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Zusammenfassung

In vorliegender Arbeit wird die 1+1-dimensionale, fermionische Quantenfeldtheorie

L = ψ̄iγµ∂µψ −m0ψ̄ψ +
g2

2
(ψ̄ψ)2 +

G2

2
(ψ̄iγ5ψ)

2

im Limes großer Flavourzahl und mit Hilfe semiklassischer Methoden untersucht. Setzt man
G2 = 0, so tritt das Z2-symmetrische Gross-Neveu (GN) Modell zutage. Für m0 = 0 und
g2 = G2 erhält man das U(1) chiral symmetrische Nambu-Jona-Lasinio (NJL2) Modell. Hierbei
wird die chirale Symmetrie im Vakuum spontan gebrochen. Masselose Goldstone Teilchen treten
auf, und die chirale Symmetrie manifestiert sich direkt in einen masselosen Baryon, welches als
topologisches Soliton des Pion-Feldes beschrieben wird. Auch dominiert die innere Symmetrie das
(T, µ) Phasendiagramm; das masselose Fermiongas kondensiert hierbei unterhalb einer kritischen
Temperatur zur chiralen Spirale.

Was nun geschieht, wenn die chirale Symmetrie entweder durch eine nackte Masse oder
durch Aufspaltung der Kopplung oder durch beide Mechanismen explizit gebrochen wird, ist
Gegenstand vorliegender Arbeit. Im Falle der nackten Masse resultiert just das massive NJL2

Modell. In den beiden anderen Fällen jedoch betreten wir ein praktisch unerforschtes Neuland.
Die erste Hälfte dieser Arbeit beschäftigt sich mit dem massiven NJL2 Modell. Bevor wir

jedoch das Phasendiagramm in Angriff nehmen konnten mussten wir uns erst über die Ba-
ryonen klar werden. Hierzu wurde die Dirac-Hartree-Fock Gleichung, einschließlich des Dirac
Sees numerisch gelöst. Gezeigt wurde dabei, wie sich topologische, Skyrme-artige Baryonen in
nicht-relativistische, schwach gebundene Valenz-Zustände verwandeln. Das wichtigste Resultat
ist jedoch das Phasendiagramm des massiven NJL2 Modells im (µ, T, γ) Raum, wobei der phy-
sikalische Parameter γ das renormierte Gegenstück zur nackten Masse darstellt. Dort trennen
Phasenflächen 1. und 2. Ordnung sowie eine trikritische Linie zwischen den Flächen eine solito-
nische Kristallphase von einer massiven Gasphase. Diese Berechnung markiert das Ende der seit
langer Zeit andauernden Revision der GN Phasendiagramme (G2 = 0 und G2 = g2).

In der zweiten Hälfte dieser Arbeit wird das NJL2 Modell durch eine Aufspaltung der skalaren
und pseudoskalaren Kopplungskonstanten verallgemeinert. Die kontinuierliche chirale Symme-
trie des NJL2 Modells bleibt einzig für gleiche Kopplungskonstanten erehalten. Es muss nicht
erwähnt werden, dass sich diese Art der expliziten Symmetriebrechung sehr von der einer nack-
ten Masse unterscheidet. Diese neue Art der expliziten Symmetriebrechung erforderte also Pio-
nierarbeit bezüglich der Renormierung, der Mesonen, der Baryonen und der Thermodynamik.
Die Renormierung der beiden Kopplungskonstanten führte durch dynamische Transmutation
zur üblichen dynamischen Masse, allerdings tritt hiebei ein neuer physikalischer Parameter ξ
auf, der durch eine Quetschung des pseudoskalaren Kondensats charakterisiert ist. Die wich-
tigste Erkenntnis besteht hierbei aus der Interpolation der Baryonen zwischen dem GN Kink
und dem masselosen Baryon des NJL2 Modells. Wegen der diskreten chiralen Symmetrie des
verallgemeinerten Modells entstehen Hadronen mit der Baryonzahl 1/2. Das Phasendiagramm
des verallgemeinerten masselosen Modells wurde wieder numerisch berechnet. Hierbei ist die
solitonische Kristallphase von einer masselosen (massiven) Fermigasphase durch eine Phasen-
fläche 2. (1.) Ordnung getrennt. Zwischen diesen Flächen befindet sich wieder eine trikritische
Linie. Die masselose und massive Fermigasphase ist durch eine Fläche 2. Ordnung getrennt. Das
Phasendiagramm interpoliert sehr schön (für größer werdende, explizite Symmetriebrechung ξ)
zwischen den Phasendiagrammen des masselosen NJL2 und GN Modells.

