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Kurzfassung

Ein thermodynamisches Modell des Quark-Gluon-Plasmas mit Quasiteilchen-
freiheitsgraden basierend auf Hard-Thermal-Loop-Selbstenergien wird vorgestellt.
Es stellt ein Bindeglied zwischen einem bereits etablierten, phänomenologischen
Quasiteilchenmodell [Pes00, BKS07a], welches aus ersterem durch einer Reihe von
Näherungen folgt, sowie QCD, aus welcher ersteres mittels des Cornwall-Jackiw-
Tomboulis-Formalismus und einer speziellen Parametrisierung der laufenden Kop-
plung abgeleitet werden kann, dar.

Beide Modelle ermöglichen die Extrapolation von Monte-Carlo-Gitterberechnungen
der QCD-Zustandsvariablen bei kleinen chemischen Potentialen zu großen Nettobary-
onendichten mit bemerkenswert ähnlichen Ergebnissen und werden so genutzt, um
Zustandsgleichungen für Schwerionenkollisionsexperimente am SPS und bei FAIR
ebenso wie für Quark- und das Innere von Neutronensternen anzugeben. Eine
Mischphasenkonstruktion erlaubt die Verbindung der SPS-Zustandsgleichung zum
Hadronenresonanzgasmodell.

Eine Erweiterung auf den schwach wechselwirkenden Sektor wird vorgelegt und
allgemeine Argumente bezüglich der Stabilität und Bindung von kompakten stellaren
Objekten abgeleitet. Die Ergebnisse von Extrapolationen aktuell verfügbarer Gitter-
rechnungen [Baz09, Bor10b] legen die Existenz von reinen Quarksternen nicht nahe.
Allerdings könnte Quarkmaterie in einer Mischphase in Kernen von Neutronensternen
existieren.

Abstract

A thermodynamic model of the quark-gluon plasma using quasiparticle degrees
of freedom based on the hard thermal loop self-energies is introduced. It provides
a connection between an established phenomenological quasiparticle model [Pes00,
BKS07a] – following from the former using a series of approximations – and QCD –
from which the former is derived using the Cornwall-Jackiw-Tomboulis formalism
and a special parametrization of the running coupling.

Both models allow for an extrapolation of first-principle QCD results available
at small chemical potentials using Monte-Carlo methods on the lattice to large
net baryon densities with remarkably similar results. They are used to construct
equations of state for heavy-ion collider experiments at SPS and FAIR as well as
quark and neutron star interiors. A mixed-phase construction allows for a connection
of the SPS equation of state to the hadron resonance gas.

An extension to the weak sector is presented as well as general stability and
binding arguments for compact stellar objects are developed. From the extrapolation
of the most recent lattice results [Baz09, Bor10b] the existence of bound pure quark
stars is not suggested. However, quark matter might exist in a hybrid phase in cores
of neutron stars.
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1 Introduction

1.1 Standard model of particle physics

Within the standard model of particle physics, matter consist of two classes of
fundamental particles: leptons and quarks (and their corresponding antiparticles),
see Fig. 1.1. These spin-1/2 particles (fermions) interact via three fundamental
forces: weak, electromagnetic and strong interaction – in order of rising strength. In
addition, gravity is present as fourth fundamental interaction.

With the exception of gravity, the interactions can be described by gauge field
theories. Within these theories an interaction is described through the exchange of
gauge bosons (particles with integer spin, here spin-1). The quantum field theoretical
treatment of gravity has not yet reached a satisfying level to be included into the
standard model – but quite a few proposals (superstrings, M-theory, loop quantum
gravity, etc.) exist.

The strength of an interaction is given by its coupling constant, which – in spite
of its name – is not constant but rather depends on the energy-momentum scale (or,
alternatively, the distance). This is due to the quantum vacuum – also in spite of
its name – not being empty, but instead consisting of quantum fluctuations. For
instance, in the case of Quantum Electrodynamics (QED), virtual electron-positron
pairs acting as virtual dipoles appear, screening charged particles and thus reducing
the interaction strength. The screening is more effective in reactions on small energy-
momentum scales (larger distances), thus the QED coupling constant increases with
the increasing energy and momentum.

At very high energies (∼ 1015 GeV), the coupling strength of weak, strong and
electromagnetic interaction seem to merge. This gives rise to the hope that all
fundamental forces can be unified into one which was split during the first moments
after the Big Bang. With the exception of the electroweak interaction as unification
of electromagnetic and weak forces, this seems not yet to be achieved in a convincing
manner.

The focus of this thesis is the description of properties of strongly interacting
matter. The corresponding gauge field theory is called Quantum Chromodynamics
(QCD).

1.2 Quantum Chromodynamics

In analogy to QED, which very accurately describes electromagnetic interactions
as exchange of photons between electrically charged particles, strong interactions
arise from an exchange of gluons between quarks that carry an additional charge
property. While the electromagnetic force couples to particles with a property electric
charge with just one single aspect (positive or negative elementary charge e), the
strong interacting couples to particles with a property with three aspects, which
are analogized by the three elementary colors red, green and blue, and the property
named color charge [Gre64, Nam74] (hence the prefix chromo).
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Figure 1.1: Elementary particles according to the standard model (Higgs and antiparticles
omitted). Created after [PS95].
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Figure 1.2: Naive pictorial representation of a proton (p) and a neutron (n) as composites
of up (u) and down (d) quarks. Wiggly lines schematically indicate gluons as carriers of the
strong force. Derived from [KSS06].

This analogy has been very successful, because it illustrates the QCD phenomenon
“confinement”, i.e. color charged particles cannot be isolated singularly, by the
requirement that quarks form “white” (neutral color charge) compounds. Employing
the notion of constituent1 quarks, this can be achieved either by a quark-antiquark
pair with opposite colors (called meson, e.g. composed of a red and an anti-red
quark) or three quarks of a different color each (called baryon, e.g. composed of one
red, one green and one blue quark). The matter surrounding us is essentially made
up of protons, neutrons and electrons. While the electron is one of the leptons and
therefore fundamental, the proton and the neutron are baryons composed of up and
down constituent quarks (Fig. 1.2).

While QED has a simple Abelian gauge group structure, namely U(1), leading
to only one gauge boson (the photon), the non-Abelian SU(3) gauge group of QCD
contains eight gluons, each carrying a unique color-anticolor combination (except
white). In this way, the gluons are color-charged quanta themselves and consequently
interact not only among each other by exchanging further gluons – which in turn
interact via even more gluons – but also with the virtual quarks and gluons of the
vacuum.

1The constituent quarks used to understand hadron spectra have to be distinguished from the
current quarks of the gauge theory. Although they carry the same quantum numbers such as isospin,
strangeness, etc., their masses may differ.
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As a consequence, the strong coupling strength g is small for short quark inter-
distances (or high momentum transfers) and increases with growing distance (or
decreasing momentum transfer leading to gluon “inflation” and antiscreening of the
quarks). This effect is called asymptotic freedom.2

Even though a mathematical proof is still required, it is assumed that quarks
and gluons can never be observed as isolated particles. The energy spent for the
separation of two color-charged particles leads to another pair being created in
between.

QCD as a theory is based on the classical Lagrangian (cf. [PDG06], p. 110 and
p. 319)

LQCD =
∑
q

ψ̄iq(iγ
µ(Dµ)ij − δijmq)ψ

j
q −

1

4
F aµνF

µν
a + Lgauge + LFP, (1.1)

where µ, ν = 0 . . . 3 are Lorentz indices, i, j = 1 . . . 4 are Dirac spinor indices, and
a = 1 . . . 8 is the adjoint color index of the gluon color states. The sum over all quark
flavors q ε {u, d, c, s, t, b} is given explicitly; for the remaining indices the Einstein
sum convention has to be followed.

The quark fields ψq (color triplets) refer to current quarks. They are coupled
minimally to the gauge sector by the covariant derivative

(Dµ)ij = δij∂µ + ig
(λa)ij

2
Aaµ, (1.2)

where the Aaµ represent the gauge fields (gluons) and the λa are the generators of
the local SU(3) gauge group in the fundamental representation.3

The pure Yang-Mills term LYM := −1
4F

a
µνF

µν
a describes the gluons just as any

other gauge boson. For the gluons the field strength tensor is given by

Fµνa = ∂µAνa − ∂νAµa︸ ︷︷ ︸
analogous to QED

+ gfabcA
bµAcν︸ ︷︷ ︸

gluon-gluon interaction

. (1.3)

As a result of the additional terms, LYM contains expressions trilinear and quadri-
linear in the gluon fields Aµa leading to three- and four-gluon interactions.

The contribution Lgauge fixes the still remaining gauge degree of freedom and
LFP takes care of possibly occurring unphysical degrees of freedom by introducing
Fadeev-Popov ghost fields. A very insightful, deeper look at those phenomena is
given by [GTP11].

The current quark masses mq and the coupling strength g have to be adjusted
to physical observables. Due to renormalization within the quantized theory, the
quantities mq and g entering the classical Lagrangian (1.1) become subject to a
redefinition resulting in a scale dependence. The same holds for matter and gauge
sector fields.

By performing an expansion in terms of its small coupling constant (αem ≈ 1/137
at asymptotically small energy scales) the equations for QED scattering processes

2For the discovery of this phenomenon in 1973 – which led to the widespread acceptance of the
non-Abelian QCD in the following years – D. Gross, D. Politzer and F. Wilczek have received
the Nobel prize in 2004. Asymptotic freedom has been verified, e.g. in deep inelastic scattering
experiments. It is due to this effect that, rather than coupling strength, the notion running coupling
is more accurately being employed for g.

3The standard representation of λa are the Gell-Mann matrices. They are the three-dimensional
extension of the Pauli matrices. They form the Lie algebra of SU(3) with commutation relations
[λa, λb] = 2ifabcλ

c, where fabc are the fully antisymmetric structure constants.
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can be solved up to a certain energy scale where it diverges [PS95]. Conform with
asymptotic freedom, the situation is reversed for the QCD running coupling g which
is smaller than unity only at very high energy, density or momentum scales. For
larger g, non-perturbative methods are needed in order to solve the QCD equations
of motion. One way is to discretize space and time and apply Monte-Carlo sampling
methods. This approach is commonly called lattice QCD. Such lattice calculations
are, however, still limited to small net baryon densities. This is due to a numerical
sign problem, i.e. highly oscillatory integrands appearing with the introduction of
nonzero chemical potentials.

For vanishing quark masses the QCD Lagrangian (1.1) is chirally symmetric,
meaning that both left and right handed world are fully decoupled. Lattice results
are often obtained using unphysically large quark masses and therefore need to be
extrapolated towards the chiral limit, i.e. to the physical mass scales. This is in
addition to the extrapolation towards the thermodynamic continuum accounting for
errors introduced due to the discretization of space and time.

Even for small values of g, naive perturbation theory for a strongly interacting
system can fail at nonzero temperature T despite the use of modern expansion
methods [CH98]. This is due to the energy scale introduced by the temperature
which leads to expansion terms ∼ gT/p [BP90a, BP90b]. These are no longer of
order g, but can be of order unity for a typical momentum scale p of particles in a
heat bath of temperature T . The usual relation of the order of the loop expansion
and powers of g is lost: effects of leading order in g arise from every order in the
loop expansion and one cannot arrange different contributions according to powers
of g anymore. Consequently, in order to still be able to apply perturbative methods,
all these terms need to be taken into account which can be done by resummation
techniques.

1.3 The quark-gluon plasma

We often experience matter in three different phases: solid, fluid and gaseous.
However, certain materials have a much richer phase structure. For instance, water
can assume twelve or more different ice phases [LFK98], the usual fluid form or
become vapor. These phases transform into each other with the change of exterior
conditions such as pressure and temperature as depicted in Fig. 1.3. These phase
transitions are often combined with tremendous changes in material properties like
compressibility, transparency or electrical conductivity.

If water is brought to sufficiently high temperatures it turns into yet another state:
a plasma consisting of ions and quasifree electrons. Since the transition happens
slowly through ionization of single molecules by collisions it is not considered a phase
change. Still a plasma shows new collective effects such as screening and plasma
oscillations and is therefore often considered as fourth state of matter.

The plasma phase can also be reached through compression, by which electrons
are released from their orbitals and form a degenerate quantum plasma. This phase
transition is observed e.g. when a star collapses into a White Dwarf (which is a
stable compact stellar object due to the sufficiently large degeneracy pressure of
these electrons).

The nuclei of water molecules consist of protons and neutrons which are again
formed by constituent quark triplets (Fig. 1.2) interacting – as outlined in the
previous sections – through an exchange of gluons. Quarks and gluons are confined
within the nucleons. Just as, after heating and compressing it sufficiently, the
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Figure 1.3: A part of the phase diagram of water, showing its three major phases and the
phase transitions. (source: www public domain)

constituents of water molecules form a plasma, this strongly interacting matter is
presumed to deconfine, i.e. transit into a phase with much less correlation often
assuming quarks and gluons as freely roaming. This phase is called the quark-gluon
plasma (QGP). Note that although the question about the nature of the transition
(first/second order phase transition or just a crossover) actually depends on the
number of active quark flavors Nf as well as their masses, the use of the terminology
“transition” is widely accepted.

Fig. 1.4 shows the presumed phase diagram of strongly interacting matter. The
red region is occupied by deconfined matter, where quarks and gluons are believed
to represent the relevant degrees of freedom. The white region represents hadronic
matter. At the common boundary, strongly interacting matter undergoes the decon-
finement transition.

Within this thesis we assume that the restoration of chiral symmetry (i.e. chiral
condensate

〈
ψ̄ψ
〉
→≈ 0) occurs simultaneously or sufficiently close to the decon-

finement phase transition. Consequently, a possible quarkyonic phase speculated to
exist between deconfinement and chiral phase transition [MP07] is neglected.

For small chemical potentials and Nf = 2 + 0, 2 + 1 the deconfinement transition
is a simple crossover. At the critical point it becomes a real phase transition of second
order turning into first order for larger values of µBa. The transition temperature
of the crossover at vanishing chemical potential is commonly dubbed pseudocritical
or simply critical temperature Tc. The common starting point of the experiments
marks hadrons or nuclei in our environment. Not shown is a possible triple point
with the color superconducting phase predicted by some authors [RW00].

The arrows in Fig. 1.4 indicate the path of the early universe, the area relevant
for neutron and possible quark stars and the scope of some present and future
experiments outlined within the following chapter.

1.4 Heavy-ion collisions and quasiparticles

In order to investigate the properties of deconfined matter enormous energy scales
are necessary. While they currently cannot be provided continuously, it is possible to
accelerate nuclei to relativistic velocities, let them collide and register all relevant exit
particles in a detector. By comparison with simulations the data (angle, momentum,
time, ...) of these particles can be used to reconstruct the processes which occurred
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Figure 1.4: Schematic plot of the phase diagram of strongly interacting matter for constant
volume V and variable net baryon density or baryo-chemical potential µBa scaled by a
typical nucleon mass and temperature T scaled by the transition temperature at µBa = 0.
The white region for low µBa and T represents the hadronic regime, the red region the
quark-gluon plasma with the deconfinement and chiral transition in between. The arrows
depict areas accessible to current and future experiments and the evolutionary path of the
universe. Neutron star matter occupies the region of low temperature and large baryon
density. For the means of abbreviations see text. (derived from GSI publicity plot)

during and after the collision, e.g. if deconfined matter has been produced.
Collision experiments, aimed at producing the quark-gluon plasma, have been

performed at the Alternating Gradient Synchrotron (AGS) and Relativistic Heavy
Ion Collider (RHIC) at Brookhaven National Laboratories as well as the the Super
Proton Synchrotron (SPS) at CERN in Geneva. Two new experiments are indicated
in Fig. 1.4. LHC is the Large Hadron Collider now in use at CERN in Geneva;
GSI SIS300 is related to FAIR in Darmstadt. The latter is aimed to investigate the
region of high net baryon densities at sufficiently high energies.

If after the collision of the nuclei, the quarks and gluons of the emerging fireball
become deconfined, they form a QGP which is assumed to behave as a fluid or plasma
or gas with features to be specified. In order to predict the dynamics of the fireball
during this phase and assuming a thermally equilibrated system, hydrodynamics
can be employed. This amounts to solving the equations of energy-momentum and
current conservation [LL06]

Tµν ;µ = 0 and (nuµ);µ = 0 (1.4)

with the energy-momentum tensor of an ideal fluid Tµν = (e+ p)uµuν − pgµν , where
e is the energy density, p stands for the pressure and n denotes the net density
of particles of the respective matter emerging from hadrons at the deconfinement
transition while uµ is the 4-velocity. Here, gµν = diag(1,−1,−1,−1) is the metric
tensor of Minkowski space.

Since the problem is under-determined, it is necessary – as one important input for
the hydrodynamic description – to provide an interrelation of the state quantities e, p
and n, for instance of the form e = e(p, n), i.e. an equation of state (EOS) for strongly
interacting matter, in particular the quark-gluon plasma. As the thermodynamic
potential contains all of the information on the bulk properties of matter in local
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equilibrium, the goal is to derive an expression for, e.g., the grand canonical potential
Ω from the QCD Lagrangian and the associated Feynman rules (i.e. propagators,
self-energies, etc.). The EOS then follows as a direct consequence.

Given the problems in solving the QCD equations of motion by perturbation
theory and lattice calculations, especially in the region of high baryon densities as
mentioned in Section 1.2, a different ansatz is needed. The interpretation of the QGP
constituents as noninteracting quasiparticles using effective masses is one possible
approach to a solution of the problem.

A quasiparticle is an elementary excitation of a system. If chosen in a sensible
way, other excitations of the system can be described by the presence of multiple
quasiparticles. In certain limits the interaction between multiple quasiparticle species
can turn out to be negligible, giving the possibility to investigate properties of the
many-body system by examining properties of the individual, non-interacting species.

The concept of quasiparticles is one of the few established techniques in simplify-
ing a quantum mechanical many-body problem. It has proven to be very successful
within the field of condensed matter physics but its scope of application is not limited
to it. Recent work [And10a, And10b, Str10] underline the suitability of the concept
for the QGP. This thesis makes use of the quasiparticle picture in order to describe
the thermodynamics of the quark-gluon plasma.

As for most many-body systems, the QGP is expected to possess two classes of
quasiparticles: the first one corresponding to actual particles, the properties of which
are modified by the interactions within the plasma; the other class representing
quanta of collective excitation modes in the system. For the QGP, the longitudinal
gluon (or plasmon) mode and the plasmino [Kli81, Wel82] constitute such collective
excitations [YHM95].

1.5 Outline of the work

In Chapter 2 the hard thermal loop (HTL) quasiparticle model is derived from
a 2-loop effective action and a special parametrization of the running coupling.
The properties of the HTL self-energies, propagators and dispersion relations are
investigated and the issues of thermodynamic consistency and crossing characteristics
are addressed in detail.

In Chapter 3, the properties of the thermodynamic quantities are studied and
the asymptotic dispersion relations are introduced, allowing for a connection to
a previously used quasiparticle model and – in the reverse direction – provide a
coherent path for the improvement of the latter. This connection is finalized in
Chapter 4. In addition, the results of the established model for the most recent lattice
results are given and discussed. A modification neglecting the explicit µ-dependence
of the thermal masses is studied as well.

The differences between the established and the HTL model as improvement of
the former are discussed in Chapter 5. The HTL model is then used to construct an
equation of state for heavy-ion collider experiments at high net baryon densities.

With the goal to obtain an equation of state for compact stellar objects with a
high-density quark phase, the weakly interacting sector is included into the quasi-
particle model in Chapter 6. General arguments concerning existence and properties
of pure quark stars as well as neutron stars with quark cores are presented. Actual
predictions using the most recent lattice results are provided and discussed in terms
of these arguments.

Chapter 7 summarizes the arguments and results of this thesis.





2 Derivation of the hard thermal loop
quasiparticle model

2.1 Self-consistent approximations of many-body systems

In order to determine the thermodynamic potential of a relativistic many-body
system from its Lagrangian and the associated propagators and self-energies, i.e. its
excitation spectrum, in a thermodynamically consistent way, it is necessary to
construct the sum of all two particle irreducible (2PI) skeleton diagrams (i.e. diagrams
without external lines which do not become disconnected upon cutting of two
propagator lines). Employing either the Cornwall-Jackiw-Tomboulis formalism or
the Φ-functional approach these graphs are translated into the sum over all self-
energy contributions via a functional derivative. The resulting full propagators are
then used to determine the thermodynamic potential.

The Φ-functional approach is based on a proposal by Luttinger and Ward [LW60]
to derive the thermodynamic potential of non-relativistic, fermionic systems from
Feynman graphs, i.e. using propagator expressions. As such this formalism is a
translation of a stationarity theorem by Lee and Yang [LY60b] – which expresses the
thermodynamic potential Ω in terms of mean occupation numbers – into propagator
language.1 The formalism has also been extended to bosonic [GW65, FW71] and
relativistic systems [NC75, VB98].

Only a few years after Luttinger and Ward, it was Jona-Lasinio [Jon64], who
emphasized the importance of the effective action for discussions of spontaneous sym-
metry breaking in relativistic particle theory. Consequently, Jona-Lasinio, Dahmen
and Tarski [DJ67, DJ69, DJT72] presented a variational formulation of relativistic
quantum field theory based on combinatorial analysis. It was reformulated using
functional methods and presented with some example applications in a review by
Cornwall, Jackiw and Tomboulis [CJT74] which was widely referenced, leading to the
term CJT formalism.2 Essentially, the CJT formalism is the result of a generalization
of the Φ-functional approach. This relation is elaborated in [Sch07].

The starting point of the CJT formalism is the effective action3 Γ [Ris03]

Γ[D,S] = I − 1

2

{
Tr
[
lnD−1

]
+ Tr

[
D−1

0 D − 1
]}

+
{

Tr
[
lnS−1

]
+ Tr

[
S−1

0 S − 1
]}

+ Γ2[D,S], (2.1)

where I is the classical action of the system and D and S are the dressed bosonic
and fermionic propagators with their respective tree-level equivalents D0 and S0. Γ2

represents the sum over all 2PI diagrams without external lines analogous to the
Φ-functional.

1In fact, it can even be reformulated to use any subset of n-point amplitudes with n ≤ 4
[dDM64, NC75, Kle82, Car04, Ber04].

2The formalism was developed independently within the Soviet science community by Vasil’ev
and Kazanskii [VK72, VK73a, VK73b].

3For more on the concept of the effective action in the framework of symmetry breaking, the
interested reader is referred to [PS95] and [Riv88].
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The effective action is subject to stationarity conditions

δΓ

δD
=
δΓ

δS
= 0 (2.2)

which yield

0 = −D−1 +D−1
0 − 2

δΓ2

δD
and 0 = S−1 − S−1

0 − δΓ2

δS
(2.3)

and thus lead to the gap equations

Π = −2
δΓ2

δD
and Σ =

δΓ2

δS
, (2.4)

where gluon and quark self-energies are defined by Dyson’s equations

Π[D] := D−1 −D−1
0 and Σ[S] := S−1 − S−1

0 . (2.5)

For translationally invariant systems, where propagators fulfill ∆(0)(x, y) = ∆(0)(x−
y), an overall factor of the four-dimensional space T/V can be extracted from the
trace integrals in (2.1) and it suffices to consider the effective potential

Veff[D,S] = −T
V

Γ[D,S] (2.6)

instead of the effective action [CJT74, Ris03, Bec05, Roe05]. At the stationary point
Veff is connected to the grand canonical potential via (see [Bro92], p. 104, or [Riv88])

Ω

V
= Veff. (2.7)

The stationarity condition (2.2) is conveyed from the the effective action so that
the thermodynamic potential has to be stationary with respect to a variation of the
propagators as well

δΩ

δD
=
δΩ

δS
= 0. (2.8)

The classical action I can also be replaced by a classical potential U = −I T/V ,
which describes the broken symmetries of the system. Since no broken symmetries
are considered in this thesis, U is equal to zero and one obtains the expression for
the thermodynamic potential

Ω[D,S] = T

{
1

2
Tr
[
lnD−1 −ΠD

]
− Tr

[
lnS−1 − ΣS

]}
+ TΓ2[D,S] . (2.9)

Since Γ2 is an infinite sum, these gap equations can presently only be solved
approximately by selecting a subset of the skeleton diagrams in Γ2. The truncated
self-energies are then found from (2.4) in an elegant way: The functional derivative
with respect to the propagators is graphically represented by simply cutting one
propagator line in the skeleton diagrams, keeping in mind all the symmetry factors.
From the truncated self-energies, the corresponding truncated dressed propagators
follow self-consistently from Dyson’s equations (2.5).

Even though truncation introduces approximations, they were shown to obey
the fundamental physical laws such as number, energy and momentum conservation
[BK61, Bay62]. Therefore, this approach is often called conservation law preserving
or symmetry conserving self-consistent approximation scheme. Baym [Bay62] also
introduced the notion Φ-derivable approximations in reference to the Φ/Γ2-functional.
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2.2 Evaluation of the traces

In the expressions above, Tr contains a trace tr over the discrete indices as well as
the integration over the four-dimensional phase space. In order to take effects of
finite temperature into account, the energy integration has to be performed using
the imaginary time formalism (see [LeB96, Kap89, YHM95] for an introduction).
This is done by carrying out a sum over the discrete Matsubara frequencies

iωn =

{
2niπT for bosons,

(2n+ 1) iπT + µ for fermions,
(2.10)

where µ denotes the one independent chemical potential4 of the system. Since the
expression for the thermodynamic potential depends on the square of the three-
momentum only, i.e. it is rotationally invariant, the momentum integral (2π)−3

∫
d3k

reduces to (2π2)−1
∫

dk k2. Translation invariance gives an overall factor of the
three-volume V of the system yielding

Tr −→ V

2π2
tr
∑
n

∫
dk k2. (2.11)

The Matsubara sum is performed using standard contour integration techniques
with details relegated to Appendix A. Applying the result

T

+∞∑
n=−∞

f(p0 = iωn) = −
+∞∫
−∞

dω

π
nB(ω) Im(f(ω + iε)), (2.12)

where nB = (exp (βω)−1)−1 with β = 1/T is the Bose-Einstein statistical distribution
function, and an analogous expression for fermions, with opposite sign and the Fermi-
Dirac distribution nF = (exp(β(ω − µ)) + 1)−1, yields the following expression for
the thermodynamic potential from Eq. (2.9):

Ω

V
= tr

∫
d4k

(2π)4
nB(ω) Im

(
lnD−1 −ΠD

)
+ 2 tr

∫
d4k

(2π)4
nF(ω) Im

(
lnS−1 − ΣS

)
− T

V
Γ2, (2.13)

where the propagators D and S now represent the retarded bosonic and fermionic
propagators, respectively. Thus, in the following only retarded propagators and
corresponding self-energies are used.

2.3 Application to QCD

In order to apply the CJT formalism to QCD we need to select a subset of graphs
in Γ2, i.e. to truncate Γ2 at a reasonable perturbative order. Since Γ2 contains
two-particle irreducible diagrams only, there are no 1-loop contributions and the
first non-trivial contributions are encountered at 2-loop order. As it turns out, these
contributions already contain a rich structure and approximate many features of
QCD closely. We include all 2-loop contributions in our choice of Γ2, which is shown
in Fig. 2.1.

4Considering the case of Nf = 2 dynamical quark flavors and assuming zero net electric charge
as well as equal u and d quark masses, the isospin chemical potential µI = (µu − µd)/2 vanishes.
Therefore, there is only one independent chemical potential µ = µq = µu = µd = µBa/3, where µBa

is the baryo-chemical potential (cf. Fig. 1.4).
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Γ2 =
1

12�+
1

8� − 1

2� (2.14)

Figure 2.1: Contributions to Γ2 at 2-loop order; wiggly lines are gluons, solid lines represent
quarks.

Π =
1

2� +
1

2� −� (2.15)

Σ =
�

(2.16)

Figure 2.2: The 1-loop QCD self-energies derived from Γ2 at 2-loop order.

Following [Bay62] a self-consistent approximate solution which conserves particle
number, energy and momentum can be obtained. This is achieved by first comput-
ing both quark and gluon self-energies using the gap equations, i.e. performing a
functional variation of Γ2 with respect to the propagators. This can be interpreted
as cutting one propagator line within the Feynman graphs. Taking the prefactors
and symmetries into account, the 2-loop contributions to Γ2 lead to the 1-loop
self-energies shown in Fig. 2.2.

Although, as a consequence of the truncation, gauge invariance is lost5, it can be
restored by assuming soft external momenta or equivalently Hard Thermal Loops
(HTL) in the propagator and self-energy expressions. For 1-loop QCD in the chiral
limit6 the HTL approximation provides gauge invariant self-energies [BP90b]. We
follow the conventions of [BIR01]7 and use the HTL self-energies and propagators
for gluons and massless quarks given therein:

Πµν = ΠT(ω, k)
(

ΛT(~k)
)
µν
− ΠL(ω, k)

(
ΛL(~k)

)
µν
,

γ0Σ = Σ+(ω, k) Λ+(~k) − Σ−(ω, k) Λ−(~k) (2.17)

with projectors ΛT = δij − kikj/k2 and ΛL = kikjω
2/k4. Both modes are transverse

to kµ, the denomination transverse and longitudinal is defined in reference to ~k. In
contrast to the vacuum case, the longitudinal gluon mode which, at zero temperature,
is a static mode producing the familiar Coulomb interaction, propagates for nonzero
temperature and has to be taken into account [BP90a].

5The gauge dependence of Φ-derivable approximations has been studied in [Arr02]. They were
shown to possess a controlled gauge dependence, i.e. the gauge dependent terms emerge at orders
higher than the truncation order.

6For nonzero quark masses, the quark self-energy is no longer gauge invariant (cf. [Sei07]).
7In particular, we also use Coulomb gauge. As shown in [BIR01], ghost contributions can be

neglected if transversality of the polarization tensor is manually enforced as in Eqs. (2.17) with
4-dimensionally transverse projectors. For a very detailed account cf. [Sei07].
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The scalar self-energies are given as

ΠT(ω, k) =
m2
D

2

(
1 +

ω2 − k2

k2
ΠL(ω, k)

)
,

ΠL(ω, k) = m2
D

(
1− ω

2k
ln
ω + k

ω − k

)
,

Σ±(ω, k) =
M̂2

k

(
1− ω ∓ k

2k
ln
ω + k

ω − k

)
, (2.18)

where M̂ = M̂(T, µ, g2) is the thermal fermion mass or plasma frequency and
mD = mD(T, µ, g2) is the Debye mass. They read

m2
D =

Cb
3
T 2 +

Nc

6π2

Nf∑
q=1

µ2
q


︸ ︷︷ ︸

2C̃b

g2,

M̂2 =
Cf
8

(
T 2 +

µ2

π2

)
︸ ︷︷ ︸

C̃f

g2, (2.19)

where Cf = (N2
c − 1)/(2Nc) and Cb = Nc + Nf/2. Nc is the number of colors (in

this thesis fixed at 3) and Nf = Nl + Nh is the number of present quark flavors.
For flexibility in comparison with lattice calculations, we assume Nl = 2 light
quark flavors (up and down quarks) of equal chemical potential µ and, if present,
Nh = 1 heavy quark flavor (strange quark) of chemical potential zero8, so that∑Nf

q=1 µ
2
q = Nlµ

2.
The different thermal fermion masses of the quark flavors are signified by an

index q where necessary. For general discussion and implying the dependence on
the respective chemical potential, it suffices the consider the general expression M̂2,
applicable for the light quark flavors, as M̂2

s = M̂2|µ=µs=0 follows for a heavy strange
quark.

