβγδ = Cabcdζ
ab

αβζ
cd

γδ.

The fundamental theorem of algebra guarantees that the Weyl
spinor factorises

Ψαβγδ = α(αββγγδδ).

Each spinor factor gives a null vector: ℓa ∼ λαλ̄α̇. The different
types are given by considering the multiplicities of the vectors.



Petrov type Multiplicities

I

II

D

III

N
O Cabcd ≡ 0



All three formulations have been generalised to higher dimensions:

Bivector approach [Coley, Hervik 2010]: it is not clear how useful
this approach is in higher dimensions given that the Weyl
operator is very complicated.

Tensor approach [Coley et al. 2004]: has been used to study
axisymmetric solutions in higher dimensions [MG, Reall 2009],
and also perturbations of higher dimensional solutions [Durkee,

Reall 2010].

Spinor approach [De Smet 2002, MG 2010]: it can only be
generalised to 5d. In [MG 2010], a previously neglected reality
condition is used to find the number of types within the
classification and to fully classify vacuum solutions belonging
to the most special type.

Although they are equivalent in 4d, in higher dimensions they are
completely different.



Summary

Gravity is much richer in higher dimensions.

While many novel features of higher dimensional gravity have
been found, much more remains to be understood.

A good way of approaching this problem is by taking a
systematic approach to this study.

The Petrov formalism has been instrumental in the study of
4d GR. Therefore, it is natural to consider d > 4
generalisations of it.

Though in their infancy, d > 4 classification schemes have
already been useful and it is hoped that more can be done in
this context.
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Euler’s three-body problem

A test particle moves in the gravitational field of two gravitational
sources - point masses - which are fixed in space.

Special case of general three-body problem.

Liouville integrable: there is a third constant of motion,
besides energy E and one component of angular momentum
Jz .
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Relativistic version

Weyl solution describing two Schwarzschild Black Holes (kept
in equilibrium by a strut in between them).

No known analogue of Euler’s constant.

If masses are equal, there is a 1+2 dimensional totally
geodesic submanifold in which geodesics are Liouville
integrable.
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Classical version

Consider two point-like particles with mass M, fixed at z = −L

and z = L. The effective potential felt by a particle moving in the
z = 0 plane is:

Veff =
J2

ρ2
−

4M
√

ρ2 + L2

Extrema of V ⇒ circular orbits:

J2

2M
=

ρ4

(ρ2 + L2)3/2
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Circular Orbits

Circular orbits exist at any ρ, for all values of L.
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The Weyl Metric

Any static, axial symmetric spacetime

ds2 = −e2U(ρ,z)
dt2 + e−2U(ρ,z)

[

e2K(ρ,z)
(

dρ2 + dz2
)

+ ρ2
dφ2

]

Einstein’s equations reduce to

∆E3U = 0

K,z = 2ρU,ρU,z

K,ρ = ρ(U2
,ρ − U2

,z)

Equations linear in U(ρ, z): can superpose solutions.
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How to generate Black Hole solutions?

Let U be the Newtonian potential of two infinitesimally thin rods
of density ̺ = 1/2 and length 2M, separated by a distance 2L.

-

0 z2M 2M

LL

Then, in the symmetry plane (z = 0):

e2U =

(

L +
√

ρ2 + L2

√

ρ2 + (L + 2M)2 + (L + 2M)

)2
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Rods and Black Holes

For L = 0 (1 rod of mass 2M), redefining ρ2 = r2
(

1 − 4M
r

)

⇒
Schwarzschild metric.

1 rod ⇔ 1 black hole =⇒ 2 rods ⇔ 2 black holes.

M is the Komar mass of each black hole.

The ADM mass of the spacetime is 2M.
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Circular Photon Orbits

Given by extrema of potential

V (ρ) =
e4U

ρ2
=

1

ρ2

(

L +
√

ρ2 + L2

√

ρ2 + (L + 2M)2 + (L + 2M)

)4

Defines a curve in (ρ,L) plane

f (ρ,M,L) ≡
2M + L

√

(2M + L)2 + ρ2
−

L
√

L2 + ρ2
=

1

2
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Circular Photon Orbits

For L = 0, two orbits ⇔ r = 2M and r = 3M in
Schwarzschild.

For 0 < L < Lmax , inner orbit increases and outer orbit
decreases.

For L > Lmax , no circular photon orbits.

Two orbits coalesce when

L = Lmax = ΦM, Φ ≡

√
5 − 1

2

Φ is the Golden Ratio conjugate!
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The Golden Number

The Golden Number

φ ≡

√
5 + 1

2
= 1.618... Φ ≡

1

φ
= φ − 1 =

√
5 − 1

2
= 0.618...

Solutions of x2 − x − 1 = 0.

Fibonacci series: limit of Fn+1/Fn.

Architecture and Art: the Divine Proportion (Greeks, modern
credit cards etc).

Proportions of the human body and other animals.

DNA, Music, Bible, Solar System, Population Growth, etc...

Phase transition of Kerr (spinning) Black Hole: J2 = ΦM4.
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Circular Timelike Orbits

Given by extrema of potential

V (ρ) = e2U(ρ,0) + J2 e4U(ρ,0)

ρ2

Defines a curve in (ρ,L) plane

f (ρ,M,L) =
[

2 + (Jρ)−2

[

√

(2M + L)2 + ρ2 + 2M + L

]2
[

√

L2 + ρ2 − L
]2
]

−1
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The Forbidden Band
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The World seen by a Photon

Schwarzschild

dt2 =
dr2

(1 − 2M/r)2
+

r2

1 − 2M/r
dΩ2

Double Schwarzschild

dt2 = e−4U(ρ,0)
[

e2K(ρ,0)
dρ2 + ρ2

dφ2
]

Proper size of φ-circle: 2πρe−2U(ρ,0).

When proper size decreases with r , centrifugal force becomes
centripetal and equilibrium at constant r is not possible.

Unusual concepts of inside and outside.
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Proper Size of the Spheres
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Waveguides and the Singing of Whales

”Optical-fibre-like”or ”waveguide-like”geometry: photons with
sufficiently low energy will be caught in a potential well in the
r direction.

As they move in the φ direction, they oscillate between
maximum and minimum radii, without decreasing the
amplitude significantly.

Resembles the SOFAR - Sound Fixing and Ranging - channel
in the ocean, which occurs at a depth where the velocity of
sound is minimal, thus allowing the singing of whales to travel
very long distances.
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In a Reissner-Nordström black hole, there are two circular
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The forbidden band always exists, and acquires infinite area in
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Introduction
Double-Schwarzschild

Further Generalizations

Charged Black Holes
Many (> 2) Black Holes

Charged Weyl Solutions

Charged Weyl Metric

ds2 = −e2Ū(ρ,z)dt2 + e−2Ū(ρ,z)
[

e2k(ρ,z)
(

dρ2 + dz2
)

+ ρ2dφ2
]

A = −χ(ρ, z)dt

Equations reduce to non-charged case if

e2Ū(ρ,z) = 1 −
2

q
χ(ρ, z) + χ(ρ, z)2

χ(ρ, z) =
q(1 − e2U(ρ,z))

1 − e2U(ρ,z) +
√

1 − q2(1 + e2U(ρ,z))
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e2Ū(ρ,z) = 1 −
2

q
χ(ρ, z) + χ(ρ, z)2

χ(ρ, z) =
q(1 − e2U(ρ,z))

1 − e2U(ρ,z) +
√

1 − q2(1 + e2U(ρ,z))

Flávio de Sousa Coelho Black Holes and the Golden Ratio



Introduction
Double-Schwarzschild

Further Generalizations

Charged Black Holes
Many (> 2) Black Holes

Circular Orbits

Extremum of potential defines a curve in (ρ,L) plane

f (ρ,M,L) =
1

2
−

Q

Q + e−2U(ρ,0)
, Q ≡

1 −
√

1 − q2

1 +
√

1 − q2
.
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Double-Schwarzschild

Further Generalizations

Charged Black Holes
Many (> 2) Black Holes

Circular Photon Orbits in Charged Case
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Double-Schwarzschild

Further Generalizations

Charged Black Holes
Many (> 2) Black Holes

Extreme Case: q = 1

Define new radial coordinate: R ≡ ρ
√

1 − q2; has better
behaviour when q → 1.

In extreme case, i.e. for q = 1

Lmax =

(

2

3

)3/2

M
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Introduction
Double-Schwarzschild

Further Generalizations

Charged Black Holes
Many (> 2) Black Holes

A Tower of Black Holes

Consider an array of N Black Holes with mass M along de z-axis,
i.e. consider the potential of N rods at [ak , ak + 1], all separated
by 2L.

Extremum of potential defines a curve in (ρ,L) plane

N
∑

n=1

(−1)k
an

√

ρ2 + a2
n

=
1

2
, k =

{

n if N even

n + 1 if N odd
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Charged Black Holes
Many (> 2) Black Holes

Even Number of Black Holes
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Charged Black Holes
Many (> 2) Black Holes

Odd Number of Black Holes
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Further Generalizations
For Further Reading

For Further Reading

F.S. Coelho and C.A.R. Herdeiro
Relativistic Euler’s Three-Body Problem, Optical Geometry

and the Golden Ratio.
Physical Review D, Volume 80, 104036 (2009).
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The problem

• 10D spacetime of superstring decomposes into non-compact and
compact parts

R3,1 ×X, (1)

where for a susy compactification, X is a CY 3-fold.

• The choice of compactification leads to a large no. of vacua.

• Massless fields (the moduli) about the vacuum are excluded
phenomenologically.

• A key problem in string theory: construct vacua without any moduli.

• Various approaches to freezing or stabilising moduli
• Stable AdS (Giddings-Kachru-Polchinski) and lift to the dS (KKLT)
• Flux compactifications, in general.
• etc.

• We attempt a conformal field theoretic approach.

Work in collaboration with supervisors N Lambert and A Recknagel.
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Outline of the Talk

• Preliminaries: σ-models, beta functions and CFT central charges

• Splitting theories by central charges

• Algebraic compactifications - Gepner models (cint = 9)

• External vs. internal sectors

• Consistent string background with cint 6= 9 - the full theory

• The spectrum, the moduli and their ‘stabilisation’

• Spacelike and timelike models - examples

• Back to the effective picture

• Dilaton potential and cosmology

• Stabilising the dilaton
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Preliminaries - closed string moduli and effective action
String σ-model action in a background with closed string massless fields
gµν , bµν and φ given by

S = −
1

4πα′

Z
d2σ

˘
γαβgµν∂αX

µ∂βX
ν + εαβbµν∂αX

µ∂βX
ν + α′R(2)φ

¯
(2)

For a constant dilaton φ = φ0, the φ term reduces to φ0χ, with χ the Euler
characteristic of the worldsheet. This choice is Weyl and Lorentz invariant.

The beta functions given by

βgµν = α′(Rµν −
1

4
HµλρHν

λρ + 2DµDνφ) +O(α′2) (3a)

βbµν = α′(DλHµνλ − 2DλφHµνλ) +O(α′2) (3b)

βφ =
D

48π2
+

α′

16π2

„
4(Dφ)2 − 4D2φ−R+

1

2 · 3!
H2

«
+O(α′2) (3c)

In general, conditions of conformal invariance of the theory are given by

βgµν = βbµν = 0, (4)

If these equations are satisfied, the central charge c is given by

c = βφ. (5)
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Compactification: external and internal sector CFTs

The full conformal field theory splits

CFT = CFText ⊗ CFTint (6)

with central charges adding up

ctot = cext + cint. (7)

In the bosonic case, cext = 4 and cint = 22.

Introduce ε (the charge deficit)

Consider theories with cint = 4− ε or in terms of the beta functions for the
external sector,

4− ε
48π2

=
4

48π2
+

α′

16π2

„
4(Dφ)2 − 4D2φ−R+

1

2 · 3!
H2

«
+ . . . (8)

⇒ ε ∼ α′M2. Can think of α′M2 expansion as an expansion in ε.

⇒ w/sheet perturbation theory valid as long as |ε| � 1.

For superstrings, ctot = 15 splits into cext = 6 and cint = 9.
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Algebraic compactifications - Gepner models
Geometrically, the spacetime manifold splits into compact and
noncompact parts (10−D and D dimensional respectively).

In terms of abstract CFTs, the internal theory may be a Gepner model.

• Instead of curling up the extra 10−D dimensions to form a compact
Calabi-Yau manifold, one replaces the compact manifold by an internal
CFT of central charge cint = 15− 3D/2

• Gepner models - special points in the moduli space of CY geometric
compactifications. See [Greene. hep-th/9702155] for a review.

Given a collection of r CFTs each with its own central charge ci, one can
construct their tensor product with central charge

cint =
rX
i=1

ci. (9)

• Orbifolding by a finite discrete group doesn’t change the central charge.

• For an N = 2, c = 9 worldsheet SCFT, spacetime supersymmetry
preserved iff it has odd integral U(1)L and U(1)R charges.

• Left and right-moving states may not mix NS and R sectors of the
internal and external CFTs.
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Playing with the split

• Internal and external central charges must add up to 15

cext = 6− ε, cint = 9 + ε. (10)

• We can play with ε. As long as it’s small, the worldsheet perturbation
theory remains valid.

• Idea: construct different internal theories with small ε and examine
their spectrum.

• In particular, look at cosmological interpretations of models in the
ε > 0 and ε < 0 branches.

• We use the linear realisation of the dilaton

φ(X) = VµX
µ (11)

as a toy model in the external sector.

7 / 18



Toy model - external sector
In the external sector, we insert an N = 1 linear dilaton CFT with
central charge

cext = cLD =
3

2
D + 6α′VµV

µ. ⇒ ε = −6α′V 2. (12)

since we take the dilaton to lie in D = 4.

The norm of the background vector Vµ specifies different branches of the
theory: ε = 0, ε < 0 and ε > 0 are lightlike, spacelike and timelike linear
dilaton theories.

Note that choosing an internal theory (with a given ε) fixes the background
vector Vµ in the dilaton

Zero mode of the energy-momentum tensor given by L0 and the physical
state condition

(L0 − a)|phys〉 = 0
leads to

α′

4
pµp

µ + i
α′

2
Vµp

µ +N = a, where a =

(
1
2

NS-sector
1
2
− d

16
= 3

8
R-sector

, (13)

and d = D − 2 are the no. of transverse directions (D = 4 for us). Taking
pµ = ρµ + iσµ and separating real and imaginary parts, we can simplify

α′

4
ρµρ

µ −
ε

24
+N = a. (14)
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Internal theory
Constructed ‘in the spirit of’ Gepner models.

Individual CFTs in a Gepner model are N = 2 ‘minimal models’,

Mk =
`
SU(2)k × U(1)4

´
/U(1)2k+4 (15)

each labelled by an integer k (‘level’) and carrying central charge

ck =
3k

k + 2
, k = 1, 2, . . . ⇒ 1 ≤ ck ≤ 3. (16)

Implement GSO in each Mk by considering reps of the bosonic subalgebra.

Fields in Mk are labelled by three integers (l,m, s)

l = 0, 1, . . . , k, m = −k−1,−k, . . . , k+2, s = −1, 0, 1, 2, l+m+s even. (17)

and have conformal dimension h and U(1) charge q given by

hlm,s =
l(l + 2)−m2

4(k + 2)
+
s2

8
(mod 1), qlm,s =

m

k + 2
−
s

2
(mod 2). (18)

Denote by (k1, k2, . . . , kr) the levels of r minimal models in a Gepner model.

Fields in the full internal, tensor product theory are

Φint = ⊗ri=1(li,mi, si) with hint =
rX
i=1

hi, qint =
rX
i=1

qi, (19)
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Full theory (CFText ⊗ CFTint)/GSO

The physical state condition (13) gets modified

α′

4
ρµρ

µ −
ε

24
+N + hint = a, (20)

where hint is the total conformal dimension of fields in the internal field
theory.

GSO projection onto odd total fermion no. Ftot = Flin.dil + qint.

Solving (20) for ρ2,

−m2 ≡
α′

4
ρµρ

µ = ∆ +
ε

24
, ∆ = a−N − hint, (21)

This shows that in contrast to the free theory (ε = 0) where m2 = −∆, the
mass is shifted in the presence of a linear dilaton by a factor that depends
on the charge deficit ε,

m2 = −∆−
ε

24
. (22)

We will be mainly interested in tachyonic fields (indicating
instability/unsuitability of the model), massless fields (the ‘moduli’ still
present) and the light fields.
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Free theory: ε = 0 models

The physical state conditions become

(NS) m2 = hint −
1

2
+N, a =

1

2
and N ∈ Z +

1

2
(23a)

(R) m2 = hint +N, a = 0 and N ∈ Z. (23b)

The spectrum: (the low lying states)

• At N = 0 in the NS-sector therefore, states with 0 ≤ hint <
1
2

will be
tachyonic, those with hint = 1

2
will be massless and those with hint >

1
2

will be massive.

• At N = 1
2
, only the identity field ⊗ri=1(0, 0, 0) is massless and since it

has 0 U(1)-charge, it does not survive the GSO projection. All other
unitary states have hint > 0 and are massive at this level.

• In the R-sector where a = 0 for D = 10, only the identity field at
N = 0 is massless (which is not in the spectrum anyway). All other
states are massive.

• At N = 1, all states are massive.

Next we look at general properties of the spectrum in ε 6= 0 models.
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ε > 0 models

When ε > 0, we can see from (22) that all fields become slightly lighter.

In particular, the ‘previously’ massless fields are now tachyonic with
m2 = − ε

24
.

In the models we consider here, we look for fields that are tachyonic,
massless or light.

Light fields: Set some mass scale M2 for a given model and search for states
with m2 < M2. These tell us about the low-energy physics.

The ‘best’ model is (1,5,41,1805). (‘best’ model = with smallest ε)

c = 4895164/543907 = 9.00000183854960498762

ε ∼ 10−6, the mass shift
ε

24
∼ 7× 10−8

The spectrum:

• Tachyons: 1 (NS), 0 (R). The identity ⊗ri=1(0, 0, 0) at N = 1
2

is a
graviton and becomes tachyonic.

• Massless fields: 0 (NS), 0 (R).

• Massive fields: 161 (NS), 4 (R). (Massless fields are those with m2 < 1
2
)
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ε < 0 models
In this branch, the mass shift results in states becoming heavier by | ε

24
|.

⇒ nothing that wasn’t tachyonic before will become tachyonic by switching
the linear dilaton on.

The ‘best’ model we work with (1,5,41,1803).

c = 4889744/543305 = 8.99999815941322093483

ε ∼ −10−6, the mass shift
ε

24
∼ −7× 10−8

The spectrum:

• Tachyons: 0 (NS), 0 (R).

• Massless fields: 0 (NS), 0 (R).

• Massive fields: 162 (NS), 0 (R). (Massless fields are those with m2 < 1
2
)

Great! No tachyons. No moduli. But is the dilaton stable? See below.

Note that the best model would really be (k1 =∞, k2 =∞, k3 =∞), but in
this limit, ε→ 0, which gives us the free theory.

(Generally, a large k would make analysing the spectrum unfeasible: there
are roughly (k + 1)× (2k + 4)× 4 = 8(k2 + 3k + 2) representations in each
minimum model.)
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Effective theory of the moduli
The beta functions as equations of motion can be derived from the
spacetime effective action,

Seff =
1

α′

Z
d4X
√
−g e−2φ

„
R+ 4(Dφ)2 −

1

2 · 3!
H2 +

2ε

3α′

«
+ . . . (26)

or in the string frame g
(E)
µν = e−2φgµν ,

S
(E)
eff =

1

α′

Z
d4X
√
−g
„
R− 2(Dφ)2 −

1

2 · 3!
e−2φH2 −

2ε

3α′
e2φ
«

+ . . . (27)

So the effective potential for the dilaton is (dropping the superscript (E))

V (φ) =
2ε

3α′
e2φ (28)
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Stabilising the ε < 0 branch
So, the dilaton runs of ∞ and hence gS = eφ not in weak-coupling regime.

Consider adding D-branes with an effective potential (in Einstein frame)

Sbrane = −T
Z
d4X
√
−g e3φ, (T the brane tension). (29)

The full effective potential now given by

V (φ) =
2ε

3α′
e2φ + Te3φ with extremum at

4ε

3α′
e2φ + 3Te3φ = 0. (30)

For positive tension branes, this has a solution for ε < 0,

eφ0 = −
4ε

9Tα′
, V (φ0) =

32ε3

93T 2α′3
< 0. (31)
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What kind of branes do we need?

In models with massless RR fields, tadpole cancellation issues require
adding non-BPS branes.

So in general, we will need non-BPS but stable branes. One such type is
the Brunner-Distler torsion branes.

Torsion branes primer (?)
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Conclusion and future work

• Switching on linear dilaton perturbs the spectrum of the theory

m2 → m2 −
ε

24

• Can choose internal theories such that the models are ‘moduli free’.

• Can stabilise the dilaton by adding branes.

• For small ε < 0, we have a weakly coupled theory with a small, but
negative cosmological constant

V (φ0) =
32ε3

93T 2α′3
< 0.

⇒ Have a stable AdS solution.

Further ideas: wait for our papers!
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Thank you

&

merci pour l’ecoute!
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conjecture
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Topological if  observables  ind. of  worldsheet metric

Topological string theory Anomaly free string theory
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Topological string theory SUSY sigma models
with a twist

• Twist B Amplitudes = 
encoding deformation of  complex structure of
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• identification under                action 

Theorem is Calabi-Yau iff

Definition A complex manifold        is Calabi-Yau if
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All toric CY 3-folds can be constructed as :

with

we may work out the action of  
• In each coordinate patch
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• edge length = Kähler parameter

toric diagram

• trivalent graph

•      characterized by the degeneration locus of  the        fiber

acts trivially

I ● Topo logical strings

Context

A – Gromov-Witten inv.
B – Complex structures

II ● Calabi-Yau’s

Description of toric CY
Mirror curve
Mirror symmetry

III ● BKMP conjecture

Topological recursion

Applications

IV ● Conclusion

State of knowledge

10



Mirror symmetry
A model B model

When 

with

Mirror defined by

with id. under       action 
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Mirror symmetry
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Mirror symmetry 
in open sector 

? = We have to specify for which brane configuration

In the mirror theory (B model)

A brane configuration is determined by

• position

Beware :         has nothing to do with the worldsheet

• a choice of  parametrization              

such that
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mirror symmetry in open sector Prediction of  

in the B model

Schematically

• depends in fact on the choice of  framings

• expansion near                contains all information on open GW

For a specific choice a brane edge & framings in A model

is some Laplace transform of

computed with same framings in B model
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BKMP proposition

in the B model, when 

are given by the topological recursion applied to 

Algorithm to associate to any plane curve 

The topological recursion

numbers

differential forms

Eynard, Orantin (05-...)

Bouchard, Klemm, Mariño, Pasquetti (07)

● Symplectic invariance   under
inv.        inv.
inv.        inv.
inv.        
inv.

Properties first, definition after …

● Nice properties under variation of

●

● Integrability
…
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● Initialization

Recipe for the topological recursion

● Recursive def. by a residue formula

● Data :                          and a heat kernel                  on

For instance, when                 : 

Recursion on ( - Euler characteristic)

● To find the free energies

● Branchpoints :                 which are simple zeroes of  

● Recursion kernel : 
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Geometrical interpretation of  the topological recursion

● Initialization :           disk amplitude                  cylinder amplitude

● Recursion kernel    renormalized propagator
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I ● Topo logical strings

Context

A – Gromov-Witten inv.
B – Complex structures

II ● Calabi-Yau’s

Description of toric CY
Mirror curve
Mirror symmetry

III ● BKMP conjecture

Topological recursion

Applications

IV ● Conclusion

State of knowledge

18



Geometrical interpretation of  the topological recursion

● Initialization :           disk amplitude                  cylinder amplitude

● Recursion kernel    renormalized propagator

● Recursive def. by a residue formula

I ● Topo logical strings

Context

A – Gromov-Witten inv.
B – Complex structures

II ● Calabi-Yau’s

Description of toric CY
Mirror curve
Mirror symmetry

III ● BKMP conjecture

Topological recursion

Applications

IV ● Conclusion

State of knowledge

18



Geometrical interpretation of  the topological recursion

● Initialization :           disk amplitude                  cylinder amplitude

● Recursion kernel    renormalized propagator

● Recursive def. by a residue formula

I ● Topo logical strings

Context

A – Gromov-Witten inv.
B – Complex structures

II ● Calabi-Yau’s

Description of toric CY
Mirror curve
Mirror symmetry

III ● BKMP conjecture

Topological recursion

Applications

IV ● Conclusion

State of knowledge

18



Geometrical interpretation of  the topological recursion

● Initialization :           disk amplitude                  cylinder amplitude

● Recursion kernel    renormalized propagator

● Recursive def. by a residue formula

I ● Topo logical strings

Context

A – Gromov-Witten inv.
B – Complex structures

II ● Calabi-Yau’s

Description of toric CY
Mirror curve
Mirror symmetry

III ● BKMP conjecture

Topological recursion

Applications

IV ● Conclusion

State of knowledge

18



Geometrical interpretation of  the topological recursion

● Recursive def. by a residue formula

● Initialization :           disk amplitude                  cylinder amplitude

● Recursion kernel    renormalized propagator

I ● Topo logical strings

Context

A – Gromov-Witten inv.
B – Complex structures

II ● Calabi-Yau’s

Description of toric CY
Mirror curve
Mirror symmetry

III ● BKMP conjecture

Topological recursion

Applications

IV ● Conclusion

State of knowledge

18



Geometrical interpretation of  the topological recursion

● To find the free energies
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Geometrical interpretation of  the topological recursion

● To find the free energies

● Initialization :           disk amplitude                  cylinder amplitude
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BKMP proposition

constructed from the mirror curve

Bouchard, Klemm, Mariño, Pasquetti (07)

● Mirror curve at canonical framing

● Mirror curve at framing

● Mirror curve at

1 branchpoint, at

Example

Predicts that GW invariants of         are encoded in        

(no Kähler parameter)

zoom at branchpoint

mirror symmetry

of  the curve of  eqn.
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● Mirror curve at

Example

Open GW(      ) at               are related to simple Hurwitz numbers

From Hodge integrals theory

Ekedahl, Lando, Shapiro, Vainshtein (99)

● Coverings  
● Riemann surface of  genus   
● Arbitrary ramification over 
● Simple ramification elsewhere 

Predicts that simple Hurwitz numbers are encoded in

for the curve of  eqn.

Bouchard, Mariño (07)
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Proofs available

• Simple Hurwitz numbers are encoded in

for the curve of  equation

Borot, Eynard, Mulase, Safnuk (09)

by   matrix model representation
properties of  the topological recursion

• GW invariants of         are encoded in        

by  combinatorics (Hodge integrals, cut-and-join)

Eynard, Mulase, Safnuk (09)

for the curve of  equation

by combinatorics (Hodge integrals, cut-and-join)

Zhou (09)

we understand the basic block in the topological vertex
( = algorithm to compute all GW(    ) for     toric CY)
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Towards a full proof

• Matrix model representation of  GW(    ) for any toric CY

But      - not easy to prove that the matrix model curve
is equivalent to the mirror curve 

i.e can we understand how   

Eynard, Marchal, Kashani-Poor (10)

But      - not easy to establish to which brane configuration

should correspond

• Can we prove the topological vertex from the topological 
recursion ?     

and give
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Motivation

Generate (2 + 1)-dimensional superconformal Chern-Simons (CS) theories;

A better understanding of such theories;

Study the world-volume theories of a stack of M2-branes;

Interesting interplay between Algebraic Geometry and String theory;
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CS theories and the AdS/CFT correspondence

The AdS5/CFT4 correspondence is quite well understood:

Type IIB String Theory in AdS5 × S5 ↔ N = 4 super-Yang-Mills;

Type IIB String Theory in AdS5 × SE5 ↔ N = 1 sCFT;

The AdS4/CFT3 correspondence has been a long-standing problem;

What is the conformal field theory arising from M2-branes in AdS4 × SE7 ?

In (2 + 1) dimensions YM theories are non conformal (gY M ∝
√

E);
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CS theories and the AdS/CFT correspondence

ABJM propose an N = 6 CS theory to describe the world-volume theory of a

stack of M2-branes at the tip of a cone over S7/Zk;

The gauge coupling of CS theory is a dimensionless quantity (an integer

number);

No quantum corrections to the gauge coupling beyond a possible 1-loop shift;

Many N = 2 CS theories have been discovered → M2-branes at the tip of a

cone over SE7;
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N = 2 CS-matter theories: building blocks

Gauge group:
∏G

a=1 U(Na);

Matter content:

Vector multiplet:

Can be otained by dimensional reduction from 4d N = 1 vector multiplet;

Contains a real scalar field σa, a three-vector gauge field Aa, a two-component

Dirac spinor χa and an auxiliary real scalar field Da;

Transform in the adjoint representation of U(Na);

Chiral multiplet:

Contains a complex scalar field Xab, a two-component Dirac spinor ψab and an

auxiliary complex scalar Fab;

Transform in the bi-fundamental of U(Na)× U(Nb) or in the ajoint

representation of U(Na);

Superpotential: W (Φab);
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N = 2 CS-matter theories: the action

Action composed of three terms: SCS + Smatter + Spotential;

The CS action in Wess-Zumino gauge is:

SCS =

G∑
a=1

ka

4π

∫
Tr

(
Aa ∧ dAa +

2

3
Aa ∧Aa ∧Aa − χ̄aχa + 2Daσa

)
,

the gauge fields are non-dynamical;

The action for the matter term is:

Smatter =

∫
d3x d4θ

∑
Φab

Tr
(
Φ†

abe
−VaΦabe

Vb

)
;

The superpotential term is given by:

Spotential =

∫
d3x d2θ W (Φab) + c.c. ;
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Quiver CS theories

What is a quiver gauge theory?

It is a gauge theory associated with a directed graph with nodes and arrows.

Each node represents each factor in the gauge group G .

Each arrow going from a node a to a different node b represents a field Xab in

the bifundamental rep. (N,N) of U(Na)× U(Nb).

Each loop on a node a represents a field φa in the adjoint rep. of U(Na) .

Not all the loops correspond to a superpotential term;

12

For a (2 + 1)d CS quiver theory, need to assign the CS levels ka to each node.

Giuseppe Torri (Imperial College London) Brane Tilings, M2-Branes and CS Theories Paris, 4 November 2010 8 / 27



Quiver CS theories: the vacuum moduli space

Integrating out the auxiliary fields we obtain the equations of the vacuum:

∂XabW = 0

µa(X) =
G∑

b=1

XabX
†
ab −

G∑
c=1

X†
caXca + [Xaa, X†

aa] = 4kaσa

σaXab −Xabσb = 0 .

F-terms equivalent to (3 + 1)-d case;

First set of D-terms look similar to (3 + 1)-d with FI parameter 4kaσa;

Second set of D-terms is a complete novelty;

Giuseppe Torri (Imperial College London) Brane Tilings, M2-Branes and CS Theories Paris, 4 November 2010 9 / 27



Quiver CS theories: the vacuum moduli space

Let’s look at the abelian case (i.e. gauge group is U(1)G);

The 2nd set of D-terms sets all σa to be equal;

The 1st set of D-terms becomes:

µa(X) = 4kaσ;

By definition, summing over a gives:

G∑
a=1

ka = 0;

One of the G equations is redundant;
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Quiver CS theories: the vacuum moduli space

The VMS is the space of zero-energy solutions of F-terms and D-terms;

The procedure seems quite similar to the (3 + 1)-dimensional case;

F-term solutions give rise to the Master space, F [;

No field charged under the diagonal U(1) ⇒ we have U(1)G−1 gauge

redundancy;
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Quiver CS theories: the vacuum moduli space

However the D-terms are:

µa(X) = 4kaσ;

We can form G− 2 linear combinations of the form:

µi(X) = 0;

We are imposing the vanishing of (G− 2) D-terms ⇒ integrate over the

corresponding complexified U(1)G−2 gauge group;

The remaining equation just fixes the value of σ ⇒ no need to mod out;

The overall gauge group leaves a descrete symmetry Zk, k = g.c.d(ka);

The moduli space for the abelian theory is

MN=1,k =
(
F [//U(1)G−2

)
/Zk
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Brane tilings: a quick introduction

First used to study (3 + 1)-d superconformal gauge theories;

Gauge theories on D3-branes at toric singularities;

Help us reconstructing the lagrangian of a gauge theory;

Forward algorithm: given a brane tiling we can characterize its classical

moduli space of vacua;

Inverse algorithm: given a CY 3-fold we can construct (at least) one gauge

theory whose moduli space of vacua is the given CY;
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Brane tilings: a quick introduction

Brane tilings are bi-periodic bi-partite graphs:

The repeating structure is called “fundamental domain”;

How to read a tiling:

1 Face ⇔ U(N) gauge group;

2 Edge ⇔ bi-fundamental chiral field;

3 Node ⇔ superpotential term (better than quivers!);
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Brane tilings: a quick introduction

Each black (white) node is connected only to white (black) nodes (toric

condition);

Faces with an odd number of edges are forbidden because of anomaly

cancellation;

Define an orientation around each node:

By convention white (black) nodes correspond to positive (negative)

spuerpotential terms;
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An example: the conifold, C

12

Four bi-fundamental chiral fields Xi
12 and Xi

21, and gauge group

U(N)× U(N);

W = Tr(X1
12X

1
21X

2
12X

2
21)− Tr(X1

12X
2
21X

2
12X

1
21);
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A closer look: the fast forward algorithm

Edges provide an orientation around nodes; by convention we choose

(anti-)clockwise around (black) white nodes;

The boundaries of the fundamental domain can be used to assign weights to

the chiral fields;
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A closer look: the fast forward algorithm

We can define a weighted adjecency matrix called the Kasteleyn matrix;

Kij(x, y) =
∑

X:i↔j

Xw(x, y);

For the conifold this would be:

K(x, y) = X1
12 + X1

21x
−1 + X2

12x
−1y−1 + X2

21y
−1;

The Newton polygon of the permanent of the Kasteleyn matrix is precisely

the toric diagram;
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Brane tilings for (2 + 1)-d CS theories

Brane tilings can be used to describe lagrangians for (2 + 1)-d CS theories;

We need to take the CS levels into account;

Assign an integer nXij
to each edge in the tiling (corresponding to the chiral

field Xij);

This allows the definition of a normal flow s from face to face and the CS

lavel of the ith face is given by:

ki = div s =
∑

ingoing

nX −
∑

outgoing

nX ;
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The fast forward algorithm revised: the ABJM theory

12

W = Tr(X1
12X

1
21X

2
12X

2
21 −X1

12X
2
21X

2
12X

1
21) .

