
Comparison of Methods for Computing the

Exchange Energy of quantum helium and

hydrogen

Jorge L. Cayao D.

Faculty of Mathematics, Physics and Informatics

Comenius University

Bratislava-Slovakia

Supervisor: PhD. Peter Sta¬o

Research Center for Quantum Information

Slovak Academy of Sciences

Bratislava-Slovakia

Student Scienti�c Conference 2009

April 24, 2009



Acknowledgments

I would like to express my gratitude to Ph.D. Peter Sta¬o for his

invaluable help and support, introduced me to exciting research,

taught me to be patient and to ask more questions.

1



Contents

1 Model 6

1.1 Quantum hydrogen H2 . . . . . . . . . . . . . . . . . . . . . . 6
1.2 Quantum helium He . . . . . . . . . . . . . . . . . . . . . . . 8
1.3 Fock-Darwin states . . . . . . . . . . . . . . . . . . . . . . . . 8
1.4 Wavefunction of a system of two electrons . . . . . . . . . . . 9
1.5 Exchange energy . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Methods 11

2.1 Heitler London Approximation . . . . . . . . . . . . . . . . . 12
2.2 Hund-Mullikan approach . . . . . . . . . . . . . . . . . . . . . 14
2.3 Molecular Orbital Method . . . . . . . . . . . . . . . . . . . . 15
2.4 The Variational Method . . . . . . . . . . . . . . . . . . . . . 18

3 Results 22

2



List of Figures

1.1 Double dot and double dot potential . . . . . . . . . . . . . . 7
1.2 Single dot and single dot potential . . . . . . . . . . . . . . . 8

2.1 Exchange energy as a function of the interdot distance for two elec-

trons in a double dot in �nite and zero magnetic �eld. The con�ne-

ment energy is 1meV . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2 Exchange energy as a function of the interdot distance in a MO cal-

culation for two electrons in a double dot in �nite and zero magnetic

�eld. The con�nement energy is 1meV . . . . . . . . . . . . . . . 17
2.3 Exchange energy as a function of the interdot distance in a vari-

ational calculation for two electrons in a double dot in �nite and

zero magnetic �eld. The con�nement energy is 1meV . . . . . . . 21

3.1 Exchange energy as a function of the interdot distance for two elec-

trons in a double dot(quantum hydrogen) in zero magnetic �eld.

The con�nement energy is 1meV. . . . . . . . . . . . . . . . . . . 23
3.2 Exchange energy as a function of the magnetic �eld for two electrons

in a two-electron single dot(quantum helium). The con�nement

energy is 1meV. . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.3 Exchange energy as a function of the magnetic �eld for quan-

tum hydrogen( d = 60nm). The con�nement energy is 1meV. 25

3



Introduction

Electron in a quantum dot(QD) is a promising candidate for quantum bit,
fundamental basic block to build the quantum computer [3]. The most im-
portant operation in two of these q-bits(SWAP) is possible with the manip-
ulation of the exchange energy. This work shows some ways how we can
�nd this exchange energy for quantum dots. In the last decade, a great in-
terest in quantum dots has arouse, due to their potential use as hardware
for the implementation of a scalable quantum computer. In this scheme,
the electron spin in these quantum dots is used as the basic unit of infor-
mation (qubit). Considering the fact that 1-qubit and 2-qubit gates are
su�cient to perform any quantum algorithm, a quantum computing device,
based on quantum dots, must have a mechanism by which two speci�c qubits
could be entangled to produce a fundamental 2-qubit quantum gate, such as
the Controlled NOT gate XOR [2]. This process is achieved through single
qubits rotations and an adequate switching of exchange energy J between
the electronic spins S1 and S2 described by the Heisenberg spin exchange
Hamiltonian for a system of two lateraly quantum dots, under the in�uence
of a perpendicular magnetic �eld. This is the reason why the studies of
quantum gates with coupled quantum dots are reduced to the single qubits
rotations and the exchange energy. In a quantum dot it is well known that
the Hamiltonian describing electron-electron pair correlated by the Coulomb
interaction, has no analytical solution. As a consequence it is necessary to
look for approximate solutions. We �nd the exchange energy using a few
approximate methods. We present the process to obtain an expression of
the exchange energy J for this system as a function of parameters as the
magnetic �eld B, and the interdot distance d.