Das massive verallgemeinerte, 3-Parameter GN Modell wurde für verschwindende Tempe-
ratur untersucht. Die dimensionslosen Parameter γ und ξ stehen im renormierten Modell für



die unterschiedlichen Mechanismen der expliziten Symmetriebrechung (nackte Masse und un-
terschiedliche skalare und pseudoskalare Kopplungskonstanten). Nahe des chiralen Limes kann
die führende Ordnung der Gradientenentwicklung verwendet werden. Dabei müssen zwei Fälle
unterschieden werden: Für dominierende skalare Kopplung wurde ein ausgezeichnetes Vakuum
mit skalarem Kondensat gefunden, ebenso wurden ein leichtes Pion und kinkartige Baryonen mit
der Baryonzahl 1 gefunden. Für ξ > γ tritt ein falsches Vakuum in Form eines zweiten lokalen
Minimums auf.

Für dominierende pseudoskalare Kopplung geschieht diesbezüglich zunächst nichts neues,
doch an der Grenze zu ξ < −γ tauchen zwei degenerierte Minima auf, für welche schon die ho-
mogenen Lösungen sowohl aus skalaren als auch aus einem pseudoskalaren Kondensat bestehen;
die Parität ist somit spontan gebrochen, und unterschiedliche Hadronsorten tauchen auf.

Notum est, dass die masselosen NJL2 und GN Modelle analytisch gelöst werden können.
Reflexionslose Baryonen und Kristalle, die zu einer endlichen Anzahl von Bändern führen, deu-
ten darauf hin. Dies gilt nicht für die hier behandelten Modelle, und nur wenige Observablen
können daher analytisch behandelt werden. Deswegen wurde zwei Strategien verfolgt: Nahe des
chiralen Limes ermöglicht die Gradientenentwicklung viele analytische Einsichten in einen ein-
geschränkten aber dafür um so interessanten Parameterbereich kalter bzw. trikritische Materie.
In weiter Entfernung vom chiralen Limes greift einzig die Methode der numerischen Berechnung
des Dirac-Hartree-Fock Problems. Durch die Anwendung dieser Methoden in folgender Arbeit
wird klar, daß wir nun in der Lage sind, praktisch jede vier-Fermion Theorie in 1+1-Dimensionen
im Limes großer Flavouranzahl zu lösen und das Phasendiagramm mit beliebiger Genauigkeit
zu bestimmen.



Abstract

This thesis is devoted to the study of a 1+1-dimensional, fermionic quantum field theory with
Lagrangian

L = ψ̄iγµ∂µψ −m0ψ̄ψ +
g2

2
(ψ̄ψ)2 +

G2

2
(ψ̄iγ5ψ)

2

in the limit of an infinite number of flavors, using semiclassical methods. For G2 = 0, L reduces
to the standard Gross-Neveu (GN) model. For m0 = 0 and g2 = G2, it possesses a U(1) chiral
symmetry and reduces to the massless, two dimensional Nambu–Jona-Lasinio (NJL2) model.
In this limit, chiral symmetry gets spontaneously broken in the vacuum. Massless Goldstone
pions and baryons appear, the latter being topological solitons of the pion field. Chiral symmetry
completely dominates the structure of the phase diagram in the (T, µ) plane with the appearance
of the chiral spiral below a critical temperature.

The main goal of the present work was to see what changes if we allow for explicit chiral
symmetry breaking, either by a bare mass term, or a splitting of the scalar and pseudo-scalar
coupling constants, or both. In the first case, this becomes the massive NJL2 model. In the 2nd
and 3rd cases we are dealing with a model largely unexplored so far.

The first half of this thesis deals with the massive NJL2 model. Before attacking the phase
diagram, it was necessary to determine the baryons of the model. We have carried out full
numerical Hartree-Fock calculations including the Dirac sea. We have seen how the baryon
evolves from a Skyrme-type topological object in the chiral limit to a non-relativistic valence
bound state. The most important result however is the first complete phase diagram of the
massive NJL2 model in (µ, T, γ) space, where γ arises from m0 through mass renormalization.
A solitonic crystal phase is separated from a massive Fermion gas phase by 1st- and 2nd order
critical sheets, meeting in a tricritical line. This marks the end of a long struggle to settle the
question of the phase diagrams of GN-type models.

In the 2nd half of the thesis we have studied a generalization of the massless NJL2 model
with two different (scalar and pseudoscalar) coupling constants, first in the massless version. The
continuous chiral symmetry of the NJL2 model is only recovered for equal coupling constants, so
that we now break chiral symmetry (explicitly) in a manner quite different from the usual fermion
mass term. In this case, we had to start from the very beginning, addressing renormalization,
mesons, baryons, and thermodynamics. Renormalization of the 2 coupling constants leads to
the usual dynamical mass by dynamical transmutation, but in addition to a novel ξ parameter
interpreted as chiral quenching parameter.