Quiver and superpotential for this theory look very similar to those of the

conifold in (3 + 1)-d;

Natural guess is to use the tiling for the conifold;
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The fast forward algorithm revised: the ABJM theory

We assign integers (nX1
12

, nX2
12

, nX1
21

, nX2
21

) = (0, 1, 0, 0);

Addition of integers ⇒ modification of the Kasteleyn matrix:

Kij(x, y) =
∑

X:i↔j

Xw(x, y)znXij ;
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The fast forward algorithm revised: the ABJM theory

For the ABJM theory the Kasteleyn is:

K(x, y, z) = X1
12 + X1

21x
−1 + X2

12x
−1y−1z + X2

21y
−1;

The addition of CS levels has provided a new coordinate in the toric diagram;
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Toric duality for CS theories

Theories with different brane tilings can have the same moduli space;

In (3 + 1)-dimensions toric duality is equivalent to Seiberg duality, whereas in

(2 + 1)-dimensions this is not entirely clear;

Common features of different toric phases are:

1 Mesonic moduli space;

2 Global symmetries;

3 Hilbert series (partition functions for chiral operators);

4 Scaling dimensions of mesonic operators;
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Toric duality for CS theories: Examples

Phases of C4:

The ABJM model with CS levels (1,−1);

12

The HVZ (Hanany-Vegh-Zaffaroni) model with CS levels (1,−1);

12
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Brane tilings and Fano 3-folds

Fanos n-folds can be used to construct non-compact CY (n + 1)-folds to be

probed by branes;

Toric Fano surfaces have provided first examples of toric duality for theories

on D3-branes;

Toric Fano 3-folds can be used to construct new examples of (2 + 1)-d CS

theories via brane tilings;

There are precisely 18 smooth toric Fano 3-folds;
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The cone over P2 × P1: M 1,1,1 theory

1

23

Apart from CS levels, the tiling is the same as that for dP0

Gauge group is U(1)× U(1)× U(1), with CS levels: (1, 1,−2)

Mesonic symmetry is SU(3)× SU(2)× U(1)R

The operators are in the representation [3n, 0; 2n]2n of the mesonic

symmetry;

Spectrum of chiral operators matches the known KK spectrum;
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Conclusions

Brane tilings can generate infinite families (2 + 1)-d CS theories conjectured

to live on the world-volume of M2-branes probing CY4 singularities;

These theories are conjectured to flow to a superconformal fixed point in the

IR;

Possible applications in condensed matter systems;

Brane tilings can be used to study interesting features of these theories (e.g.

toric duality and the Higgs mechanism);
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Foreword

Very extensive literature:
Earlier work: ADHM, Coleman, Khoze, Dorey, Mattis, Moore,
Nekrasov, Witten, Douglas, Green, Gutperle, . . .
Recent developments: Turin and Rome group, Munich group, Madrid
group, Penn, Stanford, . . .

For a review see e.g.

[R. Blumenhagen, M. Cvetic, S. Kachru, T. Weigand, arXiv:0902.3251]
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Outline

1 Introduction
N = 2 pure SYM theory
Multi-instanton Calculus

2 Instantons and D-branes
D-branes on orbifolds
Instantons from open strings
The Higgs branch of N = 2 theory

3 Summary
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Introduction

An N = 2 road-map

Multi-instanton
calculus

Geometrical
engineering

(Calabi-Yau)

Gauge/Geometry
Seiberg-Witten

N = 2 SYM

D-instantons in
brane worlds
(orbifolds)

Gauge/String

String
dualities
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Introduction N = 2 pure SYM theory

N = 2 SYM theory

The field content of N = 2 pure SYM is described by the N = 2 chiral
multiplet Φ:

one gauge boson Aµ
two gluini λ, ψ
one complex scalar z .

The microscopic action (up to two derivative terms + renormalizable) is:

SYM =
1

16π
=
(
τ

∫
d4xd4θTr

1
2

Φ2
)
,

τ =
Θ

2π
+

4πi
g2
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Introduction N = 2 pure SYM theory

Seiberg-Witten
The low energy Wilsonian effective action is completely determined by
an holomorphic function F(z) known as the prepotential:

Seff =
1

16π
=
(∫

d4xd4θTrF(Φ)

)
F(z) receives a perturbative contribution at 1-loop and
non-perturbative contributions from instantons. For the gauge group
SU(2) we have:

F(z) =
i
2π

z2 ln
z2

Λ2 +
∞∑
k=1

Ck

(
Λ

z

)4k

z2;

Infinitely many Ck are nonzero: multi-instantons contribution is crucial.

[N. Seiberg, E. Witten, 1994]
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Introduction Multi-instanton Calculus

Multi-instanton Calculus
Problem: General approach to multi-instanton contributions
Atiyah-Drinfeld-Hitchin-Manin (ADHM): construction of the solutions
of the self-dual equation F = ?F

!(x) : Wk ! Vk+1

W, V vector spaces over H

Ex = Ker(!!(x))
H ! R4

E x
! V

x

E = vector bundle over R4

Orthogonal projection in V ! Connection on E

from the trivial flat connection on V " R4

ADHM can be generalized to study instantons in supersymmetric
theories.
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Introduction Multi-instanton Calculus

Multi-instanton Calculus

Recipe:
1 Construct the ADHM supersymmetric multiplets
2 Perform the semi-classical approximation with the path integral:

Zk =

∫
[dΘ][db][dc]e−S(Θ)

∣∣∣
k sector

g→0−−−→ e2πikτ
∫

dMke−S̃ ;

3 Calculate the instanton effective action S̃
4 Calculate instanton corrections to the correlation functions.

[N. Dorey, T. Hollowood, V. Khoze, M. Mattis, hep-th/0206063]
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Introduction Multi-instanton Calculus

Multi-instanton Calculus

Instanton effective action for pure N = 2 theory:

S̃ = 4π2Tr
[
µ̄〈z〉ν − ν̄〈z〉µ+ ω̄α̇〈z〉2ωα̇ − ϕLϕ

]
.

These ingredients + powerful integration techniques [N. Nekrasov et al.]:
explicit calculation of instanton contributions to the prepotential.

These results have to be compared to the results obtained from the study
of the Seiberg-Witten curves. This has been done and there is a perfect
agreement.
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Instantons and D-branes D-branes on orbifolds

An N = 2 road-map

Multi-instanton
calculus

Geometrical
engineering

(Calabi-Yau)

Gauge/Geometry
Seiberg-Witten

N = 2 SYM

D-instantons in
brane worlds
(orbifolds)

Gauge/String

String
dualities
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Instantons and D-branes D-branes on orbifolds

D-branes

Fundamental object for Gauge/Gravity: Dirichlet brane
Dynamic at low energy is described by massless excitations of strings
attached to the brane

I Abelian supersymmetric gauge theory with 16 supercharges on the
worldvolume

Stack of N branes: non-abelian gauge theory with gauge group U(N).
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Instantons and D-branes D-branes on orbifolds

Non-trivial Backgrounds

Orbifold C× C2/Z2, generators: (h, h2)

Regular representation: γ(h) =

(
0 1
1 0

)
, γ(h2) =

(
1 0
0 1

)
Action on the Chan-Paton factor λ:

λ→ γ(g)λγ(g)−1

Two kinds of fractional branes:

R0 : γ(h) = 1, γ(h2) = 1,
R1 : γ(h) = −1, γ(h) = 1.
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Instantons and D-branes Instantons from open strings

Instantons

Instantons can be described with brane systems
D3/D(−1) brane system: the D(−1) brane is an instanton of the
gauge theory living on the worldvolume of the D3 brane
[E. Witten, 1995, 1996, M. Douglas, 1996, 1998]

Which is the interpretation of string states suspended between a D3
and a D(−1) brane and with both extremities on the D(−1) brane?
They are in correspondence with the ADHM supersymmetric
multiplets of the gauge theory on the D3 brane.
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Instantons and D-branes Instantons from open strings

D3/D(-1) System on R4 × C× C2/Z2

ADHM moduli for N = 2
Essential role of 3/(−1) strings: twisted states

Sector Moduli Chan-Paton repr. Dimension

neutral sector
(−1)c/(−1)c NS aµ adj [L]

Dc adj [L]−2

(−1)c/(−1)c R Mα adj [L]
1
2

λα̇ adj [L]−
3
2

charged sector
3c/(−1)c NS ωα̇ (Nc × k̄) [L]
(−1)c/3c ω̄α̇ (k× N̄c) [L]

3c/(−1)c R µ (Nc × k̄) [L]
1
2

(−1)c/3c µ̄ (k× N̄c) [L]
1
2
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Instantons and D-branes Instantons from open strings

Instanton Calculus and Open Strings

Computation of scattering amplitudes between open string states with
mixed boundary conditions: mixed disk diagrams

!

!

µ̄

A!,",µ̄ =
!!
V!1

! V! 1
2

" V! 1
2

µ̄

""
!

V−1
ω = wα̇∆(z)S α̇e−φ

V−
1
2

λ = λα̇S α̇S+++e−φ

V−
1
2

µ̄ = µ̄∆̄(z)S−−−e−
1
2φ

Aω,λ,µ̄ =
DD
VωVλVµ̄

EE
= −8π2

g2

Z Q
i dzi

dVCKV

D
Vµ̄(z1)Vq̃†(z2)Vµ′(z3)

E
With standard CFT techniques and OPE for the spin fields, by computing all the
amplitudes we recover the instanton effective action S̃ .

[M. Green, M. Gutperle, 1997, 2000

M. Billó, M. Frau, I. Pesando, F. Fucito, A. Lerda, A. Liccardo, 2003]
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Instantons and D-branes Instantons from open strings

Instanton Calculus and Open Strings

Instanton profiles
I Mixed disks with emission of a gauge field:

!

!̄

Aµ

p

Aµ =

Z
d4p

(2π)2
1
p2Aω̄,Aµ,ωe ip·x =

2ωα̇η̄α̇νµω̄β̇(x − X )ν

(x − X )4 ,

For SU(2) is the leading term in the large distance expansion of the BPST
instanton!
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Instantons and D-branes Instantons from open strings

Instanton Calculus and Open Strings

Prescription for the integration:

. . .++

!8!2

g2
k

=
!! ! 0

D(!)

!Smoduli

! !
!

!

X
n

1
n!

DD
Vϕ1 (p1) . . .Vϕn (pn)

EE
D(Θ)

“˙̇
1
¸̧
D(Θ)

”n
=

=
DD
Vϕ1 (p1) . . .Vϕn (pn)

EE
D(Θ)

e
˙̇

1
¸̧
D(Θ) .

Result:

S(k)
eff ∼ e2πikτ

Z
dMke−S̃ .

[J. Polchinski, hep-th/9407031]
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Instantons and D-branes Instantons from open strings

Stringy instantons

One simple generalization, consider D3R0/D(−1)R1 : exotic or stringy
instantons
In more serious models: can induce non-perturbative couplings

I Phenomenological implications: neutrino masses, Yukawas, . . .
I More formal aspects of string theory
I Develop an exotic instanton calculus

Bestiary of brane models: magnetized D-branes in type IIB, D-branes
at general angles in type IIA, heterotic, RR backgrounds and
topological strings, N = 1 models, F-theory, . . .
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Instantons and D-branes The Higgs branch of N = 2 theory

Instantons on the Higgs Branch

As an application of the methods described above I will show how to
calculate the instanton effective action for instantons on the Higgs branch
of the N = 2 SYM theory with matter.

The model: D3R0
c /D3R1

f /D(−1)R0
c on R4 × C× C2/Z2. Summarized in

the following Dynkin diagram:

k

Nc Nf

!̄
µ̄

!
µ

µ!

µ̄!

q q̃†

q† q̃
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Instantons and D-branes The Higgs branch of N = 2 theory

Disk Amplitudes

The instanton effective action S̃ is obtained from scattering
amplitudes on disks between open strings attached to the branes.
Let us consider amplitudes with insertions of ADHM moduli and
hypermultiplet. Three-point amplitudes:

q̃†

µ̄

µ!

3c

3f

!1c

3c

3f

!1c

µ

µ̄!

q†

〈〈Vµ̄Vq̃†Vµ′ 〉〉 = [µ̄q̃†µ′]
∫

dz1dz2dz3

dVCKV

〈
∆̄(z1)S−−−(z1)e−

1
2φ(z1) ·Ψ2(z2)e−φ(z2)·

·∆(z3)S++−(z3)e−
1
2φ(z3)

〉
= · · · = −i µ̄(q̃)†µ′.
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Instantons and D-branes The Higgs branch of N = 2 theory

Disk Amplitudes

Four-point amplitudes:

q̃†

!1c3f

3c

3c

!̄

!

q̃q†

3f

3c

3c

!̄

!

q

!1c

S̃4 = − 〈〈Vω̄Vq†VqVω 〉〉 = · · · = ω̄α̇q†qωα̇

The scalars can be promoted to the whole hypermultiplet by supersymmetry:

q → q(x)→ Q(x , θ)

q̃ → q̃(x)→ Q̃(x , θ)
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Instantons and D-branes The Higgs branch of N = 2 theory

Result

Instanton effective action:

S̃ = SADHM+

− 2[χ†, a′µ][χ, a′µ] + (ωα̇χ− Φωα̇)(χ†ω̄α̇ − ω̄α̇Φ̄)

+ (ωα̇χ
† − Φ̄ωα̇)(χω̄α̇ − ω̄α̇Φ)

+ i µ̄AεAB(µBχ† − Φ̄µB)− iMαAεAB [χ†,MB
α ]

+ ω̄α̇(Q)†Qωα̇ + ω̄α̇Q̃Q̃†ωα̇ − i µ̄Q̃†µ′ − i µ̄′Q†µ.
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Summary

Summary

I showed a model that permits to engineer the N = 2 pure SYM
theory and to recover instantons contribution to the prepotential.
Brane models permit to clarify instanton aspects of susy gauge
theories. Exotic instanton calculus important for phenomenology and
formal aspects of string theory.
Further developments:

I We can study the N = 2 theory with matter, instantons on the Higgs
branch:

S (k)
eff (Φ,Q) ∼ e2πikτ

∫
dMke−S̃(M,Φ,Q)

I Analyze other solitons in field theory (monopoles, vortices) with type
IIB brane models on orbifolds; stringy interpretation of Nahm
construction, . . .
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Summary

Summary

Merci!
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Backup

Some more formulae
Solutions in terms of ADHM multiplets:

Aµ =
1
g

Ū(∂µU),

λα = g−1/2(ŪMf b̄αU − Ūbαf M̄U), ψα = g−1/2(ŪN f b̄αU − Ūbαf N̄U),

z = − 1
2
√
2
Ū(N f M̄ −Mf N̄ )U − Ū

„
〈z〉 0
0 L−1` 1

2
√

2
(M̄N − N̄M) + ω̄α̇〈z〉ωα̇

´«U.

Integral measure:Z
Mk

ω(N ,NF ) =
C (N ,NF )

Vol(Uk)

Z
d4k(N+k)a ·

NY
A=1

d2k(N+k)MA| det
k2

L|1−N · dkNFKdkNF K̃

×
k2Y
r=1

"
3Y

c=1

δ(
1
2
TrkT

r (τ cα̇β̇ ā
β̇aα̇))

NY
A=1

2Y
α̇=1

δ(TrkT
r (M̄Aaα̇ + āα̇MA))

#
,

C (N ,NF ) = π2k[(N−N )−NF ] 2kN(2−N )

2
k(k−1)

2

.
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Large N limit of Type IIB string theory on

AdS5 x S5

dual to

Planar N=4 Super Yang-Mills theory in 4d

Maldacena, 1997
Witten, 1998



 Describes 8+8 physical degrees of freedom -
solves Virasoro constraints.

 Gives rise to a 2d Lorentz-invariant theory.

 Relates currents of the original theory to fields of 
the reduced theory.

 Is carried out at the level of equations of motion .             

 What about a quantum equivalence?

Pohlmeyer, 1976
Grigoriev, Tseytlin,  2007
Miramontes, 2008



 Can be extended to the full AdS5 x S5 superstring 
sigma model.

 Resulting model is UV finite                                  
- fermions are important!

 One-loop corrections to soliton energies match 
with string theory.

 Two-loop corrections?       S-matrix?

Grigoriev, Tseytlin,  2007

Roiban, Tseytlin,  2009

BH, Iwashita, Tseytlin,  2009
Iwashita, 2010



 The Pohlmeyer reduction of string theory on

is given by the generalised sine-Gordon model

on G/H = SO(n)/SO(n-1).

g ∈ SO(n),  A± ∈ h = so(n-1) 

T ∈ so(n+1) ⊖so(n), [T,h] = 0



ABELIAN NON-ABELIAN

 Can choose τ(a) = -a 
and vacuum g = 1 to 
give a perturbative 
expansion about the 
vacuum.

 No choice of τ and 
vacuum g = h0 such 
that there is a 
perturbative expansion 
about the vacuum.

Fix a gauge on g and integrate out A±

Symmetries

 Global H symmetry in 
addition to H-gauge 
symmetry.

 No true global symmetry 

- only H-gauge symmetry.



 Take g ∈ SU(2), A± ∈ u(1) and axial gauging,  

(τ(a) = -a).

 Corresponds to the Pohlmeyer reduction of string 
theory on ℝ x S3.

 We fix a gauge on g,

g = exp(-iχ σ3) exp(iφ σ1) exp(iχ σ3) 

and integrate out A±.

This gives ...



 Symmetries - 2d Lorentz and global U(1)

χ → χ + c

 Fields - A single complex scalar

charged under the U(1)

Y = φ exp(iχ)

 Classically - Existence of Lax

integrable connection 



 Symmetries imply that we can parametrise the      
S-matrix in terms of two functions

S(θ)    and    SR(θ) 

where θ = θ1 - θ2 is the difference of rapidites

pi = m sinh θi

Ei
2 = pi

2 + m2



SR(θ) = 0         ⇔ 1

2
1

2

3

3

=



Spectrum of non-topological solitons 

 with masses

 and U(1) charge, Q=±1,..., ±Qmax = ⌊k/2⌋.

Identify the lowest charge soliton with the 
fundamental excitation, 

Dorey, Hollowood, 1994



 Standard perturbation theory gives the following 
S-matrix at one-loop

 Yang-Baxter is broken at one-loop!

 A possible solution is to put a counterterm in  
by hand.

de Vega, Maillet,1981,1983



Can we find a systematic way of understanding 
these corrections.

In particular one applicable to the non-abelian 
gauged WZW theory.



 Gauged WZW is a conformal field theory.

 If we fix a gauge on g and integrate out A±, the conformal 
symmetry broken at quantum level.

 It can be restored by considering the effective action.

 What if we add the integrable potential onto this 
effective action?

Tseytlin, 1993 



 Fix gauge on g, but don't integrate out A±,

 In integrating out a± we pick up the following determinant 
contribution,

 Gives the following corrected Lagrangian,

Tseytlin, 1991
Schwarz, Tseytlin, 1993 



 Choose the gauge A+ = 0.

 Equation of motion for A- gives, 

 Impose as a δ-function in the path integral,



 Parametrise 

g = exp(X + ξ)   where  ξ ∈ h

and solve the constraint equation perturbatively 
for ξ,

 Substituting this into the action gives

complex sine-Gordon
(to the appropriate order and up to field redefinitions etc.). 



 However performing the integral over the          
δ-function gives a Jacobian factor,

 How do we define/regularise this functional 
determinant?



 Rearrange so derivative is acting all the way from 
the left,

 In this form α[X] gives rise purely divergent 
integrals.

 Equivalent to a redefinition of ξ.                       

 Use standard perturbation theory to evaluate 
corrections to the S-matrix.



 All three methods give a perturbative S-matrix 
that matches that of with Dorey and Hollowood 

to one-loop.

 The first two cannot be generalised to the non-
abelian case while the last can.



 Symmetries - The gauge A+ = 0 leaves a residual 
global H symmetry - for H = SO(n-1) the field X 
transforms in a vector rep.

- However, unlike the abelian case, 
there is no true global H symmetry in the non-
abelian case.

 The S-matrix does not satisfy Yang-Baxter

- Not surprising as the fields transform under 
the unphysical symmetry, H.

- At tree-level, the deviation is constant and 
proportional to the structure constants of H.



 Corrections computed by method 3 turn out to 
be important in one context.

 For n=5,      h = so(4) = su(2) + su(2).

 X transforms in vector of so(4) and thus 
bifundamental of su(2) + su(2).

 Integrability implies S-matrix should factorise 
under this structure,



 Important to understand perturbation theory in order to 
test conjectures for exact results.

 Counterterms seem to be important for integrability.

 Abelian case relatively understood to one-loop.

 Non-abelian case...

 What excitations should be scattered / are we scattering?

 What is the consequence of integrability for these 
excitations?

 Study of the solitons in the non-abelian theory.

Hollowood, Miramontes, 2010 

 Will fermions help?
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Outline 

Black holes in Supergravity

BPS flow and the superpotential

The gauging: curved background

Solutions with FI gauging

Generalizations to black hole solutions in gauged 
theories



Motivations
Gauged supergravities arise from flux compactifications of 
string theory.

This leaves a landscape of AdS4 backgrounds in which 
the cosmological constant is provided precisely by the 
scalar potential coming from the gauging.

We want a systematic approach to address the problem of 
the destabilization of such backgrounds by the presence 
of a stable black hole, thus yielding new insights into the 
interpretation of string landscape.
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Black Holes in Supergravity: 
the ungauged case

Well established description in the last 15 years
Look for regular solution of the classical theory which are stable.
They have zero temperature but finite entropy: 

extremal solutions
In a gravity theory they saturates the bound

M=|Q|

in a Supergravity theory the charge is substituted by the central charge, 
and gives a BPS bound

M=|Z|

meaning the solution preserves some SUSY.
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In the SUSY variation of the fields the fermionic fields decouple. 
The bosonic sector of the theory is described by

S =
! !

"g d4x

"
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R + ImN!"F!

µ!F", µ!+
1

2
!
"g
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+
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#
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Einstein-
Hilbert term
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Einstein-
Hilbert term

Vector fields 
kinetic term
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Einstein-
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kinetic term Axionic 

coupling
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Einstein-
Hilbert term

Vector fields 
kinetic term Axionic 

coupling

Non-linear sigma model
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Black Holes in Supergravity: 
radial evolution and black hole dynamics

6

The equations for the scalar fields are geodesic equations

where                           .c2 = 4S2T 2

d2!(")
d"2

+ !i
jk(!)

d!j

d"

d!k

d"
= 0 , Gij(!)

d!i

d"

d!j

d"
= 2c2 ,

The effective one dimensional Lagrangian is

L =
!

dU

d!

"2

+ Gab
d"a

d!

d"b

d!
+ e2UVBH ! c2

In the SUSY variation of the fields the fermionic fields decouple. 
The bosonic sector of the theory is described by

S =
! !

"g d4x

"
"1

2
R + ImN!"F!

µ!F", µ!+
1

2
!
"g

ReN!"!µ!"#F!
µ!F"

"# +

+
1
2
grs(!)"µ!r"µ!s

#
.



Black Holes in Supergravity: 
radial evolution and black hole dynamics

7

We can write the black hole potential in a manifestly symplectic way

Q! =
!

p!

q!

"
,

VBH =
1
2
QT !M!"Q" ,

where
M =

!
µ + !µ!1! !µ!1

µ!1! µ!1

"
.

Equations of motions:
d2U

d!2
= 2e2UVBH(", p, q),

D"a

D!2
= e2U #VBH

#"a
,

Regularity of the scalar 
configuration at the 
horizon:

Gij!m"i!n"j#mn <!

Attractor behaviour: !
!VBH

!"a

"

hor

= 0

d!a

d"
= 0

!a ! !a
H +

!
2"

A

"
#VBH

#!a
log $

! = log " , " = !1
#

,



Black Holes in Supergravity: 
first order formalism

Rewrite the black hole potential                                               through
a real function W.

From the ansatz

the scalar field equation follows:

In this description, the extremum condition on the potential is given by

thus the attractor eq.s are equally expressed as a critical point of V or W. 
For N=2 Supergravity 

VBH =
1
2
ZABZ

AB + ZIZ
I

!̇a = 2eUgrs"sW

!aVBH = 2!bW(W"b
a + 2Gbc!a!cW) = 0

U̇ = eUW(!("))

8

W = |Z|
A first order description is possible not only for BPS but also for non-
BPS extremal solutions: fake superpotential        

[Ceresole-DallʼAgata ʻ07]



The gauging

9

[Ceresole-DʼAuria-Ferrara ʻ95]

Let       be the Kähler metric of a Kähler manifold M. If it has a 
a non trivial group of continuous isometries G generated by 
Killing vectors, then the kinetic Lagrangian admits G as a 
group of global space-time symmetries.
The holomorphic Killing vectors, which are defined by the 
variation of the fields                        are defined by the 
equations     

This are identically satisfied once we can write

thus defining a momentum map, which also preserves the 
Kähler structure of the scalar manifold.
The momentum map construction applies to all manifolds with 
a symplectic structure, in particular to Kähler, HyperKähler 
and Quaternionic manifolds. 

gī!

!zi = "!ki
!(z)

!ikj +!jki = 0 ; !ı̄kj +!j k̄ı = 0

ki
! = igī"!"̄P! , P!

! = P!



10

Gauging involving hypermultiplets: 
Triholomorphic momentum map that leaves invariant the 
hyperkahler structure up to SU(2) rotations. 
In N=2 theories the same group of isometries G acts both on 
the SpecialKähler and HyperKähler manifolds:

Fayet-Iliopoulos gauging = constant prepotential 
!̂k! = ki

!
!"i + kı̄

!
!"̄ı + ku

!
!"u

Px
! = !x

!

The gauging
[Ceresole-DʼAuria-Ferrara ʻ95]
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Gauging involving hypermultiplets: 
Triholomorphic momentum map that leaves invariant the 
hyperkahler structure up to SU(2) rotations. 
In N=2 theories the same group of isometries G acts both on 
the SpecialKähler and HyperKähler manifolds:

Fayet-Iliopoulos gauging = constant prepotential 
!̂k! = ki

!
!"i + kı̄

!
!"̄ı + ku

!
!"u

Px
! = !x

!

The gauging
[Ceresole-DʼAuria-Ferrara ʻ95]

Non-trivial gauging!



11

Consider the scalar potential for an N=2 theory. 
Due to the fact that all the relevant quantities are derived from 
the Kähler vectors and prepotential, this can be written in a 
geometrical way as

Thus, one easily sees that for an abelian theory this potential 
can still be nonzero, as long as the prepotentials are taken as 
constants,                 leading to the form of V  on which we will 
focus:

Px
! = !x

!

V = (k!, k")L̄!L" + (U!" ! 3L̄!L")(Px
!P x

" ! P!P")

VFI = (U!" ! 3L̄!L")!x
!!x

"

[Ceresole-DʼAuria-Ferrara ʻ95]
N=2 Supergravity with FI gauging



N=2 Supergravity with FI gauging

12

The action of the theory is

The gauging is encoded in the potential

it extends the electric gauging to include magnetic gauge 
charges, it is constructed only in terms of symplectic sections 
and symplectic vector of charges

S =
!

d4x

"
!R

2
+ gī!!µzi!µz̄ !̄ +N"#F"

µ!F" µ! +
1

2
"
!g
N"#"µ!"#F"

µ!F#
"# ! Vg

#

Vg = gī!DiLD!̄L! 3|L|2

V = eK/2(X!(z), F!(z))

L = !G,V"

G = (g̃!, g!)



Static dyonic black holes 
with FI gauging

13

Ansatz for the spacetime background 

A second warp factor provides the deviation from the ansatz for 
asymptotically flat configurations.
It compensates for the additional contribution to Einstein 
equations due to the non-trivial cosmological constant.
The effective action for a static spherically configuration 
becomes

ds2 = !e2U(r)dt2 + e!2U(r)(dr2 + e2!(r)d!2)

S1d =
!

dr{e2!(r)[U !2 ! !!2 + gī!ż
i ˙̄z !̄ + e2U"4!VBH + e"2UVg]! 1}



Static dyonic black holes 
with FI gauging

14

We can rearrange the terms in the action in a BPS-like form, as a 
sum of squares containing the equations of motions, that become

we also get the constraints

Notice: the ungauged limit of the same metric ansatz has to be 
performed taking a BPS rewriting of the action

!G,Q" = #1 ,

e2U!2!Im(e!i"Z) = Re(e!i"L)

U ! = !eU"2!Re(e"i"Z) + e"U Im(e"i"L)
!! = 2e"U Im(e"i"L)
żi = !ei"gī!(eU"2!D̄!̄Z̄ + ie"U D̄!̄L̄)

"! +Ar = !2e"URe(e"i"L)

!(e!! ! 1)2 " e!(r) = r



The phase 

The solution is 1/4-BPS, and the preserved supersymmetry is 
selected by the projections

The constraint can be solved to give

Remark: the degrees of freedom. As for the ungauged case, the 
BPS equation for the phase is identically satisfied once we assume 
the equations for the scalar fields and the warp factors hold.
However, in the ungauged case 

e2i! =
Z ! ie2("!U)L
Z̄ + ie2("!U)L̄

!! +Ar = 0

15

!0"A = iei!#AB"B

!1"A = ei!$AB"B



The superpotential

It is possible to express the BPS equations of motion through a real 
function, as happens in the ungauged case, namely we have 

with the superpotential given by

and obtain the attractor equations as

W = eU |Z ! ie2(!!U)L|

gUU = !g!! = e2! , g̃ī! = e2!gī!

!iW|h = 0 , W|h = 0

!
"

#

16

U ! = !gUU!UW
"! = !g!!!!W
żi = !2g̃ī!!!̄W



Extremal 4-dimensional black hole near horizon geometry is the product 
space AdS₂x S²

it is obtained for the near horizon behaviour of the warp factors

the scalars are at a critical point 

BPS equations at the horizons for the scalar fields yield to the conditions

and    

Near horizon geometry and 
existence of spherical horizons

ds2
hor =

r2

R2
A

dt2 ! R2
A

r2
dr2 !R2

S(d!2 + sin2 !d"2)

U ! log
r

RA
! ! log

rRS

RA

żi = ˙̄z ı̄ = 0

!h
Z = !h

L +
"

2
! !!

h = 0

e2!h!2Uh =
|Z|h
|L|h

17



Solutions with constant scalars
Look for a system in which                                 ,  solution of the 
equations

the general form of the warp factors

with 
Then choose the integration constants to recover a metric which 
interpolates between AdS₄ and AdS₂x S.

żi(r) = ˙̄z ı̄(r) = 0

!
"

#
U ! = eU"2! R2

S

2RA
+

e"U

2RA

!! =
e"U

2RA

eU =
e!

ec

2RA
r + d

,

e! =
ec

4R2
A

r2 +
d

RA
r + (d2 !R2

S)e!c.

r > !2dRAe!c
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Solutions with constant scalars
An exemple:

with                  .  
Near horizon and asymptotic behaviour

19

ds2 =
r2

R2
A

!
r ! !

2r ! !

"2

!
!

2r ! !

r ! !

"2 R2
A

r2
dr2 ! R2

S

!2
(2r ! !)2 d!2

d = !RS , ec = 4RA

! = RS

ds2
! !

r2

4R2
A

dt2 " 4R2
A

dr2

r2
" 4R2

Ar2d!2

ds2
n.h. !

!2

R2
A

dt2 "R2
A

d!2

!2
"R2

Sd!2
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ds2 =
r2

R2
A

!
r ! !

2r ! !

"2

!
!

2r ! !

r ! !

"2 R2
A

r2
dr2 ! R2

S

!2
(2r ! !)2 d!2

d = !RS , ec = 4RA

! = RS

ds2
! !

r2

4R2
A

dt2 " 4R2
A

dr2

r2
" 4R2

Ar2d!2

ds2
n.h. !

!2

R2
A

dt2 "R2
A

d!2

!2
"R2

Sd!2

A solution with the same AdS₂ and S² radius is not allowed!



Solutions with constant scalars

20

[Bellucci-Ferrara-Marrani-Yeranyan ʻ08]RS = RA ! Vg = 0
Equal radii would imply vanishing potential at the horizon

Asymptotic AdS background :

The form of the gauge potential:

 A configuration with constant scalars along the flow has

Don’t forget the constraint                           !!

(Not always compatible with the model)

Vg = !3|L|2 + |DL|2

|L| = 0

DiL = 0

!G,Q" = #1



Existence of solutions

Quadratic model                        :  attractor equations

are incompatible for any choice of charges, also in the case of non 
constant scalars                
                      no black hole solutions with spherical horizon.

STU model with prepotential                              :   the potential of the 
gauging has no critical point              no asymptotic AdS configurations.

STU model with prepotential                                            admits regular 
solutions, with spherical horizon and satisfying the constraint 

21

F = iX0X1

!iW|h = 0 , W|h = 0

F = !X1X2X3

X0

F = !i
"

X0X1X2X3

!G,Q" = #1



Asymptotically non flat solutions have been studied using the 
geometric description of duality invariant supergravities.

Although in the standard lore static and supersymmetric solutions are 
singular, many regular solutions are found, for charges satisfying the 
constraint 

Uncomplete enhancement of SUSY at the horizon: 1/4-BPS 
solutions.

Extend this study to other supergravity models and obtain a 
systematic description of black holes in AdS curved background.

Conclusions

22

!G, Q" = #1
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Forecasting constraints on model independent deviations

from General Relativity with future CMB, Weak Lensing

and Galaxy Cluster counts
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Why????????????????

Quantum

Dark stuff Tµν ∼ Gµν

Being a good scientist

Daniel Thomas The count of monte cluster



Models vs no models

Not tied to specific model; Doesnt rely on us having come up with

correct model

No clearly leading alternative; No fundamental theory from complete

Quantum Gravity etc

Answers could lead us to correct theory

Detection of deviation fairly incontrovertible as opposed to model

selection criteria

Daniel Thomas The count of monte cluster



What is GR?

Lagrangian? R

Einstein Equations?

Cosmology

FRW metric: expanding homogeneous and isotropic (flat) spacetime

ds2 = −dt2 + a2(t)
`

dx2 + dy2 + dz2
´

Perfect fluids

Perturbation theory

k2Φ = −4πGa2ρ∆(a, k)

k2 (φ− ψ) = −32πGa2ρΠ

Daniel Thomas The count of monte cluster



Parametrisation

µ: k2Ψ = −4πGa2µ(a, k)ρ∆(a, k)

η: Ψ/Φ

Both have value 1 in GR

Other parametrisations exist, none clearly superior, this one=simple and

with only mild assumptions, valid over a range of scales

Daniel Thomas The count of monte cluster



In principle, µ and η any function of time and scale (space)

For this work, ignore scale dependence of µ and η

Single value 6= 1, switches on at redshift 30

Daniel Thomas The count of monte cluster



Intermission

Daniel Thomas The count of monte cluster



Observables

Cosmology gives us a chance to probe GR on large scales (space and

time) that arent possible closer to home.

Observables relatively well understood with systematics controlled

2 kinds: Expansion History and Growth

Expansion history alerted us to acceleration

Growth has more information and can distinguish DE vs MG if DE

not perturbed

Daniel Thomas The count of monte cluster



Observables-CMB

Power Spectrum of anisotropies of background radiation

Notably ISW effect, generated at late time by evolution of potentials

Calculated by Boltzmann code MGCAMB

Daniel Thomas The count of monte cluster
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Observables-WL

Projected mass density on sky from small scale distortions of galaxy

images

Depends on sum of potentials

Calculated by Boltzmann code MGCAMB

Daniel Thomas The count of monte cluster
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Observables-Counts

Large (1013M⊙+) dark matter halos full of hot gas

Number of clusters at different redshifts

Formulas for calculating numbers from matter power spectrum

Code to calculate from matter power spectrum output of MGCAMB

Ni = 4πfsky

∫ zi+1

zi

dz dV
dzdΩ

∫ ∞

Mlim(z)
dn
dM

dM

Daniel Thomas The count of monte cluster
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Experiments-WL

DES: Dark Energy Survey

Telescope in Chile, will start taking data in 2011

214,000,000 Galaxies for weak lensing

Daniel Thomas The count of monte cluster



Experiments-CMB

Planck: ESA satelite launched in 2009.

Cosmic variance limited up to ℓ ∼ 2000

Daniel Thomas The count of monte cluster



Experiments-Counts

Planck!

Not a typo; CMB photons bounce off hot electrons in clusters, allowing

clusters to be found in CMB maps.

Called the Sunyaev-Zeldovich effect.