Since the additional HTL approximation impairs self-consistency, the term “ap-
proximately self-consistent approximation” has been established. It is worth mention-
ing that, since only undressed vertices are used, the Ward identities are obviously
violated. We follow the reasoning in [BIR01] that the vertex corrections can be
implemented self-consistently but are, however, negligible at 2-loop order.

Finally Dyson’s equations (2.5) are used to self-consistently determine the dressed
propagators

D−1
T = −ω2 + k2 + ΠT,

D−1
L = − k2 −ΠL,

S−1
± = −ω ± ( k + Σ±). (2.20)

8Generally, the exact strange quark chemical potential µs has to be included in the description
of the considered plasma. However, if the net strangeness given by a certain initial condition is zero
and there is no overall change of net strange quark number (e.g. due to strangeness conservation in
strong interaction processes) µs vanishes. This constellation with is referred to by a flavor number
Nf = 2 + 1. It is a good approximation, e.g., for heavy-ion collisions, as proton and neutron are
both comprised of u and d quarks only. While ss̄-pairs may appear, strangeness conservation could
only be violated by weak interactions for which strong interaction time-scales are too short.
In Chapter 6 we will consider a case with µs 6= 0 as the above argument does not hold for quark
matter in compact stellar objects.
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2.4 Properties of the HTL self-energies; Landau damping

This section deals with symmetries and other properties of the real and imaginary
parts of the retarded self-energies. The real and the imaginary parts of the HTL
self-energies (2.18) are9

ReΠT(ω, k) =
1

2
m2
D

(
ω2

k2
− ω2 − k2

k2

ω

2k
ln

∣∣∣∣ω + k

ω − k

∣∣∣∣) ,
ReΠL(ω, k) = m2

D

(
1− ω

2k
ln

∣∣∣∣ω + k

ω − k

∣∣∣∣) ,
ReΣ±(ω, k) =

M̂2

k

(
1− ω ∓ k

2k
ln

∣∣∣∣ω + k

ω − k

∣∣∣∣) , (2.23)

ImΠT(ω, k) =
1

2
m2
D

ω2 − k2

k2

ω

2k
πΘ
(
k2 − ω2

)
ε(k),

ImΠL(ω, k) = m2
D

ω

2k
πΘ
(
k2 − ω2

)
ε(k),

ImΣ±(ω, k) =
M̂2

k

ω ∓ k
2k

πΘ
(
k2 − ω2

)
ε(k), (2.24)

where ε(k) is the sign function. The gluon self-energies show the symmetries

ReΠi(−ω) = ReΠi(ω),

ImΠi(−ω) = − ImΠi(ω), (2.25)

i.e. the real parts are symmetric and the imaginary parts are antisymmetric with
respect to the energy ω. This can explicitly be seen for a momentum of k = 0.5T in
Fig. 2.3. Analogously, the quark self-energies fulfill the parity relations

ReΣ+(−ω) = ReΣ−(ω),

ImΣ+(−ω) = −ImΣ−(ω) (2.26)

as shown for k = 0.5T in Fig. 2.4.
The HTL self-energies do not account for quasiparticle widths, as there is no

imaginary part at the poles of the propagator. The nonzero imaginary parts of the
self-energies below the light cone are due to Landau damping (LD). LD is a collective
effect caused by energy transfer between the gauge field and plasma particles with
velocities close to the phase velocity (“resonant particles”). As this resonance would
be spoiled by collisions in a normal fluid, it is a unique feature of collisionless plasmas
[ONC99].

Consider particles whose velocity is slightly higher than ω/k prior to an energy
transfer. If they gain energy from the gauge field they leave the area of resonance,
while, if losing energy to the gauge field, they approach the resonant velocity even

9For the imaginary part of the logarithm of z = (ω + k)/(ω − k), retardation ω + iε

z(ω + iε) =
ω + iε+ k

ω + iε− k =
ω + k

ω − k − iε
2k

(ω − k)2
(2.21)

is decisive, as applying the infinitesimally small imaginary part of z(ω + iε) to Eq. (B.3) gives

Im ln
ω + k

ω − k = πε(−k)Θ(−ω + k

ω − k ) = −πΘ(k2 − ω2)ε(k) (2.22)

while it would be zero for non-retarded z.
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Figure 2.3: The real and imaginary parts of the retarded transverse (left) and longitudinal
(right) gluon self-energies scaled by the Debye mass squared m2

D (Eq. (2.19)) are shown as
functions of the energy ω scaled by the momentum k which is fixed at k = 0.5T . The real
parts are symmetric with respect to ω, while the imaginary parts are antisymmetric and
differ from zero only below the light cone |ω| = k.
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Figure 2.4: The real and imaginary parts of the retarded quark self-energies for the normal
(left) and abnormal branch (right) scaled by the plasma frequency squared M̂2 (Eq. (2.19))
are shown as functions of the energy ω scaled by the momentum k which is fixed at k = 0.5T .
They fulfill the parity relations ReΣ+(−ω) = ReΣ−(ω) and ImΣ+(−ω) = −ImΣ−(ω). The
imaginary parts of the self-energy are nonzero only below the light cone.

closer and can again interact with the gauge field. These particles would effectively
transfer energy to the gauge field.

In the opposite case, particles with velocity slightly below ω/k effectively gain
energy from the gauge field. Since physical distributions favor states of lower energy,
the states of energy loss are usually less populated than the ones which gain energy.
Therefore, a net energy transfer to the particles takes place, damping the gauge
field.10

Even though the imaginary parts are formally nonzero only below the light cone,
retardation leads to an infinitely small contribution even above the light cone, giving

10Thus, Landau damping prevents the collisionless plasma from becoming unstable. In contrast,
Cherenkov instabilities, i.e. the gauge field gaining energy from the particles, may occur in some
non-Maxwellian plasmas where states of higher energy are more populated than states of lower
energy, e.g. a beam-plasma system. [TL97]
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Figure 2.5: The real parts of the inverse gluon propagators D−1
T,L scaled by the Debye

mass squared are shown as functions of the energy ω scaled by the momentum k which is
fixed at k = 0.5T . Both are symmetric with respect to ω. The root of ReD−1

T determines
the dispersion relation ωT,k for transverse gluons. The root of ReD−1

L above the light cone
indicates the dispersion relation ωL,k of longitudinal gluons, while the tachyonic dispersion
relation ωtL,k (below the light cone) is due to Landau damping.

a definite sign to the imaginary parts of the self-energies for all ω:

ε(ImΠT(ω)) = −ε(ω),

ε(ImΠL(ω)) = +ε(ω), (2.27)

ε(ImΣ±(ω)) ≡ ∓1.

Note that the sign of the imaginary parts above the light cone is solely due to
retardation and not related to Landau damping which is found below the light cone
only.

2.5 Investigation of the dispersion relations

On-shell (quasi)particles satisfy the dispersion relation Re∆−1 = 0, where ∆ denotes
the respective propagator. It is therefore useful to investigate the real part of the
inverse retarded HTL propagators as to identify the relevant degrees of freedoms
described therein.

Both inverse gluon propagators D−1
T,L are symmetric in the energy domain and

have just one positive energy dispersion relation above the light cone: ωT,k and ωL,k,
respectively. This means that – up to the sign – transverse and longitudinal gluons
have the same dispersion relations as their anti(quasi)particle counterparts. The
additional tachyonic dispersion relation for longitudinal gluons is related to Landau
damping. It is screened by the latter and does not propagate. Fig. 2.5 shows the
real parts for fixed momentum k = 0.5T .

The inverse quark propagators are not symmetric per se but, as a consequence
of Eq. (2.26), satisfy the parity property (cf. Fig. 2.6)

ReS−1
+ (−ω) = −ReS−1

− (ω). (2.28)

This is a sign of the intricate nature of both propagators: quarks are described
by the positive energy dispersion relation of S−1

+ , while the dispersion relation of
antiquarks is found from the negative energy solution of ReS−1

− = 0. The remaining
two dispersion relations represent collective quark excitations: the positive energy
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Figure 2.6: The real parts of the inverse quark propagators S−1
± scaled by the fermionic

mass parameter squared are shown as functions of the energy ω scaled by the momentum
k which is fixed at k = 0.5T . The real part of neither inverse quark propagator shows any
symmetry with respect to ω. However, a parity relation ReS−1

+ (−ω) = −ReS−1
− (ω) holds.

The tachyonic dispersion relation ωtPl,k is due to Landau damping.
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Figure 2.7: The dispersion relations ωT,k of transverse and ωL,k of longitudinal gluon
modes scaled by the Debye mass are shown as functions of the momentum k scaled by the
Debye mass in linear (left) and quadratic (right) scales.

dispersion relation of S−1
− describes the plasminos, while the negative energy solution

of ReS−1
+ = 0 represents antiplasminos. Again, a tachyonic solution appears within

the regime of Landau damping.

The evolution of the roots of the real part of the inverse retarded propagators as
a function of the momentum k gives the dispersion relations ωi,k. It is one of the
difficulties of the subject at hand that these dispersion relations cannot be expressed
as analytic functions ω(k): ReD−1

i (ω, k, Πi(ω, k)) = 0 and ReS−1
i (ω, k, Σi(ω, k)) =

0 are implicit functions for the dispersion relation since the self-energies cannot
analytically be solved for ω. Instead, they have to be solved numerically and/or
approximated. This implicit nature of the dependence of ω on k is indicated by the
placement of k in the subscript instead of parentheses.

The results of numeric evaluations are shown in Figures 2.7 and 2.8. Due to the
parity property (2.28) quarks and antiquarks obey identical dispersion relations up
to the sign as do plasminos and antiplasminos.
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Figure 2.8: The dispersion relations ωi,k of quarks (solid black curves), antiquarks (dashed
grey curves), plasminos (black dashed curves) and antiplasminos (black dotted curves) scaled
by the fermionic mass parameter are shown as functions of the momentum k scaled by
the fermionic mass parameter in linear (left) and quadratic (right) scales. The dispersion
relations of quarks and antiquarks as well as of plasminos and antiplasminos are equal up to
the sign.

2.6 The HTL grand canonical potential

Given the explicit form of the HTL self-energies and the respective propagators, the
remaining traces tr in Eq. (2.13) can be evaluated. Taking the trace in Minkowski
space, the gluonic part decomposes into three contributions for one longitudinal and
two (equivalent) transverse polarizations, while the quark contribution becomes the
sum of the normal and the abnormal quark branch (positive and negative chirality
over helicity ratio, respectively) when taking the Dirac trace. The remaining traces
are simple, as they only give overall factors: the color trace (N2

c − 1) for the gluons
and Nc for the quarks, and the flavor and spin traces for the (light) quarks an
additional 2Nl. Consequently, we define the prefactors dg = N2

c − 1 and dq = 2NcNl.
For brevity we introduce the abbreviation

∫
d4k =

∫
d4k/(2π)4 and also omit the

possible heavy quark flavor which can be added without difficulty at any stage as
extra quark contribution with µs = 0 and ds = 2Nc (cf. Section 2.3). The HTL
grand canonical potential then reads (cf. [BIR01])

Ω

V
= dg

∫
d4k
nB

{
2Im

(
lnD−1

T −DTΠT

)
+ Im

(
ln
(
−D−1

L

)
+DLΠL

)}
+ 2dq

∫
d4k
nF

{
Im
(
lnS−1

+ − S+Σ+

)
+ Im

(
ln
(
−S−1
−
)

+ S−Σ−
)}
− T

V
Γ2.

(2.29)

2.7 Effective coupling

It is clear that 2-loop QCD is only a crude approximation to the full theory. In order
to accommodate further non-perturbative effects within the quasiparticle model,
we introduce some flexibility by parameterizing the QCD coupling constant g2 at
vanishing chemical potential in a physically motivated way.

In consistency with the 1-loop approximation of the self-energies and propagators
we utilize the renormalized coupling [PDG06] at 1-loop order

g2(µ̄) =
16π2

β0 ln(µ̄2/Λ2)
, (2.30)
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where β0 = 11/3 − 2Nf/3. It depends on the ratio of the renormalization scale
µ̄ and the QCD scale parameter Λ. The former is usually related to the first
Matsubara frequency 2πT , while the latter represents the standard meter of the
theory, i.e. a parameter to be determined by experiments. We determine the QCD
scale by comparison with lattice calculations and absorb the 2π into a new QPM
scale parameter λ = Λ/2π. We arrive at another valid parametrization, where the
ratio µ̄/Λ becomes T/λ.

In order to avoid the Landau pole of g2(T ) at T = λ, the QCD coupling is
substituted by an effective coupling G2(T ) which is shifted by a temperature Ts

G2(T, µ = 0) =
16π2

β0 ln
(
T−Ts
λ

)2 . (2.31)

With Ts appropriately chosen, G2 behaves well within the plasma phase. Nevertheless
it is still infrared (IR) divergent at some temperature within the hadronic phase. This
can remedied by introducing a phenomenological IR regulator, e.g. a first [Blu04a]
or higher [Sch07] order polynomial. Within the scope of the thesis however, we treat
the QPM as being restricted to the area where its degrees of freedom constitute the
elementary excitations.

The impact of including next-to-leading terms in the coupling have been subject
of previous investigations [Sch07, Sch08b]. It was shown that including the truncated
as well as the full 2-loop term provides little to no improvement but also no decline
in the description of lattice data at vanishing chemical potential. The subtle changes
of the coupling can be absorbed by a reparametrization. Since this is the only place
where it enters the model it is ample to use the 1-loop effective coupling.

At several points it is useful to use the scaled coupling α = G2/4π in order to
more transparently compare our results with perturbative calculations.

2.8 Entropy density

Differentiating the thermodynamic potential with respect to the temperature at
constant chemical potential gives the entropy density as one of the state variables of
the QGP. In contrast to the pressure, which is influenced by vacuum fluctuations,
the entropy density is sensitive to thermal excitations only and therefore manifestly
ultraviolet (UV) finite. Also, due to the stationarity of the thermodynamic potential
under a variation with respect to the full propagators (cf. Eq. (2.8)), only explicit
derivatives, i.e. derivatives of the statistical distribution functions within the ther-
modynamic potential, contribute to the derivative with respect to the temperature:

∂Ω

∂T
=
∂Ω

∂T

∣∣∣∣
expl.

+
δΩ

δDi︸︷︷︸
0

∂Di

∂T
+

δΩ

δD0,i

∂D0,i

∂T︸ ︷︷ ︸
0

. (2.32)

Therefore, the entropy density is ideally suited to investigate the properties of
the QGP and is chosen to be the base quantity of the quasiparticle model. As a
consequence, however, the pressure has to be reconstructed consistently introducing
an additional integration constant (cf. Section 2.9).

Using Im(DTΠT) = ReDTImΠT + ImDTReΠT, the entropy density can be
written as

s := − 1

V

∂Ω

∂T

∣∣∣∣
µ

= sg,T + sg,L + sq,+ + sq,− + s′ (2.33)
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with

sg,T = −2dg

∫
d4k

(2π)4

∂nB(ω)

∂T

{
Im ln

(
+D−1

T

)
− ReDTImΠT

}
,

sg,L = − dg

∫
d4k

(2π)4

∂nB(ω)

∂T

{
Im ln

(
−D−1

L

)
+ ReDLImΠL

}
,

sq,± = −2dq

∫
d4k

(2π)4

∂nF(ω)

∂T

{
Im ln

(
±S−1
±
)
∓ ReS±ImΣ±

}
(2.34)

and a residual entropy density s′. While each of the first four terms in (2.33) repre-
sents the entropy density of one particle species in the absence of the others, s′ can
be interpreted as the interaction entropy density between the different contributions.
It contains terms of the form ImDTReΠT and the derivative of Γ2T with respect to
the temperature. At 2-loop order, these terms exactly cancel each other and thus
s′ = 0 [BIR01]. In fact, this seems to be a topological feature [CP75] which has been
proven explicitly also for QED [VB98] and Φ4 theory [Pes01a].

We now focus on the terms Im ln(±D−1
T,L) and Im ln(±S−1

± ), which equal the
argument (i.e. the angle between the position vector representing the values in the
complex plane and the positive real axis; cf. Appendix B.1) of the respective inverse
propagators, and proceed by substituting the argument by the arc tangent (see also
Appendix B.1), giving rise to an additional term compensating for its periodicity:

Im
(
lnD−1

T

)
= arctan

(
ImD−1

T

ReD−1
T

)
+ πε(ImD−1

T )Θ
(
−ReD−1

T

)
,

Im
(
ln
(
−D−1

L

))
= arctan

(
ImD−1

L

ReD−1
L

)
− πε(ImD−1

L )Θ
(
+ReD−1

L

)
,

Im
(
lnS−1

+

)
= arctan

(
ImS−1

+

ReS−1
+

)
+ πε(ImS−1

+ )Θ
(
−ReS−1

+

)
,

Im
(
ln
(
−S−1
−
))

= arctan

(
ImS−1

−

ReS−1
−

)
− πε(ImS−1

− )Θ
(
+ReS−1

−
)
. (2.35)

From the properties of the imaginary parts of the self-energies (2.27), we find
ε(ImD−1

i (ω)) = −ε(ω) for the gluons and ε(ImS±(ω)) ≡ −1 for the normal and
abnormal quark branches. We end up with

sg,T = +2dg

∫
d4k

∂nB

∂T

{
πε(ω)Θ

(
−ReD−1

T

)
− arctan

ImΠT

ReD-1
T

+ ReDTImΠT

}
,

sg,L = − dg

∫
d4k

∂nB

∂T

{
πε(ω)Θ

(
+ReD−1

L

)
− arctan

ImΠL

ReD-1
L

+ ReDLImΠL

}
,

sq,± = ±2dq

∫
d4k

∂nF

∂T

{
πΘ
(
∓ReS−1

±
)
− arctan

ImΣ±
ReS-1

±
+ ReS±ImΣ±

}
.

(2.36)

The partial entropy densities (2.36) are and therefore the whole entropy density
expression (2.33) is independent of possible renormalization factors. As required, the
expression is also explicitly UV finite, as the derivatives of the distribution functions
tame the UV behavior.

The quark entropy density sq = sq,+ + sq,− can be simplified by utilizing the
parity properties for quark propagators (2.28) and self-energies (2.26). Introducing
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the distribution function of antiparticles

nAF =
1

eβ(ω+µ) + 1
(2.37)

with
∂nF(−ω)

∂ω
= −∂n

A
F (ω)

∂ω
(2.38)

and substituting ω → −ω within sq,−, we find

sq = 2dq

∫
d4k

(
∂nF

∂T
+
∂nAF
∂T

){
πΘ
(
-ReS−1

+

)
− arctan

(
ImΣ+

ReS-1
+

)
+ ReS+ImΣ+

}
.

(2.39)

In the rearranged form, the quasiparticle contributions from the pole term
πΘ(-ReS−1

+ ) are now more clearly identified. While the contributions of the plasminos
to the entropy density are given by the energy integration from −∞ to 0, the
integration from 0 to +∞ yields the contributions of the quarks (in both cases
including the respective antiparticles). Isolating both parts of the spectrum by
applying the parity properties in the negative energy domain once more gives the
explicit expressions

sq,TL = 2dq

∫
d3k

∞∫
0

dω

2π

(){
πΘ
(
-ReS−1

+

)
− arctan

(
ImΣ+

ReS-1
+

)
+ ReS+ImΣ+

}
,

sq,Pl = −2dq

∫
d3k

∞∫
0

dω

2π

(){
πΘ
(

ReS−1
−
)
− arctan

(
ImΣ−
ReS-1

−

)
+ ReS−ImΣ−

}
,

(2.40)

where the sum of the derivatives of the distribution functions is abbreviated by the
round parentheses (). While this separation seems straightforward, it has to be
handled with care as the Landau damping term within the quark self-energies Σ±
(see the imaginary parts in Fig. 2.4) can in general not be separated into quark and
plasmino contributions in this simple way.

For the following, it is a good choice to also rewrite the gluon expression with
the energy integral over positive ω only. To this end, we introduce the general
abbreviation of the curly brackets {}i, where the index i denotes the quasiparticle
family. From the symmetric self-energies we find antisymmetric brackets {}g,T/L

in Eqs. (2.36) which together with the antisymmetric derivative of the distribution
function leads to symmetric integrand. Thus, we have

sg,T = 4dg

∫
d3k

∞∫
0

dω

2π

∂nB

∂T

{}
g,T
,

sg,L = −2dg

∫
d3k

∞∫
0

dω

2π

∂nB

∂T

{}
g,L
. (2.41)

The striking feature of the entropy expressions derived from the 1-loop HTL self-
energies expresses itself in the absence of interaction terms. Therefore, it is justified
to speak of quasiparticles. The interaction of real quarks and gluons is encoded
within the modified properties of these quasiparticles (e.g. self-energies/dispersion
relations), their damping behavior and the plasma modes quantized by the collective
excitations.
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2.9 The pressure

As our model is based on the entropy density we need to self-consistently reconstruct
the pressure as thermodynamic potential. Since the entropy density is required to
be stationary with respect to a variation of the propagators (or – via the dispersion
relation – equivalently the self-energies; cf. Eq. (2.32)) only explicit derivatives must
contribute to the derived quantities entropy density and net quark density.

However, if using the natural definition for the partial pressures by replacing the
derivatives of the distribution functions in the partial entropy densities si (Eqs. (2.40)
and (2.41)11) with the distribution functions themselves (cf. also [Sch09])

pg,T = +4dg

∫
d3k

∞∫
0

dω

2π
nB

{}
g,T
,

pg,L = −2dg

∫
d3k

∞∫
0

dω

2π
nB

{}
g,L
,

pq,TL = 2dq

∫
d3k

∞∫
0

dω

2π

(
nF+nAF

){}
q,+
,

pq,Pl = −2dq

∫
d3k

∞∫
0

dω

2π

(
nF+nAF

){}
q,−
, (2.42)

we find that implicit derivatives contribute via the self-energies

∂pi
∂T

=
∂pi
∂T

∣∣∣∣
expl.

+
∂pi
∂Πi

∂Πi

∂T
,

∂pi
∂µ

=
∂pi
∂µ

∣∣∣∣
expl.

+
∂pi
∂Πi

∂Πi

∂µ
. (2.43)

The most prudent way12 to deal with these contributions is to define the overall
pressure p as

p :=
∑

pi −B, (2.44)

where B =
∑
Bi is a mean field pressure contribution, resembling to a bag pressure,

which here is defined by its derivatives

∂B

∂T
:=
∑ ∂pi

∂Πi

∂Πi

∂T
and

∂B

∂µ
:=
∑ ∂pi

∂Πi

∂Πi

∂µ
, (2.45)

in such a way that indeed entropy density

s :=
∂p

∂T
=
∑ ∂pi

∂T

∣∣∣∣
expl.

+
∂pi
∂Πi

∂Πi

∂T
−
∑ ∂pi

∂Πi

∂Πi

∂T
=
∑ ∂pi

∂T

∣∣∣∣
expl.

(2.46)

11For convenience, entropy density expressions with energy integrals ω ε [0,∞) are used to avoid
any infinite integration constants of the form

∫ 0

−∞ dω ni() with ni(ω → −∞) 6= 0. If occurring they
have to be regulated and are cancelled by the overall integration constant Bc (cf. Section 2.11). Due
to the latter being fixed to lattice calculations the integration constants of the partial pressures are
ultimately irrelevant and, as a convention, set to 0.

12For an insightful review of alternative choices, cf. [Gar09].
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and – yet unspecified – net quark density

n :=
∂p

∂µ
=
∑ ∂pi

∂µ

∣∣∣∣
expl.

+
∂pi
∂Πi

∂Πi

∂µ
−
∑ ∂pi

∂Πi

∂Πi

∂µ
=
∑ ∂pi

∂µ

∣∣∣∣
expl.

(2.47)

follow from the expressions (2.42) with the explicit derivatives w.r.t. temperature
and chemical potential, respectively, acting on the distribution functions only.

For the overall pressure p defined in this way to be a potential, the condition

∂2p

∂T∂µ
=

∂2p

∂µ∂T
(2.48)

has to be obeyed. In the framework of thermodynamics such a requirement is referred
to as Maxwell’s relation. While it is true for the partial pressures pi above due to
the theorem of Schwarz, it has to be ensured for the mean field pressure B, since
the latter is per definitionem not necessarily an analytic function.

From Eqs. (2.45) we find

∂2B

∂µ∂T
=

∑ ∂2pi
∂µ|ex.∂Πi

∂Πi

∂T
+

∂2pi
(∂Πi)2

∂Πi

∂µ

∂Πi

∂T
+
∂pi
∂Πi

∂2Πi

∂µ∂T
,

∂2B

∂T∂µ
=

∑ ∂2pi
∂T |ex.∂Πi

∂Πi

∂µ
+

∂2pi
(∂Πi)2

∂Πi

∂T

∂Πi

∂µ
+
∂pi
∂Πi

∂2Πi

∂T∂µ
, (2.49)

where the the middle terms are trivially equal. Also, due to Schwarz’s theorem,
the respective third terms match and the derivatives of pi in the first term can
be interchanged. Therefore, matching the derivatives of pi with si and ni, the
integrability condition for B is∑ ∂si

∂Πi

∂Πi

∂µ
=
∑ ∂ni

∂Πi

∂Πi

∂T
(2.50)

which is commonly dubbed flow equation. It presents – of course – the same
condition which follows from requiring Eq. (2.48) directly for model consistency,
using Eqs. (2.46, 2.47) and dismissing the explicit terms due to the theorem of
Schwarz.

Thus, the flow equation follows naturally as both, integrability condition for the
mean field pressure B and consistency condition of the model. The striking feature
about it is, however, that it relates information known, e.g. about the net quark
density dependence on the temperature, to the hitherto unknown dependence of the
entropy density on the chemical potential, thus allowing for an extrapolation in the
direction of the chemical potential. The mean field pressure is essential to ensure
the consistency of this procedure.

It is important to note that it is not possible to construct separate thermodynamic
potentials

p(i) := pi −Bi (2.51)

from the single contributions Bi to the overall mean field pressure

B = Bc +
∑

Bi (2.52)

as thermodynamic consistency is ensured by the flow equation for the overall pressure
p =

∑
pi − B only. For instance ∂2Bi/∂T∂µ = ∂2Bi/∂µ∂T does not hold for the

separate contributions Bi making them – as well as the p(i) – path-dependent.
As a result, all Bi for one (T, µ) have to be computed along the same path and
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only the overall mean field pressure B(T, µ) can be compared between different
paths (e.g. different characteristic curves of the flow equation). Thus, most of
the thermodynamic quantities following from and including the pressure such as
the the energy density or the interaction measure also have path-dependent partial
contributions. Since the consistency of the overall quantities is ensured the deviations
are shifts among the individual contributions.

In the QPM, entropy density and net quark density are distinct quantities as
they are known by analytic expressions depending on the effective coupling G2

only, but not on the pressure and any integration paths. Thus, regarding the
characteristics not as paths in but a grid on the T -µ-plane where a unique G2(T, µ)
exists, they are manifestly path independent. Still, since the flow equation (2.50)
only ensures the consistency of the overall net quark and entropy density it is clear
that, in general, consistency of the partial contributions ∂ni/∂T = ∂si/∂µ is not
provided for. This is, of course, nothing more but a different way expressing that the
p(i) are not thermodynamic potentials. As a result, the individual contributions to
thermodynamic quantities – path-dependent or not – can only be taken as indications
of the size of such a contributions as consistency among these is not ensured.

While it is straightforward to combine the quark entropy density contribution
sq,± (2.36) or sq,TL and sq,Pl (2.40) into one expression (2.39) by including the
respective counterpart via the negative energy domain and the parity properties, this
is not as easy for the pressure due to the combined distribution functions (nF + nAF )
not being symmetric13 at the point of origin.

We close this Section by giving the explicit expression for the net particle densities.
They are easily obtained by replacing the derivatives of the distribution functions in
the entropy density expressions with respect to the temperature by derivatives with
respect to the chemical potential, as prescribed by Eqs. (2.46) and (2.47). For the
gluons as bosons and strange quarks as fermions with vanishing chemical potential,
the net particle density is zero. For the light quarks we find, by replacing the
derivatives of the distribution functions with respect to the temperature in Eq. (2.39)
with their equivalents with respect to the chemical potential,

nq = 2dq

∫
d4k

(
∂nF

∂µ
+
∂nAF
∂µ

){
πΘ
(
-ReS−1

+

)
− arctan

(
ImΣ+

ReS-1
+

)
+ ReS+ImΣ+

}
.

(2.53)

As for the entropy density, this expression can be split into a particle and a
plasmino contribution. The expressions resemble those of Eqs. (2.40) with the
replacement of the distribution functions in the parentheses ().

2.10 Solution of the flow equation

While it is possible to employ the flow equation directly on entropy density and
net quark density, it proves more fruitful to apply it on a more fundamental level.
Entropy density and net quark density, as well as all other state variables, depend on
the effective coupling G2 via the quasiparticle self-energies. Thus, on its basic level,
the flow equation links information about the effective coupling in the direction of
temperature and chemical potential.

13Naively employing a combined expression leads to a divergence as (nF + nAF )→ 2 for ω → −∞
while vanishing for ω →∞. While this can be cured by the introduction of an (infinite) integration
constant −

∫ 0

−∞ 2 the resulting expression (nF+nAF−2Θ(−ω)) for the combined distribution function
does not contribute to a more elegant and insightful formulation and is, therefore, not used.
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Writing the derivatives of the self-energies with respect to T and µ in terms of
explicit and implicit (via G2) derivatives

∂Πi

∂T
=

∂Πi

∂T

∣∣∣∣
G2

+
∂Πi

∂G2

∂G2

∂T
,

∂Πi

∂µ
=

∂Πi

∂µ

∣∣∣∣
G2

+
∂Πi

∂G2

∂G2

∂µ
(2.54)

and reordering the flow equation

−
∑ ∂ni

∂Πi

∂Πi

∂G2︸ ︷︷ ︸
aT

∂G2

∂T
+
∑ ∂si

∂Πi

∂Πi

∂G2︸ ︷︷ ︸
aµ

∂G2

∂µ
=
∑ ∂ni

∂Πi

∂Πi

∂T

∣∣∣∣
G2

− ∂si
∂Πi

∂Πi

∂µ

∣∣∣∣
G2︸ ︷︷ ︸

b

(2.55)

leads to the elliptic quasilinear partial differential equation (PDE)

aT
∂G2

∂T
+ aµ

∂G2

∂µ
= b (2.56)

for the effective coupling G2. In this form, the flow equation is known as Peshier
equation [Pes00].