As far as baryon structure is concerned, the most interesting result is the fact that the new
baryons interpolate between the kink of the GN model and the massless baryon of the NJL2

model, always carrying fractional baryon number 1/2. This is a consequence of the fact that the
generalized GN model still has a discrete chiral symmetry. The phase diagram of the massless
model with 2 coupling constants has again been determined numerically. We find that a solitonic
crystal phase is separated from the massless (massive) Fermi gas by a 2nd (1st) order transition,
respectively. The phase diagram interpolates nicely between those of the massless GN and NJL2

models.
At zero temperature we have also investigated the massive, generalized GN model with 3

parameters. Two dimensionless parameters γ and ξ stem from two different mechanisms of
breaking chiral symmetry explicitly, the bare mass term and the difference between scalar and
pseudoscalar couplings. Close to the chiral limit, the leading order derivative expansion has
revealed the following scenario. If the scalar coupling dominates, we find in general a unique
vacuum with scalar condensate, light pions and kink-like baryons with baryon number 1. In the



region ξ > γ a false vacuum shows up in the form of a second local minimum. If the pseudoscalar
coupling dominates, at first nothing changes. Starting from a critical strength of the coupling
(ξ < −γ), two symmetric minima appear together with scalar and pseudoscalar condensates;
parity is spontaneously broken.

It is well-known that the massless NJL2 model can be solved analytically. The same is true
for the GN model, be it massless or massive. Here, the fact that the mean field turns out
to be reflectionless (for baryons) respectively finite band (for crystals) is instrumental. In the
models considered in this thesis, this does not hold anymore and only very few observables can
be calculated analytically. We followed two main lines of attack: Near the chiral limit, the
derivative expansion is the instrument of choice. It gives a lot of analytical insight in a limited
region of parameter space of cold as well as tricritical matter. If one is interested in the regime
far away from the chiral limit, the only tool at our disposal is the numerical HF calculation.
Exploiting both methods, we have demonstrated that one is now in a position to solve practically
any four-fermion theory in 1+1 dimensions in the large N limit and map out the phase diagram
to any desired accuracy.
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Chapter 1

Introduction

Since the seminal paper by Gross and Neveu in 1974 [1], field theoretic models of self-interacting
fermions in 1+1 dimensions with (broken or unbroken) chiral symmetry have turned out to be
quite useful. In view of a long list of applications in particle, condensed matter and mathematical
physics, it is surprising that after more than three decades the basic solution of these models is
still incomplete, even in the tractable limit of an infinite number of flavors N . Consider first the
simplest Gross-Neveu (GN) model with Lagrangian

L = ψ̄iγµ∂µψ −m0ψ̄ψ +
1

2
g2(ψ̄ψ)2 (1.1)

(suppressing flavor indices, i.e., ψ̄ψ =
∑N

k=1 ψ̄kψk etc.). This is a renormalizable, asymptotically
free quantum field theory. For massless fermions (m0 = 0) it has a discrete chiral Z2 symmetry,

ψ → γ5ψ, ψ̄ψ → −ψ̄ψ, (1.2)

which is broken spontaneously in the vacuum, generating a dynamical fermion mass. Early
studies of the phase diagram of this model have focussed on the restoration of chiral symmetry.
Only a few years ago it has been realized that the alleged phase diagram of the GN model
in the temperature (T ) versus chemical potential (µ) plane [2, 3] was inconsistent with the
known baryon spectrum. In the standard GN model (1.1), this problem has been solved in the
meantime with the construction of a soliton crystal phase (see [4] and references therein) built
out of Dashen-Hasslacher-Neveu (DHN) baryons [5]. Physically, the reason for the spontaneous
breakdown of translational invariance can be traced back to the Peierls instability, well-known
in condensed matter physics [6]. Both in the massless and in the massive GN models, all
calculations could be done analytically. The decisive feature which made this possible is the fact
that the baryon mean fields are reflectionless, leading to finite band crystal potentials. Only
then can one solve in practice the relativistic Hartree-Fock (HF) problem in closed analytical
form, including the Dirac sea.

However there are still large gaps in our understanding of the model with continuous chiral
symmetry, i.e., the Nambu–Jona-Lasinio model [7] in two dimensions (NJL2) with Lagrangian

L = ψ̄iγµ∂µψ −m0ψ̄ψ +
g2

2

[

(ψ̄ψ)2 + (ψ̄iγ5ψ)
2
]

. (1.3)

This “chiral” variant of the Gross-Neveu model possesses a continuous chiral U(1) symmetry,

ψ → eiαγ5ψ. (1.4)

1



2 CHAPTER 1. INTRODUCTION

In the chiral limit (m0 = 0), it is known that solitonic baryons and soliton crystals do exist here
as well, although their properties are quite different from those of the standard GN model [8].
In particular, induced fermion number plays an important role in the NJL2 model [9]. Unlike in
3+1 dimensions, baryons become delocalized and massless in the chiral limit. Matter at finite
density crystallizes in the form of a “chiral spiral” with helical order parameter, giving rise to a
phase diagram strikingly different from what had originally been believed [8, 10, 11]. Although
Goldstone bosons are forbidden in 1+1 dimensions by no-go theorems [12, 13], a massless meson
which may be identified with the pion exists in the large N limit where fluctuations of the order
parameter are suppressed. The massless baryons may then be thought of as large amplitude
excitations of the pion field, winding number playing the role of baryon number.