In the �rst part we de�ne the problem parameters, and we present the
Forck-Darwin states-a long know solution of the problem of an electron con-
�ned in a harmonic potential in two dimensions. Using Fock-Darwin states
we construct the two electron wavefunctions, which can be labeled as singlets
and triplets, according to their symmetry.

In the second part we compare the methods to �nd the exchange energy
for a system of two quantum dots. Here we describe the Heitler-London(H-
L), Molecular Orbital(MO), Variational and the Hund-Mullikan methods.

Third, we show the results for the exchange energy as a function of B
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for di�erents values of the interdot distance, and as a function of the interdot
distance with �nite and without magnetic �eld.
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Chapter 1

Model

We suppose we have two-dimentional con�ned [8] electrons in a harmonic
electrostatic potential with one(quantum helium), or two symmetrical min-
ima(quantum hydrogen). We need to compute the exchange energy of this
molecule using approximate methods. In this chapter we de�ne some funda-
mental concepts which are used in this work, we �nd the eigenfunctions and
eigenvalues(energies) solving the Schrödinger equation and we construct the
two electron wave functions.

1.1 Quantum hydrogen H2

Quantum hydrogen H2 or arti�cial hydrogenic quantum-dot is know as the
system where two electrons are placed in a coupled double-dot system, i.e.
Two electrons in two dots. Here, our potential has two minima. See the
picture below. The electron distribution around the protons of the hydrogen
is described by a quantum mechanical wavefuntion, and the wavefunction
which describes the two electrons for a pair of atoms can be symmetric or
antisymmetric with respect to exchange of the identical electrons. From the
Pauli exclusion principle, we know that the wavefunctions for two identical
fermions must be antisymmetric. The electron spin part of the wavefunc-
tion can be symmetric (parallel spins) or antisymmetric (opposite spins),
but then the space part of the wavefunction must be the opposite. That
gaurantees that the entire wavefunction (the product of the spin and space
wavefunctions) is antisymmetric. The Hamiltonian for a double dot is:

H1 =
~P 2

2m
+

1
2
mω2min(~r1 − ~d)2, (~r1 + ~d)2 (1.1)

where the parameters are explained below.
Fig. 1.1 shows a microscopic observation of a double dot in a microscopic
heterostructre of GaAs(con�nement gates) and the schematic of the double
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dot potential we studied. The red part is the electrostatic potential, and the
blue part is a one-electron wave function in this potential.
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Figure 1.1: Double dot and double dot potential
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1.2 Quantum helium He

Quantum helium or two electrons in a single quantum dot. This means, the
external con�ning potential has one minimum.
Therefore, quantum H2 can be quantum He, if the interdot distance is zero.
See the picture below. The Hamiltonian for quantum helium is when d = 0,
and we get

H =
1
2

~P 2

m
+

1
2
mω2~r2. (1.2)

Fig. 1.2 shows a microscopic observation of a single dot in a microscopic
heterostructre of GaAs(con�nement gates) and the schematic of the single
dot potential we studied. The red part is the electrostatic potential, and the
blue part is a one-electron wave function in this potential.
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Figure 1.2: Single dot and single dot potential

1.3 Fock-Darwin states

Solving the 2D Time Independent Schrödinger Equation [7, 3] we get to

ψ1e
n`(~r) = Cn`

(
r2

2

)|`|/2
e−r

2/(2l2B)L|`|n (
r2

l2B
)ei`θ. (1.3)

where Cn` is a normalization constant, L`n are Laguerre polynomial, and n,
` are principal and orbital quantum numbers respectively.

And the electron energy levels are given by

En,` =
√
Q~2

m
(2n+ |`|+ 1) +

eB~
2m

`, Q =
e2B2

4~2
+
m2ω2

~2
. (1.4)

or
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En,` =
~2

l2Bm
(2n+ |`|+ 1) +

eB~
2m

`,

where

lB =
(
e2B2

4~2
+
m2ω2

~2

)−1/4

.

is the e�ective con�nement length.