Planck should find around 10,000 clusters

Daniel Thomas The count of monte cluster



Fisher Matrix

Examine change in observables as parameters vary

Compare this to noise of experiment

⇒ forecasted 1σ constraints on the parameters

Daniel Thomas The count of monte cluster



Results

Figure: η vs log 1010 A from CMB+WL, then CMB+WL+counts, in both

cases WL and CMB treated as independent

Daniel Thomas The count of monte cluster



Figure: µ vs log 1010 A from CMB+WL, then CMB+WL+counts, in both

cases WL and CMB treated as independent

Daniel Thomas The count of monte cluster



Figure: η vs Ωm from CMB+WL+counts, pre and post cross-correlation of WL

and CMB

Daniel Thomas The count of monte cluster



Figure: µ vs Ωm from CMB+WL+counts, 3 generations of experiments

Daniel Thomas The count of monte cluster



Conclusion

Models aren’t all that

Combining experiments allows us to constrain model independent

Modified Gravity

Adding cluster counts into the mix is a good idea

Watch this space...

Daniel Thomas The count of monte cluster
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Overview

Testing Modified Gravity

1 GR

2 Modified Gravity Theories

3 MOND

4 TeVeS

5 Solar System

6 Conclusions
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Introduction

Modified Gravity

1 GR / Einstein-Hilbert Gravity

2 f(R) Gravity

3 DGP (4 + 1 & 3 + 1)

4 Scalar-Tensor / Brans-Dicke / MOG

5 Tensor-Vector-Scalar Gravity / MOND

6 Einstein - Aether

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 3 / 40



General Relativity

The Einstein-Hilbert Action:

SEH =

∫ (
1

2κ
(R − 2Λ) + Lm

)
√
−g d4x (1)

suitable variation w.r.t. gμν leads to the Einstein Field Equations:

Rμν −
1

2
gμνR + Λgμν = κTμν (2)

Can generalise to higher dimensions
Can reframe in the Einstein-Cartan formalism (leading to Kibble-Palatini
action) to allow for inclusion of coupling to spinors

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 4 / 40



The Problems
GR on its own does not provide a satisfactory explanation of:
1 The Tully - Fisher relation - Suggesting a relationship between the
luminosity of galaxies and their rotation velocities L ∝ v4

2 The accelerated expansion of the Universe (with consistent positive Λ)
3 Flat galaxy rotation curves

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 5 / 40



Modified Gravity

There have been various attempts to get around these problems

1 One very popular idea is that of Dark Matter, i.e. non-luminous
matter that can account for the perceived missing mass in galaxies

2 Another idea has been to modify gravity, such that it behaves
differently on different acceleration scales

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 6 / 40



Modified Newtonian Dynamics

MOND was first suggested in the 1980s by Milgrom [ref] as a way of
explaining the flat galaxy rotation curves
MOND reframes the Newtonian Poisson equation

∇2ΦN = 4πGρ (3)

as
∇.[μ̃(x)∇Φ] = 4πGρ (4)

where Φ is our physical (observed) gravitational field, μ̃ is known as the
interpolating function and is a function of x = |∇Φ|/a0 and a0 is
Milgrom’s characteristic acceleration where MONDian behaviour becomes
relevant, a0 ≈ 10−10.

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 7 / 40



Modified Newtonian Dynamics

The form of the interpolating function is given by its limits:

μ̃ (x) −→

{
1 x � 1
x x � 1

(5)

with x = |∇Φ|/a0
Common μ̃’s used in the literature include

μ̃ =
x

1 + x
(6)

and
μ̃ =

x
√
1 + x2

(7)

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 8 / 40



Modified Newtonian Dynamics

1 A Lagrangian formulation of the theory exists

L = −
a20
8πG

f

(
|∇Φ|2

a20

)

− ρΦ (8)

with μ̃(
√
y) = df (y)/dy which allows us to show the theory

conserves energy and momentum

2 Problems for the theory are basically that it doesn’t have an answer
to the standard relativistic tests (such as light bending and precession
of the perihelion of Mercury) - for this we require MOND to appear
as the weak-field limit of some fully relativistic theory

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 9 / 40



Can we find a relativistic MOND theory?

We know of at least one man who can help:

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 10 / 40



TeVeS: Tensor Vector Scalar Theory

Bekenstein [ref] developed TeVeS from the bottom up, so that in addition
to it being a way of implementing MOND in its weak field limit, it also fits
observations on light bending, etc... The (rather lengthy!) action is:

S =

∫
d4x

[
1

16πG
(R − 2Λ)−

1

2
{σ2 (gμν − UμUν)φ,μφ,ν

+
1

2
Gl−2σ4F (kGσ2)}

−
1

32πG

{
KFαβFαβ − 2λ (UμU

μ + 1)
}]√

−g

+Lm(g̃μν , f
α, f α|μ, ...)

√
−g̃

where the two metrics are related by

g̃αβ = e
−2φgαβ − UαUβ(e

2φ − e−2φ) (9)

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 11 / 40



Scalar Fields

Bekenstein introduced a splitting of the physical potential

Φ = ΦN + φ (10)

This new field has its own non-linear Poisson equation

∇.[μ(y)∇φ] = kGρ (11)

with

y =
k

4π

|∇φ|
a0

(12)

and transition function μ

μ (y) −→

{
1 y � 1
y y � 1

(13)

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 12 / 40



The U formalism

We can reparameterise the fields using the dimensionless vector U

U = −μ
k

4π

∇φ
a0

(14)

In doing so, we can reframe the MOND field equations as

∇.U = −
k2

4π
Gρ (15)

∇∧
U

μ
= 0 (16)

The purpose of this change is to linearise our system, allowing us to
investigate many-body problems easily (important for later)

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 13 / 40



Dynamics

We find the additional force felt by matter

δF = −∇φ = −
U

μ
(17)

We pick our μ from Bekenstein and Magueijo (arXiv:0602266)

y =
μ

√
1− μ4

(18)

giving

δF = −∇φ =
4πa0
k
(1 + U2)1/4

U

U1/2
(19)

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 14 / 40



Different Regimes

The form of behaviour of U is determined by the particular regime we are
looking, i.e. the deep MOND U� 1 or the quasi-Newtonian U� 1.
Separating the two regimes is an ellipse of size |U|2 w 1
This corresponds to an ellipsoid with semi-major axis of size

r20 =

(
16πa0
k2A

)2
(20)

where crucially the only variable to here is k (which we take throughout as
k = 0.03)
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Quasi-Newtonian

In the quasi-Newtonian regime, we find U can be decomposed into a
Newtonian force N and a ‘curl-like’ force B as

U =
r

r0
N(ψ) +

r0
r
B(ψ) (21)

where ψ is a spherical polar coordinate and r0 is the size of the semi-major
axis of the ellipse.
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Deep MOND

In the deep-MOND regime, U cannot be easily separated out into MOND
and Newtonian components, but takes the form

U = C

(
r

r0

)α
D(ψ) (22)

where C ∼ 0.84, α ≈ 3.5 and D(ψ) is very similar to the Newtonian
profile N(ψ)

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 17 / 40



So what’s the point?

Lets investigate the saddle points (SP) of the Earth-Sun gravitational field,
along a line between the two centres of mass (M � m)

FN =

(

−
GM

r̃2
+

Gm

(R − r̃)2

)

ez (23)

Find SP of the potential ΦN at |∇ΦN | = |FN | = 0

r̃ = rsp =
R

1 +
√
m
M

≈ R

(

1−

√
m

M

)

(24)
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So what’s the point?

The force at the SP increases linearly around zero

FN ≈ A(r̃ − rsp) ez (25)

where A is the tidal stress at the SP in the ez direction

A = 2
GM

r3sp

(

1 +

√
M

m

)

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 19 / 40



So what’s the point?

What does this picture look like in MOND? Since Fφ =
√
a0FN ,

Szz ∝
1

√
r̃ − rsp

(26)

which about the SP will be divergent!
Clearly something VERY different to the Newtonian picture happens is
gravity is modified.
Using the U formalism, we can show that around the SP (and hence in the
deep MOND regime), there will be a divergence in the field, but it will be
softened the ‘magnetic’ B(ψ) forces.
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How do we investigate this effect?

Coincidently a space probe with instruments sensitive enough to detect
this effect should be in space in 2011 - LISApathfinder
Using this, it should be (at least theoretically!) possible to detect and/or
rule out modified gravity on solar system scales.
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LISApathfinder

LPF will be sensitive to tidal stresses, which we will define as

Sij = −
∂2φ

∂xi∂xj
+
k

4π

∂2ΦN

∂xi∂xj
(27)

such that any signal detected above a purely Newtonian back ground will
produce anomalous tidal stress signal.
However we also need to take into account the instrumental noise, since
this will also affect the quality and confidence we can have in any result.
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Signal and Noise
We can examine the instrumental noise and signal response of LPF from
an amplitude signal density (ASD) plot
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Signal and Noise

We can numerically determine the Signal-to-Noise ratio of our tidal
stresses based on the LPF noise model as

ρopt = 2






∫ fmax

fmin

df

∣
∣
∣S̃ij(f )

∣
∣
∣
2

|Ah(f )|
2






1/2

(28)

Plotting this as we change our model variables, e.g. impact parameter
allows us to find both the minimum and optimal set of parameters to
make a measurement.
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Signal-to-Noise Ratio
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Signal-to-Noise Ratio
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Signal-to-Noise Ratio
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Signal-to-Noise Ratio
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Minimal Models

What if we make a measurement and find nothing? Can we use this to
place constraints on μ?
YES - depending on where we make a null measurement!
Lets look again at our limits
Parametrising using

z =
k

4π

|∇Φ|
a0

(29)

we can plot the ratio of Fφ/FN against z
We do so to examine the transition between the two regimes more clearly
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Minimal Models

10
-3

10
-2

10
-1

10
0

10
1

10
-3

10
-2

10
-1

10
0

10
1

ln
 (

F
φ / 

F
N

)

ln z

Ali Mozaffari (Imperial College, London) Testing MOND in the Solar System SCGSC 2010, Paris, Nov 4th 32 / 40



Minimal Models

We start with a toy-model μ

μ =
zn

1 + zn
(30)

where

n =
ln k/4π

ln a1/a0
(31)

and expand around zn � 1 giving

μ ≈ 1−
1

zn
+ ... (32)
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Minimal Models
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Minimal Models

What we are looking for is a guide as to how the power n changes for
different noise models, impact parameters and at a given SNR
We can then plot these constraints for our minimal model
The plausibility of this argument relies on us ensuring the power is not too
fitted, i.e. n . 10 compared to perhaps n ∼ 20
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Minimal Models
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Minimal Models
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Minimal Models
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Future Work

1 Investigating different formulations of MOND - It turns out that
different modified gravity theories suggest different non-liner Poisson
equations for the weak-field MOND limit)

2 Investigating other modified gravity theories in the context of low
gradient regimes around the Sun and Jupiter
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Motivation

Fluxes lift the moduli space of string compactifications
Provide masses to massless modes
Mechanisms of SUSY breaking
....

Recent years: many fluxes!
Generalized effective potential
Generalized constraints

Problem: case by case studies and few systematic surveys of vacua

Proposal: unified description of fluxes

Result: understand the impact of constraints in moduli fixing
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Internal Space

IIB O3 compactification
T6

Orientifold × Γ

Moduli space:

Axion-Dilaton
S ←→ gS

Kähler moduli
JC(Tj) ←→ Size

Complex structure moduli

Ω(Ui) ←→ Shape

Lifted by Fluxes...
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Generalized fluxes

All the fluxes can be accommodated in the embedding tensor

fαABC , α = ± ; A,B,C = 1, . . . , 12

of 4D gauged N = 4 supergravity:

W = (f+ABC − i S f−ABC)T ABC(T,U)

Conclusion: Dual fluxes lift the moduli space of string theory vacua.

Problem: Dual fluxes are not generic
Quantized
Algebraic constraints
Stringy constraints
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Constraints on the fluxes

Jacobi identities
f [AB
α Pf CD]P

β = 0

Consistency conditions

εαβ f AB
αP f CDP

β = 0

Generalized D3-tadpoles

εαβ f [ABC
α f DEF]

β = 0

On-shell constraints for self-consistent solutions
Small gS

Large volume
...



Moduli fixing

Consistency and D3-tadpole constraints

εαβ f AB
αP f CDP

β = 0 , εαβ f [ABC
α f DEF]

β = 0

form linear system(s) of equations

Fij(f+) f j
− = 0

Generic solution : f ABC
+ = αf ABC

−



Moduli fixing

Consistency and D3-tadpole constraints

εαβ f AB
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β = 0 , εαβ f [ABC
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form linear system(s) of equations
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Moduli fixing

SUSY EOM take the form

DIW = ( f+ABC − i S f−ABC) T ABC
I = 0

Non-independent set of fluxes

f+ABC = α f−ABC

imply undesired stabilization for axion-dilaton

S = −iα

More general result:
Valid for non-SUSY vacua
Valid for any moduli
Extended for Minkowski SUSY



Moduli fixing

The equations are Fij(f+) f j
− = 0

rankF = # fluxes− 1 =⇒ f+ABC = α f−ABC =⇒ Excluded...

No go: No SUSY vacua stabilized in an acceptable minimum.
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Moduli fixing

The equations are Fij(f+) f j
− = Ti Way out...

rankF = # fluxes− 1 =⇒ f+ABC = α f−ABC =⇒ Excluded...

No go: No SUSY vacua stabilized in an acceptable minimum.



Conclusions

Dual fluxes lead to generalized effective potentials able to stabilize all
moduli

Dual fluxes obey generalized constraints rendering the effective
potentials highly non-generic

When all constraints are imposed it is not possible to stabilized moduli
in SUSY vacua (more general...)

In progress: relaxation of constraints...
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Introduction

Reduction of 11-dimensional supergravity on a torus exhibit
symmetries [Julia 1981]

Reduction on d-torus gives following symmetry groups

d Symmetry Group

1 SO(1,1)

2 SL(3) × SL(2)/SO(2)

3 SL(3) × SL(3)/SO(3) × SO(2)

4 SL(5)/SO(5)

5 SO(5,5)/SO(5) × SO(5)

6 E6,6 /USp(8)

7 E7,7 /SU(8)

8 E8,8 /SO(16)

de Wit and Nicolai [1986] speculate that these duality groups are
present in the fundamental theory



Membrane duality [Duff, Lu 1986] , [Berman, Perry 2010]

Consider embedding of membrane in spacetime

S =

∫
d3σ

[
1

2

√
hhαβgab∂αX a∂βX b

+
1

6
εαβγCabc∂αX a∂βX b∂γX c − 1

2

]
,

where a = 1, . . . , d .

κ−invariance of the action require the metric and 3-form to satisfy
the spacetime supergravity equations

Assume metric and 3-form are independent of X a

h equation of motion is

hαβ = gab∂αX a∂βX b

X a equation of motion is

∂α

(√
hgabh

αβ∂βX b +
1

2

√
hCabcε

αβγ∂βX b∂γX c

)
= 0



Can write this action in two ways:

Sx = −
∫

d3σ

[
1

2

√
hhαβgabFa

αFb
β +

1

3
εαβγCabcFa

αFb
βFc

γ

−∂αX a

(√
hhαβgabFb

β +
1

2
εαβγCabcFb

βFc
γ

)
+

1

2

]
,

F equation of motion gives Fa
α = ∂αX a. Substituting this in the

above action gives S

Sy =

∫
d3σ

[
1

2

√
hhαβgabFa

αFb
β +

1

6
εαβγCabcFa

αFb
βFc

γ

− 1

2
√

2
εαβ∂αyabFb

βFc
γ +

1

2

]
,

F equation of motion can be solved implicitly to give F in terms
of ∂αyab ≡ F̃α ab



Have two actions that give the same action classically.

In Sx the coordinates X are the Lagrange multipliers

In Sy the dual winding coordinates y are the Lagrange multipliers

Gα
a ≡ ∂Lx

∂∂αX a gives equation of motion of original Lagrangian

∂Lx
∂Fa

α
gives Bianchi identity

Whereas:

G̃α ab ≡ ∂Lx
∂∂αyab

gives Bianchi identity

∂Lx
∂Fa

α
gives equation of motion of original Lagrangian

So Bianchi identity and equation of motion are rotated into
eachother.



Can write this as compactly as

(Gαa

G̃mn
α

)
=

(
gab + 1

2C ef
a Cbef

1√
2
C kl

a
1√
2
Cmn

b gmn,kl

)( Fb
α

F̃α kl

)
,

where gmn,kl = 1
2(gmkgnl − gmlgnk)

The matrix (call it M) is generalised metric (found also by [Hull

2007] and [Pacheco, Waldram 2008] in their work on generalised
geometry)

This is analogous to Hull’s work on doubled geometry in relation to
T-duality. There tangent space Λ1(M) is extended to
Λ1(M)⊕ Λ∗1(M)
Coordinates are supplemented by winding modes

Here tangent space is extended to Λ1(M)⊕ Λ∗2(M) Coordinates
are ZM = (X a, yab)

The generalised metric acts on Z



Lagrangian is
L = Gα

MFM
α

In terms of Z
L = dZTMdZ

If dZ → TdZ , then in effect M is conjugated by T .

So if the duality group acts on M and sends it to another
generalised metric then we have duality



d=4 Example [Berman, Perry 2010]

Consider a split of the 11 dimensions into a four-dimensional piece
and 7-dimensional piece

Try to make SL(5) duality explicit in the 4-dimensional piece
without assuming Killing vectors.

Consider a canonical formulation of bosonic action of M-theory

Want to ignore time because it makes transformations complex

Have 4 ordinary coordinates and 6 dual winding coordinates

M is 10× 10 matrix and acts on the 10 of SL(5)



In the canonical Hamiltonian formulation have potential terms
(fields and spatial derivatives) and Kinetic term (conjugate
momenta)

V = g

(
R(g)− 1

48
F 2

)

can be written explictly in terms of M:

V =

(
1

12
MMN(∂MMKL)(∂NMKL)− 1

2
MMN(∂NMKL)(∂LMMK )

+
1

24
MMN(MKL∂MMKL)(M

RS∂NMRS)

− 1

2
MMNMPQ(MRS∂PMRS)(∂MMNQ)

)

And the kinetic terms can be written in terms of 5 of SL(5)



Current Work (with David Berman and Malcolm Perry)

For d > 4 must include the 5-brane

In d=5 have the kinetic terms written in terms of a metric that
acts on a representation of SO(5,5)

We are working on the potential term

Using representation theory, we have an idea of the representions
on which the generalised metric acts on for d=6 and d=7, where
the duality groups are E6 and E7

Future Work:

Do this covariantly

Add fermions

Find an action in terms of geometric invariants of generalised
geometry (need to develop mathematics of generalised geometry)
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T-duality and motivation

I Target space duality gives us a better insight into the
underlying symmetries of String theory.

I A powerful description of T-duality for bosonic isometries was
introduced by [Bucher 87-88] and extended by [Alvarez-Gaume,
E.Verlinde et.al 92-93]and for fermionic isometries by [Maldacena
and Berkovits 08].

I This formulation involves gauging of the isometry and a
gaussian integration over this gauge fields. However, even in
the bosonic string this formulation is too complicated.

I T-duality as a canonical transformation was introduced by
[Zachos,Cultright 94] for chiral O(4) bosonic model and applied
to abelian T-duality of the bosonic string [Alvarez-Gaume, Alvarez
and Lozano 94]. Generalization to Nonabelian and Poisson Lie
T-dualities by [Lozano 95 and Sfetsos 98].



Plan of the talk:

I Review of the Buscher procedure for bosonic and fermionic
T-duality for non-linear sigma models.

I T-duality as a canonical transformation:

I Review of the bosonic T-duality as a canonical transformation

I Extension to the bosonic T-duality as a canonical
transformation

I Canonical T-duality in the pure spinor formalism

I Bosonic T-duality

I Fermion T-duality



Sigma model and Bosonic T-duality

We assume that the background fields have at least one continuous
isometry, X0 → X0 + c . We consider the σ-model

L =
1
2
QIJ∂+X I ∂−X J , QIJ = GIJ + BIJ ,

we assume that the background fields QIJ are independent of some
coordinate X 0 and denote the rest of them by X i . Since X 0 only
appears within derivatives, the density can be written as

L =
1
2

(
G00∂+X0∂−X0 +Q0j ∂+X0∂−X j +Qi0∂+X i ∂−X0

+Qij ∂+X i ∂−X j
)

.

If G00 6= 0, we gauge X0 by ∂±X0 → A± and add a term X̃0F+−. If
we integrate over X̃0 we find F+− = 0→ A± = ∂±X0. Integrate
over the gauge field we obtain the T-dualized action



L =
1
2

(
G̃00∂+X̃0∂−X̃0 + Q̃0j ∂+X̃0∂−X j + Q̃i0∂+X i ∂−X̃0

+Q̃ij ∂+X i ∂−X j
)

,

where

G̃00 =
1

G00
, Q̃i0 = −Qi0

G00
, Q̃0i =

Q0i
G00

, Q̃ij = Qij −
Qi0Q0j

G00
.

Furthermore, the dilaton field φ transforms as [Buscher]

φ̃ = φ− 1
2

ln G00 .

Note that, X0 should be compact; so that transformation is valid
on an arbitrary Riemann surface(non trivial holonomies).

F = dA = 0→ A 6= df .



Sigma model and Fermionic T-duality

We begin by considering the Green-Schartz sigma model with
Lagrangian density

L =
1
2
LMN∂+ZM∂−ZN , LMN = GMN + BMN ,

where ZM = (X I , θα) are coordinates on a superspace so that θα

variables are anti-commuting and that the G and B obey graded
symmetrisation rules

GMN = (−)MNGNM , BMN = −(−)MNBNM ,

where (−)MN is equal to +1 unless both M and N are spinorial
indices in which case it is equal to −1.



We assume that the worldsheet action is invariant under
θ → θ + c , while we denote the rest as Z µ. Working along the
same lines as in the bosonic case, we obtain the fermionic T-duality
rules [Berkovits and Berkovits]

B̃11 = − 1
B11

, L̃µ1 =
Lµ1

B11
, L̃1µ =

L1µ

B11
, L̃µν = Lµν −

L1νLµ1

B11
.

As in the bosonic case the integration over the fermionic gauge
field will introduce a change in the dilaton

φ̃ = φ +
1
2

ln B11 .

Note that the fermionic variables are non-compact and thus our
arguments have neglected the fact that the gauge field may have
non trivial holonomies on the Riemann surface.



Bosonic T-duality as a canonical transformation
We shall first review the canonical trasformation approach to the
bosonic T-duality by considering the Hamiltonial density obtained
by perforing a Legendre transformation on X0

H =
1

2G00
P2

0 +
G00
2

X ′0
2 − 1

G00
P0(J+ + J−) + (J+ − J−)X ′0

+
1

2G00
(J+ + J−)2 + V ,

where the momenta conjugate X0 and J± are given by

P0 =
δL
δẊ0

= G00Ẋ0 + J+ + J− ,

J+ =
1
2
Qi0∂+X i , J− =

1
2
Q0i ∂−X i ,V = −1

2
Qij ∂+X i ∂−X j .

The Poisson brackets between X0,P0 read

{X0(σ),P0(σ
′)} = δ(σ−σ′) , {X0(σ),X0(σ

′)} = {P0(σ),P0(σ
′)} = 0 .



We considert the canonical transformation to a new set of phase
space variables

P0 = X̃ ′0 , P̃0 = X ′0 ; F = −
∫

dσ X ′0X̃0 ,

the Hamiltonian density becomes

HCT =
1

2G00
X̃ ′0

2
+

G00
2

P̃2
0 −

1
G00

X̃ ′0(J+ + J−) + (J+ − J−)P̃0

+
1

2G00
(J+ + J−)2 + V .

The T-dual has the same form with X0,P0, J±,V replaced by the
tidle quantities. Comparing the two Hamiltonian densities we find

J̃± = ∓ J±
G00

, Ṽ = V + 2
J+J−
G00

,

from which we easily recover the Buscher T-duality rules.



Fermionic T-duality as a canonical transformation

We proceed to the canonical transformation approach to the
fermionic T-duality and we define

J+ =
1
2
Lµ1∂+Zµ ,J− = −1

2
(−1)µL1µ∂−Zµ ,V = −1

2
Lµν∂+Zµ∂−Z ν ,

whereas J± are fermionic and the Lagrangian can be written as

L = −B11θ̇θ′ + (θ̇ + θ′)J− + J+(θ̇ − θ′)− V ,

The canonical momenta conjugate to θ is given by

Π =
δL
δθ̇

= −B11θ′ −J+ + J− ,

which is not invertible in terms of the velocities.
While the Poisson Brackets are

{θ(σ),Π(σ′)} = −δ(σ− σ′) , {θ(σ), θ(σ′)} = {Π(σ),Π(σ′)} = 0 .



The constrained system

Since the Lagrangian density is first order in θ̇, it cannot be solved
in terms of momenta. Thus the Hamiltonian density and the
constaint read respectively

H = θ̇Π−L = −θ′(J+ + J−) + V ,

f = Π + B11θ′ + J+ −J− ≈ 0 .

Note that this "naive" Hamiltonian has no dependence on the
momenta. The constraint on phase space (expression of momenta)
was never taken into account.
We follow the Dirac procedure by modifying the Hamiltonian with
an, as yet anknown, anticommuting Lagrange multiplier λ(τ, σ)

HT = H+ λf .



We now need to check whether any secondary constraints are
produced by demanding

df (τ, σ)

dτ
= {f (τ, σ),HT } ≈ 0 .

It turns out that this condition just fixes the Lagrange multiplier

λ = − (J+ + J−)′
B ′11(σ)

.

Thus, the total Hamiltonian density is given by

HT = −θ′(J+ + J−) + V −
(J+ + J−)′

B ′11
(Π + B11θ′ + J+ −J−) ,

whereas we can easily show that the dynamics is restored and the
equations of motion are identical to those of the Lagrangian
formulation.



The canonical transformation
Consider now the canonical transformation of phase-space variables

θ′ = Π̃ , Π = −θ̃′ ; F =
∫

dσ θ′ θ̃ ,

under this transformation the Hamiltonian density becomes

HT ,CT = −Π̃(J++J−)+V −
(J+ + J−)′

B ′11
(−θ̃′+B11Π̃+J+−J−) .

The T-dual Hamiltonian density has the same form as HT with the
replacement of θ, Π, B11, J± and V with their tilded counterparts.
Comparing the two Hamiltonias we find

B̃11 = − 1
B11

, J̃+ ± J̃− =
J+ ±J−

B11
, Ṽ = V + 2

J+J−
B11

,

from which we obtain the fermionic T-duality rules.
We note that the canonical (classical) transformation; for both the
bosonic and fermionic T-duality does not highlight the shift of the
dilaton that is required at the quantum level [Buscher].



Pure spinor formalism: A brief introduction

Many important string backgrounds have non zero RR fluxes, the
most notable being AdS5 × S5. It is thus important to understand
the action of T-duality on RR fields. This was applied first
established the supegravity perspective [Bergshoeff] and was extended
to the Green Schwartz form of the superstring [Kulik 00,Cvetic 99]
and recenlty to the pure spinor formalism for bosonic ana fermionic
T-duality [Benichou 08,Chandia 09 and Berkovits,Maldacena 08].

L =
1
2
LMN (Z )∂+ZM∂−ZN + Pαβ̂(Z )dαd̂β̂ + E α

M (Z )dα∂−ZM

+ E α̂
M (Z )d̂α̂∂+ZM + ΩMα

β(Z )λαwβ∂−ZM + Ω̂M α̂
β̂(Z )λ̂α̂ŵβ̂∂+ZM

+ C βγ̂
α (Z )λαwβd̂γ̂ + Ĉ β̂γ

α̂ (Z )λ̂α̂ŵβ̂dγ + Sβδ̂
αγ̂(Z )λαwβλ̂γ̂ŵδ̂ + Lλ + L̂λ̂ .

In this action the fields ZM describe a mapping of the worldsheet
into a superspace R10|32. In the type-IIA theory θ and θ̂ have
opposing chiralities whereas in the type-IIB theory they have the
same chirality.



Bosonic-Fermionic T-duality

Demanding that the background fiels are independent of a bosonic
(fermionic) coordinate it turns out that the Lagrangian has the
same form as in the sigma model but we have to modified J±,V
and/or J±,V respectively.
Working along the same lines as in the sigma model we find the
T-duality transformations. The form of J±,V ,J±,V and the
tranformations are rather complicated and we shall not present
them.
It’s worth though to mention that in the case of a bosonic isometry
shift we have to change chirality of the dual fermions as the
consequence that the bosonic T-duality takes one from the type-IIA
to the type-IIB and vice versa.



Summary

I The canonical approach to T-duality has a certain elegance, in
the sence that it requires no extraneous structure, and provides
insight into the nature of the phenomenon of duality.

I It would be useful in extending the notion of T-duality in
superstring theory in the presence of non-trivial RR background
fields when non-abelian isometry structures are involved.

I Within the canonical approach it has be suggested that the
dilaton shift might arise from a careful definition of the
functional measure on phase space [Lozano 96]. However, in
both the bosonic and fermionic cases this remains an
interesting open question.
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χ

D̄3 trapped D3 moving D3

0 φ1 φ(t)
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DBI Dynamics

S = − 1

gs

∫
d4x
√
−g

(
1

f (φ)

√
1 + f (φ)gµν∂µφ∂νφ−

1

f (φ)

+gµν∂
µχ∂νχ+ V (φ) +

g2

2
χ2|φ− φ1|2

)
+

∫
d4x
√
−g

M2
P

2
R

V (φ) includes the Coulomb potential, terms

coming from the bulk and a mass term

γ =
1√

1 + f (φ)gµν∂µφ∂νφ
=

1√
1− f φ̇2

.
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DBI Dynamics

Dynamics very di�erent from the usual slow-roll regime.

Klein-Gordon equation

φ̈+ 3Hφ̇+
γ̇

γ
φ̇+

1

γ

dV

dφ
+

1

γf 2
df

dφ
− 1

γ2f 2
df

dφ
− φ̇2

2f

df

dφ
= 0

We know the late-time dynamics, via the Hamilton-Jacobi approach.
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Particle Creation

Particles χ on the trapped brane are coupled to the in�ationary brane.

Klein-Gordon equation for the quantum �eld Ψ = aχ

Ψ′′k + ω2
k(η)Ψk = 0

WKB approximation for ω2
k > 0

Ψk(η) =
αk(η)√
2ωk(η)

e−i
R η ωk(η′)dη′+

βk(η)√
2ωk(η)

e i
R η ωk(η′)dη′

Violated when
∣∣∣ω′k
ω2
k

∣∣∣ > 1

2 regimes : ξ � 1 and ξ � 1

ξ =
H2

g |φ̇|
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2 regimes

ξ � 1 : Parametric Resonance

nk = |βk |2 = exp

(
−π K

2

g |φ̇1|

)
Region of interaction of size ∆φ ∼

√
|φ̇|/g (∆t < 1/H)

Cut-o� at K = k
a
≤
√
g |φ̇|

ξ � 1 : Tachyonic Instability

nk = |βk |2 = exp

(
π
2H2 −K2

g |φ̇1|

)
Region of interaction of size ∆φ ∼ H/g (∆t > 1/H)

Cut-o� at K = k
a
≤ H
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Backreaction

the energy density of χ particles adds a linear term in the e�ective potential

ρχ ≈
1

(2π)3
a3s
a3

y(ξ)H3g |φ− φ1| =
ρ0A(φ)

a3

with :

A(φ) = 0 for φ > φ1

=
φ1 − φ
φ1

for φ < φ1

ξ � 1 (parametric)

y(ξ) ≈ ξ−3/2

ξ � 1 (tachyonic)

y(ξ) ≈ 9ξ−3/2e2πξ
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Scalar-tensor theory

S =

∫
d4x
√
−g

M2
P

2
R +

∫
d4x
√
−gP(φ,X ) +

∫
d4xLm(χ, g̃µν)

X = 1
2
gµν∂

µφ∂νφ, g̃µν = A2(φ)gµν and Lm =
√
−g̃
(
− (∂χ)2

2
− g2φ21χ

2
)

Chameleonic potential with a time-dependant minimum

Ve� = m2φ2 + ρχ

mχ = gA(φ)φ1 = g |φ− φ1|

mχ(φs) = H/ξ � H ⇒ CDM

ρ̇tot =
Ȧρ0
a3
− 3H(ρtot + p)
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Ȧρ0
a3
− 3H(ρtot + p)

Emeline Cluzel (IPhT-IAP) DBI in�ation 04/11/10, IHP Paris 12 / 30



Selection mechanism

In�ationary branes in the ξ � 1 regime (tachyonic) :

can't satisfy the COBE normalization

are slowed down

= "Brane bremsstrahlung" (Brax & Cluzel,

arXiv:0912.0806)

In�ationary branes in the ξ � 1 regime (parametric) :

can satisfy the COBE normalization

are not a�ected by a stack of trapped branes

The background is not a�ected but what happens at the perturbation

level ? Features ?
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Observations

Precision cosmology enables testing

stringy models.

Planck satellite : CMB spectrum

of perturbations

Observational signatures of the model :

features

spectral index (scale variance)

non-gaussianities

detection of gravitational waves
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Perturbations

Modi�ed perturbation equation

v ′′k +

[
c2s k

2 ρ+ p

ρφ + p
−

z ′′A
zA
−
(
A′ρ0
a

(
4πG

3H2
− c2s
ρφ + p

))′

+
A′ρ0
a

(
4πG

3H2
− c2s
ρφ + p

) ( c2sHk2
4πGa(ρφ+p) + A′ρ0

a2

(
4πG
3H2 − c2s

ρφ+p

))′
c2sHk2

4πGa(ρφ+p) + A′ρ0
a2

(
4πG
3H2 − c2s

ρφ+p

)
 vk = 0

With :

zA = e
1
2

R A
′ρ0

aγ3φ′2
dη aγ3/2φ′/H√

1 + A′ρ0γ3φ′2(4πG)2

3aH3k2
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Perturbation equation

d2vk
dx2

+

(
1− 2

x2
+ ûδ(x − x1) + bδ′(x − x1)

)
vk = 0

x = kcsη, cs = 1/γ ≈ cst, û = u/kcs

b =
1

2

φ′

φ1
ρ0
a3

(
4πG
3H −

H
γ3φ′2

)
k2H2

4πGγ3φ′2a2
− φ′ρ0

φ1a3

(
4πG
3H −

H
γ3φ′2

) |η1

b →
k→∞

0

b →
k→0
−1/2

u →
k→∞

0

u →
k→0
−H1/4
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Perturbation equation : resolution

before the feature

v−k = A

(
i +

1

x

)
e−ix

after the feature

v+
k = α

(
i +

1

x

)
e−ix + β

(
−i +

1

x

)
e+ix

Bogoliubov coe�cients

α =
A

(2− b)i

(
2i +

b

x31
+ û

(
1 +

1

x21

))

β = Ae−2ix1
i + 1

x1

−i + 1
x1

(
1− 1

(2− b)i

(
2i +

b

x31
+ û

(
1 +

1

x21

)))
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Power spectrum

evaluate at sound

horizon crossing

vk ≈
α + β

x∗

(α + β) →
k→∞

A (α + β) →
k→0

A

[
1 +

2(b0 + u0)

3(2− b0)

]
≈ 4A

5

⇒ jump
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Power spectrum : plots
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Power spectrum : plots
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Power spectrum : plots
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Outline

1 DBI in�ation

2 Particle Creation

3 Backreaction

4 Observations

5 Perturbations

6 Starobinsky's feature

7 Conclusion and prospects
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Starobinsky model in DBI

v ′′ + (c2s k
2 − a′′

a
+ uδ(η − η1))v = 0

⇒ v(k → 0)

v(k →∞)
= 1− u

3csk1
⇒ jump

Comparison with Starobinsky model in canonical in�ation

Linear in�aton potential with a sudden change in the slope : SR disrupted

V (φ) = V0 + A+(φ− φ0) for φ > φ0

= V0 + A−(φ− φ0) for φ < φ0

recover Starobinsky's results with cs = 1 and u = −3H1

(
A−
A+
− 1
)

DBI ⇒ Brax, Cluzel, Martin (in prep)
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Starobinsky model : numerical results

example for A− = 5.10−2A+
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Starobinsky model in DBI : numerical results

example for A− = 5.10−2A+ and γ ∼ 10
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Outline

1 DBI in�ation

2 Particle Creation

3 Backreaction

4 Observations

5 Perturbations

6 Starobinsky's feature

7 Conclusion and prospects
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Conclusion and prospects

Through non minimal coupling to matter,

particles are created when crossing trapped branes,

this does not a�ect the background,

but it a�ects drastically the perturbations,

and can leave features in the power spectrum

Brax & Cluzel, arXiv:1010.4462

Future work :

bispectrum

numerical study of di�erent featureful potentials in DBI

quantitative study of features
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String Cosmology

The conventional description of spacetime is expected to break down at scales
approaching the Planck length.