If one allows for explicit chiral symmetry breaking by switching on the mass term in (1.3),
one is in a similar situation as in real quantum chromodynamics (QCD) as far as chiral symme-
try breaking is concerned — there is an interplay between spontaneous and explicit symmetry
breaking. When this thesis was started, very little was known about either baryons or the phase
diagram of the massive NJL2 model. Some time ago, Salcedo et al. [14] have used a variational
ansatz to reduce the baryon problem to the sine-Gordon kink, both in the ’t Hooft model [15]
and the NJL2 model, and pointed out the close relationship to the Skyrme picture in higher
dimensions [16]. In Ref. [17] the sine-Gordon equation was subsequently identified as the first
term of a systematic chiral expansion and higher order corrections were determined with the
help of derivative expansion techniques.

In this thesis, we try to further improve this situation by first constructing baryons in the
(large N) NJL2 model for arbitrary bare fermion mass (Sect. 2). Since the self-consistent poten-
tials are not reflectionless, we are not able to do the calculation analytically, but have to solve
the HF problem numerically, except near the chiral limit where a kind of chiral perturbation
theory based on the derivative expansion is available.

In Sec. 3 we focus on the phase structure of the massive, chiral Gross-Neveu (GN) model
at finite temperature and chemical potential. As expected from the previous remark, we once
again have to proceed numerically, although many aspects of the phase diagram, including
critical curves and a tricritical point, are amenable to an exact analytical treatment. As a result
we will present the first full phase diagram of the massive NJL2 model, including the soliton
crystal phase, for arbitrary bare fermion masses.

In gauge theories like QCD, the only way to break chiral symmetry explicitly is via a fermion
mass term. In 4-fermion theories like the GN model on the other hand, there is a simple, alter-
native option: We can also break chiral symmetry by choosing two different coupling constants
in the scalar and pseudoscalar channels,

L = ψ̄iγµ∂µψ −m0ψ̄ψ +
g2

2
(ψ̄ψ)2 +

G2

2
(ψ̄iγ5ψ)

2. (1.5)

This generalization has been proposed before by Klimenko [18, 19], but so far the model has not
yet been solved in the large N limit. In Sect. 4, we will study the massless, generalized NJL2

model in detail, including mesons, baryons and the phase diagram. Finally, in Sect. 5, we take
a first look at the massive generalized model (1.5) which now has 3 parameters. Due to the
complexity of the model, we restrict ourselves to the vicinity of the chiral limit where analytical
work is possible. Sect. 6 contains a brief summary and our conclusions.



Chapter 2

Baryons in the massive NJL2 model

Baryons in the massive Nambu–Jona-Lasinio model in 1+1 dimensions (the massive chiral
Gross-Neveu model) are studied in the limit of an infinite number of flavors. The baryon mass is
evaluated for a wide range of bare fermion masses, combining analytical asymptotic expansions
with a full numerical Hartree-Fock calculation [20].

2.1 Introduction

The Lagrangian of the (massive) NJL2 model reads

L = ψ̄(i∂/−m0)ψ +
g2

2

[

(ψ̄ψ)2 + (ψ̄iγ5ψ)
2
]

(2.1)

where flavor indices are suppressed and ∂/ = γµ∂µ as usual. In the large N limit the Hartree-Fock
(HF) approximation [21], or, equivalently, the stationary phase approximation to the functional
integral [5], become exact. The Dirac-HF equation

(

−γ5i∂x + γ0S(x) + iγ1P (x)
)

ψα = Eαψα (2.2)

for the single particle orbital α has to be solved simultaneously with the self-consistency condi-
tions

S = m0 −Ng2
occ
∑

α

ψ̄αψα,

P = −Ng2
occ
∑

α

ψ̄αiγ5ψα. (2.3)

The HF energy

EHF =
occ
∑

α

Eα +
1

2g2

∫

dx
[

(S −m0)
2 + P 2

]

(2.4)

comprises the sum over single particle energies of all occupied states (including the Dirac sea)
and the standard correction for double counting of the potential energy. The vacuum problem
is a special case of Eqs. (2.2-2.4) where S = m (the physical fermion mass), P = 0, and all
negative energy states are filled. Self-consistency then yields the gap equation (in units where
m = 1, and using the ultraviolet (UV) cutoff Λ/2 [17])

π

Ng2
= γ + lnΛ. (2.5)

3



4 CHAPTER 2. BARYONS IN THE MASSIVE NJL2 MODEL

Here we have introduced the “confinement parameter” γ [22, 23],

γ = m0 ln Λ, (2.6)

where the name (borrowed from condensed matter physics) refers to confinement of kink and
antikink, not of the elementary fermions. Trading the bare parameters (g2,m0) for the physical
parameters (m = 1, γ) with the help of Eqs. (2.5,2.6) is all that is needed to renormalize the
model and eliminate divergences in the baryon problem. Baryons in the HF approach are
characterized by x-dependent potentials S(x), P (x) and one (partially or fully) occupied extra
level as compared to the vacuum. The observables of most interest to us are the baryon mass,
defined as the difference in HF energies between baryon state and vacuum, the self-consistent
potentials S, P and the fermion density.