The flow equation closely resembles a one-dimensional transport equation (hence
the name) and similarly can be solved by conversion to a system of coupled ordinary
differential equations using the method of characteristics. Introducing a curve
parameter x, so that T = T (x), µ = µ(x) and G2 = G2(T (x), µ(x)), we have

∂G2

∂x
=
∂G2

∂T

∂T

∂x
+
∂G2

∂µ

∂µ

∂x
. (2.57)

Comparison with the flow equation (2.56) then gives

aT = −∂T
∂x

, aµ = −∂µ
∂x

and b = −∂G
2

∂x
. (2.58)

The system of coupled ordinary differential equations given by y′ := (T, µ,G2)′

= (−aT ,−aµ,−b) = f(x, y) together with the boundary conditions y(x = 0) =
(T0, 0, G

2(T0, µ = 0)) represents a Cauchy problem, where the effective coupling
G2(T0, µ = 0) on the boundary is fixed in such a way that the QPM describes certain
lattice quantities. The existence and uniqueness of the solution is ensured by the
Picard–Lindelöf theorem as the Lipschitz condition is guaranteed by the fact that
aT , aµ and b are continuously differentiable with respect to T , µ and G2.

It is solved using standard numerical techniques (adaptive stepsize solver LSODA
[Hin83], classical Runge-Kutta method for verification). The result of any solution
with boundary value (T0, 0, G

2(T0, µ = 0)) is a characteristic curve (T (x), µ(x))
emerging at (T0, µ = 0) and ending at (T = 0, µf ) where µf := µ(xf ) with xf :=
x(T = 0). Along the characteristic curve G2(T (x), µ(x)) is given.

From the general thermodynamic properties for the state variables n(µ→ 0) −→
0 and s(T → 0) −→ 0 (Nernst’s law) and thus also for the derivatives with respect
to the self-energies follow aT (µ → 0) −→ 0 and aµ(T → 0) −→ 0. Hence, the
characteristics approach the T and the µ axis perpendicularly. The signs in (2.58)
are chosen deliberately so that the characteristics evolve in the direction of increasing
chemical potential and, as a consequence, decreasing temperature (aµ < 0 and
aT > 0). It can also be shown that b(T, µ→ 0) −→ +0, implying that the coupling
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G2 increases for small chemical potentials along the characteristics, and – taking
into account aT (µ→ 0) −→ 0 – has a local minimum with respect to the chemical
potential at µ = 0.14

From ∂T/∂µ = aT /aµ it is clear that the path of the characteristics is governed
by the ratio of the two coefficients. An estimate for the relation between emergence
temperature T0 and incidence chemical potential µf of a characteristic can be given
by the average ratio of coefficients as∫

dx aT∫
dx aµ

=

∫ xf
0 dx∂T∂x∫ xf
0 dx∂µ∂x

=
−T0

µf
(2.59)

and thus
T0

µf
≈ −aT

aµ
≈ −aT (T = 0)

aµ(µ = 0)
, (2.60)

where in the last step, under the assumption of approximately linear evolution of
aT and aµ, the fact that aT (µ = 0) = aµ(T = 0) = 0 is exploited. It is important
to realize that the paths of the characteristics do not necessarily have any influence
on the behavior of the extrapolated quantity (the effective coupling G2). However,
there are some quantities which can be shown to be (almost) constant along the
characteristic curves (cf. Section 4.7).

The characteristic curves do not necessarily cover the whole domain of the PDE.
For the quasiparticle model, a large region at T < Tc and small chemical potential
is inaccessible to a numerical solution. However, this numerical deficiency turns
out to provide an important insight into the limits of the description using our
(quasi)quark and gluon degrees of freedom. The region unreachable by characteristic
curves will have to described using a different approach. Then again, this does
not necessarily imply that, in turn, the quasiparticle method is valid for all regions
accessible to characteristics. Physical justifications are necessary to determine the
limits of applicability of a certain approach. One such limit is lies in the fact
that, if the pressure turns negative along a characteristic curve, all other states of
matter are preferred and a phase transition is inevitable. Keeping this in mind, it
is worth mentioning that one may actually find solutions for regions inaccessible
to characteristics in a weak (integral) sense. In wave theory they turn out to be
rarefaction waves leading to the term rarefactions for the affected areas [Kno00].

Besides rarefactions, regions of crossing characteristic curves may appear in the
solution of the PDE as a sign of impaired self-consistency or inconsistent initial
conditions. The size of these regions is related to the deviance from self-consistency
and may serve as a measure of the latter. Crossing characteristics are, however, not
generally insurmountable barriers and, in fact, can be dealt with if handled correctly
[Kno00]. For instance in wave theory the crossings are – opposed to the rarefaction
waves – closely related to shock waves.

In essence, the treatment of crossing characteristics amounts to an affirmation
of the underlying conservation laws. While generally the validity of the model pre-
dictions may be in question for all multivalued solutions, this criterion provides the
unique physical trajectory. In many cases the latter may only be piecewise smooth
with one or more jump discontinuities, however the case is more simple for thermo-
dynamic models, where conservation laws are explicitly obeyed and thermodynamic
quantities such as the energy or entropy density are continuous functions. Taking the
set of characteristic curves from the regular region together with the maximum set

14From the flow equation we have ∂G2/∂µ|µ=0 = (b/aµ − (aT /aµ)(∂G2/∂T ))|µ=0 = 0.
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of neighboring, non-crossing characteristic within the region of multivalued solutions
lines yields continuous and unique-valued state variables as functions of the thermo-
dynamic parameters covered by those lines. The state variables transit smoothly
into the region of multivalued solutions thereby obeying all conservation laws. Any
other choice of characteristics/solutions leads to severe discontinuities in all state
variables so that, in general, the conservation of all relevant quantities is out of the
question.

2.11 Integration of the mean field pressure

The quantity which ensures thermodynamic self-consistency is the mean field pressure
(cf. Section 2.9). It is known by its derivatives with respect to temperature and
chemical potential only. It can be integrated straightforward by

B = Bc +

∫
dT

∂B

∂T
+

∫
dµ

∂B

∂µ
, (2.61)

where Bc acts as overall pressure integration constant, eliminating the necessity of
partial pressure integration constants in Eqs. (2.42).

This method, however, requires the derivative of the effective coupling with
respect to the chemical potential and the pressure, which is not known along one
characteristic curve15. Therefore, it is more convenient to perform the integration
along the characteristic itself, using the knowledge about ∂G2/∂x = b. The elements
of the Jacobian along these paths are the negative coefficients of the flow equation
(cf. Eqs. (2.58)). Using the definitions of the derivatives of B (cf. Eqs. (2.45)) we
have

B = B0 −
∫

dx
∑
i

(
aT

∂Πi

∂T

∣∣∣∣
G2

+ aµ
∂Πi

∂µ

∣∣∣∣
G2

+ b
∂Πi

∂G2

)
∂pi
∂Πi

, (2.62)

where B0 = B(T0) is the mean field pressure at the initial temperature T0 of the
characteristic curve at vanishing chemical potential – obtained from Eq. (2.61) by
integrating along the T -axis. For details see Appendix D.16

At finite chemical potential, it is actually not inevitably necessary to compute
the mean field pressure. As thermodynamic self-consistency of the overall pressure
is ensured by the flow equation it suffices to integrate the pressure from entropy
density and net quark density. From

p = p0 +

∫
dT

∂p

∂T
+

∫
dµ

∂p

∂µ
(2.64)

we find

p = p0 +

∫
dT
∑

si +

∫
dµ
∑

ni (2.65)

15Essentially, the mean field pressure may be obtained according to Eq. (2.61) by integrating
alternately with respect to the chemical potential and with respect to the temperature between two
characteristic curves (approximating the characteristic curves by a stairway). The derivatives of the
effective coupling are available by comparison of the effective couplings along both characteristics.
With decreasing distance of the characteristic curves, the result equals the standard method.

16In order to verify the consistency of the numerical implementation it is useful to check if

∂B

∂T
=
∂p

∂T
− s and

∂B

∂µ
=
∂p

∂µ
− n, (2.63)

as required by Eqs. (2.43) and the definitions of B, n and s.
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or along a characteristic curve

p = p0 +

∫
dx (aT si + aµni) , (2.66)

where p0 = p(T0, µ = 0) with T0 being the emergence temperature of the character-
istic. In order to keep the calculation of the pressure at finite chemical potential
consistent with the evaluation at vanishing µ via Eq. (2.44) we prefer the former
method using the mean field pressure. The latter one has been used to cross-check
the numerical results.

2.12 Interaction measure – connection to lattice QCD

In order to fix our model parameters, i.e. the parameters λ and Ts of the effective
coupling and the pressure integration constant Bc, we compare our model to first-
principle computations of QCD bulk properties on the lattice (cf. Section 1.2). The
primary output of a lattice calculation is the trace anomaly in units of the fourth
power of the temperature Tµµ/T 4 = ∆/T 4 = (e− 3p)/T 4, also dubbed interaction
measure [Baz09] (recall that Tµν is the energy-momentum tensor, cf. Eqs. (1.4)).

At vanishing chemical potential, all other state variables then follow from ∆ by
integration and general thermodynamic relations:

p(T )

T 4
=

p(Tc)

T 4
c

+

∫ T

Tc

dT ′
∆(T ′)

T ′5
,

s

T 3
= 4

p

T 4
+

∆

T 4
,

e

T 4
= 3

p

T 4
+

∆

T 4
. (2.67)

The QCD interaction measure is a very characteristic quantity displaying a peak
structure, the maximum of which arises from a turning point of the scaled pressure.
From general thermodynamic relations the temperature Tp of the maximum follows
from the pressure and its derivatives via(

16

T 4
− 7

T 3

∂

∂T
+

1

T 2

∂2

(∂T )2

)
p

∣∣∣∣
T=Tp

= 0. (2.68)

Within our quasiparticle model, the location of the maximum is governed by the
values of the parameters Ts and λ, where the latter one also affects the peak width.
The peak height of ∆/T 4 is essentially determined by B0.

As opposed to the QPM, a pressure constant p(Tc) has to be specified for
all thermodynamic variables. The chosen value of the Tc should be at the lower
limit of our model for deconfinement, i.e. Tc ≈ 190 MeV according to [Baz09] and
Tc ≈ 152 MeV according to [Bor10a, Bor10b]. The values of p(Tc) are determined
by integration of the interaction measure below the phase transition via the first of
Eqs. (2.67) and/or comparison to the pressure of hadron models such as the hadron
resonance gas (HRG). In essence, p(Tc) contains information from the hadronic
phase.

The temperature Tc at µ = 0 is commonly dubbed pseudocritical temperature,
referring to the crossover between the hadronic and the quark-gluon degrees of
freedom at vanishing chemical potential. The characteristic emerging from the
pseudocritical temperature may be taken as a possible guide for the presumed
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transition line (pseudocritical line) between the two phases [KBS06] and is therefore
called pseudocritical characteristic.

In contrast to the lattice case, the QPM is based on the entropy density, i.e. pres-
sure and interaction measure are analytic integrals of the entropy including an
integration constant Bc. Thus, fitting solely the QPM interaction measure to the
lattice interaction measure allows not only to determine the parameters Ts and λ but
also the pressure integration constant Bc. Thus, the QPM pressure as well as entropy
and energy density follow directly from e− 3p without another integration constant.
This is due to the additional knowledge of explicit expressions for all thermodynamic
quantities. Within the model, p(Tc) is known from the parameters Ts, λ and Bc via
the expressions of s and ∆ in p(Tc) = (Ts(Tc;Ts, λ)−∆(Tc;Ts, λ,Bc))/4.

This naive fit is, however, problematic considering the information conveyed
within the integration constants.17 While p(Tc) from the lattice depicts information
about the interaction measure below Tc, the pressure integration constant Bc found
by comparing to the interaction measure of QPM and lattice contains information
from above Tc only. Thus, Bc is only an additional degree of freedom in the fit
procedure which – due to thermodynamic consistency – describes the pressure to a
certain extent, however, entirely neglects the additional information from the lattice
about the hadronic phase.

Therefore, it is prudent to use a different adjustment procedure for the QPM
parameters. Instead of fixing Bc in the fit to the interaction measure, the parameter
is is varied at any given (λ,Ts) so that pQPM(Tc) = plattice(Tc). Thus, by requiring
an exact translation of the pressure at Tc from the lattice calculations into the QPM,
the model fit is reduced to the two parameters of the effective coupling. In a certain
sense, this method allows to include information about the interaction measure of
the confined phase even though the model is valid for the degrees of freedom of the
deconfined phase only.

17Additionally, in most cases the pressure integration constant obtained by a solely fitting to the
interaction measure does only provide a satisfactory description of the pressure. This is due to the
(known statistical and unknown systematic) errors of the lattice results. A fit using a certain value
Bc might, together with modified λ and Ts, provide a better description of the lattice interaction
measure data while the description of the pressure is only average, than a set (λ, Ts, Bc) describing
both equally well.





3 Analytic investigation of the model

3.1 Asymptotic dispersion relations and quark restmasses

In order to acquire simple analytic expressions for the thermodynamic variables it
is sometimes necessary to have explicit yet approximated dispersion relations ωi(k).
A prudent choice is to use the asymptotic dispersion relations near the light cone
as a reasonable simplification of the full HTL dispersion relations. For transverse
gluons, where 0 = ReD−1

T = −ω2
T,k + k2 + ReΠT(ωT,k, k), they can be obtained by a

first order iterative approximation

ω2
T,k = k2 + ReΠT(ωT,k, k) ≈ k2 + ReΠT(k, k) (3.1)

giving an explicit dispersion relation of the form

ω2
T(k) = k2 +m2

g,∞ (3.2)

with the asymptotic gluon mass

m2
g,∞ := ReΠT(k, k) = m2

D/2 (3.3)

which is independent of both energy and momentum.
In order to derive the asymptotic dispersion relation for quarks from ReS−1

+ =

−ω + k + ReΣ+(ω, k)
!

= 0 we multiply by k and complete the square

0 = −ωk + k2 + ReΣ+k + ω2 − ω2 + ωk − ωk

which leads to

ω2 = (ω − k)2 + ReΣ+k + (k + ReΣ+)k.

The difference (ω − k)2 can be neglected near the light cone and ReΣ+(ω, k) may
be approximated by its first order iteration ReΣ+(k, k) as well. If ω is positive, the
result

ω2
TL(k) = k2 +m2

q,∞ (3.4)

is the asymptotic dispersion relation for quarks with the asymptotic quark mass

m2
q,∞ := 2ReΣ+(k, k)k = 2M̂2. (3.5)

Even more, due to the fact that the squared dispersion relations of quarks and
antiquarks are identical, this is also the asymptotic dispersion relation of antiquarks
at negative ω.

The quality of the approximations is best estimated by a direct comparison of
full and asymptotic dispersion relations, as done in Fig. 3.1. For k > mD or 2M̂ both
dispersion relations are virtually indistinguishable. Since the main contributions to
thermodynamic integrals are found at momenta k of order T , while mD and M are of
order gT (Eq. (2.19)), the asymptotic dispersion relations are good approximations
of the full dispersion relations.
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Figure 3.1: The full (solid lines) and asymptotic (dash dotted lines) dispersion relations
for transverse gluons (left) and quarks (right) scaled by their respective mass parameters
are shown as functions of the momentum k scaled by the same mass parameter.

These results are obtained and valid for the chiral limit. In order to compare
with lattice calculations of quarks with nonzero quark restmasses they must be
modified1. Assuming a current quark restmass mq,∞ of the order of the thermal
quark mass ∼ gT or lower, this is done by introducing additional terms related
to the restmass into the asymptotic mass or, equivalently, the dispersion relation
[Pis89b, Pes98, Blu04]

m̃2
i,∞ = m2

i,0 +
√

2mi,0mi,∞ +m2
i,∞. (3.6)

The index i denotes either light quarks q with m2
q,∞ = 2M̂2

q = 2M̂2, strange

quarks s with m2
s,∞ = 2M̂2

s = 2M̂2|µ=0 or gluons g, where mg,0 = 0 and therefore
m̃2
g,∞ = m2

g,∞ = m2
D/2. To keep our calculations consistent with the ones performed

on the lattice [Che07, Baz09, DeT10]2, we also employ mu,0 = md,0 = ms,0/10 with
ms,0 = 105 MeV [PDG08] which is roughly compatible to the most recent estimates
in [PDG10]. QPM results for the different values of the quark restmasses are virtually
indistinguishable from each other. The overall effect of the quark restmasses depends
on the quantity as well as temperature and chemical potential. For the interaction
measure the maximum of |(e − 3p)ms=105 MeV − (e − 3p)ms=0|/(e − 3p)ms=105 MeV

is 0.05.
A similar modification of the dispersion relation has been proposed [Sei07, Sei09],

where the term
√

2mi,0mi,∞ is omitted. It is stressed therein that this modification
has a substantial impact on the extrapolation to the chiral limit. However, an
evaluation of the change within the scope of this thesis has shown that it can be
absorbed into a reparametrization of the effective coupling G2 and has no significant
effect for the extrapolation to large chemical potential considered here.

3.2 Net quark density

Focusing on the quasiparticle contributions we want to investigate the state vari-
ables in detail. We commence with the net quark density where the quasiparticle

1While it is also possible to include nonzero quark restmasses directly into the HTL propagators
and self-energies, this causes gauge invariance to be lost and, additionally, complicates these
expressions by introducing additional integrals [Kal84, Sei07, Sei09].

2That is, the concept dubbed “line of constant physics”, referring to the almost physics quark
masses.
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contribution is given from Eq. (2.53) as

nq,qp = 2dq

∫
d4k

(
∂nF

∂µ
+
∂nAF
∂µ

)
πΘ
(
-ReS−1

+

)
. (3.7)

We integrate by parts with respect to the energy integration, leading to δ(−ReS−1
+ )

as one factor3, the single contributions of the particle species are extracted and

realizing that ∂n
(A)
F /∂µ = −

(+)∂n
(A)
F /∂ω gives the other factor, for which we use that

nF − nAF is symmetric in ω. The integrated part vanishes at the integration limits
and the dispersion relations depend only on the absolute value of k so that

nq,qp =
dq

2π2

∫ ∞
0

dk k2

[(
nF − nAF

)∣∣
ωTL,k

+
(
nF − nAF

)∣∣
ωPl,k

−
(
nF − nAF

)∣∣
ωtPl,k

]
.

(3.8)
The combined distribution function σn := (nF − nAF ) is monotonically decreasing for
positive energies. As ωtPl,k < ωPl,k, the contribution from the tachyonic plasmino
branch is larger for all momenta, leading to an overall negative plasmino contribu-
tion to the net quark density. While the main contribution from the particles is
fixed to thermal-like momenta, the momentum of the plasmino contributions scales

3While the Heaviside or step function is not differentiable at the jumps, neither in a classical nor
weak sense, a derivative can be defined using the theory of distributions. In this sense, the derivative
of the step function is the Dirac δ-distribution. Since all derivatives within the QPM are ultimately
performed within thermodynamic integrals, we may use such δ-distributions as derivatives of step
functions.

For an arbitrary function f(ω) with roots ωk, we write in a “physicist’s notation”

∂Θ(f)

∂ω
=

∂f

∂ω

∂Θ(f)

∂f

=
∂f

∂ω

∑
k

δ(ω − ωk)

| − ∂f/∂ω|

=
∑
k

ε (∂f/∂ω) δ(ω − ωk),

being well aware that in a strictly distributive sense we have for an infinitely differentiable test-
function t(ω) with compact support (so that t vanishes at ±∞):∫ +∞

−∞
dω t

∂Θ(f)

∂ω
= −

∫ +∞

−∞
dω t′(ω)Θ(f(ω))

= −
∑

i
e.g.
= [ω1,ω2]+..+[ωn,∞)

∫
i

dω t′(ω)

e.g.
= −t(ω2) + t(ω1)− ...− t(∞) + t(ωn)

=

∫ +∞

−∞
dω t

∑
k

ε (∂f/∂ω) δ(ω − ωk).

In the first step, the derivative was exchanged in the distributive sense, which amounts to integrating
by parts with the integrated part vanishing due to t being on compact support. Assuming that
f(ω) is continuous up to a finite number of even poles, its roots are alternatively occurring at the
begin or end of integration intervals, i.e. at ω where Θ(f(ω)) either becomes 1 (ε(∂f/∂ω) = 1) or 0
(ε(∂f/∂ω) = −1). The above example represents one of the four cases f(ω → ±∞) ≶ 0 which lead
to different interval configurations. All four cases can be comprised in the last expression, where
each interval beginning/end is summed with the sign according to increasing/decreasing f(ω) with
contributions at ±∞ vanishing due to t being on compact support. To make a connection with our
previous result, the energy integral is finally reintroduced.

In the QPM, the functions f are linear functions of the real parts of the inverse propagators, which
indeed are continuous up to the even plasmon and plasmino poles. The roots are the dispersion
relations ωk(T, µ).
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approximately with ∼ µT . The momentum of the main plasmino contributions thus
increases along the characteristic curves from almost zero to about two times the
momentum of the main particle contributions. Since the momenta are weighted with
a factor of k2, this eventually causes the negative plasmino contribution of the net
quark density to cancel the positive particle contribution, leading to a negative net
quark density.

For µ� T the contribution of the antiparticles vanishes from the integral and
the particle distribution functions approach step functions at the Fermi surface,
i.e. at the momenta ki,µ where ωi,ki,µ = µ.4 Thus in the limit of T → 0 we have

nq,qp =
dq

6π2

[
k3

TL,µ + k3
Pl,µ − (ktPl,µ)3

]
, (3.9)

where the ki can be interpreted as Fermi momenta.
Here, a simple argument can be given for the net plasmino density: since, at

given momentum k, ωtPl,k < ωPl,k (cf. Fig. 2.6) and both dispersion relations are

monotonically increasing with k (cf. Fig. 2.8) we find kPl,µ < ktPl,µ so that the overall
contribution from the two plasmino contributions turns out to be negative.

If assuming an asymptotic dispersion relation for the quark particle contribution,
its net quark density reduces to the well-known expression

nq,qp,TL =
dq

6π2

(
µ2 −m2

q,∞
)3/2

(3.10)

which can be expanded for mq,∞ � µ as

nq,qp,TL =
diµ

3

6π2

(
1− 2

(α
π

)
+

2

3

(α
π

)2
+ ...

)
, (3.11)

where the asymptotic quark mass m2
q,∞ = 2C̃fG

2 = 4µ2α/(3π) (cf. Eq. (3.5) and
Section 2.7) has been used.

3.3 Partial pressures

The investigation of the partial quasiparticle pressure is similar to the net quark
density. Starting with the quark quasiparticle contributions from Eqs. (2.42)

pq,qp = 2dq

∫
d3k

∞∫
0

dω

2π

(
nF + nAF

) {
πΘ
(
-ReS−1

+

)
− πΘ

(
+ReS−1

−
)}

(3.12)

we again integrate by parts with respect to ω and obtain three δ-distributions at
the dispersion relations ωi,k. The integral of the combined distribution functions
is given by σp := −T ln(nF exp(ω/T )) − T ln(nAF exp(ω/T )) as can be verified by
differentiation and has to be taken at the ωi,k. The integrated part vanishes at the
integration limits, thus leaving us with

pq,qp =
dq

2π2

∫ ∞
0

dk k2
[
σp|ωTL,k

+ σp|ωPl,k
− σp|ωtPl,k

]
. (3.13)

The function σp is strictly positive and monotonically decreasing so that, as for
the net quark density, since ωtPl,k < ωPl,k, the overall contribution of the plasminos

4In line with ωk, the dependence of ki,µ on µ is signified in the subscript rather than ki(µ) as to
expose that it is not a simple analytic function since it depends on the implicit functions ωi,ki .
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turns out to be negative. It is also again due to the different scaling of the main
contributions to the thermodynamic integral that the partial quasiparticle pressure
of the quarks eventually turns negative along a characteristic curve.

The generalization of the above procedure to include the gluonic excitations is
straightforward. As the change of the sign in the denominator of the statistical
distribution functions does not affect the calculation we can introduce the short-hand
notation

f± :=
1

e∓ + Si
,

e∓ := eβ(ωi∓µi), (3.14)

where the spin factor Si is +1 for quarks and -1 for gluons. The dependence
of f± and e∓ on the quasiparticle species i = g, q (and also s) is implied. In
the limit µ = 0, e+ = e− is abbreviated as e and f+ = f− as f . Rewriting
σp = −SiT [ln(f+e) + ln(f−e)] in terms of f± and e∓, which contains a factor 2
for the gluons, then gives the general expression for the pure quasiparticle partial
pressure

pqp =
1

2π2

∫ ∞
0

dk k2

[
dq σp|ωTL,k

+ dq σp|ωPl,k
− dq σp|ωtPl,k

+dg σp|ωT,k
+
dg
2
σp|ωL,k

− dg
2
σp|ωtL,k

]
. (3.15)

With σp keeping its properties in the gluonic case5, it is clear that the tachyonic
longitudinal mode also gives a negative contribution larger than the one from the
regular longitudinal mode resulting in an overall negative contribution from the
longitudinal mode to the quasiparticle pressure. The transverse gluon contribution,
however, turns out be larger for all (T, µ) leading to a positive gluon quasiparticle
pressure.

Concentrating on the quark particle and transverse gluon quasiparticle contribu-
tions for the following approximations, we assume asymptotic dispersion relations
ω2
i (k) = k2 +m2

i,∞. Integrating Eq. (3.15) by parts with respect to the momentum
k then gives

pi,qp =
di

6π2

∫ ∞
0

dk
k4

ωi(k)

[
f+ + f−

]
. (3.16)

In order to check the perturbative limit of the quasiparticle model we derive the
zero temperature expression for the particle contribution to the quark quasiparticle
partial pressure. At T = 0, the antiparticle contribution from f− = nAF vanishes
and f+ = nF → Θ(µ − ωTL(k)) = Θ(

√
µ2 −m2

∞ − k), i.e. the integral is cut off
at the Fermi momentum kF =

√
µ2 −m2

∞. Integration by substitution, using
k = m∞ sinhx, then gives

pq,qp,TL =
dq

6π2

m4
q,∞
8

{
2

(
µ2

m2
q,∞

- 1

)3
2 µ

mq,∞
− 3

(
µ2

m2
q,∞

- 1

)1
2 µ

mq,∞
+ 3 ln

(√
µ2

m2
q,∞

- 1+
µ

m2
q,∞

)}
(3.17)

which can be approximated for mq,∞ � µ by

pq,qp,TL =
dq

48π2

{
2µ4 − 6µ2m2

q,∞ +
9

4
m4
q,∞ + 3m4

q,∞ ln
2µ

mq,∞

}
, (3.18)

5Note however, that the domain of σp for gluons is [0,∞) as opposed to the quarks.
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where, for µ ∼ 0.8 GeV, the logarithmic term contributes about one quarter for up
and down quarks and up to two thirds for strange quarks. Assuming the asymptotic
quark mass m2

q,∞ = 4µ2α/(3π) then gives

pq,qp,TL(µ) =
Nfµ

4

4π2

(
1− 4

(α
π

)
+

(
2 +

4

3
ln 3− 4

3
ln
α

π

)(α
π

)2
)
. (3.19)

For the transverse gluons σp = 2T ln(fe) = −2T ln(1 − e−ωT(k)/T ) which, at
small temperatures T � ωT(k), can be approximated by 2Te−ωT(k)/T . As can be
expected, all gluon quasiparticle partial pressures vanish in the limit T → 0: by
again assuming an asymptotic dispersion relation and substituting k = mg,∞ sinhx,
we obtain

pg,qp,T =
dg

2π2
m2
g,∞T

2K2

(mg,∞
T

)
T�mi,∞−−−−−−→ dg

2π2
m2
g,∞T

2

√
πT

2mg,∞
e−

mg,∞
T , (3.20)

where K2 is the second modified Bessel function. The expression the partial quasi-
particle pressure contribution of the transverse gluons vanishes for T → 0. This also
holds for the overall gluon partial pressure (2.42) since nB(T → 0) = 0.

3.4 Mean field pressure contribution

The mean field pressure B follows from Eqs. (2.61), (2.52) and (2.45) as

B = Bc +
∑∫ T

Tc

dT ′
∂pi
∂Πi

∂Πi

∂T ′
+

∫ µ

0
dµ′

∂pi
∂Πi

∂Πi

∂T ′︸ ︷︷ ︸
Bi(T )

. (3.21)

For the quasiparticle contribution of transverse gluons and quark particles with
asymptotic dispersion relations, the implicit dependence of the partial pressures on
the temperature is via the asymptotic mass:

Bi,qp =

∫ T

Tc

dT ′
∂pi,qp
∂m2

i,∞

∂m2
i,∞

∂T ′
+

∫ µ

0
dµ′

∂pi,qp
∂m2

i,∞

∂m2
i,∞

∂µ′
. (3.22)

Using Eq. (3.15) for the quasiparticle contributions to the partial pressure the
derivative with respect to the asymptotic mass acts on σp giving [f+ + f−]/2ωi so
that

∂pi,qp
∂m2

i,∞
= − di

4π2

∫
dk

k2

ωi(k)

[
f+ + f−

]
. (3.23)

At vanishing chemical potential the squared bracket [ ] simplifies to 2f giving.
e.g. for the transverse gluon case, the well-known expression [Pes96]

Bg,qp,T(T ) = − dg
2π2

∫ T

Tc

dT ′
∂m2

g,∞
∂T ′

∫ ∞
0

dkk2nB(ωT(k))

ωT(k)
. (3.24)

The latter may also be derived directly from the HTL expression (3.21) and the HTL
partial pressures (2.42), where the derivative with respect to the real part of the
self-energies yield δ-distributions at the dispersion relations. Letting ReΠT|ωT,k

=
ω2

T,k − k2 = m2
g,∞ = m2

D/2 yields the result.
At vanishing temperature the quasiparticle contribution of the gluons vanishes

due to nB(T → 0) = 0. The contribution from the quark particles to the mean
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field pressure can be approximated in the same way as the quasiparticle net density
and the quasiparticle partial pressure by realizing the distributions functions to be
step functions and substituting k = mi,∞ sinhx. The result for the derivative of the
quasiparticle partial pressure with respect to the asymptotic mass is

∂pq,qp,TL

∂m2
i,∞

= − di
8π2

[
µ2
√
µ2 −m2

q,∞ −m2
q,∞ ln

(√
µ2

m2
q,∞
− 1 +

µ

mq,∞

)]
. (3.25)

Additionally assuming small asymptotic masses m2
q,∞ = 4µ2α/(3π)� µ and neglect-

ing the µ-dependence of the coupling in order to analytically solve the integral with
respect to the chemical potential yields

Bq,qp,TL(µ) = C −
Nfµ

4

4π2

(
2
(α
π

)
−
(α
π

)2
(

4

3
+

4

3
ln 3− 4

3
ln
α

π

))
. (3.26)

Thus, for a plasma described by Nf quasiquark flavors we find from Eqs. (3.19)
and (3.26) the following perturbative expression for the pressure at vanishing tem-
perature:

pqp(T = 0) =
Nfµ

4

4π2

{
1− 2

(α
π

)
+

2

3

(α
π

)2
}
− C. (3.27)

This is, of course, the same result which follows from integrating the expansion of
the quasiparticle contribution to the net quark density (3.11) with respect to the
chemical potential.