• Classical Cosmology and General Relativity, if extrapolated backwards in time
predict an unphysical Initial Singularity “Big Bang” : ρ→∞.

• Effects of quantum gravity become dominant and have to be properly taken into
account → QM particle never really “falls” down a singular potential.

String Theory is a consistent theory of quantum gravity and can be used to probe this
early phase of the universe.

• One needs to study cosmological solutions at the string level.
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String Cosmology
Consider vacua with spontaneously broken SUSY, where the 1-loop effective potential
Veff.(µI ) 6= 0 is finite as a function of the moduli µI (or thermal vacua with finite free
energy).

• The non-vanishing 1-loop amplitude then triggers a backreaction on the underlying
background.

• One is forced to correct the initial background in order to cancel the dilaton
tadpole and restore conformal invariance at 1-loop.

• This cancellation of the conformal anomaly at 1-loop gives rise to a cosmological
evolution, with the moduli and temperature acquiring time dependence.

In principle, the finiteness of the 1-loop amplitude allows one to study the emerging
cosmology within the framework of perturbative string theory.

• This attractive programme constitutes the core of String Cosmology.

• However, even so, there remain two major obstacles to its realization:

I Hagedorn divergence
I Initial Singularity
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Thermal String Vacua

Well-known observation : a thermal theory at finite temperature is formally equivalent
to a (cold) theory in one less dimension, with spontaneously broken SUSY.

• In the thermal trace description of the thermal system, Hagedorn divergences
occur because of the exponential growth in the density of single-particle states as a
function of their mass.

• In the Euclidean picture, where time is compactified on a cycle of radius
R0 = 1/(2πT ), certain string states winding the Euclidean time cycle become
tachyonic when the thermal modulus exceeds a critical (Hagedorn) value.

Thus, the Hagedorn divergence can be interpreted as IR-instability of the Euclidean
background and the phase transition is driven by tachyon condensation.

• The presence of such condensates injects non-trivial winding charge 〈On〉 6= 0 into
the vacuum.

• This property will be crucial for our attempts to resolve these instabilities.
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Hagedorn Phase Transition

Attempts to probe the early, high-temperature (and/or high-curvature) phase of the
universe R ∼ `s , typically hit upon Hagedorn (or tachyonic) instabilities, preventing a
perturbative treatment of the backreaction.

• Not true pathologies of string theory → rather, signals of phase transition to new
vacuum.

• These IR instabilities can be removed by appropriately deforming the Euclidean
background.

• One way is to condense the thermal winding tachyon → hard problem!
[Antoniadis, Kounnas, Derendinger ’99], [Atick, Witten ’88]

• An alternative way would be to directly construct stable (non-tachyonic) thermal
vacua with non-trivial winding charge 〈On〉 6= 0, that would directly correspond to
the resulting vacua describing the new phases after the condensation.
[IF, Kounnas, Toumbas ’10] , [Angelantonj, Kounnas, Partouche, Toumbas ’08]
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An additional complication: Vacuum Selection

Is there a Fundamental way to break SUSY spontaneously?

• If so, is it dictated by symmetry principles?

• Are such Initial Vacua connected to semi-realistic string vacua with spontaneously

broken SUSY at late cosmological times?

I 3+1 non-compact spacetime dimensions ≈ Minkowski
I N = 1 supersymmetry
I 3 generations of chiral matter
I semi-realistic GUT gauge group ∼ SO(10)
I . . .
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Proposal: MSDS Vacua
Recent discovery: interesting class of 2d string vacua, exhibiting a:

Massive Spectral boson-fermion Degeneracy Symmetry (MSDS)

[Kounnas ’08], [IF, Kounnas ’09], [IF ’10]

“almost a supersymmetry”

• Tachyon-finite, non-supersymmetric compactifications on M2 × K (8), with K a
particular ĉ = 8 internal CFT.

• They live at special points in the bulk of the moduli space.

• MSDS points correspond to all radii of internal T 8-torus taken at the fermionic
point.

• New local superconformal algebra: enhancement of SUSY current algebra.

• Presence of chiral operator QMSDS =
∮

dz
2πi

jMSDS(z), transforming the massive
bosonic into the massive fermionic tower of states, while leaving massless states
invariant.
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Basic properties of MSDS Vacua

Degeneracy of states as a function of mass M:

nB(M)− nF (M) =

{
6= 0 , for M = 0

0 , for M > 0

• Massive spectrum is bose-fermi degenerate.

• Similar to the V8 − S8 = 0 identity between the SO(8) characters in ordinary
SUSY compactifications, in MSDS Vacua the degeneracy is manifested in terms of
the following chiral identity between the Jacobi θ-characters of SO(24):

1

2

∑
a,b=0,1

(−)a+b θ[ab]12

η12
= V24 − S24 = 24.

• Asymptotic supersymmetry requirements are trivially satisfied → absence of
tachyons at MSDS point. [Kutasov, Seiberg ’90]

• Complete classification of ZN
2 -orbifold constructions. [IF, Kounnas ’09]
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Goals and Motivations

Consider the possibility that the very early Universe arose as a hot compact space with
curvature close to the string scale.

• Underlying dynamics may drive some spatial directions to decompactify so that a
4d Universe emerges naturally.

• In the very early cosmological era, the description of spacetime is expected to be
highly non-geometrical.

• One is forced to take the full stringy d.o.f. into account.

• Their high degree of symmetry leads to the conjecture that MSDS Vacua may be
suitable candidates able to describe this very early stringy era.
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Goals and Motivations

The problem of incorporating the backreaction due to thermal and quantum effects in
MSDS vacua is highly non-trivial. First task : investigate the moduli space in the
simplest class of MSDS vacua.

• Study of tree-level adiabatic marginal deformations away from the MSDS points
(for sufficiently small gs).

Goals:

• Identify classes of thermal and cold MSDS vacua that remain
tachyon/Hagedorn-free under arbitrary marginal deformations.

• Establish tachyon-free trajectories continuously connecting the 2d MSDS vacua to
higher-dimensional SUSY vacua via large marginal deformations.
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Maximally Symmetric MSDS vacuum

Consider the Euclidean version of the ‘Maximally’ symmetric, Type II, MSDS
compactification on T 8:

Z1-loop =
V2

(2π)2

∫
F

d2τ

4τ 2
2

1

22

∑
a,b,ā,b̄

(−)a+b θ[ab]4

η12
Γ(8,8)[

a,ā

b,b̄
] (−)ā+b̄ θ̄[āb̄]4

η̄12

=
V2

(2π)2

∫
F

d2τ

4τ 2
2

(V24 − S24) (V̄24 − S̄24) .

• At the MSDS point, the asymmetrically half-shifted Γ(8,8) lattice factorizes:

Γ(8,8)[
a , ā

b , b̄
] = θ[ab]8 θ̄[āb̄]8.

• The moduli space is given by the 64 massless scalars parametrizing:

SO(8, 8)

SO(8)× SO(8)
,

modulo discrete dualities.
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Maximally Symmetric MSDS vacuum
First task: identify the precice combinations of Kähler moduli that restore SUSY in the
decompactification limit.

Using the triality properties of SO(8) and various discrete dualities that exist at this
special point, we can bring the (8, 8)-lattice to the standard Lagrangian form:

Γ(8,8)[
a , ā

b , b̄
] =

√
det Gµν

(
√
τ2)8

∑
m̃µ,nν∈Z

e
− π
τ2

(G+B)µν (m̃+τn)µ(m̃+τ̄n)ν+iπT
,

with the coupling to the R-symmetry charges appearing entirely in the phase:

Tth. =
[

m̃0(a + ā) + n0(b + b̄)
]

+
(

m̃1n1 + m̃1ā + n1b
)
.

• Deformed E8 × E8 lattice with the values of Gµν , Bµν completely fixed by the
MSDS symmetry.

• X 0-cycle is “thermally” coupled to FL + FR , while X 1-cycle is an independent
coupling to FR .

• Only 2 internal cycles couple to R-symmetry charges.
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Deforming away from the MSDS point

Perturb the sigma-model by marginal operators of the current-current type:∫
d2z λµνJµ(z)× J̄ν(z̄).

• Take infinite-radius limit R0,R1 →∞, where X 0 and X 1 cycles decompactify.

• Only (m̃0, n0) = (m̃1, n1) = (0, 0) orbits survive → R-symmetry charges effectively
decouple.

• Recover a 4d, N = 8, Type II vacuum
→ gauging of supergravity induced by non-trivial geometrical fluxes responsible
for SUSY breaking.

• Two additional large dimensions emerge via these deformations.

In a cosmological setting, deformation moduli acquire time-dependence.
→ It is tempting to consider that a 4d cosmological space is created dynamically from
an initially non-singular, 2d MSDS vacuum.

• Problem: Identify such tachyon-free trajectories.
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Thermal Interpretation

Consider Euclidean version of these models, where time is identified with one of the
compact cycles ⊂ T 8 that couple to QI .

• Interpretation as a string thermal ensemble.

• Spin-Statistics connection and modular invariance require a specific correlation of
winding numbers with spacetime spin.

• Equivalently seen as a “Sherk-Schwarz” freely-acting orbifold (−)F δ0, with δ0

being a Z2-shift in the X 0-direction.

• Add thermal cocycle in the 1-loop thermal amplitude:

e iπ(m̃0F+n0F̃ ).

• This cycle is threaded by non-trivial “gravito-magnetic” fluxes, associated with
U(1) graviphoton and axial-vector gauge fields.

• Their presence refines the thermal ensemble and renders the free energy finite at
the MSDS point, even though it lies beyond the Hagedorn point R0 < RH .
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Thermal Interpretation
Decompose lattice into modular orbits - Unfold F :∫

F

d2τ

τ 2
2

. . . [m̃0, n0]→
∫
F

d2τ

τ 2
2

. . . [0, 0]

︸ ︷︷ ︸
=0, SUSY

+

∫
||−strip

d2τ

τ 2
2

. . . [m̃0 6= 0, 0].

[McClain, Roth ’87]

• R2
0 ≡ G00 − G0I G

IJGJ0 must be sufficiently large in the strip, in order to ensure
absolute convergence.

• Contribution of (0, 0)-orbit vanishes because of (4, 0)-SUSY.

• Strip integral gives free energy at 1-loop. The integrand becomes:∫
||

d2τ

τ 2
2

( . . . )
R0√
τ2

∑
m̃0 6=0

e
− π
τ2

(R0m̃0)2

(−)(a+ā)m̃0

×
∑

mI ,n
I∈Z

q
1
2
P2

L q̄
1
2
P2

R (−)b̄n1

e
2πim̃0(G0I Q

I
(M)−B0I Q

I
(N))
.

• 14 transverse U(1) charges Q I
(M),Q

I
(N) are associated with the graviphoton GIµ and

axial vector BIµ.
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Thermal Interpretation
Consider a charged scalar/spinor field φ at finite temperature T in the presence of a
constant U(1) vacuum gauge potential A0.

• Theory defined in terms of Euclidean path integral:

Z = e−βF =

∫
(anti-)periodic

Dφ e−SE [φ] ∼ [det±(−D2 + m2)]∓1

with Euclidean action SE [φ] =
β∫
0

dx0

∫
d sx L and Dµ = ∂µ − igAµ.

• Consider constant vacuum gauge potential 〈Aµ〉 = (A0, 0). A v.e.v. 〈Ai 〉 6= 0 can
always be absorbed into a momentum integration.

• A0 cannot be gauged away → Topological obstruction from the boundary
conditions. Its v.e.v. has physical meaning as a vacuum parameter.

Z ∼
∏
n,k

[(
2πn

β
− gA0

)2

+ k2 + m2

]−1

=
∏
k

∣∣∣∣2 sinh
β(ωk + igA0)

2

∣∣∣∣−1

=
∏
k

e−βωk

|1− e−β(ωk+igA0)|2
= Tr

[
e−βH−2πiµQ

]
,

where Q are integer charges and µ = βgA0
2π

.

SCSGC - Paris, 4 Novembre 2010 Ioannis Florakis (Laboratoire de Physique Théorique Ecole Normale Supérieure Paris based on joint work with C. Kounnas, H. Partouche & N. Toumbas 1008.5129[hep-th] Nucl.Phys. B (2010) 1002.24.27[hep-th] Nucl.Phys. B 834 (2010) 1001.2589[hep-th] Fortsch.Phys. 58 (2010) 0901.3055[hep-th] Nucl.Phys. B 820 (2009) 0808.1340[hep-th] Fortsch.Phys. 56 (2008) )MSDS Vacua & Cosmology 17 / 47



Thermal Interpretation

Dropping the infinite vacuum energy, the result is:

− ln Z(β, µ) =
V

(2π)s
(−)F

∫
d sk

[
Re ln

(
1− (−)F e−βωk−2πiµ

)
+ (µ→ −µ)

]
.

• Symmetry Z(β, µ) = Z
(
β, 1

2
− µ

)
implies that the gauge inequivalent vacuum

potentials correspond to:

0 ≤ βgA0 ≤ π ↔ 0 ≤ µ ≤ 1

2
.

• They correspond to topological vacuum parameters, characterising the thermal
system.
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Thermal Interpretation
The thermal 1-loop amplitude can be rewritten as a thermal trace over the Hilbert space
of the 3d (4, 0)-theory:

Z(β, µI , µ̃I ) = Tr
[

e−βH e2πi(µI m̂I−µ̃I n
I )
]
,

with β = 2πR0. Here m̂I and nI are the transverse integral charges:

m̂I ≡ mI +
ā + n1

2
δ1I , nI .

Thermal ensemble is deformed by the “thermal” fluxes associated to U(1) graviphoton
and axial-vector.

• Here µI ≡ Ĝ I
0 ≡ G0K GKI and µ̃I ≡ B̂0I ≡ B0I − ĜK

0 BKI are scale-invariant,
non-fluctuating, thermodynamical parameters of the thermal system.

• These global fluxes can be described as gauge field condensates, of zero field
strength (locally), but with non-vanishing value of the Wilson line around the
Euclidean time cycle.

• At sufficiently low temperatures, states charged under these U(1) fields become
massive and effectively decouple from the thermal system → we obtain a
conventional thermal ensemble.

• Would-be winding tachyons can sometimes be lifted, as they are charged under the
corresponding gauge fields.
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Conditions for Tachyon Stability

The only sector dangerous of producing tachyons has odd chiral and anti-chiral GSO
projections to the lattice:

O8Ō8
1

2

∑
b′,b̄′=0,1

(−)b′+b̄′ Γ(8,8)[
0 , 0

b′ , b̄′
](GIJ ,BIJ).

• Take lattice in the “temperature basis” in the flat frame Gµν = ea
µea
ν .

• Choose (ea)µ to be the unique lower triangular matrix in this decomposition.

• The (thermal) mass formula for the BPS-spectrum is:

1

2
P2

L,R =
1

4

7∑
a=0

[
(e∗a)µ(m̂µ + Bµνnν)± ea

µnµ
]2
,

with m̂µ = mµ + 1
2
(ā + n1)δµ,1 is the half-shifted momentum in the direction of

right-moving SUSY breaking.

• Decomposition into 8 perfect squares.
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Conditions for Tachyon Stability

Study the first square involving the temperature radius R0:

1

4

(
m0 − µI m̂I + µ̃JnJ + µ̃Iµ

I n0

R0
± R0n0

)2

.

• Entirely determined by the thermodynamical variables of the MSDS phase:

β, µI ≡ Ĝ I
0 , µ̃I ≡ B̂0I .

• Unaffected by the fluctuations of the dynamical (transverse) moduli, which give a
non-negative contribution to the thermal masses.

• Tachyon-free models for any deformations of the dynamical moduli should have at
least a chirally massless low-lying spectrum protected entirely by the ‘frozen’
contribution.
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Conditions for Tachyon Stability

Conditions for absence of tachyons for any deformation of the dynamical moduli:

Ĝ k
0 ∈ Z

B̂0k ∈ Z

}
, for k = 2, . . . , 7,

Ĝ 1
0 ∈ 2Z + 1 , B̂01 ∈ Z +

1

2
.

It can be shown that whenever these conditions are met, a discrete O(8,Z)× O(8,Z)
transformation can rotate the fluxes to the form:

Ĝ k
0 = B̂0k = 0 , Ĝ 1

0 = 2B̂01 = ±1.

This is exactly the case when the temperature cycle factorizes from the torus and
couples chirally to FL only. Tachyon-free thermal-like models only if :

Γ(d,d)[
a , ā

b , b̄
] = Γ(1,1)[

a
b](R0)⊗ Γ(d−1,d−1)[

ā
b̄](GIJ ,BIJ).

In this case :
Z = ln Tr

[
e−βH(−)FR

]
, with µ = 2µ̃ = 1.

This phase corresponds precisely to the models of [AKPT].
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Conditions for Tachyon Stability
Check maximally symmetric MSDS Type II vacuum:

• Ĝ I
0 =

(
3
2
, 1

4
, 0, 1

4
, 1

2
, 1

4
, 0
)
.

• B̂0I =
(
0,− 3

4
,− 1

4
,− 3

4
, 0,− 1

4
, 0
)
.

• Does not satisfy above conditions −→ naively unstable under arbitrary
deformations.

• However, ∃ directions along which no tachyonic modes appear (e.g. R0 →∞).

Tachyon-free limits:

• Limit R0 →∞ or T → 0 : recover NL = 4 supersymmetries in +1-dim.

• Limit M→ 0 : recover NR = 4 supersymmetries and +1-dim.

• Continuous connection to cold 4d vacua, with spontaneously broken N ≤ 8 SUSY
in presence of well-defined fluxes.

• Analogous deformations are expected to connect Heterotic Z2 × Z2 MSDS models
to N = 1 4d vacua, with semirealistic gauge groups ∼ SO(10).

• Different thermodynamical phase (µ, µ̃)→ (1, 1
2

) : Tachyon-free vacua of [AKPT].

• Decompactifying 3 large radial directions→ Tachyon-free vacua of [AKPT].
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Tachyon-free MSDS Asymmetric Orbifolds
A class of tachyon-free models can be constructed as Z2 × Z2 orbifolds of the maximally
symmetric MSDS models.

• Combine (a-)symmetric Z2 shifts and twists in order to construct stable MSDS
vacua under all possible deformations of the remaining (fluctuating) moduli.

• The problem is non-trivial because the orbifold action must respect the MSDS
symmetry.

Consider asymmetric Z2 × Z′2 twists of the maximally symmetric MSDS model, acting
on four of the internal coordinates:

X I
L(z)→ (−)g X I

L(z) , X I
R(z̄)→ (−)g+g′X I

R(z̄),

with g , g ′ ∈ {0, 1} and I = 5, 6, 7, 8.

In addition, introduce independent asymmetric Z(1)
2 × Z(2)

2 shifts on all 8 internal
coordinates:

X I
L(z)→ X I

L(z) + πG1

X I
R(z̄)→ X I

R(z̄) + πG2

}
, for I = 1, 2, 3, 4.

X J
L (z)→ X J

L (z) + πG2

X J
R(z̄)→ X J

R(z̄) + πG1

}
, for J = 5, 6, 7, 8.
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Tachyon-free MSDS Asymmetric Orbifolds
Modular invariant partition function of the model:

Z =
1

24η12η̄12

∑
h,g,h′,g′

∑
a,b

(−)a+bθ[ab]2θ[a+h
b+g ]θ[a−h

b−g ]

×
∑
ā,b̄

(−)ā+b̄ θ̄[āb̄]2θ̄[ā+h+h′

b̄+g+g′ ]θ̄[ā−h−h′

b̄−g−g′ ] Γ(8,8)[
a,ā,h,h′

b,b̄,g,g′
].

The (8, 8)-lattice is factorized into a shifted Γ
(1)
(4,4) lattice and a shifted/twisted Γ

(2)
(4,4):

Γ(8,8)[
a,ā,h,h′

b,b̄,g,g′
] =

1

22

∑
Hi ,Gi

Γ
(1)
(4,4)

[
a,ā ; H1,H2

b,b̄ ; G1,G2

]
× Γ

(2)
(4,4)

[
a,ā ; H1,H2

b,b̄ ; G1,G2

∣∣∣ h,h′

g,g′

]
.

At the MSDS point, the shifted lattice is expressed in terms of free fermion characters:

Γ
(1)
(4,4)

[
a,ā ; H1,H2

b,b̄ ; G1,G2

]
MSDS

= θ[a+H1
b+G1

]2θ[a−H1
b−G1

]2 × θ̄[ā+H2

b̄+G2
]2θ̄[ā−H2

b̄−G2
]2.

Similarly for the asymmetrically twisted (4, 4)-lattice:

Γ
(2)
(4,4)

[
a,ā ; H1,H2

b,b̄ ; G1,G2

∣∣∣ h,h′

g,g′

]
= θ[a+H2+h

b+G2+g ]2θ[a−H2
b−G2

]2 × θ̄[ā+H1+h+h′

b̄+G1+g+g′
]2θ̄[ā−H1

b̄−G1
]2 (−)h′g′ .

At the MSDS point the partition function is simply Z = 208 =constant.
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Tachyon-free MSDS Asymmetric Orbifolds

Non-vanishing components of the asymmetrically twisted (4, 4)-lattice:

Γ
(2)
(4,4)

[
a,ā ; H1,H2
b,b̄ ; G1,G2

∣∣∣∣ h,h′
g,g′

]
=

=



θ[
a+H2
b+G2

]4θ̄[
ā+H1
b̄+G1

]4, for (h, g) = (h′, g′) = (0, 0)

θ[
a+H2
b+G2

]4

 2η̄3

θ̄[
1−h′
1−g′

]

2

, for

 (h, g) = (0, 0), (h′, g′) 6= (0, 0) and

(H1, G1) = (ā, b̄) or (ā + h′, b̄ + g′)∣∣∣∣∣∣ 2η3

θ[
1−h
1−g

]

∣∣∣∣∣∣
4

, for

 (h, g) 6= (0, 0), (h′, g′) = (0, 0) and
(H1, G1) = (ā, b̄) or (ā + h, b̄ + g) and
(H2, G2) = (a, b) or (a + h, b + g) 2η3

θ[
1−h
1−g

]

2

θ̄[
ā+H1
b̄+G1

]4, for

 (h, g) 6= (0, 0), (h′, g′) 6= (0, 0)
(h, g) = (h′, g′) and
(H2, G2) = (a, b) or (a + h, b + g)

 2η3·2η̄3

θ[
1−h
1−g

]θ̄[
1−h−h′
1−g−g′

]

2

, for


(h, g) 6= (0, 0), (h′, g′) 6= (0, 0)
(h, g) 6= (h′, g′) and
(H1, G1) = (ā, b̄) or (ā + h + h′, b̄ + g + g′) and
(H2, G2) = (a, b) or (a + h, b + g)
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Tachyon-free MSDS Asymmetric Orbifolds

The asymmetric nature of the Z′2-orbifold projects out the fluctuations of all moduli
associated to the twisted Γ

(2)
(4,4)-lattice.

• The moduli space is reduced to:

SO(8, 8)

SO(8)× SO(8)

Z2×Z′2−−−−→ SO(4, 4)

SO(4)× SO(4)
.

• Only marginal operators in the shifted Γ
(1)
(4,4)-lattice survive the orbifold and can

perturb the sigma model.
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Tachyon-free MSDS Asymmetric Orbifolds
All sectors are at least (anti-)chirally massless → arbitrary deformations of the shifted

Γ
(1)
(4,4) lattice in SO(4,4)

SO(4)×SO(4)
will not produce tachyonic states.

• The vacuum is stable.

• The shifted Γ
(1)
(4,4) lattice can be put in the usual Lagrangian form with phase

coupling:
T = m̃1n1 + (a + ā + H2)m̃1 + (b + b̄ + G2)n1 + . . .

By decompactifying the X 1-cycle of T 4, the coupling to the R-symmetry charges is
washed out and we obtain a 3d, N4 = 2 Type II vacuum.

• The new non-compact dimension is interpreted as an emergent spatial dimension
as it can be generated dynamically.

• Further orbifold twists can be introduced to reduce SUSY down to N4 = 1,
without altering the tachyon-free structure.

• In the thermal version of the models, Euclidean time is identified with the compact
toroidal cycle coupled to F , as in the Hybrid models. However, the present
breaking of SUSY is not an arbitrary one.

• It is a very specific breaking dictated by the underlying MSDS algebra.
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Hybrid models
Particular class of tachyon-free models in which spacetime SUSY arises from the
left-moving side. Right-moving SUSY is broken at the string scale and replaced by
MSDS structure.

Z =
V2

(2π)2

∫
F

d2τ

4τ 2
2

1

2

∑
a,b

(−)a+b θ[ab]4

η4

 1

2

∑
γ,δ

θ[γδ ]8

η8

 1

2

∑
ā,b̄

(−)ā+b̄ θ̄[āb̄]12

η̄12


=

V2

(2π)2

∫
F

d2τ

4τ 2
2

1

η8
ΓE8 (V8 − S8) (V̄24 − S̄24).

• (4, 0)-SUSYmmetric model with respect to ordinary SUSY, with an
MSDS-symmetric right-moving sector.

• 24× 8 massless bosons V8V̄24 and 24× 8 massless fermions S8V̄24.

• Alternatively obtained from maximal model by asymmetric Z2-orbifold
X I

L → X I
L + π, shifting all 8 transverse left-moving coordinates.

• The shift breaks the left-moving gauge group HL = [SU(2)L]8
k=2 down to an

abelian U(1)8
L, while preserving HR = [SU(2)R ]8

k=2 unbroken.
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Thermal Hybrid models

Compactify one of the longitudinal directions on a circle S1(R0) and mod out by (−)FLδ0.
Identify the circle with Euclidean time direction relevant for a thermal interpretation.

Z =
V1

8π

∫
F

d2τ

τ
3/2
2

1

2

∑
a,b

(−)a+b θ[ab]4

η4

 ΓE8 (V̄24 − S̄24)Γ(1,1)[
a
b](R0),

where

Γ(1,1)[
a
b](R0) =

R0√
τ2

∑
m̃0,n0

e
−
πR2

0
τ2
|m̃0+τn0|2

(−)m̃0n0+am̃0+bn0

.

In the Hamiltonian representation:

V1

8π

∫
F

d2τ

τ
3/2
2

ΓE8 (V̄24 − S̄24)
∑
m,n

(
V8Γm,2n + O8Γm+ 1

2
,2n+1 − S8Γm+ 1

2
,2n − C8Γm,2n+1

)
,

• Γm,n = q
1
2
p2
L q̄

1
2
p2
R , with pL,R = 1√

2

(
m
R
± nR

)
.

• (4, 0)-SUSY spontaneously broken by this thermal deformation.
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Thermal Hybrid models

• V8V̄24 sector contains massless states for any R0.

• Initially massless fermions in S8V̄24 now acquire mass.

• O8-sector now carries non-trivial winding and momentum numbers around S1.

Lowest mass states in O8V̄24:

2m2
OV̄ =

(
1√
2R0

−
√

2R0

)2

.

Extra massless states at R0 = 1/
√

2. Enhanced gauge symmetry:

U(1)L × U(1)R → [SU(2)k=2]L × U(1)R .

• Γ(1,1)-lattice remains factorized, since the mixing moduli (gravitomagnetic fluxes)
do not correspond to fluctuating fields → free of tachyons.

• These particular fluxes restore thermal T -duality: R0 → 1/(2R0) together with the
interchange S8 ↔ C8.

• and inject non-trivial winding charge into the thermal vacuum !
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Thermal Hybrid models
Unfold the fundamental domain for R0 > 1/

√
2, as before:

Z

V1
=R0

∑
m̃0 6=0

∫
||

d2τ

8πτ 2
2

e
−π(m̃0R0)2

τ2
1

2η12

∑
a,b

(−)a+bθ[ab]4(−)m̃0a

× 1

2η̄12

∑
ā,b̄

(−)ā+b̄ θ̄[āb̄]4Γ(8,8)[
ā
b̄].

Integral over the strip becomes the spacetime thermal partition function:

Z = ln Tr
[

e−βH (−)FR

]
MSDS−−−→ ln Tr|m2=0 e−βH , µ = 2µ̃ = 1.

Trace over (massless) Hilbert space of the initially (4, 0)-SUSYmmetric model.

• This expression is strictly valid for R0 > 1/
√

2.

• To obtain expression valid for R0 < 1/
√

2 one must first double-Poisson resum, to
ensure absolute convergence. Field theory expression fails to capture thermal
duality.

• The fundamental object is the Euclidean path integral, which is valid for all
temperatures and which exhibits the dualities manifestly.
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Thermal Hybrid models

MSDS symmetry and level-matching allow the explicit calculation of the thermal 1-loop
amplitude:

Z

V1
= 24×

(
R0 +

1

2R0

)
− 24×

∣∣∣∣R0 −
1

2R0

∣∣∣∣ .
• Exact result - No α′-approximation !

• Manifestly invariant under R0 → 1/(2R0).

• Non-analyticity induced by the extra massless states at the dual fermionic point

R0 = 1/
√

2.

• Only massless states contribute to the thermal trace.

• Equation of state ρ = P = 48π T 2 → thermal massless radiation in 2d.
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Hybrid models & Non-Singular String Cosmology

We can identify three distinct regions:

• R0 > 1/
√

2:

Z =
24

R0
, β = 2πR0.

Only initially massless states in V8V̄24 and S8V̄24 contribute → “pure momenta”.

• R0 < 1/
√

2:
Z = 24× (2R0) , β = 2π/(2R0).

Light states now occur in V8V̄24 and C8V̄24 sectors → “pure windings” (vortices).

Accordance with thermodynamics:
↪→ thermal partition function should decrease with decreasing temperature.

• R0 ∼ 1/
√

2: 24 (localized) additional massless states from O8V̄24 carrying
non-trivial momentum and winding numbers.

Need for three distinct local effective field theories to describe the stringy thermal
system.
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Hybrid models & Non-Singular String Cosmology
Introduce thermal variable σ ∈ (−∞,+∞):

R0 =
1√
2

eσ.

The physical, duality-invariant temperature is then defined in terms of σ:

T = Tc e−|σ| , Tc ≡
√

2

2π
.

The partition function of the theory has the following expression:

Z = (24
√

2) e−|σ| = ΛT , where Λ = 48π.

As σ increases, the system heats up to the critical temperature, undergoes a phase
transition and, subsequently, cools down.

• At low temperature the two dual phases are distinguished by the chirality of the

light thermally excited spinors:

I Hybrid B phase : σ > 0 → S8.
I Hybrid A phase : σ < 0 → C8.
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Hybrid models & Non-Singular String Cosmology

New light modes appear at Tc and are responsible for the transition between the two
dual phases.

• Consider pure momentum state in S8V̄24 sector at the extended symmetry point
σ = 0.

• ∃ localized operators inducing transitions between pure momentum → pure
winding states;

e.g. take J− = ψ0e−iX0
L :

J−(z)e−φ/2S10,αe
i
2
X 0

L + i
2
X 0

R V̄24(w) ∼ 1

z − w
γ0
αβ̇e−φ/2C10,β̇e−

i
2
X 0

L + i
2
X 0

R V̄24(w).

→ Non-trivial 3-point amplitude producing pure winding state in C8V̄24.
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Hybrid models & Non-Singular String Cosmology

Effective description at σ = 0 → one-dimensional non-abelian gauge theory:

HL × HR ≡
(

SU(2)× U(1)8
)

L
×
(

U(1)× SU(2)8
)

R
.

• 24 localized complex massless scalars χi .

• Localized action:

S |σ=0 =

∫
dx1 √g11 e−2φ

(
−g 11 ∂χ̄i

∂x1

∂χi

∂x1

)∣∣∣∣
at σ(x0)=0

.

• For spatially homogeneous solutions : g11, φ independent of x1.

• Equation of motion of χ̄ yields:

∂2χ

∂x12 = 0 → χi = αi + γi
√

g11 x1.
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Hybrid models & Non-Singular String Cosmology

Phase transition admits an effective brane description, gluing together the space of
momenta and the dual space of windings. Effective action:

S =

∫
d2x e−2φ√−g

(
1

2
R + 2(∇φ)2

)
+

∫
d2x
√
−g P − κ

∫
dx1dσ e−2φ√g11δ(σ).

Spacelike brane contribution at the phase transition σ = 0 → localized negative
pressure.

• Sourced by the 24 extra massless bosons at the extended symmetry point.

• κ =
∑
i

|γi |2 : positive.

We are assuming:

• Adiabatic evolution.

• Time-scale of transition is assumed short enough → “δ(σ)”.
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Hybrid models & Non-Singular String Cosmology

Standard parametrization:

ds2 = −N2(t)dt2 + a2(t)dx2 , a = eλ.

Take brane to be localized at t = 0.

• Equations of motion:

φ̇2 − φ̇λ̇ =
1

2
N2e2φρ,

λ̈− λ̇
(

2φ̇− λ̇+
Ṅ

N

)
= N2e2φP,

φ̈− 2φ̇2 + φ̇

(
λ̇− Ṅ

N

)
=

1

2
N2e2φ(P − ρ)−1

2
Nκδ(t).

• Thermal entropy S = aβ(ρ+ P) = 2Λ a
β

conservation law:

ρ̇+ λ̇(ρ+ P) =
2κ

N
e−2φ

(
λ̇− 2φ̇

)
δ(t).
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Hybrid models & Non-Singular String Cosmology

• Condition of continuity of thermal entropy across the transition:

λ̇+ + λ̇− = 2
(
φ̇+ + φ̇−

)
.

• Conservation of S implies relation:

λ = |σ|+ ln
βcS

2Λ
→ a ≥ βc

S

2Λ
,

↪→ hints at absence of gravitational singularities.

Equations of motion can be simplified in the conformal gauge N = a:

2φ̇2 − 2φ̇λ̇ = Ce2φ,

λ̈− 2φ̇λ̇ = Ce2φ,

2φ̈− 4φ̇2 = −κeλ0δ(t).

where eλ0 ≡ βcS/2Λ and C ≡ S2/4Λ.
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Hybrid models & Non-Singular String Cosmology

Important : only first derivative of the dilaton is discontinuous:

φ̇+ − φ̇− = −1

2
eλ0κ.

