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Chapter 1

Introduction

This manuscript presents several examples of field-matter interaction, show-
ing that the same phenomenology may be observed in very different fields of
physics, and may be interpreted using the same basic concepts. In spite of
emphasizing such analogies, we will also stress that these do not necessarily
mean that the same analytic formalism may be used whatever the physics
situation. In particular, the central part of this memoir will be devoted to
stimulated Raman scattering in a plasma and, quite often, methods bor-
rowed from nonlinear optics are blindly used to model the propagation of
an electron plasma wave. The relevance of such methods will be discussed
here. Conversely, we will also show that the same basic concept of “reso-
nance”, and the same perturbative methods, may lead to quite a different
phenomenology depending on the physics situation!

The examples of field-matter interaction presented here are actually only
representative of the author’s research activity. They only include nonlinear
field-matter interaction in plasma physics within the framework of classical
mechanics (with a particular emphasis on wave-particle interaction), the lin-
ear analysis of beam-plasma instabilities in the relativistic regime, and the
quantum description of laser-atom interaction, including quantum electro-
dynamics. We will moreover lay a particular emphasis on the applications
that motivated the theoretical work presented in this manuscript. These are
laser-plasma interaction within the framework of inertial confinement fusion,
laser propagation in an atomic vapor (which has various applications, while
our work was primarily motivated by isotopic separation), ion energization
with radio-frequency waves (which may be used for tokamak heating or ion
propulsion, and which is also relevant to space phyics), and the dynamo ef-
fect in a Reversed Field Pinch (for magnetic fusion).

As already noted, very few concepts are needed to address very different
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1 - Introduction 8

physics issues, and we will mainly discuss here the concepts of resonance,
self-organization, and secondary instabilities. The concept of resonance is
essential in the weakly nonlinear, perturbative regime and, once this is rec-
ognized, it is striking to see how similar theoretical methods and results are
in such different physics situations as wave-electron interaction in a plasma,
and laser-atom interaction. When field-matter coupling is strong enough,
the system usually tends to self-organize in order to reach, and stay as long
as possible in, a “regular” state. As will be shown in this manuscript, this
is true for both, stimulated Raman scattering in a plasma and the dynamo
effect in a Reversed Field Pinch, which are two drastically different examples
of field-matter interaction. When dissipation is negligible, the system does
not usually remain in a self-organized state due to secondary instabilities of
the Benjamin-Feir type, and this will be exemplified in the case of laser prop-
agation in an atomic vapor and in the case of stimulated Raman scattering
in a plasma.

However, we want to stress here that, recognizing the relevant concept in
a physics situation is one thing, but taking advantage of it to make theoretical
quantitative estimates, or to evidence new physics phenomena, is a totally
different matter! For example, although ion heating by a radio frequency
(RF) wave in a magnetized plasma was known since the 70’s, only in the late
90’s was it understood that coherent acceleration, as described in Section 4.1,
could occur. Similarly, despite the numerous studies on laser propagation in
an atomic vapor, we are not aware of any result similar to that described
in Section 4.2 on the cancellation of the Kerr effect. Yet, it requires only
very simple perturbative calculations to derive both these results. Similarly,
we do not know any other work than that detailed in Section 6.1 which suc-
cessfully makes use of the concept of self-organization in order to predict the
nonlinear behavior of a complex system. Hence, most of this manuscript will
be devoted to the description of the innovative analytic approaches that had
to be developed in order to solve the physics issues described here.

In this memoir, we will not present separately each of the physics issues or
applications we address, but we will gather in the same Chapters the various
physics situations which correspond to the same regime of field-matter inter-
action, in the order of increasing nonlinearity. This manuscript will therefore
be organized as follows.

Logically, we will start by addressing field fluctuations. These are usually
well known, but their modeling is sometimes problematic, especially when
one would like to use classical field representation in order to model the fluc-
tuations of quantum vacuum, as is often the case in laser-matter interaction
at temperatures typically less than a few eV’s. In Chapter 2, we will show in
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great detail that, for the particular case of stimulated Raman scattering in
an atomic vapor, a classical fluctuating field may indeed very well represent
the fluctuations of quantum vacuum.

Chapter 3 addresses field-matter interaction in the linear regime. In par-
ticular, we will present new results obtained in collaboration with L. Gremil-
let and A. Bret, on the beam-plasma instability in the relativistic regime,
showing that oblique modes, which have long been disregarded, are usually
the most unstable ones.

After linear theory we will address, in Chapter 4, the weakly nonlinear,
perturbative regime. We will first show in Section 4.1 the ability to coherently
energize ions with two electrostatic waves propagating perpendicularly to a
magnetic field, and applications to ionospheric physics, ion propulsion, and
ion energization in a tokamak will be mentioned. In Section 4.2, we will
shown how the Kerr effect on a laser can be cancelled out by using a second,
co-propagating, laser light. In Section 4.3 we will calculate the perturbative
response of electrons to an electrostatic wave in a non-magnetized plasma,
and will show the relevance of such a calculation to derive the nonlinear
properties of an electron plasma wave. This perturbative response bears
many analogies with the atoms response to a nearly resonant laser, as we
will discuss it.

Chapter 5 will present totally new results on the nonperturbative, non-
linear regime of wave-particle interaction, and will describe in great detail
the nonlinear properties of a driven electron plasma wave, which were mostly
unknown.

These will be used in Chapter 6, and in particular in Section 6.1, to
provide a kinetic modeling of stimulated Raman scattering (SRS) in a plasma,
with application to inertial confinement fusion. In particular, we will show
that it is essential to correctly account for SRS self-organization in order
to accurately model its growth and to derive accurate threshold intensities.
Self-organization will also be addressed in Section 6.2 within the framework
of the Reversed Field Pinch physics, and a toy model to explain the so-called
“dynamo effect” will be provided.

Chapter 7 will discuss how self-organized states may be destroyed due to
secondary instabilities, that all fall into the general class of Benjamin-Feir
instabilities. In particular, we will present in Section 7.1 a novel method
to address the stability of a large amplitude electron plasma wave, with
successful comparisons with numerical results on the so-called “vortex fusion
instability”. Section 7.2 will present similar results, using a very different
formalism, for an electromagnetic wave propagating in an atomic vapor.

Finally, Chapter 8 summarizes and concludes this work.
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Chapter 2

Fluctuations

Correctly estimating the level of field fluctuations is, of course, an important
issue in order to accurately estimate the outcome of an instability. Knowing
what this level actually is in an experiment may sometimes be made difficult
due to various phenomena such as amplified spontaneous emission, for exam-
ple. On the theoretical point of view, however, the physics of fluctuations can
be considered as well established. Nevertheless, when it comes to numerically
simulating the growth of an instability, correctly modeling the fluctuations
may be an issue. For example, electrostatic fluctuations, mostly present in
plasmas and which are due to the discreteness of the medium, are usually
overestimated in Particle In Cell (PIC) simulations and are underestimated,
and nearly 0, in Vlasov simulations.

As regards the electromagnetic noise we shall focus on here, it is either
due to thermal (black body) radiation or to the fluctuations of quantum vac-
uum. The latter are often considered to be equivalent to a source of radiation
whose spectrum is infinitely large, and which contains one photon per mode.
This is because, as shown in Ref. [1], the probability transition from a given
state |i〉 to a given state of lower energy |f〉, as induced by a monochromatic
light made of n photons, is proportional to n+1, where the term “1” is due to
quantum vacuum (and when n = 0 the transition is only induced by vacuum
which then indeed behaves as a source of radiation made of 1 photon per
mode). As for black body radiation, the number of photons per mode, given
by the Bose-Eistein statistics, is more than unity for temperatures typically
larger than a few eV’s (for radiations close to the visible spectrum), so that
the medium is usually at least partially ionized, and only in plasma physics
are quantum field fluctuations negligible. In all the other domains of physics,
these usually constitute the main source of fluctuations so that one should
use quantum field theory to correctly model them, which is usually not done
because, once these fluctuations have been significantly amplified, they often
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2 - Fluctuations 12

contain many more than one photon per mode, and quantum theory is no
longer needed. It is then usually admitted that quantum field fluctuations
can be correctly modeled by an incoherent and large spectrum field, whose
intensity is such that it would contain one photon per mode. However, aside
from the derivation given here, we are not aware of any rigourous result, nor
detailed study, of the equivalence between classical and quantum fluctua-
tions, and this is what we shall now address. For the sake of definiteness, we
will focus in most of this Chapter on the case of forward stimulated Raman
scattering (FSRS) in an atomic vapor, and only in the last Section shall we
generalize our results to other physics situations. Hence, we will first prove
that one can exhibit a classical field, which actually is a stochastic process,
such that the mean value and the probability density of the Stokes intensity,
Is, over the realizations of this process are exactly the same as those derived
from quantum field theory.

! 

0

! 

1

! 

" 1 

El, ωl

Δl

Es, ωs

Figure 2.1: Schematics of stimulated Raman scattering in an atomic vapor.

Here, we will only consider the most simple situation for FSRS, where
only 3 non-degenerate atom states are to be accounted for. In this situation,
a laser field, El, with frequency ωl, excites atoms from the ground level |0〉,
to the excited level |1〉 of energy h̄ω1 while, due to fluctuations, the atoms
decay to level |1′〉 of energy h̄ω1′ , thus generating a field Es with frequency ωs
which is amplified as it co-propagates with the laser. We allow for a frequency
mismatch ∆l ≡ ω1 − ωl between the laser frequency and that of the atomic
transition while, clearly, ωl−ωs = ω1−ω1′ (see Fig. 2.1). We will henceforth
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neglect light diffraction and the departure of the waves group velocity from
the speed of light in vacuum. More realistic situations are addressed in Ref.
[2], without changing neither the physics, nor the results obtained here.

We will moreover restrict here to the linear regime since, by the time
linear theory breaks down, the Stokes field has been amplified to an intensity
large enough for classical field theory to be valid.

2.1 Classical treatment

We assume here that the Stokes field writes

Es(x, t) =
Es
2
ei(ksx−ωst) + c.c., (2.1)

where Es is a slowly varying complex envelope, |Es|−1∂x|Es| � ks and
|Es|−1∂t|Es| � ωs. Then, for values of ∆l large enough (compared to the
inverse of the laser duration and the Rabi frequencies of the fields) and in
the linear regime, the value of Es at position x and time t is easily derived
as a function of its values at x = 0 and of the laser field amplitude, and is
(see Ref. [3])

Es(x, t) = Es(0, t) + El(t)

∫ t

0

Es(0, t
′)G(x, t′; t)dt′, (2.2)

where El is the pump laser field amplitude, which is real in the linear limit,
and where

G(x, t′; t) ≡ κ
√
xEl(t

′)ei[ϕ(t)−ϕ(t′)] I1{2
√
x[τ(t)− τ(t′)]}√
τ(t)− τ(t′)

, (2.3)

I1 being a modified Bessel function (see Ref. [4]), and τ(t) ≡ ∫ t
0
κE2

l (t
′)dt′

with

κ ≡ Nωsµ
2
l µ

2
s

2ε0ch̄
3∆2

l

, (2.4)

N being the atoms density, µl the dipole moment for the transition |0〉 → |1〉,
µs that of the transition |1〉 → |1′〉, ε0 the dielectric permittivity of vacuum,
and c the speed of light in vacuum. As for the phase ϕ in Eq. (2.3), it is
ϕ ≡ ∫ t

0
(µ2

lE
2
l /h̄

2∆l)dt
′. This phase may be viewed physically as a shift of

the energy level |1′〉 by (µ2
lE

2
l /h̄∆l), which is usually referred to as the “dy-

namical Stark effect”.
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Now, let us choose for Es0(t) ≡ Es(0, t),

Es0(t) = e−γtεs(t), (2.5)

where

εs ≡
√

2γE0

∫ t

0

eγt
′
dB(t′), (2.6)

B(t′) being a Brownian motion, 〈B(t)B(t′)〉S = min(t, t′), where the index
S stands for a statistical averaging (as opposed to the quantum averaging
performed in the following Section). εs is a Gaussian variable, since it is a
Wiener integral, and, for t > 0 and δt > 0,

〈εs(t+ δt)εs(t)〉S = E2
0(e2γt − 1) (2.7)

〈[εs(t+ δt)− εs(t)]2〉S = E2
0e

2γt(e2γδt − 1), (2.8)

so that the probability density of εs is

P(εs) =
exp[− ε2s

2E2
0(e2γt−1)

]√
2πE2

0(e2γt − 1)
, (2.9)

and the conditional probability density is

P(εs, t+ δt|εis, t) =
exp[− (εs−εis)2

2E2
0e

2γt(e2γδt−1)
]√

2πE2
0e

2γt(e2γδt − 1)
. (2.10)

Then, from the definition Eq. (2.5) of Es0, one straightforwardly finds that,
in the limit γt→ +∞ and for t′ > t,

〈Es0(t)Es0(t′)〉S = E2
0e
−γ(t′−t)(1− e−2γt) ≈ E2

0e
−γ(t′−t), (2.11)

P(Es0) =
exp[− E2

s0

2E2
0(1−e−2γt)

]√
2πE2

0(1− e−2γt)
≈ exp(−E2

s0/2E
2
0)√

2πE2
0

, (2.12)

P(Es0, t+ δt|Ei
s0, t) =

exp[− (Es0−Eis0e−γδt)2
2E2

0(1−e−2γδt)
]√

2πE2
0(1− e−2γδt)

. (2.13)

Using these results, we can now evaluate 〈|Es(x, t)|2〉S, which is propor-
tional to the mean Stokes intensity. From Eq. (2.2), one easily finds that in
the limit |Es(x, t)| � |Es(0, t)|,

〈|Es(x, t)|2〉S ≈ E2
l (t)

∫ t

0

∫ t

0

G(x, t′; t)G∗(x, t′′; t)〈Es0(t′)Es0(t′′)〉Sdt′dt′′.
(2.14)
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In the limit when γ−1 is much smaller that the typical time of variations of
G, one may replace 〈Es0(t′)Es0(t′′)〉S = E2

0e
−γ|t′−t′′| by (2E2

0/γ)δ(t′ − t′′) (as
shown in Ref. [5]). When doing so, one finds

〈|Es(x, t)|2〉S ≈ 2E2
0

γ
E2
l (t)

∫ t

0

|G(x, t′; t)|2dt′. (2.15)

The latter integral may even be carried out analytically. Using the properties
of the Bessel functions given in Ref. [4], dI0(x)/dx = I1(x), dI1(x)/dx =
[I0(x) + I2(x)]/2, and 2I1(x)/x = I0(x) − I2(x), and denoting T (t′; t) ≡
τ(t)− τ(t′), one finds,

d

dt′

[
I2

0

(
2
√
xT (t′; t)

)
− I2

1

(
2
√
xT (t′; t)

)]
= −

I2
1

(
2
√
x[T (t′; t)]

)
T (t′; t)

dτ

dt′

= −κEl(t′)2
I2

1

(
2
√
xT (t′; t)

)
T (t′; t)

.

(2.16)

Since τ(0) = 0 and since I0(0) = 1 and I1(0) = 0 one finds, in the limit√
xτ(t)� 1,

〈Is(x, t)〉S ≡ ε0c〈|Es(x, t)|2〉S/2
≈ κE2

l x
ε0cE

2
0

γ

[
I2

0

(
2
√
xτ(t)

)
− I2

1

(
2
√
xτ(t)

)]
. (2.17)

Let us now address the probability law of Is when the Stark shift is
negligible, so that Es(x, t) is real. Since Es0(t) is a Wiener integral, from
Eq. (2.2) Es(x, t) is a centred Gaussian variable so that,

P(Is) =
1√

2π〈Is〉S
e−Is/2〈Is〉S√

Is
. (2.18)

Usually, one is actually more interested in the Stokes fluence, Fs(x, t) ≡∫ t
0
Is(x, t

′)dt′. Numerical results seem to indicate that the probability den-
sity for Fs is the same as that for Is, mainly because the time profile of Is
does not depend much on the realizations of Es0, but this is to be confirmed
analytically. Moreover, when the Stark shift is large enough, numerical in-
tegration of Eq. (2.2) seems to indicate that the real and imaginary parts
of Es become decorrelated while having the same mean value, so that P(Is)
results from the self-convolution of the function given by Eq. (2.18) and is,

P(Is) =
e−Is/〈Is〉S

〈Is〉S , (2.19)

but this also is to be confirmed analytically.
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2.2 Quantum calculation

In quantum theory, an electric field is actually represented by the following
operator,

Ê =
∑
j

√
h̄ωj

2ε0V

[
−iâ(+)

j e−i(kjx−ωjt) + iâje
i(kjx−ωjt)

]
, (2.20)

where V is the considered volume of interaction, the sum runs over all the
electromagnetic modes that fit into volume V , and â

(+)
j and âj are the cre-

ation and annihilation operators for mode j. The orthonormal eigenstates
of the field are denoted by |n1 . . . nj . . .〉, and contain n1 photons in mode

1, . . .nj photons in mode j, . . . The operator â
(+)
j “creates” one photon

in mode j, â
(+)
j |n1 . . . nj . . .〉 =

√
(nj + 1)|n1 . . . nj + 1 . . .〉, while its ad-

joint operator, âj, “annihilates” one photon in mode j, âj|n1 . . . nj . . .〉 =√
nj|n1 . . . nj − 1 . . .〉 if nj ≥ 1, and 0 otherwise. A state with 0 photon in

any mode is called quantum vacuum, and will henceforth be denoted by |0F 〉
(the index F refers here to the field, in order not to mistake field vacuum
with the atom ground state). Note that, for the sake of clarity, we used
a discrete representation of the electromagnetic modes while they actually
form a continuum, so that the sum in Eq. (2.20) should be replaced by an
integral.

In this Section, we will keep on using a classical description of the laser
field since it contains many more than 1 photon per mode (see for example
the discussion in Ref. [6]) but we will use a quantum representation of the
Stokes field. Moreover, just as we assumed in the previous Section that only
frequencies close to ωs were created by stimulated Raman scattering, we
will henceforth assume that field-matter interaction is correctly modeled by
only accounting for modes with frequency ω ≈ ωs in the Stokes field. More
precisely, this field will henceforth be represented by the following operator

Ês ≡ Ês
2
e−i(ksx−ωst) +

Ê
(+)
s

2
ei(ksx−ωst), (2.21)

with

Ês = −i
∫ √

2h̄ωλ
ε0V

â
(+)
λ e−i[(kλ−ks)x−(ωλ−ωs)t]dλ, (2.22)

where the integral is over all the electromagnetic modes λ with frequency
|ωλ−ωs| ≤ ∆ω, where ∆ω � ωs. Ê

(+)
s is therefore the quantum counterpart

of the slowly varying envelope defined by Eq. (2.1).
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From the previous definitions, it is then clear that,

〈0F |Ê(+)
s (0, t′)Ês(0, t

′′)|0F 〉 ≈ 2h̄ωs
ε0

ω2
s

π2c3

∫ ∆ω

−∆ω

eiδω(t′−t′′)dδω, (2.23)

where the factor ω2
s/(π

2c3) is well known to be the spectral density of elec-
tromagnetic modes per unit of volume (see for example Ref. [7]).

The Hamiltonian of the interaction between the electromagnetic fields
and our three-level atom of Fig. 2.1 is,

Ĥ = h̄[ω1σ̂11 + ω1′σ̂1′1′ ]− µlEl[σ̂01 + σ̂10]− µsÊs[σ̂11′ + σ̂1′1]

+

∫
h̄ωλ(â

(+)
λ âλ + 1/2)dλ, (2.24)

where El is the pump laser electric field, and where σ̂ij ≡ |i〉〈j|. This Hamil-
tonian is exactly the same as that found when using a classical description
of the fields, aside from the last term which is the Hamiltonian of the Stokes
field alone, and from the fact that this field is now represented by an operator.

In order to solve for stimulated Raman scattering, we use the Heisenberg
viewpoint and let the operators vary while the state of the system remains
unchanged and, in particular, the state of the Stokes field remains quantum
vacuum, |0F 〉. It is then well known (see for example Ref. [8]) that the Heisen-
berg equations for the quantum field yield nothing but Maxwell’s equations
(now applied to the operator representing the electric field). In these equa-
tions, the source terms are also operators whose quantum averaged values
just yield the source terms one would derive from a classical representation
of the fields (this is the counterpart of Ehrenfest’s theorem for fields). In
particular, for the FSRS situation considered in the previous Section, using
the classical theory of fields, one would find (see the calculations detailed in
Section 4.2),

∂2Es
∂x2

− 1

c2

∂2Es
∂t2

=
1

ε0c2

∂2Ps
∂t2

, (2.25)

where Ps ≡ 〈Ψ|P̂s|Ψ〉, |Ψ〉 being the atom wave function, and P̂s ≡ Nµs[σ̂11′+
σ̂1′1], where N is the atom density. Then, from Heisenberg equations, one
would find for the quantum field operator,

∂2Ês
∂x2

− 1

c2

∂2Ês
∂t2

=
1

ε0c2

∂2P̂s
∂t2

. (2.26)

Since the Hamiltonian of the laser-atom interaction is the same regardless of
the representation used for the fields, it is clear that the operator P̂s follows
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exactly the same equations as Ps, so that the solution Eq. (2.2) for Es also
holds for Ês, that is,

Ês(x, t) = El(t)

∫ t

0

G∗(x, t′; t)Ês(0, t
′)dt′, (2.27)

where G(x, t′; t) is given by Eq. (2.3). Since, in the Heisenberg viewpoint,
the state of the Stokes field has remained quantum vacuum, the quantum
averaged Stokes intensity is proportional to,

〈0F |Ê(+)
s (x, t)Ês(x, t)|0F 〉 =

E2
l (t)

∫ t

0

∫ t

0

G∗(x, t′; t)G(x, t′′; t)〈0F |Ê(+)
s (0, t′)Ês(0, t

′′)|0F 〉dt′dt′′. (2.28)

If we now choose the spectral width, ∆ω, of Ês(0, t) such that ∆ω−1 is much
less that the typical time of variation of G, then one may replace the integral
in Eq. (2.23) by 2πδ(t′ − t′′) so that,

〈Ê(+)
s (x, t)Ês(x, t)〉Q ≈ 4h̄ω2

s

πε0c3
E2
l (t)

∫ t

0

|G(x, t′; t)|2dt′, (2.29)

where the index Q specifies that we have performed a quantum averaging,
as opposed to the statistical averaging of last Section.

Comparing Eq. (2.15) to Eq. (2.29), one sees that the quantum and sta-
tistical averages of the Stokes intensity are the same provided that,

2E2
0

γ
=

4h̄ω3
s

πε0c3
. (2.30)

Now, it is interesting to see what the previous condition means in terms of
the number of photons per mode for the classical field, Es0(t) ≡ Es(0, t)
defined by Eqs. (2.5) and (2.6). From the value Eq. (2.11) of the correlation
function of Es0, and using the Wiener-Khintchine theorem, one easily finds
that the spectral density of energy of Es0 is

u(δω) =
ε0γE

2
0

γ2 + (δω)2
. (2.31)

For values of δω � γ, and using for E0 the value given by Eq. (2.30), one
finds

u(δω) =
2

π
h̄ωs

ω2
s

π2c3
, (2.32)
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showing that Es0 contains (2/π) photon per mode. This value is close to,
although less than, unity.

In order to compare the density probability of Stokes intensity as cal-
culated using quantum field theory, to that derived from a classical repre-
sentation of the fields, it is enough to compare the moments of the Stokes
fields, which write as a time integral of the correlation functions calculated
at x = 0. Since, in the classical case, we chose for Es(0, t) a Gaussian

process and since 〈E∗s (0, t′)Es(0, t′′)〉S = 〈Ê(+)
s (0, t′)Ês(0, t

′′)〉Q, probabil-
ity densities are the same whether one uses a quantum or classical rep-
resentation for the fields provided that Ês may be considered as a cen-
tred Gaussian operator, which is actually very well known to be the case
(see for example Refs. [9, 10]). The latter result stems from the fact that

〈0F |aia(+)
j |0F 〉 = δij, which straightforwardly yields that when n is even,

〈0F |
∏n

i=1E
(+)
s (ti)Es(t

′
i)|0F 〉 =

∑
P

∏n
i=1〈0F |E(+)

s (ti)Es(t
′
P (i))|0F 〉, where the

sum runs over all possible permutations of {1, 2, . . . , n}, while when n is odd,

〈0F |
∏n

i=1E
(+)
s (ti)Es(t

′
i)|0F 〉 = 0.

In conclusion, we have proven that, in the linear regime, both the mean
Stokes intensity and its density probability are the same whether one uses
a quantum or a classical field theory with Es(0, t) defined by Eqs. (2.5) and
(2.6).

Let us now assume that, by the time linear theory is no longer valid, the
Stokes fields has been amplified up to such a level that it contains many more
than one photon per mode. Then, by the time linear theory breaks down,
say at x = xl, using a classical representation of the fields is valid. One may
therefore derive Es in the nonlinear regime by using for the boundary condi-
tions the Stokes field at x = xl calculated by using linear theory. This field
may be considered as classical, and its statistical properties are correctly
derived by using the method of the previous Section. One may therefore
conclude that, whatever the regime of the instability, the classical field rep-
resentation described in the previous Section provides both the correct mean
value and fluctuations of the Stokes intensity.

2.3 Generalization to other instabilities

For the sake of definiteness, we studied in the previous Sections the particular
case of stimulated Raman scattering. We now prove that the results obtained
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in this situation are easily generalized to any other instability.
First note that all we needed, to establish the equivalence between the

statistical and quantum averages of the Stokes intensity, was to prove the
same linear dependence between Es(x, t) and Es(0, t) as between Ês(x, t)
and Ês(0, t). Namely, that if Es(x, t) = L{Es(x = 0)}, where L is a linear
functional, then Ês(x, t) = L{Ês(x = 0)}. Indeed, once this result is proven
it is then clear that 〈|Es(x, t)|2〉S = L ⊗ L{〈E∗s (0, t′)Es(0, t′′)〉S} and that

〈Ê(+)
s (x, t)Ês(x, t)〉Q = L ⊗ L{〈Ê(+)

s (0, t′)Ês(0, t
′′)〉Q}, so that the statistical

and quantum averages of the Stokes intensity are the same provided that,

〈E∗s (0, t′)Es(0, t′′)〉S = 〈Ê(+)
s (0, t′)Ês(0, t

′′)〉Q. (2.33)

Now it is clear that, whatever the instability, its outcome in the linear
regime is a linear functional of the field at boundary, and that this linear
functional is the same whether one uses a quantum or a classical representa-
tion for the fields. Hence, provided that one uses classical field theory with
a field at boundary fulfilling an equation similar to Eq. (2.33), the statistical
mean intensity one would obtain in the linear regime would just be the mean
intensity derived from quantum field theory. When the boundary conditions
are the values of the fields at x = 0 then, whatever the instability considered,
one just needs to use for E(0, t) the field defined by Eqs. (2.5) and (2.6), with
E0 given by Eq. (2.30), to get the correct mean intensity.

As regards the density probabilities then, just like in the case of FSRS,
they will be the same whether using a quantum or classical representation of
the fields provided that the classical field at boundary is a Gaussian variable.

Now, in order to be able to conclude about the nonlinear regime, the
instability should be such that, by the time linear theory is no longer valid,
the field should contain many more than one photon per mode.



Chapter 3

Linear regime

Although the linear regime of field-matter interaction is supposed to be best
known, investigations keep on being pursued and new results keep on being
found, in particular as regards linear wave-particle interaction.

In this Chapter, we will actually address one of the oldest issues in plasma
physics, which is beam-plasma instability in the collisionless regime, and we
will provide an unprecedented unified picture of this instability by using
a relativistic kinetic analysis. This work was made in collaboration with
L. Gremillet (CEA/DIF) and A. Bret (Universidad de Castilla-La-Mancha,
Spain).

Interaction of relativistic electron beams with a collisionless plasma is
ubiquitous (see for example Ref. [11] and references therein), and is in par-
ticular relevant to the fast ignition (FI) scheme for inertial fusion [12]. Indeed,
this alternate approach to Inertial Confinement Fusion, which is the prime
motivation for this study, pivots on the ability of a few-kJ, few-ps beam of
relativistic electrons to heat a precompressed DT pellet up to ignition temper-
atures. Since the injected current exceeds the Alfvén limit by several orders
of magnitude, its propagation entails an almost complete neutralization by
counterstreaming plasma electrons. The resulting configuration, which con-
sists of two oppositely flowing electron populations, is notoriously prone to
collective instabilities [13]. Being all the stronger when the beam and plasma
densities are comparable [14], these instabilities are most likely to disrupt the
early propagation of the beam into the low-density region, and, subsequently,
to affect the dense core heating efficiency. A thorough understanding of their
properties is therefore a prerequisite for a reliable assessment of the FI sce-
nario. In this respect, many recent theoretical studies of concern for FI have
pondered upon the role of the electromagnetic Weibel-like instability [15],
which develops preferentially in the plane transverse to the beam, causing

21
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it to fragment into a cluster of self-pinched filaments. Yet, other potentially
influential processes do exist, such as the well-known, purely electrostatic,
two-stream instability [16] and, more generally, the ensemble of unstable
modes propagating more or less obliquely to the beam [17, 18]. Yet, no the-
oretical description of the beam-plasma instability in the relativistic regime,
valid whatever the direction of propagation of the unstable mode compared
to the beam, and whatever the plasma and beam properties, could be found.
This is what we now provide.

The fully relativistic kinetic model implemented here involves, for both
the counterstreaming beam and plasma populations (hereafter identified by
the subscripts b and p), unperturbed distribution functions in the form of
drifting Maxwell-Jüttner functions [19, 20]

f 0
α(~p) =

µα
4πγ2

αK2(µα/γα)
exp

[− µα(γ(~p)− βαpy)
]
, (3.1)

which allow for arbitrary energy spreads and drifts. Here α = (b, p) stands
for the beam or plasma component, βα = 〈py/γ〉 is the normalized y-aligned
mean drift velocity, γα ≡ (1− β2

α)−1/2 is the corresponding relativistic factor
and µα = mc2/kBTα the normalized inverse temperature of each electron
population. All momenta are normalized to mc and K2 denotes a modified
Bessel function of the second kind. Current neutralization is assumed, that is,
nbβb + npβp = 0, where nb and np are the beam and plasma mean densities,
respectively. From now on, the ions form a fixed neutralizing background
and collisions are neglected. It is noteworthy that the above model distri-
bution function is provided a thermodynamically consistent derivation from
first principles in Refs. [19, 20], where it is shown to maximize the specific
entropy for fixed values of each species’ total momentum and energy.

Due to the axisymmetry of the system, without loss of generality the
perturbations can be taken in the form exp(i~k ·~r− iωt), where ~k = (kx, ky, 0).
Then, using classical techniques (see Refs. [17, 21]), the linearization of the
relativistic Vlasov-Maxwell set of equations yields the dispersion equation

(ω2εxx − k2
y)(ω

2εyy − k2
x)− (ω2εxy + kxky)

2 = 0, (3.2)

in terms of the dielectric tensor elements

εkl(ω,~k) = δkl +
∑
α=b,p

nα
ω2

∫∫∫
pk
γ

∂f 0
α

∂pl
d3p (3.3)

+
∑
α=b,p

nα
ω2

∫∫∫
pkpl
γ2

~k · ∂f 0
α/∂~p

ω − ~k · ~p/γ d
3p,
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where γ =
√

1 + p2. The density nα (of the beam or plasma) is normalized to
the total electron density, so that nb+np = 1. The oscillation frequency ω and
the wave vector k are respectively normalized to ωpe and ωpe/c, where ωpe is
the nonrelativistic total plasma frequency. One important step in the evalu-
ation of the tensor elements (3.3) is the reduction of triple integrals to much
more tractable one-dimensional ones. We will not report here the tedious
corresponding algebra which may, partly, be found in Ref. [22]. Instead, we
will focus on the solution of the dispersion relation and, more particularly,
on the hierarchy of the unstable modes, depending on the plasma and beam
parameters. We will moreover interpret physically the domains of predom-
inance of each of the three classes on instability, two-stream, oblique and
filamentation (or Weibel-like).

A typical map of the normalized growth rate δ ≡ Im(ω)/ωpe is displayed
in Fig. 3.1 for nb/np = 1, γb = 1.2, Tb = 500 keV and Tp = 5 keV. The three
aforementioned instability classes are clearly visible for this configuration.
For wave vectors aligned with the beam, the two-stream instability peaks for
ky ∼ 0.5 whereas, in the perpendicular direction, the fastest growing filamen-
tation mode is found for kx ∼ 0.5. Overall, though, the 2-D unstable spec-
trum is here dominated by an oblique mode located at (kx, ky) ∼ (0.5, 0.5).

Figure 3.1: Normalized growth rate in the (kx, ky) plane for nb/np = 1,
γb = 1.2, Tb = 500 keV and Tp = 5 keV. Isocontours are linearly spaced from
0.01 to 0.07.
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The three instability classes do not share the same sensitivity to the beam
temperature, drift and density. This yields a non-trivial dependence of the
growth rates on the system parameters, hence a varying hierarchy between
the instability classes. Assuming from now on a fixed plasma temperature
Tp = 5 keV, it is possible to determine the regions of predominance of each
instability class in the (nb/np, γb, Tb) space. The surfaces that delimit regions
governed by different instability classes are displayed in Fig. 3.2 and colored
according to the local maximum growth rate. Points located between the
plane γb = 1 and the left surface define systems dominated by the two-
stream instability, while those located between the right surface and the
plane nb/np = 1 pertain to filamentation-ruled systems. Oblique modes
prove to govern the rest of the parameter space.
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Figure 3.2: Left: Hierarchy of the unstable modes in the (nb/np, γb, Tb)
parameter space for Tp=5 keV. The left surface delimits the two-stream-
dominated domain (at low γb) and the oblique-mode-dominated domain,
whereas the right surface delimits the filamentation-dominated domain (at
high nb/np) and the oblique-mode-dominated domain. Right: Plasma den-
sity profiles at the end of the linear phase as predicted by 2-D PIC simulations
run with three different sets of parameters. Panel (b): nb/np = 0.1, γb = 1.5,
and Tb = 500 keV ; panel (c): nb/np = 1, γb = 1.5, and Tb = 100 keV ; panel
(d): nb/np = 1, γb = 1.5 and Tb = 2 MeV . In all cases, Tp = 5 keV. In
agreement with linear theory, the three resulting patterns evidence regimes
dominated by two-stream, filamentation, and oblique modes, respectively.

We very carefully checked our theoretical predictions against 2-D particle-
in-cell (PIC) simulations using the massively parallel code CALDER [23], and



3 - Linear regime 25

always found a very good agreement between the numerical results and the
theoretical predictions, as is illustrated in Figs. 3.2 (b) (c) (d). Numerically,
we used 1024× 1024 cells with mesh sizes ∆x = ∆y = 0.06c/ωpe, with peri-
odic boundary conditions in each direction for both particles and fields. Ions
were treated as a fixed, neutralizing background. Both beam and plasma
components drifted along the y axis and were represented by 100 particles
per cell.

Let us now discuss in more details the frontiers between the three classes
of instabilities, starting with what makes the oblique modes more unstable
than the parallel (two-stream) ones. In order to address this issue, two fea-
tures must be understood. First, oblique modes are essentially electrostatic,
as may be seen in Fig. 3.3, so that their growth is ruled, as for parallel modes,
by wave-particle resonance.

Figure 3.3: The colorscale yields the normalized growth rate of the beam-
plasma instability when nb/np = 0.7, γb = 3, Tb = 500keV and Tp = 5keV.
The arrows indicate the electric field direction for the corresponding unstable
mode. Note that, in the oblique domain, these arrows usually go through
a point close to the origin (kx, ky) = (0, 0), showing that the corresponding
mode is essentially electrostatic.

Second, for the Maxwell-Jüttner distribution (3.1), the transverse velocity
spread is ∆v⊥ ∼ (2/γαµα)1/2 while the parallel one is ∆vy ∼ (γ3

αµα)−1/2.
Hence, unless the temperature is 0, in the relativistic regime ∆v⊥ � ∆vy
(see Fig. 3.4). As a result, raising the temperature will yield a more “fuzzy”
resonance with the wave (a smaller relative number of resonant electrons)
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for oblique modes than for parallel ones, thus favoring the growth of the
latter compared to that of the former. The effect is more sensitive for small
temperatures since, in this case, the transverse velocity spread may already
be large while the parallel one remains small. For large beam temperatures,
the frontier between oblique and parallel modes is less sensitive to Tb as
illustrated in Fig. 3.5.