The coefficient of the O(α) term equals the strictly perturbative results in
[Fre77, Fra01, Fra02]. The coefficient of the next-order term deviates from the
perturbation expansion (prefactor 12.1), providing a middle way between the latter
and the hard-dense-loop approach in [AS02] (prefactor 0.06).

3.5 Entropy and energy density

As for the other thermodynamic quantities, the quasiparticle contributions to the en-
tropy density are most easily extracted from Eqs. (2.40) and (2.41) via an integration
by parts with respect to the energy density. While the Θ-function is differentiated to
δ-distributions, the statistical distribution functions are integrated to a dimensionless
function

σs := βω(f+ + f−)︸ ︷︷ ︸
=:σe/T

−βµ(f+ − f−)︸ ︷︷ ︸
−µσn/T

−Si(ln(f+e) + ln(f−e))︸ ︷︷ ︸
σp/T

(3.28)

again containing a factor 2 for the gluons. The ω-integration then breaks down at
the δ-distributions and gives σs at the dispersion relations with signs according to
the slope of ReΠi(ω). The resulting quasiparticle entropy density expression is

sqp =
1

2π2

∫ ∞
0

dk k2

[
dq σs|ωTL,k

+ dq σs|ωPl,k
− dq σs|ωtPl,k

+dg σs|ωT,k
+
dg
2
σs|ωL,k

− dg
2
σs|ωtL,k

]
. (3.29)

Once more, the integrated variable σs is a strictly positive function which in the
domain [0,∞) is monotonically decreasing with asymptote 0. Thus, the argument
of negative contributions from plasminos and longitudinal gluons also holds for
the quasiparticle entropy density. The overall quasiparticle entropy density does,
however, stay positive along the characteristics.
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The expression simplifies if assuming an asymptotic dispersion relation. Con-
sidering the case of transverse gluons and quark particles with asymptotic masses
m2
i,∞ and integrating by parts the logarithmic terms in Eq. (3.29) with Eq. (3.28),

corresponding and analogously to the pressure, gives the expression

si,qp =
di
2π

∫ ∞
0

dk k2

{
4
3k

2 +m2
i,∞

ωi(k)T

[
f+ + f−

]
− µi
T

[
f+ − f−

]}
. (3.30)

The quasiparticle contribution to the energy density follows directly from the
interpretation of Eq. (3.28), where σe = ω(f+ +f−), and Eqs. (3.7), (3.15) and (3.29)
as

eqp =
1

2π2

∫ ∞
0

dk k2

[
dq σe|ωTL,k

+ dq σe|ωPl,k
− dq σe|ωtPl,k

+dg σe|ωT,k
+
dg
2
σe|ωL,k

− dg
2
σe|ωtL,k

]
, (3.31)

as expected from general thermodynamics. Since the antiparticle contribution
vanishes with T → 0, an expansion closely related to the one for the pressure can be
performed.

In the limit T → 0 the energy density of each quasiparticle species follows from
general thermodynamics as ei = −pi + µini, since – even for finite entropy density –
the contribution sT vanishes. However, using this relation it is clear that the entropy
density itself, due to its connection to the other three quantities via Eq. (3.28), has
to vanish at T = 0. Thus, Nernst’s theorem is obeyed by the quasiparticle entropy
density. This also holds for the full HTL QPM entropy.



4 The effective quasiparticle model

In the preceding chapters the HTL QPM was derived and investigated analyti-
cally. This was done in order to provide a systematic series of approximations and
assumptions leading from actual QCD to the established quasiparticle model, as
e.g. summarized in [BKS07a], and – in the reverse direction – to provide a coherent
path for the improvement of the latter. In this chapter we complete this connection
by specifying the necessary assumptions. The established model is then adjusted
to the most recent lattice results and the properties of the extrapolated quantities
are investigated as well as compared to lattice predictions for the extrapolation
(for instance, the Taylor coefficients for the pressure and the chiral phase transition
curve). On the general side, the self-consistency of the model is verified and some
aspects of quasiparticle models are demonstrated.

4.1 Necessary approximations

In many cases it proves useful to use a simplified and analytically more accessible
version of the HTL quasiparticle model which we dub effective quasiparticle model
(eQPM). This model is well established and has been presented e.g. in [Blu04,
BKS07a] as standard Rossendorf QPM1. It therefore provides the reference point
for the improvements of the HTL QPM.

The eQPM follows from the HTL QPM given the following assumptions:

1. the collective excitations, plasmons and (anti)plasminos, are exponentially
suppressed2 and can therefore be neglected,

2. the quasiparticle widths as well as damping effects (i.e. the imaginary parts of
the self-energies) are small and can be ignored,

3. the full dispersion relations, only given implicitly (cf. Section 2.5), can be
approximated by analytic expressions ω̃2

i = k2 + m̃2
i,∞ with asymptotic masses

m̃i,∞ = m̃i,∞(T, µ) for thermal-like momenta as relevant in thermodynamic
integrals.

The negligence of collective modes and damping effects is suggested by the fact that
both are bound to the medium frame of reference and thus show only minimal effects
on particles at high momenta [Pes98]. This is verified in Chapter 5.

Taking all three assumptions into account, the eQPM expressions for the ther-
modynamic quantities equal the Eqs. (3.16), (3.22), (3.23), (3.30) and (3.8) for the

1The original quasiparticle model as published in [Pes94, Pes96] (for gluons only) and [Pes00]
(including quarks) is found from this model by assuming vanishing quark contributions or quark
restmasses, respectively.

2That means, after computing the propagators using Dyson’s relation from the HTL self-energies,
the residues of the poles in the spectral density of both plasmon and (anti)plasmino propaga-
tors vanish exponentially for momenta k ∼ T, µ which give the dominant main contributions to
thermodynamic integrals.
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pure quasiparticle parts in Chapter 3 with the modified asymptotic mass m̃2
i,∞,

i.e. modified dispersion relation ω̃2
i = k2 + m̃2

i,∞:

peQPi =
di

6π2

∫ ∞
0

dk
k4

ω̃i(k)

[
f+ + f−

]
,

BeQP
i =

∫ T

Tc

dT ′
∂peQPi

∂m̃2
i,∞

∂m̃2
i,∞

∂T ′
+

∫ µ

0
dµ′

∂peQPi

∂m̃2
i,∞

∂m̃2
i,∞

∂µ′
,

∂peQPi

∂m̃2
i,∞

= − di
4π2

∫
dk

k2

ω̃i(k)

[
f+ + f−

]
,

seQPi =
di
2π

∫ ∞
0

dk k2

{
4
3k

2 + m̃2
i,∞

ω̃i(k)T

[
f+ + f−

]
− µi
T

[
f+ − f−

]}
,

neQPq =
dq

2π2

∫ ∞
0

dk k2
[
f+ − f−

]
. (4.1)

As for the HTL QPM, the overall pressure then follows from peQP =
∑
peQPi −BeQP

i

(cf. Eq. (2.44)) while the overall entropy density and energy density follow by simple
summation.

In comparison with the HTL QPM the eQPM is much simpler as its partial
contributions look like simple ideal gas expressions with modified masses so that
only one phase space integral has to be solved. In contrast, the HTL QPM requires
a two-dimensional integration with respect to energy and momentum – demanding
a good deal more computing time – and, due to the damping terms, is much more
difficult to handle analytically. Simple limit discussions are almost always only
possible for the pure quasiparticle contributions to the HTL expressions – which for
asymptotic dispersion relations lead to the eQPM expressions (cf. Chapter 3).

The introduction of the constant restmass via the modified dispersion relation
causes no differences for the arguments put forward in Chapter 3, so that with
ω(k)→ ω̃(k) the results are valid for the eQPM. Also, as the implicit dependence
of the self-energies on temperature and chemical potential is handed down to the
thermal quasiparticle masses, the expressions for the flow equation and the mean
field pressure along a characteristic curve in Sections 2.10 and 2.11 can be employed
with the simple change Πi → m̃2

i,∞.

4.2 Comparison with lattice results

As outlined in Section 2.12, the model parameters, i.e. λ and Ts for the effective
coupling and the pressure integration constant Bc, have to be fixed by comparing with
lattice results. We use the most recent results of two major lattice collaborations: the
hotQCD collaboration [Che07, Baz09] and the Wuppertal-Budapest collaboration
[Bor10a, Bor10b].

We refer to the results by the lattice action and temporal lattice extent Nτ of the
particular calculations. Evaluations with larger Nτ are closer to the continuum limit
and are therefore preferred. While the hotQCD collaboration uses the p4 and asqtad
actions with Nτ = 6 and 8 [Che07, Baz09], the Wuppertal-Budapest collaboration
relies on the stout action with Nτ up to 12 [Bor10a, Bor10b]. In addition, the latter
group therein also provides a continuum estimate which we use here.

The parameter adjustment is performed at vanishing chemical potential by χ2-
minimization of the difference of the scaled eQPM interaction measure ∆eQP /T 4 =
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Figure 4.1: Comparison of the eQPM interaction measure to the lattice QCD data (symbols)
for lattice actions p4 (blue), asqtad (red) and stout (green) and lattice spacings Nτ from
[Che07, Baz09, Bor10b]. Solid (dashed) curves are for Nτ = 8 (6). The statistical errors
from the lattice are indicated.

action Nτ p(Tc)/T
4
c Ts [MeV] λ [MeV] Bc χ2/dof

p4 6 0.58 173 15 –(145 MeV)4 3.09
p4 8 0.70 154 24 (162 MeV)4 1.21
asqtad 8 0.76 139 35 (158 MeV)4 3.35
stout ∞ (est.) 0.63 48 83 (75 MeV)4 0.95

Table 4.1: Parameters of the eQPM as a result of adjusting the eQPM interaction measure
to the lattice QCD results [Che07, Baz09, Bor10b] with the eQPM pressure p(Tc) being
fixed to the lattice pressure plattice at Tc (cf. Section 2.12).

(eeQP − 3peQP )/T 4 = seQP /T 3 − 4peQP /T 4 to the lattice results, where the pressure
constant is fixed for any combination of (λ, Ts) by requiring the pressure peQP at Tc
to be equal to the lattice pressure plattice(Tc) (cf. Section 2.12). The results are shown
in Fig. 4.1 and the corresponding model parameters are given in Tab. 4.1. Despite
the obvious differences between the different lattice results, which are attributed to
different discretization artifacts, the model is flexible enough to allow for an accurate
description of all four. One may assume the quality of the lattice description to
increase from the p4 lattice action to the asqtad and then to the stout action as well
as to grow with rising Nτ . The seemingly large χ2 for the asqtad action is due to
the lack of results above T ∼ 450 MeV.

In the left and right panels of Fig. 4.2 we compare the thermodynamic state
variables of the eQPM with the ones obtained on the lattice for the stout action and
the p4 action with Nτ = 8. The eQPM results match the results from the lattice
very closely, with the larger deviations visible for the case of the p4 action with
Nτ = 8. The differences are due to the variation in the peak position and height in
∆/T 4 for the actions as well as the fact that the eQPM interaction measure does
not replicate the lattice results with absolute perfection.

From Eqs. (2.67) is clear, that more extensive peaks lead to larger pressures as
well as that the differences in the pressure enter the entropy density and energy
density with factors of 4 and 3, respectively. Therefore, while the deviation of the
pressure is only small, some larger variation is noticeable in the entropy density. One
possible explanation for the better description of the lattice result from [Bor10b] by
the eQPM (as a thermodynamic model) in comparison to the one from [Baz09] may
be, that the thermodynamics of the lattice calculations continue to improve with
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Figure 4.2: Comparison of scaled pressure 3p/T 4 (upright triangles, solid lines), scaled
energy density e/T 4 (reversed triangles, dashed lines) and scaled entropy density s/T 3

(circles, dotted lines) derived from the interaction measure on the lattice (symbols) and via
the eQPM (curves). Left panel: Lattice results from [Bor10b]. Right Panel: Lattice results
for the p4 action with Nτ = 8 from [Baz09]. Statistical errors from the lattice are indicated
where available.

better lattice actions and increasing lattice extents.

In general, the region of large temperatures is well understood perturbatively and,
via the 1-loop self-energies in the HTL approximation, also provides the basis for our
model. Thus, the compatibility of eQPM and lattice results in the high-temperature
regime is to be expected. In contrast, it is very surprising that the introduction of just
one additional parameter Ts suffices to allow a description of the nonperturbative
region close to the phase transition. The small number of parameters is one of
the great advantages of the eQPM when compared to e.g. (P)NJL models with a
multitude of parameters, and may be considered as a hint that the quasiparticle
degrees of freedom present a good approximation.

4.3 Extrapolation to nonzero chemical potential

Fixing the model parameters at µ = 0 to match the lattice results provides the
boundary condition necessary to solve the Cauchy problem presented by the system
of ordinary differential equations (2.58) that follow from the flow equation (2.56)
by applying the method of characteristics (cf. Section 2.10). The coefficients of the
eQPM flow equation are given in Appendix D.

Fig. 4.3 shows the characteristics of the eQPM using two of the adjustments
to lattice results from Section 4.2. Since the the eQPM describes quark and gluon
degrees of freedom, the model is limited to the temperature interval [Tc,∞) at
vanishing chemical potential. Consequently, only those regions of the phase diagram,
which are populated by characteristic curves (T (x), µ(x)) emerging from this interval,
are accessible to the eQPM.

As a consequence, for the [Bor10b] lattice results with Tc = 152 MeV this region
turns out larger than the region for the case of [Baz09] lattice results for the p4
action with Nτ = 8 with Tc = 190 MeV. The minimum accessible chemical potentials
are 576 MeV and 606 MeV, respectively, revealing a difference comparable to the
discrepancy in Tc.

The characteristics of the eQPM are known to exhibit crossings for adjustments
to older lattice results [Pes00, Pes02]. For the adjustments to recent lattice results
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Figure 4.3: Some characteristic curves (T (x), µ(x)) of the flow equation (2.56), emerging
from the temperature interval T0ε[Tc, 450 MeV], are shown in the T -µ-plane. The left curves
are for [Bor10b] lattice results with Tc = 152 MeV, the right ones for [Baz09] results using
the p4 action with Nτ = 8 and Tc = 190 MeV.

regions of crossing characteristics appear at small temperatures close to the pseu-
docritical characteristic as well. It is interesting to note that the region of the
crossings, with extent of about 50 MeV in T - and µ-direction, also moves in the
direction of the chemical potential with approximately the difference in Tc. A rough
parametrization of the region independent of the chosen lattice adjustment can be
given by µ = 600± 50 MeV and Tε[0, 50± 20] MeV. As outlined in Section 2.10, the
maximum set of consistent characteristics is chosen for the description of the this
region, thus ensuring conservation laws.

Figures 4.4 through 4.10 show the thermodynamic quantities as results of the
extrapolation procedure using the lattice results from [Bor10b] as boundary values
within the T -µ-plane as functions of the temperature at several values of the chemical
potential and additionally as contour plots. All considered state variables of the
eQPM, pressure, interaction measure, entropy density, net quark density and energy
density, increase with rising chemical potential at constant temperature. The mean
field pressure B increases with µ at smaller temperatures while it starts to decrease if
considering larger temperatures. The effective coupling G2 decreases with increasing
chemical potential at constant temperature.

The contour plots show that no irregularities arise from the extrapolation proce-
dure and that, indeed, the information obtained at vanishing chemical potential is
transported in a thermodynamically consistent way to finite µ and even to vanishing
temperature. Thus, the thermodynamic quantities at T = 0, as functions of µ, are
similar to the ones as functions of T at µ = 0 with specific scalings and shifts. For
example, the contour plots also reveal that some quantities, such as the interaction
measure e− 3p (Fig. 4.5) and the pure mean field pressure B −B0 (Fig. 4.9), stay
almost constant along the path of the characteristic curves, especially for character-
istics emerging from T0 > 1.5Tc. In a special case, this can be shown analytically for
the latter (cf. Section 4.7). It is also worth noting that the lines of constant pressure
and the lines of constant energy density closely resemble each other (cf. Fig. 4.4 and
4.8). The limits nq(µ→ 0) = 0 (Fig. 4.7) and s(T → 0) = 0 (Fig. 4.6) are visible.
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Figure 4.4: Left panel: The scaled pressure p/T 4 of the eQPM adjusted to [Bor10b] lattice
results is shown as a function of the temperature T for chemical potential µ = 0 (solid
curve), 0.2 GeV (dashed curve) and 0.3 GeV (dotted curve). Right panel: Contour plot of
the pressure p. The characteristic curves emerging from T0/Tc = (1.0, 1.5, 2.0) are shown
as dashed curves. For reference, the predicted chemical freeze-out line from the statistical
model in [Cle06] is plotted (dotted curve).
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Figure 4.5: As Fig. 4.4 but for the scaled interaction measure (e− 3p)/T 4.
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Figure 4.6: As Fig. 4.4 but for the scaled entropy density s/T 3.
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Figure 4.7: As Fig. 4.4 but for the scaled net quark density nq/T
3.
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Figure 4.8: As Fig. 4.4 but for the scaled energy density e/T 4. Note that the peak structure
appearing for larger values of the chemical potential are due to the scaling with T 4.
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Figure 4.9: As Fig. 4.4 but for the scaled mean field pressure B/T 4.
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Figure 4.10: As Fig. 4.4 but for the effective coupling G2.
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Figure 4.11: The absolute values (left panel) and difference of (right panel) the second
derivatives of the pressure (parts) p(i) with respect to temperature T and chemical potential
µ are shown along one characteristic curve emerging from T = 1.5Tc. The calculation was
performed for the parameters matching the lattice results from [Bor10b] where Tc = 152 MeV.
The integrability condition (2.48) of the pressure is satisfied by the overall pressure p (black
solid and grey dotted curves) only. As predicted, noticeable deviations occur for the partial
contributions p(i) (cf. Eq. (2.51)) of gluons (yellow curves), up/down quarks (red solid and
grey dashed curves) and – most prominent – strange quarks (blue curves). They add up to
zero for the overall pressure.

4.4 Check of model consistency

Along each characteristic, and thus within the whole accessible part of the T -
µ-plane, the flow equation provides the effective coupling in a way that ensures
thermodynamic consistency, i.e. the overall pressure p =

∑
pi − B represents a

genuine potential via the mean field pressure B (cf. Section 2.9). This can be
checked by numerically evaluating Eq. (2.48) between (at least) two very close
characteristics. Fig. 4.11 shows the absolute values and the difference of the second
derivatives with respect to temperature and chemical potential of the pressure p and
its parts p(i) using the parametrization for [Bor10b] lattice results. As can be seen,
the overall pressure satisfies the integrability condition and therefore constitutes a
thermodynamic potential.

As outlined in Section 2.9, the same is not true for the partial contributions
p(i) := pi − Bi (cf. Eq. (2.51)); the reason being that the integrability condition is
ensured by the flow equation for the overall pressure p =

∑
p(i) (and overall mean field

pressure B =
∑
Bi = −

∑
p(i) − pi) only and consequently the partial contributions
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p(i) to the overall pressure do not represent thermodynamic potentials. On the
other hand it is essential to investigate the single contributions to a thermodynamic
quantity such as the energy density which are derived from exactly these p(i) and
Bi. It is therefore useful to investigate the deviations occurring in the p(i) due to
the global nature of the flow equation.

The differences in the second derivatives with respect to T and µ are shown in
Fig. 4.11. For the light quarks we find rather small relative deviations of about
2.5 percent at maximum for the parametrization describing [Bor10b] lattice results
and about 3.5 percent for the parametrization describing p4 Nτ = 8 lattice results
from [Baz09]. While the absolute deviations of the second derivatives of gluons and
strange quarks are quite small, too, the relative deviations of these two contributions
can be sizeable since one of the second derivatives is manifestly zero while the other
is, in general, nonzero3. Investigating the relative differences for the parametrization
to [Baz09] lattice results for the p4 action with Nτ = 8 yields similar results with
smaller strange quark, enlarged gluon and negative up/down quark contribution
to ∆∂2p(i)/∂X∂Y , i.e. the qualitative behavior of the deviations is not fixed and
depends on the parametrization.

One persistent feature is that for vanishing chemical potential, where the model
has to be self-consistent per definitionem, and for vanishing temperature the deviation
between the second derivatives of the partial contributions goes to zero. The latter
is, on the one hand, due to vanishing partial entropy densities si = ∂p(i)/∂T and
thus first derivatives of the p(i) at T = 0 (Nernst’s law, cf. Section 3.5) while,
on the other hand, a similar argument as for Nernst’s law can also be made for
the first derivative of the net particle densities with respect to the temperature,
i.e. ∂ni/∂T = ∂2p(i)/∂T∂µ = 0 at T = 0.

The partial net particle and partial entropy densities can directly be determined
via analytic expressions from the effective coupling, however, for µ > 0 and T > 0
do not satisfy a Maxwell relation ∂si/∂µ = ∂ni/∂T . Consequently, the pressure
parts p(i) as integrals of the si/ni (similar to Eq. (2.65)) are path-dependent and so
are any other partial quantities derived from the pressure. While the deviations are
rather small for the single quantities, they can, depending on the paths considered,
become large in the integrated quantities (cf. e.g. the mean field pressure at vanishing
chemical potential, Section 4.6).

4.5 Expansion for small chemical potentials

Straightforward Monte-Carlo sampling in lattice calculations is limited to zero
chemical potential due to the sign problem. One way to still obtain information
about the pressure at nonzero chemical potential µ is to investigate the coefficients
of the Taylor series with respect to µ [All02]

p(T, µ)

T 4
=

∞∑
n=0

cn(T )
(µ
T

)n
with cn(T ) =

Tn−4

n!

(
∂np

∂µn

)∣∣∣∣
µ=0

(4.2)

3From ng = ns = 0 we have ∂2p(g/s)/∂T∂µ = ∂ng/s/∂T = 0 while ∂2p(g/s)/∂µ∂T = ∂sg/s/∂µ 6= 0
due to implicit dependencies of the partial entropy densities on the chemical potential.
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also dubbed susceptibilities, where c0 is the pressure at µ = 0 and c2 and c4 are the
next nonzero coefficients4.

For the eQPM, the coefficients are

ceQP2 =
dq

2π2T 3

∞∫
0

dk k2 ef2,

ceQP4 =
dq

24π2T 3

∞∫
0

dk k2 ef4

[
3T (1− e2)

∂2ωTL

∂µ2

∣∣∣∣
µ=0

+ e2 − 4e+ 1

]
(4.3)

with e = e±|µ=0 and f = f±|µ=0 and

∂2ωTL

∂µ2

∣∣∣∣
µ=0

=
1

3ωTL

[
G2

π2
+

3m̃q,∞
π2T

√
G2

6
+

(
3m̃q,∞T

2
√

6G2
+
T 2

2

)
∂2G2

∂µ2

∣∣∣∣
µ=0

]
. (4.4)

The second derivative of the effective coupling with respect to the chemical potential
∂2G2/∂µ2 can be found by differentiating the flow equation with respect to µ. In
the limit of vanishing chemical potential this leads to

∂2G2

∂µ2

∣∣∣∣
µ=0

=

(
1

aµ

∂b

∂µ
− 1

aµ

∂aT
∂µ

∂G2

∂T

)∣∣∣∣
µ=0

(4.5)

with the derivatives of the flow equation coefficients given in Appendix D. The
first term within ceQP4 featuring the second derivative of the dispersion relation with
respect to the chemical potential is responsible for a peak structure of this coefficient.

Only few lattice calculations of the ci are available. Previous comparisons
[Blu05a] have been performed for Nf = 2 + 0 lattice results with small temporal
extent (Nτ = 4) and unphysical quark masses [All03] (p4 lattice action). Deviations
of about 20 percent were found between the then-current lattice results for the
pressure [Pei00] and the ci. To check the flexibility of the model, the latter was
readjusted to describe the pressure Taylor coefficients, yielding a good description.

More recently, lattice calculations for Nf = 2 + 1 with almost physical quark
masses but still small lattice spacings Nτ = 4 and 6 have been published by a different
group [DeT10] (asqtad lattice action). From our past experience, lattice results for
Nτ = 6, especially for the asqtad action, still show large discretization errors and are
therefore unsuited for a strict numerical comparison with our continuum model. One
indication for the latter presents the extremely high second Taylor coefficient, which
for Nτ = 4 even surpasses the Stefan-Boltzmann limit, from [DeT10] in comparison
to [All03, All05].

To gain some insight into the extrapolation procedure a qualitative comparison is
still useful. The left panel of Fig. 4.12 shows the most recent lattice results for c2 and
c4 from the the two groups in comparison to the pressure coefficients following from
the eQPM using the parametrization for the results from [Baz09], where the critical
temperature estimate agrees with [DeT10]. Indeed, the results agree qualitatively,
with c2 rising and c4 falling monotonically with the temperature.

4Within the quasiparticle model all odd-numbered coefficients vanish in the limit µ→ 0 due to
sign changes of the respective derivatives of statistical distribution functions. This can be shown be
a general feature due to the symmetry of the considered observables with respect to changing µ to
−µ [All02].
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Figure 4.12: Left panel: The Taylor coefficients c2 (upper part) and c4 (lower part) of the
pressure are shown for the eQPM adjusted to the results from [Baz09] for the p4 action with
Nτ = 6 (blue dashed curve) and Nτ = 8 (solid blue curve) as well as the asqtad action with
Nτ = 8 (solid red curve) for values above Tc = 190 MeV. They are contrasted to the lattice
results from [DeT10] for Nf = 2 + 1 using the asqtad action with Nτ = 6 (yellow symbols).
For reference, also the Nf = 2 + 0 lattice results using the p4 action with Nτ = 4 [All05] are
given (blue symbols). Right panel: Readjustment of the eQPM to the Taylor coefficients c2
and c4 of the lattice results.

Also investigating the flexibility of the model versus the more recent lattice results
yields an inferior result (cf. Fig. 4.12). This is due to the very large estimates for c2

which approach the Stefan-Boltzmann limit very rapidly. The eQPM is unable to
simultaneously describe at the same time, the values of c2 in the smooth incline from
Tc onwards and the very large asymptotic values of c2. The fit5 prefers the latter for
their smaller error bars. However, due to the current status of ci lattice results, it
remains unclear whether the predicted large c2 are either due to discretization effects
or indeed contradict the eQPM which favors smaller c2. At least a naive continuum
extrapolation of the Nτ = 4 and Nτ = 6 lattice results towards the continuum limit
Nτ =∞ indicates a considerably reduced c2.

In addition to the case of one independent chemical potential µ = µu = µd with
µs = 0 under consideration here, situations with two and more independent chemical
potentials are also investigated on the lattice. In such cases c2 and c4 are referred to
as unmixed coefficients or flavor diagonal susceptibilities, sometimes denoted as c20

and c40, whereas off-diagonal susceptibilities appear from the mixed derivatives with
respect to the the different chemical potentials. A modified version of the eQPM
has been tested against the lattice data for the off-diagonal susceptibilities from
[Gav05a, Gav05b] in [Blu08b].

The check of the eQPM against lattice calculations for imaginary chemical
potential [DEl04, DEl07] has been performed successfully in [Blu08a].

4.6 Results at small temperatures

The extrapolation procedure ends with the characteristic curves touching the µ-axis
at T = 0. However, as visible from the results in Section 4.3, all thermodynamic
quantities (except for the entropy density which vanishes in this limit) are almost

5The eQPM parameters obtained from the simultaneous adjustment to c2 and c4 with χ2 =
(χ2
c2 + χ2

c4)/2 are Ts = 147 MeV, λ = 17 MeV using [All05] lattice results and Ts = 198 MeV,
λ = 0.07 MeV using [DeT10] lattice results.
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constant as functions of T in the interval Tε[0, 100] MeV for fixed µ. We therefore
investigate the results for T = 25 MeV, allowing for a easier comparison to the HTL
QPM in Chapter 5.

The eQPM pressure, net particle and energy density at T = 25 MeV are shown
– appropriately scaled – in Fig. 5.12 as functions of the chemical potential µ = µq
(grey curves) in comparison to the corresponding HTL quantities (green curves)
for both the adjustment to [Bor10b] lattice data and lattice results from [Baz09]
for the p4 action with Nτ = 8. All turn out to be monotonically increasing with
growing chemical potential. While the eQPM net particle and energy densities are
strictly positive, the eQPM pressure turns negative at the lowest µ reached by the
characteristic curves. This gives rise to a small region of negative pressure which in
Fig. 4.4 is covered by the pseudocritical characteristic ending at a larger chemical
potential. We will address this region thoroughly in Section 5.4.

Since the statistical distribution function of bosons nB = [f+ + f−]g/2 vanishes
in the limit T → 0 one might expect, from Eqs. (4.1), a constant gluon mean field
pressure Bg at vanishing temperature. However, it turns out to be a non-constant
function of the chemical potential (not shown). This is due to to the fact that
thermodynamic self-consistency is ensured for the overall mean field pressure B only,
yet not for the particular contributions Bi (cf. Sections 2.9 and 4.4).

The integration of the individual mean field pressure contributions via the char-
acteristics amount to a specific choice for the integration paths which leads to a
specific distribution of contributions Bi to the overall mean field pressure B (in
particular with Bg 6= const). Choosing a different integration path, e.g. along the
µ-axis, leads to an entirely different distribution, e.g. with Bg = const. This does
not impair the overall B in any way but instead, in showing the same result for
completely different integrations, underlines the overall consistency of the model.

4.7 The explicit dependence of the asymptotic masses on
the chemical potential

It is instructive to consider the case of modified thermal masses in the asymptotic
dispersion relation, where

m2
q,∞ ∼

(
T 2 +

µ2

χ2

)
G2 and m2

g,∞ ∼
(
Cb
6
T 2 +

µ2

4χ2

)
G2 (4.6)

so that for χ→∞ the dependence of the thermal masses on the chemical potential
µ is eliminated and ∂m2

i,∞/∂µ|G2 = 0.

Dropping also the restmasses6 mi,0 and thus reverting to simple asymptotic dis-
persion relations and masses, all of the latter vanish in the limit T → 0. Furthermore,
the derivative of the asymptotic masses m2

i,∞ with respect to the chemical potential

at constant G2 vanishes so that at T = 0

∂m2
i,∞

∂µ
=
∂m2

i,∞
∂µ

∣∣∣∣∣
T,G2

+
∂m2

i,∞
∂G2

∂G2

∂µ
(4.7)

is expected to vanish too.

6The considerations may as well be performed for finite restmasses, yielding no change for the
mean field pressure, however introducing additional terms to the pressure expansion. For brevity,
the simpler case is outlined.
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If, indeed, the mass derivatives vanish, all mean field pressure contributions
BeQP
i should, according to Eq. (4.1), turn constant at T = 0, leading to a constant

overall mean field pressure BeQP = Bconst. For the gluons this is already required by
properties of the Bose distribution, cf. Section 4.6, which also leads to peQPg (T = 0) =
0. From the expansion of the quasiparticle partial pressure (3.18) and neglecting
heavy quark flavors one then has for the case χ→∞ and T → 0

peQP =
dq

24π2
µ4 −Bconst (4.8)

which corresponds to a simple bag model pressure.