Continuity of λ̇(0) gives:
λ̇(0) = φ̇+ + φ̇− .

• Because of conservation of entropy,

λ̇ =
β̇

β
,

↪→ β̇(0) also continuous. Maximal temperature implies β̇(0) = λ̇(0) = 0.
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Hybrid models & Non-Singular String Cosmology

• Dilaton derivative flips sign:

φ̇− = −φ̇+ =
1

4
eλ0κ > 0

...and the dilaton bounces across the transition.

• Eq. of motion give λ̈ = 2φ̇2. At the critical point :

λ̇(0) = 0 , λ̈(t) > 0

...the scale factor bounces as well.
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Hybrid models & Non-Singular String Cosmology
String coupling gstr(0) is related to tension κ.

• From eq. of motion :

φ̇2
− =

C

2
e2φ0 .

• Relation between φ0 and κ:

g 2
str(0) ≡ e2φ0 =

β2
cκ

2

8Λ
.

↪→ Perturbative validity is ensured for sufficiently small κ.

After appropriate rescaling, the solution takes the simple form:

ds2 =
4

κ2

e|τ |

1 + |τ |

(
−dτ 2 + dx2

)
,

g 2
s ≡ e2φ(τ) =

πκ2

192

1

1 + |τ | .

The presence of the extended symmetry point (phase transition) induces a bounce and

the evolution evades the gravitational singularity, while remaining in the perturbative

regime, provided that κ2 � 1.
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Hybrid models & Non-Singular String Cosmology

Indeed, metric has no essential singularities:

R =
(κ

2

)2 e−|τ |

1 + |τ | .

Conical singularity φ̈ = −κ
2
δ(t) resolved by the extra massless states localized at the

transition point.

• Higher-derivative (and higher-genus) corrections are suppressed and controllable by
a perturbative expansion in κ ∼ gstr � 1.
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Hybrid models & Non-Singular String Cosmology
To write the solution in the cosmological frame:

ds2 = −dξ2 + a2(ξ)dy 2,

perform the change of variables :

ξ(τ) =
2|τ |
κ

1∫
0

e|τ |u/2√
1 + |τ |

du =

√
8π

eκ2

[
erfi

(√
1 + |τ |

2

)
− erfi

(
1√
2

)]
,

y = x/2.

• For early cosmological times |κξ| � 1 we have the asymptotic behaviour:

a(ξ) =
4

κ

[
1 +

1

16
(κξ)2 +O(|κξ|3)

]
,

1

g 2
str

=
192

πκ2

[
1 +
|κξ|

2
− 1

8
(κξ)2 +O(|κξ|3)

]
.

• For late cosmological times |κξ| � 1:

a(ξ) = |ξ|
[

1− 1

ln(κξ)2
+ . . .

]
,

1

g 2
str

=
192

πκ2

[
ln(κξ)2 + ln ln(κξ)2 + const + . . .

]
.
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Further development...

Currently under investigation:

• Dynamics of phase transitions and stringy mechanism that avoids initial singularity
↪→ Higher dimensions?

• Dynamical exit from MSDS era and emergent spacetime, one-loop quantum
instability triggering cosmological evolution in cold vacua.

• Connection of 2d MSDS vacua with 4d semi-realistic vacua at late times
↪→ emergent chirality, . . .

• Generalization to heterotic MSDS models.

• . . .
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Thank You!

M e r c i !

SCSGC - Paris, 4 Novembre 2010 Ioannis Florakis (Laboratoire de Physique Théorique Ecole Normale Supérieure Paris based on joint work with C. Kounnas, H. Partouche & N. Toumbas 1008.5129[hep-th] Nucl.Phys. B (2010) 1002.24.27[hep-th] Nucl.Phys. B 834 (2010) 1001.2589[hep-th] Fortsch.Phys. 58 (2010) 0901.3055[hep-th] Nucl.Phys. B 820 (2009) 0808.1340[hep-th] Fortsch.Phys. 56 (2008) )MSDS Vacua & Cosmology 47 / 47



Covariant and gauge invariant formulation of
the cosmological backreaction: formalism and

possible applications

Giovanni Marozzi

College de France and Institut d’Astrophysique de Paris, Paris

Strings, Cosmology and Gravity Student Conference 2010,
Institut Henri Poincaré, Paris,
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Introduction

The study of the possible dynamical influence of
inhomogeneities on the evolution of a cosmological
background has recently attracted considerable interest,
from both a theoretical and a phenomenological point of
view

One needs a well defined averaging procedure for
smoothing-out the perturbed (non-homogeneous)
geometric parameters.

The computation of these averages is affected in principle
by a well-known ambiguity due to the possible choice of
different “gauges”.
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Gauge freedom in a FRW universe, 1

Let us consider a cosmological background sourced by a scalar
field φ and described by the simple four-dimensional action

S =

∫

d4x
√

−g
[

R
16πG

−

1
2

gµν∂µφ∂νφ− V (φ)

]

with spatially flat FLRW background geometry

ds2 = −dt2 + a(t)2 δij dx idx j



Gauge freedom in a FRW universe, 2

The background fields {φ, gµν} can be expanded, up to second order, in
non-homogeneous perturbations as follows:

φ(t , ~x) = φ(0)(t) + δφ(1)(t , ~x) + δφ(2)(t , ~x),

g00 = −1 − 2α(1)
− 2α(2), gi0 = −

a
2

(
β
(1)
,i + B(1)

i

)
−

a
2

(
β
(2)
,i + B(2)

i

)
,

gij = a2
[
δij

(
1 − 2ψ(1)

− 2ψ(2)
)
+ Dij(E

(1) + E (2)) +
1
2

(
χ
(1)
i,j + χ

(1)
j,i + h(1)

ij

)

+
1
2

(
χ
(2)
i,j + χ

(2)
j,i + h(2)

ij

)]
,

where Dij = ∂i∂j − δij(∇
2/3).

One obtains 11 degrees of freedom which are in part redundant.
To obtain a set of equations (Einstein equations + equation of motion of φ)
well defined, order by order, we have to set to zero two scalar perturbations
among δφ, α, β, ψ and E , and one vector perturbation between Bi and χi .



Gauge freedom in a FRW universe, 3

The choice of such variables is called a choice of gauge.

For the scalar sector (first or second order) we may have:

ψ = 0, E = 0 Uniform Curvature Gauge
β = 0, E = 0 Longitudinal Gauge
α = 0, β = 0 Synchronous Gauge
δφ = 0, β or ψ or E = 0 Uniform Field Gauge
etc.
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Gauge trasformation vs Gauge Invariant variables, 1

How to connect differents gauge? Gauge trasformations!

General coordinate transformations (GCT) ⇐⇒ Gauge
transformations (GT).

Consider, for example, a (typically non-homogeneous) scalar
field S(x). Under a GCT:

x → x̃ = f (x), x = f−1(x̃), S(x) → S̃(x̃) = S(x)

Under the associated GT old and new fields are evaluated at
the same space-time point x and

S(x) → S̃(x) = S(f−1(x)).
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Gauge trasformation vs Gauge Invariant variables, 2

To connect different gauge we need an infinitesimal gauge
transformation.
This can be parametrized by a first-order, ǫµ(1), and a
second-order, ǫµ(2), vector generator, and is given by (Bruni,
Matarrese, Mollerach, Sonego (1997)):

xµ
→ x̃µ = xµ + ǫµ(1) +

1
2

(

ǫµ(1),νǫ
ν

(1) + ǫµ(2)

)

.

and a tensor T changes as

T (1)
→ T̃ (1) = T (1)

− Lǫ(1)T
(0),

T (2)
→ T̃ (2) = T (2)

− Lǫ(1)T
(1) +

1
2

(

L
2
ǫ(1)

T (0)
− Lǫ(2)T

(0)
)



Gauge trasformation vs Gauge Invariant variables, 3

Request: Physics results should not depend on the gauge
chosen to describe these.

Answer: Gauge Invariant (GI) formalism (Bardeen (1980), for a
review see: Mukhanov, Feldman, Brandenberger(1992)).

Physically meaningful variable ↔ GI variable.

A GI variable F is defined as a function of our perturbations
which takes always the same value independently of the gauge
chosen

F (δφ, α, β, .....) → F (δφ̃, α̃, β̃, .....) = F (δφ, α, β, .....)
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Gauge trasformation vs Gauge Invariant variables, 4

Scalar Power Spectrum

The scalar power spectrum associated with a model of inflation
is defined using the GI curvature perturbation ξ. Such
perturbation is given, to first order, by

ξ(1) =
H

φ̇
Q(1) with Q(1) = δφ(1) +

φ̇

H

(

ψ(1) +
1
6
∇

2E (1)
)

where Q(1) is the first order GI Mukhanov variable (Mukhanov
(1988)). So one obtains

Pζ(k) =
k3

2π2

(

H

φ̇

)2

|Qk |
2



Gauge (non)-invariance of space-time integrals, 1

Consider now the space-time integral of a scalar S over a
four-dimensional region Ω defined in terms of a window function
WΩ:

F (S,Ω) =
∫

Ω(x)
d4x

√

−g(x)S(x) ≡
∫

M4

d4x
√

−g(x)S(x)WΩ(x).

The integral will be gauge invariant only if under a GT

WΩ(x) → W̃Ω(x) = WΩ(f
−1(x)),

F (S,Ω) is invariant under GT only if the region Ω itself changes
as a scalar under GT!
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Gauge (non)-invariance of space-time integrals, 2

In our (cosmological) case we choose as WΩ(x) a step-like
window function, selecting a cylinder-like region with:

temporal boundaries determined by the two space-like
hypersurfaces on which a function A(x) (with time-like
gradient) takes the constant values A1 and A2

spatial boundary determined by the coordinate condition
B(x) < r0, where B(x) is a suitable function with space-like
gradient .

More explicitly:

WΩ(x) = θ(A(x)− A1)θ(A2 − A(x))θ(r0 − B(x)) .

In this case the integral will be GI only if the functions A(x) and
B(x) are scalars.
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Gauge (non)-invariance of space-time integrals, 3

For the cosmological backgrounds all fields are naturally of
quasi-homogeneous type, and their gradients are typically
time-like. In such a context we cannot covariantly define the
spatial boundaries for lack of appropriate fields at our disposal
and we have a non gauge invariant integral.

F̃ (S̃,Ω)− F (S,Ω) =
∫

M4

d4x
√

−g(x)S(x)∆WΩ(x)

where

∆WΩ(x) = θ(A(x)−A1)θ(A2−A(x)) [θ(r0 − B(f (x)))− θ(r0 − B(x))] .

The breaking of gauge invariance comes from the region r ∼ r0

and seems to go away for large enough volumes.



Covariant averaging prescription, 1

Depending on the context in which the backreaction is
considered, there are two types of averaging procedure: spatial
average of classical variables, and (vacuum) expectation values
of quantized fields.
In both cases, ones has to face the problem of the gauge
dependence of the results.
Is it possible to define a gauge-invariant averaging prescription?

As first step we define a covariant averaging prescription.
A particular spatial volume average can be covariantly obtained
from the four-dimensional integrals discussed before simply by
using the following delta-like window function:

WΩ(x) = nµ
∇µθ(A(x)− A0)θ(r0 − B(x))

To take in account the variation of the spatial averages along
the flow lines nµ normal to the hypersurface A(x) = A0.
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Covariant averaging prescription, 2

We define the averaging respect the observers seat on the hypersurface
A(x) = A0 as:

〈S〉A0,r0 =
F (S,Ω)
F (1,Ω)

=

∫
d4x

√

−g S uµ
∇µθ(A(x)− A0)θ(r0 − B(x))∫

d4x
√

−g uµ
∇µθ(A(x)− A0)θ(r0 − B(x))

and, in the time t̄ for which A is homogeneous (defined by t = h(̄t, ~x)), one
obtains

〈S〉A0,r0 =

∫
ΣA0

d3x
√

|γ(t0, ~x)| S(t0, ~x) θ(r0 − B(h(t0, ~x), ~x)∫
ΣA0

d3x
√

|γ(t0, ~x)| θ(r0 − B(h(t0, ~x), ~x))

where we have called t0 the time t̄ when A(0)(̄t) takes the constant values A0

and we are averaging on a section of the three-dimensional hypersurface
ΣA0 , hypersurface where A(x) = A0.
As seen, in the cosmological context we cannot covariantly define the spatial
boundaries for lack of appropriate fields at our disposal.
So we obtain strictly gauge invariant average only in the limit of an infinite
spatial volume.
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Cosmological Backreaction: a non covariant
approach, 1

Inhomogeneities could affect in a non-trivial way the present
cosmological evolution.

How to determine the dynamical evolution of an averaged
inhomogeneous background?
Answer not obvious!

Differential operators and averaging procedure do not commute

⇓ (Ellis (1984))

Averaged Einstein equations 6= Einstein equations for the
averaged geometry.

The dynamic of the averaged geometry is affected by the
so-called ”backreaction terms”.
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Cosmological Backreaction: a non covariant
approach, 2

Averaging formalism (T. Buchert (2000))

〈S〉D =

∫

D d3x
√

|γ|S
∫

D d3x
√

|γ|

Considering the synchronous gauge one can define, respect a
observer at rest in the cosmic medium, the following effective
equations for a dust universe (see, for example, T. Buchert
(2000))

(

ȧD

aD

)2

=
8πG

3
ρeff

−

äD

aD
=

4πG
3

(ρeff + 3peff )
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Cosmological Backreaction: a non covariant
approach, 3

with

VD =

∫

D
d3x

√

|γ| , aD = (VD/VD0
)1/3

ρeff = 〈ρ〉D −

1
16πG

(〈Q〉D + 〈R〉D)

peff = −

1
16πG

(

〈Q〉D −

1
3
〈R〉D

)

and

〈Q〉D =
2
3

(

〈Θ2
〉D − 〈Θ〉

2
D

)

− 2〈σ2
〉D

the kinematical backreaction term.
Θ is the volume expansion, σ2 the shear scalar, and R the
spatial Ricci scalar.



Cosmological Backreaction: a non covariant
approach, 4

The point that we want put in evidence is that the averaging
formalism above can be seen as a particular case of the
previous averaging prescription

〈S〉A0,r0
=

∫

ΣA0
d3x

√

|γ(t0, ~x)| S(t0, ~x) θ(r0 − B(h(t0, ~x), ~x))
∫

ΣA0
d3x

√

|γ(t0, ~x)| θ(r0 − B(h(t0, ~x), ~x))
,

where D is defined by θ(r0 − B(h(t0, ~x), ~x)), if we take a scalar
A(x) which is homogeneous in the particular gauge chosen to
make the averages (ADM gauges).



Cosmological Backreaction: a non covariant
approach, 5

The effective equations for the cosmological backreaction have
been extended to the case of a general ADM gauge (Buchert
(2001), see Buchert (2008) for a review), and to the case of
averages on a hypersurface not necessarily orthogonal to the
fluid flow lines (Brown, Behrend, Malik (2009) and Brown,
Robbers, Behrend (2009)).

In all these cases the effective equations are evaluated in a
particular gauge (the ADM gauge), and in a non covariant way
starting from the ADM equations.

Problem:
The results obtained are gauge dependent......
.....confusion between choice of gauge and choice of
hypersurface!
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Cosmological Backreaction: a covariant and gauge
invariant approach, 1

Let us use nµ =
∂µA

(−∂τA ∂νA gτν)1/2
,

the future-directed unit normal to Σ(A), to introduce the
projector hµν into the hypersurfaces by:

hµν = gµν + nµnν , hµρhρ

ν
= hµν , hµνnµ = 0 .

The Einstein equations can be projected along nµ and hµν as
(8πG = 1):

Gµνnµnν = Tµνnµnν
≡ ε ,

Gµνnµhν

ρ
= Tµνnµhν

ρ
≡ Jρ ,

Rµνhµ

ρ
hν

σ
= Tµνhµ

ρ
hν

σ
−

1
2

hρσT ≡ Sρσ −

1
2

hρσT .

They correspond to an explicitly covariant version of the
so-called Arnowitt-Deser-Misner (ADM) equations.
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Cosmological Backreaction: a covariant and gauge
invariant approach, 2

In order to give a covariant and gauge invariant formulation of
the cosmological backreaction we need an explicitly scalar form
of the ADM Hamiltonian constraint and Rachayduri’s equation.
Using the covariant equations just defined one can write

Rµνnµnν +
1
2

R =
1
2

(

Θ2
−Θµ

ν
Θν

µ

)

+
1
2
Rs .

where Rs is a scalar which, in the ADM gauge, goes over to the
intrinsic scalar curvature R

The ADM Hamiltonian constraint in terms of these scalar
quantities becomes:

Rs +Θ2
−Θµ

ν
Θν

µ
= Rs +

2
3
Θ2

− 2σ2 = 2Tµνnµnν = 2ε .
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Cosmological Backreaction: a covariant and Gauge
Invariant approach, 3

Similarly, we can define the scalar form of Rachayduri’s
equation as

−nµ
∇µΘ = 2σ2 +

1
3
Θ2

−∇
ν(nµ

∇µnν) + ε+
1
2

T

Let us now consider a perfect fluid with:

Tµν = (ρ+ p)uµuν + pgµν ,

where uµ is the 4-velocity comoving with the fluid, and ρ and p
are the (scalar) energy density and pressure in the fluid’s rest
frame.
Let us underline that uµ and nµ are in general distinct!
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Cosmological Backreaction: a covariant and Gauge
Invariant approach, 4

Due to the “tilt” between uµ and nµ, the ADM energy ε and the
ADM pression π = Sρ

ρ/3 become

ε = ρ−(ρ+p)
(

1 − (uµnµ)
2
)

, π = p−
1
3
(ρ+p)

(

1 − (uµnµ)
2
)

On the other hand, a straightforward calculation in the ADM
gauge leads to:

(uµnµ)
2 = 1 + (3)g ijuiuj ≥ 1 ,

meaning that this quantity is always larger than 1.
We can thus introduce a “tilt angle” αT such that

sinh2 αT = (uµnµ)
2
− 1
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Cosmological Backreaction: a covariant and Gauge
Invariant approach, 5

We are now in the position to give a covariant and gauge invariant
generalization of the effective equations for the cosmological backreaction.
Considering the covariant averaging prescription defined and deriving with
respect to A0, we can obtain the gauge invariant generalization of the
Buchert-Ehlers commutation rule (Buchert, Ehlers (1997)) as

∂〈S〉A0

∂A0
=

〈
∂µA∂µS
∂µA∂µA

〉
A0

+

〈
S Θ

(−∂µA∂µA)1/2

〉
A0

−〈S〉A0

〈
Θ

(−∂µA∂µA)1/2

〉
A0

.

Starting from this, and using the scalar form of the ADM Hamiltonian
constraint and Raychaudhuri’s equation, we obtain the following
generalization for the effective equations(

1
ã
∂ ã
∂A0

)2

=
1
3

〈
ρ

(−∂µA∂µA)

〉
A0

+
1
3

〈
(ρ+ p) sinh2 αT

(−∂µA∂µA)

〉
A0

−

1
6

〈
Rs

(−∂µA∂µA)

〉
A0

−

1
9

[〈
Θ2

(−∂µA∂µA)

〉
A0

−

〈
Θ

(−∂µA∂µA)1/2

〉2

A0

]
+

1
3

〈
σ2

(−∂µA∂µA)

〉
A0

.
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and

−

1
ã
∂2 ã
∂A2

0

=
1
6

〈
ρ+ 3p

(−∂µA∂µA)

〉
A0

+
1
3

〈
(ρ+ 3p) sinh2 αT

(−∂µA∂µA)

〉
A0

−

1
3

〈
∇

ν(nµ
∇µnν)

(−∂µA∂µA)

〉
A0

+
1
6

〈
∂µA∂µ(∂νA∂νA)
(−∂µA∂µA)5/2

Θ

〉
A0

−

2
9

[〈
Θ2

(−∂µA∂µA)

〉
A0

−

〈
Θ

(−∂µA∂µA)1/2

〉2

A0

]

+
2
3

〈
σ2

(−∂µA∂µA)

〉
A0

.

where ã is the effective scale factor.

From this last equation we may note that, when sinh2 αT 6= 0, the “tilt effects”
give always a negative contribution to the average cosmic acceleration.

The evolution of a inhomogeneous and anisotropic Universe depends not
only on its energy density but also on the backreaction terms.
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Main Open Problems

Breaking of gauge invariance due to a finite spatial
boundary.

Gauge invariant averages over null hypersurfaces (e.g. the
past light-cone, for a correct comparison with astronomical
data).

Gauge invariant averages of tensor objects (for averaging
all components of the Einstein equations, not only their
scalar projector).

Application of the new effective equations to the quantum
cosmological backreaction in the early universe.
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Conclusions

We have proposed a general formula for the classical average. The
non-trivial proposal is gauge-invariant for averaging over all the 3-space
volume.

Using this we have obtained a general-covariant and gauge invariant
formulation of the so-called “cosmological backreation”

The gauge invariant effective averaged equations give us a covariant
starting point for determining whether present inhomogeneities can
significantly contribute to the observed cosmic acceleration.

The effective equations can be directly applied to the case of the
quantum cosmological backreaction , by using the correspondence
between quantum expectation values and classical averages performed
over all three-dimensional space.
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Contents

I What are supersymmetric backgrounds?

I What is generalised geometry?

I How are the two things related?
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Type IIA Supergravity

I NS-NS Fields: g , H(3) = dB(2), φ

I NS-NS Action:

S =

∫
d10x

√
|g |e−2φ

[
R + 1

12H
2
(3) − 4(∂φ)2

]
I Fermions: ψM , λ

I Supersymmetry variations:

δψM =
(
∇M +

1

8
��HM

)
ε

δλ =
(
6 ∂φ+

1

12
��H
)
ε
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Supersymmetric Solutions

I Take particular manifold M with a particular field
configuration (g ,B, φ, etc).

I Supersymmetric if ∃ spinor field ε s.t.

δε

[
All fields

]
= · · · = 0

Charles Strickland-Constable Supersymmetric Backgrounds of Type II Theories and Generalised Geometry



Contents
Supersymmetric Backgrounds

Generalised Geometry
Relating the Two

Supersymmetric Backgrounds 1

I Realistic physical vacuum has ψM = 0 and λ = 0

⇒


δψM =

(
∇M +

1

8
��HM

)
ε = 0

δλ =
(
6 ∂φ+

1

12
��H
)
ε = 0

are the only non-trivial equations

I These are the Killing Spinor equations
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Supersymmetric Backgrounds 2

I Set M = Mext ×Mint

I Decompose metric as:

ds2 = dxµdxµ + gmndy
mdyn

I Keep non-zero Bosonic fluxes on Mint

I Killing spinor equations

⇒


(
∇m ±

1

8
��Hm

)
ε± = 0(

6 ∂φ± 1

12
��H
)
ε± = 0

Charles Strickland-Constable Supersymmetric Backgrounds of Type II Theories and Generalised Geometry



Contents
Supersymmetric Backgrounds

Generalised Geometry
Relating the Two

If No Fluxes...

I Have ∇m ε± = 0

I ⇒ Rmn = 0 Ricci-Flat

I In fact get a Calabai-Yau manifold with SU(2) or SU(3)
structure

I I.e. Special holonomy
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If Non-zero Fluxes...

I Don’t have ∇m ε± = 0

I Still have manifold with SU(2) or SU(3) structure

I Integrability is spoiled by flux terms
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Generalised Tangent Space

I Define Vector Bundle E on manifold M

E ∼= TM ⊕ T ∗M

I Equipped with projection E −→ TM

I Locally have representation

x(α) = X + ξ(α)

I Potential B has gauge transformation B → B + dΛ

I So does x(α) . . .
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Twisting by gauge transformations

I Gauge patches labeled by (α)

I Gauge transformation between patches is

x(α) = X + ξ(α) = e−dΛ(αβ)x(β) = X + ξ(β) − iXdΛ(αβ)

I Isomorphism eB : E → TM ⊕ T ∗M via

x = X + ξ(α) + iXB(α)

for some patched collection of 2-forms B(α) with

B(α) − B(β) = dΛ(αβ)
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O(d , d) Symmetry

I Have bundle E twisted by gauge transformations.

I Inner Product on E :

< x , y >= 1
2 (ω(X ) + ξ(Y ))

I Split signature ⇒ O(d , d) symmetry

I Diffeomorphisms are GL(d) ≤ O(d , d)

I Gauge transformations ≤ O(d , d)
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Bracket Structures

Have unique bracket on E which is invariant under

1) Diffeomorphisms (i.e. GL(d ,R) ≤ O(d , d))
2) Gauge transformations of E (also ≤ O(d , d))

This is the Courant bracket

[x , y ] = [X ,Y ] + (LXω − LY ξ)− 1
2d(iXω − iY ξ)

In generalised indices this is:

[x , y ]A = (xC∂Cy
A − yC∂Cx

A) + 1
2 (yC∂

AxC − xC∂
AyC )
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Untwisted Bracket

Using bracket [x(α), y(α)] in twisted picture

⇒ [x , y ]H = [x , y ] + iX iYH

is bracket in untwisted picture TM ⊕ T ∗M
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Generalised Metric

Given a Riemannian metric gmn on M define

G (x , y) = 1
2

(
g(X ,Y ) + g−1(ξ, ω)

)
In twisted picture have:

G (x , y) =
1

2
(X ξ(α) )

(
g − B(α)g

−1B(α) −B(α)g
−1

g−1B(α) g−1

)(
Y

η(α)

)

I GAB +ve definite ⇒ SO(d)× SO(d) ≤ SO(d , d) symmetry

I GAB parameterises moduli space SO(d , d)/SO(d)× SO(d)
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O(d , d) Spinors

I SO(d , d) structure can be promoted to Spin(d , d) structure

I Can represent Φ ∈ Λ•T ∗M

I Clifford action x · Φ = iXΦ + ω ∧ Φ

I Natural Dirac operator d : Λ•T ∗M → Λ•T ∗M

Charles Strickland-Constable Supersymmetric Backgrounds of Type II Theories and Generalised Geometry



Contents
Supersymmetric Backgrounds

Generalised Geometry
Relating the Two

A Nice Duality

I Have

i[X ,Y ]ϕ = 1
2d[iX , iY ]ϕ+ (iXdiY − iY diX )ϕ+ 1

2 [iX , iY ]dϕ

for exterior derivative and Lie bracket

I Have

[x , y ] · ϕ = 1
2d[x ·, y ·]ϕ+ (x · dy · −y · dx ·)ϕ+ 1

2 [x ·, y ·]dϕ

for exterior derivative and Courant bracket
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Spin(d , d) Transformations

I Have B-transformation eB · Φ = eB ∧ Φ

I Have β-transformation eβ · Φ = eiβΦ

I But GL(d) action is strange

eA · Φ = (det A)
1
2 (A−1)∗Φ

I Come back to this soon...
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O(d)× O(d) Spinors

I GAB defines O(d)× O(d) sub-structure

I Spin(d , d) spinor decomposes into Spin(d)× Spin(d) tensor
products

ε = ε1 ⊗ ε2

of Spin(d) spinors ε1 and ε2

I Φ ∈ Λ•T ∗M ↔ M = �Φ bispinor
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The Dilaton

I Now consider E ⊗ L for L an R+ bundle

I Multiply GAB by section χ = |g |
1
2 e−2φ ∈ L

I G now parameterises SO(d , d)× R+/SO(d)× SO(d)

I Spinors of G are still SO(d)× SO(d)

I Now dΦ is well-defined as Φ a genuine polyform under GL(d)
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SU(3)× SU(3) Structure

I Take d = 6. Have Spin(6) ∼= SU(4)

I Take Killing spinors η1, η2 and build O(d)× O(d) spinors

Φ± = η1
+ ⊗ η̄2

±

I Stabiliser of SU(4)× SU(4) spinor is SU(3)× SU(3)

I ⇒ Φ defines SU(3)× SU(3) structure
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The Punchline

The Killing Spinor Equations from before(
∇m ±

1

8
��Hm

)
ε± = 0(

6 ∂φ± 1

12
��H
)
ε± = 0

can now be written in the form:

(d− H∧)(e−φΦ+) = 0

(d− H∧)(e−φΦ−) = 0

Charles Strickland-Constable Supersymmetric Backgrounds of Type II Theories and Generalised Geometry



Contents
Supersymmetric Backgrounds

Generalised Geometry
Relating the Two

What does this mean?

Basically:

The N = 1 vacuum equations are naturally associated with
Generalised Geometry and the Courant bracket!
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Summary

Therefore we have:

I Generalised Geometry is a natural extension of differential
geometry

I We have brackets, metrics, spinors etc. in generalised
geometry

I N = 1 vacuum equations look more natural in this language

Charles Strickland-Constable Supersymmetric Backgrounds of Type II Theories and Generalised Geometry
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Extending Generalised Geometry

Exceptional Generalised Geometry is an attempt to extend the ideas of
(ordinary) Generalised Geometry to include more than just the fundamental
string.

NS-NS String Theory → M-theory

T-duality → U-duality

O(d, d) → Ed(d)

O(d)×O(d) → Hd
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Exceptional Groups and their Maximal Compact

Subgroups

The relevant groups for Exceptional Generalised Geometry are then

d Ed(d) Hd

2 SL(2)× R SO(2)
3 SL(3)× SL(2) SO(3)× SO(2)
4 SL(5) SO(5)
5 SO(5, 5) SO(5)× SO(5)
6 E6(6) Sp(4)/Z2

7 E7(7) SU(8)/Z2

However, the way GL(d) embeds in the Ed(d) groups is such that we obtain
densitised vectors and forms. This is not very natural from a supergravity
point of view, so instead we consider Ed(d) × R+ and scale away the weights.
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11D Supergravity Dimensional Reduction

The �eld content of 11D supergravity is just the metric GMN , the gravitino
ΨM and one gauge �eld C(3). We can also formulate it with its electromagnetic

dual C̃(6). We will be interested in 11D supergravity warped compacti�cations

of the type M10−d,1 ×Md
int. The metric can then be written as:

ds2 = GMNdX
MdXN = e2A(x)ηµνdy

µdyν + gmndx
mdxn

where A is called the warp factor.
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11D Supergravity Dimensional Reduction

The charges in the 11D supersymmetry algebra include the usual momentum
charge and also the M2 and the M5 brane charges.

When we consider compacti�cations, we also �nd other objects such as the
KK monopole charge (a sort of "dual graviton") which is described by the
tensor product of a vector and a 7-form.
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Exceptional Generalised Tangent Space

The Exceptional Generalised Tangent space (EGT) captures the information
of the supersymmetry algebra

For d = 7, the fundamental of E7(7) × R+ under GL(7) decomposes as

56 = 7 + 21 + 21′ + 7′

The Exceptional Generalised Tangent Bundle

E ∼= T ⊕ Λ2T ∗ ⊕ Λ5T ∗ ⊕
(
T ∗ ⊗ Λ7T ∗

)
x = X + ω + σ + τ

The adjoint of E7(7) can be decomposed similarly.

The Exceptional Generalised Adjoint Bundle

G ∼= T ⊗ T ∗ ⊕ Λ3T ⊕ Λ3T ∗ ⊕ Λ6T ∗ ⊕ Λ6T ∗

We recognize, in addition to the GL(7) action, the gauge �elds C(3) and C̃(6)
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Patching and Twisting

The EGT is patched across the manifold not just via di�eomorphisms, but
also through gauge transformations.

For d = 7, the C(3) and C̃(6) shifts act as:

eC+C̃ · x = X + ω + iXC + σ + τ

+ iXC̃ + C ∧ ω +
1

2
C ∧ iXC

+ jC ∧ σ − jC̃ ∧ ω + jC ∧ iXC̃

+
1

2
jC ∧ (C ∧ ω) +

1

6
jC ∧ (C ∧ iXC)
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Patching and Twisting

If on each patch we introduce a collection of potentials {C(α), C̃(α)} we �nd
that the patching can be done via

edλ(αβ)+dλ̃(αβ) · x(α) = x(β)

where λ ∈ Λ2T ∗ and λ̃ ∈ Λ5T ∗ satisfy on the intersection of two patches

C(α) − C(β) = dλ(αβ)

C̃(α) − C̃(β) = dλ̃(αβ) −
1

2
dλ(αβ) ∧ Cα

and similarly for higher-order intersections - twisting with a gerbe.

Note that the �eld strengths are globally well de�ned, since, for instance

F(α) = dC(α) = d(C(β) + dλ(αβ)) = dC(β) = F(β)
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The Exceptional Courant Bracket

The Exceptional Courant Bracket (ECB) encodes the di�erential structure of
the EGT

The Exceptional Courant Bracket

In Ed(d) × R+ indices, the ECB is

[x, y]A =
[
c1 µ(∂y)ABx

B + c2x
B∂By

A + c3x
A∂By

B
]
− [x↔ y]

where µ(∂y) is the projection of ∂By
A onto the adjoint representation.

The ECB is uniquely determined by demanding invariance under
di�eomorphisms and closed C and C̃ shifts.
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The Exceptional Courant Bracket
The bracket can also be written in terms of ordinary vectors and forms. In
d = 7 for example,[
X+ω + σ + τ, Y + ω′ + σ′ + τ ′

]
=

[X,Y ] + LXω′ − LY ω −
1

2
d (iXω

′ − iY ω)

+ LXσ′ − LY σ −
1

2
d (iXσ

′ − iY σ) +
1

2
ω ∧ dω′ − 1

2ω
′ ∧ dω

+
1

2
LXτ ′ −

1

2
LY τ +

1

2

(
jω ∧ σ′ − jσ′ ∧ dω

)
− 1

2

(
jω′ ∧ dσ − jσ ∧ dω′

)

If C and C̃ are not closed,

[eC+C̃ · x, eC+C̃ · y] = eC+C̃ ·
(

[x, y] + F(x, y)
)

where F can be written in terms of the �eld strengths

F = dC ∗ F̃ = dC̃ − 1

2
C ∧ F
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Exceptional Generalised Metric

The Exceptional Generalised Metric G de�nes a coset

G ∈
Ed(d) × R+

Hd

It can be built from the supergravity bosonic �elds: the manifold metric g, the
warp factor A, and the gauge �elds C and C̃. This is done by requiring that,
in addition to being an element of the coset, we have

G0(x, x) = G(e−C−C̃ · x, e−C−C̃ · x) ≈ eA(X2 + ω2 + σ2 + τ2).

André Janeiro Coimbra (ICL) Exceptional Generalised Geometry November 5, 2010 11 / 13



Other Supergravities

We can also try to apply EGG to other supergravities, which are not
necessarily reductions from 11D.
We have done this for the simple case of N = 1, 4D supergravity:

The base manifold M is now Lorentzian

The exceptional group is E5(5) = SL(5)

The local group is now the non-compact SO(3, 2)

Should still consider the extra R+ factor, but now need to mod it out
since there is no warp factor

In matching the EGG to the supergravity we must consider auxiliary
�elds
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Conclusion

Exceptional Generalised Geometry geometrises all the bosonic symmetries of
supergravity and recasts them in a U -duality invariant manner.

Open questions:

We have only considered the cases for d < 8 but it should also work for
d = 8 with E8 and Spin(16). Higher d is unknown.

The EGG works for pure, N = 1 four-dimensional Supergravity. Can it
be done for other Supergravities?

Can fermions be incorporated in the geometry as well?

Are there even further generalisations that could account for fully
non-geometric backgrounds?