Figure 3.4: Plot (in log scale) of the Maxwell-Jüttner distribution function
when γα = 2 and Tα = 100keV.

When γb is increased, the dominant effect is not linked to the velocity
spread but to the beam inertia, which increases more rapidly in the lon-
gitudinal direction (∝ γ3

b ) than in the transverse one (∝ γb). This may
be readily seen when calculating d〈~vb〉/dt since, for the parallel component
df 0
b /dt yields a term proportional to γ3

b (through dγb/dt), which vanishes for
the other components. As a result, for large γb’s, parallel oscillations are
hampered by relativistic effects, which favors oblique modes. This is actu-
ally the main effect as regards parallel-to-oblique transition as is clear from
Fig. 3.5.

As γb is raised, there is a continuous transition between the two-stream
and oblique instabilities. This is not surprising since these instabilities are
essentially similar, oblique modes being quasi electrostatic. Continuous tran-
sition may be seen in Fig. 3.6 showing that the fastest growing mode smoothly
connects with the ky axis as the system enters the two-stream regime.

The filamentation/oblique transition is somewhat more involved than
the two-stream/oblique transition, since it stems from a balance between
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Figure 3.5: Two-stream/oblique boundaries (dashed) and filamenta-
tion/oblique boundaries (plain) for varying Tb. The bold red line plots the
oblique/filamentation boundary in the cold-fluid limit.

the three system parameters. The filamentation growth rate increases with
nb/np, decreases with Tb but varies non-monotonously with γb. This can
be readily explained from the cold-fluid growth rate ∝ βb/

√
γb [14], which

vanishes in both limits γb → 1 and γb → ∞, while reaching its maximum
for γb =

√
3. As a result, provided the beam is not too hot, the extension

of the filamentation-ruled domain is at its largest for moderately relativistic
systems (γb ∼ 2), whereas the filamentation modes are always surpassed for
γb close to unity.

In the relativistic and ultra-relativistic regimes, the main parameter deter-
mining the filamentation/oblique transition is the beam density, even though
it is always possible to reach the oblique regime for a hot enough beam. The
latter result goes against the conventional belief that relativistic systems
with nb/np = 1 are systematically governed by filamentation [24]. Yet the
corresponding threshold temperature dramatically increases with γb. Figure
3.5 shows, for example, that a nb/np = 1 and γb = 3 system is ruled by
filamentation as far as Tb < 10 MeV.

Another interesting feature concerning the filamentation/oblique bound-
ary is that the beam-to-plasma density ratio needed to switch to the fila-
mentation regime approaches unity for increasingly large γb. From a nu-
merical fit, we thus find that 1 − nb/np roughly behaves as γ

−1/3
b in the

large γb limit. Therefore, unless nb/np = 1, oblique modes govern the ultra-
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Figure 3.6: Normalized growth rate δ vs kx for ky = 1, nb/np = 0.05, Tb = 50
keV, Tp = 5 keV. The beam relativistic factor increases from γb = 1.8 (two-
stream regime) to γb = 2.5 (oblique regime). The most unstable wave vector
evolves continuously between the two regimes.

relativistic regime. This result is of great interest for astrophysical scenarios,
where gamma factors up to 108 may be considered [25].

As far as we could check it numerically, the filamentation-to-oblique tran-
sition systematically gives rise to a discontinuous variation in ky, in the ab-
sence of any measurable jump of kx. This is illustrated in Fig. 3.7 for γb = 3,
Tb = 500keV and Tp = 5keV, and for values of nb/np varying from 1 to 0.7
while kx is kept fixed to 0.6, which corresponds to the fastest growing fila-
mentation mode, independently of the ratio nb/np. As nb/np is decreased to
about nb/np ≈ 0.85, the most unstable mode jumps from ky = 0 to ky ≈ 0.45.
Note that only the fastest growing wave vector is discontinuous: the growth
rate δ(nb/np, Tα, γb, ~k) is continuous, as is the absolute maximum growth rate.
That the unstable spectrum exhibits two local maxima throughout the tran-
sition is further evidenced in the growth rate maps of Fig. 3.8. In contrast
to the previous case, the filamentation-to-oblique transition is here triggered
by raising the beam temperature from 100 to 500 keV. The other parameters
are fixed at γb = 1.2, nb/np = 1, Tp = 5 keV. For Tb = 300 keV, the still dom-
inant filamentation instability coexists with almost equally growing oblique
modes [Fig. 3.8(b)]. The latter take over for Tb = 400 keV [Fig. 3.8(c)], but
the two instabilities remain connected by a strip of unstable modes, which
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gets increasingly thin with growing beam temperatures [Fig. 3.8(d)].

Figure 3.7: Growth rate vs ky for kx = 0.6 and for γb = 3, Tb = 500keV
and Tp = 5keV. The most unstable wave vector is found at ky = 0 for
nb/np > 0.85, and at ky ≈ 0.45 when nb/np < 0.85.

As a last remark on the oblique-to-filamentation transition, we want to
note that such a transition leads to a discontinuity in the phase velocity of
the most unstable mode. Indeed, filamentation modes have a null real fre-
quency and therefore a null phase velocity, while the phase velocity of an
oblique mode is finite. For the example of Fig. 3.8 (b), which is close to the
filamentation-to-oblique transition, the phase velocity of the most unstable
oblique mode is vφ ≈ 0.1, while that of the dominant filamentation mode is
vφ = 0.

Before ending this study, we just want to say a few words about the
nonlinear regime and the saturation of the beam-plasma instabilities. This is
still a subject of investigation, which explains why the following results will
just be given for completeness at the end of this Chapter and not as a Section
on its own. Our results are mainly numerical and are on the most frequent
situation where the linearly dominant modes are oblique. In our simulations,
two regimes of saturation are identified. The initial exponential growth of the
instability stops due to electron trapping inside the wave troughs (see Ref.
[18]). One then usually sees in the nonlinear regime a transition oblique-
to-parallel, which may be interpreted as due to the increase of the electron
temperature. However, after this first regime, the electromagnetic energy
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Figure 3.8: Growth rate maps for γb = 1.2, nb/np = 1, Tp = 5 keV and
varying beam temperatures: Tb = 100 keV (a), Tb = 300 keV (b), Tb = 400
keV (c) and Tb = 500 keV (d).

keeps on increasing until a stage dominated by filamentation is eventually
reached. This may be seen in Fig. 3.9 showing a long-time evolution of the
system as obtained from a 3-D PIC simulation with CALDER. There is, for
the moment, no theoretical explanation for this final nonlinear evolution of
the system.
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Figure 3.9: 3-D PIC simulation initialized with nb/np = 0.1, γb = 3, Tb = 50
keV and Tp = 5 keV: isosurfaces of the beam and plasma density profiles at
ωpet = 80, 160 and 560. The system runs through three successive phases,
each governed by a distinct instability class.
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Chapter 4

Perturbative regime

Needless to say, perturbative analyses are ubiquitous in physics, and proved
to be very powerful in describing the linear and weakly nonlinear regimes
of field-matter interaction. Less known, though, is that perturbative tech-
niques may also be useful in the chaotic regime, as was shown in Ref. [26],
and that they moreover provide a lot of insight on how to deal with strongly
nonlinear regimes, which are actually beyond their range of validity, as will
be discussed in Sections 4.1 and 4.3, and in the next Chapter.

For the three very different physics situations addressed here, the same
notion of “resonance” will be central. For example, in Section 4.1, we will
describe the motion of ions in electrostatic waves propagating perpendiclu-
larly to a uniform magnetic field, and we will show that the ions may be
in resonance with the waves whatever their energy. Due to this, they may
be coherently accelerated, by at least two waves, from energies much smaller
than when relying only on the stochastic acceleration induced by a single
wave. Moreover, even when energization by multiple waves is strong enough
to eventually make the ion motion stochastic, these particles mostly move
along patterns which also derive from a perturbative analysis of their dynam-
ics. Several applications of these results were proposed, and will be discussed
in Section 4.1.

Section 4.2 addresses a very different problem, that of laser propagation
in an atomic vapor. In particular, it will be shown that the Kerr effect on the
laser field can be cancelled out by that induced by a second, co-propagating,
laser light, which may be useful for any of the applications (like, for example,
isotopic separation) which require the propagation of a nearly resonant laser
over long distances. Moreover, by adequately choosing the frequency and in-
tensity of the second laser, one can precisely monitor the transverse intensity

33
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profile of the first one. Although the physics situation addressed in Section
4.2 may seem remote from the plasma physics issues discussed in the other
Sections, the analogy between the atoms response to a nearly resonant laser
and that of untrapped electrons to an electrostatic wave will be underlined
in Section 4.3.

In Section 4.3, we will address the motion of mostly untrapped electrons
acted upon by an electrostatic wave in an unmagnetized plasma. From this,
one may deduce the imaginary part of the electron susceptibility and, there-
fore, most of the nonlinear properties of an electron plasma wave. This is of
prime importance in order to obtain a nonlinear kinetic description of stimu-
lated Raman scattering, with applications to inertial confinement fusion and
the generation of intense sources of radiation via backward Raman amplifica-
tion. Although the perturbative expansion of the electron motion eventually
breaks down, as the wave amplitude increases, it nevertheless provides some
insight on what should be the electron response in the strongly nonlinear
regime, which will lead us in Chapter 5 to a very accurate and new nonlin-
ear description of electron plasma waves. Moreover, in Section 4.3 we will
provide a novel and very simple way to derive Landau damping without re-
sorting to analytic continuation. In the course of our derivation, the way the
electron plasma wave is generated above noise before experiencing damping
is made explicit (while this point is usually overlooked), which allows one to
discuss the physics relevance of the non-Landau solutions recently found by
Belmont et al. in Ref. [27]. Moreover, our method may easily be generalized
to the nonlinear regime, and we will provide an explicit analytic formula for
the nonlinear counterpart of the Landau damping rate which to the best of
our knowledge has no equivalent, and which agrees very well with results
from Vlasov simulations, as discussed in Chapter 5.
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4.1 Ion acceleration by electrostatic waves in

a magnetized plasma

As discussed above, the notion of resonance is essential to describe the pertur-
bative regime of wave-particle interaction since, in this regime, the particle
orbits are derived to great accuracy from the resonance conditions (while
the perturbative regime may break down and particle motion may become
chaotic due to resonance overlap as discussed in Ref. [28]).

Let us now enter into slightly more technical details as regards what we
call wave-particle resonance, and let us consider the dynamics defined by
following Hamiltonian,

H = H0(I) +
∑
n

εn cos(θ − ωnt). (4.1)

I and θ are the action-angle variables of Hamiltonian H when all the wave
amplitudes εn’s are zero (in which case H is integrable), and these ampli-
tudes are supposed to be small enough for the dynamics defined by H to
be essentially regular, at least for a large range of values in I and θ. Then,
θ̇ ≈ ∂H0/∂I ≡ Ω(I) and cos(θ−ωnt) ≈ cos[θ(0)+(Ω(I)−ωn)t], so that a par-
ticle is resonant with wave #n if Ω(I) ≈ ωn, i.e., if the frequency associated
with the unperturbed particle’s motion is close to that of the wave. When
Ω(I) depends indeed on I, i.e., when H0(I) is a nonlinear function, a large
change in I breaks the resonance, which implies that the particle motion is
significantly different from the unperturbed one only in a limited domain in
I. This is the case if the unperturbed motion is that of a freely propagating
particle, in which case I is the particle’s velocity, v, and H0 = Mv2/2 is the
particle’s kinetic energy, as in the situation considered in Section 4.3. By
contrast, if H0(I) is a linear function, resonance remains over a very large
range in I which entails that, even for very small values of εn, a particle orbit
may be radically different from the unperturbed one. In particular, in such a
situation, particles may be energized by using small amplitude waves. This
is the case for the situation we shall now consider, where ions are acted upon
by electrostatic waves propagating nearly perpendicularly to an essentially
uniform magnetic field.

The analysis presented here, and made in collaboration with A.K. Ram
and A. Bers at MIT/PSFC, generalizes previous ones (see Ref. [29] to [35])
mainly motivated by tokamak heating (see Ref. [35]). In Paragraph 4.1.3,
we will discuss other applications of our results, to space plasma physics and
ion propulsion.
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4.1.1 Theory

The motion of an ion of charge Q and mass M acted upon by an electrostatic
spectrum of waves, ~E =

∑N
i=1Ei sin(kix−ωit)x̂, propagating perpendicularly

to a uniform magnetic field, ~B = B0ẑ, is easily found to be given by

d2x

dt2
+ Ω2

0x =
Q

M

N∑
i=1

Ei sin(kix− ωit+ φi), (4.2)

where Ω0 ≡ QB0/M is the cyclotron angular frequency. We normalize time to
Ω−1

0 and length to k−1
1 , and introduce the dimensionless variables, X = k1x,

τ = Ω0t. We then switch to the normalized action-angle variables for the ion
motion in a uniform magnetic field (with no wave), which are those of the
linear oscillator. The action is, I = X2/2+Ẋ2/2, and the angle is defined by
X = ρ sin(θ), Ẋ = ρ cos(θ), where ρ ≡ √2I is the normalized Larmor radius.
In action-angle variables, the Hamiltonian corresponding to Eq. (4.2) is

H = I +
N∑
i=1

εi
κi

cos[κiρ sin(θ)− νiτ + φi], (4.3)

where κi ≡ ki/k1, νi ≡ ωi/Ω0, and εi ≡ (k1QEi)/(MΩ2
0). Hamiltonian (4.3)

will be the starting point of all the analytical calculations made to describe
the dynamics defined by Eq. (4.2). Note that the unperturbed part of this
Hamiltonian is, indeed, linear in I.

A wave will henceforth be termed “on-resonance” if its frequency is an
integer multiple of Ω0, and “off-resonance” otherwise. We will moreover
consider the situation when the waves are prescribed so that their amplitudes,
frequencies, etc. do not vary due to the ion motion. Ions will therefore be
treated as test particles.

Previous results on the single wave case

In case of one off-resonance wave, it has been shown in Refs. [29, 30] that
ions may effectively be energized by the wave provided that their motion is
chaotic, which only occurs beyond a threshold amplitude,

ε > εth ≈ ν2/3/4. (4.4)

When ε > εth, the chaotic phase space is bounded from above and below, its
lower bound being,

ρlow ≈ ν −√ε, (4.5)
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and its upper bound,

ρup ≈
(

2

π

)1/3

(4εν)2/3. (4.6)

When the wave is on-resonance, it was shown in Ref. [36] that the phase
space is characterized by a web structure, which is always stochastic. More
precisely, in the limit of a vanishing wave amplitude, the web is made of
rectangular cells and, as the wave amplitude increases, the boundary of these
cells turn into stochastic layers, wider for larger amplitudes, but thinner for
larger ion energies. Nevertheless, nothing was said in Ref. [36] about the
lower bound of the web, which we now address.

4.1.2 Lower bound of the stochastic web

We call the lower bound of the web (LWB), the last orbit which does not
connect to the web, i.e., which does not follow nearly rectangular cells but
which is such that ρ remains almost constant. That the web indeed has a
lower bound can be easily understood directly from the equations of motion.
Using the identity cos[κρ sin(x)− y] =

∑+∞
n=−∞ Jn(κρ) cos(nx− y) where the

Jn’s are the Bessel functions (see Ref. [4]), Hamilton equations derived from
Eq. (4.3) with N = κ = 1 and φ = 0 yield,

dρ

dt
=
ε

ρ

{
νJν(ρ) sin[ν(θ − τ)] +

∑
n6=ν

nJn(ρ) sin(nθ − ντ)

}
. (4.7)

The first term on the r.h.s. of Eq. (4.7) is at the origin of the existence of
the web: keeping this term only in Eq. (4.7) yields the skeleton of the web
structure, i.e., the rectangular cells mentioned above. If ν > 1, Jν(ρ) cos[ν(θ−
τ)] decreases faster than

∑
n6=ν nJn(ρ) sin(nθ − ντ) when ρ → 0. Therefore,

the term responsible for the web structure becomes negligible when ρ → 0,
which implies that the web does not extend down to ρ = 0.

A first estimate of the lower bound of the web can be obtained by nu-
merically solving the equations of motion deduced from Hamiltonian (4.3).
To do so, the value of the initial Larmor radius, ρ0, is gradually decreased
until the LWB is found. Such a procedure is illustrated in Figs. 4.1 and
4.2. As expected, the numerical results indicate that the orbit forming the
LWB is regular. It should therefore be accurately approximated by using a
perturbation analysis.

To do so, we find it very convenient to use Lie transforms. We briefly recall
the formalism to be used in Appendix C, and only indicate here that a Lie
transform consists in making a canonical change of variables (θ, I)→ (θ̃, Ĩ) by
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Figure 4.1: Poincaré section at time τ = 0 mod 2π of the dynamics defined
by Hamiltonian (4.3) with N = 1, ν = 5, ε = 0.6, and for initial conditions
ρ0 = 0.82 and θ0 = 0. Such an initial condition lets a particle access the web
as may be seen by the nearly rectangular orbits it follows.

Figure 4.2: Poincaré section at time τ = 0 mod 2π of the dynamics defined
by Hamiltonian (4.3) with N = 1, ν = 5, ε = 0.6, and for initial conditions
ρ0 = 0.81 and θ0 = 0. A particle with such an initial condition does not
access the web, so that the curve plotted in this Figure is a good numerical
approximate of the LWB.

introducing a Lie Hamiltonian, HL, such that (θ̃, Ĩ) is the position in phase
space, at the “Lie time” ε, of the trajectory defined by the Hamiltonian
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Figure 4.3: Orbit obtained for ν = 5 and ε = 0.6 by solving H̃ = const,
using Eq. (4.11), where the constant is chosen to correspond to the same
parameters as in Fig. 4.2.

HL, with initial condition (θ, I). The Lie time introduced to define the
transform is a fake time for the auxiliary dynamics defined by HL, and is
by no means related to the real time τ . The main advantage of making use
of Lie transforms, instead of using generating functions as in Section 4.3, is
that it directly gives the new Hamiltonian H̃ in terms of the new variables
(θ̃, Ĩ), and not in terms of mixed variables (θ̃, I) or (θ, Ĩ).

In order to carry out a perturbation analysis, we expand the Lie Hamilto-
nian in powers of ε, HL =

∑+∞
i=0 ε

iH
(i)
L . The new Hamiltonian, H̃, expressing

the dynamics of (4.3) in variables (θ̃, Ĩ) is also expanded in powers of ε,
H̃ =

∑+∞
i=0 ε

iH̃i. There actually is some freedom in the definition of the H̃i’s,
which are nevertheless often chosen so that there is no secular term in the Lie
Hamiltonian HL, and the transform (θ, I)→ (θ̃, Ĩ) remains close to unity.

Using the previously explained procedure we find, at first order in ε,

H̃ = Ĩ + εJν(ρ̃) cos[ν(θ̃ − τ)]. (4.8)

We then define the canonical change of variables (θ̃, Ĩ) → (ϕ̃, J̃) using the
generating function

F = J̃(θ̃ − τ), (4.9)

which yields J̃ = Ĩ and ϕ̃ = θ̃ − τ . In variables (ϕ̃, J̃), the dynamics of
Hamiltonian (4.8) is given by,

H̃ ′ = εJν(ρ̃) cos(νϕ̃), (4.10)

which is a constant. It is then easily seen that solving H̃ ′ = const yields the
skeleton of the stochastic web (see Ref. [36]).
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At second order, we find (see Ref. [37]),

H̃ ≈ εJν(ρ̃) cos(νϕ̃) + (πε2/8)[Jν+1(ρ̃)Yν+1(ρ̃)− Jν−1(ρ̃)Yν−1(ρ̃)], (4.11)

where Yν is the Weber function (see Ref. [4]). Solving H̃ = const, where
H̃ is given by Eq. (4.11), and for initial conditions below the web, yields
orbits very close to those derived by numerically integrating the dynamics
of Hamiltonian (4.3), as may be seen in Fig. 4.3. We may therefore use
Hamiltonian (4.11) to derive the lower bound of the web. To do so, we solve
H̃ = const where the constant corresponds to the initial condition Ĩ(0) = Ĩ0

and θ̃(0) = π/2ν. This leads to the equation,

cos(νϕ̃) = ε
S(ρ̃0)− S(ρ̃)

Jν(ρ̃)
, (4.12)

where we have denoted S(ρ̃) ≡ (π/8)[Jν+1(ρ̃)Yν+1(ρ̃)−Jν−1(ρ̃)Yν−1(ρ̃)]. Now,
the function fν(ρ̃, ρ̃0) ≡ ε|[S(ρ̃0) − S(ρ̃)]/Jν(ρ̃)| is continuous in [ρ̃0, ν] and
therefore has a maximum, fm, in this interval. Then, because of Eq. (4.12), if
fm > 1, ρ̃ remains bounded and, in particular, ρ̃ < ν. By contrast, if fm < 1
an ion may reach the region of phase space ρ̃ ≥ ν, which is known to be
chaotic (see Ref. [32]), and its orbit may therefore connect to the stochastic
web. We thus have a very precise analytic criterion to derive the lower bound
of the web. Numerically, we can compute with great precision the value of ρ̃0

such that fm ≈ 1. This allows us to find a very good estimate of the LWB.
We then calculate, for the orbit corresponding to our approximate solution
of the LWB, the average 〈ρ〉θ of the Larmor radius over the angle θ.

Fig. 4.4 plots 〈ρ〉θ versus ε for ν = 5. The results obtained using per-
turbation theory up to second order are in very good agreement with the
estimates of the LWB obtained by numerically integrating the equations of
motion deduced from Hamiltonian (4.3), as in the case of Figs. 4.1 and 4.2.
The striking feature of Fig. 4.4 is that 〈ρ〉θ is an increasing function of ε
which means that low energy ions will more easily access the stochastic web
as the wave amplitude is decreased! The lifting of the LWB to higher energies
with ε is actually more sensitive for low values of ν. This can be seen by
making a small ρ̃ expansion of the r.h.s. of Eq. (4.12). To lowest order in ρ̃,
and for ν > 2, Eq. (4.12) becomes,

cos(νϕ̃) = ε
3× 2ν−3ν(ν − 3)!

(ν + 1)(ν + 2)

ρ̃2 − ρ̃2
0

ρ̃ν
. (4.13)

Then, the minimum of fν(ρ̃, ρ̃0) as given by the small ρ̃ expansion is at
ρ̃∗ ≈√ν(ν + 2)ρ̃0, and the value of ρ̃0 corresponding to the LWB, such that
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Figure 4.4: 〈ρ〉θ calculated on the lower bound of the web as a function of ε
for ν = 5. The solid line is obtained from second-order perturbation theory,
while the pluses are the numerical estimates obtained as for Figs. 4.1 and
4.2.

Figure 4.5: 〈ρ〉θ calculated on the lower bound of the web as a function of
ε for ν = 140. The solid line is obtained from second-order perturbation
theory, while the pluses are the numerical estimates. The dashed line is the
lower bound of the chaotic region as given by Eq. (4.5).
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fν(ρ̃
∗, ρ̃0) = 1, scales as ε1/(ν−2). Therefore, ρ̃0 and the LWB vary less with ε

for large values of ν, as illustrated in Fig 4.5 plotted for ν = 140.
The method used to compute the LWB is only valid for small values of ε.

Indeed, the lower bound of the chaotic region, ρlow as given by Eq. (4.5), also
holds for an on-resonance wave (see Ref. [32]) and, when ρlow is less than the
value of ρ̃0 such that fm = 1, ρlow approximately yields the position of the
LWB, as illustrated in Fig. 4.5.

In conclusion we came to the counter-intuitive result that, by reducing
the amplitude of an on-resonance wave, one may energize more ions, although
less rapidly since the stochastic web becomes thinner. However, keeping on
increasing the wave amplitude eventually makes ion energization more effi-
cient although, even for an on-resonance wave, ion acceleration way beyond
the limit ρup given by Eq. (4.6) is, in practice, not possible (see Ref. [32]).
Nevertheless, as we shall now show it, ion energization can be made much
more efficient by using at least two waves, both as regards the number of
ions that may be accelerated and the maximum energy they may reach.

Coherent acceleration with at least two waves

We now address the ability of accelerating low energy ions with at least
two waves. More specifically, we restrict here to the dynamics of ions with
initial Larmor radii ρ0 < ρlow so that the ion motion may be considered, at
least initially, regular. Hence, as previously, we use perturbation analysis
to approximate the ion orbits. As may be appreciated in Fig. 4.6, a second
order perturbative calculation already yields a very good description of these
orbits.

We first focus on the dynamics of Hamiltonian (4.3) in the case of two
off-resonance waves. After a second-order perturbation analysis, Hamiltonian
(4.3) is transformed into

H̃off
2 ≈ ε2

1Sν1(κ, ρ̃) + ε2
2Sν2(κ, ρ̃) + δε1ε2Sν1,ν2(κ, ρ̃) cos[(ν1 − ν2)ϕ̃+ φ1 − φ2],

(4.14)
where we have denoted κ ≡ κ2 = k2/k1, Sν1 , Sν2 and Sν1,ν2 are sums of
Bessel functions which may be found in Ref. [38], and δ = 1 if (ν1− ν2) is an
integer and 0 otherwise. Other terms may appear in Hamiltonian (4.14) if
2ν1, 2ν2 or ν1 + ν2 are integers. However, as shown in Ref. [38], these terms
are negligible compared to Sν1 and Sν2 , and accounting for them would not
change our conclusions regarding the ion orbits. Note that, in order to derive
Hamiltonian (4.14), we first made use of a Lie transform to get from variables
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Figure 4.6: Solid line: Poincaré section of the dynamics defined by Hamilto-
nian (4.3) for six waves such that ν1 = 30, ν2 = 29, ν3 = 31.75, ν4 = 31.25,
ν5 = 30.5, ν6 = 29.25; κ1 = 1, κ2 = 0.98, κ3 = 1, κ4 = 1, κ5 = 1, κ6 = 0.98;
εi = 1.8 and φi = 0 for 1 ≤ i ≤ 6. The initial condition is ρ0 = 5, θ0 = π/2.
Dashed line: Orbit obtained from a second order perturbation analysis for
the same parameters as the solid line.

(θ, I) to variables (θ̃, Ĩ), and then used the generating function (4.9) to shift
to variables (ϕ̃, J̃).

Since H̃off
2 is a constant, it is quite clear from Eq. (4.3) that ρ would remain

nearly constant, and that there would therefore be no effective acceleration, if
δ = 0, i.e., if (ν1−ν2) is not an integer. In the opposite case, large acceleration
is only possible provided that ε1ε2Sν1,ν2 is at least of the order of ε2

1Sν1 +ε2
2Sν2 .

Since ε1ε2/(ε
2
1 + ε2

2) is maximum when ε1 = ε2 ≡ ε, we henceforth only
consider the situation ε1 = ε2. Moreover, it is quite clear from Eq. (4.14)
that the phases φ1 and φ2 do not affect the ability to accelerate an ion. Hence,
with no loss of generality, we choose φ1 = φ2. Hamiltonian (4.14) then is,
when δ = 1,

H̃off
2 = ε2{Sν1(κ, ρ̃) + Sν2(κ, ρ̃) + Sν1,ν2(κ, ρ̃) cos[(ν1 − ν2)ϕ̃]}. (4.15)

From the previous equation, it is clear that the amount of energy an ion may
gain is independent of ε, but that the time for acceleration scales as ε−2.

Let us now study the dependence of the acceleration mechanism on the
ratio of the wave numbers κ = k2/k1 , and on the integer difference (ν1−ν2).
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Figure 4.7: Maximum and minimum values of the Larmor radius of the
orbits of H̃off

2 corresponding to the initial condition ρ̃0 = 53, ϕ̃0 = 1.57,
versus κ for two waves such that ν1 = 140.3 and ν2 = 139.3. The dashed
line is ρ̃ = 53, the first dotted line indicates the largest value of κ below 1
such that Sν1,ν2(κ, ρ̃ = 53) = 0, the second dotted line is at κ = 1/(2ν1),
and the third dotted line indicates the lowest value of κ above 1 such that
Sν1,ν2(κ, ρ̃ = 53) = 0.

Solving H̃off
2 = const leads to

cos[(ν1 − ν2)ϕ̃] =
const− Sν1(κ, ρ̃)− Sν2(κ, ρ̃)

Sν1,ν2(κ, ρ̃)
. (4.16)

If the initial value of ρ̃ lies between two zeros of Sν1,ν2 , say ρ̃∗1 and ρ̃∗2 , then
it is clear from Eq. (4.16) that ρ̃ will always remain between ρ̃∗1 and ρ̃∗2.
This implies that the amount of energy an ion gains from the waves is a
discontinuous function of the ratio κ of the two wave numbers, as illustrated
in Fig. 4.7 in the case when ν1 − ν2 = 1. These discontinuities occur when
one of the zeros of Sν1,ν2 is equal to the initial value ρ̃0 of the normalized
Larmor radius. For example, when ν1 − ν2 = 1 and κ = 0.925, the first
zero, ρ̃∗, of Sν1,ν2 is just slightly above ρ̃0 = 53. In this case, the ion Larmor
radius cannot increase much, as it has to remain less than ρ̃∗. Nevertheless,
nothing prevents the ion Larmor radius from going down to 0, and one can
see in Fig. 4.7 that the minimum value, ρ̃min, of the Larmor radius is indeed
very close to 0 in this case. Thus when κ = 0.925, the ion is decelerated.
By contrast, when κ = 0.924, the first zero of Sν1,ν2 is slightly below ρ̃0 so
that the ions Larmor radius cannot decrease much, because it has to remain
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Figure 4.8: Maximum values of the Larmor radius of the orbits of H̃off
2 cor-

responding to the initial condition ρ̃0 = 10, ϕ̃0 = 0.4, versus κ for two
waves such that ν1 = 140.3 and ν2 = 138.3 (solid line) and ν1 = 140.3 and
ν2 = 139.3 (dashed line). The straight line is at ρ̃ = 10.

Figure 4.9: Maximum values of the Larmor radius of the orbits of H̃off
2 cor-

responding to the initial condition ρ̃0 = 20, ϕ̃0 = 0.4, versus κ for two waves
such that ν1 = 140.3 and ν2 = 130.3.

larger that ρ̃∗. However, it can increase up to the value of the second zero of
Sν1,ν2 . In this case, the ion gets a finite acceleration, and its Larmor radius
increases up to ρ̃max ≈ 75.

When κ ≈ 1.02, both ρ̃min and ρ̃max are very close to ρ̃0. This is due to the
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fact that the first coefficient of the Taylor expansion of Sν1,ν2 goes through 0
for κ ≈ 1 + 2/ν1, which implies that for such values of κ, Sν1,ν2 becomes very
small compared to Sν1 and Sν2 . In this case there is no acceleration.

Finally, one can see in Fig. 4.7 that for values of κ close to unity, there
is a peak of large acceleration. This peak is actually not centered about
κ = 1, but about a value of κ less than 1, which means that maximum
acceleration occurs when the wave with the largest frequency has the largest
wave number. For values of κ corresponding to this peak, ρ̃max gets very
close to ν1. For large enough values of ε the lower bound of the stochastic
region, as estimated from Eq. (4.6), can actually be lower than the value
of ρ̃max predicted from perturbation theory. For such values of ε, the phase
space is not partitioned into a regular and a chaotic region. Our perturbation
analysis accurately describes the ion dynamics until ρ = min(νi−√εi), which
allows us to show that an ion can be coherently accelerated up to this value
for the Larmor radius. As soon as ρ = min(νi − √εi), the ion dynamics is
no longer close to integrable and cannot be approximated by a perturbation
analysis. The ion then gains energy by stochastic acceleration as described
in Ref. [39].

When (ν1−ν2) = 2, the situation is about the same as when (ν1−ν2) = 1,
except for the positions of the discontinuities of ρ̃min and ρ̃max which do not
occur for the same values of κ because the zeros of Sν1,ν2 are not the same
when ν1 − ν2 = 1 as when ν1 − ν2 = 2. Figure 4.8 plots ρ̃max versus κ when
ρ̃0 = 10 and in both cases: ν1 = 140.3 and ν2 = 139.3, and ν1 = 140.3 and
ν2 = 138.3. For the range of values of κ corresponding to Fig. 4.8, ρ̃0 is not a
zero of Sν1,ν2 , which explains that ρ̃max is a smooth function of κ except when
κ ≈ 1 + 2/ν1 where ρ̃max drops both when ν1− ν2 = 1 and when ν1− ν2 = 2.
The drop actually spans a larger range of values of κ when ν1 − ν2 = 2 than
when ν1− ν2 = 1 and is due to the fact that the first coefficient of the Taylor
expansion of Sν1,ν2 is minimum for κ ≈ 1 + 2ν1 in the case when ν1− ν2 = 2.
There is also a peak of large acceleration when ν1 − ν2 = 2, but it is shifted
to the left compared to the case ν1 − ν2 = 1. This is a general trend: as
ν1 − ν2 increases, this peak moves to the left.

Finally, it is important to remark that when ν1 − ν2 = 1 and when
ν1 − ν2 = 2, the maximum energy an ion reaches is about the same when
ρ̃0 = 10 as when ρ̃0 = 53. An ion can reach the chaotic domain of phase
space whatever its initial energy. This feature is only true when ν1− ν2 ≤ 2.
When ν1 − ν2 ≥ 3, only ions with initial energies greater than a threshold
value will reach high energies. This is due to the fact that Sν1,ν2 ∼ ρ̃(ν1−ν2)

for small values of ρ̃ while Sν1 , Sν2 ∼ ρ̃2 independently of (ν1 − ν2). Thus
when (ν1−ν2) ≥ 3, for small values of ρ̃, Sν1,ν2 becomes very small compared
to Sν1 and Sν2 and there is no acceleration. As ρ̃0 decreases, |κ − 1| has to
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increase in order for the ions to get accelerated. The maximum value of the
Larmor radius is still limited by the zeros of Sν1,ν2 . The first zero of Sν1,ν2
moves to lower values of ρ̃ as |κ − 1| is increased, thus the maximum value
that ρ̃ can attain decreases as ρ̃0 decreases (see Fig. 4.9).

In conclusion, we have shown that an ion may be accelerated by two
waves regardless of its initial energy. Moreover, in an experiment where the
wave characteristics can be specified, one can have, with two waves, a lot of
control on the ion dynamics below the stochastic region. Indeed, by changing
the ratio of the two wave numbers or the difference between the two wave
frequencies, one can choose the amount of energy an ion gains from the waves
as well as the range in initial energy of the accelerated ions.

The previous results obtained for two off-resonance waves remain valid
for two on-resonance waves except that, in the latter situation, access to the
stochastic region is a bit easier. We will however not go through the whole
analysis that may be found in Ref. [38].

Let us now consider the situation where ν1 − ν2 = n+ δν, where n is an
integer and |δν| � 1. In that case, it is possible to define the Lie transform
so that the perturbed Hamiltonian is (when φ1 = φ2)

H̃ = Ĩ+ε2
1Sν1(κ, ρ̃)+ε2

2Sν2(κ, ρ̃)+ε1ε2Sν1,ν2(κ, ρ̃) cos[n(θ−τ)−δντ ]. (4.17)

Actually, it is proven in Ref. [40] that there exists a δν∗ scaling as ε1ε2

such that when |δν| ≤ δν∗, if the last term in Hamiltonian (4.17) is omitted,
then this Hamiltonian becomes irrelevant to describe the dynamics defined
by (4.2). This is because the change of variables (I, θ) → (Ĩ , θ̃) is no longer
one-to-one, and the terms of order higher than two are no longer negligible
in the perturbation series. However, such complicated mathematical devel-
opments will not be reported here as they are not essential to understanding
ion acceleration when the wave frequencies are not exactly separated by an
integer (in units of the ion cyclotron frequency). Indeed, let us first notice
that Hamiltonian (4.17) is integrable. This can be easily seen by perform-
ing the canonical change of variables (Ĩ , θ̃) → (K̃, ψ̃) using the generating
function

G = K̃(θ̃ − τ − δν/n), (4.18)

which yields K̃ = Ĩ and ψ̃ = θ̃ − τ − δν/n. In the variables (K̃, ψ̃), the
dynamics of Hamiltonian (4.17) is given by

H̃ ′ = −δν
n
K̃ + ε2

1Sν1(κ, ρ̃) + ε2
2Sν2(κ, ρ̃) + ε1ε2Sν1,ν2(κ, ρ̃) cos(nψ̃), (4.19)
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which is time independent. It is then clear that the ion orbits, solutions of
H̃ ′ = const, allow large variations in ρ̃ only if ε1ε2Sν1,ν2 is at least of the
order of (δν/n)K̃ = (δν/n)ρ̃2. This shows that δν must scale as ε1ε2 for ion
acceleration to remain. When this condition is fulfilled, it is clear that the
amount of energy gained by an ion is of the same order as when δν = 0, so
that all previous results apply.