If, on the other hand, one integrates the mean field pressure along a characteristic
curve, one finds from (2.55) with Πi → m2

i,∞ that, due to ∂m2
i,∞/∂µ|G2 = 0

aT
∂m2

i,∞
∂T

∣∣∣∣∣
G2

= −b
∂m2

i,∞
∂G2

(4.9)

so that Eq. (2.62)

BeQP= BeQP
0 −

∫
dx
∑
i

(
aT

∂m2
i,∞

∂T

∣∣∣∣∣
G2

+ b
∂m2

i,∞
∂G2︸ ︷︷ ︸

0

+aµ
∂m2

i,∞
∂µ

∣∣∣∣∣
G2︸ ︷︷ ︸

0

)
∂peQPi

∂m2
i,∞

= BeQP
0 ,

(4.10)
i.e. the mean field pressure BeQP

0 = BeQP (T0) at the emergence temperature of the
characteristic curve is transported along the latter to the µ-axis, so that BeQP (T =
0, µ = µf ) = BeQP (T = T0, µ = 0). This is, however, not a constant.

The discrepancy is easily solved, as the assumption of vanishing derivatives of the
asymptotic masses with respect to the chemical potential is not realized. The solution
of the flow equation of this modified eQPM yields a diverging effective coupling G2

in the limit T → 0. Therefore, the derivative of the coupling with respect to the
chemical potential also diverges. As a consequence, the product of diverging ∂G2/∂µ
and converging ∂m2

i,∞/∂G
2 (which is not a function of the diverging G2) yields a

finite result along any characteristic in the limit T → 0. Accordingly, there are
finite contributions to the µ-integral in the partial mean field pressures (cf. Eq. (4.1))
resulting in a non-constant overall mean field pressure equal to the one obtained by
integration along the characteristic curves.

It is very intriguing that the thermodynamic quantities of the eQPM with and
without the modification turn out quite comparable. Depending on the quantity,
differences of about 10 to 20 percent were found. Even the paths of the characteristic
curves turn out to be very similar. This supports the work done by M. Bluhm
on multiple (small) independent chemical potentials, where the dependence of the
thermal masses on the chemical potential had to be dropped in order to preserve
self-consistency [Blu08b].

4.8 Wrap-up

Concluding the chapter, we may summarize that the established eQPM is able to
describe the most recent lattice results. As for past adjustments, the extrapolation
of state quantities is free of irregularities; crossing characteristics can be dealt
with in the usual fashion. The expected semi-quantitative agreement of the eQPM
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extrapolation procedure with the lattice predictions for the pressure susceptibilities
was confirmed and self-consistency of the eQPM verified.

Finally, it was shown that the approach to neglect the explicit dependence of the
asymptotic masses on the chemical potential in order to preserve thermodynamic
self-consistency for the case of multiple independent chemical potentials, as adopted
in [Blu08b], introduces only small deviations.



5 Equation of state for heavy-ion
collider experiments

We now return to the HTL QPM in order to compare it to the established eQPM
and assess its improvements. In doing so, the state quantities of the two models
at zero and nonzero chemical potential as well as the pressure Taylor coefficients
are contrasted. Particular attention is paid to the role of the collective modes. We
then investigate to possibility to connect the HTL QPM to the hadron resonance
gas enabling us to construct an EOS for heavy-ion collider experiments at large net
baryon densities. Finally, the application of the HTL quasiparticle model EOS in
the calculation of gluon condensates as input for sum rule studies is presented.

5.1 Comparison with lattice results

As for the eQPM (cf. Section 4.2), the HTL QPM parameters have, in a first step,
to be adjusted to lattice results. This is carried out as for the former with resulting
parameters shown in Tab. 5.1. The underlying lattice data for the scaled interaction
measure (e − 3p)/T 4 as well as the results for the HTL QPM using the adjusted
parameters are shown in Fig. 5.1. It is quite remarkable that, apart from the result
for the older lattice data with Nτ = 6, the HTL interaction measure resembles the
eQPM trace anomaly despite the fact that the former does not account for quark
restmasses. This may be viewed as a (first) sign of consistency between the two
quasiparticle models.

Even from the change in χ2/dof no determination can be made whether the
description of the one model is better than the other, as it increases for the fit
to [Bor10b] lattice results and marginally decreases for the adjustment to [Baz09]
lattice data. It is noteworthy that the parameters λ and Ts seem to be almost fixed
for each lattice result as both keep roughly the same values when switching from
eQPM to the HTL QPM (cf. Tab. 4.1) – the exception being Ts in the stout case. In
contrast, the constant Bc decreases noticeably for all four cases, signifying that the
additional modes of the HTL QPM provide an overall negative pressure contribution
as Bc is the integration constant of the mean field pressure being subtracted from p
(cf. Eqs. (2.44) and (2.61)).

From the almost equal interaction measure it is no surprise that all other state
quantities from the lattice are matched equally well as for the eQPM model (cf. right
panel of Fig. 5.1). Both models are therefore equivalent at vanishing chemical
potential and one should, in calculations restricted to µ = 0, rather use the simple
eQPM than the more sophisticated HTL QPM which requires integrations in energy
and momentum space.

5.2 Contributions of collective modes

As argued in Chapter 3, the contributions of the collective excitations to the net
quark density as well as the (partial) pressure and entropy density are negative.
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Figure 5.1: Left panel: Comparison of the interaction measure of the HTL QPM to the
lattice QCD data (symbols) for lattice actions p4 (blue), asqtad (red) and stout (green)
and lattice spacings Nτ from [Che07, Baz09, Bor10b]. Solid (dashed) curves are for Nτ = 8
(6). The statistical errors from the lattice are indicated. Right panel: Comparison of
scaled pressure 3p/T 4 (upright triangles, solid lines), scaled energy density e/T 4 (reversed
triangles, dashed lines) and scaled entropy density s/T 3 (circles, dotted lines) derived from
the interaction measure on the lattice (symbols) and via the HTL QPM (curves) adjusted to
lattice results from [Bor10b]. Statistical errors from the lattice are indicated where available.
Both panels: For reference, the eQPM results (cf. Figs. 4.1 and 4.2) are shown as grey curves
which, however, are barely visible as they are beneath the HTL QPM curves.

action Nτ p(Tc)/T
4
c Ts [MeV] λ [MeV] Bc χ2/dof

p4 6 0.58 170 16 –(218 MeV)4 2.50
p4 8 0.70 149 26 –(101 MeV)4 1.18
asqtad 8 0.76 131 36 –(112 MeV)4 3.23
stout ∞ (est.) 0.63 31 85 –(144 MeV)4 1.15

Table 5.1: Parameters of the HTL QPM as results of the adjustment of the interaction
measure to the lattice QCD results [Che07, Baz09, Bor10b] with the pressure p(Tc) being
fixed to the lattice pressure plattice at Tc (cf. Section 2.12).

Here, these arguments are quantified for the adjustment of the HTL QPM to lattice
results from [Bor10b].

Fig. 5.2 shows the contributions of plasmons, plasminos and non-collective modes
to the pressure, entropy and energy density as well as the interaction measure as
functions of the temperature at vanishing chemical potential. The largest contribu-
tions from plasmons and plasminos to the entropy density and pressure1 are found
close to the phase transition. While the plasmino contribution already vanishes at
rather low temperatures, the plasmon contribution gives noticeable contributions up
to very high temperatures. While the absolute value of the plasmon contribution
is larger than the absolute value of the plasmino contribution for the entropy at all
temperatures, it is smaller than the latter for the pressure at small temperatures
close to Tc and larger for T > 195 MeV only.

The result for the energy density follows directly from the Gibbs relation with
nq(µ = 0) ≡ 0. Interestingly, the plasmino contributions from the pressure and the
entropy density almost cancel each other, leading to a very small contribution to the

1Here, we consider the pressure contributions p(i) = pi −Bi in order to exclude effects from the
overall pressure integration constant Bc (cf. Eqs. (2.51) and (2.52)). Consequently, the sum of all
contributions does not add up to p but p+Bc.
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Figure 5.2: The contributions of plasmons (light blue curves), plasminos (yellow curves)
and the non-collective modes (dark green curves) to the scaled pressure 3p/T 4 (left panel,
solid curves), the entropy density (left panel, dotted curves), the energy density (right panel,
dashed curves) and the interaction measure (right panel, solid curves) of the HTL QPM
adjusted to [Bor10b] lattice results at µ = 0 are shown. For reference, the lattice results and
the overall quantities are shown (light grey symbols and curve, respectively; cf. Fig. 5.1)

energy density, even alternating in sign. As the overall size of the entropy density
plasmon contribution is larger than the plasmon contribution to the pressure, the
energy density plasmon contribution remains negative and also quite sizeable up to
large values of T .

The results for the interaction measure are determined via (e − 3p)/T 4 =
s/T 3 − 4p/T 4 (cf. Eqs. (2.67)). Here, the plasmon contribution from the pres-
sure is enhanced by a factor of four in comparison to the energy density leading to a
positive contribution of the longitudinal gluons to the trace anomaly. The same is
true for the plasminos, where the contribution turns out quite large, especially close
to Tc. The contributions from both collective modes vanish more rapidly for the
interaction measure than for the other state variables with the plasmino contribution
still going to zero faster than the plasmon contribution. It is due to the contributions
of the collective modes to e − 3p turning out positive, that the contribution from
the non-collective modes is determined to be partially negative close to Tc. The sign
change occurs at about the temperature where the contributions from plasminos
and plasmons are equal.

While, per se, a negative overall particle density or pressure is unphysical, the
negative contributions rather describe the effect of the collective excitations in the
QGP. For instance for the entropy density: as medium effects indicate correlations
between the gas-like constituents of the eQPM plasma, taking them into account
causes a decrease in overall entropy density. In the same way, also the pressure and
the net particle density are decreased by the introduction of the collective modes.

5.3 Pressure susceptibilities

The Taylor coefficients ci of the pressure (4.2) may be used to compare the extrapo-
lation procedure of the HTL QPM with the extrapolation procedure of the eQPM
and – to some extent (cf. Section 4.5) – the prediction by lattice calculations. The
expressions for the susceptibilities of the HTL QPM are given in Appendix D.

As visible from Figs. 5.1 (the pressure at µ = 0 corresponds to c0) and 5.3 both
predictions for the pressure at µ & 0 are quite similar. The pressure at vanishing
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Figure 5.3: Left panel: The Taylor coefficients c2 (upper part) and c4 (lower part) of the
pressure are shown for the HTL QPM (colored curves) and the eQPM (greyscale curves)
adjusted to the results from [Baz09] for the p4 action with Nτ = 6 (blue dashed/grey curves)
and Nτ = 8 (solid blue/grey curves) as well as the asqtad action with Nτ = 8 (solid red/light
grey curves) for values above Tc = 190 MeV. They are contrasted to the lattice results from
[DeT10] for Nf = 2 + 1 using the asqtad action with Nτ = 6 (yellow symbols). For reference,
also the Nf = 2 + 0 lattice results using the p4 action with Nτ = 4 [All05] are given (blue
symbols). Right panel: Readjustment of the HTL QPM to the Taylor coefficients c2 and c4
of the lattice results.

chemical potential c0 is virtually identical and the c2 of the HTL QPM are only
slightly larger than their eQPM equivalents. A difference is, however, perceptible
in c4, where a more pronounced increase for the temperature decreasing towards Tc
is seen. This corresponds to the qualitative prediction of the lattice results which
show a peak of c4 at Tc. In this way one may conclude that the HTL QPM Taylor
coefficients give a better (qualitative) description of lattice susceptibilities than the
ci found for the eQPM.

A readjustment of the model parameters as performed for the eQPM is also
possible2, leading to remarkably similar results (cf. right panel of Fig. 5.3). Taking
into account that the fit of the HTL and the eQPM interaction measure to the
lattice results were notably similar, too (Fig. 5.1), one may conclude that – at least
at µ ≈ 0 – the additional collective modes, Landau damping and the use of the full
dispersion relation do not affect the flexibility of the model. That is, neither in a
positive nor negative way.

On the one hand, this represents a second hint, that indeed the approximations
put forward to derive the effective from the HTL QPM are good approximations.
On the other hand, this also means that the positive results found for the eQPM in
numerous publications can, for µ ≈ 0, be assumed to be valid for the HTL QPM as
well. This includes comparisons with actual experimental results via hydrodynamic
calculations [BKS07b] as well as lattice results for imaginary chemical potential
[Blu08a] and off-diagonal susceptibilities [Blu08b].

2The model parameters obtained from the simultaneous adjustment to c2 and c4 with χ2 =
(χ2
c2 + χ2

c4)/2 are Ts = 135 MeV, λ = 22 MeV using [All05] lattice results and Ts = 197 MeV,
λ = 0.19 MeV using [DeT10] lattice results.
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Figure 5.4: Left panel: Some characteristic curves (T (x), µ(x)) of the flow equation (2.56),
emerging from the temperature interval T0ε[152, 450] MeV, are shown for the HTL QPM
adjusted [Bor10b] lattice results (black curves). For reference the grey curves indicate
characteristics of the eQPM (cf. Fig. 4.3). Right panel: Zoom into the left panel with
additional characteristics in the interval T0ε[152, 167] MeV close to the transition which is
prone to crossing characteristics in the eQPM. In the HTL QPM no crossings of characteristic
curves appear.

5.4 Extrapolation to nonzero chemical potential

As claimed [Rom04] and confirmed [Sch07, Sch08a] for lattice results from [Kar07,
Che07], the characteristic curves of the HTL quasiparticle model show no crossings as
encountered for the eQPM. This also holds for the adjustment to the lattice results
from [Bor10b] (cf. Fig. 5.4) and [Baz09] (not shown) and seems to be a general
feature.

Using the hint from [Blu04] that the crossing of characteristics in the eQPM is
due to the effective coupling G2 being too large near the pseudocritical temperature,
this can be explained. Since the eQPM or quasiparticle contribution to the HTL
QPM entropy density increases with decreasing mass parameters m2

D and M̂2 which
are proportional to G2T 2 at µ = 0, the crossings would therefore disappear for
a larger quasiparticle contribution. One way to allow for a larger quasiparticle
contribution to the entropy density is to take into account collective modes. Due to
their negative contributions, the model parameters have to change, increasing the
quasiparticle contribution (as visible Fig. 5.2), in order to still describe the lattice
data. With the resulting decrease of the effective coupling G2 the crossings then
disappear.

Another degree of freedom suitable to decrease overall entropy density is a finite
quasiparticle width [Pes04, Pes05]. Depending on the size of and the way the widths
are introduced into the QPM, the crossings can thus be removed [Sch07].

Figures 5.5 through 5.11 show the thermodynamic quantities as results of the
extrapolation procedure using the lattice results from [Bor10b] as boundary values
within the T -µ-plane as functions of the temperature at several values of the chemical
potential and additionally as contour plots. As for the eQPM, all considered state
variables of the HTL QPM, pressure, interaction measure, entropy density, net
quark density and energy density, increase with rising chemical potential at constant
temperature. The mean field pressure B increases with µ at smaller temperatures
while it starts to decrease if considering larger temperatures. The effective coupling
G2 decreases with increasing chemical potential at constant temperature.

In the figures, the scaling with powers of T , which is customary at µ = 0, is kept
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Figure 5.5: Left panel: The scaled overall pressure p/T 4 of the HTL QPM adjusted to
[Bor10b] lattice results (dark red curves) is shown as a function of the temperature T for
chemical potentials µ = 0 (solid curve), 0.2 GeV (dashed curve) and 0.3 GeV (dotted
curve). For reference, the eQPM results, matched to the same lattice results at µ = 0, are
shown as well (grey curves, cf. Fig. 4.4). Right panel: Contour plot of the pressure p of the
HTL QPM contrasted to the lines of constant pressure of the eQPM (dotted curves). The
black area indicates the region of negative overall pressure. For reference, the pseudocritical
characteristics of the HTL QPM (dashed curve) and the eQPM (wide dotted curve) emerging
from T0 = Tc are shown as well as the lattice prediction for the chiral phase transition line
[Kac10].

for the cuts along constant µ = 0, 0.2 GeV and 0.3 GeV. As visible from the contour
plots, the resulting divergences close to T = 0 are a solely due to this choice of the
scaling and can be safely ignored. As for the eQPM, no irregularities arise from the
extrapolation and the thermodynamic quantities at T = 0 as functions of µ resemble
the ones as functions of T at µ = 0 with specific scalings and shifts.

Focusing on the contour plots, the most noteable fact, however, is that the HTL
QPM results for the pressure, the entropy density, the net quark density and the
energy density all are very close to the eQPM results. This is especially striking
for the former two, where almost no differences are noticeable, while some small
differences are visible for the latter two.

On the other hand, this is not the case for the interaction measure e−3p (Fig. 5.8)
and the pure mean field pressure B − B0 (Fig. 5.10) which differ visibly from the
eQPM results and instead, as for the eQPM, rather stay (almost) constant along the
path of the new characteristic curves. This illuminates the role of the characteristics
within the QPM and connects the two quantities in an intricate way. The fact,
that the small changes in the other state quantities cause a rather large shift in the
interaction measure indicates the sensible nature of this quantity.

Due to the only small changes in the other thermodynamic quantities most
properties from the eQPM are preserved. The lines of constant pressure and the
lines of constant energy density still resemble each other (cf. Fig. 5.5 and 5.7),
however, not as closely as for the eQPM. The limits nq(µ→ 0) = 0 (Fig. 5.9) and
s(T → 0) = 0 (Fig. 5.6) still hold, as required from general thermodynamics.

In Section 4.3 we found that, for the eQPM at the lowest chemical potentials
reached by the characteristic curves, the pressure turned negative. As visible from
the Fig. 5.5, the characteristics of the HTL QPM cover an enlarged area reaching
down to small chemical potentials µ & 0.3 GeV where the pressure is found to be
negative. This is only partly accounted for by the similarity of both models with
the HTL QPM extending the eQPM results to lower chemical potentials. As argued
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Figure 5.6: As Fig. 5.5 but for the scaled overall entropy density s/T 3. For the eQPM
results (left panel: grey curves, right panel: dotted curves) cf. Fig. 4.6.
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Figure 5.7: As Fig. 5.5 but for the scaled overall energy density e/T 4. For the eQPM
results (left panel: grey curves, right panel: dotted curves) cf. Fig. 4.8.
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Figure 5.8: As Fig. 5.5 but for the scaled overall interaction measure (e − 3p)/T 4. For
the eQPM results (left panel: grey curves, right panel: dotted curves) cf. Fig. 4.5. The
characteristic curves of the HTL QPM emerging from T0/Tc = (1.0, 1.6, 2.1) are shown as
dashed curves in the right panel.
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Figure 5.9: As Fig. 5.5 but for the scaled overall net quark density n/T 3. For the eQPM
results (left panel: grey curves, right panel: dotted curves) cf. Fig. 4.7.
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Figure 5.10: As Fig. 5.5 but for the scaled mean field pressure B/T 4. For the eQPM results
(grey curves) cf. Fig. 4.9. The characteristic curves emerging from T0/Tc = (1.0, 1.6, 2.1) are
shown as dashed curves in the right panel.
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Figure 5.11: As Fig. 5.5 but for the effective coupling G2. For the eQPM results (grey
curves) cf. Fig. 4.10.
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Figure 5.12: The scaled thermodynamic state variables p/µ4 (solid curve, scaled by factor
3), n/µ3 (dotted curve) and e/µ4 (dashed curve, scaled by factor 2) are shown as functions
of the chemical potential µ = µq at constant temperature T = 25 MeV. The difference to
the results at T = 0 is about 2 to 5 percent depending on the quantity. The colored lines
correspond to results for the HTL QPM adjusted to [Bor10b] lattice data (left panel, green
curves) and results from [Baz09] for the p4 action with Nτ = 8 (right panel, blue curves).

in Section 3.3 and shown explicitly for µ = 0 in Fig. 5.2 it is due to the negative
plasmino and plasmon contributions that the region of negative pressure extends
even somewhat above the pseudocritical curve of the eQPM.

The large differences in the eQPM and HTL QPM pseudocritical characteristics
show that the concept of using the characteristic emerging from T0 = Tc as some
indication for the transition line (cf. Section 2.12) is somewhat imprecise for large µ,
and it is advisable to consider other concepts to better approximate it (cf. Section
5.5). Comparing the pseudocritical characteristics with predictions for the chiral
phase transition line at low chemical potential from the Bielefeld group [Kac10] we
find that they are at least in the right ballpark.

In any case, the region of negative pressure, which contains the smaller regions
of negative net quark and energy density, indicates that the QGP with properties
predicted by the HTL QPM is not a stable state of matter in this region. As any
other state of matter with non-negative pressure is preferred the line of vanishing
pressure represents the maximum extent of the QGP, however it is most likely, that
the transition occurs at pressures larger than zero. This transition from the QGP to
the other state of matter is discussed in Section 5.5.

Fig. 5.12 shows the pressure as well as the net particle and energy density at
almost vanishing temperature T = 25 MeV for adjustments to [Bor10b] lattice data
and lattice results for the p4 action with Nτ = 8 [Baz09]. The difference to the
results at T = 0 is about 2 to 5 percent depending on the quantity. Comparing the
eQPM and the HTL QPM, only small differences in the pressure are visible while
the variations in the two derived quantities (cf. Eqs. (2.47) and (6.18)) are slightly
larger. Considering the large modifications from the HTL QPM to the effective
QPM (cf. Section 4.1), the small extent of the changes is quite remarkable.

In view of the similar results of both models (recall also the equivalent flexibilities
in the description of lattice results, cf. Sections 5.1 and 5.3) and the much more
accessible analytic structure of the eQPM, the latter is a much more suitable choice
for explorative studies without requirement of absolute numerical accuracy (as
e.g. performed in Chapter 6). The crossing of characteristics for the eQPM can be
put up with as long as it is dealt with in a proper manner (cf. Section 2.10).



70 5 Equation of state for heavy-ion collider experiments

5.5 Equation of state for SPS

We now focus on the EOS needed for the hydrodynamic description of the fireball
phase of a relativistic heavy-ion collision. Assuming adiabatic cooling the EOS
is needed along curves of constant entropy per particle s/n, dubbed adiabates or
isentropes.

The left panel of Fig. 5.13 shows the lines of constant entropy per particle of the
HTL QPM on top of the pressure contour plot. For small values of s/nq . 3.5 the
trajectories (T (p), µ(p)) along the adiabates move from regions of high temperature
and chemical potential to regions of smaller T and µ with decreasing pressure. For
higher entropies per particle the trajectories exhibit a bending, causing the chemical
potential to increase with decreasing pressure while the temperature continues
to drop3. Along the adiabates both net particle and entropy density decrease.
Trajectories with s/nq . 27 enter the region of negative pressure, where any other
state of matter with non-negative pressure is preferred to the QGP described by
the QPM. The transition from the quark and gluon degrees of freedom to this other
kind of matter is to occur outside of this region.

In order to provide an EOS for hydrodynamic calculations at e.g. SPS and FAIR
the EOS of the HTL QPM which is valid for the deconfined phase has to be connected
to an EOS for the confined phase. The hadron resonance gas (HRG) is a rather
simple yet quite successful model for the confined phase of the QCD phase diagram4.
It is, therefore, a logical first choice as hadronic counterpart to our EOS.

As visible from the right panel of Fig. 5.13, the pressures of both phases intersect
at µ = 0 making a construction between the two unproblematic. As a consequence,
the lattice groups use the HRG as a benchmark for their results at vanishing chemical
potential [Bor10a, Bor10b, Huo10]. However, already at small chemical potential
difficulties are met, as the extrapolation of the pressure from the lattice results
[Baz09, Bor10b] as well as any QPM adjusted these begin to differ from the HRG
pressure increasingly with growing chemical potential5 (cf. right panel of Fig. 5.13).

This can be seen analytically by rewriting the expressions for the thermodynamic
state variables and absorbing the explicit dependence on the chemical potential into
terms ∼ sinh(µ/T ) or ∼ cosh(µ/T ). In the comparison of the coefficients with the
HRG expressions [Kar03] the latter turn out to be larger causing the faster increase
of the HRG state variables. Alternatively, the pressure susceptibilities ci can be
compared yielding, as expected, that cHRG2 > cHTL2 . At µ ≈ 66 MeV the line of equal
pressure between the HRG and the HTL QPM ends, leaving no phase boundary for
the straightforward construction of a phase transition.

On the other hand, the assumption of adiabaticity requires equal entropy per
baryon in both phases. It is common practice [LR03] to set nq = 3nBa and thus
µ = µu = µBa/3 to connect the quantities of hadronic and quark EOS. Assuming

3While this feature is also visible for the eQP isentropes, it is not as pronounced (cf. Fig. 5.14).
This is partially due to the enlarged region of negative net particle density of the HTL QPM. At
the curve nq = 0 the entropy per particle diverges. Consequently, it marks a barrier the isentropes
circumvent by bending back more strongly.

4The HRG goes back to a theorem [DMB69] allowing the calculation of state variables of an
interacting system via separation of non-interacting partition function and a piece containing all
the interactions. For the latter, it can be shown that, in the thermodynamic limit, attractive and
repulsive forces almost exactly cancel [Ven92, Bor10b]. It is therefore a good approximation to
consider hadronic matter as as gas of non-interacting free hadrons and resonances.

5In the past [BKS06, BKS07b], where EOS at low net baryon densities for RHIC and LHC were
given based on the eQPM, we relied, therefore, on a phenomenological extension of the eQPM below
Tc (cf. [Blu04a, Sch07]) rather than the HRG to describe the confined phase for small µ.
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Figure 5.13: Left panel: Isentropes of the HTL QPM for several values of s/nq (solid
curves) and the hadron gas model for two corresponding values of s/nBa (dotted curves) are
shown on top of the pressure contour plot (Fig. 5.5). The data points (symbols) indicate the
chemical freeze-out points of RHIC (dark red), SPS (wine red) and SIS (black) from [Cle06].
Right panel: The pressure of the HTL QPM (blue plane) is contrasted to the pressure of
the hadron resonance gas (red plane) as functions of temperature T and quark chemical
potential µ = µq. The intersection line of the two planes indicates the line of equal pressure
of both phases.

no change in the overall entropy we thus have s/nBa = 3s/nq. From the right panel
of Fig. 5.13 it is visible that, for increasing chemical potential, the isentropes of
HRG and HTL QPM move further and further away from each other. In the case
s/nBa = 27 relevant for the SPS experiment [Cle06, vHe08] the adiabates are about
100 MeV in chemical potential apart.

These issues are not unique for the case of an extrapolation of lattice results
(be it using the ci or the QPM) but have been met by other phenomenological
models (e.g. in the work on the second part of [Ste09]; private communication) as
well as simple and improved bag model approaches [Bar89, Ton03, Non05]. Various
modifications have been proposed, e.g. the excluded volume approach [Hag80, Ris91]
or off-equilibrium descriptions of the hadronic phase [Rap01]. However, in our case,
neither of those introduces a significant change of the phase boundary which would
allow for a rigorous construction of a phase transition between the QPM and the
confined phase along the latter.6

We therefore follow a phenomenological approach [Non05, vHe08] to perform a
standard mixed-phase construction via a convex combination [Wal02] of thermody-
namic quantities. Let the volume fraction of the matter in the hadronic phase be
xε[0, 1], then

pM = pHx+ pQ(1− x) (5.1)

and all other quantities follow accordingly.

Since the temperature T (x) and chemical potential µ(x) as functions of the
volume fraction x are not fixed, but adiabaticity should hold also in the mixed phase,
i.e. sM/nM should assume the same value as sH/nH in the hadronic and sQ/nQ in
the quark-gluon phase (note that n refers to the net quark density nq = 3nBa in all

6Another approach tried recently in order to improve compatibility of lattice results with the
HRG is the addition of yet unknown hadron states via the introduction of an exponentially growing
hadron mass spectrum [Maj10]. However, this approach has not yet been generalized for finite
chemical potential. For this, the unknown hadron contribution would have to be split into a mesonic
and a baryonic part introducing another unknown parameter.
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Figure 5.14: Left panel: Isentropic trajectories for s/nBa = 27 as a result of the mixed-
phase transitions (dark curves) from the HTL QPM (green curve) as well as the eQPM (grey
curve) to the hadron resonance gas (yellow curve). As a consequence of the very similar
pressure of the two QPM, the mixed-phase curves are virtually on top of each other. The
pseudocritical characteristic of the HTL QPM is shown as grey dashed curve. The freeze-out
data (grey symbols) are identical to Fig. 5.13. Right panel: The corresponding equations of
state e(p).

cases), one condition can be imposed on the thermodynamic state quantities.

In order to, at least, provide an estimate for the EOS as if the two adiabates were
connected via a phase boundary, i.e. a line pQ = pH , we may for instance require the
pressure to be constant pM ≡ pH(T (x = 1), µ(x = 1) = pQ(T (x = 0), µ(x = 0)) along
(T (x), µ(x)). It is clear from the continuous structure of the convex combination
that the other thermodynamic quantities such as the net particle, entropy or energy
density are continuous along the isentropic trajectory as well. A prudent choice for
the pressure pM is the HRG pressure at the intersection of the HRG adiabate with
the predicted freeze-out curve [Cle06] which turns out to be pM = 0.07 GeV/fm3.
The corresponding trajectories (T, µ) as well as the resulting EOS can be seen in
Fig. 5.14 for both the effective and the HTL QPM.

The result is compatible with the investigations put forward in [Ton03, Non05]
but additionally provides very close contact to first-principle lattice results. For
these cases, reheating is observed. It is interesting to note that, although the eQPM
results are very similar to the HTL QPM results (in fact, so similar that the mixed-
phase trajectories are virtually on top of each other) the adiabates are somewhat
different which is mainly due to the small differences in the net particle density. As
a consequence, the isentropic EOS e(p) are different above pM with the HTL QPM
showing a larger energy density than the eQPM since the adiabate is found at higher
chemical potentials (cf. Fig. 5.7).

Note that the EOS does not account for a possible critical point. However, it
could be implemented as demonstrated in [Blu05b, Blu06, Blu08c] for the eQPM.

5.6 Equation of state for FAIR

The freeze-out points for the CBM experiment at the heavy-ion synchrotron SIS300
of the planned facility FAIR are at even higher densities than for SPS. For the top
energies of 45 AGeV one may assume µq = 330 MeV as an approximation for the
transition chemical potential [Iva06, Sta10]. The region of negative pressure does
not constitute an obstacle as the transition might be constructed at temperatures
higher than those where the pressure is negative.
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Figure 5.15: Temperature dependence of the gluon condensates (5.2) (upper curves) and
(5.3) (lower curves) at µq = 0 (left panel) and µq = 270 MeV (right panel) for the adjustment
of the HTL QPM to the lattice results from [Baz09] (color coding in left panel).

However, the chemical potential µq = 330 MeV corresponds to an entropy per
particle s/nq ≈ 3 for which the isentropes of HRG and either of the two QPM are
about another 300 MeV apart. Due to this we have to conclude that a reasonable
construction of an EOS for CBM experiments at FAIR, obtained from lattice results
using our quasiparticle models and the HRG for the confined phase, is not possible.