Thank you very much.
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Overview

1. Introduction

2. BPS solutions with Ricci-flat internal space

3. BPS solutions with negatively curved twisted tori

4. Non-BPS solutions

5. Discussion
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Consider classical vacuum solutions to type II supergravity

with D   -branes (              ) or O   -planes (              ):

→ delta functions will show up in e.o.m. (Einstein, dilaton, RR fields)

Introduction: What is the issue?
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with D   -branes (              ) or O   -planes (              ):

→ delta functions will show up in e.o.m. (Einstein, dilaton, RR fields)

Popular idea: simplify computations by assuming

But: D-branes/O-planes are localised objects

(defined by boundary conditions/involutions)!

→ Smearing justified?

Introduction: What is the issue?
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"smearing"

D-brane (loc.)

transv. space

… …
D-brane
(smeared)

transv. space



Introduction: Why is that important?

• string theory compactifications with D-branes or O-planes have interesting 
properties for phenomenology

• most solutions only known in the smeared limit
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Introduction: Why is that important?

• string theory compactifications with D-branes or O-planes have interesting 
properties for phenomenology

• most solutions only known in the smeared limit

→ need to understand whether having a smeared solution implies having the 
actual, localised solution!

• compactifications with positively curved spacetime are important for 
cosmology (e.g. de Sitter)

• spaces with negative internal curvature can give uplifting

potential for de Sitter spacetime

• negative tension sources (O-planes) supporting this seem to

be problematic, if localised (contribution only on submanifold)

→ need to understand localisation effects on internal curvature!

4/13Smeared versus localised sources in flux compactifications

[M. Douglas,
R. Kallosh 2010]



BPS solutions I: smeared limit

Ansatz:

• compactifications down to dimensions with

spacetime-filling O   -plane (                    ) 

• generalisation of well-known GKP solution, related to it by T-duality

• non-zero fields: 

• metric: 
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• compactifications down to dimensions with

spacetime-filling O   -plane (                    ) 

• generalisation of well-known GKP solution, related to it by T-duality

• non-zero fields: 

• metric: 

All e.o.m. (Einstein, dilaton, field strengths, Bianchi id‘s) solved with conditions

→ -dimensional Minkowski solutions with Ricci-flat internal space

5/13Smeared versus localised sources in flux compactifications

"BPS condition"

[S. Giddings, S. Kachru,
J. Polchinski 2001]





Ansatz:

• non-zero fields:

• warped metric: 

BPS solutions I: localisation
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• compactifications down to     dimensions with O   -plane                           
filling spacetime and one internal direction      with

• T-dual to GKP, generalization of known solutions

• non-zero fields: 

• metric:

All e.o.m. solved with conditions

→ -dimensional Minkowski solutions with negatively curved twisted tori
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Localisation of smeared solutions always possible?

Consider again the same ansatz as above, i.e.

• non-zero fields: 

• some warped metric: 

But deviate from the BPS condition, e.g.

Simple example:

→ compactification to 4 dimensions with

Non-BPS solutions: setup
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What happens in the smeared limit?

Go through e.o.m. to find:

→ consistent compactification to AdS

What happens upon localisation?

Ricci scalar w.r.t. unwarped metric

→ contradiction, no localised solution!

→ smeared solution gives AdS, but we cannot make sense out of localisation

Non-BPS solutions: failure to localise

10/13Smeared versus localised sources in flux compactifications

→       -brane →       -plane

Compare to BPS solution:
No contradiction!
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When does a smeared solution imply a localised solution?

• possibility of promoting smeared solutions to localised ones appears to 
rely on whether solutions are BPS or not

• warping effects cancel out in BPS case so that smeared solution stays a 
solution when localised

• localising smeared non-BPS solutions generically leads to contradictions

→ may require drastic changes of the solution or even be impossible

• validity of smeared approximation is doubtful in non-BPS case
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• argued that uplifting potentials by means of localised sources 
are problematic

• second class of our BPS solutions had negative internal curvature due to 
metric flux:
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Discussion

What about localisation effects on the internal curvature?

• argued that uplifting potentials by means of localised sources 
are problematic

• second class of our BPS solutions had negative internal curvature due to 
metric flux:

• localising keeps integrated internal curvature negative:

contribution to cosmological constant remains positive!

→  localisation effects seem to be more involved than expected in 

12/13Smeared versus localised sources in flux compactifications

[M. Douglas,
R. Kallosh 2010]

[M. Douglas,
R. Kallosh 2010]



Thank you!
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1. Introduction

a) Gödel space

I Spacetime with Closed Timelike Curves (CTCs)
I Shows up in G.R. but also in string theory

b) Chronology protection

I We don’t like CTCs, so they shouldn’t appear

c) Idea: String Theory helps

I Use holography (AdS/CFT):
Chronology protection↔ Unitary quantum theory in dual CFT
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1. Introduction
a) Gödel space in 3d

Gödel universe [Kürt Gödel 1949]

I Solution to Einstein’s equations: Λ < 0, (rotating) dust source
I Unharmful? → Closed Timelike Curves (CTCs)

ds2
4 = ds2
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ds2
3 = −(dt + µ

r2

1− r2 dφ)2 + µ
dr2 + r2dφ2

(1− r2)2

I µ = 1: AdS3

I µ > 1: timelike stretched AdS3 (Original Gödel solution for µ = 2)
I µ < 1: timelike squashed AdS3 (Topologicaly Massive Gravity)
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Gödel universe [Kürt Gödel 1949]
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I dust rotating in AdS3

I homogeneous, SL(2,R)× U(1)
isometry

I Closed Timelike Curves (CTCs):
r > r? = 1/

√
µ

r? = 1/
√
µ



1. Introduction
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b) Problems with Gödel spaces – Chronology protection

Space with problems

I CTCs
I Conceptual probems→ time machine?

“Chronology protection” Hawking 1991

I Idea: regions in spacetime containing CTCs should not form
I Uses pieces of quantum theory

Can we find a mechanism responsible for chronology protection?
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1. Introduction
c) String theory helps

How to make it happen? → string theory to the rescue!

I “Condensation” of charged stringy d.o.f.’s→ Domain Wall cutting
out region with CTCs (5d)
Boyda, Ganguli, Horava, Varadarajan (2002); Dyson (2003,2006);

Drukker,Fiol,Simon (2003); Drukker (2003);Gimon, Horava (2004)

I Unitarity in dual CFT↔ Chronology protection in bulk spacetime
Caldarelli, Klemm, Silva (2006); Caldarelli (2006)

We use both ideas – (STRANGE!)

(I) 3d G.R. Unitarity in quantum mechanics –
Chronology protection in gravity

(II) String theory Add dynamical mechanism –
condensation of branes
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1. Introduction: Gödel space and CTCs

2. Chronology protection and unitarity (I): G.R.

3. Chronology protection and unitarity (II): IIB String Theory

4. Conclusions



2. Chronology protection and unitarity (I): 3d G.R.

Overview

a) Replace problematic CTC region by “empty” space

b) Conclusion: chronology protection and unitarity



2. Chronology protection and unitarity (I): 3d G.R.
a) Replace problematic CTC region by “empty” space

Pure gravity with dust Rµν −
1
2

Rgµν + Λgµν = Tµν

rr0
Godel AdS

r0

ρ

XX
XXXy

� Gödel3: dust source Tµν = ρuµuν

LOCALLY AdS3: no source

Gödel3: ds2
3 = −(dt + µ 2r2

1−r2 dϕ)2 + 4µ dr2+r2dϕ2

(1−r2)2

AdS3: ds2
3 = l2

[
−(u−M)d̃t2 − Jd̃tdφ̃+ udφ̃2 + du2

4(u2−Mu+ J2
4 )

]
I Outside metric: 3d gravity is “trivial”↔ locally AdS3

(depending on M, J) conical defect, BTZ black hole or overspinning object

I Match at r = r0 to u = u0(r0) by solving Einstein eqs. across r = r0 shell

I Matching gives all parameters (M, J, u0) in terms of:
r0 (radius of inside Gödel patch) and µ (determining energy density)



2. Chronology protection and unitarity (I): 3d G.R.
a) Replace problematic CTC region by “empty” space

Pure gravity with dust Rµν −
1
2

Rgµν + Λgµν = Tµν

rr0
Godel AdS

r0

ρ

XX
XXXy
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Chronology protection and unitarity (I): 3d G.R.
Locally AdS3 – BTZ type metric

Outside space Banados, (Henneaux), Teitelboim, Zanelli 1992 (1993)
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Chronology protection and unitarity (I): 3d G.R.
b) Conclusions: chronology protection and unitarity
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(M, J determined by r0, µ→ only conical defects, overspinning objects)

I Using M, J relation to µ, r0: two conditions are equivalent!

⇒ Holographic argument for chronology protection!
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3. Chronology protection and unitarity (II): IIB string

Overview

a) 3d system: G.R. + complex scalar

b) 10d origin: IIB embedding

c) Mechanism: condensation of branes – chronology protection &
unitarity
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Higher dimensional
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Complex scalar: τ = τ1 + iτ2
Higher dimensional origin?

I Embeddings & appearance of Gödel space – one of many ways:

IIB compactification: 7 branes on S3 × T4 in AdS3 × S3 × T4

→ backreaction→ Göd3 × S3 × T4
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b) 10d origin: IIB embedding

G10 metric: M3 × S3 × T4

• S3 non-trivially fibered over M3 with one-form AL

F(5) RR flux: on S3 and 2-cycle in T4

τ = C(0) + ie−Φ axidilaton:
• RR 1-form↔ D7-branes
• Complex τ ↔ Q7-branes (generalization of (p, q)-brane)

G10

F(5)
τ

 S3 × T4
−−−−−−−−→

Redux


3d with Λ < 0
+ Chern-Simons one-form AL

+ complex scalar τ ≡ τ1 + iτ2

Three-dimensional system:

S3d =

∫
dx3√−g

(
R− 2Λ− 1

2
∂µτ∂

µτ̄

τ 2
2

)
+

∫
AL ∧ dAL
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b) 10d origin: IIB embedding
Gödel space is again solution

I Einstein EOM→ ok for Gödel (see before)
I τ EOM→ most natural in complex variables

Effective 3d description

I Ansatz:
ds2

3d = −(dt + χ)2 + e2φ(z,̄z)dzdz̄

I Scalar EOM – Complex scalar holomorphic: τ(z)
I Einstein EOM – Warping of spatial base ánd twisting given as

φ(z, z̄) = φ(τ(z), τ̄(z̄), χ(z, z̄) = χ(τ(z), τ̄(z̄)

I Chern-Simons EOM – Decouples

Setup preserves 1/2 of supersymmetry
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Gödel space is again solution

I Einstein EOM→ ok for Gödel (see before)
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φ(z, z̄) = φ(τ(z), τ̄(z̄), χ(z, z̄) = χ(τ(z), τ̄(z̄)

I Chern-Simons EOM – Decouples

Setup preserves 1/2 of supersymmetry



b) 10d origin: IIB embedding
Gödel space is again a solution

τ(z) classifies SUPERSYMMETRIC solutions:
holomorphic maps of complex upper half plane to itself

I Take easiest solution: τ(z) = z

6

-

z

-
w = z−i

z+i

r = 1

r? = 1√
µ

I With w = reiϕ on disk:

ds2 = −(dt + µ
2r2

1− r2 dϕ)2 + 4µ
dr2 + r2dϕ2

(1− r2)2

AL = cϕdϕ+ ctdt

I CS Wilson line needed for supersymmetry
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c) Mechanism of chronology protection: branes condense

What is Gödel3 made of in IIB?

Axidilaton τ = C(0) + ieiΦ

I C(0) couples magnetically to D7 branes, monodromy τ → τ + 1
I τ couples to Q7-branes, monodromy τ → SL(2,R) image of τ

Q7-branes Bergshoeff, Hartong, Ortin, Roest 2006

I Classified by SL(2,R) Lie algebra elements→ (p, q, r) 7-branes

Q =

(
r/2 p
−q r/2

)
I D7 brane: (1, 0, 0) 7-brane
I Our Gödel solution sourced by (1, 1, 0) 7-brane
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c) Mechanism of chronology protection: branes condense

Supergravity approximation does not see all stringy degrees of freedom

I Look for probes branes that can condense to cut out CTCs

I Gödel sourced by (1, 1, 0) branes→ natural choice: (−1,−1, 0) branes

I Bound states of (−1,−1, 0)-branes and conical defects (∼ CS-Wilson line)

Sprobe =
(µ− 1)

2

(∫
T
√
−g +

∫
C
)
− b

(∫ √
−g +

∫
AL
)

T(r) = − 1
τ2

(1 + |τ |2) C = contains C(0)

Evaluate probe action in Gödel3

1. Vpot = 0 (preserve supersymmetry of Gödel background)

2. Meff = −(µ− 1)T(r)/2 + b
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c) Mechanism of chronology protection: branes condense
Gluing to locally AdS3 space

I EXPECT condensation at Meff = 0 (no tachyonic modes)

→ r0 =
b− (µ− 1)

b + (µ− 1)

I Realization in supergravity:

S3d = Ssugra + Sprobe

Normal  Coordinate

Fields Domain Wall

r0

ρ

XX
XXXy

LOCALLY AdS3

� Gödel3

• Match EOM across domain wall of Q7 particles particles at r = r0
• Demand outside space: carries no net Q7 charge
• Again locally AdS3 (M, J) BTZ metric
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� Gödel3

• Match EOM across domain wall of Q7 particles particles at r = r0
• Demand outside space: carries no net Q7 charge
• Again locally AdS3 (M, J) BTZ metric



c) Mechanism of chronology protection: branes condense
Gluing to locally AdS3 space

I EXPECT condensation at Meff = 0 (no tachyonic modes)

→ r0 =
b− (µ− 1)

b + (µ− 1)

I Realization in supergravity:

S3d = Ssugra + Sprobe

Normal  Coordinate

Fields Domain Wall

r0

ρ

XX
XXXy

LOCALLY AdS3

� Gödel3
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c) Mechanism of chronology protection: branes condense
UPSHOT: relation to unitarity in dual CFT

Connection to unitarity (NS sector – antiperiodic fermions)

I Unitarity in dual CFT?
• L0, L̄0 > 0→ M + 1 > |J|

XX
XX

XXX
XXXy
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EQUIVALENT
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XXX
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XXy

������������9

EQUIVALENT

• R-charge Q < c/6 (related to CS parameter b)

I Chronology violation?
• CTCs when r0 > 1/

√
µ

• r0 =
b− (µ− 1)

b + (µ− 1)
> 0 for condensation to happen

⇒ Holographic argument for chronology protection!



c) Mechanism of chronology protection: branes condense
UPSHOT: relation to unitarity in dual CFT

Connection to unitarity (NS sector – antiperiodic fermions)
I Unitarity in dual CFT?

• L0, L̄0 > 0→ M + 1 > |J|

XXX
XXX

XXX
Xy

������������9

EQUIVALENT

XX
XXX

XXX
XXX

XXy

������������9

EQUIVALENT

• R-charge Q < c/6 (related to CS parameter b)

I Chronology violation?
• CTCs when r0 > 1/

√
µ

• r0 =
b− (µ− 1)

b + (µ− 1)
> 0 for condensation to happen

⇒ Holographic argument for chronology protection!



c) Mechanism of chronology protection: branes condense
UPSHOT: relation to unitarity in dual CFT

Connection to unitarity (NS sector – antiperiodic fermions)
I Unitarity in dual CFT?

• L0, L̄0 > 0→ M + 1 > |J|

XXX
XXX

XXX
Xy

������������9

EQUIVALENT

XX
XXX

XXX
XXX

XXy

������������9

EQUIVALENT

• R-charge Q < c/6 (related to CS parameter b)

I Chronology violation?
• CTCs when r0 > 1/

√
µ

• r0 =
b− (µ− 1)

b + (µ− 1)
> 0 for condensation to happen

⇒ Holographic argument for chronology protection!



c) Mechanism of chronology protection: branes condense
UPSHOT: relation to unitarity in dual CFT

Connection to unitarity (NS sector – antiperiodic fermions)
I Unitarity in dual CFT?

• L0, L̄0 > 0→ M + 1 > |J|

XXX
XXX

XXX
Xy

������������9

EQUIVALENT

XX
XXX

XXX
XXX

XXy

������������9

EQUIVALENT

• R-charge Q < c/6 (related to CS parameter b)

I Chronology violation?
• CTCs when r0 > 1/

√
µ

• r0 =
b− (µ− 1)

b + (µ− 1)
> 0 for condensation to happen

⇒ Holographic argument for chronology protection!



c) Mechanism of chronology protection: branes condense
UPSHOT: relation to unitarity in dual CFT

Connection to unitarity (NS sector – antiperiodic fermions)
I Unitarity in dual CFT?

• L0, L̄0 > 0→ M + 1 > |J|

XXX
XXX

XXX
Xy

������������9

EQUIVALENT

XX
XXX

XXX
XXX

XXy

������������9

EQUIVALENT

• R-charge Q < c/6 (related to CS parameter b)

I Chronology violation?
• CTCs when r0 > 1/

√
µ

• r0 =
b− (µ− 1)

b + (µ− 1)
> 0 for condensation to happen

⇒ Holographic argument for chronology protection!



c) Mechanism of chronology protection: branes condense
UPSHOT: relation to unitarity in dual CFT

Connection to unitarity (NS sector – antiperiodic fermions)
I Unitarity in dual CFT?

• L0, L̄0 > 0→ M + 1 > |J|

XXX
XXX

XXX
Xy

������������9

EQUIVALENT

XX
XXX

XXX
XXX

XXy

������������9

EQUIVALENT

• R-charge Q < c/6 (related to CS parameter b)

I Chronology violation?
• CTCs when r0 > 1/

√
µ

• r0 =
b− (µ− 1)

b + (µ− 1)
> 0 for condensation to happen

⇒ Holographic argument for chronology protection!



Outline

1. Introduction: Gödel space and CTCs
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Introduction Einstein-Maxwell-Dilaton theories Perspectives

General Relativity is very well tested in the Solar system
(precession of the perihelion of Mercury, deflection of light by
the Sun...) and in strong gravitational fields (Hulse-Taylor
pulsar).
Yet, we are faced with (at least) two great challenges: GR
breaks down at the Planck scale (quantum gravity); the
expansion of the Universe accelerates (cosmological constant
problem).
Tentative answers to these problems: theories of quantum
gravity, extra matter fields or dimensions, modification of
gravity at large (cosmological) distances.
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Introduction Einstein-Maxwell-Dilaton theories Perspectives

Action and Contents of the theory

S4 =

∫
d4x
√
−g

[
R−1

2 (∇φ)2 − 1
4F 2eγφ − 2Λe−δφ

]
To Einstein’s pure gravity, we add electromagnetism and
scalar matter (non-minimally coupled to the Maxwell field).
The dilaton has an exponential (Liouville) potential.

Equations of motion
Einstein equation : Gµν = Tµν (φ,F )

Modified Maxwell equation : 0 = ∂µ
(√
−geγφFµν

)
Dilaton eom : �φ = γ

4 eγφF 2 − 2δΛe−δφ
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Introduction Einstein-Maxwell-Dilaton theories Perspectives

Motivations

SEMD =

∫
d4x
√
−g
[
R − 1

2∂φ
2 − 1

4eγφF 2 − 2Λe−δφ

]
, γ , δ real

Kaluza-Klein reduction: 5D General Relativity + cosmological
constant reduces to SEMD with γ =

√
3 , δ = 1/

√
3 .

In the string frame gS = eφgE , the EMD action with γ = δ = 1
reproduces the equations of motion for the background fields of
low-energy, effective string theory.

Cosmology: for EMD theories coupled to a barotropic fluid, the
late-time attractor solution is either scalar-dominated (Ωφ = 1) or
mimicks the background fluid (scaling solution),[Copeland&al98].
Quintessence solutions.
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Introduction Einstein-Maxwell-Dilaton theories Perspectives

Boundary conditions

No-hair scalar theorems

S =

∫
d4x
√
−g

[
R − 1

2∂φ
2 − V (φ)− 1

4F 2 − 2Λ

]

Modern formulation: Given boundary conditions and Gauss-law
conserved charges, is there a unique black-hole solution?

Asymptotically flat case: For positive potentials, no scalar hair
(also with minimal coupling to Maxwell) [Bekenstein72&95,
Heusler92, Sudarsky95].

Asymptotically (A)dS case: No scalar hair when the scalar field
tends to the global minimum, Λeff = Λ + 1

2V (φ∞), [Sudarsky03].
But several hairy AdS black holes when there is a global
maximum [Maeda&al.02, Martinez et al.02, Hertog&al.04].
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Introduction Einstein-Maxwell-Dilaton theories Perspectives

Boundary conditions

Global properties of EMD theories with Liouville potential

SEMD =

∫
d4x
√
−g
[
R − 1

2∂φ
2 − 1

4eγφF 2 − 2Λe−δφ

]
Flat or (A)dS asymptotics with a non-trivial scalar field?
Λ = 0: Non-trivial charged scalar hair for γ 6= 0 [Gibbons&al.88,
Garfinkle&al.91]. Non-minimal scalar-Maxwell coupling: γ = 0 gives
back the Reissner-Nordström black hole.
Λ 6= 0 , δ = 0: At most one regular, non-degenerate event horizon.
No asymptotically dS (Λ > 0) black hole. AdS asymptotics possible
(Λ < 0): perturbative and numerical results [Wiltshire&al.94].
δ 6= 0: No (A)dS fixed point, the asymptotics are completely
irregular [Wiltshire&al.94,Chan&al.95,Cai&al.97],
[Charmousis,BG&Soda09].
Planar, topological black holes exist, [Cai&al.97],
[Charmousis,BG&Soda09].
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Introduction Einstein-Maxwell-Dilaton theories Perspectives

Analytical resolution

Electromagnetic duality
Two non-trivial cases:

Electric A = A(r)dt (t, r time and radial coordinates)
Magnetic A = ω(z)dϕ (z , φ angular coordinates)

There is a duality between these cases [Charmousis et al.07]:
1 Determine an electric solution for a given (γ, δ)

2 Define a dual potential ω by ∂zω = eγφ
√
−gg rrg tt∂rA

3 Replace A by ω in the equations of motion, then change
γ −→ −γ: the equations are back to their original form.

To sum up
From a particular electric solution for a given (γ, δ) theory, we
easily obtain the dual magnetic solution in the theory (−γ, δ)

From here on, we restrict the analysis to the electric case.
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Introduction Einstein-Maxwell-Dilaton theories Perspectives

Analytical resolution

Reduction of the equations in the planar case

Choose a cylindrically-symmetric, static Ansatz with a planar
two-dimensional subspace. For a well-chosen radial coordinate (p),
the system of equations boils down to a master equation

γ2 + 1
4 Ḃ2+(1−γδ)(pḂ−B) = B̈

[
3− δ2

2 p2 − hp − (γ + δ)2h2
2(γ2 + 1)

− (1− γδ)B
]

B = q/2
∫

A dp is related to the integral of the gauge field:
B → B + b1p + b0 is a gauge symmetry.

h, q are integration constants ∼ mass, electric charge.

Once B is found, we have a complete solution (gµν ,Aµ, φ).

The cases γδ = 1 and γ = δ, h = 0 are integrable.

Otherwise, for arbitrary (γ, δ), look for polynomial solutions.
Linear: neutral solution. Quadratic: charged solution.
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Analytical resolution

Nature of planar solutions: cosmological singularity or black hole?

Cosmological
  Solution

Black
Hole

-4 -2 2 4 Γ

1

2

3

4

∆
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Analytical resolution

Relation between the solutions

γδ = 1: “Dilatonic”
Two singularities

Inner horizon singular
One event horizon

Extremal: naked sing.
Ah(r+ = r−) = 0

?Full γ, δ solution?

γ, δ: Near-extremal
One singularity

One event horizon
Extremal: naked sing.

Ah(r+ = r−) = 0

γ = δ: “RN“
One singularity

Two Killing horizons
Extremal: black hole

Ah(r+ = r−) 6= 0

Near-Extremal Limit
r+ ∼ r−

r = r+(1 + ε), ε << 1

1 =
γδ

NELγδ = 1

γ =
δ

NE
L

γ
=
δ

NEL
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Analytical resolution

An explicit example: the general γδ = 1 solution

ds2 = −V (r)e
φ
δ

dt2

r 2 + eδφ dr 2

V (r)
+ R2(r)dR2

R(r) = r

[
1−

r 3−δ
2

−

r 3−δ2

] (δ2−1)2

(1+δ2)(3−δ2)

, V (r) = r 2 −
r 3−δ

2

− + r 3−δ
2

+

r 1−δ2
+

(r+r−)3−δ
2

r 4−2δ2

eφ = r 2δ
[
1−

r 3−δ
2

−

r 3−δ2

] 4δ(δ2−1)

(1+δ2)(3−δ2)

, A = A∞ −
2δ√
1 + δ2

( r+r−
r 2
) 3−δ2

2

2 singularities (r = 0, r = r−), 1 event horizon (r = r+) if δ2 < 3 (else,
cosmological singularity); extremal limit r+ = r− ⇒ naked singularity.
Zero ‘horizon’ area in the extremal limit.
Asymptotically: ds2∞ = r 2(−dt2 + dR2) + r 2δ

2−2dr 2 , eφ∞ = r 2δ.
The rolling scalar explicitly breaks the AdS symmetry group
(recovered for δ = 0, flat potential).
Both scalar and metric backreact on each other.
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Holographic interpretation

AdS/CFT and holography

Duality between the strong-coupling regime of gauge
theories (N = 4 super Yang-Mills) and the weak-coupling
regime of gravity (D = 10 supergravity from Type IIb
String Theory on AdS5 × S5), [Maldacena98].
Gravity on AdS5 × S5: conformal boundary (CFT).
Confinement/Deconfinement phase transition in the
boundary gauge theory corresponds to a first-order
Hawking-Page phase transition in the bulk gravitational
theory. Destroyed in the planar limit, but can be restored
by introducing a relevant deformation in the boundary
CFT: bulk scalar, [Gursoy,Nitti,Kiritsis&al.].
Ultimate goal: QCD in strongly-coupled regime. Yet,
QCD is not conformal! One must break conformal
invariance by introducing relevant operators: scalars.
Einstein-Maxwell-Dilaton theories are consistent
truncations of effective String Theory at low energy:
Effective Holographic Theories interpretation.
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Holographic interpretation

Holographic interpretation of EMD theories

Phase space analysis: the extremal black hole is the IR stable fixed point;
the neutral dilatonic background is the stable UV (boundary) fixed point.
The black hole solutions interpolate between the two.
In the UV: irregular boundary conditions, V (φ) = 2Λe−δφ −→

r→∞
0.

Recovery of asymptotically AdS boundary conditions: UV-completion of
the potential

Ṽ (φ) = 2ΛUV + 2ΛIRe−δφ −→
r→∞

2ΛUV

Numerical confirmations: flat potential, δ = 0, [Goldstein et al.10];
generic δ, [Perlmutter10].
Conclusion: the EMD black holes describe the IR geometry, far from the
boundary, where the Liouville exponential potential dominates.
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Thermodynamics

The black-hole mechanics-thermodynamics correspondence

Laws of black-hole mechanics [Bardeen
et al.73]

Zeroth law: the surface gravity
κH is constant on the horizon.
First law:

dM =
κH
2π~d

(~AH

4

)
+ ΦHdQ .

[Smarr73,Bekenstein73]

Second law:

δAH ≥ 0 [Hawking72].

The area of the black-hole
horizon can only grow.
Third law: One cannot lower the
surface gravity to zero by a
physical process.

Laws of thermodynamics

Zeroth law: the temperature is
constant and uniform at
equilibrium.
First law:

dU = TdS + ΦdQ .

Second law:

δS ≥ 0 .

The entropy of a system can only
grow.
Third law: One cannot cool a
system to absolute zero
temperature by a physical
process.
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Thermodynamics

Charged AdS black holes
Temperature T vs Horizon radius r+ and Free energy F vs Temperature T

Reissner-Nordström

Schwarzschild-AdS

Planar Schwarzschild-AdS

Reissner-Nordström-AdS

0.5 1.0 1.5 2.0 r+

1

2

3

4

T

Reissner-Nordström

Schwarzschild-AdS

Planar Schwarzschild-AdS

Reissner-Nordström-AdS

0.5 1.0 1.5 2.0 T

-0.2

-0.1

0.1

0.2

0.3

0.4

0.5

F

T = (−Λ)r+ +
κ

r+
− Q2

r3+
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Thermodynamics

γδ = 1 EMD black hole: Free energy F vs Temperature T

Upper Range

Middle Range

Lower Range

Ph

LBH

SBH

0.5 1.0 1.5 2.0 2.5 3.0 T

-1.5

-1.0

-0.5

0.5

1.0

1.5

2.0

F Three ranges depending on δ.

Lower Range : ∼ Planar
Schwarzschild-AdS, stable.
Middle Range: ∼ Reissner-
Nordström. Small black holes
stable, large ones unstable.
0th-order phase transition.
Upper Range: ∼ Schwarzschild,
unstable black holes.
Generically: the scalar field “eats
up” degrees of freedom.
No Hawking-Page phase
transition. Recovered with
AdS-completion and introduction
of an independent UV-scale.
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Conclusions

Einstein-Maxwell-Dilaton theories are interesting from the point of
view of higher-dimensional gravity (Kaluza-Klein reduction, low
energy effective String Theory).
Supplied with a Liouville potential, their integrability is spoiled,
except for certain relations between the couplings. In the planar
case, a master equation is provided, which allows to classify the
solutions.
Their asymptotics are generically irregular, neither flat nor (A)dS.
However, they can be interpreted holographically as a good
approximation of the IR geometry, provided they can be
AdS-completed.
The black holes then interpolate between two generic extremal
fixed points, one charged (IR) and one neutral (UV).
No first-order phase transition, but an AdS-completion should
remedy that.
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Perspectives

Theoretical

Dyonic solutions to EMD theories.
EMD theories with a non-trivial
coupling between Gauss-Bonnet
and dilaton.

Applications

EHTs with bulk gauge field:
baryon number conservation on
the boundary.
Condensed Matter systems
(strange metals).

Bibliography:
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Charmousis, BG and J. Soda, Phys.Rev.D80, 2009, arXiv:0905.3337.
Effective Holographic Theories for low-temperature condensed matter
systems, C. Charmousis, BG, B. S. Kim, E. Kiritsis, Rene Meyer,
accepted in JHEP, arXiv:1005.4690.
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More on analytical resolution

Choice of metric Ansatz for planar EMD solutions

Start from a static, cylindrical Ansatz:

ds2 = −e2Ut(r)dt2 + e2Uϕ(r)dϕ2 + e2V (r)
(
dr2 + dz2

)
Then, set

α = eUt+Uϕ , Ût,ϕ = Ut,ϕ −
1
2 lnα , χ = V +

1
4 lnα

The hatted potential Ui verify

Ût + Ûϕ = 0 =⇒ Û = Ût = −Ûϕ

The metric Ansatz becomes:

ds2 = −αe2Ûdt2 + αe−2Ûdϕ2 + e2χα−
1
2
(
dr2 + dz2

)
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More on analytical resolution

Choice of coordinates for planar EMD solutions

The equation of motion are coupled, non-linear. α verifies a
harmonic equation:

α′′ = −2Λ
√
αe2χ−δφ

This can be simplified if we use as coordinate
p = α′

and set
X (p) =

p dp
lnα

The harmonic equation becomes:

X (p) = −2Λ
√
α

3
2 e2χ−δφ

0th-order equation: simpler!
Λ 6= 0 criterion: X (p) 6= 0
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Classes of solutions

γ = δ “Reissner-Noström” solution

ds2 = −V (r)dt2 + eδφ dr 2

V (r)
+ r 2dR2

V (r) = r 2 − 2m
r 1−δ2

+
q2

(1 + δ2)r 2

eφ = r 2δ , A = Φ− q
(1 + δ2)r 1+δ2

1 singularity (r = 0), 2 event horizons (V (r±) = 0) if δ2 < 3

δ = 0: Reduces to planar Reissner-Noström-AdS

Asymptotically: ds2∞ = r2(−dt2 + dR2) + r2δ2−2dr2 , eφ∞ = r2δ.
The rolling scalar explicitly breaks the AdS symmetry group, which
is recovered for δ = 0 (flat potential).

The scalar is a scaling power, but backreacts strongly on the metric.
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Classes of solutions

Arbitrary γ, δ near-extremal solution

ds2 = −V (p)eγφdt2 + eδφ dp2

w(−Λ)V (p)
+ e(δ−γ)φ/2dR2

V (p) = p(p − 2m)

eφ = p
−4(γ−δ)

3γ2−δ2−2γδ+4 , A = Φ + 2
√
−v
wu p

u = γ2 − γδ + 2 , v = δ2 − γδ − 2 , wu = 3γ2 − δ2 − 2γδ + 4

1 singularity (p = 0), 1 event horizon (p = 2m) if u > 0 , v < 0 , w > 0
(else, naked cosmological singularity); the extremal limit m = 0 is
singular.
The γδ = 1 and γ = δ limits are identical to the near-extremal limits of
the full γδ = 1 and γ = δ solutions (r+ ∼ r− and r ∼ r−(1+ p), p << 1).
The asymptotics are completely irregular; the extremal limit is not
AdS2 × R2 as for Reissner-Nordström (except for γ = δ = 0): dilatonic
backreaction.
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Holography

Holographic interpretation of EMD theories

AdS asymptotics? Interpolation between UV (boundary) and IR
(“r <<∞”) geometry? Are our EMD solutions (γδ = 1 , γ = δ ,
arbitrary γ , δ) AdS-completable?
[Wiltshire et al.94]: AdS solution in the UV ⇒ V (φ) −→

r→∞
constant

Not the case for the Liouville potential. Conjecture: if V (φ) −→
r→∞

0, then

Ṽ (φ) = 2ΛUV + 2ΛIRe−δφ

γδ = 1, γ = δ:

eφ ∼
UV

r 2δ ⇒ V (φ) ∼
UV

r−2δ
2
−→
r→∞

0 X

Arbitrary (γ, δ):

eφ = r−(γ−δ) ⇒ V (φ) = rδ(γ−δ) −→
r→∞

0 ?

Can this solution be trusted in the UV? Near-extremal: valid only in the
deep IR: phase space analysis.
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Holography

Phase space analysis of the EMD solutions

Two fixed points (FP) of zero spatial curvature: the neutral extremal
solution and the charged extremal solution, [Wiltshire et al.94,
Charmousis et al.10].
The full γδ = 1 and γ = δ solutions interpolate between the charged FP
in the IR and the neutral FP in the UV: AdS-completable.
The neutral FP is unstable to linear perturbations in the IR, but stable in
the UV.
The charged FP is stable to linear perturbations in the IR, unstable in the
UV (with one initial condition tuned).
This suggests that arbitrary (γ, δ) solutions interpolate between the
charged FP in the IR and the neutral FP in the UV, and so can be
AdS-completed.
Numerical confirmations: flat potential, δ = 0, [Goldstein et al.10];
generic δ, [Perlmutter10].
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Holography

Holographic validity: Gubser bound

A naked singularity is physical if the scalar on-shell potential is bounded
above.