We shall use both analytical and numerical methods, depending on the parameters. The
section is organized accordingly. In Sec. 2.2, we remind the reader of the derivative expansion
and collect the results relevant for the vicinity of the chiral limit. The full numerical solution
of the HF problem including the Dirac sea is presented in Sec. 2.3. Sec. 2.4 contains a short
summary.

2.2 Derivative expansion

In general the HF problem as defined through Eqs. (2.2,2.3) is rather involved. This raises the
question whether one can bypass its full solution, at least in some regions of parameter space.
Near the chiral limit, the potentials S, P become very smooth. It is then possible to “integrate
out” the fermions approximately, using the derivative expansion technique, see e.g. Refs. [24, 25].
This method presupposes full occupation of each level with N fermions and is inapplicable for
partially occupied levels. It results in a purely bosonic effective field theory for the complex scalar
field Φ = S − iP which, in the large N limit, can be treated classically. Hence, one gets direct
access to the HF potential without need to solve the Dirac-HF equation self-consistently. The
leading order reproduces the sine-Gordon approach of Ref. [14]. In Refs. [17, 26] this program
was carried through to rather high order in the derivative expansion, yielding a systematic
expansion in the ratio of pion mass to physical fermion mass. The field Φ was computed in polar
coordinates,

Φ = (1 + λ)e2iχ, (2.7)

with λ, χ expressed in terms of the pion mass mπ and the spatial variable ξ = mπx. For the
present purpose, we express everything in terms of the confinement parameter γ, using the
(approximate) relationship

mπ = 2
√
γ

(

1− 1

3
γ +

11

90
γ2 − 5

126
γ3
)

. (2.8)

To this order in γ, the baryon mass is given by

MB =
4
√
γN

π

(

1− 4

9
γ +

9

50
γ2 − 101

735
γ3
)

, (2.9)

whereas the result for the potentials translates into

S = 1− 2

cosh2 ξ
+

2

cosh4 ξ
γ − 2

9

(

20

cosh2 ξ
− 55

cosh4 ξ
+

41

cosh6 ξ

)

γ2,

P =
2 sinh ξ

cosh2 ξ

[

1− 1

2

(

1 +
2

cosh2 ξ

)

γ +
1

72

(

47− 276

cosh2 ξ
+

328

cosh4 ξ

)

γ2
]

. (2.10)
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S
=
1

Figure 2.1: Tilted mexican hat potential representing the renormalized vacuum energy density
above the chiral plane, in the massive NJL2 model. Baryon number 1 is obtained as a full turn
around the circle, beginning and ending at the unique vacuum (S = 1, P = 0).

In the vicinity of the chiral limit, fermion number is induced by the topologically non-trivial
field Φ and thus only resides in the negative energy states. For the fermion number divided by
N (“baryon number”), the derivative expansion yields

B =

∫

dx

(

χ′

π

)

=
1

π
[χ(∞)− χ(−∞)] , (2.11)

relating baryon number to chiral U(1) winding number of the field Φ, much like in the Skyrme
model. This is best visualized in the leading order derivative expansion, where the baryon
field, a topologically non-trivial modulation of the pion field χ, reduces to the sine-Gordon kink.
The interplay of topology and explicit chiral symmetry breaking in this picture is illustrated in
Fig. 2.1 with the help of the renormalized vacuum energy density and the chiral circle.

One cannot conclude from this result that the induced fermion density is given by χ′/π
though. As discussed in Ref. [9], the fermion density can be determined from the equation for
the partially conserved axial current (PCAC),

∂µj
µ
5 = 2m0ψ̄iγ5ψ. (2.12)

Taking the expectation value of Eq. (2.12) in the baryon state, using the relationship jµ5 = ǫµνjν
(valid in two dimensions) and integrating over x, one finds the fermion density per flavor

ρ = −2γ

π

∫ x

−∞
dx′P (x′). (2.13)

An expansion in γ then yields in the present case

ρ =
2
√
γ

π cosh ξ

[

1− 1

6

(

1 +
2

cosh2 ξ

)

γ +
1

360

(

171− 500

cosh2 ξ
+

328

cosh4 ξ

)

γ2
]

. (2.14)

Judging from the convergence properties of the series in γ, we expect expressions (2.8-2.14) to
be quantitatively reliable up to γ ≈ 0.2.