1.4 Wavefunction of a system of two electrons

For our work we need a wavefunction, which must to describe a system of
two electrons. For that, in this section we construct two-electon wavefunc-
tion using wavefunction for a single particle [6].

For a single particle, the wave function ψ(~r) is a function of the spatial
coordinates ~r (we'll ignore spin for the moment). The wave function for
a two -particle system is a function of coordinates of particle one ~r1, the
coordinates of particle two ~r2:

ψ(r1, r2) (1.5)

Now, the Hamiltonian for our system takes the form

H = H(1) +H(2) +Hc (1.6)

Where, Where,

H(1) =
P 2

1

2m
+

1
2
mω2r21 +H1

z , H(2) =
P 2

2

2m
+

1
2
mω2r22 +H2

z
(1.7)

are the Hamiltonians for the �rst and second particle respectively, and

H1
z =

eB~
2m

σ1
z , H2

z =
eB~
2m

σ2
z (1.8)

are the Zeeman hamiltonians for interaction of the spin with the magnetic
�eld, and Hc is the coulomb interaction potential for our system of two
electrons.

Here, we may assert that the Hamiltonian istself is invariant under the
exchange of particles [6]. Hence, the imposition of the exclusion principle
appears only in the wave function(unless some special spin-dependent inter-
action, such as the spin-orbit interaction of the last chapter, is introduced
in the Hamiltonian to distinguish one spin state from another). Whether
the wave function is symmetric or anti-symmetric has no impact upon the

9



Schrödinger equation. The importance of this latter result is that, for simple
Hamiltonians with no interaction among the electrons, it is usually possible
to separate the Schrödinger equation into two equations, one for each parti-
cle, with the total energy being the sum of the single-particle energies. This
separation is carried out in exacly the same manner as the in which separa-
tion of coordinates is done in many dimensional partial di�erential equation.
As a result, is is possible to write the two-particle wave function as a product
of the one-particle wave functions ψ1(r1) and ψ2(r2). The subscripts on the
wave functions themselves(as opposed to those on the variables) refer to the
particle 'number'. Carryng this out produces

ψ(r1, r2) = ψ1(r1)ψ2(r2) (1.9)

However, this wave function does not posses the proper symmetry for
electrons; for example, interchanging the positions of particles 1 and 2 does
not produce the necessary anti-symmetry. However, we can achieve this with
a somewhat cleverer summation; that is, we use

ΦA =
1√
2

[
ψn1(r1)ξ1±ψn2(r2)ξ2± − ψn1(r2)ξ2±ψn2(r1)ξ1±

]
(1.10)

This wave function has the desired anti-symmetry under the interchange
of the two electrons For a system of fermions, the wave function ψ is an
antisymmetrical combination. More human expression can be

Ψ2e ∝ Ψ1e
A (1)Ψ1e

B (2)−Ψ1e
B (1)Ψ1e

A (2)

1.5 Exchange energy

We can understand this concept in many di�erents forms, but for our study
will be the di�erence of energies between the ground(singlet) and the �rst
excited state. These quantum states are found using a certain set of wave-
functios di�erent for each method. We de�ne the exchange energy J as:

J = 〈ψ2e
1.exc.|H|ψ2e

1.exc.〉 − 〈ψ2e
Ground|H|ψ2e

Ground〉 (1.11)
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Chapter 2

Methods

In this chapter we study some methods to compute the exchange energy
for a system of two electrons in a coupled double-dot system [1]. Here, we
neglect Zeeman terms because they are much smaller than another terms of
the Hamiltonian. To diagonalize the given Hamiltonian, we use as our one-
particle basis the so called Fock-Darwin energy states centered at the bottom
of the left and right wells. The Fock-Darwin QD states, described and found
at this work (1.3) for the sake of completeness and notational clarity, are
simply the quantized states of the 2D orbital motion of the electrons in the
presence of an external parabolic con�nement potential and magnetic �eld.
Fock-Darwin states have a principal quantum number n which describes a
shell structure. Their energy we know