Let us now address the issue of acceleration by an arbitrary wave spec-
trum. Pursuing a parametric extensive study of that situation is quite dif-
ficult, and we will only provide here a qualitative argument showing that
the mechanism of coherent acceleration previously described for two waves
is actually quite general.

We henceforth assume that we can discretize the wave spectrum in fre-
quency intervals δν, such that δν ≈ δν∗ where δν∗ is defined, like before, as
the maximum departure from an integer between 2 wave frequencies which
still allows coherent acceleration. Since δν∗ scales as the square of the typical
wave amplitude of the discretized spectrum, and since this amplitude depends
on the level of discretization (and scales as

√
δν when the Fourier components

of the field may be considered as independent variables), choosing δν ≈ δν∗

is clearly possible only if the electrostatic energy is large enough. Provided
that this condition is fulfilled, the total number of modes is N = ∆ν/δν,
where ∆ν is the frequency width of the wave spectrum. When performing
a second-order perturbation analysis we will therefore find, in the perturbed
Hamiltonian H̃, N “stabilizing terms”, which are the counterparts of the
terms ε1Sν1 and ε2Sν2 found in the case of two waves. The “accelerating
terms”, which are the counterpart of the term ε1ε2Sν1,ν2 , come from the
beating of modes whose frequency difference is an integer. The number of
such terms is then N (N − 1)/2. Now, in Hamiltonian H̃, these terms are
mutiplied by trigonometric functions of the form cos[(νi− νj)ϕ̃+ φi− φj]. If
the φi’s are randomly distributed (which should be the general case) then,
the “weight” of the accelerating terms is proportional to

√N (N − 1)/2. It
is therefore of the same order as that of the stabilizing terms. This lets
us conclude that, in general, a spectrum of electrostatic waves propagating
perpendicularly to a uniform magnetic field will induce coherent ion acceler-
ation provided that the frequency width of this spectrum is larger than the
cyclotron frequency.

Note, though, that we only considered in our analysis the situation when
all the waves propagated and were polarized along the same direction. Gener-
alizing this situation would increase the dimension of the problem but would
not change the results since the basic property that the unperturbed Hamil-
tonian is linear in action is preserved.
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Now, other authors found that supplementary conditions needed to be
fulfilled for coherent acceleration to occur. Spektor and Choueiri showed
in Ref. [41] that all ions were not significantly energized, up to the point
to reach the stochastic region, depending of their initial angle because of
“critical” elliptic and hyperbolic points in phase space. The location of these
points is derived in Ref. [41], which yields the domain in initial ion energy
for large coherent acceleration.

Strozzi, Ram and Bers studied in Ref. [42] the effect of a finite k‖, i.e.,
of wave propagation not exactly perpendicular to the magnetic field. The
upshot of this analysis is that coherent energization is preserved provided
that the Doppler shifted frequencies of the waves (due to the ion motion
along the magnetic field direction) differ by nearly an integer multiple of
the cyclotron frequency. Hence, wave propagation at almost any angle with
respect to the magnetic field direction is allowed, provided that the difference
between the parallel wave numbers, δk‖, remains small. From the analysis of
Ref. [42], one easily concludes that, in the case of two waves, δk‖ needs to
scale as ε1ε2 for coherent energization to be preserved.

Enhancement of ion acceleration

We now consider the situation when ions are initially in the stochastic region
of phase space or were accelerated into this region, in which case the ion
motion is clearly not perturbative. However, we will show here that when
the ion is acted upon by multiple on-resonance waves, its orbit, as well as
the amount of energy it may gain, can to a great extent be predicted by a
perturbative analysis.

At first order, the Hamiltonian giving the dynamics of an ion acted upon
by two on-resonance waves, with frequencies n1 and n2 (in units of the cy-
clotron frequency) is

H̃ = ε1Jn1(ρ̃) cos(n1ϕ̃+ φ1) + ε2
Jn2(κρ̃)

κ
cos(n2ϕ̃+ φ2), (4.20)

where κ ≡ k2/k1 is the ratio of the two wave numbers. As may be seen
by comparing Figs. 4.10 and 4.11, for small wave amplitudes Hamitonian
H̃ yields a very good description of the ion orbits. For larger amplitudes,
although stochastic layers are clearly visible in the Poincaré section, pertur-
bative results remain relevant as regards the maximum energy reached by an
ion, as illustrated in Fig. 4.12. Actually solving H̃ = const does not yield
only one orbit but a whole set of orbits as can be seen in Fig. 4.13. When
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Figure 4.10: Poincaré section of the dynamics defined by the Hamiltonian
(4.2) for the case of two on-resonance waves, n1 = 9, n2 = 10, ε1 = ε2 =
0.324. The initial condition is I(0) = 32 and θ(0) = 0.94.

Figure 4.11: Orbit solution of H̃ = const for the same parameters as in
Fig. 4.10.

the wave amplitudes are large enough, these orbits are connected through
stochastic layers, leading to the motion illustrated by the Poincaré section of
Fig. 4.12, clearly showing that an ion orbit is essentially along the solutions
of H̃ = const. Hence, one can have a very good estimate of the maximum en-
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Figure 4.12: Same as Fig. 4.10 but for ε1 = ε2 = 3.24.

Figure 4.13: Set of orbits solution of H̃ = const when the constant is the
same as in Fig. 4.11.

ergy reached by ion by studying the solutions of H̃ = const, which we now do.

Actually, if the initial condition is below the stochastic region then, be-
cause for fixed n Jn(ρ̃) is much smaller when ρ̃ < n than when ρ̃ > n, we
may restrict to the solving of H̃ = 0. We also first restrict to the case κ = 1.

Since Figs. 4.10 to 4.12 clearly show that an ion may reach values of ρ̃
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much larger than n1 or n2, we make use of the large amplitude expansion of
the Bessel functions to find

H̃ ≈ ε1

√
2

πρ̃
cos(ρ̃− n1π/2− π/4) cos(n1ϕ̃+ φ1)

+
ε2

κ3/2

√
2

πρ̃
cos(ρ̃− n2π/2− π/4) cos(n2ϕ̃+ φ1). (4.21)

Using the previous estimate for H̃, and in the case n2 = n1 + 2p + 1, the
condition H̃ = 0 writes, when cos(n2ϕ̃+ φ1) 6= 0,

tan(ρ̃− n1π/2− π/4) = (−1)(p+1) ε1

ε2

cos(n1ϕ̃+ φ1)

cos(n2ϕ̃+ φ1)
. (4.22)

From the previous equation one sees that any time cos(n2ϕ+φ2) goes though
a 0, ρ̃ varies by π. We therefore expect that, for a typical orbit, ρ̃ varies by
min(n1, n2)π (a more precise analysis is given in Ref. [39]). For the example
of Fig. 4.11, the minimum value of the Larmor radius is ρmin ≈ 5 and its
maximum value is ρmax ≈ 40 while min(n1, n2)π ≈ 28. The slight discrepancy
between the analytical prediction and the numerical result only comes from
the lack of accuracy in the large argument expansion of the Bessel functions.

When n2 = n1 + 2p then, from Eq. (4.21), and in the case κ = 1, H̃ = 0
reads

cos(ρ̃−n1π/2−π/4){ε1 cos(n1ϕ̃+φ1) + (−1)pε2 cos(n2ϕ̃+φ2)} = 0. (4.23)

Solving Eq. (4.23) yields ρ̃ = (n1+2m+1)π/2+π/4, where m is an integer, or
[ε1 cos(n1ϕ̃+φ1)+(−1)pε2 cos(n2ϕ̃+φ2)] = 0. The result therefore consists in
a set of rectangular cells similar to those found in the case of one on-resonance
wave. However, the large argument expansion of the Bessel functions is not
precise enough to recover the result that would be obtained by using the
formula (4.20) for H̃. Actually, an ion can reach about the same energy
when n2 = n1 + 2p as when n2 = n1 + 2p+ 1, as shown in Ref. [39].

We will not reproduce here all the results reported in this paper since
the upshot is that, in general, ρ should change by about min(ni)π although
much more energy may be given to an ion by choosing the wave number ratios
adequately. In Ref. [39], we also showed that enhanced acceleration occurred
for a mixture of on- and off-resonance waves. Actually, off-resonance waves
quench acceleration by providing second order “stabilizing” terms similar to
the term ε2

1Sν1 obtained in the case of two off-resonance waves. Hence, if
εon is the typical amplitude of the on-resonance waves, and εoff that of the
off-resonance waves then, enhanced acceleration is preserved provided that
εon is large enough compared to ε2

off.
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4.1.3 Applications

Space plasma physics

As a first application of the new acceleration mechanism described in the pre-
vious Paragraph we shall now provide a theoretical interpretation of rocket
observations showing that ionospheric O+ and H+ ions, with ambient ener-
gies of around 0.3eV, are transversely (to the geomagnetic field) energized to
about 6-10eV within lower hybrid structures composed of broadband large-
amplitude (100-200mV/m) electrostatic waves (see Refs. [43, 44]). The en-
ergization occurs in density-depleted regions of about 50-100m across the
geomagnetic field (and ∼ 100km along ~B [45]). Observations show that, pre-
dominantly, the bulk of the H+ distribution is energized, while for O+ the tail
distribution gets energized. The wave spectrum, observed to be cut off near
the local lower hybrid frequency, ranges in frequency from about 5 kHz to
about 12 kHz. These lower hybrid waves are primarily coherent and electro-
static, propagating across the geomagnetic field and ranging in wavelengths
from 2m to 20m.

The electrostatic field is not generated by the ions (but presumably by en-
ergetic electrons) which may therefore be considered as test particles. More-
over, since lower hybrid waves propagate essentially perpendicularly to the
magnetic field [46], and since the ions are essentially energized in the trans-
verse direction, we are naturally led to test whether the analysis of the pre-
vious Paragraph may explain the rocket observations.

To do so, we first need to convert physics data into our dimensionless
variables. First consider a O+ ion with an initial ambient energy of 0.34ev,
in a magnetic field B0=0.36G, interacting with a single wave of amplitude
100mV/m, frequency 5 kHz, and wavelength 2m, corresponding to the lowest
measured phase velocity with substantial electric field amplitude. Then I ≈
220.7, ρ ≈ 21, ε ≈ 40.7, and ν ≈ 146.2. For a H+ ion with an energy of
0.34ev, the corresponding values would be I ≈ 13.8, ρ ≈ 5.3, ε ≈ 2.55 and
ν ≈ 9.1. The threshold amplitude for chaotic motion as given by Eq. (4.4) is

εO
th ≈ 6.94 ⇒ EO

th ≈ 17.0mV/m

εH
th ≈ 1.1 ⇒ EH

th ≈ 42.9mV/m

for O+ and H+ ions respectively. Since rocket measurements report electric
field amplitudes well above these threshold values, part of the phase space
of O+ and H+ will be chaotic. The chaotic domain of phase space, obtained
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from Eqs. (4.5) and (4.6) for an electric field amplitude of 100mV/m is

139.8 ≤ ρO ≤ 712.2 ⇒ 15.3eV ≤ IO ≤ 396.1eV

7.5 ≤ ρH ≤ 17.7 ⇒ 0.7eV ≤ IH ≤ 3.9eV

for O+ and H+ respectively, where the units of I have been reexpressed in
terms of energy. In Figure 4.14, we plot this chaotic part of phase space, in
energy units, for O+ and H+ and show the range of energies for these ions
as reported from rocket observations. From this Figure it is clear that an

Figure 4.14: The chaotic part of phase space of H+ and O+ ions as obtained
from a single-wave analysis. The single wave is assumed to have a wavelength
of 2m, a frequency of 5 kHz, and an amplitude of 100mV/m. Also shown is
the observed range of ion energies

analysis like that of Ref. [47] relying on stochastic acceleration (which is the
only possible acceleration mechanism with a single wave) would fall short in
explaining rocket observations. Indeed, the lower bound of the O+ chaotic
phase space is at about 50 times the ambient thermal energy of O+ and,
hence, encompasses a negligible number of O+ ions. Furthermore, the entire
chaotic region for O+ is well above the observed O+ energies. So even if
it were possible to extend the lower part of the O+ chaotic space into the
O+ thermal distribution function (as argued in Ref. [48]), the energies that
O+ ions could achieve would be significantly larger than the observed energy
range. For H+ ions the problem is a bit different. The lower part of the
H+ chaotic region is at about twice the ambient thermal energy of H+. So
a significant population of H+ ions have access to the chaotic phase space.
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However, the maximum energy that these ions can achieve using a single
wave analysis is well below the observed energy range.

In order to test the ability of the mechanism of coherent acceleration,
described in the previous Paragraph, to explain the observed O+ energies,
we consider the O+ dynamics in a spectrum of 162 waves ranging in frequency
from 146.2ΩO to 200ΩO (ΩO is the O+cyclotron frequency), corresponding
to a range from 5 kHz to 6.84 kHz. All the waves are assumed to have
the same wavelength of 2m and the same amplitude of 25mV/m. The root
mean square amplitude of the electrostatic field is approximately 225mV/m.
The result for two O+ ions started at different initial energies is plotted
in Figure 4.15. Ion 1 is initially at a transverse energy of approximately

Figure 4.15: The dynamics of two ions in 162 waves. All the waves have the
same normalized wavenumber ki = 1 and normalized amplitude εi = 10.7.
The frequencies of these waves are ν3n−2 = 146.2 + n, ν3n−1 = 146.381 + n,
ν3n = 146.873 + n for 1 ≤ n ≤ 54. The wavelength and the electric field
amplitude of each wave are 2m and 25mV/m, respectively. Initially ion 1

has ρ
(1)
0 = 54, corresponding to an energy of 2.3ev, and ion 2 has ρ

(2)
0 = 76.5,

corresponding to an energy of 4.6ev. Both ions start off with an initial phase
θ0 = 0. Time is normalized to the cyclotron period and the dashed line
indicates the value of ρ corresponding to a 10ev energy.

2.3ev (corresponding to a transverse speed of about 2.6 times the thermal
speed), and ion 2 is initially at a transverse energy of approximately 4.6ev
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(corresponding to a transverse speed of about 3.6 times the thermal speed).
(Since observations show that the tail of the O+ distribution function is
energized, we have chosen these initial O+ ion energies as representative of
the tail ions.) From this figure we find that the time needed for ions 1
and 2 to be transversely energized to 10ev (the dashed line in Figure 4.15)
is τ1 ≈ 122s and τ2 ≈ 65s respectively. The simulation result shows that
both the O+ ions will make it into the chaotic region of phase space which
exists at higher energies. The time taken to reach the chaotic region is
about 153s and 88s, respectively, for the two ions. It is worth comparing
the energization time with some other timescales that are relevant to this
problem. At an altitude of 1000km, and assuming the geomagnetic field to
be 0.36 G, the gyrocenter of an O+ ion, with a parallel energy of 1/3ev and
a perpendicular energy of 10ev, drifts transversely owing to the gradient and
curvature of the geomagnetic field at a speed of about 9 × 10−3m/s. In the
time it takes the two ions to get energized to 10ev, their gyrocenters have
drifted by about 1.1m and 0.6m, respectively. This drift is significantly less
than the transverse width of the lower hybrid structures observed by the
rockets. So the ions would not drift out of the interaction region within the
time it takes to get transversely energized to 10ev. If we assume that the
speed, along the geomagnetic field, of the two ions is their thermal speed,
then the distance traveled along the geomagnetic field by the two ions, before
they get transversely energized to 10ev, is approximately 173km and 92km,
respectively, according to the results of Figure 4.15. However, the results
of this Figure have been obtained by choosing parameters which make the
conditions for coherent acceleration much more favorable than what they
are in reality, since we chose many wave frequencies separated by an integer
multiple of ΩO. Thus the lower hybrid structures have to extend up to more
than 173km and 92km, respectively, along the geomagnetic field for the two
ions to be transversely energized to 10ev. These distances are comparable to
the estimated lengths of the lower hybrid structures along the geomagnetic
field which are of the order of a few hundred kilometers [45]. The fractional
change in the strength of the geomagnetic dipolar field over a distance of
173km is less than 0.01%. Thus our approximation of a constant magnetic
field is very reasonable.

In conclusion, it seems very likely that the mechanism of coherent acceler-
ation is responsible for the rocket observations regarding the O+ ions since it
lets these ions reach energies of the order of 10ev, or even much more if they
can make it to the chaotic region. However, the timescale required for the
O+ motion to become chaotic may be longer than the time it takes for these
ions to exit the lower hybrid structures, which explains why observed ener-
gies are not much more than 10ev. The relatively long timescale for coherent
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acceleration also explains why only O+ ions in the tail of the distribution
function are energized. Moreover, because of the broad frequency spectrum
(∼ 350ΩO) of the lower hybrid structure coherent acceleration may be less ef-
fective than in the situation of Fig. 4.15. Indeed, for a more realistic sampling
of mode frequencies than that used for Fig. 4.15, one needs to call for accel-
eration induced by pair of waves with frequency difference up to 350ΩO and,
for a such a large frequency departure, coherent acceleration is not very ef-
ficient, especially for low energy ions, as discussed in the previous Paragraph.

As regards H+ ions, we have to resort to the enhanced acceleration mech-
anism, also described in the previous paragraph, to explain their observed
energies. Indeed, these energies are way above the upper boundary of the
chaotic domain for a single wave, so that coherent acceleration is irrelevant.
By contrast, through the mechanism of enhanced acceleration, H+ ions may
reach values of ρ up to min(νi)π. For H+ ions, min(νi) ≈ 9, which yields
ρmax ≈ 28.3 and Imax ≈ 400, that is a maximum energy very close to 10ev,
in very good agreement with rocket observations. The thermal energy of
the H+ ions is below the stochastic domain so that they first need to be
coherently accelerated to the chaotic domain before experiencing enhanced
energization. However, thermal H+ are much closer to the stochastic region
than thermal O+, and the frequency span of the lower hybrid waves is only
of about 12ΩH, where ΩH is the hydrogen ion cyclotron frequency, so that
coherent acceleration is much more efficient for H+ than for O+. This ex-
plains why most H+ ions should make it to the chaotic domain and that, as
observed, the bulk of the H+ population should be energized up to about
10ev.

In conclusion, using the analysis of the previous Paragraph we provided
a simple theoretical interpretation for the results reported in Refs. [43, 44].
O+ ions should be energized due to coherent acceleration and do not get
to energies much higher than 10ev because coherent acceleration is not effi-
cient enough (timescale too long or too large a frequency spectrum). As for
the H+ ions, they should experience enhanced acceleration leading them to
maximum energies very close to 10ev.

Applications proposed by other authors

We now describe very quickly research activities pursed by other authors and
based on the analysis of Paragraph 4.1.1.

A several year research program was sustained at the Electric Propulsion
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and Plasma Dynamics Laboratory of Princeton University, especially by R.
Spektor and E. Choueiri, in order to experimentally evidence coherent accel-
eration and to apply it to ion propulsion. This eventually led them to the
design of an experiment described in Ref. [49], where a cylindrical magne-
tized plasma source was constructed and uses either a helicon or inductive
discharge to produce the plasma. Alas, this plasma was far too collisional
for any effect to be seen.

K. Hizanidis and Y. Kominis at the University of Athens, together with
A.K. Ram at MIT, proposed to use two electron cyclotron waves (ECW),
whose frequency difference is an integer multiple of the ion cyclotron fre-
quency, to energize ions in a tokamak. Electron cyclotron waves are very
convenient to use because they easily couple to the plasma and the way they
propagate is well known. However, their frequency is too high to allow an
interaction with ions unless one uses the mechanisms described in Paragraph
4.1.1. Preliminary perturbative calculations presented in Ref. [50] indicate
that ion energization with two electron cyclotron waves is indeed possible.
Note, though, that the mechanism is not exactly the same as in Paragraph
4.1.1 because ECW’s are electromagnetic, and not electrostatic, waves.
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4.2 Kerr-free propagation of a near-resonant

laser in an atomic vapor

For various applications, for example isotopic separation [51], one may need
to let a laser light propagate inside of an atomic vapor at a frequency close
to that of a spectral line, and over long distances. Due to its interaction with
the atoms, the space and time profiles of the laser field may be significantly
modified, sometimes up to the point that the laser can no longer propagate.
One reason for this, that we shall focus on in this Section, is the so-called
Kerr effect which leads to light focusing or defocusing due to the intensity
dependence of the index of refraction (see for example Refs. [52, 53]). Indeed,
if the index of refraction writes n = n0 + n2I, where I is the light intensity,
and if n2 < 0, n decreases with the laser intensity which is not transversely
uniform, and this bends the phase front in such a way that light defocuses
while, in the opposite case n2 > 0, light is focused for a similar reason (see
Fig. 4.16), sometimes up to the point that beam filamentation occurs and
that the laser no longer really propagates in the medium. However we shall

Figure 4.16: Bending of the phase front depending on the sign of n2

show here that, in an atomic vapor, it is possible to get rid of the Kerr
effect for the laser light of interest (henceforth called laser #1) by using a
second co-propagating laser (henceforth called lased #2). Indeed, the second
laser provides an additional term in the index of refraction, which now writes
n = n0 + n2I1 + n′2I2, where I1 and I2 are, respectively, the intensities of the
lasers #1 and #2, and we shall show here that it is possible to choose the
frequency and intensity of laser #2 so that n2I1 + n′2I2 = 0. The Kerr effect
induced by the second laser cancels out that due to the first one.
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4.2.1 Analytic results

In our analysis of Kerr effect cancellation, we will consider a linearly polarized
field, and will assume that no atom is ionized so that, directly from Maxwell
laws, we derive the following equation of propagation for the light electric
field ~E,

4 ~E − 1

c2

∂2 ~E

∂t2
− ~∇[~∇. ~E] =

1

ε0c2

∂2 ~P

∂t2
, (4.24)

where P is the atomic polarization, P = N〈Ψ|µ̂|Ψ〉, N is the atom den-
sity, |Ψ〉 the atoms wave function, and µ̂ the dipole moment operator. We

henceforth neglect the term ~∇[~∇. ~E] (because the electromagnetic field is
essentially transverse), and we assume that the total field amplitude is,

E = E1(x, y, z, t)ei(kl1x−ωl1t) + E2(x, y, z, t)ei(kl2x−ωl2t) + c.c., (4.25)

where ω1,2 = k1,2c, and where E1 and E2 are slowly varying envelopes,
|E−1

1,2∂xE1,2| � k1,2 and |E−1
1,2∂tE1,2| � ω1,2. Similarly, we assume that the

polarization P writes,

P = P1(x, y, z, t)ei(kl1x−ωl1t) + P2(x, y, z, t)ei(kl2x−ωl2t) + c.c., (4.26)

where P1 and P2 are slowly varying envelopes. Then, at first order in the
time and space variations of E1 and E2, and at 0-order in the variations of
P , Eq. (4.24) is,

∂E1,2

∂x
+

1

c

∂E1,2

∂t
− i

2k1,2

4⊥E1,2 =
ik1,2

2ε0

P1,2, (4.27)

where 4⊥E1,2 ≡ ∂2
yE1,2 + ∂2

zE1,2.
We moreover henceforth use the so-called three level atom approximation,

which amounts to assuming that the atom only has three levels of energy,
|0〉, |1〉 and |2〉, so that the wave function may be written,

|Ψ〉 = c0|0〉+ c1e
−iωl1t|1〉+ c2e

−i(ωl1+ωl2)t|2〉. (4.28)

This approximation is well grounded if laser #1 and #2 are, respectively,
nearly resonant with the transitions |0〉 → |1〉 and |1〉 → |2〉, but are way
off resonance with any other atomic transition, and if spontaneous emission
from levels |1〉 and |2〉 is negligible, so that such phenomena as stimulated
Raman scattering are not to be accounted for. Moreover, the ground atomic
level has to be non-degenerate, in particular there must not be any hyperfine
structure that would considerably complicate the analysis, and the atoms
thermal motion should be negligible (negligible Doppler broadening of the
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spectral lines). Then, if we denote by h̄ω1 and h̄ω2 the energy difference
between levels |1〉 and |0〉 and levels |2〉 and |1〉, and if we denote ∆1 ≡ ω1−ωl1
and ∆2 ≡ (ω1 +ω2)− (ωl1 +ωl2) (see Fig. 4.17), Schrödinger equation readily
yields,

dc0

dt
= i(Ω∗1e

iωl1t + Ω2e
−iωl2t + c.c.)c1e

−iωl1t (4.29)

dc1

dt
= −i∆1c1 + i(Ω1e

−iωl1t + Ω2e
−iωl2t + c.c.)(c0e

iωl1t + c2e
iωl2t)(4.30)

dc2

dt
= −i∆2c1 + i(Ω2e

−iωl2t + Ω1e
−iωl1t + c.c.)c1e

iωl2t, (4.31)

where Ω1 and Ω2 are the Rabi frequencies for laser #1 and #2, Ω1,2 ≡
µ1,2E1,2/h̄, µ1 being the dipole moment of transition |0〉 → |1〉 and µ2 that
of transition |1〉 → |2〉.

Figure 4.17: Energy ladder of the three-level atom.

We henceforth make use of the so-called rotating wave approximation (see
Ref. [52]) that amounts to neglecting in Eqs. (4.29-4.31) the non-resonant
terms, which are those whose phases vary very rapidly with time. This leads
to the following Bloch equations for σij ≡ c∗i cj,

dσ01

dt
= −i∆1σ01 + iΩ1(σ00 − σ11) + iΩ∗2σ02 (4.32)

dσ02

dt
= −i∆2σ02 + iΩ2σ01 − iΩ1σ12 (4.33)

dσ12

dt
= −i(∆2 −∆1)σ12 + iΩ2(σ11 − σ22)− iΩ∗1σ02. (4.34)
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Spontaneous emission has been neglected in the previous equations, which is
valid if the lifetimes, T1 and T2 of levels |1〉 and |2〉 are such that ∆1,2T1,2 � 1.
If this condition were not fulfilled, one would just need to replace ∆1 by
∆1+i/T1 and ∆2 by ∆2+i/T2, which would not greatly change the resolution
of Eqs. (4.32-4.34). As for σ00, σ11 and σ22, their values will not be derived
from the solving of the corresponding Bloch equations, but from the values
of σ01, σ02 and σ12, and from the condition σ00 + σ11 + σ22 = 1.

Let us now solve Eqs. (4.32-4.34) by perturbation. At 0-order in the fields
amplitudes, σ00 = 1 while σij = 0 whatever (i, j) 6= (0, 0). At first order in
the fields amplitudes, the equation on σ01 reads,

dσ01

dt
= −i∆1σ01 + iΩ1, (4.35)

which yields, when Ω−1
1 dΩ1/dt� ∆−1

1 ,

σ01 =

∫ t

−∞
iΩ1(t′)ei∆1(t′−t)dt′ (4.36)

= Ω1/∆1 − 1

∆1

∫ t

−∞

dΩ1

dt′
ei∆1(t′−t)dt′ (4.37)

≈ Ω1/∆1. (4.38)

From the latter value for σ01 we find that, at lowest order in the field ampli-
tudes,

σ11 ≈ |Ω1|2/∆2
1. (4.39)

Plugging the value Eq. (4.38) for σ01 into Eq. (4.33) for σ02, and accounting
for the fact that |σ01| � |σ12|, one finds,

dσ02

dt
≈ −i∆2σ02 + i

Ω1Ω2

∆1

, (4.40)

which yields, using the same approximation as for σ01,

σ02 ≈ Ω1Ω2

∆1∆2

, (4.41)

from which one gets,

σ22 ≈ |Ω1|2|Ω2|2
∆2

1∆2
2

. (4.42)

Plugging the values we found for σ11, σ22 and σ02 into Eq. (4.34) for σ12, and
making use of the same calculation as that employed to derive σ01 and σ02

we find, at lowest order in the field amplitudes,

σ12 ≈ Ω2|Ω1|2
∆2∆2

1

. (4.43)
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Now, using Eqs. (4.39) and (4.42) for σ11 and σ22, together with the condition
σ00 + σ11 + σ22 = 1, we find the following expression for σ00, at third order
in the field amplitudes,

σ00 ≈ 1− |Ω1|2/∆2
1. (4.44)

Using this value for σ00, together with Eq. (4.39) for σ11 and Eq. (4.41) for
σ02 into Eq. (4.32) for σ01, we find the following expression for σ01, at third
order in the field amplitudes,

σ01 ≈ Ω1

∆1

(
1− 2

|Ω1|2
∆2

1

+
|Ω2|2
∆1∆2

)
. (4.45)

Now, from the relation (4.26) between P1, P2 and P ≡ N〈Ψ|µ̂|Ψ〉, and
from the expression Eq. (4.28) for |Ψ〉, one finds

P1 = Nµ1σ01, (4.46)

P2 = Nµ2σ12. (4.47)

Using the expression (4.45) for σ01 into Eq. (4.46) for P1, and plugging this
value of P1 into the field equation (4.27), one finds the following wave equa-
tion for E1,

∂E1

∂x
+

1

c

∂E1

∂t
− i

2k1

4⊥E1 = ik1E1

[
Nµ2

1

2ε0h̄∆1

− Nµ4
1|E1|2

ε0h̄
3∆3

1

+
Nµ2

1µ
2
2|E2|2

2ε0h̄
3∆2

1∆2

]
,

(4.48)
which straightforwardly shows that the index of refraction, n(1), for the field
E1 reads, n(1) ≡ n

(1)
0 + n

(1)
2 I1 + n

′(1)
2 I2, with

n
(1)
0 = 1 +

Nµ2
1

2ε0h̄∆1

(4.49)

n
(1)
2 =

−2Nµ4
1

ε2
0ch̄

3∆3
1

(4.50)

n
′(1)
2 =

Nµ2
1µ

2
2

ε2
0ch̄

3∆2
1∆2

. (4.51)

From these results, it is clear that there is no Kerr effect on laser #1 if laser
#2 is chosen so that,

I2

I1

=
2µ2

1∆2

µ2
2∆1

, (4.52)

provided that laser #2 is not subject to focusing, or defocusing, due to a
Kerr-like effect induced by laser #1. From the expression Eq. (4.43) for σ12

it is clear that the index of refraction for the field E2 is n(2) ≡ 1+n
(2)
2 I1 with,

n
(2)
2 =

Nµ2
1µ

2
2

ε2
0ch̄

3∆2
1∆2

. (4.53)
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Hence, when condition (4.52) is fulfilled,

n
(2)
2 I1 =

∆1µ
2
2

2∆2µ2
1

n
(1)
2 I1, (4.54)

so that the transverse profile of laser #2 is not affected during its propaga-
tion inside of the atomic vapor, and the scheme proposed to suppress the
Kerr effect on laser #1 is effective, only if (µ2

2∆2)/(µ2
1∆1)� 1.

Note that the previous analysis was made in the spirit of the adiabatic
approximation1 while we could have gone one step beyond this approximation
by accounting for terms proportional to ∂Ω1/∂t. From Eq. (4.37), at first
order this term is (i/∆2

1)∂Ω1/∂t which, when plugged back into the wave
equation Eq. (4.27), yields the departure of the light group velocity vg from
c,

1

vg
=

1

c
+
Nµ2

1k1

2ε0h̄∆2
1

. (4.55)

4.2.2 Experimental evidence

In order to check our theoretical prediction of the Kerr-free laser propagation,
an experiment was led by O. Gobert and M. Comte at CEA/Saclay on an
atomic vapor of Baryum.

In its natural state, Baryum is composed of 7 different isotopes, 5 of
them (representing about 82% of its composition) have an even number of
nucleons, and therefore a 0-nuclear spin. This vindicates the neglecting of
the hyperfine structure of Baryum when calculating its response to the laser
light.

The ground state of Baryum (level |0〉 in the notations of the previous
subsection) is |6s2,1S0〉 which is therefore not degenerated. We chose for level
|1〉 the level |6s6p,1P0〉 whose energy level is 18060.264 cm−1, and for level |2〉
the level |6s8s,1P0〉 whose energy level is 34271.002 cm−1. The dipole moment
for the transition |0〉 → |1〉 is well known to be µ1 ≈ 8 D. However, the value
of the dipole moment for the transition |1〉 → |2〉 was more controversial
since NIST data gave µ2 ≈ 0.7 D, while other significantly different values

1It should be noted here that, as in classical mechanics, there exists in quantum theory
an adiabatic theorem which guarantees that if the Hamitonian H(t) varies slowly with time,
if the eigenvalues of H(t) do not cross as time goes on, and if at t = 0 the system is in an
eigenstate E0 of H(0) then, at time t, the system will be in a state close the eigenstate of
H(t) deduced by continuity from E0. We could actually have used this theorem to derive a
non-perturbative atom response, but the calculations would have been unnecessarily more
tedious, and the analogy with wave-particle interaction in a plasma less transparent.
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were also published (for example Radzig and Smirnov found µ2 ≈ 1.32 D).
It was therefore necessary to have our own estimate of µ2, which M. Comte
and O. Gobert obtained by measuring the delay, δτ , between the time of
propagation of laser #2 in 1 meter of air and 1 meter of Baryum initially
in state |1〉 since, from Eq. (5.21), it is clear that this delay is proportional
to Nµ2

2/∆
2
2. The largest source of error in this method comes from the

determination of the atom density N , which is not known with a precision
better than 50%. Nevertheless, from the measurement of the delay δτ , the
value µ2 ≈ 0.8 D was obtained, which is close to that from the NIST data.
We will henceforth use this value for µ2.

In our Kerr-free experiment, the Baryum temperature is close to 900 K, so
that the thermal velocity of the Baryum atoms is vth ≈ 230 m.s−1. Since the
laser wavelengths are λ1 ≈ 553 nm and λ2 ≈ 613 nm, the Doppler broadening
is of the order of k1,2vth ≈ 2.5 GHz.

The lifetimes of levels |1〉 and |2〉 are not known perfectly well but may
be estimated to be T1 ≈ 20 ns and T2 ≈ 4 µs.

The light fields at λ1 and λ2 are generated with dye lasers, and the same
oscillator is used for laser #1 and #2 so that there is no jitter between these
two lasers. Before entering the Baryum vapor, the transverse profiles are
nearly Gaussian with nearly the same waist in y and z for lasers #1 and
#2 which therefore overlap quite well spatially. The laser pulse duration is
τl = 6 ns.

Let us now present our experimental results showing the cancellation of
the Kerr effect on laser #1 by that induced by laser #2. The results shown
here correspond to ∆1 = −25.84 GHz and ∆2 = −34.17 GHz. Both ∆1 and
∆2 are much larger than the Doppler broadening, than 1/T1 and 1/T2, and
than 1/τl, so that the analysis of the previous subsection holds.

From this analysis, we predict that laser #1 should self-focus after propa-
gating over 1 meter of Baryum vapor. This is clearly observed experimentally
as may be seen in Figs. 4.19-4.22. The ratio (∆1µ

2
2)/(2∆2µ

2
1) ≈ 3.8 × 10−3

is indeed very small compared to unity so that the space profile of laser
#2 should not be affected during its propagation in Baryum, as was also
observed experimentally (not shown here).

Now, from Eq. (4.52), the Kerr effect on laser #1 should be cancelled
by laser #2 if I2/I1 ≈ 260. In our experiment, the energy of laser #1 was

E1 ≈ 0.25 µJ while its waist in y was w
(1)
y ≈ 0.76 mm and its waist in z was

about w
(1)
z ≈ 0.88 mm (so that I1 ≈ 1.8× 104 W/cm2). As for laser #2, its

energy was E2 ≈ 120 µJ, its waist in y was w
(2)
y ≈ 0.86 mm and its waist in

z was about w
(2)
z ≈ 0.955 mm (I2 ≈ 5.1× 106 W/cm2). Therefore, the ratio
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I1/I2 was,

I2

I1

=
E2

E1

w
(1)
y w

(1)
z

w
(2)
y w

(2)
z

≈ 280, (4.56)

very close to the condition previously found for Kerr cancellation and, indeed,
as can be seen in Figs. 4.20-4.22, in presence of laser #2 the transverse profile
of laser #1 is nearly only affected by refraction after propagating inside of
the Baryum vapor. Therefore, we could indeed cancel the Kerr effect on laser
#1 by letting a second laser co-propagate with it.