(It admits a finite temperature generalisation, masking the IR physics).
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4

Γ

∆

p = 3

Same constraints as the cosmological/black-hole solution separation!
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Holography

Holographic validity: Spin-1 fluctuations

A naked singularity is physical if it is repulsive to spin-1 fluctuations.
(No non-trivial IR physics unpredictable from UV boundary data)
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4
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p = 3

No constraints on the (γ, δ) plane from spin-1 fluctuations. However, the
green region has no overlap with the Gubser constraints.
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Holography

Holographic validity: Spin-2 fluctuations

A naked singularity is physical if it is repulsive to spin-2 fluctuations.
(No non-trivial IR physics unpredictable from UV boundary data)
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4
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p = 3

Same constraints as the thermal stability (global and local)!
Overall, the overall valid region is the overlap between the blue (Gubser)

and yellow (spin-2) regions.
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Condensed Matter Systems applications

Effective Holographic Theories for low-temperature Condensed Matter Systems

-4 -2 0 2 4
0.0

0.5

1.0

1.5

2.0
Γ �

Contour levels of the scaling
exponent n in the (γ , δ) plane

Yellow region: unstable.
Lighter regions: higher
scaling exponent.

New trend in the holographic community:
models exhibiting behaviours qualitatively
similar to strongly-coupled Condensed
Matter Systems (superconducting phase
transition, strange metals).
Out of equilibrium thermodynamics:
computation of transport coefficients
(AC/DC conductivities).
Stable region: σx ∼ ωn , n > 0 (Strange
metals: n < 0). The spectrum is
continuous without a mass gap and the
system is conducting.
Instances of linear scaling of the
resistivity with the temperature at low
temperatures.
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Condensed Matter Systems applications

AC conductivity calculation [Hartnoll&al.08, Horowitz&Roberts09, Goldstein&al.09]

AC conductivity, σ = Jx/Ex

Transverse, time-dependent perturbations Ax , gtx around the charged fixed point
reduce to a Schrödinger equation

−Ψ′′(z) + V (z)Ψ(z) = ω2Ψ(z) , UV:z → 0 , IR:z → −∞

Ax ∼
UV

A0
x + A1

x z + o(z2)⇒ σx = − iA1
x

ωA0
x

Scattering of ingoing plane waves off the Schrödinger potential:

Ax ∼
z→0

e−iωz +Reiωz ⇒ σ(ω) =
1−R(ω)

1 +R(ω)
−

i
2ω

Ż
Z

∣∣∣∣
b

,
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• Simplest implementation: single field with very flat potential.
Its predictions perfectly match the observations.

Cosmological inflation
• A period of accelerated expansion before the radiation era 
that solves the problems of the Hot Big-Bang model and 
creates the seeds of the large scale structure of the universe.

• nearly scale invariant
• Gaussian

Primordial 
curvature perturbation

• Primordial fluctuations adiabatic



• Simplest models surprisingly difficult to embed in high-energy
physics models (eta-problem).

• Many high energy physics models involve several scalar
fields. If several scalar fields are light enough during inflation

              multifield inflation, changes a lot the predictions !

• D-brane action: non-standard kinetic terms.

• Alternatives: curvaton, ekpyrotic…

• They are all almost degenerate at the linear level.

More?

(cook up a model that matches two numbers…)
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physics models (eta-problem)

• Many high energy physics models involve several scalar
fields. If several scalar fields are light enough during inflation

              multi-field inflation, changes a lot the predictions !

• D-brane action: non-standard kinetic terms.

• Alternatives: curvaton, ekpyrotic…
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NON GAUSSIANITIES



Non-Gaussianities

• Gaussian theory: freely propagating particles

• Non-Gaussianities measure the interactions of the field(s)
driving inflation

Particle physics Cosmology

Colliders Non-Gaussianities



Non-Gaussianities

3-point function, the bispectrum

Beyond the power spectrum: 
higher-order, connected, 
n-point functions.

Connected 4-point function of zeta, the trispectrum

k1

k2 k3



The Bispectrum

• Amplitude
A useful guidance: local-type non-Gaussianities

 Current constraints
 Planck accuracy
 Slow-roll single field
 
• Scale-dependence (growing or shrinking on small scales?)

• Sign (more or less cold spots?)

• Shape (largest for which triangles?)

Each feature can rule out
large classes of models

k1

k2 k3

Babich et al (04)
Fergusson & Shellard (08)



Equilateral

Non standard
kinetic terms

Various shapes

Non Bunch-Davies 
vacuum

Periodic
background

evolution

Local

Resonant

Multiple
fields

Flattened
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The single field consistency relation
• In every single field model, irrespective of kinetic terms, 
potential, vacuum, slow roll …:
 

with

• Given that

• If                         is robustly detected, 
all single field models would be ruled out!

• Current constraints:

Maldacena (03), Creminelli &
Zaldarriaga (04)

WMAP 7th year (2010)



Understanding the theorem (1)
• In the squeezed limit, one correlates one very long wavelength
mode with two shorter wavelength modes

• Question: why               should care about              ?

• The theorem says it does not care if  
         is exactly scale-invariant.



Understanding the theorem (2)
• A very long wavelength mode acts as a local rescaling
 of the spatial coordinates (equivalently, of the scale factor)

• A conformal rescaling of the spatial coordinates can not 
change the amplitude of the small-scale perturbation if 
          is scale invariant. 



Outline

I : Motivations

II : The theorem and its implications

III : The original proof

IV : … and its weaknesses

V : Recent results



A formal proof Creminelli & Zaldarriaga (04)
Cheung et al (08)
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Some concern
• Loop corrections

• Finite                   corrections: 
real triangles are not infinitely squeezed 

• The proof uses only classical arguments whereas correlation
functions are calculated in a quantum set-up:

we assumed that the effect of of the long-wavelength mode is
a constant background rescaling, i.e. we assume there is no 
interaction when all modes are within the horizon.

Chen (2010)



Cosmological correlations from quantum
field theory and primordial non-Gaussianities

• Keldysh-Schwinger formalism Schwinger (61), Keldysh (64),
Weinberg (05)

Interaction Hamiltonian

• Requires integrals over time:
The oscillations of the mode functions inside the horizon are 
usually destructive, but not always: models with a step, periodic
background evolution …
• One expects the theorem to be satisfied for
                                         where k* is any characteristic scale.
 

I = interaction picture. 
• All fields are free Gaussian fields

Example: Flauger & Pajer (2010)
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Recent results (1)
• In a quantum framework, exact (tree level) expression of the 
squeezed bispectrum (in terms of integrals of the free mode
functions) for standard single field inflation.

• Generalization to k-inflation, based on the most general 
Lorentz-invariant single field Lagrangian:

Ganc & Komatsu (2010)

with
Renaux-Petel (2010)

• Standard kinetic term:

• Non trivial example: DBI



Recent results (2)
Explicit verification:

• for an exactly solvable class of models with a non-trivial 
speed of sound.

• at first non trivial order in a slow-varying approximation in
K-inflation (a known result)

• at second order in a slow-varying approximation in standard 
single field inflation.

Chen et al (2006)
Cheung et al (2007)



Back to home message

•  Non-Gaussianities: key-discriminant amongst early
universe scenarios.

•  A convincing detection of a bispectrum signal in the
squeezed limit (from primordial origin) would rule out all
single field models of inflation!

• Checked by explicit calculations and different types of
methods Seery & Lidsey (05), Chen et al (06), Cheung et al

(07), Ganc & Komatsu (10), Renaux-Petel (10)
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Introduction and Motivation

Evolution of the Universe

Science
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Vorticity in Classical Fluid Dynamics

Vorticity in a Turbulent Fluid

Figure 1: 3D rendering of regions of strong vorticity in a 20483 hydrodynamic simulation. From

left to right and top to bottom, succesive zooms into the structures are shown. Note the small scale

vortex filaments, and the development of clusters of vortex tubes at intemediate scales. Velocity

field lines are shown in red as a reference in the last zoom (right).

scale shear [1], the presence of long-time correlations in the small scales (compared with the eddy

turnover time), slower than expected recovery of isotropy, and intermittency (which in turn implies

corrections to the energy spectrum).

Recently [2], we performed a hydrodynamic simulation on a grid of 20483 regularly spaced points,

with a Taylor Reynolds number of R! ! 1300 (Fig. ). At this Reynolds number the anisotropic large

scale flow pattern, the inertial range, the bottleneck, and the dissipative range are clearly visible,

thus providing a good test case for the study of turbulence as it appears in nature. A comparison

with runs at lower Reynolds numbers was performed, and showed the emergence of scaling laws for

the relative amplitude of local and non-local interactions in spectral space.

The data allowed for a refined analysis of the behavior and structure of turbulent flows as the

Reynolds number is increased. We have in particular showed that: (i) the bottleneck (the pile up

of energy close to the dissipation scale) is linked to the depletion of nonlinearities as we approach

this scale; and (ii) convergence to the asymptotic turbulence regime appears to be very slow: even

though the nonlocal interactions do diminish with Reynolds number, they are still measurable at

2

Mininni (2009)
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Vorticity in Classical Fluid Dynamics

Classical Vorticity

Evolution (Euler equation):

∂v

∂t
+ (v ·∇)v = −1

ρ
∇P

Classically vorticity defined as ω ≡∇× v

Vorticity evolution is then

∂ω

∂t
= ∇× (v × ω)+

1
ρ2

∇ρ×∇P

‘Source term’ 1
ρ2

∇ρ×∇P is zero if ∇P and ∇ρ are parallel

Adam J. Christopherson (QMUL) Vorticity Generation in the Early Universe SCGSC10, 5 Nov 2010 5 / 25



Vorticity in Classical Fluid Dynamics

Classical Vorticity

Barotropic fluid: P ≡ P (ρ); evolution equation is

Dω

Dt
≡ ∂ω

∂t
+ (v ·∇)w = (ω ·∇)v − ω(∇ · v)

Allowing for general equation of state P ≡ P (ρ, S), gives non-zero
source term:

Dω

Dt
= (ω ·∇)v − ω(∇ · v)+

1
ρ2

∇ρ×∇P

The inclusion of entropy provides a source for vorticity (Crocco’s theorem).

Crocco (1937)

Adam J. Christopherson (QMUL) Vorticity Generation in the Early Universe SCGSC10, 5 Nov 2010 6 / 25



Cosmological Perturbation Theory

Describing Dynamics of the Universe

On large scales, universe appears to be very homogeneous and
isotropic

However, this is an approximation: there exists structure (clusters,
galaxies, stars, etc...), and CMB anisotropies

General dynamics of the universe governed by General Relativity

How to proceed?
I Fully inhomogenous solution to field equations (extremely difficult in

principle; impossible in practice?)
I Make an approximation and expand around homogeneous solution:

Cosmological Perturbation Theory.

Adam J. Christopherson (QMUL) Vorticity Generation in the Early Universe SCGSC10, 5 Nov 2010 7 / 25



Cosmological Perturbation Theory

Cosmological Perturbation Theory

Basic premise: expand around exact homogeneous background solution

Geometry:
gµν = g(0)

µν + δgµν

where g
(0)
µν is Friedmann-Robertson-Walker spacetime

Matter:
ρ(xi, η) = ρ0(η) + δρ(xi, η)

Perturbations are then expanded order-by-order in a series as

δρ = δρ1 +
1
2
δρ2 + · · ·

Adam J. Christopherson (QMUL) Vorticity Generation in the Early Universe SCGSC10, 5 Nov 2010 8 / 25



Cosmological Perturbation Theory

Cosmological Perturbation Theory

Linear, or first order theory, has been used extensively to

Model the large scale structure of the universe

Calculate the distribution of anisotropies in the CMB

Recently, focus has turned to higher order theory

New phenomena arise at higher orders, different to those at linear
order

Higher orders produce new observable signatures

The data sets are now much improved in their quality and quantity
and require higher order theory to extract maximum data.

Adam J. Christopherson (QMUL) Vorticity Generation in the Early Universe SCGSC10, 5 Nov 2010 9 / 25



Cosmological Perturbation Theory

Perturbed Metric Tensor

The most general linear order scalar, vector and tensor perturbations to
FRW are then

ds2 = a2(η)
[
− (1 + 2φ)dη2 + 2(B,i − Si)dxidη
+ {(1− 2ψ)δij + 2E,ij + 2F (i,j) + hij)}dxidxj

]
Bardeen (1980), Kodama and Sasaki (1984), Stewart (1990)

Scalars: φ lapse, ψ curvature perturbation, E and B shear

Vectors, Si and Fi, are divergence-free

Tensor hij is traceless and divergence-free

At linear order, scalars, vectors and tensors decouple, at second order, this
is no longer the case.
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Cosmological Perturbation Theory

Covariance

Potential problem:

Splitting of spacetime into a background and a perturbation
introduces spurious gauge, or coordinate, dependence

where we note that we could not have done the subtraction if we had not pulled T! back to M0. In an alternative
notation, commonly used in the literature, we include the ! with the T and write

T = T0 + "T , (2.5)

where

"T = T1 +
1
2
T2 +

1
3!

T3 + . . . , (2.6)

with Tn = !n (£n
XT )0.

In Ref. [4] the approach is as follows. On a single space-time manifoldM with coordinates xµ define a background
model by assigning to all geometric fields Q a fixed background value (0)Q, which is not itself a geometric quantity,
at each point on the manifold. While the fields Q may transform as scalar, vector or tensor fields we require that the
(0)Q be fixed functions of the coordinates. Under a coordinates transformation the (0)Q will have the same functional
dependence on the new coordinates as they had on the old ones. A perturbation is then given by

"Q = Q! (0)Q . (2.7)

To relate the two approaches we can think of the (0)Q quantity playing the role of a quantity defined on M0

in the Stewart description and the coordinate change corresponding to a change of coordinates on M!. But it is
important to note that the approach of Ref. [4] only one manifold is necessary. The Stewart approach [3] avoids the
need for the quantity (0)Q, which is not covariant and gives a simple diagrammatic representation at the price of
having to introduce the abstract 5-dimensional manifold N . However, note that it is the split into a background and
a perturbation which in general is not covariant. This split is common to both approaches and it gives rise to the
gauge dependence.

B. Gauge Transformations

Gauge is arguably the most over-used word in mathematics and physics. Sometimes the meanings are related but
often they are not and it is a waste of time trying to relate them. To avoid confusion we recommend that the word
“gauge” as used here is interpreted as defined and not related to other uses of the word. The choice of correspondence
between points onM0 with those onM! or, equivalently, the choice of a vector field X is a gauge choice. The vector
field X is called the generator of the gauge.

Let us now turn to defining gauge dependence in a clearer way. Consider a point p in M0 and the generators X
and Y corresponding to two di!erent gauge choices (see Fig. 2). The choice X will identify point p on M0 with a
point q onM! and will assign to q the same xµ coordinates as at point p. On the other hand the gauge choice Y will
identify p with a di!erent point u onM! assigning in its turn the coordinates of p to u. Clearly the choice of gauge
induces a coordinate change (a gauge transformation) onM!. This interpretation is called the passive view Ref. [4, 8].

xµ

XA

M0 M!

Y A

q

up

N M0 M!

up

q

XA

Y A

N

FIG. 2: On the left panel, the passive view : The point p on the manifoldM0 is mapped to two di!erent points q and u onM!

depending on the choice of gauge, corresponding to the choice of vector field, we make. On the right panel, the active view :
the points p and q on M0 both map to the point u on M!. Again the choice of gauge determines the mapping. The vector
fields generate the gauge choice. A change in gauge from XA to Y A produces a gauge transformation.

Malik and Matravers (2008)

GR is covariant and so these gauge modes are not physical

We can remove these gauge dependencies by constructing gauge invariant
variables such that the gauge artefacts cancel.
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Cosmological Perturbation Theory

Uniform Curvature Gauge

Alternatively, we can fix the gauge freedoms in the metric rendering
all other variables gauge invariant.

Choose uniform curvature gauge:
I E = 0 = ψ1 fixes the scalar gauge freedom
I Fi = 0 fixes the vector freedom
I

ds2 = a2(η)
[
− (1 + 2φ)dη2 + 2(B,i − Si)dxidη

+ {(1− 2��SSψ)δij + 2�@E,ij + 2�@F (i,j) + hij)}dxidxj
]

Metric (ignoring tensor perturbations)

ds2 = a2(η)
[
− (1 + 2φ)dη2 + 2Bidxidη + δijdx

idxj
]
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Cosmological Perturbation Theory

Evolution Equations

Energy momentum tensor Tµν = (ρ+ P )uµuν + Pδµν , where

uµ =
1
a

(
1− φ1, v

i
1

)
Evolution equations come from conservation of energy-momentum:

∇µTµν = 0
I

δρ1
′ + 3H(δρ1 + δP1) + (ρ0 + P0)v1i,

i

I

V ′1i +H(1− 3c2s )V1i +
[

δP1

ρ0 + P0
+ φ1

]
,i

= 0

with V i
1 ≡ vi1 +Bi

1
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Cosmological Perturbation Theory

Constraint Equations

Constraint equations come from the Einstein field equations

Gµν = 8πGTµν :

I

3H2φ1 +H∇2B1 = −4πGa2δρ1

I

1
4
(∇2B1i −Bk

1 ,ki) +Hφ1,i = −4πGa2(ρ0 + P0)V1i

And similarly at second order . . .
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Cosmological Perturbation Theory

Evolution Equations

e.g. second order energy conservation

δρ2
′ + 3H(δρ2 + δP2) + (ρ0 + P0)v2k,k + 2

[
(δρ1 + δP1)vk1

]
,k

+ 2(ρ0 + P0)
[
(V k

1 + vk1 )V ′1k + vk1 ,kφ1 + 2vk1φ1,k + 4Hvk1 (V1k + v1k)
]

= 0

and momentum conservation[
(ρ0 + P0)V2i

]′
+ (ρ0 + P0)(φ2,i + 4HV2i) + δP2,i + 2

[
(δρ1 + δP1)V1i

]′
+ 2(δρ1 + δP1)(φ1,i + 4HV1i)− 2(ρ0 + P0)′(B1i + V1i)φ1

+ 2(ρ0 + P0)
[
V1iv

j
1,j −B1i(φ1

′ + 8Hφ1) + vj1(V1i,j −B1j,i)

− φ1(V ′1i +B′1i + 2φ1,i + 4Hv1i)
]

= 0

e.g. AJC and Malik (2009)
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Cosmological Perturbation Theory

Non-adiabatic Pressure Perturbation

For a barotropic fluid, equation of state P ≡ P (ρ), can write

δP1 ≡ ∂P

∂ρ
δρ1 = c2sδρ1

But, for general fluid allowing for entropy, P ≡ P (ρ, S):

δP1 =
∂P

∂S
δS1 +

∂P

∂ρ
δρ1

= c2sδρ1 + δPnad1

Where we have defined the non-adiabatic pressure perturbation

δPnad1 ≡
∂P

∂S

∣∣∣
ρ
δS1

e.g. AJC and Malik (2008)
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Vorticity in Cosmology

Vorticity in Cosmology

Define the vorticity tensor as

ωµν = PµαPνβu[α;β]

P is a projection tensor into fluid rest space:

Pµν = gµν + uµuν

At first order
uµ = a

[
− (1 + φ1), V1i

]
so,

ω1ij = aV1[i,j]
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Vorticity in Cosmology

Vorticity Evolution: First Order

First order vorticity evolves as

ω′1ij − 3Hc2sω1ij = 0

Kodama and Sasaki (1984)

Reproduces well known result that, in radiation domination,

|ω1ijω1
ij | ∝ a−2

In absence of anisotropic stress, no source term: ω1ij = 0 is a solution
to the evolution equation.
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Vorticity in Cosmology

Vorticity at Second Order

Fluid four velocity is, to second order,

uµ = −1
2
a
[
2(1 + φ1) + φ2 − φ2

1 + v1kv1
k,−2V1i − V2i + 2φ1B1i

]

And so the second order vorticity is

ω2ij = aV2[i,j] + 2a
[
V ′1[iV1j] + φ1,[i(V1 +B1)j] − φ1B1[i,j]

]
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Vorticity in Cosmology

Vorticity Evolution: Second Order

Second order vorticity evolves as

ω′2ij − 3Hc2sω2ij =
2a

ρ0 + P0

{
3HV1[iδPnad1,j] +

δρ1,[jδPnad1,i]

ρ0 + P0

}
assuming zero first order vorticity, ω1ij = 0
For vanishing non-adiabatic pressure, second order vorticity decays
like first order vorticity Lu, Ananda, Clarkson and Maartens (2009)

Including entropy, P ≡ P (ρ, S), gives a non-zero source term
AJC, Malik and Matravers (2009)

This generalises Crocco’s theorem to a cosmological framework.

Adam J. Christopherson (QMUL) Vorticity Generation in the Early Universe SCGSC10, 5 Nov 2010 20 / 25
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Vorticity in Cosmology

‘Estimating’ the Power Spectrum

Working radiation era, evolution equation is

ω′2ij −Hω2ij =
9a
8ρ2

0

δρ1,[jδPnad1,i] ≡ Sij

Define power spectrum in the usual way:

〈ω∗2(k1, η)ω2(k2, η)〉 =
2π
k3
δ(k1 − k2)Pω(k, η)

For the inputs:
I Can solve linear equation for δρ1; leading order for small (kη):

δρ1(k, η) = A

(
k

k0

)(
η

η0

)−4

I ‘Ansatz’ for non-adiabatic pressure:

δPnad1(k, η) = D

(
k

k0

)2(
η

η0

)−5
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Vorticity in Cosmology

Solution

These give the spectrum

Pω
Mpc4

∼ 0.87×10−2

(
k

k0

)7

+3.73×10−11

(
k

k0

)9

−7.71×10−20

(
k

k0

)11

5 10 15 20 25
k/k0

0

1x107

2x107

3x107

4x107

5x107

Pω

AJC, Malik and Matravers (2010)
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Summary & Conclusions

Observational Signatures

CMB radiation is polarised:

6

observations (together with other cosmological probes
like supernova distances) have revealed a universe filled
with atoms (4%), dark matter (23%) and dark energy
(73%).

3.2. Polarization Anisotropy

Polarization from Thomson scattering
The CMB is not only characterized by temperature

fluctuations, but also by polarized anisotropies30,31. The
cross-section for Thomson scattering of photons by elec-
trons depends on the polarization states of the incoming
and outgoing radiation. If a free electron “sees” an in-
cident radiation pattern that is isotropic, then the out-
going radiation remains unpolarized because orthogonal
polarization states cancel out. However, if the incoming
radiation field has a quadrupolar anisotropy, a net linear
polarization is generated (see Fig. 5). Since quadrupo-

Quadrupole
Anisotropy

Thomson 
Scattering

e–

Linear 
Polarization

COLD

HOT

FIG. 5: Thomson scattering of radiation with a quadrupole
anisotropy generates linear polarization. Red colors (thick
lines) represent hot and blue colors (thin lines) cold
radiation32.

lar temperature anisotropy is generated at last-scattering
when the tight-coupling approximation breaks down, lin-
ear polarization results from the relative velocities of
electrons and photons on scales smaller than the pho-
ton di!usion length-scale. Since both the velocity field
and the temperature anisotropies are created by den-
sity fluctuations, a component of the polarization should
be correlated with the temperature anisotropy. An im-
portant corollary to this argument is that no additional
polarization anisotropy is generated after last-scattering,
since there are no free electrons to scatter the CMB pho-
tons (i.e. there is no equivalent of the Sachs-Wolfe e!ect
for polarization). However, when the first generation of
stars forms, their UV light reionizes the universe; free
electrons scatter CMB photons, introducing some opti-
cal depth and uniformly suppressing the power spectrum
of the temperature fluctuations by ! 30%. Further-

more, the free electrons see the local CMB quadrupole
at the redshift of star-formation and polarize the CMB
at large scales where no other mechanism of polarization
operates33. The CMB polarization anisotropy is small –
in the standard picture of the thermal history, it is only a
few percent of the temperature anisotropy. Consequently
it is much harder to measure than the former.

B-modes and gravitational waves
For the purpose of this review, a crucial feature of the

CMB polarization anisotropy is its potential to reveal
the signature of primordial gravitational waves34,35. The
CMB temperature anisotropy, being a scalar quantity,
cannot di!erentiate between contributions from density
perturbations (a scalar quantity) and gravitational waves
(a tensor quantity). However, polarization has “handed-
ness”, and thus can discriminate between the two. For
this purpose it is useful to decompose the polarization
anisotropy into two orthogonal modes (see Fig. 6):

i) E-mode: a curl-free mode (giving polarization vec-
tors that are radial around cold spots and tangen-
tial around hot spots on the sky) is generated by
both density and gravitational wave perturbations;

ii) B-mode: a divergence-free mode (giving polariza-
tion vectors with vorticity around any point on the
sky) can only be produced by gravitational waves.

E < 0 E > 0

B < 0 B > 0

FIG. 6: Examples of E-mode and B-mode patterns of polar-
ization. Note that if reflected across a line going through the
center the E-patterns are unchanged, while the positive and
negative B-patterns get interchanged.

The primordial B-mode anisotropy is at least an or-
der of magnitude smaller than the E-mode polarization.
This, combined with the di"culty of separating primor-
dial B-modes from B-modes created by astrophysical
foregrounds like polarized dust in our galaxy, makes the
measurement of a primordial gravitational wave contri-
bution a great challenge – the “holy grail” of CMB mea-
surements.

At linear order, B mode polarisation is produced only by tensor
perturbations

I scalar perturbations only produce E mode polarisation
I vectors produce B mode polarisation, but decay with the expansion of

the universe.

Adam J. Christopherson (QMUL) Vorticity Generation in the Early Universe SCGSC10, 5 Nov 2010 23 / 25



Summary & Conclusions

Observational Signatures

At second order, vector perturbations produced by first order density
and entropy perturbations will produce B mode polarisation

I Important: vorticity “generates stronger B-polarisation than tensor
modes with the same amplitude”

Garcia-Bellido et al (2010)

This will prove important for current and future measurements of the
CMB polarisation, such as CMBPol or Planck

Generation of magnetic fields is intimately related to vorticity
Biermann (1950), Harrison (1970)

This mechanism could prove important for studying the physics of
primordial magnetic fields.
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Summary & Conclusions

Summary and Future Directions

In cosmology, vorticity is generated at second order by quadratic
energy density and non-adiabatic pressure perturbations

For a simple power law toy model, vorticity power spectrum
non-negligible and huge amplification on small scales

Work for the future:
I Consider vorticity from ‘real’ model (e.g. non-adiabatic pressure

perturbation arising from multi-field inflation, and not an ansatz)
I Investigate effect of vorticity on magnetic fields in the early universe

AJC, K. A. Malik and D. R. Matravers, PRD (2009), arXiv:0904.0940
AJC, K. A. Malik and D. R. Matravers, under review (2010), arXiv:1008.4866

‘Summary’: AJC and K. A. Malik, CQG in press (2010), arxiv:1010.4885.
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Hybrid Inflation

The Hybrid Inflation (HI) potential:

V (φ, χ) =
1

2
m2φ2 +

1

2
g2φ2ψ2 +

λ

4
(ψ2 − v2)2

=
1

2
m2φ2 +

1

2
g2(φ2 − φ2

c)ψ
2 +

λψ4

4
+
λv4

4
, (1)

where φ is the inflaton and ψ the defect field, both real scalars.

m2 > 0 is the inflaton mass and v2 > 0 the v.e.v. of the defect
field. λ and g2 are dimensionless parameters.

φ2
c = λv2/g2 is the critical value. When φ rolls below φc the

system undergoes a phase transition breaking the Z2 symmetry.



Why HI?

I Has only 2 fields. It is a simple generalisation of single field
models.

I Because of the non-linear dynamics during the phase
transition, may give rise to larger non-gaussianities than
single field models.

I The zero of the potential is shifted, hence extreme fine
tuning of parameters is not required (as opposed to single
field models with no shift).

I Involves spontaneous symmetry breaking. Such potentials
are very popular in physics and HI can be derived from
more fundamental theories such as SUSY and string theory.

I Systematic check of inflationary models.



After the transition, ψ = 0 becomes unstable and the true
minima are at ψ = ±v.



A first phase of inflation happens before the transition, with
ψ = 0.
Slow-roll happens as long as

εφ =
M2
Pl

2

(
V,φ
V

)2

=
M2
Plφ

2

2

(
m2 + g2ψ2

V

)2

< 1. (2)

This condition is satisfied all the way to the phase transition.



After the transition, fluctuations in ψ determine wether the
defect field will fall to v or −v.

This yealds to a universe divided in domains where a different
choice of vacuum has been made.

The walls between these domains are called domain walls. They
carry energy and affect the history of the universe.



Domain Walls

Here is a network of domains. ξ is the correlation lenght of the
defect field:

〈ψ(~x)ψ(~y)〉 − 〈ψ(~x)〉〈ψ(~y)〉 = e−|~x−~y|/ξ. (3)

Assuming Gaussian fluctuations, there is a 50% chance that
regions separated by ξ or more will make a different choice.



Classical analysis
The walls have a surface tension given by

σ = −
∫
Ldz (4)

where L is the Lagrangian density and z is the normal direction
to the wall.

Their energy momentum tensor is given by

T νµ = σdiag(1, 1, 1, 0)δ(~x), (5)

and the Laplace equation equation gives

∆ψ ∝ −ρ = −σδ(~x). (6)

Hence the gravitational field of a domain wall is repulsive!



Stationary domain walls are given by functions ψ(z) s.t.
ψ(±∞) = ±v. If we ignore expansion, the field satisfies the
equation

ψ′′(z)− ∂V/∂ψ = 0, (7)

which leads to the first integral

1

2
ψ′(z)− V = 0. (8)



Assuming φ = 0 in (1), we have V = λ/4(ψ2 − v2)2, equation
(8) is easily solvable and gives

ψ(z) = v tanh
[√

λ/2vz
]
. (9)

The tension is then given by

σ =
4

3

√
λv3. (10)



According to the Kibble-Zureck mechanism, which describes
domain walls formed via thermal fluctuations, the transition
will create on average one domain wall per Hubble patch (if
|m2

ψ| < H2). Hence, the energy density is

ρdw =
σA

V
= σH ∝ t−1. (11)

Using the Friedmann equation (ρtot = H2), find

Ωdw =
ρdw
ρtot
∝ H−1 ∝ t. (12)

Ωdw ∝ t means domain walls eventually come to dominate the
energy density of the universe.



Observations

If there was on average one domain wall per Hubble patch, we
would have to be lucky not see one in the sky.

Assuming there was one, (12) tells us that it would eventually
come to dominate the energy density of the domain, affecting
the evolution of the universe in contradiction with observations.

Furthermore, CMB fluctuations impose that in a domain wall
dominated universe v ≤ 1MeV ≈ 10−22MPl. That is well below
the experimentally compatible energy scales for inflation.



Solutions

If the universe went through a period of inflation after the
phase transition, domain walls would be diluted away and the
problem could be solved.

After the transition, the system rolls down a different trajectory
in field space.
Inflation goes on if the slow-roll condition is satisfied along the
new trajectory in field space:

εafter =
M2
Pl

2

∇V 2

V 2
< 1. (13)

This condition would have to be satisfied at least for 60 e-folds
after the transition. Recent work suggests that in (1) this
indeed happens for certain ranges of parameters.



Density of Domain Walls through the 2-point function

We try to compute the density of domain walls starting from a
different perspective. We assume that quantum fluctuations are
dominant (justified by inflation) and that inflation ends at the
transition.
Furthermore, we assume the system is Gaussian, i.e. we neglect
non-linear dynamics.

All the information on the defect field statistics is then
contained in the 2-point function G(r, t).
When G(r, t) = 0, the defect field is exactly zero and a wall will
be formed at that point. Hence, the density of domain walls is
equivalent to the density of zeros of G(r, t). In 3 spatial
dimensions:

n0(t) =
1

2

√
−G,rr(0, t)
πG(0, t)

. (14)



Spherical symmetry implies

G(r, t) =

∫ ΛUV

ΛIR

dk
k2 sin(kr)G̃(k)

kr
. (15)

ΛUV = aende
−N(t)H(t) is given by the size of the horizon at the

time of measurement (aend is the scale factor at the end of
inflation, N(t) and H(t) are the values at the time of
measurement).

ΛIR = ainHin = e−NinfaendHin is given by the size of the
horizon when inflation begins.

Note the hierarchy

aendH∗ > ΛUV = aende
−N(t)H(t) > ΛIR = e−NinfaendHin. (16)

H∗ is evaluated when cosmologically interesting scales leave the
horizon (60 e-folds before the end).



Scale invariant case

The function G(r, t) should be derived from (1). However,it is a
fairly good approximation to use the power spectrum of a scalar
field in De Sitter vacuum.

In Fourier space, it is given by

G̃(k) =
1

2a2
endk

+
H2
∗

2k3
. (17)

The spatial representation

G(r, t) =

∫ ΛUV

ΛIR

dk
sin(kr)

2r

(
1

a2
endk

+
H2
∗
k2

)
=

cos(ΛIRr)− cos(ΛUV r)

2a2
endr

2

+
H2
∗

2r

(
sin(ΛIRr)

ΛIR
− sin(ΛUV r)

ΛUV
+ r

∫ ΛUV

ΛIR

dk
cos(kr)

k

)
.



The limit for r that goes to zero is

G(0, r) =
1

4a2
end

(
Λ2
UV − Λ2

IR

)
+
H2
∗

2
ln

ΛUV
ΛIR

. (18)

The second derivative limit gives

G,rr(0, r) =
1

24a2
end

(
Λ4
IR − Λ4

UV

)
+
H2
∗

12

(
Λ2
IR − Λ2

UV

)
. (19)

The density of zeros is then given by

n0(t) =
1

2

√
1

6π

(Λ4
UV − Λ4

IR) + 2(aendH∗)2(Λ2
UV − Λ2

IR)

(Λ2
UV − Λ2

IR) + 2(aendH∗)2 ln ΛUV
ΛIR

. (20)



Using the hierarchy (16), (20) simplifies to

n0(t) ≈ 1

2

√
Λ2
UV

6π ln ΛUV
ΛIR

≈ ΛUV√
Ninf −N(t)

. (21)

This result tells us that the density of domain walls depends on
the amount of inflation the system underwent. The more
inflation, the less the density.

The CMB tells us that Ninf −N(t) ≥ 0, where the equality is
very unlikely.

Hence, (21) yealds different predictions than the Kibble-Zureck
mechanism.



Non-scale invariant case

We try to parametrize the model dependance of the power
spectrum by inserting a non-zero spectral index:

G̃(k) =
1

2a2
endk

+
H2+n
∗

2k3+n
. (22)

This gives

G(0, t) =
1

4a2
end

(Λ2
UV−Λ2

IR)+H2+n
∗

(n+ 1)2

2
(−1)sign(n)(Λ−nIR−Λ−nUV ),

and

G,rr(0, t) =
1

24a2
end

(Λ4
IR − Λ4

UV )

+ H2+n
∗

(n+ 1)(2n+ 1)

6(2− n)
(−1)sign(2−n)(Λ2−n

IR − Λ2−n
UV ),

where sign(x) = 1 if x is positive and 0 if x is negative.



We require n close to zero because of observations.

n > 0
In this case, equations on the previous slide simplify to

G(0, t) ≈ H2+n
∗

(n+ 1)2

2
Λ−nIR , (23)

and

G,rr(t) ≈ −H2+n
∗

(n+ 1)(2n+ 1)

6(2− n)
Λ2−n
UV . (24)

Hence, the density of domain walls is

n0(t) ≈ 1√
24π

√
Λ2−n
UV ΛnIR =

1√
24π

ΛUV

(
ΛIR
ΛUV

)n/2
≈ 1√

24π
ΛUV

Hin

H(t)
e−n/2(Ninf−N(t)). (25)

The result is more complicated than (21). However, there still is
a deviation from the Kibble-Zureck prediction.



n < 0
For simplicity, define ñ = −n. We have

G(0, t) ≈ H2−ñ
∗

(n+ 1)2

2
ΛñUV , (26)

and

G,rr(t) ≈ −H2−ñ
∗

(1− ñ)(1− 2ñ)

6(2 + ñ)
Λ2+ñ
UV . (27)

The density of walls becomes

n0(t) ≈ ΛUV√
24π

. (28)

Apart from the numerical factors, we do not observe a
significant discrepancy with the Kibble-Zureck mechanism
predictions in this case.