5.7 Application in QCD sum rule calculations

A different field of application for the quark-gluon plasma EOS obtained from the
HTL QPM constitutes the calculation of gluon condensates for the evaluation of
QCD sum rules. This work was performed in collaboration with T. Hilger [Hil10].
According to the consideration in [Mor08] one may relate the gluon condensate at
finite temperature to the QCD trace-anomaly for Nf = 3 and the equation of state:

〈αs
π
G2
〉
T

=
〈αs
π
G2
〉

0
− 8

9
(e− 3p) , (5.2)〈

αs
π

(
(uG)2 − G2

4

)〉
T

= −3

4

αs
π

(e+ p) , (5.3)

whereas contributions from light quarks to (5.2) have been omitted in a first step, as
we focus on the continuation to finite densities. The quantities e−3p and e+p at finite
chemical potential follow from the HTL QPM – here adjusted to the various lattice
results from [Baz09]. Both condensates (5.2) and (5.3) are depicted in Fig. 5.15 in
the region near Tc at quark chemical potential µq = 0 (left panel) and µq = 270 MeV
(right panel).

The curves for the condensate (5.2) are flattened with increasing lattice temporal
extent Nτ ; results of [Mor08] are reproduced by the p4 action for Nτ = 6. On
the other hand, the condensate (5.3) seems not to be affected by such a choice.
At finite densities, the gluon condensate 〈αsG2/π〉T drops significantly due to
the nonzero chemical potential. The symmetric and traceless gluon condensate〈
αs
(
(uG)2 −G2/4

)
/π
〉
T

is much less influenced by density effects.

The observed effects influence sum rules for heavy quark objects, e.g. charmonia
such as the J/ψ, as these depend essentially on the considered gluon condensates
[Mor08]. Such studies are not part of this thesis. For additional details see [Hil10].



74 5 Equation of state for heavy-ion collider experiments

5.8 Wrap-up

The eQPM and the HTL QPM show remarkable similarity in flexibility to describe
lattice results at µ = 0 (for different parametrizations) and extrapolated state
variables. As a consequence, the eQPM can be considered a good approximation to
the HTL QPM and represents a decent tool for the exploratory study put forward
in Chapter 6.

Using the HTL QPM as description of the quark-gluon phase an EOS for SPS
was obtained by a standard mixed-phase construction to the hadron resonance gas.
Due to the large distances of HTL QPM and HRG adiabates a similar construction
for the CBM experiment at FAIR is not sensible.

One possible application of the results in the evaluation of QCD sum rules at
finite temperature was presented. Not shown explicitly is the verification of model
consistency as demonstrated for the eQPM (cf. Section 4.4). As to be expected the
results are similar and model consistency is assured.

Lattice results including a charm quark [Bor10b] suggest non-negligible contribu-
tions a low as T ∼ 200 MeV. At T ∼ 0.8 GeV the effect is estimated to be of about
20 percent. While therefore some changes can be expected from including the charm
quark in the analysis, noticeable improvement, especially in the relevant region close
to the phase transition, is unlikely.
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After growing evidence for the quark-gluon substructure of hadrons the question
has been asked [Ito70, Bay76, Kei76, Fre78, Fec78] whether massive neutron stars
may have a core composed of quarks [Gle97, Gle00, Web99, Web05]. These so-called
hybrid stars may be part of the neutron star branch or constitute a separate stable
branch of high-density objects – the so-called third family [Ger68, Kam81a, Kam81b,
Kam83, Kam85] or twin stars [ScB02]. Also pure quark stars populating another
separate branch of stable, spherically symmetric cold objects have been discussed
[Fec78, Ana79, Pes00]. All these possibilities depend sensitively on the EOS at high
density and the details of the deconfinement transition at low temperature. While at
high temperature and zero net baryon density a proper numerical evaluation of the
equation of state using lattice methods based on first-principle QCD is accomplished,
the knowledge of the equation of state at high baryon density and low temperature
is fairly poor.

In the asymptotic region, safe statements on the matter states can be made [SW99,
Ris01, Raj01], but the extrapolation to the interesting region of energy densities
around 1015 g/cm3 is hampered by serious uncertainties as one expects significant
non-perturbative effects. Using low-order perturbative expansions, approximations
to the EOS at vanishing temperature have been obtained [Fra01, Fra02, AS02],
however, these calculations have little predictive power, as the scale parameter of the
theory cannot be fixed without connection to (currently still lacking) experiments.1

Due to its self-consistency, the QPM enables us to map lattice QCD results for
the thermodynamic state variables, and thus also the EOS, available at vanishing
chemical potential, to large µ and also small temperatures (cf. Fig. 4.3). In the
farthest case, an EOS for cold stellar matter can therefore be derived from the first-
principle lattice calculations. In a way, the QPM is thus able to close a gap by taking
the lattice QCD results as (approximate) “experimental” evidence and compare the
outcome of the extrapolation with the parametric perturbative results, yielding an
approximation for the scale parameter. Analog studies have been performed in, e.g.,
[SLS99, Pes01b, Pes03, Iva05], however without such intimate contact to advanced
lattice QCD results.

After recalling some basic concepts and notations in Sections 6.1 and 6.2 we
introduce a modified QPM, allowing for a simultaneous treatment of the weakly
interacting sector. Using the found EOS we investigate the properties of the re-
sulting pure quark and hybrid stars and derive general arguments concerning their
(non)existence.

1Supplementing principles may be employed to adjust the scale parameter. For instance, [Kur09]
argues that the quark pressure has to of the order of the pressure of the hadronic phase at the
maximum of the latter when scaled with µ4 in order to allow for a straightforward construction of
the phase transition. Our results indicate that this may not be the case.
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6.1 Gravitation and general relativity

The fundamental force of gravitation is best described by the theory of general
relativity, where energy (including mass energy and momentum) is the source of
gravitation by means of a deformation of a 4-dimensional pseudo-Riemann manifold
representing spacetime. Particles are not subjected to any fields but rather move
freely along geodesics (shortest paths between two points) in the curved space –
which do not necessarily have to be straight. For instance, flight routes appear
curved on a Mercator projection as the shortest connection on a sphere is a great
circle route. In the same way the periodic orbit of a planet around a star is a
geodesic.

The deformation of a manifold is quantified by the curvature tensor Rµνσω – given
in terms of the metric gµν via Christoffel symbols – which measures the deviation
from an Euclidean space and its contractions, the Ricci-Tensor Rµν := Rσµσν and the
curvature scalar R := RµνR

µν . In order for the curvature tensor, which contains 20
independent components, to describe an actual metric with only 10 metric functions,
it has to satisfy 10 Bianchi identities from which, by contraction with the metric
tensor, the requirement that the special combination Gµν := Rµν − 1

2Rgµν , dubbed
Einstein tensor, be divergence-free (Gµν ;µ = 0, where the semicolon denotes the
covariant – curvature-sensitive – derivative) follows.

The Einstein equations

Gµν = 8πGNTµν , (6.1)

where GN is Newton’s gravitational constant, describe how exactly energy, quantified
by the energy-momentum tensor Tµν , modifies the curvature of spacetime. The
integrability condition of the contracted Bianchi identities that Gµν be divergence-
free translates to the energy-momentum tensor and gives the continuity equation

Tµν ;µ = 0, (6.2)

i.e. local energy-momentum conservation, which leads to the geodesic equation
(matter moves along geodesics as the shortest paths) as the equation of motion of
matter.

The Einstein equations are nonlinear partial differential equations and only few
exact solutions exist. For the solution it is necessary to assume at the same time
a specific energy-momentum tensor and a metric tensor, which on the one hand is
needed to evaluate (6.2) and on the other hand has to satisfy (6.1) where again the
energy-momentum tensor enters. The problem per se is under-determined: only six
of the ten Einstein equations are independent as the Einstein tensor has to satisfy
the four contracted Bianchi identities while ten independent component of gµν need
to be determined. This is due to the invariance of general relativity under coordinate
transformations of the metric tensor which can be used to to choose a coordinate
system suitable for the particular physical situation.

6.2 The Tolman-Oppenheimer-Volkoff equations

Here we are interested in the mass-radius relation of compact stellar objects which
are cold and spherically symmetric. A general relativistic description of a static,
spherical compact stellar object is given by the Tolman-Oppenheimer-Volkoff (TOV)
equations [Tol34, Tol39, OV39] which follow from the Einstein equations and the
Bianchi identities by assuming the energy momentum tensor of an ideal fluid Tµν =
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(e+ p)uµuν − pgµν , rotational symmetry (in gµν) and statics (uµ ∼ (u0, 0)). They
present a system of two coupled ordinary differential equations

dp

dr
= −GN

(e+ p)(m+ 4πr3p)

r2( 1− 2m
r GN )

, (6.3)

dm

dr
= 4πr2e, (6.4)

where GN is the Newtonian gravitational constant and we employ units with ~c = 1,
which by itself is under-determined. Again the equation of state, given as e = e(p),
is needed in order to solve the problem.

With a given equation of state the solution is straightforward using standard
numerical techniques. Starting with initial conditions pc := p(r = 0) and m(r =
0) = 0 the Eqs. (6.4) are integrated along the radial coordinate r until the pressure
falls to zero. This is exactly the boundary of the sphere, so that the definition of
the radius R of the object is

p(R) := 0. (6.5)

The quantity

m(r) = 4π

∫ r

0
dr′ r′2e(p(r′)) (6.6)

from the second TOV equation integrates the mass inside the integration limits.
Therefore the mass of the object is defined as

M := m(R) (6.7)

which enters directly the exterior Schwarzschild solution and determines, e.g. the
trajectories of test particles and light

6.3 Including the weak sector

In order to describe quark matter in compact stellar objects it is necessary to take
the weakly interacting sector into account. For this, the QPM has to be modified to
describe a plasma of gluons, quarks and leptons in equilibrium. As shown in Chapter
5, the results of the effective and the HTL QPM are quite similar. In view of the
analytically much more involved structure of the HTL QPM it is most prudent to (at
first) use the eQPM as underlying QPM for this extension. In addition, the eQPM
allows for the easy inclusion of quasiparticle restmasses.

We consider here the contributions from electrons and muons and assume that
the neutrinos νe,µ left the star matter and, therefore, do not participate in the
chemical equilibrium reactions. Due to its large mass, adding the tau does not lead
to notable changes. In this chapter, the assumption of equal light quark and zero
heavy chemical potentials is lifted, giving five independent chemical potentials.

The four relations for (i) charge neutrality∑
Cin

eQP+l
i = 0 (6.8)

(with Cu = 2/3, Cd = Cs = −1/3 and Ce = Cµ = −1), for (ii) β equilibrium

µd = µu + µe (6.9)

(e.g., from n↔ p+ + e−+ ν̄e), for (iii) equilibrium due to strangeness changing weak
decays

µs = µd (6.10)
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(e.g., from Λ↔ p+ + π−) and for (iv) µ decay

µµ = µe (6.11)

(e.g., from µ− ↔ e− + ν̄e + νµ) map the various chemical potentials on just one
independent chemical potential µ via functions µu,d,s,e,µ(µ) – some of which are
only given implicitly. We choose µ = µu from which µd and µs follow directly with
µe = µµ being fixed via the electric charge neutrality condition (6.8). The latter
constitutes an implicit equation that cannot be analytically solved for µe, but has
to be determined numerically for any set of (T, µ,G2).

For brevity, we dub the modified model eQPM+l, referring to the added lep-
tons. Keeping the assumption of non-interacting quasiparticles, the thermodynamic
quantities are given as sums of the single quasiparticle quantities

∑
i=g,q,s

−→
∑

i=g,u,d,s,e,µ

(6.12)

with electron and muon contributions assumed to follow ideal gas expressions. Due
to the different chemical potentials, up and down quark contributions to the thermo-
dynamic quantities, e.g. neQP+l

i used in Eq. (6.8), have to be calculated separately
with degeneracy factors du = dd = 2Nc = ds instead of dq = 2NcNl (cf. Section 2.6)
as well as the strange quark contributions which now also have a nonzero chemical
potential.

The thermal fermion masses, which enter the asymptotic quark masses m̃2
i,∞ =

m2
i,0+2mi,0M̂i+2M̂2

i (cf. Eq. (3.6)) in the eQPM dispersion relations ω2
i = k2+m̃2

i,∞,
are (cf. Eq. (2.19))

M2
i =

Cf
8

(
T 2 +

µ2
i

π2

)
G2. (6.13)

The summation over the chemical potentials in the Debye mass (cf. Eq. (2.19)) runs
through all three quark flavors. Employing the side conditions (6.9) and (6.10) yields
the asymptotic gluon mass (cf. Eq. (3.3))

m̃2
g,∞ = m2

g,∞ =

(
Cb
6
T 2 +

Nc

12π2

(
3µ2 + 4µµe + 2µ2

e

))
G2. (6.14)

At µ = 0, the net particle density of up quarks is zero. Since all other considered
particles have negative electric charge, the electric neutrality condition (6.8) requires
µe = 0. From this it is clear that the quark and gluon contributions at vanishing
chemical potential are equivalent for eQPM+l and eQPM. In addition, since lattice
results describe only QCD matter, the adjustment of model parameters to the lattice
results has to exclude the electron and muon contributions to interaction measure
and pressure, leaving an expression identical to the eQPM. As a result, the obtained
adjustments of model parameters to lattice calculations in Chapter 4 (cf. Tab. 4.1)
are also valid for the eQPM+l. In fact, the contribution of electrons and muons to
the interaction measure is very small (cf. right panel of Fig. 6.3) so that the only
notable difference would be a marginally modified pressure constant Bc.
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6.4 Extrapolation to nonzero chemical potential

Going to non-vanishing chemical potential, the – formally equivalent – flow equation
(2.50) contains separate contributions of up, down and strange quarks2

∑
i=g,u,d,s

∂si
∂m̃2

i

∂m̃2
i

∂µ
=

∑
i=u,d,s

∂ni
∂m̃2

i

∂m̃2
i

∂T
, (6.15)

where the index “∞” is suppressed for brevity. Note that the derivatives of the
asymptotic masses are with respect to the up quark chemical potential µ so that
∂m̃2

i /∂µ = (∂µi/∂µ) (∂m̃2
i /∂µi). As the thermodynamic quantities, the derivatives

of the latter equal the eQPM expressions with d{u,d,s} = 2Nc (cf. Section 6.3). For
brevity we have omitted the notation eQP + l of the state variables which shall be
implied for the remainder of this chapter.

The derivatives of the asymptotic masses with respect to the temperature, the
effective coupling and the respective chemical potential are given in Appendix C.
Due to the dependence of gluon, down and strange quark masses on the electron
chemical potential, the derivatives of the latter with respect to temperature, (up
quark) chemical potential and effective coupling are required. Since µe is determined
via the electric charge neutrality condition (6.8), which is an implicit equation, the
derivatives follow as

∂µe
∂T

∣∣∣∣
µ,G2

= −

(∑
i

Ci
∂ni
∂µe

∣∣∣∣
T,µ,G2

)−1(∑
i

Ci
∂ni
∂T

∣∣∣∣
µe,µ,G2

)
,

∂µe
∂µ

∣∣∣∣
T,G2

= −

(∑
i

Ci
∂ni
∂µe

∣∣∣∣
T,µ,G2

)−1(∑
i

Ci
∂ni
∂µ

∣∣∣∣
µe,T,G2

)
,

∂µe
∂G2

∣∣∣∣
T,µ

= −

(∑
i

Ci
∂ni
∂µe

∣∣∣∣
T,µ,G2

)−1(∑
i

Ci
∂ni
∂G2

∣∣∣∣
µe,µ,T

)
(6.16)

with sums running over all plasma constituents i = u, d, s, e, µ and

∂ni
∂µe

∣∣∣∣
T,µ,G2

=
∂µi
∂µe

∣∣∣∣
µ

(
∂ni
∂µi

∣∣∣∣
m2
i

+
∂ni
∂m2

i

∂m2
i

∂µi

∣∣∣∣
G2

)
,

∂ni
∂µ

∣∣∣∣
T,µe,G2

=
∂µi
∂µ

∣∣∣∣
µe

(
∂ni
∂µi

∣∣∣∣
m2
i

+
∂ni
∂m2

i

∂m2
i

∂µi

∣∣∣∣
G2

)
,

∂ni
∂T

∣∣∣∣
µ,µe,G2

=
∂ni
∂T

∣∣∣∣
m2
i

+
∂ni
∂m2

i

∂m2
i

∂T

∣∣∣∣
G2

,

∂ni
∂G2

∣∣∣∣
µ,µe,T

=
∂ni
∂m2

i

∂m2
i

∂G2
(6.17)

for the quarks and gluons, where, with the indicator function 1, ∂µi/∂µe|µ = 1{u,d}(i)
and ∂µi/∂µ|µe = 1{u,d,s}(i), i.e. no complications due to the dependence of µe on µ
(or vice versa) arise since the respective other chemical potential is kept constant in
the derivatives.

2The flow equation does not contain the electron and muon contributions where the pressure is
not given including a mean field contribution. Therefore, electron and muon pressure are a priori
thermodynamic potentials and would therefore immediately vanish from the flow equation due to
the theorem of Schwarz.
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Figure 6.1: Some characteristic curves (T (x), µ(x)) of the flow equation (2.56), emerging
from the temperature interval T0ε[Tc, 450 MeV], are shown for the eQPM+l quasiparticle
model (in black). The left curves are for [Bor10b] lattice results with Tc = 152 MeV, the
right ones for [Baz09] results using the p4 action with Nτ = 8 and Tc = 190 MeV. The grey
curves indicate characteristics of the eQPM (cf. Fig. 4.3).

The same is valid for the mass derivatives which, in contrast to the flow equa-
tion, are with respect to the contained chemical potential µi and consequently are
equivalent the standard eQPM mass derivatives. Thus, using the eQPM mass deriva-
tives to obtain the derivatives of the electron chemical potential, the eQPM+l mass
derivatives are found.

The characteristic curves of the eQPM+l flow equation (6.15) are shown in
Fig. 6.1. In comparison to the eQPM, the characteristic curves are shifted slightly
to towards lower chemical potential. However, as for the former the characteristic
curves of the adjustment to [Bor10b] lattice results reach lower chemical potentials
due to lower Tc than if adjusting to [Baz09] lattice results.

Figures 6.2 through 6.8 show the thermodynamic quantities of the eQPM+l
as results of the extrapolation procedure using the lattice results from [Bor10b] as
boundary values within the T -µ-plane as functions of the temperature at several
values of the chemical potential and additionally as contour plots. In order to
separate the contributions of QCD and weak sector and to compare the former to
the previous eQPM results (grey curves), the quark-gluon contributions are shown
separately as thin curves.

As for the eQPM, almost all state variables (i.e. pressure, interaction measure,
entropy density, net particle density and energy density) increase with growing
chemical potential for a constant temperature, regardless if considering also electrons
and muons or not. The behavior of mean field pressure B and effective coupling G2

is also unchanged. While the contributions from the weak sector to pressure, energy
density and entropy density are substantial, they almost cancel each other in the
interaction measure (Fig. 6.3) and the net particle density (Fig. 6.5) which therefore
resemble the eQPM result.

From the contour plots we see that the extrapolation procedure yields no artifacts
and the information obtained at vanishing chemical potential is transported in a
thermodynamically consistent way to T = 0 at large chemical potential. As for the
eQPM (cf. Section 4.7), the interaction measure (Fig. 6.3) and the pure mean field
pressure B −B0 (Fig. 6.7) stay almost constant along the path of the characteristic
curves; most notably for T0 > 1.5Tc.

The lines of constant pressure and the lines of constant energy density still
resemble each other (cf. Fig. 6.2 and 6.6), although not as closely as for the eQPM.



6.4 Extrapolation to nonzero chemical potential 81

0 . 1 0 . 2 0 . 3 0 . 4 0 . 5 0 . 60
1
2
3
4
5

�/�
 4

�  [ G � V ]
0 . 0 0 . 2 0 . 4 0 . 6 0 . 8

0 . 0 5
0 . 1 0
0 . 1 5
0 . 2 0
0 . 2 5
0 . 3 0
0 . 3 5

� �  [ G � V ]

�
 [G

�V
]

0
3 . 0 0
9 . 0 0
1 5 . 0
2 1 . 0
2 7 . 0

    �
[ G � V / f m 3 ]

Figure 6.2: Left panel: The scaled overall pressure p/T 4 of the eQPM+l adjusted to
[Bor10b] lattice results (dark thick curves) and the quark-gluon contribution (dark thin
curves) are shown as functions of the temperature T for chemical potential µ = 0 (solid
curve), 0.2 GeV (dashed curve) and 0.3 GeV (dotted curve). For reference, the eQPM results,
which at µ = 0 match the quark-gluon contribution of the eQPM+l, are shown as well (grey
curves, cf. Fig. 4.4). Right panel: Contour plot of the pressure p. The characteristic curves
emerging from T0/Tc = (1.0, 1.5, 2.0) are depicted as dashed curves. The dotted curves
indicate the lines of constant quark-gluon contribution. The chemical freeze-out curve
(dotted curve) from the statistical model in [Cle06] is plotted, too.
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Figure 6.3: As Fig. 6.2 but for the scaled overall interaction measure (e− 3p)/T 4. For the
eQPM results (grey curves in the left panel) cf. Fig. 4.5.
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Figure 6.4: As Fig. 6.2 but for the scaled overall entropy density s/T 3. For the eQPM
results (grey curves in the left panel) cf. Fig. 4.6.
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Figure 6.5: As Fig. 6.2 but for the scaled overall net particle density n/T 3. For the eQPM
results (grey curves in the left panel) cf. Fig. 4.7. The dotted curves indicate the lines of
constant net quark density.
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Figure 6.6: As Fig. 6.2 but for the scaled overall energy density e/T 4. For the eQPM
results (grey curves in the left panel) cf. Fig. 4.8.
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Figure 6.7: As Fig. 6.2 but for the scaled mean field pressure B/T 4. As there is no
contribution from the leptons, overall pressure and quark-gluon contribution are equal. For
the eQPM results (grey curves in the left panel) cf. Fig. 4.9.
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Figure 6.8: As Fig. 6.2 but for the effective coupling G2. For the eQPM results (grey
curves in the left panel) cf. Fig. 4.10.
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Figure 6.9: Left panel: The chemical potentials of the plasma constituents (solid curves:
up quarks, dashed curves: electrons and muons, dotted curves: down and strange quarks)
scaled with the up quark chemical potential µ = µu. Green curves are for the adjustment
to [Bor10b] lattice results while blue curves are for the adjustment to lattice results from
[Baz09] using the p4 action with Nτ = 8. Right panel: Scaled partial pressures of up (solid
curve), down (dotted curve) and strange (dash-dotted curve) quarks as well as electrons and
muons (dash-dotted curves, identical with the µu-axis on the chosen scale) for the adjustment
of the eQP+l to [Bor10b] lattice results.

From Figs. 6.4 and 6.5 it is visible that the limits s(T → 0) = 0 and nq(µ→ 0) = 0
are obeyed.

A direct comparison of the eQPM+l to the effective and HTL QPM results in the
contour plots is not sensible, as the latter two do not account for the weak degrees of
freedom. For instance the substantial contributions of electrons and muons at µ = 0
almost vanish along the characteristic curves, leading to lines of constant pressure
decreasing faster in temperature with increasing chemical potential (cf. Figs. 4.4 and
6.2).

6.5 State variables at zero temperature

At T = 0, the contributions from the weak sector are suppressed due to small
electron chemical potential and lower degeneracy factors. Even at the low chemical
potentials, where µe/µ has its maximum (µe/µ = 0.16 for the adjustment to [Bor10b]
lattice results and 0.1 for the adjustment to lattice results from [Baz09] using the
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Figure 6.10: Scaled pressure p/µ4 (left panel) and scaled interaction measure (e− 3p)/µ4

(right panel) of the eQPM+l as functions of µ = µu at T = 0 for several adjustments to
lattice results in comparison to results from [AS02] (dash-dotted curve), [SLS99] (dash-
double-dotted curve) and [Fra01, Fra02] (grey bands limited by µ̄/µ = 1, 1.5 and 2 from
dark to light). Green curves are for the adjustment to [Bor10b] lattice results while blue/red
curves are for the adjustment to lattice results from [Baz09] using the p4/asqtad action,
respectively, where dashed/solid lines denote Nτ = 6/8. In addition the line of constant
pressure p = 3 GeV/fm3 as approximate upper limit of pure quark star central pressures is
given in the left panel (cf. Section 6.8).

p4 action with Nτ = 8, cf. Fig. 6.9), the contributions of electrons and muons to
the thermodynamic quantities are only of about 2 to 3 percent. For example, the
partial pressures of quarks and leptons are plotted in the right panel of Fig. 6.9.

The electron and muon contributions are not visible and it is therefore not
necessary to distinguish between pure QGP and QGP+weak sector results for the
thermodynamic quantities at T = 0. This is in line with arguments put forward in
[SW99]. Results for the energy and net particle density are similar in that the down
quark contributions turn out to be the largest.

Due to smaller chemical potential, the up quark contributions are somewhat
smaller while, due to the large restmass, the strange quark contributions are even
more suppressed. In contrast, for the energy density, the up and strange quark
contributions are very close (not shown). It happens that the effective coupling
G2 can also be parametrized at vanishing temperature using Eq. (2.31) but with
(T − Ts)/λ→ (µ− µs)/λµ. The parameters are listed in Tab. 6.1.

Figs. 6.10 and 6.11 show the predictions from the eQPM+l adjusted to [Baz09]
and [Bor10b] lattice results for the thermodynamic quantities at vanishing tempera-
ture as applicable for compact stellar objects. For the scaled pressure, the results
of the various adjustments are very close, especially the results from [Baz09] which
share a common chemical potential of about 0.59 GeV at vanishing pressure. The
pressure from the adjustment to [Bor10b] is approaching zero for small chemical
potential, however, does not reach zero and rather stops – with for the result from the
last non-crossing characteristic – at chemical potential µu = 0.52 GeV and pressure
p = 8.3 MeV/fm3. The slope of the pressure is larger as well for the results for the
adjustment to [Baz09] lattice data, however, the smaller initial chemical potential
and the lesser slope for the results for the adjustment to [Bor10b] somewhat cancel
each other, yielding a result within the range of the other predictions.

It is most notable in the scaled interaction measure that the results for the
thermodynamic quantities at T = 0 are, by means of scales and shifts, similar to
the results at µ = 0. As for the interaction measure at vanishing chemical potential
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Figure 6.11: Scaled energy density e/µ4 (left panel) and scaled net particle density n/µ3

(right panel) of the eQPM+l as functions of µ = µu at T = 0 for several adjustments to
lattice results. Green curves are for the adjustment to [Bor10b] lattice results while blue/red
curves are for the adjustment to lattice results from [Baz09] using the p4/asqtad action,
respectively, where dashed/solid lines depict Nτ = 6/8.

(Fig. 4.1) the p4 Nτ = 6 result displays the highest peak, with the Nτ = 8 and asqtad
case following and the stout action result having the smallest peak at somewhat
smaller temperature/chemical potential.

Our results can be compared with perturbative calculations at vanishing tem-
perature in [AS02, Fra01, Fra02]. In [AS02] the pressure of cold quark matter is
calculated in hard-dense-loop perturbation theory. The resulting pressure for 3
flavors with equal chemical potential and the choice of the renormalization scale
µ̄ = µ [AS02] is shown in the left panel of Fig. 6.10. Also shown are the results from
the weak-coupling expansion to second order [Fra01, Fra02]. Here the value of µ̄
is varied from µ to 2µ. For reference, also a comparison of the pressure with NJL
model results [SLS99] is depicted. The grey dotted curve is p = 3 GeV/fm3; the
region 0 < p < 3 GeV/fm3 is relevant for quark stars, as turns out by integrating
the TOV equations (see Section 6.8).

The results for the pressure are well within the range of the perturbative predic-
tions for relevant pressures p < 3 GeV/fm3. The same is true for the interaction
measure, where, however, the increase at small chemical potentials, extrapolated
from the non-perturbative phase transition region close to Tc at µ = 0, is missing in
the perturbative predictions. This is also part of the reason, why the agreement with
the perturbative predictions is less optimal for the energy and net quark density. At
T = 0 the energy density

e|T=0 = µ2 ∂

∂µ

p

µ
(6.18)

depends on the slope of the pressure scaled with the chemical potential rather than
the absolute values of the pressure. Due to the large slopes of the perturbative
predictions for the pressure, the region predicted for the energy density indicate an
area matched only by the results for adjustments to p4 action lattice data. Due to
n/µ3 = (e+ p)/µ4 (at T = 0) this also translates to the net particle density.

As for the interaction measure, the slope of the quantities derived from the pres-
sure at the smaller chemical potentials is exactly opposite to the QPM prediction, as
the non-perturbative effects in the phase transition region are not contained within
the purely perturbative calculations. If, however, the slope of those quantities is not
predicted in a compatible manner, a quantitative comparison is not reasonable. Com-
paring the energy density and net quark density from eQPM+l and [Fra01, Fra02]
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Figure 6.12: Right panel: Equation of state e(p) of the eQPM+l at T = 0 for several
adjustments to lattice results in comparison to results from [AS02] (dash-dotted curve),
[SLS99] (dash-double-dotted curve) and [Fra01, Fra02] (grey bands limited by µ̄/µ = 1,
1.5 and 2 from dark to light). Green curves are for the adjustment to [Bor10b] lattice
results while blue/red curves are for the adjustment to lattice results from [Baz09] using the
p4/asqtad action, respectively, where dashed/solid lines denote Nτ = 6/8. Left panel: Same
as right panel with some omissions. In addition, fits of two of the EOS by e = v−2

s p + e0
(dotted curves) are shown. For parameters, see Tab. 6.2.

qualitatively outside of the non-perturbative region, we find a general agreement
e.g. in slopes and asymptotic behavior.

Not shown is the comparison of eQPM+l with eQPM results. As a general rule,
the eQPM results are two third to one half of the eQPM+l results, mostly due to
the additional strange quark and the enlarged down quark contribution (cf. Fig. 6.9
for the partial pressures). A verification of model consistency as in Section 4.4 can
also be performed for the eQPM+l model and yields similar results.

6.6 Equation of state

The resulting eQPM+l equation of state at T = 0 in the form e(p), needed for the
integration of the TOV equations below, is exhibited in Fig. 6.12 (left panel for a
comparison of the several adjustments) together with two fits by e = v−2

s p+ e0 for
the equations of state adjusted to p4 Nτ = 8 and stout action (right panel) as well
as the EOS predictions from [AS02] and [Fra01, Fra02]3. As for the pressure and
despite the differences in the energy density, the results are well within the range of
perturbative predictions. Due to the similar pressure slopes of the adjustments to
[Baz09] lattice results, the EOS of the latter are very similar with differences mainly
in the vacuum energy density e0 := e(p = 0). Asymptotically, also the EOS for the
adjustment to [Bor10b] lattice results approaches the other results, however, this
region is not relevant for compact stellar objects anymore.