En` =
√
Q~
m

(2n+ |`|+ 1) +
eB~
2m

`

where Q = e2B2

4~2 + m2ω2

~2 ; from this we can rewrite the previous equation

En` = ~Ω(2n+ |`|+ 1) +
ωc~
2
` (2.1)

where Ω =
√

(ωc

2 )2 + ω2, and ωc = eB/m is the cyclotron frequency,
and ω approximates the harmonic con�nement frequency near the bottom
of the dot potential. The vector potential for two dots problem is centered
in between the dots which are located ±d to the side of each well. This
means that we have to use basis functions that are gauge transformed Fock-
Darwin states with an additional magnetic phase. In what follows we use
this Fock-Darwin single-electron basis to form two-electron states and solve
our two-particle problem in some approximations.
If we choose a di�erent gauge

{ψoldn , ~Aold} −→ {ψnewn , ~Anew} (2.2)
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where ~Anew = ~Aold + ~A0, we need to add the magnetic phase e±
ie
~
~A0×~r

to the old wave functions (the signs + and − refer to the left and right well,
respectively).

If
~Anew = −1

2
(~r + ~r0)× ~B (2.3)

then ~A0 = −1
2 ~r0 × ~B. We choose a gauge ~A = −1

2 ~r × ~B, for ψL, it means
~r0 = −dx̂, and for ψR, it means ~r0 = +dx̂.

2.1 Heitler London Approximation

A Hartree-Fock(H-F) calculation is self-consistent, and in it a mean �eld
is produced by the calculated electron density. One can also solve the tw-
electron problem using a �xed �nite molecular-orbital basis. Ideed, when
the number of states in the basis goes to in�nity, the solution approaches an
exact two-electron state. However, the convergence may be slower than a
self-consistent calculation(con�guration interaction), and it quickly becomes
computationally intractable for multielectron problems. On the other hand,
for a two-electron problem with smaller number of basis states, such a �xed
�nite-basis calculation ins numerically tractable and provides a clear advan-
tage over the HF approximation for studying entanglement. The Heitler-
London(HL) method is the simplest of product wavefunctions basis state
type. Here only the two single-particle ground states in the individual quan-
tum dots are taken into account. Futhermore, in forming two-electron or-
bitals, the two doubly occupied states are neglected. There is then only
one possible functional form each for singlet and triplet states, respectively.
This approach is quite accurate when the two dots are far from each other,
so that the singlet-particle wave functions have the correct dependence on
the interdot distance. On the other hand, if the two dots are brought close
to each other, the wave functions radii should be varied in order to obtain
the lowest energy for the two-electron states. This is similar to the orbital
contraction in molecular physics when two binding atoms are brought to-
gether [[4]], although in quantum dots it might be orbital expansion rather
than contraction.
The HL approximation is the simplest method to calculate the exchange
coupling in two coupled dots. It consists of the singlet and triplet wave func-
tions formed out of the lowest Fock-Darwin states(n = ` = 0), Fock-Darwin
states construct the functions of the equation (1.3) and adding the magnetic
phase, so the lowest states will be:

ψNn=0,`=0(~r) =
1√
C

e−
√
Q~r2/2e±

ie
~
~A0×~r·dx̂
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where the normalitation constant is π/
√
Q, now, the previous equation takes

the next form

ψNn=0,`=0(~r) =

√√
Q√
π

e−
√
Q~r2/2e±

ie
~
~A0×~r·dx̂

or

ψL/R(x, y, d) =

√√
Q√
π

e−
√
Q[(x±d)2+y2]/2e±

iedBy
2~ (2.4)

From these we can construct the two-electron singlet and triplet states as

ψ2e
S (1, 2) = C+[ψL(1)1eψR(2)1e + ψR(1)1eψL(2)1e]χs
ψ2e
T (1, 2) = C−[ψL(1)1eψR(2)1e − ψR(1)1eψL(2)1e]χt.