Let us use these results to exhibit some differences between baryons in massive GN and
NJL2 models, respectively. First of all, in the GN model, there is no induced, but only valence
fermion density. The negative energy states cancel exactly when taking the difference between
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Figure 2.2: Thick solid line: induced fermion density (2.14), dashed line: leading order term
χ′/π, thin line: difference, according to derivative expansion (γ = 0.2).
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Figure 2.3: Reflection coefficient R (falling curve) and transmission coefficient T (rising curve)
for baryon HF potential (2.10) versus momentum (γ = 0.2).

the fermion density of the baryon and the vacuum [17]. Turning to the NJL2 model, the situation
is different. In Fig. 2.2 we illustrate the induced fermion density for the case γ = 0.2 and compare
it with the naive expectation χ′/π. The difference integrates to 0, in agreement with Eq. (2.11).
Another pertinent observation is the following. In the GN model, the scalar potential S is
reflectionless for any static solution [4, 27]. This has turned out to be instrumental for the
exact, analytical solvability of the baryon problem. We can now easily check whether the same
is true for the NJL2 model, at least in the region of validity of the derivative expansion. By
solving the Dirac scattering problem with potential (2.10), we find that this potential is not
transparent, see Fig. 2.3 for the case γ = 0.2. The transmission coefficient rises from 0 at low
energies to 1 at high energies. Similar results are obtained at other values of γ. This is at
variance with claims in the literature [28] (see however Ref. [29]) and already indicates that the
baryon problem in the NJL2 model is more challenging than in the GN model.

Finally, we should mention that there is another regime where a systematic, analytical ap-
proximation scheme is available, the non-relativistic limit γ ≫ 1. Here, it is possible to integrate
out the Dirac sea and work within an effective fermionic field theory with positive energy states
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only. We refer to Refs. [30, 20] for an application of these methods to the baryon problem.

2.3 Numerical Dirac-Hartree-Fock calculation

2.3.1 Hamiltonian in discretized momentum space

We first set up the Dirac Hamiltonian in the form of a matrix which can readily be diagonalized
numerically. Consider the Hamiltonian

H = γ5
1

i

∂

∂x
+ γ0S(x) + iγ1P (x) (2.15)

with given scalar and pseudoscalar potentials. We choose the representation

γ0 = σ1, γ1 = −iσ2, γ5 = γ0γ1 = σ3 (2.16)

of the γ matrices leading to a real symmetric Hamiltonian matrix below. In order to discretize
the spectrum of H, we work in a finite interval of length L and impose anti-periodic boundary
conditions for fermions, resulting in the discrete momenta

kn =
2π

L

(

n+
1

2

)

(n ∈ Z). (2.17)

We decompose the potentials into Fourier series,

S(x) =
∑

ℓ

Sℓe
i2πℓx/L, P (x) = i

∑

ℓ

Pℓe
i2πℓx/L. (2.18)

Guided by the analytical results at small γ of the preceding section, we assume that parity is
not spontaneously broken in the baryon. A proper choice of the origin in coordinate space then
leads to the following symmetry relations for the scalar and pseudoscalar potentials,

S(x) = S(−x), P (x) = −P (−x). (2.19)

Together with the reality conditions for S and P , we then find that the coefficients Sℓ, Pℓ are
real and satisfy

S−ℓ = Sℓ, P−ℓ = −Pℓ, P0 = 0. (2.20)

The zero mode S0 of S(x) acts like a mass term and will be denoted bym (not to be confused with
the physical fermion mass in the vacuum set equal to 1 throughout this paper). We decompose
the Hamiltonian as follows,

H = H0 + V, H0 = γ5
1

i

∂

∂x
+ γ0m,

V = γ0(S(x)−m) + iγ1P (x), (2.21)

and diagonalize the free, massive Hamiltonian H0 first,

H0|η, n〉 = η
√

k2n +m2|η, n〉. (2.22)

Here, η = ±1 is the sign of the energy and kn the discrete momentum. The free eigenspinors
are given by

〈x|η, n〉 = 1√
2LE

(

η
√
E + ηk√
E − ηk

)

eikx (2.23)
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with the shorthand notation k = kn, E =
√
k2 +m2. Evaluating matrix elements of V in this

basis, we find

〈η′, n′|V |η, n〉 = 1

2
√
EE′

∑

ℓ6=0

δn−n′,ℓ

(

A
(+)
ℓ Sℓ +A

(−)
ℓ Pℓ

)

(2.24)

(k′ = kn′ , E′ =
√

(k′)2 +m2) with

A
(±)
ℓ = η′

√

E′ + η′k′
√

E − ηk ± η
√

E + ηk
√

E′ − η′k′. (2.25)

As H0 is diagonal, we can now easily construct the full matrix 〈η′, n′|H|η, n〉. We truncate
the basis at some momentum index N̄ , keep positive and negative energy states with labels
−N̄ − 1, ..., N̄ and diagonalize the resulting (4N̄ + 4) × (4N̄ + 4)-dimensional, real symmetric
matrix H numerically.