Moreover, using laser #2 one could make laser #1 focus inside of the vapor
while it would have defocussed when propagating alone. This is the case if
n

(1)
2 < 0 (∆1 > 0) while n

(1)
2 I1 + n

′(1)
2 I2 > 0, that is I2 > (µ2

1∆2/µ
2
2∆1)I1.

Such an induced focusing was indeed observed experimentally (as shown in
Figs. 4.23 and 4.24), and the opposite effect could also be obtained (not
shown here). Hence, a very good control of the transverse profile of laser #1
is obtained by using laser #2.

Generalizing this result to other media is not straightforward, and this
issue will not be addressed here. However, from our previous analysis, it
seems that cancellation of the Kerr effect should be possible in other media
provided resonances can be well identified.

Figure 4.18: Intensity profile of laser #1 before entering the Baryum vapor,
as recorded by a CCD camera.
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Figure 4.19: Intensity profile of laser #1 after propagating alone inside of 1
meter of Baryum vapor, as recorded by a CCD camera, when ∆1 = −25.84
GHz, and I1 ≈ 1.8× 104 W/cm2.

Figure 4.20: Intensity profile of laser #1 after co-propagating with laser #2
inside of 1 meter of Baryum vapor, as recorded by a CCD camera, when
∆1 = −25.84 GHz, ∆2 = −34.17 GHz, I1 ≈ 1.8 × 104 W/cm2 and I2 ≈
5.1× 106 W/cm2.
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Figure 4.21: y-profiles of laser #1 intensity, normalized to its maximum and
centred at x ≈ 2.1mm, before entering the vapor (blue solid line) and when
exiting the vapor (red dashed line), panel (a) when laser #1 propagates alone,
panel (b) when laser #1 and #2 co-propagate, and for the same conditions
an in Fig. 4.20.
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Figure 4.22: z-profiles of laser #1 intensity, normalized to its maximum and
centred at y ≈ 1.8mm, before entering the vapor (blue solid line) and when
exiting the vapor (red dashed line), panel (a) when laser #1 propagates alone,
panel (b) when laser #1 and #2 co-propagate, and for the same conditions
an in Fig. 4.20.
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Figure 4.23: Intensity profile of laser #1 after propagating alone inside of 1
meter of Baryum vapor, as recorded by a CCD camera, when ∆1 = 19.79
GHz, and I1 ≈ 2.1× 104 W/cm2.

Figure 4.24: Intensity profile of laser #1 after propagating with laser #2
inside of 1 meter of Baryum vapor, as recorded by a CCD camera, when
∆1 = 19.79 GHz, ∆2 = 8.42 GHz, I1 ≈ 2.1× 104 W/cm2 and I2 ≈ 5.1× 106

W/cm2. I2 > (µ2
1∆2/µ

2
2∆1) ≈ 9 × 105 W/cm2, so that the condition for

induced focusing is fulfilled.
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4.3 Perturbative motion of electrons acted

upon by an electrostatic wave in an un-

magnetized plasma

4.3.1 Motivations

Calculating the electron response to a slowly varying electrostatic wave is of
prime importance in order to obtain a nonlinear kinetic description of stim-
ulated Raman scattering (SRS) in a plasma, as will be discussed throughout
the following Chapters of this manuscript. Since the modeling of SRS is our
main motivation for the analysis presented here, we will henceforth consider
a (laser) driven wave, so that the total longitudinal force acting upon the
electrons is the sum of that due to the electrostatic wave and of that due
to the drive. We moreover assume that the corresponding electrostatic and
driving fields, Eel and Edrive, write in terms of a slowly varying envelope and
of an eikonal, namely,

Eel = −i(Ep/2)eiϕp + c.c., (4.57)

Edrive = (Ed/2)ei(ϕp−δϕ) + c.c., (4.58)

where Ep and Ed are positive amplitudes such that |E−1
p,d∂xEp,d| � kp ≡ ∂xϕp

and |E−1
p,d∂tEp,d| � ωp ≡ −∂tϕp. We moreover assume that δϕ � ϕp (oth-

erwise the electrostatic wave cannot be coherently driven). As for the total
field E ≡ Eel + Edrive, it writes,

E ≡ −i(E0/2)eiψ + c.c., (4.59)

with E0 ≡
√
E2
p + E2

d − 2EpEd sin(δϕ) and, clearly,

E0e
i(ψ−ϕp) = Ep + iEde−iδϕ. (4.60)

This total field may be viewed as an “effective” electrostatic wave, and we will
henceforth study the motion of electrons acted upon by this effective wave.
We will actually be mainly interested in the charge density, ρ, induced by
this wave, which we will therefore write,

ρ ≡ (ρ0/2)eiψ + c.c., (4.61)

where ρ0 is a slowly varying complex amplitude defined by the requirement
(derived from Gauss’ law) that,

kpEp − i∂xEp = (ρ0/ε0)ei(ψ−ϕp). (4.62)
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At this stage, it is actually very convenient to introduce ,

χ ≡ − ρ0

ε0kpE0

, (4.63)

which, for purely time varying field amplitudes, reduces to the electron sus-
ceptibility. Then, by making use of Eq. (4.60) one easily finds that Eq. (4.62)
translates into,

kpEp − i∂xEp = −kpχ(Ep + iEde−iδϕ). (4.64)

The real and imaginary parts of Eq. (4.64) respectively yield,

(1 + χr)Ep = Ed[χi cos(δϕ)− χr sin(δϕ)], (4.65)

χiEp − k−1
p ∂xEp = Ed[−χr cos(δϕ)− χi sin(δϕ)], (4.66)

where χr ≡ Re(χ) and χi ≡ Im(χ). From the previous equations it is clear
that calculating χr and χi is enough to derive the nonlinear properties of
a plasma wave (namely its dispersion relation, group velocity, and rate of
energy transfer to the electrons), as well as how efficiently such a wave may
be driven. One of the main purpose of this Section, and of the next Chapter,
is precisely to show how χr and χi may be derived directly from the inves-
tigation of the electron motion (the ions being assumed immobile), so that
we only investigate here the nonlinear properties of electron plasma waves
(EPW).

Before proceeding in the derivation of χr and χi, let us discuss the physics
of Eqs. (4.65) and (4.66), and let us write them under a more convenient
form. Eq. (4.65) is the dispersion relation of the electron plasma wave (when
Ed = 0, one recovers the usual dispersion relation for a freely propagating
wave, 1 + χr = 0). In order to write it in a more convenient way, we use
Eq. (4.66) to find

χi =
−χr(Ed/Ep) cos(δϕ) + (kpEp)−1∂xEp

1 + (Ed/Ep) sin(δϕ)
. (4.67)

Now, as will be made clear in a few lines, the dispersion relation for the driven
plasma wave may be solved by making use of the adiabatic approximation,
i.e., at 0-order in the space and time variations of the wave amplitudes.
Then, neglecting the space derivative of Ep in Eq. (4.67) and plugging the
corresponding value of χi into Eq. (4.64), yields

1 + αdχr = 0, (4.68)

with

αd ≡ 1 + 2(Ed/Ep) sin(δϕ) + (Ed/Ep)2

1 + (Ed/Ep) sin(δϕ)
. (4.69)
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Eq. (4.66) is the envelope equation for the plasma wave which, when using
Eq. (4.67) to estimate its right-hand, reads

χiEp − k−1
p ∂xEp = −Edχr cos(δϕ) + (kpEp)−1∂xEp sin(δϕ)

1 + (Ed/Ep) sin(δϕ)

≈ Ed cos(δϕ), (4.70)

because |(kpEp)−1∂xEp| � 1 and Ed/Ep � 1. The relative values of Ed and
Ep will be discussed in great detail in the next Chapter, however, one may
notice from Eq. (4.66) that Ed/Ep is of the order of χi, which is either of the
order of the SRS growth rate or of the Landau damping rate, normalized to
the plasma frequency, which are supposed to be small quantities.

Note also that we neglected the term proportional to ∂xEp in the right-
hand side of Eq. (4.70) but not in its left-hand side. This is because, unless
cos(δϕ)� sin(δϕ) and the laser drive is essentially ineffective, |χr cos(δϕ)| �
|(kpEp)−1∂xEp sin(δϕ)|. By contrast, χi is essentially proportional to the space
and time derivatives of Ep, especially in the nonlinear regime once Landau
damping has vanished, so that (kpEp)−1∂xEp is not negligible compared to χi.
Another way to understand our approximations is to remark that, keeping
the term proportional to ∂xEp in the right-hand side of Eq. (4.70) amounts
to changing (−k−1

p ∂xEp) into (−k−1
p ∂xEp)[1− (Ed/Ep) sin(δϕ)] in the left-hand

side of this equation, and |(Ed/Ep) sin(δϕ)| � 1.

Note that Eqs. (4.68) and (4.70) are, of course, valid whether the EPW
is driven or not.

In order to derive χ we now need to relate it more specifically to the
electron motion. To do so we henceforth specialize, in all this Section, to
the case when the field amplitudes, and therefore ρ0 and δϕ, only depend on
time, and our results will be generalized to allow for three-dimensional (3-D)
space variations of the fields in the next Chapter. Clearly, from Eq. (4.61),
if ρ0 only depends on time, then

ρ0 = 2× 1

2π

∫ π

−π
ρe−iψdψ. (4.71)

Moreover, from the very definition of the electron distribution function, f ,

ρ = −n0e

[∫ +∞

−∞
fdv − 1

]
, (4.72)
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Figure 4.25: Orbit, calculated between times t0 = 11626.6 and t1 = 11635.3,
for the dynamics dx/dt = v, dv/dt = −E0e

γ0t sin(x), with E0 = 10−5 and
γ0 = 10−3, and corresponding to the initial position and velocity, x0 = 0 and
v0 = 1. The blue solid line is the actual orbit of the trapped electron. The
green curve is the symmetric image, with respect to the v-axis, of that part
of the orbit lying on the half-plane, x > 0. The black dashed curve is the
virtual separatrix corresponding to the amplitude at t = t0.

where n0 is the unperturbed electron density, so that,

ρ0 = −2n0e× 1

2π

∫ +∞

−∞

∫ π

−π
fe−iψdψdv (4.73)

≡ −2n0e〈e−iψ〉, (4.74)

where 〈.〉 stands for a local, in space, statistical averaging. Then, using
Eq. (4.63) for χ, we find,

χ =
2n0e〈e−iψ〉
ε0kpE0

, (4.75)

which shows that χ is proportional to 〈e−iψ〉.

We now use heuristic arguments to take advantage of the latter result,
and assume that calculating 〈e−iψ〉 amounts to averaging e−iψ along all the
electrons orbits in phase space. Then, because the wave numbers and ampli-
tudes vary very slowly in time, these orbits are nearly symmetric with respect
to the velocity-axis (see for example Fig. 4.25). One may therefore calculate
〈cos(ψ)〉 by assuming that these orbits are exactly symmetric with respect
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to the v-axis, which amounts to making the adiabatic approximation. By
making use of this approximation, one may therefore derive a non perturba-
tive estimate (with respect to the wave amplitude) of 〈cos(ψ)〉 that will be
detailed in the next Chapter. χr will therefore be evaluated at 0-order in the
variations of the fields amplitudes, which explains why the same approxima-
tion was made in order to cast the dispersion relation Eq. (4.65) in the form
given by Eq. (4.67).

As regards 〈sin(ψ)〉, if the electrons orbits were exactly symmetric with
respect to the velocity-axis then, because sin(ψ) is an odd function, aver-
aging over such orbits would just yield 〈sin(ψ)〉 = 0 (which explains why
the adiabatic estimate of χi is just χi = 0). Now, clearly, these orbits are
all the more symmetric as the typical timescale of variation of E0 is large
compared to the time it takes for ψ, or the polar angle in phase space, to
change by 2π. The latter time is very close to 2π/ωB for a trapped orbit far
enough from the virtual separatrix, where ωB ≡

√
eE0kp/m (m being the

electron mass) is the bounce frequency. Hence, as shown in Fig. 4.25, when
ωB � E−1

0 dE0/dt, the orbits of “deeply” trapped electrons are nearly sym-
metric with respect to the v-axis, and such electrons contribute very little to
〈sin(ψ)〉, and therefore to χi. Hence, their contribution will henceforth be
disregarded. These “deeply” trapped electrons were found in Ref. [54] to be
such that their initial velocities v0 fulfill the condition |v0 − vφ| ≤ Vl, where,

Vl ≡ max

[
0;

4

π

√
eE0

kpm

(
1− 3∫ t

0
ωBdt′

)]
. (4.76)

This condition may be understood the following way, |v0−vφ| ≤ 4
π

√
eE0/kpm

is the condition for an electron to be trapped, as derived by making use of
the adiabatic approximation (see Paragraph 5.2.1 for details). Accounting
for the extra factor (1 − 3/

∫
ωBdt

′) in Eq. (4.76) amounts to defining an
electron as “deeply trapped” provided that it has experienced a substantial
fraction (about one half) of its trapped orbit. The latter condition is similar
to the condition for an efficient phase-mixing, as invoked by O’Neil in Ref.
[55] to explain the nonlinear reduction of the Landau damping rate.

In conclusion, the function 〈sin(ψ)〉 will be calculated the following way,

〈sin(ψ)〉 ≡
∫
|v0−vφ|≥Vl

S(v0, E0)f0(v0)dv0, (4.77)

where f0(v0) is the electron distribution function in the limit of a vanishing
field amplitude, and S(v0, E0) is the contribution to 〈sin(ψ)〉 of those elec-
trons whose unperturbed velocity is v0. A first estimate of the function S is
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found from a perturbative analysis of the electron motion, that will now be
detailed.

4.3.2 Perturbative analysis

The motion of electrons in the electrostatic field Eq. (4.59) is given by the
following equations,

dx/dt = v (4.78)

dv/dt = (ie/2m)E0e
iψ(x,t) + c.c., (4.79)

which derive from the Hamiltonian,

H = v2/2 + V (x, t), (4.80)

where −∂xV = (ie/2m)E0e
iψ(x,t) + c.c. The perturbative technique consists

in defining a new set of variables, x′ and v′, such that in these variables the
particle motion is nearly unperturbed i.e., v′ remains nearly constant and, up
to the accuracy of the perturbative scheme, may be identified with the initial
velocity. The change in variables is defined by using a generative function
F (x, v′, t) (see Ref. [56] for details), and is,

x′ = x+ ∂F/∂v′, (4.81)

v = v′ + ∂F/∂x. (4.82)

In these new variables, the new Hamiltonian is,

H′ = H + ∂F/∂t (4.83)

= v′2/2 + v′∂xF + (∂xF )2/2 + V + ∂F/∂t. (4.84)

One would like to choose F so thatH′ = v′2/2, and v′ is a constant of motion.
This is usually done by perturbation, meaning that one uses the following
expansion, F =

∑
nE

n
0Fn, such that v′ is a constant up to terms of the

order to En+1
0 . Note though that, usually, the perturbation series does not

converge, as will be discussed below.

First order results

A first order perturbative analysis amounts to choosing F so that,

v′∂xF + ∂tF = −V (x, t), (4.85)
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which would make v′ constant up to terms of order E2. Eq. (4.85) is easily
solved in,

F (x, v′, t) = −
∫ t

0

V [x− v′(t− t′), t′]dt′. (4.86)

Assuming v′ ≈ v0, we then find that, δv ≈ v − v′ = ∂xF , is given by,

δv = (ie/2m)

∫ t

0

E0(t′)eiψ[x−v0(t−t′),t′]dt′ + c.c. (4.87)

A first order calculation of the electron motion is equivalent to a linear anal-
ysis. However since, as is clear from Eq. (4.77), we disregard the contribution
of the deeply trapped electrons to derive χi, our result for χi will be different
from the linear one.

From the very definition of the charge density Eq. (4.72), it is clear that
if we write the electron velocity as v = v0 + δv then,

ρ = −n0e

∫
f0(v0)

∂δv

∂v0

dv0. (4.88)

Plugging the value found at first order for δv into the latter expression for ρ
yields,

ρ0(x, t)eiψ =
−ine2

m

∫
f0(v0)

∂

∂v0

{∫ t

0

E0(t′)eiψ[x−v0(t−t′),t′]dt′
}
dv0. (4.89)

Calculating the previous time integral by parts, and at zero order in the
space and time variations of kp and ωp, we find that up to terms of the order
of
[
k−3
p (v0 − vφ)−4(d2E0/dt

2)
]
,

∂

∂v0

∫ t

0

E0e
iψdt′ = k−2

p

[
ikpE0

(v0 − vφ)2
− 2(dE0/dt)

(v0 − vφ)3

]
eiψ. (4.90)

Clearly, the previous estimate only makes sense for large enough values of
(v0− vφ) and, actually, plugging Eq. (4.90) into Eq. (4.89) would lead, when
the integration is carried out over all velocities v0, to a singular expression.
Nevertheless, it is always possible to define E0 in such a way that ωp has a
nonzero imaginary part, ωip, and in the limit ωip → 0 the integral,

I ≡
∫
|v0−vφ|≥Vl

2
f0(v0)− f0(vφ)− (v0 − vφ)f ′0(vφ)

k3(v0 − vφ)3
dv0, (4.91)

converges whatever the value of Vl (it converges to its Cauchy principal part,
which is well defined, when Vl = 0). In order to take advantage of this result,
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using the definition Eq. (4.63) for χ, the expression Eq. (4.89) for ρ0, and
the fact that the contribution to χi of the deeply trapped electrons may be
disregarded, we now write χi as,

χi =
ω2
pe

kpE0

Re[(χ1 + χ2)e−iψ], (4.92)

where ωpe ≡
√
n0e2/ε0m is the plasma frequency, and,

χ1 ≡ ikp

∫
|v0−vφ|≥Vl

[f0(v0)−f0(vφ)− (v0−vφ)f ′0(vφ)]

∫ t

0

(t′− t)E0(t′)eiψdt′dv0,

(4.93)

χ2 ≡ ikpf
′
0(vφ)

∫ t

0

(t′−t)E0(t′)

∫
|v0−vφ|≥Vl

(v0−vφ)eiψ(x−v0(t−t′),t′)dv0dt
′. (4.94)

Now, from our previous discussion, it is valid to calculate the time integral
in χ1 by parts as in Eq. (4.90), which yields,

Re(χ1e
−iψ) ≈ −kpI(dE0/dt), (4.95)

where I is given by Eq. (4.91). When Vl = 0, −ω2
peI ≡ −∂ωχlinr , where χlinr

is the linear value of the real part of the electron susceptibility, as derived
for example in Ref. [57], calculated by making use of the adiabatic approxi-
mation (i.e., at 0-order in the variations of the wave amplitude). The value
of −ω2

peI does not vary much unless Vl is of the order of, or larger than, the
thermal velocity, vth.

As for χ2, since,∫ +∞

−∞
(v0 − vφ)eikp(v0−vφ)(t′−t)dv0 = (−2iπ/k2

p)∂t′δ(t
′ − t), (4.96)

where δ(t) is the Dirac distribution, and since at 0-order in the variations of
kp and ωp we may replace ψ(x, t) by (kpx− ωpt), we find that when Vl = 0,

χ2 = −2π

kp
f ′0(vφ)eiψ

∫ t

0

(t′ − t)E0(t′)∂t′δ(t
′ − t)dt′ (4.97)

=
−π
kp
E0(t)f ′0(vφ)eiψ. (4.98)

Hence a first order perturbation analysis yields, when Vl = 0 (which corre-
sponds to the linear limit),

χi = ∂ωχ
lin
r

(dE0/dt)

E0

− πω2
pe

k2
p

f ′0(vφ). (4.99)
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Now, because Ed � Ep, E−1
0 (dE0/dt) ≈ E−1

p (dEp/dt) so that,

χi ≈ ∂ωχ
lin
r

(dEp/dt)
Ep − πω2

pe

k2
p

f ′0(vφ). (4.100)

Plugging this value of χi into Eq. (4.70) yields the following envelope equation
for the electron plasma wave (when Ep depends on time only),

dEp/dt+ νLEp = Ed cos(δϕ)/∂ωχ
lin
r , (4.101)

where νL ≡ −πω2
pef
′
0(vφ)/(k2

p∂ωχ
lin
r ) is the Landau damping rate, derived in

Ref. [58]. Since the latter equation is valid whether the wave is driven or
not, it unambiguously shows that, if an EPW is driven to a level significantly
larger than that due to electrostatic fluctuations, yet small enough for Vl = 0,
and if this EPW is then left freely propagate, it will necessarily damp at the
rate derived by Landau. The non-Landau damping predicted by Belmont et
al. in Ref. [27] cannot be found in that case.

Let us now address the nonlinear regime, Vl > 0. When [kpVl]
−1 is much

less than the typical time of variation of E0, τ0, calculating the time integral
in Eq. (4.89) by parts is valid, which yields,

χi ≈ ω2
pe

(dE0/dt)

E0

∫
|v0−vφ|≥Vl(t)

−2f0(v0)

k3
p(v0 − vφ)3

dv0

≡ (dE0/dt)

E0

∂ωχ
eff,1
r , (4.102)

where χeff,1
r is the real part of an “effective” susceptibility, that does not

account for the contribution of the deeply trapped electrons, and which is
derived from a first order perturbative analysis of the electron motion and at
0-order in the variations of the wave amplitude (which amounts to making
use of the adiabatic approximation). Plugging this value of χi into equation
Eq. (4.70) yields,

dEp/dt = Ed cos(δϕ)/∂ωχ
eff,1
r , (4.103)

which shows that there is no damping term in the envelope equation for the
EPW. Hence, when kpVl has become so large compared to τ−1

0 that an inte-
gration by parts yields an accurate estimate for the change in velocity, δv, of
the electrons which significantly contribute to χi, the rate of energy transfer
from the wave to the electrons has become negligible. Note again that Vl > 0
when

∫ t
0
ωBdt

′ > 3, i.e., when the first trapped electrons have completed
about one half of their trapped orbit, so that our result is consistent with
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that published by O’Neil in Ref. [55] on the nonlinear reduction of Landau
damping for a wave with constant and uniform amplitude.

We therefore successfully derived an explicit expression for χi, both, when
Vl = 0 and when kpVl � τ−1

0 . Now, it would be very convenient to have a
practical formula for χi, and especially for the term χ2 (since the value of
χ1 does not change much) valid whatever Vl. First note that, in the limit
kpVl � τ−1

0 , calculating the time integral in Eq. (4.94) by parts easily yields,

Re(χ2e
−iψ) ≈ −4f ′0(vφ)

k2
pVl

dE0

dt
. (4.104)

In the opposite limit, kpVl � τ−1
0 , we may write χ2 ≡ (−E0/kp)f

′
0(vφ)eiψ[π+

δχ2], with,

δχ2 ≡ kp
E0

∫ t

0

(t′ − t)E0(t′)∂t′G(t′ − t)dt′, (4.105)

where,

G(t′ − t) =

∫ Vl

−Vl
eikp(v0−vφ)(t−t′)dv0

=
2 sin[kp(Vl − vφ)(t− t′)]

kp(t′ − t) . (4.106)

Clearly, the timescale of variations of G is V −1
l , while ∂t′G|t′=t = 0, and

∂2
t′G|t′=t = 2k2

pV
3
l /3. Integrating the right-hand side of Eq. (4.105) three

times by parts then yields,

δχ2 ≈ −4(kpVl)
3

3E0

∫ t

0

∫ t′

0

∫ t′′

0

E0(u)dudt′′dt′. (4.107)

These results for χ2 are now to be compared to those obtained by as-
suming E0(t) = E0e

Γt, where E0 and Γ are constants. In this case, it is
straightforwardly found,

Re(χ2e
−iψ) =

−f ′0(vφ)E0

kp

[
π − 2 tan−1

(
kpVl

Γ

)
+

2ΓkpVl
Γ2 + (kpVl)2

]
. (4.108)

Using this formula, one recovers results similar to those found in the general
case i.e., when kpVl � Γ,

Re(χ2e
−iψ) ≈ −4f ′0(vφ)

k2
pVl

ΓE0, (4.109)
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and when kpVl � Γ, Re(χ2e
−iψ) = (−E0/kp)f

′
0(vφ)[π + δχ2] with,

δχ2 ≈ −4

3

(
kpVl

Γ

)3

. (4.110)

It is worth noting here that, when E0 = E0e
Γt, Γ may be interpreted as

Γ = E−1
0 (dE0/dt) or as Γ = E0/

∫ t
0
E0(u)du (when t� Γ−1). Using the def-

inition Γ = E−1
0 (dE0/dt), Eq. (4.109) is exactly the same as Eq. (4.104),

while Eqs. (4.107) and (4.110) compare better if one uses for Γ, Γ =
E0/

∫ t
0
E0(u)du. Then, one may think of using Eq. (4.108) as a practical

formula for Re(χ2e
−iψ) valid whatever Vl and whatever the variations of

E0, with Γ continuously changing from E0/
∫ t

0
E0(t′)dt′ when kpVl � τ−1

0 to
E−1

0 (dE0/dt) when kpVl � τ−1
0 , where τ0 is the typical time of variations of

E0. We therefore propose to use Eq. (4.108) for Re(χ2e
−iψ) in the general

case, with,

Γ ≡ E0(t)− E0[t− π/(kpVl)]∫ t
t−π/(kpVl)

E0(u)du
, (4.111)

which has the desired properties, Γ ≈ E0/
∫ t

0
E0(t′)dt′ when kpVl � τ−1

0 and
Γ ≈ E−1

0 (dE0/dt) when kpVl � τ−1
0 . In the next Chapter we will see that,

using Eq. (4.108) for Re(χ2e
−iψ) with Γ given by Eq. (4.111) will provide a

practical and accurate analytic formula for the nonlinear counterpart of the
Landau damping rate of an SRS-driven plasma wave.

Higher order results

We worked out the perturbation analysis of the electron motion, when E0 =
E0e

Γt, up to the eleventh order. The corresponding tedious calculations will
of course not be reproduced here, nor will be the high order formulas for
〈sin(ψ)〉, which may nevertheless be found in Ref. [54]. Here, we will just
outline the limits and advantages of using high order results.

First of all, although rigourous estimates remain to be done, the small
parameter, ε, of the perturbative expansion appears to be of the order of
ε = ω2

B/[Γ
2 + (kpVl)

2], and is therefore indeed small when ωB � Γ, while
in the opposite limit ωB � Γ, ωB ≈ kpVl and ε ≈ 1. Hence, unlike in
the situation where one tries to calculate perturbatively the motion of all
electrons (i.e., when Vl = 0), and where ε would be a big parameter whenever
ωB � Γ, here we are in a limit situation where ε→ 1 when ωB/Γ→∞. On
a more physical basis, the less symmetric orbits (with respect to the v-axis)
are those close to the virtual separatrix so that, as ωB increases, the relative
contribution to 〈sin(ψ)〉 from electrons lying on those orbits becomes more
important, and it is well known that the motion close to the separatrix is not
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perturbative, with respect to the wave amplitude. We therefore expect our
perturbative estimate of 〈sin(ψ)〉 to eventually break down, but to remain
valid beyond the regime ωB � Γ.

This is exactly what we observe when comparing our perturbative esti-
mate of 〈sin(ψ)〉 to that derived from test particle simulations, as shown in
Fig. 4.26. These simulations consist in calculating the motion of electrons
acted upon by an exponentially growing electrostatic wave of constant phase
velocity, and 〈sin(ψ)〉 is estimated numerically by using the formula,

〈sin(ψ)〉 =
N∑
n=1

f0(v0,n) sin(ψn), (4.112)

where N is the total number of electrons in the simulation, v0,n is the initial
velocity of the nth electron, and ψn ≡ kpxn−ωpt, where xn is the position of
electron #n at time t. In the case of Fig. 4.26, f0 is a Maxwellian, and the
electrons are initially uniformly distributed in space (over 25 different posi-
tions for each initial velocity) and in velocity (over 1000 different velocity
ranging from −10vth to 10vth, where vth is the thermal velocity), the wave
phase velocity is vφ = 3vth, and its growth rate is Γ = ωpe/10. From Fig. 4.26
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Figure 4.26: −(kpvth/ωB)〈sin(ψ)〉 versus ωB/Γ as calculated by using a first
order perturbation analysis (purple dotted line), an eleventh order analysis
(green dashed line), and from test particle simulations (black solid line).

it may be seen that, when using an eleventh order analysis, good agreement
(relative discrepancy less than 15%) between the theoretical and numerical
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values of 〈sin(ψ)〉 are found up to ωB/Γ ≈ 15, while when using a first order
analysis, such a good agreement may only be found when ωB/Γ < 3. Hence,
using higher order expansions yields a good estimate for 〈sin(ψ)〉 up to larger
values of ωB/Γ. However, clearly, a non perturbative theory is needed to ad-
dress the electron response when the wave bounce frequency is much larger
than its growth rate. Non perturbative values of 〈sin(ψ)〉, accurate whenever
ωB/Γ > 3, will be provided in the next Chapter. Then, as will be shown
in Chapter 5, by “connecting” perturbative and non perturbative values of
〈sin(ψ)〉, one may get a very good estimate of this function whatever the
wave amplitude, and, going to higher order in the perturbative expansion
just increases the accuracy of the theoretical result.

Before ending this Paragraph we need to make two important remarks.
First, one could generalize the high order formulas obtained when E0 =
E0e

Γt by using Eq. (4.111) for Γ. Second, in the limit ωB � Γ one finds,
χi ≈ E−1

0 (dE0/dt)∂ωχ
eff,n
r where χeff,n

r is the real part of an “effective” sus-
ceptibility, that does not account for the contribution of the deeply trapped
electrons, and which is derived from an nth order perturbative analysis of
the electron motion and at 0-order in the variations of the wave amplitude
(which amounts to making use of the adiabatic approximation). Hence the
result obtained at first order generalizes to higher orders. The corresponding
tedious proof of this result will not be provided here, but will be illustrated
numerically in the next Chapter.

4.3.3 Analogies with the perturbative analysis of the
laser-atom interaction

The physics situation considered here bears some analogies with that of Sec-
tion 4.2 since, in both cases, we consider the response of particles which are
not resonant with the wave acting upon them. However, at first sight, the
analogy stops here since in Section 4.2 we studied the gain in internal energy
of motionless atoms, while this Section addresses the change in momentum
of electrons, which do not have any internal energy. Yet, the analytic for-
malisms used in both Sections are very similar since the integration by part
used to derive the σij’s is exactly the same as that used to calculate the
electron response to an electrostatic field, and such an integration is valid
provided that the detunings, ∆i ≡ ωi−ωli for atoms and ∆v ≡ kpv0−ωp for
electrons in a plasma, are large compared to the Rabi frequencies Ωi, or to
the bounce frequency, ωB. Actually, in this Section, the small parameter in
the perturbative expansion is of the order of ωB/∆v, while it was of the order
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of Ωi/∆j in Section 4.2. There is therefore a striking analogy between, on the
one hand, Ωi and ωB and, on the other hand, (ωi−ωli) and (kpv0−ωp), in the
expression of the perturbative response of atoms to a laser light compared to
that of electrons to an electrostatic wave.

Moreover, the analysis in Section 4.2 was made in the spirit of the adia-
batic approximation since the time derivatives of the fields amplitudes were
neglected. As a result, no damping term in the light wave equation was
found, although the atoms gained energy. This result is akin to that of
plasma physics where making use of the adiabatic approximation does not
allow one to recover Landau damping (since the adiabatic value of χi is just
χi = 0).

In conclusion, it appears that the only important concept as regards per-
turbative techniques is that of resonance. However, resonance enters in a
very different way in the three examples given in this Chapter. In Section
4.1 on ion acceleration, the particles are always resonant with the waves,
whatever their velocity. As a result, a large coherent acceleration is possible.
Section 4.2 addresses the converse situation where no atom is resonant with
the laser wave, whatever its velocity. Moreover, in Section 4.1 we studied ions
as test particles, whose motion is greatly perturbed by the wave while the
wave properties remain unchanged. By contrast, in Section 4.2 the atoms are
weakly energized by the wave (the probability to find them in their ground
state remains very close to unity) but the space profile of the laser beam
may be greatly affected as light propagates inside of the atomic vapor. As
for the electron response to an electrostatic wave addressed in this Section,
this is the most complicated physics situation as regards resonance because,
depending on their initial velocity electrons may, or may not, be resonant
with the wave. Moreover, to address this physics problem we need to derive
both, the electron response to the wave and the modifications of the wave
properties, which will be described in the next Chapter. However, for the
three very different examples given in this Chapter, it is remarkable that,
in the perturbative regime, basically the same analytic formalism could be
used.
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Chapter 5

Non perturbative regime

Nonlinear non perturbative results (with respect to the field amplitude) are
quite rare in physics and, in this Chapter, we will restrict to one topic, that
of the electron response to a slowly varying electrostatic wave in an unmag-
netized plasma. We nevertheless want to mention here the recent progresses
of these past 10-15 years on the diffusive motion of particles in a turbulent
electrostatic field (see Refs. [59, 60, 61, 62]).

Undoubtably, the most celebrated method in nonlinear physics which does
not rely on a perturbative expansion in the field amplitude is the adiabatic
approximation. However, as discussed in the previous Chapter, when mak-
ing use of such an approximation one misses important physics phenomena
such as the dispersive properties and the non collisional damping of waves
(as mentioned in Section 4.3, the adiabatic estimate of χi is just χi = 0).
In order to derive accurate results, one therefore often needs to invent new
nonlinear techniques, as we do it here to calculate the nonlinear motion of
electrons acted upon by a slowly varying electrostatic wave. Our method
consists in mixing perturbative techniques with calculations which go just
one step beyond the adiabatic approximation. This leads us to very accu-
rate, and quite unexpected predictions for the nonlinear group velocity, and
the nonlinear counterpart of the Landau damping rate of an electron plasma
wave. As regards the nonlinear dispersion relation of the wave, it may be
derived by making use of the adiabatic approximation. Unlike what is usu-
ally done, we account here for the drive that makes the plasma wave grow in
an initially Maxwellian plasma, in order to calculate its nonlinear frequency
shift which, as will be explained in Section 5.2, invalidates all the previous
theories on the subject.

The results derived here on the nonlinear properties of an electron plasma

85
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wave are of prime importance, and will be explicitly used in the next Chapter,
to describe Raman growth in the nonlinear kinetic regime.
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5.1 Envelope equation for a driven electron

plasma wave

5.1.1 Purely time dependent wave amplitude

As is clear from Eq. (4.70) of Section 4.3, in order to derive the envelope
equation of an electron plasma wave, one needs a theoretical estimate for the
imaginary part of χ [defined by Eq. (4.63)]. Once again, we will use heuristic
arguments to calculate χi, and will first consider the situation when the wave
amplitudes only depend on time.

Heuristically, one would like to think of the wave growth (or decay) rate
Γ as the imaginary part of the wave frequency, and use the following Taylor
expansion,

χi(ωp + iΓ) ≈ χi(ωp + i0) + Γ∂ωχr. (5.1)

One could raise many criticisms against such an expansion, especially when
Γ < 0. It is however very useful, and relevant in the very nonlinear regime, as
we will now show it. First note that, since the deeply trapped electrons con-
tribute very little to χi, we may withdraw their contribution in the expansion
Eq. (5.1), which then writes,

χi(ω + iΓ) ≈ χeff
i (ω + i0) + Γ∂ωχ

eff
r , (5.2)

where the superscript “eff” means, as in Section 4.3, that the contribution of
the deeply trapped electrons has been disregarded. When plugging the latter
expression for χi into the envelope equation Eq. (4.70), one clearly sees that
the term χeff

i (ω + i0) accounts for collisionless damping. Now, from O’Neil’s
work of Ref. [55], this term is expected to decrease and become negligible
as
∫
ωBdt increases. Moreover, from an nth order perturbative analysis, we

found in Section 4.3 that, indeed, when
∫
ωBdt is large, χi ≈ Γ∂ωχ

eff,n
r where

χeff,n
r is the nth order estimate of χeff

r calculated by making use of the adiabatic
approximation. Now, clearly, there is no need to resort to a perturbation
analysis to evaluate ∂ωχ

eff
r adiabatically, and how to do this is explained in

detail in Ref. [54], and briefly recalled in Appendix A. Then, for large values
of
∫
ωBdt, we are naturally led to the following non perturbative estimate for

χi,
χi ≈ E−1

0 (dE0/dt)∂ωχ
eff
r ≈ E−1

p (dEp/dt)∂ωχeff
r . (5.3)

Exponentially growing wave

As in Section 4.3, in order to test the accuracy of the latter expression, we
compare the values of 〈sin(ψ)〉 deduced from Eq. (5.3) to results from test
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Figure 5.1: −(kpvth/ωB)〈sin(ψ)〉 versus ωB/Γ as calculated by using a first
order perturbation analysis (purple dotted line), an eleventh order analysis
(green dashed line), from Eq. (5.3) (red dashed-dotted line) and from test
particle simulations (black solid line) for the same conditions as in Fig. 4.26.

particle simulations, for an exponentially growing wave. As shown in Fig. 5.1
(a), there exists indeed a range in ωB/Γ where the values of 〈sin(ψ)〉 deduced
from Eq. (5.3) match the perturbative ones, whether one uses a first order or
an eleventh order expansion. However, the range in ωB/Γ is larger and the
matching is better when using a higher order analysis. Moreover, as may be
seen in Fig. 5.1 (b), using Eq. (5.3) yields very accurate values for 〈sin(ψ)〉
whatever ωB/Γ ≥ 3.