(2.5)

where the spins functions are χs = (1/
√

2)(| ↑↓〉 − | ↓↑〉), and χt is
one of the three triplet states (1/

√
2)(| ↑↓〉 + | ↓↑〉), | ↑〉, | ↓〉, C+ and C−

are normalization constants. The exchange energy is then calculated as the
di�erence between the expectation values of the Hamiltonian for our system
calculated with the singlet and triplet trial wave functions written in the
previous equations:

J = 〈ψT |H|ψT 〉 − 〈ψS |H|ψS〉 (2.6)

Where ψS and ψT are the singlet and triplet wave functions respectives. We
evaluate integrals in (2.6) numerically.
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Figure 2.1: Exchange energy as a function of the interdot distance for two electrons
in a double dot in �nite and zero magnetic �eld. The con�nement energy is 1meV

2.2 Hund-Mullikan approach

In this method we take the wavefunctions as in Heitler-London method
Eq.(2.5) adding doubly occupied states |ψLψL〉 and |ψRψR〉.

ψ2e
1 (1, 2) = [ψL(1, 2)ψL(1, 2)]χs,

ψ2e
2 (1, 2) = [ψR(1, 2)ψR(1, 2)]χs,

ψ2e
3 (1, 2) = C+[ψL(1)ψR(2) + ψR(1)ψL(2)]χs,

ψ2e
4 (1, 2) = C−[ψL(1)ψR(2)− ψR(1)ψL(2)]χt.

And then the central task is the computation of two-electron particle ma-
trix elements using the 4 wavefunctions, which envolves a basis of three
singlet states(the Heitler-London and the two doubly occupied states) and
one triplet state. To �nd the exchange energy we do the same steps as for
the Molecular Orbital. Then the exchange energy J is given by the Eq.(2.6).
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2.3 Molecular Orbital Method

The Heitler-London method is appealing in its simplicity [3] and its clear
physical picture. However, unless perfect basis states happen to be luck-
ily chosen, it is di�cult for a method with such a small basis to accurately
describe a double-dot molecular system. The �rst improvement one can
make is to include the doubly occupied states. It then becomes the simplest
molecular calculation-the Hund-Mulliken approach [4]. Molecular orbital (or
MO) is a mathematical function that describes the wave-like behavior of an
electron in a molecule. This function can be used to calculate chemical
and physical properties such as the probability of �nding an electron in any
speci�c region. The use of the term "orbital" was �rst used in English by
Robert S. Mulliken in 1925. It has since been equated with the "region"
generated with the function. Molecular orbitals are usually constructed by
combining atomic orbitals from each atom of the molecule, or other molec-
ular orbitals from groups of atoms. They can be quantitatively calculated
using the Hartree-Fock or Self-Consistent Field method.

A molecular orbital (MO) can be used to specify the electron con�gura-
tion of a molecule: the spatial distribution and energy of one (or one pair of)
electron(s). Most commonly an MO is represented as a linear combination
of atomic orbitals, especially in qualitative or very approximate usage. A
molecular orbital describes the behavior of one electron in the electric �eld
generated by the nuclei and some average distribution of the other electrons.
In the case of two electrons occupying the same orbital, the Pauli principle
demands that they have opposite spin. Necessarily this is an approximation,
and highly accurate descriptions of the molecular electronic wave function
do not have orbitals. The molecular orbitals can be obtained from the "Lin-
ear combination of atomic orbitals molecular orbital method" ansatz. In
this approach, the molecular orbitals are expressed as linear combinations of
atomic orbitals.

The hydrogen molecule, H2, with the two atoms labelled a and b. The
lowest-energy atomic orbitals, for a and for b, do not transform according to
the symmetries of the molecule. However, the following symmetry adapted
atomic orbitals do:

• Atomic orbitals a minus b. Antisymmetric combination: negated by
re�ection, unchanged by other operations.

• Atomic orbitals a plus b. Symmetric combination: unchanged by all
symmetry operations.

The symmetric combination (called a bonding orbital) is lower in energy than
the basis orbitals, and the antisymmetric combination (called an antibonding
orbital) is higher. Because the H2 molecule has two electrons, they can both
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go in the bonding orbital, making the system lower in energy (and hence
more stable) than two free hydrogen atoms. This is called a covalent bond.