2.3.2 Perturbation theory deep down in the Dirac sea

It is possible and in fact necessary to treat the negative energy states deep down in the Dirac
sea perturbatively. First, this restricts the Hamiltonian matrix to be diagonalized numerically
to manageable size. Secondly, there is a logarithmic UV divergence in the sum over negative
energy states which gets cancelled by a similar divergence in the double counting correction.
This cancellation has to be accomplished analytically before we can hope to reliably extract the
finite part. We therefore compute the eigenvalues of H in 2nd order perturbation theory in V ,
in the large volume limit L→ ∞. For the negative energy continuum states, we find

Epert = −E(k)−
ℓmax
∑

ℓ=1

E(k)2S2
ℓ + k2P 2

ℓ − 2kℓE(k)SℓPℓ

(k2 − k2ℓ )E(k)
(2.26)

with E(k) =
√
k2 +m2 and kℓ = πℓ/L. This result is valid for k ≫ πℓmax/L, where the

inverse denominators don’t blow up. By comparing the perturbative eigenvalues with the ones
from diagonalization, we can check whether we have taken into account a sufficient number of
basis states and identify any eigenvalues affected by the truncation. The result is an optimal
energy Emin, the energy of the lowest single particle level in the Dirac sea computed by matrix
diagonalization.

2.3.3 Computation of the baryon mass

The baryon mass has to be evaluated relative to the vacuum, i.e., as a difference of the HF
energies (2.4) of the baryon and the vacuum. In the NJL2 model (like in the standard GN
model, for that matter) the self-consistent potentials in the vacuum are S(x) = 1, P (x) = 0 in
appropriate units. The gap equation (2.5) serves to eliminate the bare coupling constant from
the double counting correction in Eq. (2.4). For the present discussion it is helpful to split the
calculation of the baryon mass into four distinct pieces

MB/N = ∆E1 +∆E2 +∆E3 +∆E4 (2.27)

defined as follows. We first evaluate the sum over single particle energies for occupied states
resulting from matrix diagonalization (subtracting the vacuum),

∆E1 =

Emax
∑

Emin

(Eα − Evac
α ) . (2.28)
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Emin has been introduced before, Emax denotes the energy of the highest occupied level in the
baryon. The vacuum single particle energies Evac

α are computed in a finite interval (length L)
from the free massive theory with m = 1. Next we decompose the perturbative single particle
energies (2.26) according to their UV behavior,

Epert = −E(k)−
ℓmax
∑

ℓ=1

S2
ℓ + P 2

ℓ

E(k)
−

ℓmax
∑

ℓ=1

E(kℓ)
2S2

ℓ + k2ℓP
2
ℓ − 2kℓE(k)SℓPℓ

(k2 − k2ℓ )E(k)
. (2.29)

The last term on the right-hand side behaves asymptotically like 1/k2 and can be integrated
over momenta without cutoff. The resulting convergent integral defines the contribution ∆E2

to the baryon mass,

∆E2=−2L

∫ ∞

kmin

dk

2π

ℓmax
∑

ℓ=1

E(kℓ)
2S2

ℓ + k2ℓP
2
ℓ − 2kℓE(k)SℓPℓ

(k2 − k2ℓ )E(k)
(2.30)

and can be computed analytically (kmin is determined by Emin introduced above). The first
two terms in Eq. (2.29), after vacuum subtraction, give rise to an elementary, logarithmically
divergent integral which has to be regularized with the same cutoff as the gap equation and will
be denoted by ∆E3,

∆E3 = −2L

∫ Λ/2

kmin

dk

2π

(

E(k) +

ℓmax
∑

ℓ=1

S2
ℓ + P 2

ℓ

E(k)
−
√

k2 + 1
)

(2.31)

= − L

2π

(

m2 − 1 + 2

ℓmax
∑

ℓ=1

(S2
ℓ + P 2

ℓ )

)

ln Λ +∆Ẽ3.

∆Ẽ3 is the finite part which can again be computed analytically. Finally, ∆E4 is the (vacuum
subtracted) double counting correction,

∆E4 =
L

2π

(

m2 − 1 + 2

ℓmax
∑

ℓ=1

(S2
ℓ + P 2

ℓ )

)

(γ + lnΛ)− γL

π
(m− 1). (2.32)

In the sum ∆E3 + ∆E4 the lnΛ terms are cancelled exactly and a finite result for MB/N ,
Eq. (2.27), is obtained.