The fit parameters for all actions and temporal lattice extents considered here
are listed in Tab. 6.2. Both, the vacuum energy density e0 = e(p = 0) and the
velocity of sound parameter v2

s (= ∂p/∂e for the linear fit) are in narrow intervals for
the [Baz09] lattice QCD input data. The largest deviations of the three equations of
state, found at vanishing pressure, are about 10%. While the vacuum energy density

3Inspection of p/µ as a function of µ (not displayed) explains the broad range of values for
e(p→ 0) in [Fra01, Fra02]: the slope of p/µ as a function of µ changes drastically with the chosen
scale µ̄ for small pressures. For µ̄ = 1.5µ the equation of state in [Fra01, Fra02] in the form e(p)
coincides with the results of [AS02].
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action Nτ µs [MeV] λµ [MeV]

p4 6 222 164
p4 8 131 227
asqtad 8 –26 369
stout ∞ (est.) –359 517

Table 6.1: Parameters of Eq. (2.31) with (T − Ts)/λ → (µ − µs)/λµ following from the
solution of the flow equation Eq. (6.15) for the adjustments in Tab. 4.1. The fits apply in
the range µ = 0.6...1.2 GeV.

action Nτ v−2
s e

1/4
0 [MeV]

p4 6 3.4 395
p4 8 3.7 381
asqtad 8 3.6 375
stout ∞ (est.) 3.9 320

Table 6.2: Parameters of linear fits e = v−2
s p + e0 to our equation of state with G2(µ)

determined by the eQPM+l flow equation (6.15). The leptonic contributions are included.

varies within (375 MeV)4 to (395 MeV)4, v−2
s is within 3.4 to 3.7. In comparison,

the inverse square of the velocity of sound for the [Bor10b] lattice QCD input data
is slightly larger while the vacuum energy density of the fit is somewhat smaller with
about (320 MeV)4.

As for the state variables in the previous section, the contributions of electron
and muons to the EOS are tiny. Also, thermal effects are found to be small, i.e. up
to T = 50 MeV the equation of state e(p) does not change significantly.

Fig. 6.12 clearly evidences that the previous foundation for discussing quark stars
seemed not to be on safe grounds as the proposed model equations of state were too
different unless further constraints (e.g. the compatibility with a hadronic model
equation of state as required in [Fra02]) are imposed. Given the intimate contact of
our approach to first-principle evaluations of QCD, we hope to have a more reliable
foundation. Of course, this hope is related to the assumption that the extrapolation
to nonzero chemical potential is sufficiently smooth. The qualitative agreement of
the eQPM with Taylor expansion coefficients for the µ dependence (cf. Section 4.5)
as well as the application of our model at imaginary chemical potential [Blu08a]
(and not only small values thereof) give us some confidence in our approach.

Finally, let us report on the importance of the side conditions. If one assumes
one common chemical potential for all quarks µ and includes leptons (µe = µµ) via
a electric neutrality condition µe = µe(µ), the results of the equation of state differ
from the eQPM+l with the side conditions (6.8-6.11) properly invoked on a 10%
level.

6.7 Analytic investigation of the TOV equations

Before calculating the properties of pure quark stars for the EOS found in the
previous section, let us provide some general arguments on the influence of the EOS.
To this end, we start from the TOV equations (6.4) and assume that the special
parametrization e = v−2

s p+ e0 of the equation of state – which we now know to be
reasonable – is supposed to hold.

We find a strong dependence on the actual value of e0 which determines the

pressure gradient in the dimensionless combination GNe
1/2
0 (which is of the order of
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10−39 for the case at hand), which can be seen in writing the TOV equations as

∂p̄

∂r̄
= −

([
1 + v−2

s

]
p̄+ 1

) (
m̄+ 4πr̄3p̄

)
r̄2
(
1− 2m̄

r̄

) ,

∂m̄

∂r̄
= 4πr̄2

(
v−2
s p̄+ 1

)
, (6.19)

with the scaled quantities p = p̄e0, r = r̄(GNe0)−1/2, m = m̄(GNe0)−1/2G−1
N . The

scaled TOV equations depend only on v−2
s . The solutions for the relevant values of

v−2
s = 3 and 4 are exhibited in the right panel of Fig. 6.13. With the given scaling,
m and r, as well as the surface radius R and mass M (cf. Eqs. (6.5) and (6.7)),

shrink with increasing value of e
1/2
0 , while the dependence on v−2

s is moderate within
the interval covering the values of Tab. 6.2. Thus the vacuum energy density e0 is
indeed the decisive quantity determining the sizes and the masses of compact stellar
objects obeying our special parametrization. To be specific, for v−2

s = 3 ± 1, the
scaled maximum mass is 0.004 ± 0.001.

For any given rε[0, R] of a star the therein contained mass m(r) (cf. Eq. (6.6))
can be separated into the contributions [MTW73]

m(r) = m0(r) + U(r) + Ω(r), (6.20)

where

m0(r) := 4π

∫ r

0

r′2dr′√
1− 2GNm(r′)/r′

∑
m0,ini(p(r

′)) (6.21)

is the sum over the restmasses of all contained particles (i.e. if they were all infinitely
far apart),

U(r) := 4π

∫ r

0

r′2dr′√
1− 2GNm(r′)/r′

(
e(p(r′))−

∑
m0,ini(p(r

′))
)

(6.22)

the internal energy due to the compression of the particles into the star and Ω the
energy gain due to the latter (i.e. the gravitational binding energy) which due to
Eq. (6.6) results as

Ω(r) := 4π

∫ r

0
dr r2e(p(r′))

(
1−

(
1− 2GNm(r′)

r′

)− 1
2

)
. (6.23)

We adopt the definition of the binding energy of the contained matter at given r
from [Lat00]

BE(r) := m0(r)−m(r)

= −Ω(r)− U(r) (6.24)

= 4π

∫ r

0
dr r2

(
mBan(p(r′))

3
√

1− 2GNm(r′)/r′
− e(p(r′))

)
, (6.25)

where bound states are characterized by positive values. For simplicity, we assume
that – if applying the calculation to pure quark stars – at infinite distance each set
of three quarks forms one baryon with restmass mBa = mn,p = 940 MeV.4 From

4In the literature [Lat00], there is some discussion whether to use the proton/neutron mass or
rather the iron mass divided by 56 which results in mBa = 950 MeV. This has been discussed in
detail, e.g. in [Han04]. For our considerations, this has no noticeable effect.
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Eq. (6.25) it is clear that, in order to calculate the binding energy, not only the EOS
e(p) but also the relation n(p) is important.

In order to derive general arguments for the binding energy of compact stellar
objects, we hold on to our parametrization of the EOS e = v−2

s p+ e0 and search for
the corresponding relation n(p). To this end, we define the chemical potential µ0 at
vanishing pressure

p(µ =: µ0) = 0. (6.26)

Solving the partial differential equation µ2(p/µ)′ = v−2
s p+ e0 (cf. Eq. (6.18)) using

Eq. (6.26) as boundary condition yields an expression for the pressure as function of
µ:

p = e0
v2
s

1 + v2
s

((
µ

µ0

)(1+v2s)/v2s

− 1

)
. (6.27)

The net particle density is then found by differentiating p with respect to the chemical
potential

n =
e0

µ0

(
p

e0

1 + v2
s

v2
s

+ 1

)1/(1+v2s)

. (6.28)

This agrees with general thermodynamics, giving at T = 0 and µ0, where entropy
density and pressure vanish, n(µ0) = e0/µ0. It is indeed notable that, for the special
case of a linear relation e(p) and given pressure root µ0, there is only one unique
p(µ) and therefore only one distinct relation n(p). In the spirit of the previously
introduced scaled variables, we define the scaled net particle density n̄ = µ0n/e0

which also depends only on the inverse square of the velocity of sound v2
s , while the

dependence on e0 is scaled out.

Rewriting the expression for the binding energy (6.25) in terms of the scaled
quantities allows to scale the vacuum energy density e0 out of the binding energy,
too. We define BE := BE(G3

Ne0)1/2 and obtain

BE = 4π

∫
dr̄ r̄2

(
mBa

µ0

(
p̄(1 + v2

s)/v
2
s + 1

)1/(1+v2s)

3
√

1− 2m̄/r̄
− v−2

s p̄− 1

)
(6.29)

which only depends on v−2
s and µ0 but not e0.

For general statements about star binding, only the sign of the binding energy
is relevant. Therefore, it suffices to investigate the scaled binding energy BE. As
a consequence, for the special linear parametrization of the EOS – which for many
cases may be a good approximation – the argument whether a star composed of
matter obeying the latter is bound, can be determined solely by the slope of the
EOS, i.e. the inverse velocity of sound v−2

s , and the pressure root µ0.

The color coding in the right panel of Fig. 6.13, where the scaled mass-radius
relationship is shown for two relevant values of v−2

s , indicates which parts of the
curves represent bound objects. For rather small µ0 = mBa/3 ≈ 0.31 GeV still all
configurations are bound (blue curves), while for slightly higher µ0 = 1.1mBa/3 the
lightest configurations already turn out to be unbound. If µ0 is further increased to
1.2mBa/3 ≈ 0.38 GeV only the heaviest configurations survive if v−2

s = 3 while, if
v−2
s = 4, no bound configurations exist anymore. In contrast, the values of µ0 found

in Section 6.5 for our EOS were 0.59 GeV (adjustment to [Baz09] lattice results)
and 0.52 GeV (adjustment to [Bor10b] lattice results). Therefore, from these general
arguments, we expect the pure quark stars from our EOS to be unbound5.

5One may, in fact, provide values of v−2
s as well as regions of the mass-radius diagram, where
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Figure 6.13: Left panel: Solutions of the TOV equations (6.4) using the equation of state
of the eQPM+l at T = 0 adjusted to several lattice results at µ = 0. Green curves are for
the adjustment to lattice results from [Bor10b] while blue/red curves are for the adjustment
to lattice results from [Baz09] using the p4/asqtad action, respectively, where dashed/solid
lines denote Nτ = 6/8. Right panel: Scaled mass M̄ = m̄(p = 0) shown as a function of
scaled radius R̄ = r̄(p = 0) for several values of v−2

s as solution of the scaled TOV equations
(6.19). The color coding indicates the regions of the curves which represent bound objects:
for µ0 = mBa/3 all configurations are bound while for µ0 = 1.1mBa/3 only the red dotted
part of the curves represent bound configurations. If µ0 = 1.2mBa/3 bound configurations
are only found in the small green region on the curve for v−2

s = 3.

6.8 Pure quark stars

Having prepared the essential inputs and arguments in the preceding chapters, this
section now considers the specific case of such compact stellar objects made entirely of
eQPM+l matter at T = 0, i.e. quarks, electrons and muons. Since the contributions
from the latter two have been found to be very small (cf. Secs. 6.5 and 6.6) such
objects are dubbed pure quark stars.

We investigate the solutions of the TOV equations (6.4) using the exact EOS
derived by solving the flow equation (6.15) an displayed in Fig. 6.12. The pure quark
phase holds from the core with p(r = 0) = pc up to the surface, where p(r =: R) = 0.
As for the adjustment to the lattice results from [Bor10b] the pressure at T = 0 does
not reach p = 0, the surface pressure was adjusted to coincide with the minimal
pressure p(r =: R) = 8.3 MeV/fm3 in this case. This is low enough to expect no
deviations larger than one percent for quark stars with, in this case, central pressures
of pc = 1.42 GeV/fm3 at maximum stars mass. For the adjustment to p4 Nτ = 8
lattice results we find the central pressure at maximum star mass to be pc = 3.15
GeV/fm3.

The resulting mass-radius graphs are shown in the left panel of Fig. 6.13 for all
four cases. Due to the large values of the vacuum energy density, the stars are rather
small (maximum radii of 3 to 5 km depending on the adjustment) and light (top
masses of about 0.5 to 0.65 times the mass of the sun M�)6. If such objects were to
exist, their bulk characteristics would be quite different from canonical neutron stars
with masses concentrated at 1.4 M� and radii of 15 km and larger. Therefore, the

compact stellar objects would be bound despite such large µ0, however, they turn out to populate
regions very close the the black hole limit. The EOS describing stars in these regions is far off the
one considered here.

6If considering rapidly rotating pure quark stars instead of the static configuration under investi-
gation here, the maximum masses are enlarged by approximately 65% and the radii by a similar
amount [Ans03] at the shedding limit. The stars exhibit a disc like shape with sharp edge.
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pure quark stars from our analysis cannot serve as candidates of twin stars discussed
in [ScB02].

With the derived scaling law, equations of state with significantly smaller values
of e0 than deduced in our analysis of the lattice QCD results combined with the
employed quasiparticle model, would allow for significantly larger masses and radii.
The extent of the scaling law can, for instance, be estimated from the results obtained
using the adjustment to the lattice results from [Bor10b]: the rather small difference
in e0 to the other adjustments causes a significant change in the maximum sizes of
the resulting pure quark stars even though the also enlarged v−2

s favors smaller radii
(cf. Tab. 6.2 and Fig. 6.13).

As expected, the quark stars also turn out to be unbound. While the gravitational
binding Ω is of the order of minus 10 percent of the mass parameter M the internal
energy U turns out to be about 50 percent resulting in largely unbound objects
with negative binding energy BE of about 40 percent (cf. Eq. (6.25)) of their mass
parameter M in comparison to standard neutron stars with maximum positive
binding energies of about 18 percent of their surface mass7. For more information
cf. [Sch10].

In addition, the influence of color super conductivity was investigated by adding
a pressure term which accounts for the condensation energy of Cooper pairs in the
Color-Flavor-Locked (CFL) phase [Alf08]

pCFL =
3γ2

π2
µ2 (6.30)

with the gap parameter γ = 0.1 GeV assumed to be constant which suffices for an
estimate of the magnitude of the effects of superconductivity (cf. also [Kur09]). Due
to the overall enhancement of the pressure, the resulting scaled pressure p/µ4 for
the model adjusted to the lattice results for the p4 action with Nτ = 8 [Baz09] as
function of the chemical potential is missing the root, as it is the case if adjusting
to [Bor10b] lattice data (without the CFL phase). The approximate change of the
pressure root µ0 (if extrapolating the pressure to p = 0) is from 0.59 GeV to about
0.55 GeV. Even if approximating the same difference onto µ0 for the [Bor10b] results
would yield about 0.48 GeV for the pressure root, still far away from the (at most)
allowed 0.38 GeV for bound objects, as derived in Section 6.7, and thus not change
the outcome.

6.9 Hybrid approaches

While pure quark stars would have a very distinct border due to the nonzero net
particle and energy densities at zero pressure for the quark EOS, the net particle and
energy density of a conventional neutron star vanish, as property of the hadronic
EOS, with the pressure when approaching the surface, thus creating a rather dilute
star boundary. As opposed to the pure quark stars, such ordinary neutron stars are
bound objects.

However, even for the latter the forces in the core are strongly repulsive and
much larger than the gravitational binding, leading to a negative contribution to

7In [Gle00] it is argued that even though a star (as considered here) is unbound with respect to
the simultaneous removal of all constituents to infinity it may still be bound with respect to the
removal of single or groups of the latter. Another investigation in [Bom04] claims that the transition
from a pure quark star to a hybrid or neutron star may occur on timescales of the order of the age of
the universe. Therefore, one may hope that such pure quark stars still exist as meta-stable compact
stellar objects. However, no convincing genesis leading to such meta-stable objects is known.
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Figure 6.14: Structure of a neutron star. Baryon densities are given in terms of the nuclear
saturation density. Created after [Hae07].

the overall binding energy. It is only due to the decreasing pressure in the outer
regions that the overall binding energy is positive. One may therefore hope that
the overall binding energy of a star composed of a pure quark core (also having a
negative contribution to BE) and a hadronic shell (with its positive contribution to
BE) turns out to be positive. Such neutron stars are conventionally called hybrid
stars to emphasize the presence of quark matter (cf. Fig. 6.14).

Constant-pressure phase transition

The eQPM+l is intrinsically formulated for electrically neutral matter. Also, the
neutron star EOSs are given for neutral matter. Thus, instead of global electric
neutrality, a hybrid EOS of the two phases obeys – more restrictively – local electric
neutrality. This, however, necessarily leads to a constant-pressure phase transition
[Gle97] (i.e. a first-order phase transition) when requiring Gibbs conditions. In
order to employ a rigorous variable-pressure construction, where only global electric
neutrality is enforced and the pressure increases in a mixed phase region, it is
necessary to entirely reformulate the quasiparticle model to include non-neutral
matter. This would include answering questions on whether the electric charge of
the quark-gluon-lepton medium should be included at µ = 0 and carried along the
characteristics to T = 0 or rather appear at T = 0 only, and whether lattice results
are available for non-neutral matter.

In a constant pressure phase transition no mixed phase appears: due to the
monotonically decreasing pressure the coexistence region of both phases is reduced
to a single radius of the quark star. Since the energy and the net quark density at
equal pressure are, in general, not equal for two equations of state, both quantities
are discontinuous at the phase transition and thus also in the star, as a sign of the
implemented first order phase transition.

For the hadronic sector we make use of a common neutron star EOS, dubbed
FPS by the authors [LRP93], which is derived from a Skyrme-like energy density
functional fitted to the free energy of uniform-density nuclear and neutron matter
as calculated by Friedman and Pandharipande [FP81]. For reference, we also use a
neutron star EOS which displays a comparatively high energy density as a function
of the pressure as it considers crystalline structures within the higher density phase
[CC74] (dubbed EOS G as in the review [AB77]). As in Chapter 5 we use nq = 3nBa



6.9 Hybrid approaches 93

0 . 2 0 . 4 0 . 6 0 . 8 1 . 0 1 . 2 1 . 40 . 0 0

0 . 0 2

0 . 0 4

0 . 0 6

0 . 0 8

�/�
�

� �  [ G � V ]
Figure 6.15: Scaled pressure p/µ4 of the neutron star EOS FPS (yellow curve) and the
eQPM+l adjusted to [Bor10b] lattice results (green curve) as well as the hybrid EOS of
a constant-pressure phase transition (grey dashed curve). The grey dotted curve is the
line of constant transition pressure pX = 2.236 GeV/fm3 while the grey dashed-dotted and
dash-dot-dotted curves indicate the lines of constant pressure pX = 0.008 GeV/fm3 and
pX = 0.440 GeV/fm3, respectively, for the generalized constant pressure transitions. For
comparison, the scaled pressure of the neutron star EOS G (dark red curve) and the eQPM+l
adjusted to [Baz09] lattice results with p4 action and Nτ = 8 (blue curve) are shown. Note
that due to the scaling curves with negative slopes still represent quantities increasing with
the chemical potential as long as the slope is larger than the slopes of the lines of constant
pressure.

and thus µ = µu = µBa/3 to connect the quantities of hadronic and quark EOS.

The EOS e(p) and the relations n(p) as well as the thermodynamic potential8,
i.e. the pressure p/µ4, are shown in Figs. 6.15 and 6.16. The hybrid EOS of the
constant-pressure phase transition between the neutron star EOS FPS and the
eQPM+l adjusted to [Bor10b] lattice results is shown as well. The pressure pX at
the phase transition is 2.236 GeV/fm3. This somewhat larger value is the result of
the rather small value of the pressure.

A series of similar constructions have been performed, e.g. exchanging the neutron
star EOS FPS by EOS G or the quark part with the eQPM+l result when adjusting
to the lattice results for the p4 action with Nτ = 8 [Baz09] (where the value of pX
is only slightly smaller). Although not shown explicitly, these other hybrid EOS can
be easily derived from the figures by determining pX from the intersection of the
two separate EOS in Fig. 6.15 and switching from e(p) and n(p) of the one to the
other EOS at this pX in Fig. 6.16.

Regardless of the EOS used for the outer neutron star shells, the existence of
quark matter in the core drastically changes the relation of star mass M and radius
R, as is visible in Fig. 6.17. As long as the central pressures of a hybrid star are
below the transition pressure pX no quark matter is present and the mass-radius
relation follows the mass-radius relation of the neutron star. In stars with central
pressures larger than pX the core is made of deconfined matter, described by the
eQPM+l EOS.

A close inspection of the TOV integration shows that, for hybrid stars in com-
parison to a FPS neutron star with the same central pressure pc, the contained
mass m(r) rises faster with increasing radius until the phase transition is reached.
The gained mass advantage is then carried to the surface, where the hybrid turns
out slightly heavier and somewhat larger than the comparable neutron star. For

8Constructed from given relations e(p) and n(p) at T = 0 by inverting µ = (e(p) + p)/n(p).
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Figure 6.16: EOS e(p) (left panel) and relation n(p) (right panel) matching the scaled
thermodynamic potentials p/µ4 in Fig. 6.15 (same color coding and curve styles as therein).
At the transition pressures pX (indicated by the grey lines) jumps in both the energy density
and the net particle density occur. For the neutron star EOS G these jumps are smaller.

hybrid stars with central pressures only a little larger than pX this effect is barely
noticeable due to the small quark cores but increases with enlarging quark content.
As a result, the mass-radius curve is indented at the mass and radius of a neutron
star with central pressure pX , where the new (hybrid) branch with rapidly falling
masses emerges.

Due to the generally small quark cores resulting from the constant-pressure
phase transition, the large hadronic shell is able to contain the unbound core (i.e. the
positive binding energy of the shell is larger than the absolute value of the negative
binding energy of the core) and the hybrids would be bound (cf. Fig. 6.17). Since
however, the bending, where the hybrids branch from the pure neutron star mass-
radius curve, is on the left side of the cusp9 of the neutron star mass-radius curve,
these hybrid represent unstable configurations.

Constant-pressure interpolation

It therefore suggests itself to, in a purely exploratory study, construct hybrid stars
with smaller pX so that the branching point of neutron and hybrid stars is located
on the right side of the cusp. For this, one may relax the the requirement of one
fixed chemical potential µX and, while still requiring the pressure to be constant
in both phases, allow an interpolation between the two phases to start at one
chemical potential µH and end at another chemical potential µQ [Kam94]. The
pressure remains constant for all chemical potentials in the interval [µH , µQ] (we
adopt the denomination of hadronic/quark phase quantities using the indices H and
Q, respectively).

While pX was fixed in the former case due to the requirement of equal chemical
potentials, this allows to select a range of pX with, since µH and µQ are following
from the choice, the only requirement being that µH(pX) < µQ(pX). The pressure of
the hybrid equation of state, as function of the chemical potential µ, is given by the
hadron pressure pH(µ) for µ ≤µH , where pH(µ=:µH) = pX , followed by the constant
pressure pX for all chemical potentials µH < µ ≤ µQ, where pQ(µ =: µQ) = pX , and
for µ > µQ by the quark pressure pQ(µ). One has to note that this interpolation
indeed only serves as an ad hoc tool to investigate the relation between various

9This is a counterclockwise passed extremum of the mass-radius curve, where an unstable radial
mode arises, cf. [Bar66, Har75, Kam81a].
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Figure 6.17: Left panel: Mass-radius relation of a neutron star (yellow curve) and several
hybrid stars (green and grey curves). The curves match as long as the central pressure is
too small to contain quark matter. The dotted curve represents the result for hybrid stars
with constant-pressure phase transition (transition pressure pX = 2.236 GeV/fm3), while the
dashed-dotted and dash-dot-dotted curves indicate the results for hybrids constructed from
ad hoc constant-pressure interpolations with pressures pX = 0.008 GeV/fm3 and pX = 0.440
GeV/fm3 in the hybrid phase, respectively. At top neutron star masses the central pressure
is 0.862 GeV/fm3. The regions of bound configurations are colored while unbound regions
are described as grey curves. Right panel: Contribution of inner shells to the scaled binding
energy BE(r)/M up to the radius r of a hybrid star with pX = 0.440 GeV/fm3. The end of
each curve exhibits the overall binding energy BE = BE(R). Even for pure neutron stars
(low central pressures, large radii), the inner layers would be unbound if not surrounded
by more dilute outer layers. For central pressures larger than pX , the border between the
quark core and the hadronic shell is clearly visible by the large negative contributions of the
former to the binding energy. As long as the quark core is light enough, the outer layers also
provide binding to the latter. Clearly, there are configurations with very massive (and even
again smaller) cores which cannot be contained.

hybrid equations of state and the resulting stars on a phenomenological level, as,
in the hybrid phase, the constant pressure pX is strictly lower than the component
pressures pH and pQ.

For two sensible values of pX the interpolation is shown in Fig. 6.15 (note the
scaling with µ4). The first case is the minimum solution, i.e. pX = min(pQ), leading
to a maximum quark core size, while, for the second case, pX was chosen at the
maximum of p/µ4. We already considered the third case which is the constant-
pressure phase transition at one fixed chemical potential µX = µH = µQ as the
maximum solution of such a constant-pressure interpolation. Although not shown
explicitly, the resulting hybrid EOS can be inferred from Fig. 6.16 using the vertical
lines of constant pressure as guide.

As intended, the branching of neutron stars and hybrid stars constructed in this
way occurs at larger radii (cf. Fig. 6.17). However, even though the objects are still
mostly bound in the pX = 0.440 GeV/fm3 case, i.e. the hadronic shell is still large
enough, the bending takes the form of a new cusp thus also leading to unstable
configurations.

On the other hand, in the minimal case with largest possible quark cores a
so-called third island of stability, i.e. a new region of stable configurations distinct
from the neutron stars with smaller extents at equal masses, develops by means
of a second cusp. As known from previous studies [Kam81a, Kam81b, Kam83] the
stability of a neutron star with a discontinuous EOS and existence of a potential
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third island of stability is dependent on the jump of the (energy) density

λjump :=
eQ
eH

(6.31)

and the value of the radius of the density jump. For the constant-pressure phase
transition λ turns out to be 3.01 while it is about 2.36 for the latter interpolation,
suggesting the existence of such a third island. However, for these stable configura-
tions, the hadronic shell is only about 500 m thick10 and not able to bind the quark
core. In fact, on this branch with smallest possible hadronic shells, binding already
stops at very large radii.

All prior investigations were also carried out using the EOS G for the hadronic
part and/or the eQPM+l EOS when adjusted to the lattice results using the p4 action
and Nτ = 8 [Baz09]. The results were largely equivalent, especially if comparing
the constant-pressure phase transition using the two eQPM+l results, where λ turns
out to be nearly identical. Consequently, we can conclude our exploration with
the assessment that, if one trusts the EOS obtained from the most recent lattice
results using the eQPM+l and a constant-pressure phase transition or interpolation,
the existence of pure quark stars as well as neutrons stars with a quark core is not
suggested, as the found configurations were either unstable or unbound.

Variable-pressure interpolation

The limitation to constant-pressure phase transitions, as result of the local charge
neutrality, restricts the transition region within the hybrid star to one single radius.
In order to, at least phenomenologically, simulate the effects of a variable-pressure
phase transition and check if a more advanced structure of the phase transition and
a broad transition region would allow for stable and simultaneously bound hybrid
configurations, we investigate a variable-pressure interpolation11.

One may model the continuous increase of energy and net quark density in the
mixed phase between two values of pHx < pQx 12 limiting the phase transition region

by a parametrization e = eM (p) and n = nM (p) with eM (p
H/Q
x ) = eH/Q(p

H/Q
x )

and nM (p
H/Q
x ) = nH/Q(p

H/Q
x ), i.e. the nonzero first derivatives of the pressure are

continuous. Since, due to the parametrization of the transition region, the second
derivatives are in general not continuous, this imitates a second order phase transition.
In order to verify the thermodynamic consistency of the approach one has to ensure
that the resulting chemical potential µ = (e+ p)/n is a strictly monotonic increasing
as function of the pressure pε(pHx , p

Q
x ).

The most accessible nontrivial ansatz ensuring the latter is to assume a linear
dependency of energy and net quark density on the pressure, i.e. eM = p(eQ(pQX)−
eH(pHX))/(pQX − pHX) + eH(pHX) and equivalent for the net particle density. For this
investigation we use the quark EOS found using the eQPM+l adjusted to [Baz09]
lattice results using the p4 action with Nτ = 8.

10It is interesting to note that for all stable configurations in the third island this absolute size of
the hadronic shell is almost constant and seemingly independent of the size of the quark core.

11Similar investigations using a simple bag model for the quark phase have been presented in
[Cha08, Bha10].

12We may exclude the limiting case pHx = pQx as it is equal to a constant-pressure interpolation.
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Figure 6.18: Mass-radius relations M(R) of several hybrid stars for which a variable
pressure in an extended transition region is simulated. Blue curves represent bound configu-
rations while stars on the red curves are unbound. The blue dots indicate the points where
the central pressure equals pHX (right dot) and pQX (left dot). The core of configurations
left/between/right of the two dots contains pure quark/hybrid/hadronic matter, respectively.
Top left panel: Changes from a constant-pressure to a broad variable-pressure interpolation
for values pHX = 0.2 GeV/fm3 and pQX = [0.2, 0.3, 0.5] GeV/fm3. Top right panel: Sta-
ble and bound hybrid stars resulting from the construction from pHX = 0.05 GeV/fm3 to

pQX = [0.7, 1.0, 2.0] GeV/fm3. Bottom left panel: For configurations with low pHX (here 0.002

GeV/fm3 matched to pQX = 0.1 GeV/fm3) the hybrid branch is unbound even to the right
side the cusp. A (also unbound) third island visible. Bottom right panel: Equations of state
e(p) considered in the other three panels (black curves: top left, dark grey curves: top right,
light grey curves: bottom left) as variable-pressure interpolation between the eQPM+l EOS
adjusted to lattice results using the p4 action with Nτ = 8 from [Baz09] (blue curve) and
the neutron star EOS FPS (yellow curve).

Indeed, stable and simultaneously bound hybrid stars can be obtained using
this construction. As to be expected from the previous subsection, the cusp of the
mass-radius curves always occurs at central pressures smaller than pQX so that the
quark matter in the stable configurations is always contained in the hybrid phase
rather than a pure quark phase. If pQX → pHX the cusp turns into an indentation

of the neutron star mass-radius relation at pQX = pHX . Although variable-pressure
interpolated hybrids would be possible for pHX up to 0.862 GeV/fm3, i.e. the pressure
at the cusp of the neutron star mass-radius curve, bound configurations are found
only for pHX < 0.7 GeV/fm3. Also, for small values of pHX , i.e. early inset of the
interpolation to the quark phase, the stable hybrids quickly become unbound.

Changing our simple linear interpolation to a more sophisticated ansatz would
introduce some minor numerical differences, however, no significant change of our
purely qualitative results are to be expected. We may therefore conclude that, while
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no pure quark cores are suggested by the investigation, there may exist – depending
of the character and broadness of the interpolation region (and thus of the phase
transition region it models) – neutron stars containing deconfined quarks in a hybrid
phase in the innermost layers.

6.10 Wrap-up

In Fig. 5.12 it is visible that the use of the HTL QPM instead of the eQPM leads to
slightly increased state quantities at T = 0. This variation is especially small for the
pressure (note the scaling factor). One may therefore assume that the extension of
the HTL QPM, in the same way as done here for the eQPM, also leads to only small
changes, too. At most the fact that the energy density increase is larger than the
rise of the pressure would indicate a somewhat higher vacuum energy density e0 but
only an insignificant change in the inverse square of the velocity of sound v−2

s . From
this, qualitative changes of the results presented here are not to be expected. As
our investigation bears a strictly explorative character, the study of such a HTL+l
QPM, which would analytically and numerically be much more involved than the
eQPM+l, for purely quantitative improvements was not put forward.