On the other hand, consider the hypothetical molecule of He, this case
is the same as for hydrogen atom.

Then for this method we can take the following one-electron wave func-
tions as molecular orbitals

ψ1e
± (~r) :=

1√
N1e
±

(
ψd00(~r)± ψ−d00 (~r)

)
(2.7)

where N1e
± is the normalization constant and ψ00 = ψR/L of the H-L method

. Then we take the symmetrized combinations of the previous wavefunctions
to write the 2e wave function

ψ2e
1 = [ψ1e

+ (~r1)ψ1e
+ (~r2)]χS

ψ2e
2 = [ψ1e

− (~r1)ψ1e
− (~r2)]χS

ψ2e
3 = N2

[
ψ1e

+ (~r1)ψ1e
− (~r2) + ψ1e

+ (~r2)ψ1e
− (~r1)

]
χS

ψ2e
4 = N1

[
ψ1e

+ (~r1)ψ1e
− (~r2)− ψ1e

+ (~r2)ψ1e
− (~r1)

]
χT

(2.8)

And the exchange energy can be found by the di�erence between the energy
of the �rst excited state and the ground state, i.e.

J = 〈ψ2e
1exc.|H|ψ2e

1exc.〉 − 〈ψ2e
ground|H|ψ2e

ground〉 (2.9)

The previous equation gives us the exchange energy, so now we go to �nd a
friendly expresion for the energy of the ground and �rst excited state.

Note From the equation (2.7) we can build the two-electron wavefunctions tak-

ing the next combinations |+ +〉,| − −〉, |+−〉+ | −+〉 and |+−〉 − | −+〉. If we
rewrite the previous equations putting the equation (2.7), we get four two-electron

wave functions, where two of them will be the two-electron wavefunctions used in

the H-L method. Because in the H-L calculation we had a diagonal 2 by 2 matrix,

we didn't diagonalize it. But now, we have a 4 by 4 matrix, which can be written

as a block matrix (3× 3)⊕ (1× 1), where in the 3× 3 matrix are the singlet and in

the 1× 1 the triplet wavefunctions, so for the exchange energy we need to �nd the

di�erence between the triplet and singlet energies. Then as an approach we have

taken as a triplet energy(�rst excited state) the | + −〉 − | − +〉 wavefunction of

the 1× 1 matrix, and for the singlet energy we have taken the |+ +〉 two-electron
wavefunction without diagonalize(for more easy) the 3 × 3, which carried out to

errors in the calculation(bad approach). If we diagonalize the 3 × 3 matrix, we

get to the Hund-Mullikan method. A thing is important here, that the energy for

the triplet state is approximatly the energy for the �rst excited state, but for the

singlet energy we have greater value than the energy for the ground state, because

16



that we can say that it was not a good approach for our problem.

We can see in �gure 2.2 the interdot distance dependence of the exchange
energy J in a MO calculation for two electrons in a double dot in zero and
�nite magnetic �eld. Exists an short interval of distance at the begining
where �rst the magnitude of J exponentially decrease and immediatly be-
gins to increase up to 37.25nm. For values greater than 37.25nm, J begins
exponentially slowly to decrease. Also we can see that when we turn on the
magnetic �eld the exchange energy increases. This calculation is for 1meV
of the con�nement energy.
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Figure 2.2: Exchange energy as a function of the interdot distance in a MO cal-

culation for two electrons in a double dot in �nite and zero magnetic �eld. The

con�nement energy is 1meV
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2.4 The Variational Method

The variational method [[5]] is the other main approximate method used
in quantum mechanics. Compared to perturbation theory, the variational
method can be more robust in situations where it's hard to determine a
good unperturbed Hamiltonian (i.e., one which makes the perturbation small
but is still solvable). On the other hand, in cases where there is a good
unperturbed Hamiltonian, perturbation theory can be more e�cient than
the variational method.