Conclusions

We showed that classical predictions are modified if the
universe underwent a phase of inflation in its early stages.

Inflationary models usually predict a spectral index
n ≈ 0.03 > 0. Hence equation (25) is the relevant one.
Experimentally, the three scenarios are possible.

Our results could be refined by computing the 2-point function
given by (1) and taking into account non-gaussianities.

Higher statistic, such as the defect density correlator 〈ρ(~x)ρ(~y)〉,
would allow us to answer more involved questions.
For instance: what is the probability to find a domain wall
within a certain distance given that I have one at ~x ?



Motivation
Introduction
The Model

The Spectrum
Conclusion

Heterotic String Models

Andrea Puhm

IPhT CEA/Saclay

arXiv:hep-th/1010.4564

in collaboration with M. Beccaria and M. Kreuzer

Strings, Cosmology and Gravity Student Conference 2010 - Paris



Motivation
Introduction
The Model

The Spectrum
Conclusion

Outline

1 Motivation

2 Introduction

3 The Model
Heterotic Compactification
SO(10) Construction

4 The Spectrum
Chiral and Vector Multiplet
Counting Massless States

5 Conclusion



Motivation
Introduction
The Model

The Spectrum
Conclusion

Grand Unified Theories (GUT)
CFT/Geometry Correspondence

GUT
→ superstringtheory in 10 dimensions:



Motivation
Introduction
The Model

The Spectrum
Conclusion

Grand Unified Theories (GUT)
CFT/Geometry Correspondence

GUT
→ superstringtheory in 10 dimensions:

E8 ⊃ E6 ⊃ SO(10) ⊃ SU(5) ⊃ SU(3)× SU(2)× U(1) = GSM



Motivation
Introduction
The Model

The Spectrum
Conclusion

Grand Unified Theories (GUT)
CFT/Geometry Correspondence

GUT
→ superstringtheory in 10 dimensions:

E8 ⊃ E6 ⊃ SO(10) ⊃ SU(5) ⊃ SU(3)× SU(2)× U(1) = GSM

↑

Gepner
N = (2, 2)



Motivation
Introduction
The Model

The Spectrum
Conclusion

Grand Unified Theories (GUT)
CFT/Geometry Correspondence

GUT
→ superstringtheory in 10 dimensions:

E8 ⊃ E6 ⊃ SO(10) ⊃ SU(5) ⊃ SU(3)× SU(2)× U(1) = GSM

↑ ↑

Gepner “Gepner-type”
N = (2, 2) N = (0, 2)
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Grand Unified Theories (GUT)
CFT/Geometry Correspondence

The Conjecture

conformal field theory L9999K geometry

Φ... superfields X ... coordinates

W ... superpotential W = 0... hypersurface

g = e2πiq ... orbifold X → e2πiqX ... symmetry

Particle spectra are equivalent!

[Gepner ’87] spacetime supersymmetric string compactifications to 4d

N = 2 SCFT with c = 9 :

Cint =
⊗5

i=1 Cki

↑

minimal models at level ki = 3

L9999K

Non-linear sigma models

on quintic Calabi Yau (c = 9):

W =
∑5

i=1 X
5
i
= 0 in CP4
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The N = 2 Superconformal Algebra
Rational Conformal Field Theory
Realizations of the N = 2 SCA
The CFT/Geometry Connection

N = 2 SCA [Ademollo]

Virasoro algebra:

[Lm, Ln] = (m − n)Lm+n +
c

12
(m3 −m)δm+n ,

U(1) Kac̆-Moody (current) algebra:

[Ln, Jm] = −mJm+n ,

[Jm, Jn] = c
3
mδm+n ,

SUSY generators:

[Ln,G
±

r ] = ( n
2
− r)G±

n+r ,

[Jn,G
±

r ] = ±G±

n+r ,

{G−

r ,G+
s } = 2Lr+s − (r − s)Jr+s +

c
3
(r2 − 1

4
)δr+s ,

{G±

r ,G±

s } = 0 .

Conformal weight and U(1) charge of states in Hilbert space:

L0|h, q〉 = h|h, q〉 and J0|h, q〉 = q|h, q〉 .
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The N = 2 Superconformal Algebra
Rational Conformal Field Theory
Realizations of the N = 2 SCA
The CFT/Geometry Connection

N = 2 SCA

I. Ramond sector: r ∈ Z

r = 0: h ≥ c
24

Ramond ground states:

G±
0 |R0〉 = 0 and hR0

=
c

24
.

II. Neveu-Schwarz sector: r ∈ Z+ 1
2

r = 1
2 : h ≥

|q|

2 ”BPS“ bound

Chiral primary fields:

G+
− 1

2

|c〉 = 0 and hc =
q

2
.

h ≤ c
6 −→ rational CFTs: # of chiral primary fields is finite .
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The N = 2 Superconformal Algebra
Rational Conformal Field Theory
Realizations of the N = 2 SCA
The CFT/Geometry Connection

N = 2 SCA

Spectral Flow: [Schwimmer Seiberg]

Ln
Uθ

−→ Lθn = Ln + θJn +
c
6θ

2δn ,

Jn
Uθ

−→ Jθn = Jn +
c
3θδn ,

G±
r

Uθ

−→ G±
r

θ
= G±

r∓θ
.

Jθ0 : qθ = q0 +
c

3
θ and Lθ0 : hθ = h0 + θq0 + θ2

c

6
.
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Rational Conformal Field Theory
Realizations of the N = 2 SCA
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N = 2 SCA

Spectral Flow: [Schwimmer Seiberg]

Ln
Uθ

−→ Lθn = Ln + θJn +
c
6θ

2δn ,

Jn
Uθ

−→ Jθn = Jn +
c
3θδn ,

G±
r

Uθ

−→ G±
r

θ
= G±

r∓θ
.

Jθ0 : qθ = q0 +
c

3
θ and Lθ0 : hθ = h0 + θq0 + θ2

c

6
.

θ = ±1
2 : Ramond

Uθ

←→ Neveu-Schwarz

−→ U 1
2
= Js ⊂ JGSO

JGSO . . .worldsheet current generating spacetime SUSY
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The N = 2 Superconformal Algebra
Rational Conformal Field Theory
Realizations of the N = 2 SCA
The CFT/Geometry Connection

RCFT [Belavin Polyakov and Zamolodchikov ’84, Schellekens Yankielowicz ’89 ’90,...]

Fusion algebra: Φi × Φj =
∑

k N
k

ij Φk

associative and commutative

Simple Current J = primary field with unique fusion product

J × Φj = Φ(Jj)

Orbit structure: Φj → JΦj → J2Φj → J3Φj → ...

Center GC of the CFT = abelian group GC = 〈Ji 〉

Monodromy: J(z)Φj (w) ∼ (z − w)hJj−hJ−hjΦJj(w)

∼ (z − w)−QJ (Φj )ΦJj(w)

Monodromy charge Q: QJ(Φj) ≡ hJ + hj − hJj
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The N = 2 Superconformal Algebra
Rational Conformal Field Theory
Realizations of the N = 2 SCA
The CFT/Geometry Connection

Minimal Models
→ discrete series of rational unitary models with 0 < c < 3

Coset: Ck = ŝu(2)k×û(1)2
û(1)k+2

with k . . . level

Central charge: ck = 3k
k+2 = 3k

K
with k ≥ 1

Primary fields: φℓs
m with

{

0 ≤ ℓ ≤ k

s mod 4
m mod 2K

}

and ℓ+m + s ∈ 2Z

Fusion rules: φℓ1,s1
m1
× φℓ2,s2

m2
=

min(ℓ1+ℓ2,k)−|k−ℓ1−ℓ2|
∑

ℓ=|ℓ1−ℓ2|

φℓ,s1+s2
m1+m2

→ φℓ,s
m is a simple current if ℓ = 0 or ℓ = k
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Minimal Models

Conformal weights and U(1) charges:

hℓsm ≡
ℓ(ℓ+ 2)−m2

4K
+

s2

8
mod 1 and qsm ≡

s

2
−

m

K
mod 2

Standard range:

{

0 ≤ |m− s| ≤ ℓ

−1 ≤ s ≤ 1

}

with s =

{

0, 2 . . .Neveu-Schwarz sector
1, 3 . . .Ramond sector

Field identifications: φℓs
m ∼ φk−ℓ,s+2

m+K

Center of Ck : GC = 〈Js , Jv 〉 with

{

Js := φ01
1 . . . spectral flow

Jv := φ02
0 . . . supercurrent

Group structure of GC : J2Ks = Jkv and J2v = 1
a : h = ℓ

2K
, q = − ℓ

K
R0 : h = ck

24
, q = ±( ck

6
− ℓ

K
) c : h = ℓ

2K
, q = ℓ

K

φ
ℓ0
ℓ

∼ φ
k−ℓ,2
ℓ+K

φ
ℓ,±1
±(ℓ+1)

∼ φ
k−ℓ,∓1
±(ℓ+1)∓K

φ
ℓ0
−ℓ

∼ φ
k−ℓ,2
−ℓ+K
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Landau-Ginzburg orbifold models: [Vafa ’89, Lerche Vafa Warner ’89,
Intrilingator Vafa ’90, Witten ’93,...]

→ describe critical phenomena in CFTs = fixed points of Renormalization Group flow

standard superspace formalism: G±

−

1
2

→ D
±

= ∂

∂θ±
+ θ

∓ ∂

∂z

S =

∫

d2zd4
θ K(Φi ,Φi ) +

(

∫

d2zd2
θ W (Φi ) + h.c.

)

Scale invariance at RG fixed point:

W (λwiΦi ) = λdW (Φi )

→ well-defined U(1) charges (qL, qR)i = (wi

d
, wi

d
) of Φi

Viable string vacua:

N = 2 SCFT with integral U(1) charges in NS sector

→ orbifoldize by g = e2πiJ0 → LGO models:

keep only g -invariant states ← spacetime SUSY

include new twisted states ← modular invariance
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The Triality [Gepner ’87 ’88, Sotkov Stanishkov ’88, Lynker Schimmrigk ’88,
Witten ’93, Blumenhagen Schimmrigk Wisskirchen ’95 ’96, ...]

conformal field theory L9999K geometry

Ck : Φls
m with c = 3k

K
< 3

Cint =
⊗n

i=1 Cki with c =
∑n

i=1 ci

minimal model
⇓

Landau-Ginzburg orbifold
r

L9999K sigma model on CY

W =
∑n

i=1Φ
ki+2
i W = 0 . . . Calabi-YauM

“Fermat-type“ Φi = Xi . . . coordinates onM

c = 3d d . . . dimC ofM
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[Greene]
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The Quintic Gepner Model

N = 2 SCFT with c = 9 :

Cint =
⊗5

i=1 Cki

↑

minimal models at level ki = 3

L9999K

Non-linear sigma models

on quintic Calabi Yau:

W =
∑5

i=1 X
5
i = 0 in CP4
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The Quintic Gepner Model

N = 2 SCFT with c = 9 :

Cint =
⊗5

i=1 Cki

↑

minimal models at level ki = 3

L9999K

Non-linear sigma models

on quintic Calabi Yau:

W =
∑5

i=1 X
5
i = 0 in CP4

Heterotic compactification to 4d:

N = 1 super Yang-Mills with E6

101 chiral matter superfields in 27

1 chiral superfield in 27

L9999K

Type IIB compactified on Calabi Yau

with Hodge numbers

(h21, h11) = (101, 1)

→ Quintic!
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The Quintic Gepner Model

N = 2 SCFT with c = 9 :

Cint =
⊗5

i=1 Cki

↑

minimal models at level ki = 3

L9999K

Non-linear sigma models

on quintic Calabi Yau:

W =
∑5

i=1 X
5
i = 0 in CP4

Heterotic compactification to 4d:

N = 1 super Yang-Mills with E6

101 chiral matter superfields in 27

1 chiral superfield in 27

L9999K

Type IIB compactified on Calabi Yau

with Hodge numbers

(h21, h11) = (101, 1)

→ Quintic!

330 E6 singlets

(enhanced U(1)4 gauge symmetry)

L9999K

102 E6 singlets (shape & size)

224 H1(EndT ) singlets (index theorem)

+ 4 ”Higgs boson” E6 singlets

(mass to U(1) gauge fields when deforming)
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(2,2) versus (0,2) sigma models [Witten ’93, Distler Kachru ’94]

The (2,2) case:

- left-moving fermions sections of the tangent bundle T

- determined by the superpotential W

The (0,2) case:

- left-moving fermions sections of stable holomorphic vector
bundle V →M with c1(V ) = 0 and c2(V ) = c2(T )

- determined by the superpotentials Wj (define base spaceM),
F l
a (define global structure of bundle V )
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I. Heterotic E6 Models
→ via standard embedding: E8 → E6 × SU(3)

spin connection = gauge connection
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Heterotic Compactification
SO(10) Construction

I. Heterotic E6 Models

c LEFT RIGHT c

4 Xµ (Xµ,Ψ
µ

) 4(1 + 1/2) = 6

−26 (b, c) (b, c , β, γ) −26 + 11 = −15

9 Cint Cint 9

13 SO(10) × E8

0 0
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I. Heterotic E6 Models

cLC LEFT RIGHT cLC

2 Xµ (Xµ,Ψ
µ

) 2(1 + 1/2) = 3

9 Cint Cint 9

13 SO(10)× E8

24 12
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I. Heterotic E6 Models

Gepner map: SO(2)LC → SO(10)× E8 :
(1, v) → (v,1)× 1
(s, s) → −(s, s)× 1
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SO(10) Construction

I. Heterotic E6 Models

Gepner map: SO(2)LC → SO(10)× E8 :
(1, v) → (v,1)× 1
(s, s) → −(s, s)× 1

cLC LEFT R̃IGHT cLC

2 Xµ Xµ 2

9 Cint Cint 9

13 SO(10)× E8 SO(10)× E8 13

24 24
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Heterotic Compactification
SO(10) Construction

I. Heterotic E6 Models

Gepner map: SO(2)LC → SO(10)× E8 :
(1, v) → (v,1)× 1
(s, s) → −(s, s)× 1

cLC LEFT R̃IGHT cLC

2 Xµ Xµ 2

9 Cint Cint 9

13 SO(10)× E8 SO(10)× E8 13

24 24

Fields: Φ = φCint ⊗ χSO(10)
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I. Heterotic E6 Models

I. R/NS Alignment:
alignment of spacetime spinors/tensors with internal
Ramond/Neveu-Schwarz sectors → well-defined spin structure

JRNS = Jv ⊗ v

0 ≡ QRNS = QJv + Qv

II. GSO Projection:
→ extension of SO(10)→ E6 gauge group (LEFT)

→ N = 1 spacetime SUSY (RIGHT)

JGSO = Js ⊗ s

0 ≡ QGSO = QJs + Qs
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II. Heterotic SO(10) Models: rational: [Schellekens Yankielowicz ’90,
Blumenhagen Wisskirchen Schimmrigk ’95]

WANT:

{

N = (0, 2) instead of N = (2, 2)
gauge group SO(10) instead of E6
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Heterotic Compactification
SO(10) Construction

II. Heterotic SO(10) Models: rational: [Schellekens Yankielowicz ’90,
Blumenhagen Wisskirchen Schimmrigk ’95]

WANT:

{

N = (0, 2) instead of N = (2, 2)
gauge group SO(10) instead of E6

→ smaller building blocks:

Cint = C
′
⊗F & SO(10) ⊃ SO(8)⊗ SO(2) = D4 ⊗ D1

Fields: Φ = φC′ ⊗ φF ⊗ χD1
⊗ χD4

GSO and alignment currents:

JGSO = Js ⊗ Js ⊗ s ⊗ S , JA = 1⊗ 1⊗ v ⊗ V , JC = Jv ⊗ 1⊗ 1⊗ V

Bonn Twist:
Jb = 1⊗ (Js)

K (Jv )
K−1
2 ⊗ s ⊗ 1
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II. Heterotic SO(10) Models:

Simple Current Modular Invariant:

MJa,a = µ(a)
∏

i

δZ (Q i(a) + αk X ki ) ,

with Twist Current J = JνGSOJ
α

AJ
β

b J
γ

C and αk = [α, β, γ, ν] .

Chiral algebra extensions and charge projections:

ÃR = 〈JA, J
2
b , JC , JGSO〉 and

{

QA ≡ QC ≡ QGSO ≡ 0 mod 1

Qb ≡
α
2 + K−1

4 β mod 1

ÃL =

{

〈Jb, JC , JGSO〉 K ≡ 1 mod 4
〈JAJb, JC , JGSO〉 K ≡ 3 mod 4
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II. Heterotic SO(10) Models:

I. R/NS Alignment:

RIGHT: |

JC
︷ ︸︸ ︷

C
′
⊗F

︸ ︷︷ ︸

J2
b

⊗D1 ⊗ D4
︸ ︷︷ ︸

JA

〉r and LEFT: |

JC
︷ ︸︸ ︷

C
′
⊗F

︸ ︷︷ ︸

J2
b

⊗D1 ⊗ D4〉l

II. GSO Projection:

RIGHT: D4
JA
−→ D5

JGSO
−→ E6 ≡ N = 1 spacetime SUSY

LEFT: SO(8)
JGSO
−→ SO(10) gauge group
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Charged Massless States

LEFT RIGHT

|C
′
⊗F ⊗ D1 ⊗ D4 >l

︸ ︷︷ ︸

massless

= JνGSO JαA J
β

b J
γ

C
︸ ︷︷ ︸

J

|C
′
⊗F ⊗ D1 ⊗ D4 >r

︸ ︷︷ ︸

massless

{

h′ + hF + hD1 + hD4 = 1
hint ≥ |

qint
2 |

{

hint + hst =
1
2

hint ≥ |
qint

2 |

↓ ↓

BPS
+

excited!
BPS!
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RIGHT














hint + hst =
1
2

hint ≥ |
q int

2 | (NS) or qint ≤
c
6 = 3

2 (R)

0 ≡ QGSO ≡ −
1
2qint + QD5

s mod 1

χD5

G
→ χSO(2)LC hst −2Q

D5
s hint qint state1 → v 1

2 0 0 0 1
v → 1 0 1 1

2 ±1 c, a

s → −s 1
8

1
2

3
8 −

1
2 , 3

2 R0

s → −s 1
8 −

1
2

3
8

1
2 , − 3

2 R0

Table: Right-moving states with internal and spacetime quantum numbers

SUSY Multiplets (hint , qint):

Chiral multiplet: fermions (3/8,−1/2) and scalars (1/2, 1).

Vector multiplet: gauge bosons (0, 0) and gauginos (3/8,±3/2).
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LEFT

→ Ψleft = JαAJ
β

b J
γ

CJ
ν

GSOΨright

choice of SUSY multiplet (right-moving representative):

- split Cint → C
′
⊗F & SO(2)LC

G−1

−→ D5 ⊃ D1 ⊗ D4

- impose alignment QA ≡ QC ≡ 0 mod 1

- impose the charge selection rule Qb ≡
α
2 + K−1

4 β mod 1

choice of gauge multiplet (SO(10) representation):

1 = 10
10 = 1

−2 ⊕ 8s0 ⊕ 12
16 = 8v

−1 ⊕ 8s1
16 = 8v1 ⊕ 8s

−1
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Counting Algorithm
→ qualitatively different analysis for “aligned” (β ∈ 2Z) versus “non-aligned” (β /∈ 2Z)

I. Aligned Case → Extended Poincaré Polynomial:

P(t, t, x) =
∑

l≥0

∑

κ=0,1

x l (−1)κ Pl,κ(t, t)

Pl,κ(t, t) =
∑

(a,a)∈R(c,c)

a=J2 l
s Jκ

v a

tq(a) t
q(a)

admissible terms in EPP of C′: ∼ σ′x l tq
′

c t
q′

c

I. Non-aligned Case → Complementary Poincaré Polynomial:

P(x , q, t) =
∑

l≥0

∑

κ=0,1

∑

a∈R0

a=J2l
s Jκ

v a

(−1)κ x l qh(a)−
c
24 tq(a)

admissible terms in CPP of C′: ∼ (−1)γ xν/2 qh
′

R
− c′

24 tq
′

R



Motivation
Introduction
The Model

The Spectrum
Conclusion

Chiral and Vector Multiplet
Counting Massless States

I. Aligned Generations

16 - aligned generations

σ
′

ℓ l q′c q′c

+ ℓ ∈ 2Z, 0 ≤ ℓ ≤ k
l ∈ 2KZ

l ∈ 2KZ+ 1

K+2+ℓ

K
K+2+ℓ

K

− ℓ /∈ 2Z, 0 ≤ ℓ ≤ k
l ∈ 2KZ+ 1

l ∈ 2KZ

K+2+ℓ

K
2K−ℓ

K

Table: Left- and right-moving C′-sector charges q′c and q′c, right-moving label ℓ,
exponent l of x and sign σ

′ = (−1)γ in the EPP of C′ where admissible terms are

proportional to σ
′x l tq

′
c t

q′c .
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a little more involved . . .
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II. Non-aligned Generations

16 - non-aligned generations

Fermat K σ
′

ℓ m ν mod 4K h′R q′R

ϕ
ℓ,1

ℓ+1
1 − ℓ /∈ 2Z,

K−3
2

≤ ℓ ≤ k m = ℓ + 1 1 − βK ℓ+2
2K

ℓ+2
K

3 − ℓ ∈ 2Z,
K−3
2

≤ ℓ ≤ k m = ℓ + 1 1 − βK + 2K ℓ+2
2K

ℓ+2
K

ϕ
ℓ,−1

−(ℓ+1)
1 + ℓ ∈ 2Z, 0 ≤ ℓ ≤

K−1
2

m = −(ℓ + 1) −1 − 2ℓ − βK
K−ℓ
2K

K−ℓ
K

3 + ℓ /∈ 2Z, 0 ≤ ℓ ≤

K−1
2

m = −(ℓ + 1) −1 − 2ℓ − βK
K−ℓ
2K

K−ℓ
K

ϕ
ℓ,−1
m 1 + ℓ ∈ 2Z, 0 ≤ ℓ ≤ k

m /∈ 2Z, |m| < ℓ

(|m| − 1)2 ≥ ℓ(ℓ + 2) + 1 − K

(K − 1)(ℓ − m − 1) − 1 − βK 3K+2
8K

− hℓ,−1
m −

1
2
qℓ,−1
m

K+2
2K

− qℓ,−1
m

3 + ℓ /∈ 2Z, 0 ≤ ℓ ≤ k
m ∈ 2Z, |m| < ℓ

(|m| − 1)2 ≥ ℓ(ℓ + 2) + 1 − K

−(K + 1)(ℓ − m + 1) + 1 − βK 3K+2
8K

− hℓ,−1
m −

1
2
qℓ,−1
m

K+2
2K

− qℓ,−1
m

ϕ
ℓ,1
m 1 − ℓ /∈ 2Z, 0 ≤ ℓ ≤ k

m ∈ 2Z, |m ± K | ≤ K − 2 − ℓ

(|m ± K | − 1)2 ≥ (K − 2 − ℓ)(K − ℓ) + 1 − K

(K − 1)(ℓ − m + 1) + 1 − βK 3K+2
8K

− h
K−2−ℓ,−1
m±K

−

1
2
q
K−2−ℓ,−1
m±K

K+2
2K

− q
K−2−ℓ,−1
m±K

3 − ℓ ∈ 2Z, 0 ≤ ℓ ≤ k
m /∈ 2Z, |m ± K | ≤ K − 2 − ℓ

(|m ± K | − 1)2 ≥ (K − 2 − ℓ)(K − ℓ) + 1 − K

(K + 1)(−ℓ + m + 1) − 1 − βK 3K+2
8K

− h
K−2−ℓ,−1
m±K

−

1
2
q
K−2−ℓ,−1
m±K

K+2
2K

− q
K−2−ℓ,−1
m±K

Table: Left-moving C′-sector charges q′
R
and conformal weights h′

R
(in the Ramond sector), signs σ

′ = (−1)γ and constraints for the

admissible terms in the CPP in C′ ∼ σ
′xν/2qh

′
R−

c′

24 tq
′
R .
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Heterotic compactification to 4 dimensions yielding

N = 1 spacetime supersymmetry and gauge groups E6 and SO(10)

Charged massless spectrum of heterotic strings with

N = (0, 2) worldsheet supersymmetry and gauge group SO(10) by

conformal field theory techniques:

→ explicit counting algorithm using EPP und CPP

→ for rational and non-rational models
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→ for rational and non-rational models

Comparison with spectra of geometric models

⇒ agreement in all test models!
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N = (0, 2) worldsheet supersymmetry and gauge group SO(10) by

conformal field theory techniques:

→ explicit counting algorithm using EPP und CPP

→ for rational and non-rational models

Comparison with spectra of geometric models

⇒ agreement in all test models!

→ conformal field theory/geometry correspondenceX
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Summary, Conclusion & Outlook
Heterotic compactification to 4 dimensions yielding

N = 1 spacetime supersymmetry and gauge groups E6 and SO(10)

Charged massless spectrum of heterotic strings with

N = (0, 2) worldsheet supersymmetry and gauge group SO(10) by

conformal field theory techniques:

→ explicit counting algorithm using EPP und CPP

→ for rational and non-rational models

Comparison with spectra of geometric models

⇒ agreement in all test models!

→ conformal field theory/geometry correspondenceX

Future work:

study gauge group extension: singlets

(0,2) mirror symmetry
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Zero-Modes

We can expand fields in eigenfunctions of the Laplacian of the
extra dimensions:

f (xµ, ya) =
∑
{λ}

f{λ}(x
µ)ξ{λ}(y

a) with 4ξλ = λξλ

There is a mass gap:

m2
λ ∼ λ ∼

n
d
√

Vol

We only keep the zero-modes.

Benedict Crampton Theoretical Physics Group b.crampton09@imperial.ac.uk

Hyperbolic Extra Dimensions
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Hyperbolic Extra Dimensions
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de Sitter Space SO(2,2) Gauged Supergravity Six Dimensions Eigenfunctions Conclusions

Mass Gap Problem

For non-compact extra dimensions we have a continuous spectrum
of (non-normalisable) eigenfunctions:

f (xµ, ya) =

∫
{λ}

f{λ}(x
µ)ξ{λ}(y

a)

So there is no mass gap:

Benedict Crampton Theoretical Physics Group b.crampton09@imperial.ac.uk

Hyperbolic Extra Dimensions
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The Idea: reduce string theory on H2,2

ds2 = cosh(2r)dr2 + cosh2(r)dθ2 + sinh2(r)dϕ2

Benedict Crampton Theoretical Physics Group b.crampton09@imperial.ac.uk

Hyperbolic Extra Dimensions
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Outline

1 de Sitter Space
No-Go Theorems

2 SO(2,2) Gauged Supergravity
The Inönu-Wigner Contraction
Hull-Warner Rotations

3 Six Dimensions
String Universality
Domain Walls

4 Eigenfunctions
Bound States

5 Conclusions
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Cosmological Constant:

Λ ∼ 10−120 > 0

Inflation:

a(t) ∼ eVt

Benedict Crampton Theoretical Physics Group b.crampton09@imperial.ac.uk
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No-Go Theorems

Einstein’s Equations

The (trace-reversed) Einstein’s equations are:

RMN = TMN −
1

8
gMNtr(T )

We see a very general behaviour:

positive contributions to higher dimensions

negative contributions to lower dimensions

Benedict Crampton Theoretical Physics Group b.crampton09@imperial.ac.uk
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No-Go Theorems

Maldacena and Nũnez proved the following no-go theorem:

No-Go

Suppose that a dimensionally reduced theory has:

the usual gravity sector R ∗ 1

massless fields with positive kinetic terms (no ghosts)

a positive scalar potential > 0 (de Sitter)

a finite reduced Newton’s constant

Then (for compact extra dimensions) there must be singularities in
the warp factor.

Benedict Crampton Theoretical Physics Group b.crampton09@imperial.ac.uk
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No-Go Theorems

‘Exotic’ objects (orientifolds, etc) contribute negatively to tr(T ).

These can be used to construct metastable vacua.

Benedict Crampton Theoretical Physics Group b.crampton09@imperial.ac.uk
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The obvious choice is the space of constant negative curvature Hd .

This is not a consistent truncation.
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Consistent Truncations

The truncation to the zero-modes

f{λ=0} 6= 0 f{λ 6=0} = 0

usually doesn’t solve the higher dimensional equations of motion.

This could happen if:

4f{λ 6=0} ∼ g(f{λ=0}) + . . .

Unlikely if the eigenstates ξ{λ=0}(y
a) appear in combinations:

∂yg(ξ{λ=0}) = 0

This means we can write down a lower dimensional Lagrangian.
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Starting in D = 11 there are two well known consistent reductions:

S4 × AdS7 and S7 × AdS4

using the fluxes F(4) and F(7) = ∗F(4) respectively.

Going via D = 7 gives us ‘room to maneuver’, so let’s use the S4.
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The Inönu-Wigner Contraction

Earth Paris
SO(3) (Rotations) E2 (Galilean Group)
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The Inönu-Wigner Contraction

We can relate these groups by taking the large radius limit:

lim
r→∞
{(µ1, µ2, µ3) ∈ R3 | µ2

1 + µ2
2 + µ2

3 = r2} ∼= R2

This is an example of an Inönu-Wigner contraction.

S4 → S3

For S4:
µ2

1 + µ2
2 + µ2

3 + µ2
4 + k5µ2

5 = 1

and take k → 0 to get S3 × R. This breaks the isometry group:

SO(5)→ SO(4)
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The Inönu-Wigner Contraction

Taking The Limit

We can’t take the limit at the level of the Lagrangian:

L = L0 +
1

k2g
Ltop

Instead we must work at the level of the field equations.

Changing Fields

Something strange happens to one of the 3-form potentials:

dS0
(3) −→

1

4
εABCDFAB

(2) ∧ FCD
(2) = dω(2)

=⇒ S0
(3) −→ ω(2) + dA(2)

i.e. a 3-form potential becomes a 2-form potential.
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The Inönu-Wigner Contraction

Domain walls are characterised by a non-trivial dilaton in the
transverse direction:

eφ ∼ eφ0 + Q|x7|

After the Inönu-Wigner contraction we get equations of motion:

4φ ∼ e−φ|flux|2 =⇒ Q 6= 0

i.e. we expect domain walls (NS5-branes).
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Hull-Warner Rotations

We analytically continue the embedded S3 to get H2,2:

µ2
1 + µ2

2 − µ2
3 − µ2

4 = 1

This has isometry group SO(2, 2)

ηAB 7→ (1, 1,−1,−1)
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Hull-Warner Rotations

We don’t analytically continue the metric in the ambient space R4.

δij → δij

In the ground state we have SO(4) symmetry.

H2,2

The induced metric on H2,2 is inhomogeneous:

sinh r e iθ = µ1 + iµ2 cosh r e iφ = µ3 + iµ4

=⇒ ds2 = cosh 2r dr2 + cosh2 r dθ2 + sinh2 r dφ2

The non-compact gauge group is spontaneously broken:

SO(4) ∩ SO(2, 2) ∼= SO(2)× SO(2) ∼= U(1)× U(1)
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Hull-Warner Rotations

Moduli Stabilisation

The 3-form flux generates a potential for the scalars:

V (xµ) =
1

2
g2Φ

1
2

(
2MABMAB − (MABηAB)2

)
We can see how hyperbolic extra dimensions lead to dS vacua:

S3 Reduction

With ηAB = (1, 1, 1, 1):

< V >= −4g2 < Φ
1
2 >

H2,2 Reduction

With ηAB = (1, 1,−1,−1):

< V >= +4g2 < Φ
1
2 >
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String Universality

String Universality: Which anomaly free Supergravities can be
obtained from String Theory?
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String Universality

In D = 11 there is a unique Supergravity theory:

D = 11 Supergravity ↔ M-Theory

D = 10 Universality

IIA SUGRA ↔ IIA String Theory

IIB SUGRA ↔ IIB String Theory

SO(32)-gauged SUGRA ↔ SO(32)-gauged Heterotic

↔ Type I String Theory

E8 × E8-gauged SUGRA ↔ E8 × E8-gauged Heterotic

U(1)496-gauged SUGRA ↔ Anomalous Theory

E8 × U(1)248-gauged SUGRA ↔ Anomalous Theory
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String Universality

Conjecture: All D = 6 anomaly free N = (1, 0) Supergravities
can be obtained from String Theory.
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Domain Walls

The brane induces a Z2 symmetry x7 ↔ −x7.

Only the parity even fields survive on the brane
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Domain Walls

In D = 7 N = 1 Supergravity, the scalars parametrise the coset:

SO(n + 3)

SO(n)× SO(3)

We can gauge groups G ⊂ SO(n + 3).

Gauged R Symmetry

Which choices for G lead to gauged R symmetry on the brane?

SO(2, 1)× H ←→ H2,1

SO(2, 2)× H ←→ H2,2

SO(3, 1)× H ←→ H3,1

Hyperbolic extra dimensions are needed to get these theories.
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Domain Walls

We can look for consistent Z2 symmetries, i.e. Z2s with

the D = 7 Lagrangian parity even

parity preserved under Supersymmetry

N = (1, 1)

Parity even fields:

scalars

vectors

2-forms

Parity odd fields:

coupling constant

N = (2, 0)

Parity even fields:

scalars

2-forms

Parity odd fields:

coupling constant

vectors
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Domain Walls

The coupling ‘constant’ g must be parity odd:

P : g 7→ −g

Resolution

We know g is the magnitude of the D = 10 3-form F(3) = dB(2)

Fy1y2y3 ∼
1

g3
εy1y2y3

The NS5-Brane acts as a (magnetic) source for the 3-form:

dF(3) ∼ ∂7g ∼ δ(x7)

This is a non-zero mode.
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Mass Gap Problem

For non-compact extra dimensions we have a continuous spectrum
of (non-normalisable) eigenfunctions:

f (xµ, ya) =

∫
{λ}

f{λ}(x
µ)ξ{λ}(y

a)

So there is no mass gap:
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Bound States

For H2,2 the zero-modes ξ{λ=0} are actually bound states:

We could live in one of these bound states!
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Bound States

This is similar to what happens in the Randall-Sundrum 2 model:

Finding eigenstates of Laplacian equivalent to finding quantum
states of the ‘Volcano Potential’
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Bound States

Recall the H2,2 metric:

ds2 = cosh(2r)dr2 + cosh2(r)dθ2 + sinh2(r)dϕ2

Topology

r � 1 we have ds2 ≈ dr2 + dθ2 + r2dϕ2

H2,2 ∼ R2 × S1

r � 1 we have ds2 ≈ e2r

2

(
dr2 + 1

2dθ2 + 1
2dϕ2

)
H2,2 ∼ R× S1 × S1

The bound states interpolate between cylindrical Bessel functions
and (exponentially suppressed) free waves.
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Bound States

We can label zero-modes ξ{λ=0} by their U(1)× U(1) charges.

The modes ξn,00 and ξ0,m0 are bound states.
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Hyperbolic extra dimensions...

...are a simple source of de Sitter vacua.

...are a generic feature in the string landscape.

...explain the weakness of gravity

...might generate slow roll inflation

...lead to an important class of six dimensional theories.

...can be hidden via the Randall-Sundrum mechanism.

We want to...

...deform the theory to break half the supersymmetry

...make ξ0,00 into a bound state
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