Of course, in general, the applicability of such models at low temperatures and
high densities is not guaranteed. As shown, the mass-radius relations of ordinary
neutron stars and neutron stars with quark cores are quite similar in the region
where the latter are bound. This renders an experimental verification via these
observables difficult. The modified cooling behavior of quark matter is considered
as a possible tool to find appropriate observational hints [Bla00]. Our result that
the existence of pure quark stars is extremely unlikely is in line with the predictions
by the group of J. Lattimer [Pos10] using a different approach.



7 Summary

In this thesis, the full Hard Thermal Loop (HTL) quasiparticle model (QPM)
was introduced as a thermodynamic model of deconfined matter, following from
QCD via the Cornwall-Jackiw-Tomboulis formalism and a series of approximations
and assumptions. Due to thermodynamic self-consistency the model allows for an
extrapolation of lattice results, available at vanishing chemical potential and well
described due to a special parametrization of the running coupling, to large baryon
densities.

In contrast to the established effective quasiparticle model (eQPM), quasiquarks
and -gluons obey implicit dispersion relations with energy- and momentum-dependent
self-energies and quasiparticles as quanta of collective excitations (plasmons and
plasminos) appear as well as Landau damping below the light cone. The pure
quasiparticle contributions of the collective modes to pressure, entropy and net
particle density were shown to be negative. As a result, the extrapolation of the
lattice results yields a region of negative pressure indicating a necessary transition
to a different state of matter. A transition connecting the HTL quasiparticle model
to the hadron resonance gas was considered providing an equation of state (EOS)
for experiments at SPS. The construction of an EOS for compressed-baryon-matter
experiments at FAIR turns out to be not sensible due to largely different isentropic
curves in the confined and deconfined phases for large entropies per baryon. Changes
due to the inclusion of charm quarks are not expected.

Comparison of the HTL QPM to the eQPM revealed a remarkable similarity
of the extrapolated thermodynamic state variables. As a result, the analytically
easier accessible eQPM was used in an exploratory study aimed to include the
weakly interacting sector into the model in order to describe β-stable quark matter
in compact stellar objects. We derived general scaling laws and binding arguments
allowing to connect properties of the EOS to statements concerning the possible
existence of pure quark stars. These were confirmed in the investigation of pure
quark star properties for the EOS derived from recent lattice results using the QPM
extrapolation procedure. From the results, the existence of absolutely stable and
bound pure quark stars is not suggested. One may argue towards a possible existence
as meta-stable compact stellar objects.

Finally, the possible existence of deconfined matter in neutron star cores (“hybrid
stars”) was investigated on a phenomenological level. If the transition from the neu-
tron star EOS to the quark EOS is a constant-pressure phase transition, i.e. neutron
and quark phase are strictly separated, our studies suggest no stable hybrids. For a
variable-pressure phase transition, where a mixed phase appears, stable and at the
same time bound configurations were found and might be realized. All found third
islands of stability turn out to be unbound.





Appendix A Evaluation of Matsubara
sums

Considering an arbitrary function f(p0 = iωn) which is to be summed over all
bosonic Matsubara frequencies iωn = 2niπT one defines a quantity

M := T

+∞∑
n=−∞

f(p0 = iωn). (A.1)

The factor T in front of the sum will turn out to be very helpful in performing the
sum.

We start by examining the bosonic distribution function for imaginary frequencies
nB(p0 = iω) = (eiβω − 1)−1. It has poles at the bosonic Matsubara frequencies with
residuum1 T

ResiωnnB = Resiωn
1

eβpo − 1
=

T

eβiωn
= T, (A.3)

so that M can be written as

M =
∑
n

f(iωn) Res [nB(p0 = iωn)] . (A.4)

We now require f(iω) to be analytic at the poles of the bosonic distribution function
nB and nB to be analytic at the poles of f(iω). As a consequence, the set of poles
of the product f(iω)nB(iω) is equal to the union of the two sets of poles of f(iω)
and nB(iω):

{iωm} = {iωn}+ {iωl}. (A.5)

Here m counts the poles of the product and l and n those of f(iω) and nB(iω),
respectively. This implies the relation

∑
m

Res [nB(iωm)f(iωm)] =
∑
l

Res [f(iωl)] nB(iωl) +
∑
n

f(iωn) Res [nB(iωn)]︸ ︷︷ ︸
=M

.

(A.6)
Each of these terms can be translated back into a contour integral encircling the
respective poles. In particular, the first integral then represents the contour integral
containing all poles. Its contour can be moved to infinity, where the integral vanishes
as long as f(iω) is a monotonically decreasing function going to zero for ω → ±∞.2

This leaves us with

1For functions f(z) with a pole of first order at z = a we find

Resa
1

f(z)
= lim
z→a

(z − a)
1

f(z)

f(a)=0
= lim

z→a

z − a
f(z)− f(a)

=:
1

f ′(a)
. (A.2)

2While the expression is Boltzmann suppressed by nB(iω) for ω → ±i∞, since nB(iω)
iω→±∞−→ e∓βω,

it is purely oscillatory for ω → ±∞ and does not interfere with the asymptotics of f(iω).
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M = −
∑
l

Res [f(iωl)] nB(ω = iωl). (A.7)

Let us reintroduce a complex energy integration, so that

M = − 1

2π

+i∞∫
−i∞

d(iω′)
∑
l

2πδ(iω′ − iωl) Res
[
f(iω′)

]
nB(iω′). (A.8)

After substituting iω′ → ω we find the well-known structure of a spectral density
%f (ω) :=

∑
l 2πδ(ω − ωl) Resωlf(ω)

M = − 1

2π

+∞∫
−∞

dω
∑
l

2πδ(ω − ωl) Res [f(ω)]︸ ︷︷ ︸
=:%f (ω)=2Im f(ω+iε)

nB(ω) (A.9)

which can be replaced by the imaginary part of the retarded expression3 for f , finally
yielding

M = −
+∞∫
−∞

dω

π
nB(ω) Im(f(ω + iε)). (A.10)

For a sum over all fermionic Matsubara frequencies, one replaces nB by the
Fermi-Dirac distribution function nF with poles at iωn = (2n + 1)iπT + µ and
ResiωnnF = T in Eq. (A.4). Since the remaining steps are independent of the explicit
form of the distribution function, the result is found in an analogous way.

3As an example, this is shown for a bosonic propagator f(ω) = D(ω) = −(ω2 − ω2
k)−1. The

expression

Res±ωkD(ω) = lim
ω→±ωk

−(ω ∓ ωk)

(ω + ωk)(ω − ωk)
= lim
ω→±ωk

−1

ω ± ωk
= ∓ 1

2ωk

leads to %D(ω) = 2π [δ(ω + ωk)− δ(ω − ωk)] /(2ωk). Using (A+ iε)−1 = PA−1 − iπδ(A), where P
denotes the principal value, we obtain the same result for

2ImD(ω + iε) = −2Im
1

ω2 + 2iεω − ω2
k

= 2πδ
(
ω2 − ω2

k

)
=

2π

2ωk
[δ(ω + ωk)− δ(ω − ωk)]

In fact, this simple example can be expanded to a rigorous proof by treating an arbitrary spectral
function as infinite sum of delta distributions (convolution integral) and calculating its propagator
using the Lehmann representation.



Appendix B Mathematical relations

B.1 Imaginary part of the logarithm

The imaginary part of the logarithm of a complex quantity z (e.g. an inverse propa-
gator) equals the argument of z as

Im ln(z) = Im ln
(
|z|eiArg(z)

)
= Im

(
ln |z|︸︷︷︸
εR

+iArg(z)
)

= Arg(z). (B.1)

Therefore, z is allowed to have a dimension, e.g. in the case of z = D−1
T a (squared)

energy dimension, even though the logarithm itself is defined for dimensionless
numbers only. For explicit calculations, the dimension has to be removed:

Im lnD−1
T = Im

(
ln
D−1

T

T 2
+ 2 lnT︸ ︷︷ ︸

εR

)
= Im ln

D−1
T

T 2
. (B.2)

This is not an ambiguity since it has no influence on the argument of D−1
T . For

instance, the argument can be calculated using the arc tangent. Compensating for
quadrant relations it is given by

Im ln(z) = Arg(z) = arctan
Imz

Rez
+ πε(Imz)Θ(−Re z) (B.3)

and, if the argument is −z,

Im ln(−z) = Arg(−z) = arctan
Imz

Rez
− πε(Imz)Θ(Re z). (B.4)

Note that the step function Θ is defined for dimensionless quantities only too, so
implicitly it is always to be divided by a reference quantity (e.g. again a power of
the temperature if z is an inverse propagator).

B.2 Derivative of Arg and arctan

Starting with the derivative of the Heaviside function of a function x/a (see footnote
3 in Section 3.2)

∂

∂x
Θ
(x
a

)
=

1

a
δ
(x
a

)
=
|a|
a
δ (x) = ε(a)δ(x) (B.5)

we find the derivative of the sign function ε(x) := Θ(x)−Θ(−x)

∂

∂x
ε(
x

a
) = 2ε(a)δ(x). (B.6)
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Using a symmetry relation and the derivative of the arc tangent (cf. [TBM01])

arctan
(a
x

)
= − arctan

(x
a

)
+ πΘ

(x
a

)
− π

2
, (B.7)

∂

∂x
arctan

(x
a

)
=

a

a2 + x2
(B.8)

we find
∂

∂x
arctan

(a
x

)
= − a

a2 + x2
+ πε(a)δ(x). (B.9)

Applying this relation to the argument Arg z = arctan(Im z/Re z)+πε(Im z)Θ(−Re z)
of a complex quantity z (e.g. an inverse propagator) we find

∂

∂Re z
Arg z =

−Im z

Im2z + Re2z
,

∂

∂Im z
Arg z =

Re z

Im2z + Re2z
+ 2πδ(Im z)Θ(−Re z). (B.10)

The two emerging Dirac delta distributions of the derivative with respect to the real
part of z exactly cancel.



Appendix C List of derivatives

C.1 Derivatives of the HTL thermal masses

The derivatives of the Debye mass m2
D are

∂m2
D

∂T

∣∣∣∣
µ,G2

=
2

3
CbTG

2 and
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∂m2
D

∂G2
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T,µ

= 2C̃b (C.1)

while the derivatives of the fermionic mass parameter/plasma frequency M̂2 of the
light quarks are

∂M̂2
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=
Cf
4
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= C̃f . (C.2)

The combined derivatives to the right are needed e.g. for the integration of the mean
field pressure along the T or µ axis.

The second derivatives are given by

∂2M̂2
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(
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)
.

Due to M̂2
s = M̂2|µ=0, the derivatives for the strange quark follow by setting µ = 0

in the above expressions.

C.2 Derivatives of the eQPM asymptotic masses

Effective quasiparticle model without leptons

The derivatives of the asymptotic masses m̃2
i,∞ with temperature restmasses m2

i,0 as
defined in Eqs. (3.6) and (2.19) with µ = µu = µd and µs = 0 are given here. Taking
the derivative of the m̃2

i,∞ with respect to temperature T , chemical potential µ or
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effective coupling G2, while keeping the respective other two quantities constant
(which we imply when using the squared brackets [ ]), we have

∂m̃2
i,∞

∂[T |µ|G2]
= 2

(
mi,0 +

√
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) ∂mi,0

∂[ ]
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+ 1

)
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i,∞
∂[ ]

, (C.3)

where a possible dependence of the restmasses on T , µ or G2 can be accommodated.
This has been done to compare to previous lattice calculations with lattice restmasses
mq,0 = aT , e.g. from [Pei00].1

The derivatives of the asymptotic masses m2
i,∞ follow directly from the derivatives

of the HTL thermal masses. From Eqs. (3.3) and (3.5) we have

∂m2
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2
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. (C.4)

The second derivatives are given by
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with ∂2m2
i,∞/∂[ ]2 following also from the HTL expressions.

The explicit expression for the gluons is

∂2m̃2
g,∞

∂T 2
=

Cb
3
G2 + 2

Cb
3
T
∂G2

∂T
+ C̃b

∂2G2

∂T 2
.

The strange quark expressions follow again by setting µ = 0.

Effective quasiparticle model with leptons

The derivatives of the asymptotic masses m̃2
i,∞ with temperature-independent rest-

masses m2
i,0 as defined in Section 6.3 with µ = µu and µd = µs = µ+ µe are given

here. For the gluons we obtain
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The derivative with respect to the chemical potential in Eq. (C.3) is modified due to
the additional dependence of µd and µs on the electron chemical potential µe. For
qε{d, s} we have
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=
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2
(
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2mi,∞
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)
(C.7)

while ∂m̃2
q,∞/∂T and ∂m̃2

q,∞/∂G
2 are formally unmodified.

1This thesis does, however, not report on any of the results, as the lattice data are outdated.
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From Eq. (2.55) we have the general definition

aT = −
∑ ∂ni

∂Πi

∂Πi

∂G2
,

aµ =
∑ ∂si
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, (D.1)

where the self-energies Πi have to be replaced by the asymptotic masses m̃2
i,∞ for the

eQPM quasiparticle models. The necessary derivatives are given in the following.

D.1 Effective quasiparticle models

For the eQPM the sums run over i = g, q and a possible strange quark s. The
derivatives of the m̃2

i,∞ with respect to the effective coupling and the temperature

and chemical potential when keeping G2 constant are given in Appendix C. The
derivatives of the contributions to the net quark density and the partial entropy
densities with respect to the m̃2

i,∞ are
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The quark degeneracy factors are dq = 2NcNl and ds = 2Nc.

Formally, the derivatives of ni and si are preserved when going from the eQPM
to the eQPM+l model. The sums then run over i = g, u, d, s with degeneracy factors
d{u,d,s} = 2Nc. The mass derivatives for the eQPM+l can also be found in Appendix
C.

The derivatives of the coefficients at vanishing chemical potential needed in the
Taylor expansion at vanishing chemical potential (cf. Section 4.5) are
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(D.3)
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with (
∂
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(
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and
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D.2 HTL quasiparticle model

Note that in the following a somewhat different abbreviation scheme is used than for
the effective quasiparticle models. This is due to a different structure of the deriva-
tives of entropy density and particle density with respect to µ and T , respectively,
since the HTL QPM uses the full dispersion relations as opposed to the asymptotic
dispersion relations of eQPM.

Gluons

As first part of the Maxwell relation, the derivative of the HTL gluon entropy density
sg = sg,T + sg,L with partial gluon entropy densities (2.36) with respect to µ at
constant T has to be calculated. For gluons there is no explicit dependence of
the entropy density on the chemical potential, so that only the self-energies and
propagators depend on µ due to the contained Debye mass. Consequently, there are
four contributions to the derivative

∂sg
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, (D.7)

where the index on the bracket indicates the considered dependence.
For the first term we find(
∂sg
∂µ

)
ReD−1
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= − 2dg
πm2
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∂m2
D
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∫
d3k
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×

{
− ReΠT ImΠT

Re2D−1
T + Im2ΠT

+ ReΠTImΠT
Re2D−1

T − Im2ΠT

(Re2D−1
T + Im2ΠT)2

}
,

where the derivative of the quasiparticle pole term πΘ() is canceled by the term πδ()
arising from the derivative of the arc tangent. We split the energy integration at the
light cone. For ω > k the imaginary part of the transverse gluon self-energy is equal
to ηε(ImΠT), where η → 0 due to retardation (cf. Eqs. 2.27). Leaving aside the
prefactor −ReΠT and after multiplication by ε(ImΠT)/π to assure a positive width
Γ := 2|ImΠT| and normalization, the first term of the curly bracket corresponds to
a Breit-Wigner distribution of a quantity x = ReD−1

T :

1

π

|ImΠT|
Re2D−1

T + Im2ΠT

←→ 1

2π

Γ

x2 + Γ2/4
. (D.9)



D.2 HTL quasiparticle model 109

The normalization of the distribution to 2π instead of the exact expression is justified
in the limit of vanishing width considered here. The Breit-Wigner distribution is a
representation of the Dirac delta distribution, therefore

ε(ImΠT)

π

ImΠT

Re2D−1
T + Im2ΠT

ImΠT→0
−−−−−−−→ δ(ReD−1

T ) (D.10)

in the region ω > k. Consequently, for ω > k, the first term in the curly bracket
equals −πε(ImΠT)δ(ReD−1

T )ReΠT. The dispersion relation is valid for ωT,k so that
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The derivative of the real part of the inverse transverse gluon propagator with respect
to ω is found to be
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After substitution of the logarithmic term with ReΠT and evaluation at the dispersion
relation (ReΠT(ωT,k) = ω2

T,k − k2) the energy integration of the first term of the
curly bracket can be carried out:
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The energy integral of the second term in the curly bracket vanishes for ImΠT → 0.
Consequently, it does not contribute for ω > k.

For ω < k the imaginary part of the self-energy ΠT is nonzero except for ω = 0.
However, at ω = 0 the real part of the inverse transverse gluon propagator D−1

T is
generally nonzero so that no special treatment is necessary. The terms of the curly
bracket can be simplified and the final expression for the derivative of the entropy
density with respect to µ within ReD−1

T becomes(
∂sg
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)
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= +
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×
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.
Analogously we find(
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The derivatives of the gluon entropy density with respect to µ within the imag-
inary parts of the self-energies are straightforward. The Dirac delta distribu-
tions arising from the the sign functions in the quasiparticle pole contributions
πε(ImΠi)Θ(∓ReD−1

i ) vanish due to the prefactor ImΠi/m
2
D from the chain rule.

We are left with(
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Putting things together and substituting ReΠT −ReD−1
T = ω2 − k2 and ReΠL +

ReD−1
L = −k2 we have
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×
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(1)

as final expression for the gluons with the derivative of the Debye mass with respect
the µ given in Appendix C. The numbered curly bracket is used as abbreviation in
the following.

Quarks

The derivative of the quark entropy density with respect to µ is obtained in a similar
fashion. Due to the dependence of the Fermi-Dirac distribution function nF on the
chemical potential explicit derivatives emerge. However, these are cancelled in the
Maxwell relation by explicit derivatives from the derivative of the particle density
with respect to the temperature due to Schwarz’s theorem, as for the eQPM models.
For convenience starting from Eq. (2.39) only the dependencies of ReS−1

+ and ImΣ+

on µ have to be taken into account:

∂sq
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=

(
∂sq
∂µ
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+

+

(
∂sq
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+

(
∂sq
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)
n
(A)
F

. (D.19)

The third term is the explicit term which is given by Eq. (2.39) with the substitution

∂n
(A)
F /∂T → ∂2n

(A)
F /∂µ∂T . While the derivative of sq with respect to µ within

ImΣ+ is entirely equivalent to the transverse gluon case, the derivative of sq with
respect to µ in ReS−1

+ differs due to the two dispersion relations ωTL,k and ωPl,k and
the different derivative of the real part of the inverse propagator with respect to ω.

For the case1 |ω| > k we have

δ(ReS−1
+ ) = δ(ω − ωTL,k)/

∣∣∣∣∣∂ReS−1
+
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, (D.20)

1Note that the energy integral limits for both quark contributions are (−∞ . . .∞) as opposed to
the gluons with [0 . . .∞).
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where

∂ReS−1
+

∂ω
= −1 +

ReΣ+

ω − k
− 2M̂2

ω2 − k2
. (D.21)

The integral over the first term of the curly bracket times πε(ImΣ+) which, up to
the different propagators/self-energies, is analogous to the transverse gluon case
(cf. Eqs. (D.8) and (D.13)) then reads

π
ω2

TL,k − k2

2M̂2
(ωTL,k − k) (+)|ωTL,k

− π
ω2

Pl,k − k2

2M̂2
(ωPl,k + k) (+)|ωPl,k

, (D.22)

where

(+) :=

(
∂nF

∂T
+
∂nAF
∂T

)
. (D.23)

The energy integral of second term of the curly bracket again vanishes for ImΣ+ → 0
and thus does not contribute for |ω| > k.

For |ω| < k there is no difference to the transverse gluon expression except for
the different propagators and self-energies so that the final quark expression reads

∂sq
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=
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∂µ

{
dq
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( k∫
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(D.24)

−π
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TL,k − k2

2M̂2
(ωTL,k − k) (+)|ωTL,k

− π
ω2

Pl,k − k2

2M̂2
(ωPl,k + k) (+)|ωPl,k

)}
(I)

with (I) indicating the brackets for quarks. The derivative of M̂2 with respect to µ
is given in Appendix C.

The strange quark contribution to the Maxwell relation equals the quark expres-
sion at vanishing chemical potential

∂ss
∂µ

=
∂sq
∂µ

∣∣∣∣
µ=0

(D.25)

with curly brackets {}(II) := {}(I)|µ=0 and ∂M̂2/∂µ→ ∂M̂2
s /∂µ = (∂M̂2/∂µ)|µ=0.

Particle density

The last step towards the flow equation is the derivative of the particle density with
respect to the temperature. The calculation is similar to the the calculation of ∂sq/∂µ

with the derivatives ∂/∂µ and ∂/∂T being exchanged. Due to ∂2n
(A)
F /∂µ∂T =

∂2n
(A)
F /∂T∂µ it is clear that the explicit derivatives of both cases are equal and

cancel within the flow equation. They are, therefore, again omitted. We find
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)
(D.27)

and ∂M̂2/∂T given in Appendix C. For the heavy quark flavor and gluons (+̃), and
thus ∂ng,s/∂T , vanishes as a consequence of µg,s = 0.

The flow equation

Using the results above and the derivatives of the gluon/fermion mass parameters
from Appendix C the Maxwell relation assumes the form of a flow equation

aT
∂G2

∂T
+ aµ

∂G2

∂µ
= b (D.28)

as partial differential equation for the effective coupling G2 with the coefficients2

aT = −C̃f{}(A),

aµ = 2C̃b{}(1) + C̃f{}(I) +
Cf
8
T 2{}(II), (D.29)

b =
Cf
4
TG2{}(A) −

NcNl

3π2
µG2{}(1) −

Cf
4π2

µG2{}(I).

2Comparing these coefficients to the results from [Rom04] (Eqs. (B.1) to (B.5)) several differences
are noticeable:

1. The expression (ω2
T,k − k2) in the numerator of ωT,k(ω2

T,k − k2)2/|(ω2
T,k−k2)2−m2

Dω
2
T,k|

within bracket {}(1) (Eq. (D.18)) is not squared. This is incorrect, as the dimension of the
term thus differs from the terms it is being added to.

2. The terms (ω2
i,k − k2)/(2M̂2) in −π(ω2

i,k − k2)(ωi,k − k) (+̃)
∣∣
ωi,k

/2M̂2 in bracket {}(A)

(Eq. (D.26)) are missing. This is most probably a typographical error, as the neglect of the
term leads to an increased aT and thus to characteristics reaching T = 0 at very small values
of the chemical potential.

3. The coefficient b from Eq. (D.29) and the same coefficient found by Romatschke are related
by bRom = −b/G2. As a consequence the coupling G2 from [Rom04] would decrease for µ & 0
as opposed to any of the other models. Therefore, we believe this to be incorrect, too.

As a consequence, the results obtained for Nf = 2 in [Rom04] are not reproducible.
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The pressure Taylor coefficients

The susceptibilities (4.2) of the HTL QPM follow from the pressure (2.44) with
partial pressures (2.42) or, more directly, from the net quark density (2.53)

c2 = −dqT
2π3

∫ ∞
0

dk k2

∫ ∞
0

dω
∂2nF

∂µ2

{}
q,+
,

c4 = − dq
24π3

[(∫ ∞
0

dk k2

∫ ∞
0

dω
∂4nF

∂µ4

{}
q,+

)
− 3π3

dq

∂2M̂2

∂µ2
{}(2A)

]
µ=0

(D.30)

with the abbreviation {}q,+ as introduced in Section 2.8 and the abbreviation {}(2A)

representing {}(A) as above with ∂nF/∂µ −→ ∂2nF/∂µ
2. Using the short form of

the distribution functions as defined in Section 3.3 we have ∂4nF/∂µ
4 = (e4− 11e3 +

11e2 − e)f5/T 4 at µ = 0. As necessary, the odd ci vanish.
The second derivative of the plasma frequency M̂2 is given in Appendix C with

the second derivative of the effective coupling with respect to the chemical potential
contained therein following from the coefficients of the flow equation (cf. Eq. (4.5))
and their derivatives. We have

∂aT
∂µ

∣∣∣∣
µ=0

= −
(
Cf
8
T 2{}(2A)

)
µ=0

,

∂b

∂µ

∣∣∣∣
µ=0

= G2

(
Cf
4
T{}(2A) −

NcNl

3π2
{}(1) −

Cf
4π2
{}(I)

)
µ=0

(D.31)

for the two necessary derivatives.

The mean field pressure

For the integration of the mean field pressure the derivatives of the partial pres-
sures on T , µ and G2 via the self-energies can be written formally as chain rule
(cf. Eq. (2.62)). In practice, it is more prudent to calculate the derivatives directly,
so that

∂Bg
∂[T |µ|G2]

=
∂m2

D

∂[ ]

∣∣∣∣
others constant

{}[1],

∂Bq
∂[T |µ|G2]

=
∂M̂2

∂[ ]

∣∣∣∣∣
others constant

{}[I],

where the strange quark contribution ∂Bs/∂[ ] is given by setting µ = 0 in the light
quark result. The abbreviations {}[i] correspond to the {}(i) via a replacement of the
derivatives of the distribution functions in the latter by the distribution functions
themselves in the former.





Glossary of abbreviations

CJT Cornwall-Jackiw-Tomboulis

CBM compressed baryonic matter

EOS equation of state

eQPM effective QPM

eQPM+l effective QPM with leptons

FAIR Facility for Antiproton and Ion Research

HIC heavy-ion collisions

HRG hadron resonance gas

HTL hard thermal loop

IR infrared

LD Landau damping

LW Luttinger-Ward

QCD quantum chromodynamics

QED quantum electrodynamics

QGP quark-gluon plasma

QPM quasiparticle model

SPS Super Proton Synchrotron

TOV Tolman-Oppenheimer-Volkoff

UV ultraviolet
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[Ans03] M. Ansorg, A. Kleinwächter, R. Meinel, Highly accurate calcula-
tion of rotating neutron stars. Astron.Astrophys. 405, 711 (2003),
doi:10.1051/0004-6361:20030618, arXiv:astro-ph/0301173.

[Arr02] A. Arrizabalaga, J. Smit, Gauge-fixing dependence of Φ-
derivable approximations. Phys. Rev. D 66, 065014 (2002),
doi:10.1103/PhysRevD.66.065014, arXiv:hep-ph/0207044.

[AS02] J. O. Andersen, M. Strickland, Equation of state for dense
QCD and quark stars. Phys. Rev. D 66, 105001 (2002),
doi:10.1103/PhysRevD.66.105001, arXiv:hep-ph/0206196.

[Bar66] J. Bardeen, G. Baym, D. Pines, Interactions Between He3 Atoms in
Dilute Solutions of He3 in Superfluid He4. Phys. Rev. Lett. 17, 372
(1966), doi:10.1103/PhysRevLett.17.372.

[Bar89] H. W. Barz, B. L. Friman, J. Knoll, H. Schulz, Nuclear-matter—quark-
matter phase diagram with strangeness. Phys. Rev. D 40, 157 (1989),
doi:10.1103/PhysRevD.40.157.

http://dx.doi.org/10.1086/190434
http://dx.doi.org/10.1103/RevModPhys.80.1455
http://arxiv.org/abs/0709.4635
http://dx.doi.org/10.1103/PhysRevD.66.074507
http://arxiv.org/abs/hep-lat/0204010
http://dx.doi.org/10.1103/PhysRevD.68.014507
http://arxiv.org/abs/hep-lat/0305007
http://dx.doi.org/10.1103/PhysRevD.71.054508
http://arxiv.org/abs/hep-lat/0501030
http://dx.doi.org/10.1088/0305-4470/12/12/006
http://dx.doi.org/10.1007/JHEP08(2010)113
http://arxiv.org/abs/1005.1603
http://arxiv.org/abs/1009.4644
http://dx.doi.org/10.1051/0004-6361:20030618
http://arxiv.org/abs/astro-ph/0301173
http://dx.doi.org/10.1103/PhysRevD.66.065014
http://arxiv.org/abs/hep-ph/0207044
http://dx.doi.org/10.1103/PhysRevD.66.105001
http://arxiv.org/abs/hep-ph/0206196
http://dx.doi.org/10.1103/PhysRevLett.17.372
http://dx.doi.org/10.1103/PhysRevD.40.157


118 Bibliography

[Bay62] G. Baym, Self-Consistent Approximations in Many-Body Systems. Phys.
Rev. 127, 1391 (1962), doi:10.1103/PhysRev.127.1391.

[Bay76] G. Baym, S. A. Chin, Can a neutron star be a giant MIT bag? Phys.
Lett. B 62, 241 (1976), doi:10.1016/0370-2693(76)90517-7.

[Baz09] A. Bazavov et al., Equation of state and QCD transition at finite tempera-
ture. Phys. Rev. D 80, 014504 (2009), doi:10.1103/PhysRevD.80.014504,
arXiv:0903.4379.

[Bec05] W. C. Beckmann, Self-consistent Calculations of Hadron Properties at
Non-zero Temperature. Ph.D. thesis, University of Frankfurt a. M. (2005),
http://deposit.ddb.de/cgi-bin/dokserv?idn=979509920.

[Ber04] J. Berges, n-Particle irreducible effective action techniques for gauge theo-
ries. Phys. Rev. D 70, 105010 (2004), doi:10.1103/PhysRevD.70.105010,
arXiv:hep-ph/0401172.

[Bha10] A. Bhattacharyya, I. N. Mishustin, W. Greiner, Deconfinement phase
transition in compact stars: Maxwell versus Gibbs construction of
the mixed phase. J. Phys. G 37, 025201 (2010), doi:10.1088/0954-
3899/37/2/025201, arXiv:0905.0352.

[BIR01] J.-P. Blaizot, E. Iancu, A. Rebhan, Approximately self-consistent
resummations for the thermodynamics of the quark-gluon
plasma: Entropy and density. Phys. Rev. D 63, 065003 (2001),
doi:10.1103/PhysRevD.63.065003, arXiv:hep-ph/0005003.

[BK61] G. Baym, L. P. Kadanoff, Conservation Laws and Correlation Functions.
Phys. Rev. 124, 287 (1961), doi:10.1103/PhysRev.124.287.
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[Sch09] R. Schulze, B. Kämpfer, Equation of state for QCD matter in
a quasiparticle model. Prog. Part. Nucl. Phys. 62, 386 (2009),
doi:10.1016/j.ppnp.2008.12.017, arXiv:0811.0274.
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I would like to thank Prof. B. Kämpfer for accepting me as Ph.D. student and
his encouraging assistance in elaborating this thesis. I also would like to thank my
colleagues M. Bluhm, T. Hilger, H. Schade, D. Seipt, R. Thomas and the other
members of our group and institute for extensive and fruitful discussions, helpful
input and remarkable companionship.

The excellent working conditions which are due to the Institute of Theoretical
Physics and the Research Center Dresden-Rossendorf are gratefully acknowledged.
Especially the administrative support of A. Liebezeit, D. Schich and J. Steiner as
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