The basic idea of the variational method is to guess a �trial� wavefunc-
tion for the problem, which consists of some adjustable parameters called
�variational parameters.� These parameters are adjusted until the energy of
the trial wavefunction is minimized. The resulting trial wavefunction and its
corresponding energy are variational method approximations to the exact
wavefunction and energy. Why would it make sense that the best approxi-
mate trial wavefunction is the one with the lowest energy? This results from
the Variational Theorem, which states that the energy of any trial wave-
function E is always an upper bound to the exact ground state energy E0.
This can be proven easily. Let the trial wavefunction be denoted Φ. Any
trial function can formally be expanded as a linear combination of the exact
eigenfunctions Ψi. Of course, in practice, we don't know the Ψi, since we're
assuming that we're applying the variational method to a problem we can't
solve analytically. Nevertheless, that doesn't prevent us from using the exact
eigenfunctions in our proof, since they certainly exist and form a complete
set, even if we don't happen to know them. So, the trial wavefunction can
be written

Φ =
∑
i

ciΨi,

and the approximate energy corresponding to this wavefunction is

E[Φ] =
∫

Φ∗ĤΦ∫
Φ∗Φ

.

Substituting the expansion over the exact wavefuntions,

E[Φ] =

∑
ij c
∗
i cj
∫

Ψ∗i ĤΨj∑
ij c
∗
i cj
∫

Ψ∗iΨj
.

Since the functions Ψj are the exact eigenfunctions of Ĥ, we can use
ĤΨj = EjΨj to obtain

E[Φ] =

∑
ij c
∗
i cjEj

∫
Ψ∗iΨj∑

ij c
∗
i cj
∫

Ψ∗iΨj
.
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Now using the fact that eigenfunctions of a Hermitian operator form an
orthonormal set (or can be made to do so),

E[Φ] =
∑

i c
∗
i ciEi∑
i c
∗
i ci

.

We now subtract the exact ground state energy E0 from both sides to
obtain

E[Φ]− E0 =
∑

i c
∗
i ci(Ei − E0)∑
i c
∗
i ci

.

Since every term on the right-hand side is greater than or equal to zero,
the left-hand side must also be greater than or equal to zero, or

E[Φ] ≥ E0.

In other words, the energy of any approximate wavefunction is always
greater than or equal to the exact ground state energy E0. This explains
the strategy of the variational method: since the energy of any approximate
trial function is always above the true energy, then any variations in the
trial function which lower its energy are necessarily making the approximate
energy closer to the exact answer. (The trial wavefunction is also a better
approximation to the true ground state wavefunction as the energy is low-
ered, although not necessarily in every possible sense unless the limit Φ = Ψ0

is reached).
For this method we use

ψ2e
trial(D) = ψ2e

+ (d→ D)/
√
N+ (2.10)

where ψ2e
+ (d→ D) is a used two electron wave function in the Heitler-London

method. Here D is the variational parameter, so, we need to �nd a value of
D for which the energy has a minimum. The energy is calculated by

Etrial = 〈ψ2e
trial(D)|H(d)|ψ2e

trial(D)〉 (2.11)

If we have explicit expression for the previous function, to �nd a minimum
of the previous energy function we need to take the derivative with respect
to the parameter D, then we put the �rst derivative equal to zero and we
can �nd a minimum(extremum) of D. Therefore we put this value of D to
the equation for the energy and we will have a value for the minimal en-
ergy. But, we have not an explicit expression for the energy in our case,
we have the expression given as integral, then the minimum we go to �nd
using a numerical method. The �rst step is to implement the equation (2.11)
in numerical form, using the same way we implement the derivative of the
equation (2.11) in numerical form. Because to �nd a minimum of a function,
we put the �rst derivative equal to zero, we can use the bisection method to
�nd the value of D.
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When we want to �nd a root of a function, we have to know something
about it; a general (not necessarily continuous) function could have a root
anywhere. So we postulate that our function f is continuous; this is rea-
sonable, because f is often derived from some physical model. Suppose now
that we have an interval [a, b], with f(a) and f(b) having di�erent signs, or
in other words:

f(a)f(b) < 0.