Another interesting feature illustrated in Fig. 5.1(a) is the very abrupt
convergence of χi towards Γ∂ωχ

eff
r when ωB/Γ ≥ 3. Since, when ωB/Γ ≤ 3,

a perturbative estimate of χi is quite accurate, one is therefore naturally led
to the following estimate for χi,

χi ≈ χper
i × [1− Y (ωB/3Γ)] + Γ∂ωχ

eff
r × Y (ωB/3Γ), (5.4)

where χper
i is the perturbative value of χi given in Section 4.3, and where

Y (x) grows from 0 to 1 as x increases. Moreover, since the convergence of
χi to Γ∂ωχ

eff
r is quite abrupt when ωB ≥ 3Γ, we choose Y (x) so that it rises

very quickly from 0 to 1 as x becomes larger than unity, namely we choose,

Y (x) = tanh5[(ex − 1)3]. (5.5)
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Figure 5.2: −(kpvth/ωB)〈sin(ψ)〉 versus ωB/Γ as calculated from test particle
simulations (black solid line) and from Eq. (5.4) (red dashed line) with, panel
(a), χper

i calculated at the eleventh order and, panel (b), χper
i calculated at

first order.

As may be seen in Fig. 5.2 (a), Eq. (5.4) yields an excellent estimate for χi
when χper

i is calculated at the eleventh order while, as shown in Fig. 5.2 (b),
using a first order perturbation analysis already provides a good accuracy.

Generalized expression for χi

For an exponentially growing wave, and for large enough values of Γt, 2ωB/Γ ≈∫ t
0
ωBdt

′ which is a well-known parameter to measure the degree of nonlinear-
ity of the electron motion (see Ref. [55] for example). Hence, it was expected
that, for an exponentially growing wave, perturbative results would break
down for large enough values of ωB/Γ. Moreover, in order to make the re-
sults derived in the previous Paragraph valid whatever the time evolution of
the wave amplitude, we are naturally led to generalize Eq. (5.4) into,

χi ≈ χper
i ×

[
1− Y

(∫
ωBdt/6

)]
+ E−1

0 (dE0/dt)∂ωχ
eff
r × Y

(∫
ωBdt/6

)
,

(5.6)
where χper

i is derived from the values obtained for a purely time growing wave
by using for Γ the value given by Eq. (4.111) of Section 4.3. There, χper

i was
expressed in terms of f0, defined as the electron distribution function in the
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limit of a vanishing wave amplitude. We now make explicit what this means.

Symmetric detrapping

If E0 has kept on increasing with time, f0 is nothing but the unperturbed
distribution function, assumed to be a Maxwellian. If E0 has reached a large

E
p
!

Figure 5.3: Results from Vlasov simulations of stimulated Raman scattering
showing, panel (a), the plasma wave amplitude (in its reference frame and in
arbitrary units) as a function of time (normalized to the laser period), panel
(b), the space averaged electron distribution function at the three different
times indicated by the arrows in panel (a). Note that, as the EPW amplitude
decreases, the space averaged distribution function becomes more symmetric
with respect to vφ. Note moreover that, although Ep is the same at times
t/τ0 = 3365 and t/τ0 = 3726, the space averaged distribution functions
at these two times are very different from each other. Hence, the electron
distribution function depends not only on the instantaneous wave amplitude,
but also on the maximum one.

enough value to induce nonlinear electron motion before decreasing back to
nearly 0, a perturbative analysis of the electron motion from t = 0 is no longer
valid when E0 is, again, very small. However, one may calculate the electron
motion perturbatively from t = +∞ by invoking the time-reversal invariance
of the dynamics. Then, f0 is the distribution function in the limit t → +∞
which, as shown in Ref. [54], and as illustrated in Fig. 5.3, results from the
electrons symmetric detrapping with respect to the wave phase velocity, vφ.
As a result, in the interval |v − vφ| > max(Vl), f0(v, t = +∞) assumes the
same values as the initial, unperturbed distribution function, while in the
interval |v − vφ| ≤ max(Vl), f0(v, t = +∞) is nearly symmetric with respect
to vφ. Then, electrons whose initial velocity lies within the latter interval
contribute very little to χi. This means that, once deeply trapped, electrons
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no longer contribute significantly to χi, even after being detrapped. This
implies, in particular, that Landau damping is not restored after the wave
amplitude has decreased back to very small values, and explains why using∫
ωBdt as an argument of the function Y is much more appropriate than

using ωB/|Γ|.
In practice, when the electron motion has reached such a nonlinear regime

that symmetric detrapping needs to be accounted for,
∫
ωBdt is so impor-

tant that the perturbative term in Eq. (5.6) is negligible, while only the
untrapped electrons (whose distribution function is unperturbed) contibute
to ∂ωχ

eff
r . Hence, one may always use for f0 the unperturbed distribution

function (assumed here to be a Maxwellian) in all the previously derived ex-
pressions, and replace Vl defined by Eq. (4.76) of Section 4.3 by maxt′<t(Vl).

Nonlinear Landau damping rate

We now want to express χi, given by Eq. (5.6), in such a way that when
plugged back into Eq. (4.70), this equation may indeed be considered as an
envelope equation i.e., that it reads,

dEp/dt+ νNLEp = Ed/∂ωχenv
r , (5.7)

where νNL would be the nonlinear counterpart on the Landau damping rate,
(henceforth more simply termed nonlinear Landau damping rate), and χenv

r

would be the real effective susceptibility to be used in the envelope equation
for the EPW.

When
∫
ωBdt� 6, from Eq. (5.6) it is clear that νNL ≈ 0 while ∂ωχ

env
r ≈

∂ωχ
r
eff. As for χper

i , we will only use here its first order expression since we
saw earlier that it already yields very accurate results (examples of results
obtained with χper

i calculated at the eleventh order will be given in Fig. 5.4
and in Paragraph 5.1.2). Then,

χper
i ≈ −ω2

pef
′
0(vφ)

k2
p

[
π − 2 tan−1

(
kpVp

Γ

)
+

2ΓkpVl
Γ2 + (kpVl)2

]
+∂ωχ

1
rE
−1
0 (dE0/dt), (5.8)

where Γ is defined by Eq. (4.111), −∂ωχ1
r/ω

2
pe is the integral (4.91), and Vl is

the maximum, for t′ < t, of the expression given in Eq. (4.76) of Section 4.3.
From the latter expression for χper

i , one would like to use ∂ωχ
env
r = ∂ωχ

1
r, and

for νNL the first term of Eq. (5.8) divided by ∂ωχ
1
r, when

∫
ωBdt� 6.

Then, in order to get expressions for νNL and ∂ωχ
env
r whatever

∫
ωBdt, we

would only need to connect the previous estimates obtained when
∫
ωBdt� 6
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to those valid when
∫
ωBdt� 6 the following way

∂ωχ
env
r = ∂ωχ

1
r ×

[
1− Y

(∫
ωBdt/6

)]
+ ∂ωχ

eff
r × Y

(∫
ωBdt/6

)
,

(5.9)

νNL =
−ω2

pef
′
0(vφ)

k2
p∂ωχ

1
r

[
π − 2 tan−1

(
kpVl

Γ

)
+

2ΓkpVl
Γ2 + (kpVl)2

]
×
[
1− Y

(∫
ωBdt/6

)]
. (5.10)

However, νNL as defined by Eq. (5.10) is, at first sight, much more compli-
cated an operator than a damping rate. It may nevertheless by considered
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Figure 5.4: Panel (a), collisionless damping rate, νNL, normalized to its linear
value as calculated by using Eq. (5.10) (black solid line), and as derived from
an 11th order expansion for χper

i (red dashed line), versus
∫
ωBdt. Panel

(b) ∂ωχ
env
r normalized to its linear value as calculated from Eq. (5.9) versus∫

ωBdt. Both νNL and ∂ωχ
env
r are calculated for a plasma wave whose phase

velocity is vφ = 3vth and growth rate is Γ = 2× 10−2ωpe.

as such because it assumes nearly constant values before dropping to 0, as
shown in Figs. 5.4 and 5.5. Note that νNL ≈ 0 whenever

∫
ωBdt ≥ 6, i.e.,
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after the first trapped electrons have completed about one trapped orbit.
Hence, the physics of the nonlinear reduction of the collisionless damping
rate is the same as in situation considered by O’Neil, and is due to the trap-
ping of the nearly resonant electrons which, on the average, no longer give
or take energy from the wave as they get phase mixed in the wave trough.

Concomitant with the drop in νNL is a sudden increase of ∂ωχ
env
r because

the term χ2 defined by Eq. (4.94) (or its higher order counterpart), respon-
sible for Landau damping when

∫
ωBdt � 6, becomes nearly proportional

to E−1
p (dEp/dt) when

∫
ωBdt � 6, and therefore renormalizes ∂ωχ

env
r once

Landau damping has become negligible. Moreover, the rather crude way we
model χ2, as either proportional to Ep when

∫
ωBdt < 6 or proportional to

E−1
p (dEp/dt) whenever

∫
ωBdt > 6, is vindicated by the abrupt convergence

of E−1
p (dEp/dt)∂ωχenv

r towards χi when
∫
ωBdt > 6, as illustrated in Fig. 5.1.

5.1.2 One dimensional (1-D) space variation of the field
amplitudes

In order to allow for 1-D space variations of the field amplitudes, we resort
to Fourier representations of ρ0 and E0,

E0 ≡
∫ +∞

−∞
Ẽkp+k′(t)e

ik′xdk′, (5.11)

ρ0 ≡
∫ +∞

−∞
ρ̃kp+k′(t)e

ik′xdk′, (5.12)

where, clearly, the functions Ẽkp+k′ and ρ̃kp+k′ are very peaked about k′ = 0.
We moreover introduce, ξkp+k′ ≡ −ρ̃kp+k′/[ε0(kp+k′)Ekp+k′ ] (note that ξkp+k′

is not the Fourier component of χ) so that,

ρ0/ε0 =

∫ +∞

−∞
−(kp + k′)ξkp+k′Ẽkp+k′e

ik′xdk′

≈ −
∫ +∞

−∞
[kpξkp + k′ξkp + kpk

′∂kξk|k=kp ]Ẽkp+k′e
ik′xdk′

= −kpξkpE0 + i(ξkp + kp∂kξk|k=kp)∂xE0. (5.13)

Now, from the very definition χ ≡ −ρ0/(ε0kpE0), we find,

χ = ξkp − iκ(ξkp/kp + ∂kξk|k=kp), (5.14)

where κ ≡ E−1
0 ∂xE0 ≈ E−1

p ∂xEp. In the limit κ→ 0 we find χ = ξkp , so that
at first order in κ, ξkp = χ0D + iκC(Ep), where χ0D is the value of χ found
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previously for uniform field amplitudes, and C is a function of Ep which is
still to be calculated. However, in the linear regime, it is clear that C = 0
since each ρ̃kp+k′ is only induced by Ẽkp+k′ . At first order in κ, the imaginary
part of Eq. (5.14) then yields,

χi = χ0D
i − κ[χ0D

r /kp + ∂kχ
0D
r − Cr(Ep)]. (5.15)

Plugging this into the envelope equation Eq. (4.70) and using for χ0D
i the

expression found previously, χ0D
i = νNL + E−1

p ∂tEp∂ωχenv
r , we find,

∂ωχ
env
r ∂tEp−{k−1

p [1+χr]+∂kχr−Cr}∂xEp+νNL∂ωχenv
r Ep = Ed cos(δϕ), (5.16)

where we dropped the index 0D in χr because, as will be discussed in
Section 5.2, this quantity may be estimated by making use of the adia-
batic approximation and therefore assumes nearly the same values in 1-D
as in 0-D. We now make the approximation, 1 + χr = 0, and use the re-
sult that k2χr is only a function of the EPW phase velocity, vφ, to find,
−∂kχr = vφ∂ωχr + 2χr/kp ≈ vφ∂ωχr − 2/kp. Then, Eq. (5.16) is,

Ed cos(δϕ) = ∂ωχ
env
r (∂tEp + vφ∂xEp) + νNL∂ωχ

env
r Ep

+

[
vφ(∂ωχr − ∂ωχenv

r ) + Cr − 2

kp

]
∂xEp. (5.17)

Now, the term in square brackets in the right-hand side of Eq. (5.17) is that
part of χi which accounts for the dispersive properties of the EPW, i.e.,
the difference between its group and phase velocities. This term may be
calculated by making use of a nonlinear wave theory which does not account
for the drive, nor for Landau damping, since the origin of dispersion is not
to be found in any of these effects. Such a theoretical framework is provided
by the famous variational approach developed by Whitham in Ref. [63] and,
in the present case, Whitham’s result would be that the dispersive term is
(−2/kp). Indeed, from Whitham’s nonlinear theory, the group velocity of
an undamped and freely propagating wave is vg = −∂kχr/∂ωχr which, for a
plasma wave, translates into ∂ωχr(vg − vφ) = −2/kp. Using this result, we
find that the envelope equation (5.17) is,

∂ωχ
env
r {∂tEp + [vφ − 2/(kp∂ωχ

env
r )]∂xEp + νNLEp} = Ed cos(δϕ). (5.18)

Note that, by comparing Eq. (5.17) to Eq. (5.18), one finds Cr = vφ(∂ωχ
env
r −

∂ωχr) so that, indeed, in the linear regime, Cr = 0.
We also want to indicate that the envelope equation (5.18) found here

heuristically is derived in Ref. [64] from a direct nonlinear calculation of
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χi, which is a mere (but tedious) generalization of the calculation presented
in the previous Paragraph. Then, χenv

r is found to assume exactly the same
value as in Paragraph 5.1.1, except that all quantities must now be evaluated
in the wave frame. More precisely,

∫ t
0
ωBdu in Eqs. (5.9) and (5.10) or in the

definition of Vl Eq. (4.76) now is,
∫ t

0
ωB[x − ∫ t

u
vφ(t′)dt′, u]du, and the value

for Γ to be used in Eq. (5.10) is,

Γ(x, t) =
E0(x, t)− E0

[
x− ∫ t

t−π/(kpVl)
vφ(u)du, t− π/(kpVl)

]
∫ t
t−π/(kpVl)

E0

[
x− ∫ t

u
vφ(t′)dt′, u

]
du

. (5.19)

Comparisons with Vlasov simulations of stimulated Raman scat-
tering

The first set of comparisons with numerical simulations of stimulated Raman
scattering (SRS) we present here aims at checking the accuracy of our theo-
retical prediction for χi, i.e., of the very terms used in the envelope equation
(and not only the outcome of the numerical results on such a macroscopic
quantity as Raman reflectivity, whose value may result from a complex in-
terplay between various nonlinear phenomena). Such comparisons are made
possible due to the great precision of the noiseless results offered by Vlasov
codes.

Our simulations are performed using the Vlasov code ELVIS, described
by D.J. Strozzi in Ref. [65], and will actually be further detailed in Section
5.2. We just want to stress here that, numerically, the EPW results from the
interaction of a pump laser entering from vacuum on the left (x = 0), and
of a small-amplitude counterpropagating “seed” light wave injected on the
right. We therefore simulate the optical mixing of two lasers and, numerically,
only backward stimulated Raman scattering is addressed. Using a Hilbert
transform of the fields (see, e.g. Ref. [66]), one can numerically calculate
the ratio [Ed cos(δϕ) + k−1

p ∂xEp]/Ep, which yields a first, numerical estimate,
of χi. From Vlasov simulations one can also extract the values of all the
quantities, such as

∫
ωBdt, Γ, . . . , which enter our theoretical formula for

χi. Using these values we calculate a second, theoretical estimate, for χi.
Both these estimates are compared in Fig. 5.5(a). The simulation results
of Fig. 5.5 correspond to a plasma with electron temperature, Te = 5keV,
and electron density n = 0.1nc, where nc is the critical density. The total
length of the simulation box is L = 270λl, where λl = 0.351µm is the laser
wavelength, and the data of Fig. 5.5 were measured at x = 154λl. The laser
intensity is Il = 4 × 1015W/cm2 while the seed intensity is Is = 10−5Il and
the seed wavelength is λs = 0.609µm. As can be seen in Fig. 5.5 (a), there is
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Figure 5.5: Panel (a), χi calculated numerically (red dashed-dotted line) and
theoretically using for χper

i a 1st order (blue solid line) or an 11th order (green
dashed line) perturbation analysis, panel (b), the nonlinear Landau damping
rate normalized to the plasma frequency from a 1st order (blue solid line)
or an 11th order (green dashed line) perturbation analysis, panel (c), ∂ωχ

env
r

normalized to its linear value and, panel (d), the EPW group velocity (blue
solid line) and phase velocity (black dashed line) normalized to the thermal
one.

a very good agreement between the theoretical and numerical values of χi,
especially as regards the decrease of χi from its linear value.

From Eqs. (5.9) and (5.10) we derive νNL and ∂ωχ
env
r , whose values are

plotted in Figs. 5.5 (b) and (c), and we recover mostly the same results
as with test particle simulations, namely, that νNL remains nearly constant
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before abruptly dropping to 0, and that this drop in νNL is concomitant with
a sudden rise in ∂ωχ

env
r . It should be noted here that the variations of νNL

plotted in Figs. 5.5 (b) are very different from the oscillating result found by
O’Neil in Ref. [55] , because we consider here slowly varying waves inducing a
nearly adiabatic electron motion. As a consequence, electrons with the same
initial velocity are all trapped nearly simultaneously. This is in contrast
with the situation considered by O’Neil where the wave was assumed to
reach instantaneously a constant and uniform amplitude, E0. Then, by the
time the EPW has grown to E0, the electrons barely had the time to move,
and electrons with the same initial velocity are not all trapped by the wave,
depending on their initial position. Hence, the nonlinear mechanism leading
to the decrease of νNL is much less effective in the O’Neil situation than in
the one considered here. In the O’Neil case, ν ≈ 0 when ωBt ≥ 30, while we
find ν ≈ 0 when

∫
ωBdt ≥ 6.

Nonlinear group velocity

Group velocity was defined by Rayleigh as the speed at which a modulation
impressed on a train of waves (a peculiarity in Rayleigh’s words) propagates
(see Ref. [67] and references therein). For an electrostatic field expressed
in terms of a slowly varying envelope and an eikonal, as in Eq. (4.57), the
modulation is nothing but the slowly varying envelope Ep. In this memoir, we
strictly stick to Rayleigh’s definition, and we therefore calculate the group
velocity of the plasma wave as the speed at which Ep propagates. More
specifically, if the EPW envelope equation may be cast the following way,

∂tEp + vg∂xEp + νNLEp = Ed/∂ωχenv
r , (5.20)

then vg is nothing but the EPW group velocity. Comparing Eq. (5.20) with
Eq. (5.18), one sees that the nonlinear group velocity of an electrons plasma
wave is,

vg = vφ − 2/(kp∂ωχ
env
r ). (5.21)

Since in general, ∂ωχ
env
r 6= ∂ωχr, vg is in general not −∂kχr/∂ωχr = vφ −

2/(kp∂ωχr) and, in particular, vg 6= ∂ωp/∂kp. Actually, the result vg =
−∂ωχr/∂kχr only holds in the linear limit while, as soon as the EPW is es-
sentially no longer Landau damped, ∂ωχ

env
r significantly increases compared

to its linear value, which makes vg get quite close to the EPW phase velocity
as may be seen in Fig. 5.5 (d). As already noted previously, the nonlinear
change in ∂ωχ

env
r and its departure from ∂ωχr are mostly due to the term in

χi which, in the linear regime, is responsible for Landau damping. Hence,
that vg 6= −∂kχr/∂ωχr is therefore due to an effect reminiscent of Landau
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damping, which cannot be accounted for in Whitham’s theory.

Let us now use, once again, Vlasov simulations of stimulated Raman
scattering in order to check our quite unexpected theoretical prediction,
vg = vφ − 2/(kp∂ωχ

env
r ) 6= ∂ωp/∂kp. The simulations are the same as those

presented earlier except that, in the Vlasov equation we numerically solve,
we artificially multiply the ponderomotive force, v×B, by a Lorentzian func-
tion. This may be viewed as a way to somehow account, in 1-D simulations,
for the change in the laser intensity along its direction of propagation due
to its focussing inside the plasma. For our purposes, this is also a way to
impress a well-defined shape on the plasma pulse.

Once the plasma wave has reached the desired maximum amplitude, we
turn the electromagnetic waves off and let the EPW pulse freely propagate, in
order to measure its group velocity. This measurement is made easier by the
well-defined shape impressed on the pulse while it is driven, but is hampered
by electrostatic instabilities which alter this shape, and by a residual Landau-
like damping. These two effects force us to find the EPW group velocity
from the pulse propagation over a rather small time interval, which alters the
precision of our numerical estimates. Nevertheless, as will be shown here, our
numerical measurements are precise enough to discriminate between different
theoretical predictions. Moreover, as shown in Refs. [68, 69], the nonlinear
Landau-like damping rate decreases along the direction of propagation of the
plasma wave train. As a result, and as explained in Fig. 5.6, the speed of
propagation of the pulse maximum overestimates the EPW group velocity.
However, as explained again in Fig. 5.6, an underestimate of vg may be
obtained by measuring the speed of propagation of a point corresponding
to a given field amplitude, and located on the right of the pulse maximum.
Namely, in the notations of Fig. 5.6, (xB − xA)/δt > vg > (xB − xB′)/δt.

These two estimates are usually close to each other and close to our
theoretical prediction, as shown in the example of Fig. 5.7. In the Vlasov
simulation used to generate this Figure, the laser intensity is Il = 8 ×
1015W/cm2, the laser wavelength is λl = 0.351µm, the seed intensity is
Is = 8 × 1010W/cm2, and the seed wavelength is λs = 0.609µm. The elec-
tron density is 10% of the critical one, while the electron temperature is
Te = 5keV. The linear value of the plasma wave number resulting from the
optical mixing is kpλD ≈ 0.448, where λD is the Debye length. The elec-
tromagnetic waves are turned off at t ≈ 1.75ps, and Fig. 5.7 plots the pulse
amplitude at t ≈ 1.75ps and t+δt ≈ 1.86ps. From the decrease of the ampli-
tude of the pulse maximum, we estimate νNL ≈ 1.4×1012s−1, which is about
150 times less than the linear Landau damping rate, νL ≈ 2.4 × 1014s−1.
Moreover, we numerically estimate that the pulse maximum moves at ve-
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Figure 5.6: Sketch of the propagation of a plasma pulse whose group velocity
is independent of its amplitude, and whose damping rate rapidly decreases
with x. The shape of the pulse at time t is given by the blue dashed line, and
at time t+δt > t by the green solid line, while the shape of the damping rate
is given by the red dashed-dotted line. Due to damping the pulse maximum,
A, at time t, is not located at time t + δt at the new maximum, B, but
at point A’ on the left of B. Hence, for this particular example, the group
velocity vg = (xA′ −xA)/δt is less than the speed of propagation of the pulse
maximum. Moreover, at time t, point B was located at B0 i.e., on the left of
point B’ corresponding to the same pulse amplitude as point B. Therefore,
vg = (xB − xB0)/δt > (xB − xB′)/δt.

locity vmax ≈ 2.4vth, where vth is the thermal velocity, while we numerically
measure that the point corresponding to Φ = 0.05, where Φ ≡ eEp/kTe,
moves at velocity vΦ005 ≈ 1.9vth. Namely, using the notations of Fig. 5.7,
we find (xM ′ − xM)/δt ≈ 2.4vth and (xA′ − xA)/δt ≈ 1.9vth, from which we
deduce that when 0.05 ≤ Φ ≤ 0.09, 1.9 ≤ vg/vth ≤ 2.4. This is in very
good agreement with the theoretical values reported in Fig. 5.8(d) predicting
2.16 ≤ vg/vth ≤ 2.23 when 0.05 ≤ Φ ≤ 0.09. By contrast, using for ωp(Φ, kp)
the very accurate values derived in the next Section in order to calculate
∂ωp/∂kp, we find that when 0.05 ≤ Φ ≤ 0.09, 0.36vth ≤ ∂ωp/∂kp ≤ 0.53vth.
Hence, our numerical results unambiguously rule out ∂ωp/∂kp as an accurate
estimate of vg.

Figs. 5.8 (a)-(d) plot our theoretical predictions for vg, together with
∂ωp/∂kp, as a function of Φ for Te varying from Te = 2keV to Te = 5keV,
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Figure 5.7: (Dimensionless plasma wave amplitude, Φ ≡ eEp/kpTe, as a
function of x at times t ≈ 1.75ps (blue solid line) and t+ δt ≈ 1.86ps (green
dashed line), obtained from the Vlasov run of the 5keV case of Table 5.1.

Te(keV) kλD Φ vg (theory) vg (numerical) ∂ωp/∂kp

2 0.3 0.25 ≤ Φ ≤ 0.35 1.6 ≤ vg ≤ 1.62 1.5 ≤ vg ≤ 1.65 0.62 ≤ ∂ωp/∂kp ≤ 0.65

3 0.357 0.2 ≤ Φ ≤ 0.25 1.81 ≤ vg ≤ 1.83 1.8 ≤ vg ≤ 2.0 0.61 ≤ ∂ωp/∂kp ≤ 0.66

4 0.406 0.2 ≤ Φ ≤ 0.25 1.9 ≤ vg ≤ 1.95 1.9 ≤ vg ≤ 2.6 0.26 ≤ ∂ωp/∂kp ≤ 0.34

5 0.448 0.05 ≤ Φ ≤ 0.09 2.16 ≤ vg ≤ 2.23 1.9 ≤ vg ≤ 2.4 0.36 ≤ ∂ωp/∂kp ≤ 0.53

Table 5.1: Values of the nonlinear group velocity, normalized to the thermal
one, either calculated theoretically or numerically, and compared to ∂ωp/∂kp,
also normalized to the thermal velocity. All results correspond to a plasma
whose electron density is 10% of the critical one.

while Table 5.1 compares the numerically measured values of vg to the theo-
retical ones for the four cases we investigated. For each case, vg is numerically
found to be significantly larger than ∂ωp/∂kp but very close to our theoretical
estimate. From these results, we therefore conclude that, indeed, ∂ωp/∂kp is
not the nonlinear group velocity of a plasma wave train while it seems that
our theoretical prediction, vg = vφ − 2/(kp∂ωχ

env
r ), is quite accurate.

Note that the comparisons we made on vg provide an indirect numerical
check of our theoretical predictions for ∂ωχ

env
r . Since we previously showed

that χi = ∂ωχ
env
r

[
νNL + E−1

p (∂t + vg∂x)Ep
]− (kpEp)−1∂xEp was also very well
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Figure 5.8: Our theoretical predictions for the group velocity (blue solid
line), and ∂ωp/∂kp, normalized to the thermal velocity, when the electron
density is 10% of the critical one and when, Panel (a), Te = 2keV, Panel (b),
Te = 3keV, Panel (c), Te = 4keV, and Panel (d) Te = 5keV.

calculated theoretically, we may consider that our numerical simulations also
showed that we provided a very accurate theoretical description for νNL.

Note also that, since the dispersion relation of a driven plasma wave is
not exactly 1 + χr = 0, but 1 + αdχr = 0, −∂kχr/∂ωχr which is the lin-
ear value of vg may significantly differ from ∂ωp/∂kp, all the more as αd is
large (i.e., as kpλD is large as will be explained in the next Section), which is
illustrated in Fig. 5.8 since for a given electron density kpλD increases with Te.

We previously argued that vg 6= ∂ωp/∂kp because of a term in χi remi-
niscent of Landau damping. Then, in a situation when Landau damping is
small, we whould recover vg ≈ ∂ωp/∂kp. In order to check this claim, we com-
pare in Fig. 5.9 the theoretically predicted values of vg with ∂ωp/∂kp for an
EPW driven in a plasma whose electron density is 10% of the critical one, and
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Figure 5.9: Our theoretical predictions for vg (blue solid line) and ∂ωp/∂kp
(green dashed line) for a plasma wave with kpλD ≈ 0.214.

temperature is 1keV. The linear plasma wave number is then kpλD ≈ 0.214,
so that the linear Landau damping rate is only νL ≈ 3.4× 1011s−1, which is
even less that the residual nonlinear damping rate found in the example of
Fig. 5.7. One can see in Fig. 5.9 that, for this value of kpλD, vg is indeed
very close to ∂ωp/∂kp.
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5.1.3 Three dimensional (3-D) space variation

We now discuss how, and when, 3-D effects may change the results derived
previously, in the limit of a nearly unperturbed transverse electron motion.
In case of a laser driven plasma wave, and when the laser electric field is
polarized along the y direction, one easily finds from Newton equations,

vy = v0y +O(eA/m), (5.22)

vz = v0z +O[(eA/m)2/c], (5.23)

where A is the amplitude of the laser vector potential, while v0y and v0z are
the unperturbed transverse velocities. Hence, the transverse motion may be
considered as unperturbed provided that eA/m � vth. This condition is
fulfilled, for example, for typical laser and plasma conditions met in inertial
confinement fusion.

Let us now consider electrons with the same transverse velocities. Their
contribution to χi, which we denote by χ1D

i (v0y, v0z), is derived from the

formulas of Paragraph 5.1.2, provided that all quantities such as
∫ t

0
ωBdt,

or Γ, be now calculated in the frame moving at velocity ~v = vφx̂ + v0yŷ +

v0z ẑ with respect to the laboratory frame. In particular,
∫ t

0
ωBdu now is∫ t

0
ωB[x− ∫ t

u
vφ(t′)dt′, y− v0y(t− u), z− v0z(t− u), u]du, and clearly assumes

lower values than in 1-D when the transverse extend of the laser spot is less
than its longitudinal extent (which is usually the case). Indeed, the electrons
interact with the wave during a smaller time since, due to their transverse
motion, they escape more rapidly from the region where the wave amplitude
is significant. We therefore expect χi to remain close to its linear value, and
νNL close to νL, up to longer times in 3-D than in 1-D. Now, in order to
calculate χi, we just need to sum over all contributions χ1D

i (v0y, v0z), that is,

χi =

∫ +∞

−∞
χ1D
i (v0y, v0z)f0(v0y, v0z)dv0ydv0z, (5.24)

where f0(v0y, v0z) is the unperturbed transverse distribution function. χi
assumes values significantly different from those derived in 1-D if the field
amplitude variations experienced by the electrons are mainly due to the trans-
verse gradients of Ep. Then, not only would νNL decrease later as a function
of time, but also more smoothly because the Heaviside-like function found
in Sections 5.1.1 and 5.1.2 is now convoluted with f0. Hence, νNL becomes a
complicated operator of the transverse gradients of the wave amplitude, and
may only be seen again as a damping rate if these gradients may be viewed
as given parameters i.e., are imposed by those of the laser.
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5.2 Nonlinear frequency shift of an SRS-driven

plasma wave

In this Section, we will show how to solve the dispersion relation of a driven
plasma wave, Eq. (4.68) of Section 4.3, and we will stress the differences
between the frequency shift, δωp, of a driven plasma wave and that, δωfree,
which would be found by assuming that the EPW freely propagates. We will
moreover discuss the physics relevance of the dispersion relation derived by
Holloway and Dorning in Ref. [70], and then generalized by Rose and Russel
in Ref. [71] to be applied to stimulated Raman scattering (or of the similar
dispersion relation previously derived by Krapchev and Ram in Ref. [72]).
It will be shown, in particular, that the curves ωp(kp) drawn in these papers,
as well as the notion of “loss of resonance” introduced in Ref. [71], have no
physics reality just because, in order to draw correct conclusions about the
dispersion properties of an EPW, one cannot avoid accounting for the fact
that this wave needs to be driven in order to be able to grow in an initially
Maxwellian plasma.

Let us now recall that the dispersion relation of a driven plasma wave is

1 + αdχr = 0, (5.25)

where

αd ≡ 1 + 2(Ed/Ep) sin(δϕ) + (Ed/Ep)2

1 + (Ed/Ep) sin(δϕ)
, (5.26)

Ep being the amplitude of the plasma wave and Ed that of the drive. We
restrict here to the case when the electrostatic wave grows due to the stim-
ulated Raman scattering of a laser by a uniform plasma. Then, the driving
amplitude Ed is well known to be (see Refs. [54, 73] for details)

Ed =
ekpElEs
2mωlωs

, (5.27)

El and Es being, respectively, the amplitudes of the laser and scattered waves,
and ωl and ωs the frequencies of these waves.

In order to solve Eq. (5.25), one therefore needs to derive the nonlinear
values of both, αd and χr, which is done in the following two subsections.

5.2.1 Derivation of χr

Here, we restrict to a situation where the electron motion is non-relativistic,
and where the SRS growth rate is small enough for the adiabatic approxi-
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mation to be valid. Hence, we will only derive here an adiabatic estimate of
χr.

To do so, we shift to dimensionless variables and use ψ as a dynamical
variable for the electrons, define the dimensionless time τ ≡ kpvthωpe, and
normalize velocities to the thermal one, v̄ ≡ v/vth. In these variables, the
electron motion is given by the following equations,

dψ/dτ = v̄ − v̄φ, (5.28)

dv̄/dτ = −Φ0 sin(ψ), (5.29)

where v̄φ is the normalized wave phase velocity and Φ0 ≡ eE0/(kpTe). Clearly,
Eqs. (5.28) and (5.29) derive from the following Hamiltonian,

H̄ =
(v̄ − v̄φ)2

2
− Φ0 cos(ψ). (5.30)

We now want to use the adiabatic theorem, proved in Ref. [74], which
guarantees that the action remains nearly constant if the wave amplitude
varies slowly enough. However, when using this theorem, one must be cau-
tious to define the action, A, so that it remains continuous when an electron
initially lying on an untrapped orbit gets trapped (or vice versa). This is
particularly true here because we want to derive the EPW frequency shift
and therefore need to account for the nonlinear change of the wave phase
velocity. Hence, we must make sure that we use action conservation for the
dynamics of Hamiltonian H̄, and not for the dynamics derived as though the
wave frame were inertial (like has been done in all the papers we know of
which made use of the adiabatic approximation to derive the EPW nonlinear
frequency shift). We then define the action of an untrapped electron as,

A =
1

2π

∮
v̄dψ, (5.31)

where the integral is calculated along the orbit of a “frozen” wave with nor-
malized amplitude Φ0. This action is well known to be (see for example Ref.
[74])

A =
4
√

Φ0

π
√
m0

E(m0) + ηv̄φ, (5.32)

where m0 = 2Φ0/(H̄ + Φ0), E(m0) is the complete elliptic integral of second
kind (see for example Ref. [4]), and η is the sign of (v̄0 − v̄φ), v̄0 being the
initial electron velocity. We assume that, initially, the wave amplitude is
infinitely small. Then, the initial action is easily calculated : A(0) = ηv̄0.
Action conservation for untrapped particles therefore writes,

4
√

Φ0

π
√
m0

E(m0) = |v̄0 − v̄φ(Φ0)|. (5.33)
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When Φ0 is a constant, it is well known that the energy of any untrapped
electron is larger than Φ0. Therefore, in phase space (ψ, v̄), trapped and
untrapped electrons are separated by a curve (the so-called separatrix), whose
equation is v̄ = ±2

√
Φ0 cos(ψ/2) + v̄φ. Then, the action of an untrapped

electron infinitely close to the separatrix is As = 4
√

Φ0/π + ηv̄φ, and the
action of any untrapped electron is larger than As. Going back to the case
when Φ0 has slowly grown from zero to a given value Φ∗, we obtain the
following adiabatic condition for trapping: an electron with initial velocity
v̄0 is trapped if Φ∗ is larger than the value Φ0(v̄0) defined by

|v̄0 − v̄φ[Φ0(v̄0)]| = 4
√

Φ0(v̄0)/π, (5.34)

where v̄φ[Φ0(v̄0)] is the wave phase velocity when its amplitude is Φ0(v̄0).

As for trapped electrons, we define their action by

A =
1

4π

∮
v̄dψ + ηv̄φ [Φ0(v̄0)] (5.35)

=
4
√

Φ0

π
[(m1 − 1)K(m1) + E(m1)] + ηv̄φ [Φ0(v̄0)] ,

where K(m1) is the complete elliptic integral of the first kind (see Ref. [4]),
m1 = (H̄ + Φ0)/2Φ0, and η is the sign of v̄0 − v̄φ[Φ0(v̄0)], v̄φ[Φ0(v̄0)] being
defined by Eq. (5.34). With definition Eq. (5.35), electrons infinitely close to
the separatrix have the same action, whether they are trapped or untrapped,
so that A may indeed be considered as a preserved quantity. Note, moreover,
that we do account for the nonlinear change in the EPW phase velocity in our
definition of A via v̄φ [Φ0(v̄0)]. More precisely, when solving for the trapped
electrons action conservation,

4
√

Φ0

π
[(m1 − 1)K(m1) + E(m1)] = |v̄0 − v̄φ[Φ0(v̄0)]|, (5.36)

in case when Φ0 has grown from zero to a given value Φ∗, one needs to account
for the variations in v̄φ during the growth of Φ0, and not only assume that
the EPW phase velocity has kept the constant value v̄φ(Φ∗). Note, moreover,
that allowing for the nonlinear change in v̄φ is only needed to derive the adi-
abatic response of the trapped electrons.

From Eq. (4.75), we now need to compute 〈cos(ψ)〉 in order to derive
χr, which we do for a given amplitude Φ0 = Φ∗, by using the action-angle
variables (A, θ) in order to perform the statistical averaging. Assuming that
the plasma is initially Maxwellian, and noting that the action is A = ±v̄0
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and that the Jacobian of the change of variables (ψ, v̄)→ (A, θ) is unity, one
easily finds,

〈cos(ψ)〉 =

∫ +∞

−∞

e−v̄
2
0/2√
2π

{∫
cos [ψ(v̄0, θ)]

dθ

2π

}
dv̄0. (5.37)

For untrapped electrons, the angle θ is given by

θ =
π

K(m0)

∫ ψ/2

0

du√
1−m0 sin2 u

. (5.38)

Then, for untrapped electrons,∫
cos [ψ(v̄0, θ)]

dθ

2π
=

∫ 2π

0

cos(ψ) dψ

4K(m0(v̄0))
√

1−m0(v̄0) sin2(ψ/2)

= 1 +
2

m0(v̄0)

[
E(m0(v̄0))

K(m0(v̄0))
− 1

]
, (5.39)

where m0(v̄0) solves Eq. (5.33) with Φ0 = Φ∗.
In the case of trapped electrons,

θ =
πF (ϑ|m1)

2K(m1)
, (5.40)

where F (ϑ|m1) is the elliptic integral of first kind (see Ref. [4]), and ϑ is
defined by sin(ψ/2) =

√
m1 sin(ϑ). Then, for trapped electrons,∫

cos [ψ(v̄0, θ)]
dθ

2π
=

∫ 2π

0

(1− 2m1(v̄0) sin2 ϑ)

4K(m1(v̄0))

dϑ√
1−m1(v̄0) sin2 ϑ

= −1 + 2
E(m1(v̄0))

K(m1(v̄0))
, (5.41)

where m1(v̄0) solves Eq. (5.36).
Putting all the pieces of the calculation together we find that, when Φ0 =

Φ∗,

〈cos(ψ)〉 =

∫
|v̄0−v̄φ(Φ∗)|>4

√
Φ∗/π

e−v̄
2
0/2√
2π

dv̄0

{
1 +

2

m0(v̄0)

[
E(m0(v̄0))

K(m0(v̄0))
− 1

]}
+

∫
|v̄0−v̄φ(Φ∗)|<4

√
Φ∗/π

e−v̄
2
0/2√
2π

dv̄0

{
−1 + 2

E(m1(v̄0))

K(m1(v̄0))

}
. (5.42)

This value of 〈cos(ψ)〉, when plugged into Eq. (4.75), yields the expression
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of χr that we used in the dispersion relation Eq. (5.25) in order to derive the
frequency shifts δωp plotted in Figs. 5.10 and 5.11.

Now, before ending this Paragraph, we want to stress the following fea-
tures:

1. The range in Φ0 for which we could find solutions to the dispersion
relation Eq. (5.25) was much larger when accounting for the nonlinear
variations of the EPW phase velocity than when assuming that the
wave frame was inertial. This is mainly why vφ must not be treated as
a constant when using action conservation.

2. We numerically checked the relevance of the adiabatic approximation
in Ref. [54], and found that it was valid provided that the EPW growth
rate was less than about ωpe/20, a condition easily reached for an SRS-
driven plasma wave. Actually, the good agreement between the theo-
retical and numerical values of the EPW frequency shift shown in Figs.
5.10 and 5.11 illustrates the relevance of this approximation.

5.2.2 Derivation of αd

The linear value of αd is chosen to be that of the linearly most unstable SRS-
driven mode. It is systematically larger than unity, which implies that the
linear frequency of a driven plasma wave is always slightly larger than that
of the freely propagating EPW with the same wave number. Physically, this
is easily understood the following way. An electrostatic wave is more easily
driven if it is close to a natural mode of the plasma but, also, if it is not too
Landau damped. Since, as is well known, Landau damping decreases with
the wave phase velocity, the frequency of the linearly most unstable mode
against SRS is larger than that of a natural mode, all the more as the Landau
damping rate is large. Actually, it is clear from Eq. (4.70) that Ed/Ep is of
the order of χi which, in the linear regime, is of the order of the Landau
damping rate, νL, normalized to the plasma frequency. Hence, the departure
of the linear value of αd from unity is, indeed, larger for larger values of νL.

Now, as shown in Section 5.1, Ed/Ep quickly decreases with the EPW
amplitude, which entails a rapid convergence of αd towards unity, and a
quick drop in ωp. Then, although the frequency of a driven wave is close
to that of a natural mode, its frequency shift (much smaller than the wave
frequency itself) is significantly altered by the nonlinear variations of αd, as
is obvious from Figs. 5.10 and 5.11 showing that |δωfree| is significantly less
than |δωp|.
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We will actually not use Eq. (4.70) to derive the nonlinear values of αd
because this would require solving for δωp together with the SRS growth,
while we intend here to derive δωp only as a function of the plasma wave
amplitude Ep, in order to store the values of δωp in lookup tables for rapid
numerical simulations of SRS, as explained in Section 6.1. To derive αd,
we resort to the envelope equation of the scattered wave, which is shown in
Appendix B to be,

[∂t + vgs∂x − i∆s] Es = (Γs/2)ElEpe−iδϕ, (5.43)

where Γs ≡ ekp/(2mωl), vgs ≡ ksc
2/ωs (c being the speed of light in vacuum

and ks the scattered wave number), and ∆s ≡ [ω2
s − (ksc)

2 − ω2
pe]/2ωs rep-

resents detuning of the scattered wave from resonance. Using the definition
(5.27) for Ed, the envelope equation (5.43) may also be written,

Ed
Ep =

k2
pv

2
osce

−iδϕ

8ωs(Gs − i∆s)
, (5.44)

where Gs ≡ E−1
s (∂t + vgs∂x)Es is the scattered wave growth rate calculated

in its own reference frame, and where vosc ≡ eEl/mωl. Assuming that vosc
and ωs remain constant, one may deduce Ed/Ep and δϕ (and therefore αd)
from Eq. (5.44) provided that Gs and ∆s are known. Now, in order to derive
∆s, we assume that ks remains constant while the frequency of the scattered
wave nonlinearly shifts by δωs = −δωp. Then, as the EPW amplitude grows
and ωp nonlinearly shifts, ∆s increases compared to Gs, which makes Ed/Ep,
and therefore the EPW frequency, drop.

Now, as will be discussed in great details in Section 6.1, the wave numbers
do vary so as to minimize the phase shift δϕ. This results from what we called
in Section 6.1 “self-optimization” of stimulated Raman scattering, and which
simply reflects the fact that, after a significant growth of SRS, only the most
unstable modes (which are those minimizing δϕ) are to be accounted for.
Now, whenever the linear value of αd is so large that accounting for its
nonlinear variations makes a difference in δωp, a significant SRS growth only
occurs once χi has been greatly reduced compared to its linear value that
is, from Eq. (4.70), once Ed/Ep has already dropped to small values and αd
has converged towards unity. In other words, the shift in ks due SRS self-
optimization occurs after αd has converged towards unity, so that it is valid
to assume that ks remains constant in order to derive the nonlinear variations
of αd.

As for Gs, we either kept it constant, or tried to account for its increase
due to the nonlinear reduction of νNL in a simple way (as explained in Ref.
[75]), without noticing a great change in δωp. Actually, as noted in Ref. [75],
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there is some “inertia” in the variations of δωp induced by those of αd, so
that a very accurate estimate of Ed/Ep is not needed.

5.2.3 Comparisons with results from Vlasov simula-
tions of stimulated Raman scattering and with
previous theories

Let us now compare the values δωp deduced from our resolution of 1+αdχr =
0 with the values, δωnum, of the EPW frequency shift inferred from simula-
tions of stimulated Raman scattering performed with the Vlasov code elvis
[65].

In our simulations, the space and time steps are ∆x/λl = c∆t/λl = 0.03,
where λl is the laser wavelength. The velocity step varies from run to run,
with 0.0016 ≤ ∆v/vth ≤ 0.015. The density profile is finite, with a central,
flat region from x/λl = 28 to 242 (see Fig. 1 of Ref. [65]). The laser enters
from vacuum on the left (x = 0), and a small-amplitude seed scattered light
wave is injected on the right with λs chosen to match the frequency of the
most unstable mode. Our simulations are thus more easily related to optical
mixing or Raman amplification than to SRS growing from noise. The seed
intensity varied from Is/Il = 10−5 to 10−8, without affecting the dispersion
relation. δωnum and Φ ≡ eEp/kpTe are obtained via the Hilbert transform
(see, e.g. Ref. [66]) of the electrostatic field Eel vs. time at one x. All the
simulations whose results are presented here, as well as the diagnostic used
to derive the EPW amplitude and frequency from the Hilbert transform of
the electrostatic field, were performed by D. Strozzi.

As illustrated in Figs. 5.10 and 5.11, we always find an excellent agreement
between δωp and δωnum. For all runs, the unperturbed plasma density n0 is
10% of the critical one, and the laser vacuum wavelength is λl = 0.351 µm.
The values of the laser intensity, Il, and of the electron temperature, Te, are
specified in the figure captions. The indicated value of kpλD in these figures
refers to the wave number of the linearly most unstable SRS-driven EPW
for the given plasma and laser parameters. δωnum is only plotted before Φ
reaches its first local time maximum. After this maximum, and near the
laser entrance, one may see pulses in the time evolution of Φ. The good
agreement between δωp and δωnum usually remains for the early pulses (not
only for the first one) but eventually breaks down together with the validity of
the adiabatic approximation. Away from the laser entrance, we numerically
find that Φ increases with time until a sideband eventually grows, which is
reminiscent of the result of Brunner and Valeo [76], and which then makes
the notions of a central frequency, and its shift, irrelevant. For the range
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Figure 5.10: δωp (black solid line), δωfree (blue dashed line), δωD (red dash-
dotted line), δωnum at x = 77λl (purple circles) and at x = 193λl (green
crosses) for Il = 2 PW/cm2 and (a) Te=4 keV, and (b) Te=5 keV.

of intensities we investigated, Il ≤ 10 PW/cm2, and when 0.3 ≤ kpλD ≤
0.58, we thus find that our theory breaks down mainly when, eventually, the
EPW can no longer be considered nearly monochromatic. For lower values
of kpλD, and maybe larger intensities, a nearly monochromatic EPW may
reach so large an amplitude that higher harmonics and a “DC” field need
to be accounted for in order to correctly calculate the frequency shift, as
recently reported in Ref. [77]. However, we never had to account for these
to find a good agreement between our numerical and theoretical estimates of
the EPW frequency shift.

When comparing δωp and δωnum to δωfree, we find that δωfree misses the
initial rapid drop in δωp due to the rapid convergence of αd towards unity
while, for larger wave amplitudes, the variations of δωp and δωfree with Φ are
similar and are mainly due to the nonlinear change in χr. As a result, for the
examples of Fig. 5.10, |δωfree| underestimates |δωp| by a factor close to two.

Let us now compare δωp and δωnum to well-known previously published
formulas for the frequency shift. We start with that, δωD, derived by Dewar
in Ref. [78] for a small amplitude freely propagating EPW, by assuming
(as we do it here) adiabatic electron motion, but by neglecting the nonlinear
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Figure 5.11: Panel (a): δωp (black solid line), δωD (red dash-dotted line),
δωMO (pink dots) and δωnum at x = 77λl (purple circles) and at x = 232λl
(green crosses) for Te=9 keV and Il=8 PW/cm2. Here δωD and δωMO are
calculated by using for ωlin the linear frequency of the SRS-driven plasma
wave. Panel (b): δωnum (diamonds), δωp (black solid line), δωfree (green
dashed line), δωD (red dash-dotted line), and δωMO (pink dotted line) vs.
kpλD when Φ = 0.1. Each numerical result is for a distinct run with a
different Te, and Il=2 PW/cm2 for Te <6 keV (kλD < 0.485), Il=4 PW/cm2

for Te=6 keV, Il=6 PW/cm2 for Te=7 keV (kλD ≈ 0.519) and Il=8 PW/cm2

for Te >7 keV.

change in the wave phase velocity when enforcing action conservation. Dewar
then found,

δωD

ωpe
≡ 1.09f ′′0 (v̄φ)(ωlin/ωpe)

√
Φ

1 + (kpλD)2 − (ωlin/ωpe)2
, (5.45)

where f0(v̄) ≡ exp(−v̄2/2)/
√

2π, f ′′0 = d2f0/dv̄
2, v̄φ ≡ ωlin/(kvTe), and ωlin is

the linear solution of 1 + χr = 0, χr being calculated by making use of the
adiabatic approximation. ωlin only exists, and therefore δωD is only defined,
when kpλD < 0.53. As can be seen in Fig. 5.11(b), δωD yields a good estimate
of δωp and δωnum only when kpλD ≤ 0.35.

Another very well known approximate formula for the frequency shift
of a freely propagating wave is that derived by Morales and O’Neil in Ref.
[79] by assuming that the wave amplitude grows infinitely quickly before
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remaining constant and uniform, and by neglecting the nonlinear variations
of the wave phase velocity when calculating the electron motion. The value of
the frequency shift found by Morales and O’Neil is δωMO ≈ (1.63/1.09)δωD.
δωMO is also only defined when kpλD < 0.53 and Fig. 5.11(b) seems to show
that it is close to δωp and δωnum only when 0.37 ≤ kpλD ≤ 0.46. This
agreement is however fortuitous: the ratio δωp/δωMO actually depends on Φ
because δωp is not simply proportional to

√
Φ.

If one were to extrapolate the values of δωD and δωMO beyond kpλD =
0.53 by choosing for ωlin the linear frequency of the SRS-driven wave, δωD

and δωMO would be found to underestimate δωp whenever kpλD > 0.35 and
kpλD > 0.4, respectively. An example of this is given in Fig. 5.11(a).

5.2.4 Discussion of previously proposed nonlinear dis-
persion relations

Several authors proposed in the past nonlinear dispersion relations for essen-
tially undamped plasma waves which have grown in an initially Maxwellian
plasma. Holloway and Dorning derived in Ref. [70] such a dispersion relation
for a wave of infinitely small amplitude assumed to remain undamped in a
nearly Maxwellian plasma. This result was generalized by Rose and Russell
in Ref. [71] for a wave of finite amplitude which has grown infinitely quickly,
and by Krapchev and Ram in Ref. [72] for a wave growing slowly enough
to induce adiabatic electron motion. All the corresponding curves ωp(kp) as-
sume the same shape close to that derived by Holloway and Dorning, which
is reproduced in Fig. 5.12, with the same peculiar property that they do not
extend beyond kpλD ≈ 0.53, where λD is the Debye length. This lack of
solution to the dispersion relation beyond a given value of kpλD was termed
a “loss of resonance” by Rose and Rusell, who deduced from this that a large
amplitude, nearly monochromatic, plasma wave with kpλD > 0.53 could not
exist. This assertion is nevertheless in total contradiction with the results
plotted in Fig. 5.11 (a) showing that a nearly monochromatic plasma wave
with kpλD ≈ 0.58 can indeed grow to a large enough amplitude for its col-
lisionless damping rate to be extremely small compared to its linear value,
as we checked it by applying our theoretical estimate for νNL (5.10) to the
simulations results of Fig. 5.11.

Clearly, one can laser drive an electron plasma wave whatever its wave
number and even when kpλD > 0.53. Moreover, whatever the value of kpλD
we investigated, we could always find solutions to the dispersion relation up
to large values of Φ (at least Φ = 1). Now, one may wonder what happens
if an EPW with kpλD > 0.53 is first laser driven, and if the drive is then
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Figure 5.12: Unrealistic dispersion relation of a plasma wave assumed to
have spontaneously grown in an initially Maxwellian plasma before remaining
undamped.

turned off to let the plasma wave freely propagate. Clearly if, when the
drive is shut down, the wave amplitude is so small that νNL is close to its
linear value then, the EPW frequency will assume the value derived from
Landau’s dispersion relation, solved for example in Ref. [57], but its ampli-
tude will quickly decrease due to a strong Landau damping. If the EPW
is driven to so large amplitudes that νNL ≈ 0 then, as shown previously,
αd ≈ 1, and the dispersion relations for the driven and freely propagating
waves have become essentially the same. As a result, the EPW frequency is
not affected by the shutting down of the laser. Hence, nonlinear values for
the frequency of a freely and essentially undamped plasma wave, which grew
in an initially Maxwellian plasma, are given by the results of the previous
Paragraph, which hold even for values of kpλD significantly larger than 0.53.
We therefore conclude that a dispersion relation as that plotted in Fig. 5.12
represents no physics reality. Again, as in Section 4.3, we want to stress here
the importance of specifying how a wave is generated in order to correctly
predict its physics properties.
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We really want to insist on the latter point when discussing the physics
relevance of the dispersion relation plotted in Fig. 5.12. Actually it is quite
clear that, using optical mixing, one may laser drive an electron plasma wave
whatever its wave number and frequency (which would only be the sum or
the difference of the two lasers’ ones). Now, two questions arise regarding
this laser-driven wave: i) may this wave be driven to large amplitudes with-
out experiencing secondary instabilities (e.g., the trapped particle instability
of Ref. [80] or the vortex fusion instability of Ref. [81]) and, ii) would this
wave remain nearly monochromatic while being driven to large amplitudes ?
Actually, point ii) is not an issue because harmonics always exist for a finite
amplitude wave, and one could just plot the lowest harmonic ωp vs. the lowest
harmonic kp as a dispersion relation. Regarding point i) it seems that, by us-
ing an appropriate plasma length, one could suppress secondary instabilities,
as was shown in Ref. [82] when experimentally evidencing the nonlinear re-
duction of Landau damping. Hence, although we did not check it, we believe
that, most probably, an essentially undamped and freely propagating plasma
wave can be created whatever its frequency and wave number. Therefore,
when we mean that the dispersion relation plotted in Fig. 5.12 has no physics
relevance, we do not mean that EPW’s with ωp and kp lying on this curve
cannot be found, but we mean that EPW’s with ωp and kp lying away from
this curve can also exist. Results of Fig. 5.11 show an example of such a large
amplitude plasma wave. The so-called KEEN waves (see Ref. [83, 84]) are
other examples of EPW’s whose dispersion relation does not fit in a curve as
that of Fig. 5.12. In this memoir, since we studied the nonlinear properties of
EPW’s with the only purpose to derive a nonlinear kinetic modeling of stim-
ulated Raman scattering, we restricted to only one species of waves, those
which are the most linearly unstable against SRS, and the values ωp(kp,Φ)
we presented are only for those waves.

At this stage, it should be noted that in Ref. [85], a small signal identified
with a so-called “electro-acoustic wave” was found experimentally, and was
interpreted in terms of the lower branch of the dispersion curve Fig. 5.12.
This interpretation is however awkward because one should not confuse the
experimental situation of Ref. [85] with the one addressed theoretically in
Ref. [70]. Indeed, experimentally, the small “electro-acoustic wave” is only
observed after the SRS-driven plasma wave has grown to a large amplitude.
Hence, this mode does not grow in an initially Maxwellian plasma, as was
assumed to derive Fig. 5.12.
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Chapter 6

Self-organization

Self-organization may be defined as the ability of a complex nonlinear sys-
tem to reach, by itself, a well-organized (i.e., “coherent” or “regular”) state.
Theoretical predictions on when such a nonlinear behavior may occur are
usually out of reach, at least from first principles. Simple criteria, such as
that of maximum entropy based Lynden-Bell’s idea of “violent relaxation”,
were used to predict the quasistationary states of nonlinear systems com-
posed of a large number of particles subject to long-range interactions (see
for example Ref. [86] and references therein). Such systems are relevant to
purely electrostatic wave-particle interactions in a plasma. As for the pre-
dictions made on them by using the criterion of maximum entropy, they are
not always accurate because these systems may not always be considered as
ergodic.

Moreover, a nonlinear system may self-organize without ever reaching a
quasistationary state, and self-organization may only be transient, although
essential to predict the system’s evolution. This is true for stimulated Raman
scattering (SRS) in a plasma, which is the first example of self-organization
we address here. SRS may only occur if the matching conditions, ωl =
ωs + ωp and kl = ks + kp are fulfilled, where ωp,l,s and kp,l,s are, respectively,
the frequencies and wave numbers of the plasma, laser and scattered wave.
Now, as discussed in the previous Chapter, while the electron plasma wave
grows due to the laser drive, its frequency nonlinearly shifts. This makes the
matching condition ωl = ωs + ωp more difficult to fulfill, and may lead to
a detuning between the plasma wave and the laser drive which could stop
the coherent growth of stimulated Raman scattering. However, together
with the EPW frequency shift, δωp, is a wave number shift, δkp, that may
enhance or reduce the dephasing due δωp. We will actually show in Section
6.1 that the EPW self-organizes so as to let the detuning induced by δkp
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cancel out, as much as possible, that due to δωp. This may be viewed as a
“self-optimization” of Raman growth.

However, as usual in physics, such a self-organization is very hard to re-
cover from fluid-like equations, as the one we derived in the previous Chapter
for the EPW amplitude. Hence, when solving the wave equations for SRS,
which will be detailed in the next Section, we actually need to enforce self-
optimization. This will however only be done when self-optimization is indeed
possible, and a simple criterion regarding its occurrence will be derived.

In the case of SRS, self-organization is not used to derive quasistation-
ary states which, in general, do not exist, but to accurately predict intensity
thresholds and typical growth times above thresholds. Such predictions are
essential in order to be able to find conditions under which Raman reflectiv-
ity will be harmless for Inertial Confinement Fusion (ICF), in particular for
such a device as the future Laser MégaJoule (see Ref. [87]). By comparing
results from the numerical resolution of our envelope equations, and from
Vlasov simulations of SRS, we will show that, indeed, our modeling yields
very accurate results for, both, threshold intensities and growth times of Ra-
man scattering.

The second example addressed in this Chapter is that of self-organization
in a reversed field pinch (RFP). This device is, like a tokamak, a toroidal
machine which aims at magnetic confinement fusion. However, unlike a toka-
mak, the toroidal component, BT , of the magnetic field is of same order as
the poloidal component, and BT moreover reverses at the edge of the RFP
plasma due to the so-called “dynamo effect” [88]. About ten years ago, it
was believed that the dynamo effect could occur only if the magnetic field
was “chaotic”, which gave little credit to the RFP as an effective confinement
device. This belief was, to a large extent, due to Cowling’s theorem (see Ref.

[89]) proving that ~BT reversal was not possible for an axisymmetric field.
However, together with D. Escande at RFX in Padua, we provided a toy
model [90, 91] leading to the idea that ~BT reversal could be obtained with a
single-helicity magnetic field. This toy model will be presented in Section 6.2.
It should be noted here that it was recently found at RFX that this machine
could work in a quasi-single helicity regime with a dramatic increase of its
confinement time (see Ref. [92]), which drew a renewed interest on RFP’s.
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6.1 Kinetic modeling of Stimulated Raman

scattering

In this Section, we present envelope equations that kinetically model stim-
ulated Raman scattering in a plasma, and the way we numerically solve
them. We will, in particular, insist on the need to resort to the concept
of self-optimization in order to derive accurate numerical results from our
equations.

The model presented here relies on the hypothesis that the total electric
field is,

~Etot = −ix̂(Ep/2)eiϕp + ŷ[(−i(El/2)eiϕl + (Es/2)eiϕs ] + c.c., (6.1)

where Ep,l,s are the slowly varying amplitudes of the plasma, laser, and scat-
tered waves, which are chosen to be real and positive, while the wave num-
bers and frequencies of these waves are, respectively, kp,l,s ≡ ∂xϕp,l,s and
ωp,l,s ≡ −∂tϕp,l,s. We furthermore restrict to the case when each amplitude
Ew, where w = p, l or s, only depends on x and t, and when |E−1

w ∂xEw| � |kw|
and |E−1

w ∂tEw| � |ωw|. We moreover assume that the phase mismatch be-
tween the three waves, δϕ ≡ ϕp+ϕs−ϕl, also varies slowly in space and time.

Note that, from the very definitions of the frequencies and wave numbers,
∂tkw = −∂xωw.

6.1.1 Envelope equations

The derivation of the envelope equations for the electromagnetic waves is
reported in Appendix B. It relies upon well-known methods, except that we
do not assume here that the free dispersion relations are fulfilled. As a result,
we obtain the following equations,

[∂t + vgs∂x − i∆s] Es = (Γs/2)ElEpe−iδϕ, (6.2)

[∂t + vgl∂x + i∆l] El = −(Γl/2)EsEpeiδϕ, (6.3)

where Γl,s ≡ ekp/(2mωs,l), −e being the electron charge and m its mass,
vgl,s ≡ kl,sc

2/ωl,s, c being the speed of light in vaccum, and ∆l,s ≡ [ω2
l,s −

(kl,sc)
2 − ω2

pe]/2ωl,s, where ωpe is the electron plasma frequency. Note that,
when δϕ = 0, the real part of Eqs. (6.2) and (6.3) yield the usual envelope
equations, that can be found for example in Ref. [73]. The imaginary part
of Eq. (6.2) yields,

ω2
s − (ksc)

2 − ω2
pe

2ωs
Es =

Γs
2
ElEp sin(δϕ), (6.4)
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showing, as extensively discussed in Ref. [75], that one needs to account for
the departure of the scattered wave dispersion relation from the free one in
order to correctly estimate the nonlinear phase mismatch δϕ.

As for the EPW envelope equation, using the result Eq. (5.20) together
with the value of Eq. (5.27) for the driving field amplitude in case of stimu-
lated Raman scattering, we find,

∂tEp + vg∂xEp + νNLEp = (Γp/2)ElEs, (6.5)

where Γp ≡ ekp/(mωlωs∂ωχ
env
r ), and where the values of νNL, vg and ∂ωχ

env
r

were derived in the previous Chapter.
When solving Eqs. (6.2), (6.3) and (6.5), nothing ensures that the wave

amplitudes Ep, Es and El would remain positive, while a change of sign in
one of these amplitudes would mean a locally infinite growth rate for the
corresponding wave, which would violate the hypothesis of slowly varying
envelopes. In order to alleviate this difficulty, we would like to shift to com-
plex amplitudes. To this end we define, Ep ≡ 2Ep, El ≡ 2Ele

−iδϕl and
Es ≡ 2Ese

−iδϕs−iδϕp , where δϕp,l,s ≡ ϕp,l,s − (klinp,l,sx− ωlinp,l,st) denote the non-
linear phase shift for each wave. Assuming perfect phase matching in the
linear limit i.e., klinl = klinp + klins and ωlinl = ωlinp +ωlins , and neglecting terms
of the order of (kl,s − klinl,s )2 or (ωl,s − ωlinl,s )2, we easily derive the following
envelope equations for Ep, El and Es,

[∂t + vg∂x + νNL]Ep = Γp<(ElE
∗
s ), (6.6)

[∂t + vgs∂x + i(δωp − vgsδkp)]Es = ΓsElE
∗
p , (6.7)

[∂t + vgl∂x]El = −ΓlEsEp, (6.8)

where we recall that δωp ≡ ωp − ωlinp and δkp ≡ kp − klinp are, respectively,
the nonlinear frequency and wave number shift of the plasma wave.

The solutions El and Es of Eqs. (6.7) and (6.8) being complex, they are
very unlikely to ever be 0, and therefore so is the case for El,s = |El,s|. How-
ever, we did not find a way to define a complex amplitude for the plasma
wave, and Ep remains real so that its value derived from the resolution of
Eq. (6.6) may change sign. Now, removing the operator <(x) in the right-
hand side of Eq. (6.6), and therefore allowing Ep to have a nonzero phase,
mainly amounts to a very small change in δωp, compared to our theoreti-
cal estimate from the resolution of the dispersion relation Eq. (4.68). This
changes very little the physics of the problem, all the less as our theoretical
estimate for δωp is only approximate. Moreover, removing the operator <(x)
in the right-hand side of Eq. (6.6) goes along the same line as the hypothesis
of self-optimization discussed in the introduction. Hence, we will henceforth
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use the following envelope equation for the plasma wave amplitude,

[∂t + vg∂x + νNL]Ep = ΓpElE
∗
s . (6.9)

Eqs. (6.7-6.9) are the model equations that we use in order to describe Ra-
man growth in the nonlinear kinetic regime, and whose numerical resolution
is described in the next Paragraph.

Before entering into the details of our numerical simulations, we want to
stress here that it is very easy to generalize our previous envelope equations
in order to allow for inhomogeneous effects, at 0-order in the space derivatives
of the wave numbers. Indeed, if we now assume that, due to inhomogeneity,
there exists a linear phase mismatch δϕlin between the three waves, then it
is easy to show that the right-hand side of Eqs. (6.7) and (6.9) have to be
multiplied by eiδϕ

lin
, while the right-hand side of Eq. (6.8) has to be multiplied

by e−iδϕ
lin

. Let us now assume that, at a given point x0, δϕlin = 0, and let
us define δkinh by δϕlin(x) ≡ ∫ x

x0
δkinh(ξ)dξ, then, if we make the change of

variables Es ≡ E ′se
iδϕlin , the envelope equations for Ep and El will still be

Eqs. (6.8) and (6.9), with E ′s instead of Es, while the equation for E ′s has to
be modified by changing [δωp−vgsδkp] into [δωp−vgs(δkp−δkinh)]. However,
we will not study here SRS in a inhomogenous plasma because this will be
done in a future work by using nonlinear envelope equations allowing for time
and space derivatives of the waves numbers and frequencies.

6.1.2 Numerical resolution of the envelope equations

Our envelope equations (6.7-6.9) are solved numerically using a C++ code
called BRAMA, which was written by O. Morice. Having to estimate the
nonlinear kinetic terms vg, νNL, ∂ωχ

env
r , δωp and δkp does not significantly

increase the computing time compared to the solving of linear envelope equa-
tions. Indeed, the values derived in Section 5.2 for δωp only depend on the
EPW amplitude because they are solutions to 1 + αdχr = 0, and we make
use of an adiabatic approximation to estimate χr whose value is not affected
by symmetric detrapping. The values of δωp may therefore be precalculated
before the simulations, and stored in lookup tables. From Eq. (5.9), ∂ωχ

env
r is

expressed as a weighted sum of ∂ωχ
1
r and ∂ωχ

eff
r , and the values of both these

terms may also be calculated and stored in lookup tables. δkp is calculated
during the simulation from the identity ∂tδkp = −∂xδωp. Once ∂ωχ

env
r and

vφ are known, it is easy to numerically calculate vg = vφ − 2/(kp∂ωχ
env
r ) and

νNL from Eq. (5.10) during the runs.
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Numerical scheme

The three-wave equations, Eqs. (6.7), (6.8), and (6.9) are advanced by mak-
ing use of an operator-splitting approach. Starting at time t, the waves
Es(x, t) and El(x, t) are first advected, using a second order Lax-Wendroff
scheme. We then account for the coupling between the three waves, which
amounts to solving coupled ordinary time differential equations [Eqs. (6.7),
(6.8) and (6.9) with the group velocities set to 0], and we do this numerically
by making use of a fourth order Runge-Kutta method. When doing so, νNL
is set to 0, while Γp and δωp are derived by interpolating the values stored in
lookup tables by making use of a third order spline, so as to correspond to
δωp[Ep(x, t)] and Γp[Ep(x, t)]. Moreover, we found it more convenient to work

with the variables, Ep, El and Ēs ≡ Ese
i

R t
0 δωpdt when solving for the waves

coupling, but we come back to the original variables Ep, El and Es after
having integrated the coupled time differential equations over one time step,
δt. Numerically, it would have been simpler to work directly on variables
Ep, El and Ēs and to write envelope equations for these amplitudes, however
this would have prevented us from using the “self-optimization” ansatz, as
discussed below. After solving for the coupling, we advect the plasma wave
by making use of a first order scheme, valid whatever the sign of vg, and
multiply the advected value of Ep by e−νNLδt, where νNL is calculated with
the values of Ep obtained at time t.

The plasma wave is not advected at the same time as the electromagnetic
waves in order to let us use predictor-corrector loops to test the stability of
our numerical scheme. However, we did not find any significant difference
when using these predictor-corrector loops compared to the simultaneous
advecting of the three waves.

In laser-plasma experiments, the laser is usually focused inside of the
plasma, which results in a Lorentzian variation of its intensity along its di-
rection of propagation. In order to somehow account for this in our 1-D
simulations of SRS, we artificially multiplied, in all the runs presented here,
the coupling constant Γp in Eq. (6.9) by the Lorentzian function,

L =

{ 1
1+[(x−x0)/∆x]2

− 1
1+[(xz−x0)/∆x]2

; |x− x0| ≤ x0 − xz
0 ; |x− x0| ≥ x0 − xz (6.10)

Such an x-dependence in Γp reflects the exact same space variation of the
ponderomotive force v × B in Vlasov equation, so that BRAMA runs with
a Lorentzian shape for Γp will be compared to Vlasov simulations where the
v × B term has artificially been multiplied by L(x). All the numerical re-
sults presented here were obtained with x0 = 150λl ≈ 52.6µm, xz = 33λl ≈
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11.5µm and ∆x = 39λl ≈ 13.7µm, where λl = 0.351µm is the laser wave-
length. L(x) therefore increases from x = 33λl to x = 150λl, and decreases
or is zero elsewhere. Aside from this Lorentzian factor, the simulations are
exactly the same as explained in the previous Chapter. In particular, in
both BRAMA and Vlasov simulations, we numerically simulate the optical
mixing of a pump laser wave, entering the plasma from its left end, and of a
counterpropagating electromagnetic “seed” wave launched at the right end
of the simulation box.

All the simulation results presented here are for a uniform plasma whose
length is L = 350λl ≈ 123µm. In BRAMA runs, the space step is δx =
10−3L = 0.35λl ≈ 7λD ≈ 0.12µm, while the time step is δt = δx/c. In
ELVIS simulations, the space step δx is usually chosen to be δx = 10−4L,
but was sometimes decreased down to δx = 2.5× 10−5L, while the time step
is δt = δx/c. Moreover, in ELVIS runs the electron distribution function was
discretized over 1000 velocity values ranging from −5vth to 7vth.

The computing time for a BRAMA simulation is about three orders of
magnitude smaller than for an ELVIS simulation.