It follows then from elementary analysis that the interval [a, b] will contain
at least one root of the function f . Suppose now that we have in some way
got an approximation to this root, say c, with a < c < b. We can then
evaluate f in c. There are now 3 possibilities:

1. f(c) = 0; we have found the root, but this is "in�nitely unlikely" to
occur

2. f(a)f(c) < 0; we know the root lies in the interval [a, c]

3. f(b)f(c) < 0; we know the root lies in the interval [c, b].

So if c isn't the real root, we can at least update our interval and get a
smaller one, that still contains the root. If we repeat this often enough, we
can make the interval [a, b] smaller and smaller, and we hope that in this
way, we can get a su�cient accurate approximation to the root. Now, how
do we determine c? The simplest solution is to take c to be the middle of the
interval [a, b]. We then e�ectually cut the interval in half at each iteration.
So we call this method the Bisection Method.

In our case we written a small program, which look for roots in the
interval [0, d+ 30] and this ciclus repeats ten times.

In �gure 3.1 we plot our numerical results for the interdot distance
dependence of the exchange energy J in a variational calculation for two
electrons in a double dot in �nite and zero magnetic �eld. We can see that at
B = 0 and at B = 1 the exchange energy J decreases, increases and before
has a constant value. When we turn magnetic �eld the exchange energy
increase but the interdot distance decrease. Also we can see that for values
greater than or equal to d = 50nm the exchange energy is approximadly
constant in the two cases.
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Figure 2.3: Exchange energy as a function of the interdot distance in a variational

calculation for two electrons in a double dot in �nite and zero magnetic �eld. The

con�nement energy is 1meV
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Chapter 3

Results

Here we present results of the numerical calculation for the exchange en-
ergy using the methods explained before. On the Fig. 3.1 the exchange
energy as a function of the interdot distance for two electrons in a double
dot(quantum hydrogen) in zero magnetic �eld. The con�nement energy is
1meV. We can see that for large interdot distance the exchange energy falls
o� exponentially, a fact that all methods re�ect correctly. This suggests that,
at least in principle, an e�cient control of the exchange energy between the
ground and �rst excited states can be achieved by increasing the potential
barrier separating the dots and/or by increasing the interdot separation. For
small interdot distance we can see that the exchange energy is greater. Fig.
3.2 shows the exchange energy as a function of the magnetic �eld for two
electrons in a two-electron single dot(quantum helium). The con�nement
energy is 1meV. We can see that when the magnetic �eld increases, the HL
and Hund-Mullikan are not a good approach.

In the Fig. 3.3 we can see the exchange energy as a function of the mag-
netic �eld for two electrons in a two -electron double dot(quantum hydrogen
for d = 60nm), we see that J decreases when the magnetic �eld increases;
and also we see that the Hund-Mullikan is closer to the exact method than
Variational and Heitler-London for a interdot distance of 60nm.

The HL and Hund-Mullikan are qualitatively reasonable; however, quan-
titatively they di�er signi�cantly from the Exact1 and Variational described
in this paper, because J depends sensitively on the wave function overlap,
which can be signi�cantly a�ected by including higher excited states. For
small values of magnetic �eld the approach methods agree approximatly with
the Exact solution, but for greater values of B we can see an exponential
increase of the exchange energy.

1The Exact solution was calculated by the con�guration interaction method, which is

another approach method.
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Figure 3.1: Exchange energy as a function of the interdot distance for two electrons
in a double dot(quantum hydrogen) in zero magnetic �eld. The con�nement energy

is 1meV.
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Figure 3.2: Exchange energy as a function of the magnetic �eld for two electrons

in a two-electron single dot(quantum helium). The con�nement energy is 1meV.
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hydrogen( d = 60nm). The con�nement energy is 1meV.
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Conclusions

To conclude, we studied the exchange energy in two electron single and dou-
ble lateral quantum dots. We compared four approximate methods: Heitler-
London, Hund-Mullikan, Molecular Orbital and Variational, with the results
obtained numerically. As expected, the simplest method(HL) works well
for large interdot distances. To get reasonable results for small interdot
distances, it can be improved using Hund-Mullikan(Molecular Orbital) or
Variational method.
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