Self-optimization

In order to solve for the envelope equations, we plugged into Eq. (6.7) the
values of δωp(kp,Φ) derived in Paragraph 5.2, and calculated δkp from ∂tδkp =
−∂xδωp. When doing so, and when numerically solving Eqs. (6.7-6.9) as
indicated previously, we systematically found that |δωp − vgsδkp| > |δωp|, so
that the term δkp enhanced the nonlinear dephasing between the three waves
instead of mitigating the effect of δωp. This was in sharp contrast with results
from Vlasov simulations of SRS, as reported for example in Refs. [64, 75, 93].
As a result, in our BRAMA simulations of SRS, we found that the monotonic
growth of Raman scattering systematically stopped at moderate values of the
EPW amplitude, due to the nonlinear three-wave dephasing, while this was
not recovered in Vlasov simulations. Moreover, the threshold intensities we
could infer from our envelope simulations were significantly above those found
from Vlasov simulations.

The reasons for these discrepancies are to be found in our theoretical val-
ues for δωp which, although very accurate, are just not good enough because
they stem from the adiabatic approximation and therefore only depend on
the local EPW amplitude and not on its space variations. More precisely, in
the nonlinear regime, once the scattered and plasma waves have experienced
several e-foldings, their Fourier spectra are mainly made of the most unstable
modes. As a result, the space profiles of these waves should correspond to
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the fastest possible growth of SRS. In particular, the EPW amplitude should
vary so as to make |δωp − vgsδkp| as small as possible, which may be viewed
as a “self-optimization” of SRS, that cannot be recovered when using our
adiabatic formulas, and that we therefore need to enforce.
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Figure 6.1: Results from Vlasov simulations of SRS using the Lorentzian
function L(x) plotted in Fig. 6.3, which increases from x = 33λl to x = 150λl,
and decreases or is zero elsewhere. Panels (a) and (b) plot |∆| ≡ |δωp−vgsδkp|
(blue dashed line) and |δωp| (red solid line) versus time respectively when
x = 100λl (i.e., when Ep increases with x) and when x = 225λl (i.e., when Ep
decreases with x). Panels (c) and (d) plot δϕ/π versus time respectively when
x = 100λl and x = 225λl. In these simulations the electron temperature is
Te = 4keV, the electron density is 10% of the critical one (kpλD = 0.406),
and the laser intensity is Il = 3.5× 1015W/cm2.

Self-optimization, which reads δkp ≈ δωp/vgs, clearly requires vgsδωpδkp ≥
0. Since at t = 0, when the wave amplitudes are very small, δkp ≈ 0, and
since δωp < 0, a necessary condition for vgsδωpδkp ≥ 0 is vgs∂tδkp ≤ 0.
We now use the fact that δωp mainly depends on the EPW amplitude, Ep,
so that ∂tδkp = −∂xδωp ≈ −(dδωp/dEp)∂xEp. Since (dδωp/dEp) < 0, we
conclude that self-optimization, which requires vgs∂tδkp ≤ 0, is possible
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only if vgs∂xEp ≤ 0 i.e., only when the EPW amplitude decreases along
the direction of propagation of the scattered wave. So, for the example of
Raman backscatter which we studied numerically, self-optimization is only
possible when the EPW amplitude grows as a function of x i.e., along the
laser direction of propagation. This is very clearly seen in Vlasov simu-
lations of SRS, especially when artificially multiplying the ponderomotive
force by the Lorentzian function L(x) defined by Eq. (6.10), as shown in
Fig. 6.1. Indeed, in such simulations the space profile of the EPW ampli-
tude is about the same as that of L(x), and self-optimization is very clearly
seen in that space domain where L(x) increases with x since, when ∂xL > 0,
|∆| ≡ |δωp − vgsδkp| � |δωp| and the nonlinear phase shift remains small
while, elsewhere, |∆| ≡ |δωp− vgsδkp| > |δωp| and |δϕ| keeps increasing with
time (see Fig.6.1).

In BRAMA simulations, in order to account for these results when en-
forcing self-optimization, we actually use, δkp = min[

∫ t
0
(−∂xδωp)dt, δωp/vgs]

when δωp/vgs > 0 and δkp = max[
∫ t

0
(−∂xδωp)dt, δωp/vgs] in the opposite

case. Hence, we enforce the convergence of δkp towards δωp/vgs only when
the space profile of δωp allows it. When doing so, we find results similar to
those obtained in Vlasov simulations i.e., δωp − vgsδkp = 0 when ∂xL ≥ 0
and |δωp − vgsδkp| > |δωp| elsewhere, so that Raman is mainly effective in
that space region where ∂xL ≥ 0.

6.1.3 Description of Raman growth in the nonlinear
kinetic regime

In this Section we shall show that our envelope code BRAMA is able to very
accurately predict threshold intensities for SRS, below which Raman reflec-
tivity remains very small, and that it also gives a very good description of
the time scale for Raman growth above threshold. However, as will be briefly
discussed here, saturation mechanisms for SRS still need to be included in
BRAMA.

Threshold intensities for stimulated Raman scattering

Threshold intensities, Ith, are defined as being such that, for laser intensities
slightly smaller than Ith there is very little Raman amplification, while when
Il ≥ Ith a very large SRS growth is observed. This transition, that may be
seen in Fig. 6.2, is mainly due to the nonlinear reduction of the collisionless
damping rate, νNL. It is therefore not the transition from a convective to an
absolute linear instability, as described in Ref. [94], and the values we find
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for Ith are indeed much smaller than those leading to such a transition.
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Figure 6.2: Raman reflectivity as a function of time when Te = 3keV, n0/nc =
0.07, and Il = 2.5 × 1015W/cm2 or Il = 3 × 1015W/cm2, panels (a) and (c)
as calculated using Vlasov simulations with ELVIS, panels (b) and (d) as
calculated using our envelope code BRAMA.

We compared the values for Ith inferred from BRAMA and ELVIS simula-
tions of SRS for electron temperatures varying from Te = 2keV to Te = 5keV,
with n0/nc = 0.1 or n0/nc = 0.07, where n0 is the electron density and
nc ≡ ε0mω

2
l /e

2 is the critical one. We therefore investigated values of kpλD
ranging from kpλD = 0.3 to kpλD = 0.57, and the corresponding values for
Ith varied from Ith = 2.5× 1014W/cm2 to Ith = 1.5× 1016W/cm2. Hence, we
studied very different physics situations, with the corresponding values of Ith
varying by about 2 orders of magnitude. Whatever the case we investigated,
we found that the relative discrepancy between the values for Ith inferred
from ELVIS and BRAMA simulations was less than 20%, and actually usu-
ally less than 10%. An example is given in Fig. 6.2, while the list of all the
cases we investigated is given in Table 6.1. From these results, we may con-
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clude that BRAMA is indeed an efficient numerical tool able to accurately
predict when SRS growth is negligible, over a wide range of physics param-
eters.
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Figure 6.3: Landau damping rate normalized to its linear value, as calculated
by our envelope code, for the same condition as in Fig. 6.2 (b) and at time
t = 20ps (blue solid line) and L(x) (red dashed line).

kλD Te n/nc Envelope Vlasov Theory
0.3 2 0.1 0.225 < Ith < 0.25 0.25 < Ith < 0.3 0.55

0.55 < I3 < 0.6 0.55 < I3 < 0.6
0.357 3 0.1 0.7 < Ith < 0.75 0.75 < Ith < 1 2

1.8 < I3 < 2 1.8 < I3 < 2
0.406 4 0.1 1.8 < Ith < 2 1.8 < Ith < 2 3.8

5 < I3 < 5.5 3.5 < I3 < 4.5
0.448 5 0.1 3 < Ith < 3.3 3 < Ith < 3.3 5.6

8 < I3 < 9 6 < I3 < 8
0.45 3 0.07 2.5 < Ith < 3. 2.7 < Ith < 3 3.8

7 < I3 < 8 5 < I3 < 6
0.513 4 0.07 9 < I3 < 11 9 < I3 < 11
0.57 5 0.07 12 < I3 < 13 12 < I3 < 15

Table 6.1: Values of Ith and I3 expressed in 1015W/cm2 as a function of Te,
expressed in keV, and n/nc.

It is very interesting to note that in Fig. 6.2 SRS reflectivity, R, exhibits
regular time oscillations just below threshold. The oscillations are faster, and
of lower amplitude, in ELVIS simulations compared to those found using the
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envelope code BRAMA. This seems to indicate that, below threshold, self-
optimization is not as effective as we assume it when numerically solving our
envelope equations. This is not surprising since self-optimization occurs once
SRS has significantly grown, which is not the case in the situation considered
in Figs. 6.2 (a) and (b). There is however a qualitative agreement between
the time variations of SRS reflectivity, R, just below threshold as obtained
by using ELVIS or BRAMA.

The time oscillations in R displayed in Figs. 6.2 (a) and (b) are in contrast
with the usual picture of convective instability obtained in the strong damp-
ing limit, when the left-hand side of Eq. (6.9) may by replaced by νNLEp,
and when R would rapidly reach a constant value. Such oscillations there-
fore indicate that, even below threshold, νNL has been reduced compared to
its linear value. Actually, results from BRAMA simulations indicate that,
for the situation considered in Fig. 6.2 (b), νNL has decreased to nearly 0
in that space domain where ∂xL < 0, and remains close to its linear value
elsewhere (see Fig. 6.3). Actually, just below threshold, the Raman driven
plasma wave does not significantly grow wherever ∂xL > 0 because of a large
Landau damping rate, while wherever ∂xL < 0 nonlinear detuning prevents
SRS from being effective.

Using this physics picture, we may try to theoretically predict the values
of threshold intensities. Indeed, below threshold, νNL is nothing but the
(linear) Landau damping rate, νL, in that space domain where ∂xL > 0 i.e.,
when x < x0. There, we may use the strong damping approximation and
replace the right-hand side of Eq. (6.9) by νLEp. Then, it is easily found

that Es(x) = Es(x0)e
R x
x0
κ(ξ)dξ

, where κ(ξ) ≡ L(ξ)ΓpΓs|El|2/(νLvgs), and El
is assumed to be uniform, El(ξ) = El(0) (no pump depletion). Ep is then
straightforwardly derived from Ep ≈ LΓpElEs/νL, which lets us calculate∫ x0

0
ωBdx/vφ as a function of Es(x0). From the results of Section 5.1, we

know that when
∫ x0

0
ωBdx/vφ ≈ 6, νNL would be close to its linear value when

x < x0 and would be close to 0 when x > x0, which is precisely our condition
for being just below threshold. Hence, threshold intensities are easily derived
theoretically provided that Es(x0) is known. However, since νNL ≈ 0 when
x > x0 and since the effect of the frequency shift in that space region is hard
to account for, it is quite difficult to accurately calculate Es(x0) analytically.
Hence, we will only give here an underestimate of Es(x0), by making use
of the strong damping approximation, which will yield an upper bound for
threshold intensities. When using Es(x0) = Es(L)e

R x0
L κ(ξ)dξ, we find values of

Ith usually twice as large as those inferred from SRS simulations (see Table
6.1), which is remarkable for such a simple analysis.

Now, in Ref. [65], (2π)−1
∫ L

0
ωBdx/vφ was called the “bounce number”,



6 - Self-organization 129

NB, and a rapid increase of the averaged reflectivity, as a function of the
laser intensity, was observed when NB ≥ 2 in Vlasov simulations of SRS
with ELVIS. Using our theoretical modeling, we find here that, close to
threshold, (2π)−1

∫ x0

0
ωBdx/vφ ≈ 1. Since in our simulations x0 = L/2,

(2π)−1
∫ x0

0
ωBdx/vφ should be close to NB/2, and the results presented here

are consistent with those of Ref. [65].

Raman growth above threshold

Let us now compare the time scales for Raman growth, as predicted by the
envelope code BRAMA, to those obtained using the Vlasov code ELVIS.
Knowing the time it takes for SRS to significantly grow is an important
issue for ICF, since it would tell whether such a technique as smoothing
by spectral dispersion (SSD) could efficiently reduce Raman reflectivity. As
for threshold, we compared timescales for Raman growth over a wide range
of plasma and laser parameters and always found a very good agreement
between BRAMA and ELVIS results (except in some very few cases, very
close to threshold, when the time scale for Raman growth is larger than 10ps).
Examples of such good agreements are given in Fig. 6.4 and when comparing
Fig. 6.2 (c) to Fig. 6.2 (d) (where the time for R to reach 3% is found
to be 11.5ps with ELVIS and 13ps with BRAMA). Note, though, that the
agreement in the time evolution of R is far from being perfect in Fig. 6.4. It
is excellent until t ≈ 2.2ps, R ≈ 2%, but then, SRS reflectivity as calculated
by BRAMA exhibits some time oscillations which make its growth slower
than when calculated by ELVIS. Oscillations in BRAMA reflectivity are due
to the nonlinear detuning induced by the frequency shift which shows that,
once SRS has significantly grown, SRS self-optimization is even more efficient
than what we impose when numerically solving our envelope equations!

Important parameters, as regards ICF, are intensities IR0
∆t above which

Raman reflectivity would reach the value R0 within the time interval ∆t.
Indeed, knowing IR0

∆t would allow one to predict which laser intensities should
be used in order to prevent SRS reflectivity from reaching the value R0 by
using a smoothing technique such as SSD. Again, we found a very good
agreement between the values of IR0

∆t predicted by ELVIS and BRAMA over
a wide range of physics parameters, as shown in Table 6.1. In this Table, I3

is the intensity above which it takes less than 3ps for R to either reach 10%
or the maximum value predicted by Vlasov simulations. Of course, these
values are only quantitative for the optical mixing situation considered here.
For ICF, one should study SRS as growing from a thermal noise instead of
optical mixing, and 3-D effects should also be accounted for. Simulations
of Raman growth from a noise can be made with BRAMA, although such
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Figure 6.4: SRS reflectivity as calculated by our envelope code BRAMA
(green dashed line) and by the Vlasov code ELVIS (blue solid line) when the
electron temperature is Te = 2keV, the electron density is 10% of the critical
one, and Il = 6× 1014W/cm2.

results have not been shown here since our main purpose was the impact
of nonlinear kinetic effects and comparisons between envelope and Vlasov
codes, and ELVIS can only support optical mixing.

The good agreements between BRAMA and ELVIS results let us con-
clude that our envelope equations, and the numerical integration we use,
capture the essential impact of nonlinear kinetic effects during the course of
SRS growth. We therefore believe that our modeling is a promising effective
tool to predict when SRS is negligible, or harmless for ICF. Nevertheless, our
modeling is currently unable to correctly predict the average Raman reflec-
tivity above threshold. For example, for the physics parameters of Fig. 6.4,
SRS reflectivity as calculated by ELVIS would evolve in quasi-periodic fash-
ion, with an average value lower that the maximum R ≈ 17% displayed
in Fig. 6.4, while BRAMA reflectivity keeps growing on the average, until
reaching a nearly constant value close to 70% corresponding to almost 100%
pump depletion. Another example of such discrepancies between ELVIS and
BRAMA reflectivities is shown in Fig. 6.5.

Hence, a saturation mechanism is missing in our nonlinear kinetic model-
ing of SRS. Self-optimization might, for example, break down above a given
EPW amplitude, which is not accounted for in the numerical resolution of
our envelope equations. However, as is clear from Fig. 6.4, self-optimization
seems even more efficient than what we assume. Moreover, we find the same
level of reflectivity when setting δkp = 0 in Eq. (6.7) as when using the self-
optimization ansatz and imposing δωp−vgsδkp = 0 in one half of the plasma.
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Therefore, although we are not able to rigorously rule out SRS saturation
due to the detuning induced by the nonlinear frequency shift, such a scenario
seems doubtful. Another reason for the premature stop in SRS growth, in-
voked for example in Refs. [76, 95], is the growth of sidebands, and this will
be addressed in the next Chapter.
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Figure 6.5: SRS reflectivity as calculated by our envelope code BRAMA
(green dashed line) and by the Vlasov code ELVIS (blue solid line) when the
electron temperature is Te = 3keV, the electron density is 7% of the critical
one, and Il = 8× 1015W/cm2.
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6.2 Dynamo effect in a Reversed Field Pinch

6.2.1 Introduction

A reversed field pinch (RFP) is a toroidal device for magnetic confinement
fusion, designed with an inner shell which almost is a perfect conductor; the
RFP is nearly a flux conserver. It is characterized by the fact that its toroidal
magnetic field, BT (along the larger radius, R, of the torus), is of the same
order of magnitude as its poloidal field, Bp (along the smaller radius, a, of
the torus), and by a rather small aspect ratio a/R. As a result, the safety
factor q ≡ rBT/RBp, where r is the radial distance from the axis of the
torus, is always less than unity. Hence, the RFP plasma is everywhere prone
to the so-called kink instability, which causes the deformation of the field
lines (see Ref. [96] and references therein). As a result, the spectral content
of the magnetic field should enrich in components Bmne

i(mθ−nφ), where θ and
φ are the poloidal and toroidal angles respectively (the ratio m/n is called
the helicity of the mode).

Another salient feature of the RFP is the reversal of its toroidal magnetic
field near the edge of the plasma (r ≈ a) which, as empirically observed, in-
creases the confinement properties of the machine. That BT reverses at the
edge entails that it must be sustained inside of the plasma by poloidal cur-
rents that do not result from the transformer effect, but from a self-induced
Lorentz force, ~v× ~B, the so-called dynamo effect due to some “self-organized”
velocity flow. It was proved by Cowling (see Ref. [89]) that BT reversal was
not possible if the system was axisymmetric. This result, together with the
fact that many modes may be unstable against the kink instability led, until
quite recently, to the widespread belief that the magnetic field inside of an
RFP was doomed to be chaotic and, in particular, composed of modes with
lots of different helicities, which did not made the RFP very attractive as a
confinement device.

Hence, when we started this study with D.F. Escande in 1997, we wanted
to know whether this belief was grounded or if the RFP could operate in a
single helicity configuration, i.e., with a field that would write

∑
nBne

in(θ−hφ),
where h is a constant. At that time, it was very important for us to under-
stand field reversal using very simple physics pictures. One of these pictures
was provided in a paper by Kusano and Sato [97] which exhibited very clear
numerical results showing that field reversal was the consequence of a helical
deformation of the plasma, inside of a flux conserver; just as though field
reversal was due to the expansion of a carrying-current helix. This mainly
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motivated, together with a work by Kadomtsev [98], the following simple
model.

6.2.2 Toy model for field reversal

In order to gain physics insight about what causes field reversal, we use
a very simple modeling where the torus is replaced by a cylinder with pe-
riodic boundary conditions. Then, the poloidal and toroidal components
correspond, respectively, to the azimutal and axial ones. The plasma is rep-
resented by a single wire, carrying a current with intensity I, which is placed
inside of a perfectly conducting shell where flows a current Ishell (see Fig. 6.6),
producing a toroidal (or axial) magnetic field Bshell.

This configuration is unstable against any deformation of the wire which
lets the azimuthal component of I flow in the same direction as that of Ishell,
and in particular against a helical deformation as illustrated in Fig. 6.6.
Indeed, let us allow for a finite width of the wire (this is the width of the
“string” that constitutes the wire, not the size of the helix), then, the radial
force acting on the wire derives from the following magnetic pressure

P =

∫
jθ(r)Bz(r)dr, (6.11)

where jθ is the azimuthal current and Bz the axial field. Since, from Ampère’s
law, µ0jθ = −∂Bz/∂r,

P = (B2
in −B2

ext)/2µ0, (6.12)

where Bin is the axial field inside of the volume enclosed by the helical wire,
while Bext is the axial magnetic field outside this volume (see Fig. 6.6). The
azimuthal component of the current, per unit of length, flowing inside of the
wire is

iθ =

∫
jθdr =

Bin −Bext

µ0

, (6.13)

so that, from Eq. (6.12)

P = iθ(Bin +Bext)/2µ0. (6.14)

Hence, provided that Iθ and Bin +Bext are of the same sign, the helical wire
experiences a positive pressure and expands.

Provided that, like in an RFP, the current remains nearly constant inside
of the helical wire, the flux of the magnetic field created by the wire keeps on
increasing as the helix expands. Since the wire is surrounded by a perfectly
conducting shell that forms a flux conserver, the flux of Bshell, and therefore
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Figure 6.6: Schematic of the model for field reversal: (a) initial position of
the current-carrying wire inside of the flux conserver: (b) expansion of the
helix triggered by the kink instability; (c) saturation of the instability due to
the field reversal at the edge.

Ishell, need to decrease. As a result, Bext decreases up to the point that it
changes sign and reaches the value, Bext = −Bin, in which case the radial
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force on the wire is 0, and the helix stops expanding.
To make things a bit more explicit, let us assume that the helix, of radius

rH , is very tight and that it makes N turns per unit of length along the axial
direction. Then, BH ≈ Nµ0I if r ≤ rH , and BH ≈ 0 elsewhere, so that its
flux is ΦH = πr2

HBH . Flux conservation then writes

r2
HBH + a2Bshell = a2B0

shell, (6.15)

where a is the radius of the shell and B0
shell the axial magnetic field before

the wire expands. Since, in this configuration, Bext = Bshell, and Bin =
BH +Bshell, one then easily finds

Bext = −Bin ⇔ 2r2
H

a2
− 1 =

2B0
shell

BH

. (6.16)

Field reversal will therefore occur provided that BH is large enough compared
to B0

shell and, actually, for an RFP BH � B0
shell. Hence, we indeed provided

a model for field reversal.

Before ending this Section, we would like to make a few remarks. First, as
simple as it may be, the previous model is quite relevant to an RFP, because
it provides some of the main features observed for this device. Indeed, in our
model, field reversal appears as the consequence of a kink-like instability, but
this instability (the helix expansion) is itself stabilized by field reversal (just
like, in an RFP, the change of sign in BT prevents disruption). Moreover,
when the field reverses, the azimuthal current in the shell flows in the opposite
direction as that in the wire, as is the case for a reversed field pinch [97]. Of
course, in an RFP, field reversal will not be as large as predicted by the
model because the helix is not formed by the whole plasma, and smaller field
reversal may actually be derived by accounting for this in the model [99].

Although very simple, this model progressively changed the way peo-
ple considered an RFP, until a reversal occurred in people’s mind after the
demonstration that RFX could operate in a quasi-single helicity regime [92].

In spite of Cowling theorem, one may find axisymmetric configurations
where the toroidal field is very small at the edge [100]. A little amount of
single-helicity is then enough to induce field reversal, and such a configuration
was recently found by D. Bonfiglio, D.F. Escande, P. Zanca and S. Cappello
[101].

On a more basic ground, since the mode m = 1 is usually dominant, the
single helicity field is nearly monochromatic and is the most unstable mode
against kink deformation. This bears some analogy with the SRS situation
where the system self-optimizes in order to let only the most unstable mode
remain, although the physics mechanisms are quite different.
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Chapter 7

Secondary instabilities

When a large amplitude mode (like the SRS-driven plasma wave, or the heli-
cal magnetic field of an RFP) has developed inside of a medium, it sometimes
affects the properties of this medium up to the point that other modes, which
were initially stable, may now grow unstable. This is what we call secondary
instabilities, which may be viewed as a generalization of the Benjamin-Feir
instability (see Ref. [102]) and which, in many cases, put an end to the self-
organized regimes described in the previous Chapter.

For the first example presented here, which is stimulated Raman scat-
tering in a initially Maxwellian plasma, all electrostatic modes are stable
before the laser interacts with the plasma. Once a large amplitude EPW
has developed, some modes may grow unstable, only due to the modification
of the electron distribution function (i.e. even if the laser is turned off). If
the electrostatic spectrum broadens significantly, the situation changes from
stimulated Raman scattering to a more Compton-like scattering, which stops
the monotonic growth of laser reflectivity. This scenario is often invoked to
explain levels of reflectivity much lower than found when only accounting
for the nonlinear reduction of Landau damping and the frequency shift of
the electron plasma wave, as explained in the previous Chapter. When the
amplitude of the SRS-driven plasma wave only slowly varies in space and
time, which was the case for the laser and plasma parameters of the pre-
vious Chapters, analogies have been drawn (see Refs. [76, 95]) between
the aforementioned spectrum broadening and the instability of a Bernstein-
Greene-Kruskal (BGK) mode. These modes assume a constant and uniform
amplitude and therefore constitute an example of nonlinear equilibrium in a
plasma supporting a periodic electrostatic field (see Ref. [103]). Hence, as a
first step in our attempt to derive an estimate of Raman reflectivity in the
strongly nonlinear regime, we will present in Section 7.1 a general method
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to address the stability properties of a nearly BGK mode. This method will
be applied to the so-called vortex-fusion instability, depicted in Ref. [81],
and to the stability properties of a periodic electrostatic wave which has
grown nearly adiabatically in an initially Maxwellian plasma. Clearly, from
the results of the previous Chapters, the latter example is directly related to
stimulated Raman scattering.

The other example of secondary instabilities is still on laser propagation,
but this time in an atomic vapor, and it will be shown experimentally how
the Benjamin-Feir instability may modify the time profile of the laser pulse.
Despite the apparent analogy between these two examples, we make use of
different analytic formalisms to address them. While a nonlinear Schrödinger
(NLS) equation may easily be derived in order to model laser propagation in
an atomic vapor, such an equation would be much more difficult to establish
for an EPW in the strongly nonlinear regime. Actually, as will be discussed
here, previous derivations of a NLS to describe the nonlinear propagation of
an electron plasma wave were oversimplified and, as a result, the predictions
that could be made, based on this equation, regarding the stability of a large
amplitude plasma wave were not confirmed numerically.

As to what puts an end to RFP self-organization, described in Section 6.2,
this will not be discussed here and is still a subject of debates. It nevertheless
seems that the stability of the quasi-single helicity state depends on the
level of dissipation of the plasma which, for the moment, is not derived self-
consistently [101]. It is therefore not quite clear that the concept of secondary
instabilities as addressed here may apply to an RFP.
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7.1 Stability of a large amplitude electron plasma

wave

7.1.1 General method

As explained above, in order to understand what limits the coherent growth
of Raman scattering, we study here the stability of a plasma supporting
a large amplitude, periodic, electrostatic field. More precisely, we consider
an equilibrium state of the Vlasov-Poisson system, as given by the electron
distribution feq(x, v, t) and periodic electrostatic field Eeq(x, t), and we study
its stability with respect to small perturbations, δf and δE.

The results presented here on the aforementioned problem have been
derived in collaboration with E. Siminos.

Linearization of the Vlasov-Poisson system

We thus start with the Vlasov-Poisson system, for the total electron distri-
bution function, f , and electrostatic field, E,

∂f

∂t
+ v

∂f

∂x
+ E

∂f

∂v
= 0, (7.1)

∂E

∂x
=

(∫ +∞

−∞
f dv − 1

)
, (7.2)

where f is normalized so that
∫
f dv = 1. We used dimensionless variables to

write the preceding equations, and normalized velocities to the thermal one,
vth, x to the Debye length, λD, times to ω−1

pe ≡ λD/vth, and electric fields to
mv2

th/(−eλD).
We now write the total distribution function as f = feq +δf and the total

electrostatic field as E = Eeq + δE to get the following linearized Vlasov-
Poisson system,

∂(δf)

∂t
= −v∂(δf)

∂x
−
(
Eeq

∂(δf)

∂v
+ δE

∂feq

∂v

)
, (7.3)

∂(δE)

∂x
=

∫ +∞

−∞
δf dv. (7.4)

Galerkin projection

In order to conclude about the stability properties of the considered equilib-
rium, we need to derive the eigenvalues of the previous linear system. An
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analytic method being still missing, we have to approximate the eigenvalues
and eigenfunctions numerically, and to do so we project the problem from the
∞-dimensional functional theoretical setting onto a finite dimensional vector
space. The choice of the finite dimensional basis is arbitrary; one important
requirement is that, as the dimension of the space increases, the spectrum
converges to that of the ∞-dimensional problem.

We find it very convenient, for reasons that we explain later on, to work
with a spectral discretization of the Vlasov-Poisson equation. Specifically,
we expand f(x, v, t) as a double series in a Fourier-Hermite basis in x and
v variables, respectively. Our making use of Fourier series entails that we
henceforth only consider periodic δf and δE. An expansion in a Hermite
function basis is a natural choice for Maxwellian-like distribution function
profiles.

Here we consider the so-called asymmetrically weighted (AW) Hermite ba-
sis. Denoting by Ψn(v) the basis functions and by Ψn(v) the weight functions
we have

Ψn(v) = Cne
−v2Hn(v) , Ψn(v) = CnHn(v) , (7.5)

where Hn(v) are Hermite polynomials and Cn = 1/(π1/4
√

2nn!). We note the
important orthonormality condition of the Ψn:∫ +∞

−∞
Ψm(v)Ψn(v) dv = δmn . (7.6)

Assuming periodic boundary conditions on [0, L] we expand,

f(x, v, t) =
+∞∑
r=−∞

+∞∑
s=0

f rs(t)Φr(x)Ψs(u) , (7.7a)

E(x, t) =
+∞∑
r=−∞

Er(t)Φr(x) , (7.7b)

where Φr(x) = eirk0x, k0 = 2π/L and v = Uu, where U is an arbitrary
velocity scale factor.

Inverting (7.7a) we get for the Fourier-Hermite coefficients

f rs =

∫ L

0

dx

∫ +∞

−∞
f(x, Uu, t)Φr(x)Ψs(u) du, (7.8)

where Φr(x) = 1
L
e−irk0x.
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The Vlasov-Poisson system becomes

ḟkj = −ikk0U

(√
j

2
fk,j−1 +

√
j + 1

2
fk,j+1

)
+

1

U

+∞∑
r=−∞

Er
√

2jfk−r,j−1 ,

(7.9a)

Er =


0 , r = 0 ,

− i
Uπ1/4f r0

rk0

, r 6= 0 .
(7.9b)

Here we have set the non-oscillating part of the electric field E0 = 0 since
it can only be determined through Ampre’s law and it can be neglected, to
first approximation, in our applications.

The linearized Vlasov-Poisson system has been reduced into the infinite-
dimensional system (7.9) of algebraic-differential equations for the Fourier-
Hermite coefficients. The infinite ladder of equations (7.9) has to be trun-
cated through a suitable condition. Here it will be convenient to employ
Galerkin projection (see Ref. [104]), that is to set fNx+1,s(t) = f r,Nv+1(t) = 0
for some cutoff values Nx and Nv, such that the residual in the series (7.7)
is negligible.

We can then show that the linearized Vlasov equation (7.3) in the Fourier-
Hermite basis becomes

d

dt
(δfkj) =

∑
l,m

Akjlm δf
lm , (7.10)

where

Akjlm =
k 6=Nx

2− ikk0U

(√
j

2
δkjl,m+1 +

√
j + 1

2
δkjl,m−1

)
k 6=l,

|k−l|<Nx
2− i

π1/4

k0

√
2j

k − l f
k−l,0
eq δjm+1

l 6=0,Nx
2
,

−Nx
2
<k−l≤Nx

2− i
π1/4

k0

√
2j

l
δ0
mf

k−l,j−1
eq .

(7.11)

with δkjl,m ≡ δklδ
j
m. The tensor Akjlm is a finite-dimensional approximation

of the linear operator on the right hand side of the linearized Vlasov equation
(7.3). The solution to the initial value problem of evolution under (7.10) of a
perturbation δf(n)(0) along an eigendirection of Akjlm can be formally written
as,

δf(n)(t) = δf(n)(0) e(γn+iωn)t, (7.12)
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where γn + iωn is the eigenvalue corresponding to δf(n)(0). That is, γn > 0
(γn < 0) is the growth (damping) rate and ωn the frequency of oscillation,
corresponding to the nth eigendirection. Note that, due to the Hamiltonian
structure of the Vlasov-Poisson system, the eigenvalues come in pairs ±γn +
iωn and we cannot have γn negative without an equal in magnitude positive
eigenvalue. Hence, only in the case γn = 0 for all n may the equilibrium be
linearly stable.

7.1.2 Numerical Results

Comparisons with Landau’s theory
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Figure 7.1: Landau damping of an EPW as prescribed by (7.13), with Nv =
301, U =

√
2. Note the recursion effect in part (b).

In order to validate our method, we first make comparisons with well
known analytic results derived when Eeq = 0, for two extensively studied
cases of distribution functions, the Maxwellian and the bump-on-tail distri-
butions.

When feq is a Maxwellian, any small perturbation is well known to ex-
perience Landau damping. We then checked that, in this case, our reduced
system only admitted imaginary eigenvalues, which yields for the electric
field,

E1(t) = E1(0)
∑

eje
iωjt , (7.13)

where E1 is the first Fourier mode (corresponding to wavelength k0), and
E1(0)ej is the projection of E1(0) onto the eigenspace corresponding to the
eigenvalue iωj. Landau damping of the EPW can then be seen to be a
destructive interference effect (see Ref. [105]).
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Figure 7.1 shows the evolution of the EPW amplitude as predicted by
Eq. (7.13), for k0 = 0.5. The electrostatic wave is indeed damped and the
damping rate and frequency of oscillation can be directly determined from
Fig. 7.1(a) to be γ/ωpe = −0.1535 and ω/ωpe = 1.414, in excellent agree-
ment with the values γ/ωpe = −0.1534, ω/ωpe = 1.416 we obtain through
Landau’s analysis. In Fig. 7.1 we used a relatively large number of terms in
the Hermite expansion, Nv = 301 (Nx is irrelevant as only the k0 mode is
active). The reason for this is demonstrated in Fig. 7.1(b) and is related to
the phenomenon known as recursion (see Ref. [106], for example). For any
finite truncation of (7.13) the motion is quasiperiodic and the EPW ampli-
tude, initially damped, is bound to grow to a finite value after finite time.
This recursion time increases as we decrease the scale factor U or we increase
Nv (see Ref. [106]).
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Figure 7.2: (a) Landau damping rate and (b) frequency of oscillation of an
EPW as predicted by Landau’s analysis (solid line) and by our method with
Nv = 51, U =

√
2.

Figure 7.2 presents a comparison of our results to the ones obtained by
using Landau’s analysis for a range of k0. A moderate number of terms
Nv = 51 in the expansion is sufficient to obtain agreement to plotting accu-
racy. The agreement is better than 5% for k0λD ≥ 0.3.

A further test of our method is afforded through comparison with results
for a bump-on-tail distribution of the form,

feq(v) =
np√

2πvth,p
e−v

2/2v2th,p +
nb√

2πvth,b
e−(v−vd,b)2/2v2th,b . (7.14)

Here we pick np = 0.9, nb = 0.1, vth,p/vth = vth,b/vth = 1, vd,b/vth = 5.
Such a distribution is well known to be unstable and the eigenvalues of A
are now directly related to the growth rate and frequency of a perturbation
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Figure 7.3: (a) Nv = 160 Hermite polynomial approximation (solid line)
versus exact (dots) bump-on-tail distribution with np = 0.9, nb = 0.1, vth,p =
vth,b = 1, vd,b = 5 and (b) convergence of the growth rate γ/ωpe (grey dot-
dashed line) with increase of Nv to the value computed from Landau’s theory
for k0 = 0.36 (red, dashed line). The black, solid line indicates a 20-point
moving average. Velocity scale fixed to U = 2.2 in both figures.

of wavenumber k0. We will compare them to the results obtained by using
Landau’s analysis. Figure 7.3(b) demonstrates the convergence of the growth
rate γ to the Landau value as Nv is increased for k0 = 0.36. There is an
alternation with odd and even order in Nv and the convergence is rather slow,
as also observed in Refs. [107, 108]. Nevertheless, a 20-point moving average
is shown in Fig. 7.3(b) to converge much faster to the value predicted by
Landau’s analysis, a fact that adds to the usability of the method. Moreover,
preliminary results seem to indicate that using the transformation introduced
in Ref. [109] on Vlasov equation speeds up the convergence of the method,
and saves us from the need to resort to averaging. This nevertheless needs
to be further confirmed.

In Fig. 7.4 we compare our results for the growth rate γ and frequency of
oscillation ω to those obtained through Landau’s analysis, for values of k0λD
up to the cutoff of instability. Beyond that point computation of damping
rate can be performed as in the Landau damping case, but we will not pur-
sue this goal here. The accuracy of our method is exceptionally good, as
demonstrated in Fig. 7.4(c,d), especially away from the cutoff of instability.
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Figure 7.4: Bump-on-tail instability (a) growth rate γ and (b) frequency
of oscillation ω for a distribution with np = 0.9, nb = 0.1, vth,p = vth,b =
1, vd,b = 5. The continuous curve indicates Landau’s result, dots indicate
Hermite-Fourier calculation with U = 2.2, averaged over Nv = 141, . . . , 160.
(c) Relative error in the calculation of growth rate and (d) of the frequency,
compared to Landau’s values.

Stability of BGK equilibria

In this Paragraph, we study a first example of BGK equilibria for which
there is no well-established analytic result as regards the growth rates of per-
turbations, but which has been the subject of several numerical studies, for
example by Ghizzo et al. in Ref. [81]. Here, we will compare the results of
Ref. [81] obtained from direct simulations of the nonlinear Vlasov-Poisson
system, to the growth rates derived by using our method.

Following Ghizzo et al., we consider the BGK equilibrium with distribu-
tion function,

feq(ε) =
µ√
2π

2− 2ξ

3− 2ξ

(
1 +

ε

1− ξ
)
e−ε , (7.15)

where ε(x, v) = v2/2 + φ(x) is the total energy, and where µ and ξ are
parameters which characterize the BGK equilibrium (see Ref. [81] for more
details). In particular, the electrostatic potential φ(x) is derived from the
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following differential equation,

φ′′(x) = −µ3− 2ξ + 2φ(x)

3− 2ξ
e−φ(x) + 1, (7.16)

which has periodic solutions only if [(3 − 2ξ)/2] exp(ξ − 1/2) < µ ≤ 1 and
1/2 ≤ ξ < 1.

In, Ref. [81], Ghizzo et al. solve Eq. (7.16) numerically for µ = 0.92 and
ξ = 0.90 to obtain a BGK equilibrium. They fix the period of their solution
to Λ/λD = 14.7106 by specifying the initial condition φ(0) = φ′(0) = 0. The
BGK equilibrium is characterized by a “depression” or “hole” in the electron
distribution function, as plotted in Fig. 7.5.
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Figure 7.5: (a) Electrons distribution function corresponding to (7.15) with
µ = 0.92 and ξ = 0.90. (b) N = 1-cell system growth rate convergence with
Nv. We show the results obtained with Nv even (dot-solid), Nv odd (dots),
2-point (grey, dashed) and 20-point (black, solid) moving average. Nx = 32,
U = 2.45.

In order to allow for subharmonic perturbations (sidebands), Ghizzo et
al. study a plasma of length L = NΛ supporting the periodic potential φ.
They therefore build an “N -vortex structure”, or “N -cell replicas” of the
basic cell. Using the marginal stability analysis of Ref. [110], they conclude
that when N ≥ 2 the equilibrium is unstable, while no conclusion could be
drawn analyticaly for the N = 1 case. They then study the stability of the
BGK equilibrium numerically, by introducing a sinusoidal perturbation of
wavelength k0 = 2π/L. Their study is based on direct numerical simulations
of the Vlasov-Poisson system with an Eulerian Vlasov code and with initial
conditions of the form, f(x, v, 0) ≡ feq(ε) [1 + α cos(k0x+ ψ)], where ψ is an
arbitrary phase shift and α small parameter in the range 10−3 − 10−4.
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For the N = 1, single cell case, Ghizzo et al. integrate their system nu-
merically up to time tωpe = 500 and observe that it remains unchanged, thus
conjecturing that the equilibrium is marginally stable. Figure 7.5(b) shows
our results for γmax as computed by use of the Fourier-Hermite projection
with Nx = 32, U = 2.45 and Nv in the range 134−200. The maximum growth
rate is very small, γ/ωpe = 0.00046, which is of the order of the precision
of our numerical procedure. Hence, we cannot conclude about the stability
of the equilibrium. However, our numerical estimate of γ/ωpe is consistent
with the numerical results of Ref. [81] since we would predict that, during
the whole time interval of the simulation by Ghizzo et al., the perturbation
should not be significantly amplified.

For N ≥ 2, instability is clearly demonstrated in Ref. [81], as the per-
turbed system evolves towards a different final state, in which all the holes
finally merge to a single one. For N = 2 we obtain γ/ωpe = 0.049, while
for N = 3 we have γ/ωpe = 0.047, both results consistent with the timescale
of development of the instability tωpe ∼ 150 in the simulations of Ghizzo
et al. Moreover, in these simulations, the harmonic 2k0 appears to be the
most unstable one and, from the results of Ref. [81], we could infer that this
harmonic growth rate was close to γ/ωpe = 0.044, in close agreement with
our result. We therefore successfully compared results from our reduced lin-
earized system against results from the direct numerical integration on the
nonlinear Vlasov-Poisson equations.
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Figure 7.6: (a) N = 2, (b) N = 3-cell system growth rate convergence with
Nv. We show the results obtained with Nv even (dot-solid), Nv odd (dots),
2-point (grey, dashed) and 20-point (black, solid) moving average. Nx = 32,
U = 2.45.
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7.1.3 Stability of a large amplitude plasma wave “slow-
ly” growing in an initially Maxwellian plasma

The study presented in this Paragraph is directly motivated by the nonlinear
kinetic modeling of stimulated Raman scattering in a plasma. Indeed, several
numerical papers (e.g. Refs. [76, 95]) argued that the monotonic increase of
SRS reflectivity stops due to the growth of sidebands. Moreover, we saw
in the previous Chapters that, for typical ICF conditions, the plasma wave
resulting from stimulated Raman scattering grew slowly enough to induce a
nearly adiabatic electron motion. Hence, we study here whether, when an ini-
tially Maxwellian plasma supports such a slowly growing EPW, its stability
properties are modified so as to allow the growth of periodic perturbations.
When the plasma turns unstable, we moreover compute the growth rates of
the perturbations using the method of Paragraph 7.1.1, and discuss whether
these growth rates are large enough to indeed stop the coherent development
of SRS.

Following the results of the previous Chapters, we build feq by assuming
adiabatic motion of electrons acted upon by a purely sinusoidal (one har-
monic) field, and then compute Eeq from Poisson equation. We therefore
do not start with a self-consistently calculated equilibrium, since we first as-
sume that the electric field has kept on being sinusoidal to derive feq, while
Eeq obtained from Poisson equation is not purely sinusoidal. However, we
checked that for the cases we investigated, the harmonic content of Eeq was
of low amplitude. Moreover, the results of the previous Chapters and the
comparisons against Vlasov simulations of SRS showed the relevance of the
sinusoidal approximation.

In order to apply our method, we need to use periodic functions for feq

and Eeq while, clearly, the electrostatic field resulting from stimulated Ra-
man scattering is not periodic, although its amplitude varies little over one
wavelength. A periodic study should therefore not be completely irrelevant,
but the results thus obtained need to be confirmed by addressing physics
situations closer to that of SRS.

We henceforth consider the plasma “equilibrium” characterized by a peri-
odic electrostatic field whose first (and main) Fourier component is of normal-
ized amplitude, E0, and wave number, k0 = 0.448. We moreover consider a
plasma of length L = 2Nπ/k0 (N -cell system) so as to allow for subharmonic
perturbations, and we choose N = 3.

Table 7.1 shows our results, obtained with Nv = 1000, Nx = 18, U =
√

2,
in the dimensionless variables introduced in Paragraph 7.1.1. The growth
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Table 7.1: Maximum growth rate γ as a function of E0 for the 3-cell system,
computed with Nv = 1000, Nx = 18, U =

√
2.

E0 0.0173 0.0689 0.0896
γ 0.00140 0.0231 0.0349
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Figure 7.7: E0(t) from a direct Vlasov simulation of SRS with n = 0.1nc and
Te = 5keV (k0 ≈ 0.448), Il = 2× 1015W/cm2.

rates γ given in Table 7.1 have to be compared with the typical timescale for
SRS growth τSRS which, from Vlasov simulations, is of the order of 103ω−1

pe

as can be seen in Fig. 7.7. The simulation results displayed in this Figure
are obtained as explained in Chapter 5, but with no Lorentzian factor.

Since the noise level from which the sidebands would grow is much smaller
than the plasma wave amplitude, γ has to be much larger than τ−1

SRS for
the growth of sidebands to affect that of SRS. From Table 7.1 one sees that
γτSRS ∼ 1 when E0 = 0.0173 so that the plasma wave should grow at least up
to this amplitude. Figure 7.7 shows that the EPW amplitude monotonically
grows up to about Emax ' 0.07, and for such an amplitude γ is found to
be about ten times larger than τ−1

SRS, so that the values we find for γ are
consistent with Vlasov simulations of SRS. More precise comparisons with
Vlasov results would nevertheless require knowledge of the level of noise in
our system, which is not easy to derive for the simulation results of Fig. 7.7.
In the future, we plan to use Vlasov simulations with two seeds, one whose
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wavelength maximizes the linear SRS growth rate, and one whose wavelength
maximizes the growth rate of perturbations as we calculate it. Using such
simulations would allow a more direct comparisons between our predictions
and results from Vlasov simulations of SRS.
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7.2 Sideband instability in an atomic vapor

In this Section, we study once again the propagation of a nearly resonant laser
in an atomic vapor. We will show that this propagation can be modelled by
a nonlinear Schrödinger (NLS) equation, and that the laser field amplitude is
therefore prone to the Benjamin-Feir instability (often termed, in this domain
on physics, the modulational instability). Experimental results confirming
our analysis will also be presented and the ability to use the NLS equation
to address the stability of a large amplitude plasma wave will be discussed.

This work on the sideband instability for a laser propagating inside of an
atomic vapor was made in collaboration with P. Gauthier, O. Gobert, M.
Comte, D. L’Hermite, and J. de Lamare at CEN/Saclay.

Theoretical analysis

We henceforth assume that the laser frequency, ωl, is nearly resonant with
only one atomic transition, from level |0〉 to level |1〉, so that the atoms
can be modelled as two-level systems. Then, as shown in Section 4.2, the
polarisation of the medium is P = Nµσ01, where N is the atom density and
µ the dipole moment of the transition |0〉 → |1〉. As for σ01, it has been
shown in Section 4.2 to obey the following time differential equation

∂σ01

∂t
= −i∆σ01 + iΩ(σ00 − σ11), (7.17)

where σ00 (respectively σ11) is the probability to find the atom in level |0〉
(respectively in level |1〉), so that σ00 +σ11 = 1. In Eq. (7.17), ∆ ≡ ωat−ωl is
the mismatch between the frequency of the atomic transition and that of the
laser, while Ω ≡ µE/h̄ is the Rabi frequency (E is the laser field amplitude).

As in Section 4.2, we derive σ01 perturbatively. At 0-order in the field
amplitude, σ00 = 1 and σ11 = 0, so that Eq. (7.17) becomes,

∂σ01

∂t
= −i∆σ01 + iΩ. (7.18)

We now moreover assume that the timescale of variation of Ω is much longer
than ∆−1, Ω � ∆−1|∂Ω/∂t|. Then, using as in Section 4.2 integration by
parts to solve Eq. (7.18) for σ01, one finds that up to terms of the order of
∆−4(∂3Ω/∂t3),

σ01 ≈ Ω

∆
+

i

∆2

∂Ω

∂t
− 1

∆3

∂2Ω

∂t2
. (7.19)

As shown in Section 4.2, at lowest order in the field amplitude, σ11 =
|σ01|2. Using expression (7.19) for σ01 we find, at 0-order in the time varia-
tions of the field amplitude, σ11 ≈ |Ω|2/∆2 and σ00 ≈ 1− |Ω|2/∆2. Plugging
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these values back into Eq. (7.17) yields

∂σ01

∂t
= −i∆σ01 + iΩ

(
1− 2

|Ω|2
∆2

)
. (7.20)

Solving for σ01 by using again integration by parts, we find

σ01 ≈ Ω

∆

(
1− 2

|Ω|2
∆2

)
+

i

∆2

∂Ω

∂t
− 1

∆3

∂2Ω

∂t2
. (7.21)

Hence, we expanded the adiabatic atom response up to third order in the
field amplitude, but used linear theory to allow for the time variations of E,
which is a usual procedure in nonlinear optics [53].

Plugging the previous expression for σ01 into the definition of the atom
polarization P = Nσ01, and then back into the equation of propagation (4.48)
for E, this equation becomes (after omitting the diffraction term)

∂E

∂t
+

[
1

c
+
nk

∆

]
∂E

∂x
= ikn

[
E − 2µ2|E|2E

∆2
− 1

∆2

∂2E

∂t2

]
, (7.22)

where k is the laser wave number and

n ≡ Nµ2

2ε0h̄∆
. (7.23)

(1+n is the linear index of refraction of the atomic vapor). Clearly, as already
indicated in Section 4.2, the second term in the square brackets of the l.h.s.
of Eq. (7.23) yields the difference between the laser field group velocity, vg,
and c: v−1

g = c−1 + nk/∆. As for the first term in the r.h.s of Eq. (7.22), it
clearly only affects the phase velocity. Hence, making the change of variables
t→ t− x/vg and E → Ee−inkx, one finds

∂E

∂x
=
−ink
∆2

[
2µ2|E|2E +

∂2E

∂t2

]
, (7.24)

which is the nonlinear Schrödinger equation. Since the terms proportional to
|E|2E and to ∂2

tE have the same sign, it is well known (see Refs. [102, 111])
that E is prone to the Benjamin-Feir instability, and that the growth rate
is maximum for two sidebands with frequency, ωSB = ωl ± Ω/

√
2. Hence, a

nearly resonant laser propagating inside of an atomic vapor always experi-
ences the Benjamin-Feir instability, whatever the sign of ∆.



7 - Secondary instabilities 153

Experimental and numerical results

The previous analysis was actually motivated by experimental results which
we now present. In our experiment (detailed in Ref. [112]), we let a dye
laser propagate inside of an Europium vapor, which consists in a balanced
mixture of two stable isotopes, 151Eu and 153Eu. The laser frequency is tuned
on the red side (∆ = 5.2GHz) of the 153Eu J = 7/2 → J = 7/2 transition
at 576.5 nm. The corresponding dipole moment is µ = 0.47D, and the J =
7/2→ J = 7/2 transitions of the 151Eu and 153Eu are separated by 3.5 GHz.
The hyperfine structure width does not exceed 300 MHz, while the Doppler
broadening is about 1GHz (the Europium temperature is T ≈ 800K). The
laser duration (FWHM) is τ ≈ 6ns, and the Rabi frequency is Ω ≈ 2.8GHz.
Hence ∆τ ≈ 31.2 for 153Eu and ∆τ ≈ 52.2 for 151Eu, so that the condition
∆τ � 1 is fulfilled. The condition Ω < ∆ is also met, although Ω is not
much smaller than ∆.

Figure 7.8: Streak views of the input (top) and final pulses (bottom). The
optical density of the atomic medium was N × L = 1.2× 1016 atoms/cm2.

Figure 7.8 compares the spatiotemporal profiles of the light pulse at the
entrance of the medium (top) and after a 80 cm propagation in the atomic
medium (bottom). This Figure clearly shows that the pulse has undergone
strong temporal reshaping, reaching a stage just prior to complete splitting
(see below Fig. 7.10 for L =120 cm) . Figure 7.9 shows the on-axis temporal
profile and its Fourier transform for the final pulse. The growth of frequency-
shifted modes located at ωSB ≈ ωl ± 2 GHz is exhibited. These sidebands
are just located at ωl±Ω/

√
2, in total agreement with the previous analysis,
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Figure 7.9: On-axis temporal profile for the final pulse (top) and correspond-
ing Fourier transform (bottom).

which shows the relevance of the NLS equation to model laser propagation
in an atomic vapor.

Two-dimensional axisymmetric Maxwell-Bloch (MB) simulations were
run for the interaction conditions met in the experiments. The hyperfine
structure of Eu was neglected in our calculations since the corresponding
width ( < 300 MHz) is much lower than the 1 GHz Doppler broadening. The
presence of 151Eu was also not taken into account in the simulations. Actu-
ally, since the growth rate of the Benjamin-Feir instability is proportional to
1/∆3, it is five times smaller for 151Eu than for 153Eu. Moreover, plane-wave
MB simulations (not reported here) indeed indicated that the off-resonant
interaction with isotope 151 Eu led only to minor corrections for the tem-
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Figure 7.10: Calculated evolution of the on-axis temporal profile of the laser
pulse as a function of the propagation distance. A white noise component
was added to the input pulse, the amplitude of which was 1 % of the input
field amplitude.

Figure 7.11: Fourier transform of the calculated on-axis intensity profile for
L = 80 cm.

poral reshaping of the input pulse. A white-noise component was added to
the input pulse, the amplitude of which was ε = 1% of the input field am-
plitude. This noise component accounts for the small amount of amplified
spontaneous emission in our experiment. Figure 7.10 shows the evolution
of the on-axis temporal profile of the laser pulse for increasing propagation
distances L. Strong temporal reshaping is observed, which finally leads to
pulse splitting for large propagation distances ( L > 100 cm) . Figure 7.11
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shows the Fourier transform of the on-axis intensity profile for L = 80 cm.
Pulse splitting appears to be a direct consequence of sideband amplification
at ωSB ≈ ωl ± 2 GHz in agreement with the experimental data displayed in
Fig. 7.9 and our theoretical analysis.

It should be noted that, in fiber optics, temporal reshaping and pulse
splitting due to the Benjamin-Feir instability (actually called modulational
instability in this domain of physics) is well know (see Ref. [113]), and is
used in the field of optical communication to generate solitonlike optical
pulses with terahertz repetition rates (see Ref. [114]).

Applicability of the previous method to an electron plasma wave ?

Modulation instability is actually ubiquitous in wave propagation, and sev-
eral authors tried to apply to electron plasma waves the analysis we presented
earlier for laser light in an atomic vapor. In order to model the so-called
trapped particle instability introduced in Ref. [80], Dewar, Kruer and Man-
heimer (DKM) derived in Ref. [115] a nonlinear Schrödinger-like equation
for EPW’s, where the nonlinear term was the frequency shift, δωp. This ap-
proach recently got a renewed interest after Brunner and Valeo numerically
evidenced in Ref. [76] the growth of sidebands in Vlasov simulations of SRS
by exhibiting a Fourier spectrum for the EPW similar to that of Fig. 7.9.
Then, Rose extended in Ref. [116] the DKM analysis to allow for 3-D vari-
ations of the EPW amplitude and to interpret results from 2-D and 3-D
PIC simulations of SRS in Refs. [117, 118] (the agreement between theory
and numerics was however far from being excellent, although the growth of
transverse modes could be observed experimentally in Ref. [119]).

These authors “blindly” applied to electron plasma waves the analysis of
the previous paragraph for laser light propagation (except that space and
time were inverted), and used an adiabatic approximation to derive the non-
linear term (which is the nonlinear EPW frequency shift) and linear theory
to allow for space variations of the EPW amplitude. In 1-D, this led De-
war, Kruer and Manheimer to the following equation for the complex field
amplitude

∂Ep
∂t

=
i

2

∂2χlin
r /∂k

2
p

∂χlin
r /∂ω

∂Ep
∂x2

+ iδωpEp, (7.25)

where χlin
r is the linear value of the electron susceptibility. About a given

value E
(0)
p of the EPW amplitude, this equation writes

∂Ep
∂t

= iα
∂Ep
∂x2

+ iβ|Ep|2Ep, (7.26)
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with

α =
1

2

∂2χlin
r /∂k

2
p

∂χlin
r /∂ω

, (7.27)

β =
∂δωp
∂|Ep|2 . (7.28)

From the nonlinear Schrödinger equation (7.26), the EPW is modulationally
unstable when αβ > 0, which may only occur if kpλD < 0.33 (see Ref. [115]).
Including second order space derivatives in y and z extends the unstable
domain to kpλD < 0.46 (see Ref. [116]).

However, the DKM result that in 1-D the EPW is modulationally unstable
only when kpλD < 0.33 is in sharp contrast with the conclusions drawn
from the more accurate analysis of Section 7.1.1, and with results from 1-
D Vlasov simulations of SRS. Indeed, these show that the spectrum of the
plasma wave eventually broadens even when kpλD > 0.33, and in particular
for kpλD ≈ 0.45 as in the example of the previous Section. Moreover, the
generalization of the DKM analysis to include transverse derivatives of the
EPW amplitude provides results which do not quite agree with those of 2-D
PIC simulations of SRS, as noted by Rose and Yin in Ref. [117].

The reason for these discrepancies is most probably to be found in the use
of a linear value for χr when calculating the term α in Eq. (7.27). Indeed, we
saw in Chapter 5 that, unlike the atom response to a non-resonant laser, the
electron response to a large amplitude electrostatic wave is not perturbative,
leading to results regarding the wave propagation significantly different from
the linear ones, as discussed throughout this manuscript. Deriving a non-
linear Schrödinger equation for the electron plasma wave would then require
accounting for the space variations of the wave numbers when calculating,
non perturbatively, the electron response. Only once this task is achieved,
and once the outcome of the nonlinear Schrödinger-like equation thus derived
is compared to that of the method described in the previous Section, may one
conclude about the relevance of such an equation to predict the stability of
a large amplitude plasma wave. This actually is quite a difficult task, which
is nevertheless under progress.
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Chapter 8

Conclusion

We presented in this memoir very different examples of field-matter interac-
tion and tried to stress the analogies between the different physics situations
we addressed. The analogy was particularly striking between the atoms
response to a nearly resonant laser and that of untrapped electrons to an
electrostatic wave in a plasma, since the same analytic formalism could be
used in both cases. We moreover showed that, as regards the outcome of an
instability starting from the quantum fluctuations of vacuum, one could use
classical field theory and model quantum vacuum by a stochastic, Gaussian,
classical field.

Clearly, we do not mean here that analogies are ubiquitous and that
any situation always has its counterpart in a totally different field of physics.
Needless to say, some quantum effects, such as entanglement for example (see
Ref. [120]), cannot be recovered in classical mechanics. Moreover, one should
not underestimate the gap between the qualitative understanding of a basic
phenomenon and the quantitative resolution of a physics problem. Chapter
5 of this memoir is particularly illustrative of the latter point, since the basic
nonlinear properties of an electron plasma wave, such as the reduction of
its collisionless damping rate, νNL, and the shift of its frequency, δωp, have
been known for about four decades. Yet, only recently was O’Neil’s result
on the values of νNL for a wave with constant and uniform amplitude (see
Ref. [55]) generalized to an EPW whose amplitude could vary in space and
time. Moreover, for a slowly varying wave amplitude, we found in Section
5.1 that νNL decreased much more abruptly and rapidly than in the situation
considered by O’Neil. As for the nonlinear frequency shift, δωp, we showed
in Section 5.2 that it could only be accurately calculated for a wave growing
in an initially Maxwellian plasma by accounting for the external drive that
made the wave grow. Similarly, we showed that the curves ωp(kp), obtained
by assuming that an EPW could spontaneously grow and remain undamped
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in an initially Maxwellian plasma (see for example Ref. [70]), had no physics
relevance and reflected no physics reality. Finally, as regards the nonlinear
properties of an electron plasma wave, we showed the unexpected result that
the nonlinear group velocity of an EPW could significantly differ from the
derivative of its frequency with respect to its wave number, all the more as
the linear, collisionless, rate of energy transfer from this wave to the electrons
(which, for a damped wave, would be twice the Landau damping rate) was
large. Moreover, we showed in Section 7.2 that, although sidebands could be
seen in the Fourier spectrum of an SRS-driven plasma wave, it was not quite
clear that this could be modeled by using a nonlinear Schrödinger equation
as is the case in nonlinear optics. Hence, the same phenomenological results
do not necessarily lead to the same theoretical approach and, most often,
original methods need to be provided.

Along the same lines, there is quite a difference in between understanding
basic concepts such as “resonance”, or crossed Kerr effects, and successfully
using them for a specific application. For example, the mechanism of coherent
acceleration described in Section 4.1 was quite unexpected when it was intro-
duced, more than two decades after ion energization by a wave propagating
perpendicularly to a uniform magnetic field was first recognized. Similarly,
although it is well known that the Kerr effect hampers laser propagation,
we are not aware of any mechanism proposed to suppress it in a situation,
as that encountered in isotopic separation, where the laser wavelength and
intensity, as well as the medium and its length, are specified.

Actually, all the theoretical developments presented in this memoir were
motivated by specific applications. Ion motion in two electrostatic waves
propagating perpendicularly to a uniform magnetic field was first investi-
gated to find a way to enhance the efficiency of tokamak heating using RF
waves. We then found that, indeed, with two waves one could accelerate ions
with initial energies much lower than with a single wave, and that ion ener-
gization was enhanced compared to the single wave case. Other applications
of this result were then thought of, such as ion propulsion, ion energization
in a tokamak with electron cyclotron waves and space plasma physics.

The toy model presented in Section 6.2 was derived in order to under-
stand whether an RFP was indeed doomed to operate in a chaotic regime or
if a coherent magnetic field could experience reversal of its toroidal compo-
nent at the edge of the plasma. That we could find, using a toy model, that
the dynamo effect was possible with a single helicity magnetic field encour-
aged experimentalists to try to make an RFP operate in such a state, which
eventually led them to new operating regimes with much longer confinement
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times than when the magnetic field was chaotic at the edge.

The study of laser propagation in an atomic vapor and over long distances
was directly motivated by isotopic separation, and in particular by the SILVA
(Séparation Isotopique par Laser dans une Vapeur Atomique) project. Actu-
ally, we had to make sure that the laser was not affected by its propagation
inside of the atomic vapor up to the point that the process efficiency could
dramatically drop. In the course of this activity was discovered the suppres-
sion of the Kerr effect, and was experimentally evidenced the Benjamin-Feir
instability. Our work at Saclay led us to the writing of the PRODIGE code
(see Refs. [121, 122, 123]) solving the Maxwell-Bloch equations in 3-D, over
very large distances and within moderate computing times (by today’s stan-
dards). This code needs to account for stimulated Raman scattering starting
from quantum vacuum fluctuations, and we had to make sure that this could
be modeled by using classical field theory, which led us to the study of Chap-
ter 2.

The linear analysis of the beam-plasma instability in the relativistic regime
was motivated by our studies on inertial confinement fusion using the fast
ignitior scheme. Understanding the ability of relativistic electrons to make
their way inside of an essentially collisionless plasma is an important step to
quantify this scheme’s efficiency. In particular, it is necessary to be able to
estimate the energy left by the electrons to the plasma as they trigger elec-
tromagnetic or electrostatic instabilities. We provided in Chapter 3 a unified
description of these instabilities from the two-stream to the Weibel one. We
moreover stressed that oblique modes, usually overlooked, most often have
the largest growth rates.

Finally, being able to quantify Raman reflectivity in such a device as the
Laser MégaJoule requires understanding the nonlinear kinetic properties of
plasma waves, and new theoretical methods had to be invented in order to
derive these nonlinear properties. When doing so, we obtained quite accu-
rate envelope equations for SRS, but we had to use the additional concept
of self-organization, which is also important for the RFP physics, in order to
correctly solve them and find the accurate threshold intensities and growth
times of SRS. However, in order to correctly predict the averaged Raman re-
flectivity we need to make further theoretical efforts, and derive the stability
properties of a large amplitude plasma wave, which we started to do, as was
reported in Section 7.1.

The author would like to end up this memoir by stressing the fact that the
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results presented here are of quite different nature, depending on the physics
problem addressed. On one end of the spectrum, we provided specific so-
lutions to a well-posed problem, such as the suppressing of the Kerr effect
for a nearly resonant laser propagating in an atomic vapor. The analytic
formalism to be used in such cases is not necessarily complicated, or new,
and may not impress a very skillful theoretician. Nevertheless, the results
can be directly observed experimentally. At the other end of the spectrum,
we addressed physics situation which required brand new theoretical devel-
opments, in such a field as nonlinear kinetic theory of plasma waves, or a
totally new vision of a phenomenon such as the dynamo effect in an RFP.
Getting to theoretical predictions that may easily be checked experimentally
are very hard to achieve for such complex problems, and this therefore re-
quires a lot of effort and time. Meanwhile, an experimentalist or an engineer
who has to make a device work, may look upon such theoretical developments
with a lot of skepticism. Actually, connecting both end of this spectrum by
building a well-grounded, new and accurate theory that has direct practical
applications is often believed to be quite impossible. This is nevertheless my
job as a physicist.



Appendix A

Derivation of ∂ωχ
eff
r

By definition, χeff
r is calculated by summing the adiabatic contributions to

χr of the untrapped electrons, for a given wave amplitude E0, and by dis-
regarding the contributions of the trapped electrons. Then, if we denote
Vtr ≡

√
eE0/mkp, and vφ the wave phase velocity,

χeff
r =

2n0e

ε0kpE0

∫
|v−vφ|>4Vtr/π

f0(v)ζ

(∣∣∣∣v − vφVtr

∣∣∣∣) dv, (A.1)

where n0 is the unperturbed density, f0 is the normalized electron distribution
function in the limit of a vanishing wave amplitude, and where it has been
shown in Section 5.2 [see Eq. (5.39)], that

ζ

(∣∣∣∣v − vφVtr

∣∣∣∣) = 1 +
2

m

[
E(m)

K(m)
− 1

]
, (A.2)

where,
4E(m)

πm
=
|v − vφ|
Vtr

, (A.3)

and where E(m) and K(m) are, respectively, the complete elliptic integrals
of second and first kind [4].

Then, from Eq. (A.1), ∂ωχ
eff
r should be,

ε0kpE0

2n0e
∂ωχ

eff
r = k−1

∫ +∞

4/π

[f0(vφ − Vtrv′)− f0(vφ + Vtrv
′)]
∂ζ

∂v′
dv′

+k−1[f0(vφ − 4Vtr/π)− f0(vφ + 4Vtr/π)]ζ(4/π).

(A.4)

In Eq. (A.4), the term which is not under the integral yieds the contribu-
tion to ∂ωχ

eff
r of electrons such that |v − vφ| = (4/π)Vtr, which are those
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electrons lying very close to the separatrix. The motion of these electrons is
not adiabatic, so that their contribution to χr is not accurately estimated by
making use of the function ζ defined by Eqs. (A.2) and (A.3). One therefore
needs to replace ζ(4/π) in Eq. (A.4) by another constant, and this constant
is found numerically in Ref. [54] to be very close to 0.27. We therefore use
the following expression for ∂ωχ

eff
r ,

ε0kpE0

2n0e
∂ωχ

eff
r = k−1

∫ +∞

4/π

[f0(vφ − Vtrv′)− f0(vφ + Vtrv
′)]
∂ζ

∂v′
dv′

+0.27k−1[f0(vφ − 4Vtr/π)− f0(vφ + 4Vtr/π)]. (A.5)
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Derivation of the envelope
equations for the
electromagnetic waves

Let us denote E⊥ the the transverse electric field which, from Eq. (4.24), is,

E⊥ = −i(El/2)eiϕl + (Es/2)eiϕs + c.c., (B.1)

and let us denote j⊥ the transverse current. Then, in (1-D), Maxwell equa-
tions readily yield,

[c2∂2
x2 − ∂2

t2 ]E⊥ = ∂tj⊥/ε0. (B.2)

Using Eq. (B.1) one finds that, up to first order in the space and time deriva-
tives of the envelopes,

2[c2∂2
x2 − ∂2

t2 ]E⊥ = [2iksc
2∂xEs + 2iωs∂tEs − (k2

sc
2 − ω2

s)Es]eiϕs
−i[2iklc2∂xEl + 2iωl∂tEl − (k2

l c
2 − ω2

l )El]eiϕl + c.c.

(B.3)

The transverse current is j⊥ = −ne〈v⊥〉, where n is the electron density and
〈v⊥〉 is the averaged electron transverse velocity. As is well known, in 1-D,
the transverse velocity of each electron located at x = x0 at time t is,

v⊥ = eA(x0, t)/m, (B.4)

where A is the vector potential. At 0-order in the space and time variations
of the fields envelopes,

A = −(El/2ωl)eiϕl − i(Es/2ωs)eiϕs + c.c., (B.5)
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which yields,

v⊥ = −(eEl/2mωl)eiϕl − i(eEs/2mωs)eiϕs + c.c. (B.6)

As for the electron density, it is n ≡ n0 + δn, where n0 is the unperturbed
density (when the fields are 0), and δn is related to the electrostatic field,
Eel = −iEpeiϕp + c.c., by Gauss’ law. At 0-order in the space variations of
Ep, this reads,

(kpEp/2)eiϕp + c.c. = −δne/ε0. (B.7)

Using Eqs. (B.6) and (B.7), one straightforwardly finds,

2j⊥/ε0 = (ω2
peEl/ωl)eiϕl + i(ω2

peEs/ωs)eiϕs
−(ekpEpEl/2mωl)ei(ϕl−ϕp) − i(ekpEpEs/2mωs)ei(ϕs+ϕp)

+c.c.+NRT, (B.8)

where NRT stands for the non-resonant terms, which are neither propor-
tional to e±i(ϕl−ϕp) nor to e±i(ϕs+ϕp), and where ω2

pe = n0e
2/ε0m. Neglecting

the time derivative of δϕ ≡ ϕp + ϕs − ϕl compared to that of ϕl or of ϕs we
get,

2∂tj⊥/ε0 =

(
ω2
peEs +

iekpωsEpEl
2mωl

e−iδϕ
)
eiϕs

+

(
−iω2

peEl −
ekpωlEpEs

2mωs
eiδϕ
)
eiϕl

+c.c.+NRT. (B.9)

Equating either the terms proportional to eiϕs or to eiϕl in Eqs. (B.3) and
(B.9), we get Eqs. (6.2) and (6.3) of Section 6.1.
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Lie transforms

A Lie transform consists in making a canonical change of variables (θ, I)→
(θ̃, Ĩ) by introducing a Lie Hamiltonian, HL, such that (θ̃, Ĩ) is the position in
phase space, at the “Lie time” ε, of the trajectory defined by the Hamiltonian
HL, with initial condition (θ, I). Associated with the Lie Hamiltonian is the
Lie transform operator, T , acting on any function g of the dynamical variables
I and θ. T is such that T{g}(I, θ) = g(Ĩ , θ̃).

In order to carry out a perturbation analysis, we expand, following De-
prit’s method [124], HL in a power series in ε,

HL =
+∞∑
i=0

εiH
(i)
L . (C.1)

The Hamiltonian (4.3) is already expanded series in ε. In the single wave
case, H = H0 + εH1, where

H0 = I, (C.2)

H1 =
+∞∑

n=−∞

Jn cos(nθ − ντ). (C.3)

In the new variables (θ̃, Ĩ) the dynamics is given by a new Hamiltonian H̃
that can also be expanded in power series in ε,

H̃ =
+∞∑
i=0

εiH̃i. (C.4)

It is clear that H̃0 = H0 because when ε = 0, (θ̃, Ĩ) = (I, θ).
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Finally, we also expand the inverse transform operator T−1 as a power
series in ε,

T−1 =
+∞∑
i=0

εiT−1
i , (C.5)

where T0 is the identity since for ε = 0, (θ̃, Ĩ) = (I, θ). For i ≥ 1, it can be
shown that T−1

i is defined by the recursion relation

T−1
i =

1

i

i−1∑
j=0

Li−jT
i−1
j , (C.6)

where Li ≡ {H(i)
L , .} and {., .} stands for the Poisson bracket.

One of the results of Deprit’s method is the relation between the H̃i’s,
the Hi’s, the H

(i)
L ’s and the T−1

i ’s,

∂H
(i)
L

∂τ
+ {H(i)

L , H0} = i(H̃i −Hi)−
i−1∑
j=1

(Li−jH̃j + jT−1
i−jHj). (C.7)

This is a functional relation. In (C.7) H and H̃ are functions of the same
canonical variables. This is the main advantage of the Lie transform to not
involve mixed variables. Using the definition (C.2) of H0, Eq. (C.7) becomes,

∂H
(i)
L

∂τ
+
∂H

(i)
L

∂θ
= i(H̃i −Hi)−

i−1∑
j=1

(Li−jH̃j + jT−1
i−jHj). (C.8)

In (C.8), H̃i is chosen so that no secularity appears in H
(i)
L . Once H̃i is thus

specified, Eq. (C.8) is solved for H
(i)
L . At first order, Eq. (C.8) becomes

∂H
(1)
L

∂τ
+
∂H

(1)
L

∂θ
= H̃i −

+∞∑
n=−∞

Jn cos(nθ − ντ). (C.9)

The only term that leads to secularities in H
(1)
L is Jν cos[ν(θ− τ)]. Thus, we

choose H̃1 = Jν(ρ̃) cos[ν(θ̃ − τ)] and, at first order, the transformed Hamil-
tonian is

H̃ = Ĩ + εJν(ρ̃) cos[ν(θ̃ − τ)]. (C.10)
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