2.3.4 Finding the self-consistent potential

In non-relativistic HF calculations, one usually determines the self-consistent potential itera-
tively. Starting from some guess, one solves the HF equation, computes the new HF potential
and repeats this procedure until it has converged. This method was also employed in Ref. [14]
for the ’t Hooft model, using a lattice discretization in coordinate space. We do not have this
option here. The reason is the fact that we work in the continuum and have already sent the
UV cutoff to ∞ and the bare coupling constant to 0. As is clear from the self-consistency re-
lations (2.3), in this case the HF potential is determined by the far UV region where lowest
order perturbation theory holds. Therefore we always get back the potential which we put in,
irrespective of what we choose. If we would keep the cutoff finite like on the lattice, we could
in principle use an iteration, but the convergence would slow down with increasing cutoff. A
way out of this problem was found in Ref. [31] for the GN model where the HF energy of the
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baryon was simply minimized with respect to the potential S(x). Technically, the minimization
was done with respect to the Fourier coefficients Sℓ of S(x). In the NJL2 case there are twice
as many parameters due to the pseudoscalar potential, so that this method would be rather
cumbersome. Moreover, owing to the analytical calculations in Sec. 2.2, we already have a fairly
good qualitative idea of how the potentials should look like. Hence the following strategy has
turned out to be more economic. We write down a parametrization of S and P which is both
flexible and well suited to the known limiting case. We then vary with respect to the parameters.
Since we are only interested in a limited precision, a relatively small number of parameters is
sufficient, provided the parametrization is judiciously chosen. The convergence can be checked
by comparing runs with different numbers of parameters. A useful ansatz for trial functions in
the present problem is given by

S(x) =
K
∑

k=1

ck

cosh2k ξ
, P (x) =

K
∑

k=1

dk sinh ξ

cosh2k+1 ξ
(2.33)

(ξ = yx). The derivative expansion would suggest even powers of 1/ cosh ξ in P (x) at low γ
rather than odd powers, see Eq. (2.10), but this makes almost no difference in practice, once
we keep a sufficient number of terms. The coefficients ck, dk and the scale parameter y serve as
variational parameters. The baryon mass computed as explained above is a function of these
parameters and is minimized in the (2K + 1)-dimensional parameter space via some standard
algorithm.

2.3.5 Numerical results

All the results shown below were obtained by keeping the first three terms in each sum, Eq. (2.33),
and varying with respect to 6 coefficients (ck, dk) and the scale parameter y. We found that
a matrix dimension 804 × 804 (corresponding to N̄ = 200 in Sec. 2.3.1) and box size L = 20
(in units where m = 1) were adequate. The minimum in the 7-dimensional space was found
with a standard conjugate gradient method involving 70 iteration steps. We first tested the
whole procedure for several values of ν, γ where the analytical approaches are expected to be
reliable. Here, ν ∈ [0, 1] denotes the occupation fraction of the positive energy valence level. For
example, at γ = 0.2, ν = 1 the derivative expansion gives MB = 0.52227 and the numerical HF
calculationMB = 0.52248. This is satisfactory, especially since the numerical value is the result of
subtracting large numbers (of the order of 10 000) due to the Dirac sea, cf. Eq. (2.28). The scalar
and pseudoscalar HF potentials are indistinguishable on a plot if one compares the derivative
expansion with the full HF calculation, therefore we don’t show them here. At γ = 5.0, ν = 1
the no-sea effective theory yields MB = 0.98847 as compared to the numerical HF calculation
MB = 0.98850, again with excellent agreement of the self-consistent potentials. We also tested
the HF calculation against the no-sea effective theory at small filling. For γ = 0.2, ν = 0.2 the
analytical value MB = 0.197314 compares well with the numerical result MB = 0.197337. These
examples give strong support to the numerical method as well as to the (independent) analytical
calculations.

Regarding the phase diagram, the question of most immediate interest is the dependence of
MB on γ for full occupation ν = 1. This is expected to yield a critical (2nd order) curve in the
phase diagram at T = 0. In Fig. 2.4 we show the numerical points together with the asymptotic
expansions, using both derivative expansion and no-sea effective theory. In Fig. 2.5 we compare
this newly calculated baryon mass in the massive NJL2 model with the known one from the
massive GN model, choosing a somewhat smaller range of γ as compared to Fig. 2.4 to highlight
the differences. The two curves shown reflect directly the critical lines in the (µ, γ)-plane at
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Figure 2.4: Circles: numerical results for baryon mass at ν = 1 versus γ. Curves: analytical
asymptotic predictions (derivative expansion to the left, no-sea effective theory to the right).

0

0.2

0.4

0.6

0.8

1

0.5 1 1.5 2 2.5

PSfragreplaements

MBN


Figure 2.5: Comparison of baryon mass for large N GN (upper curve) and NJL2 (lower curve)
models, at ν = 1. These curves can be regarded equally well as zero temperature phase bound-
aries in the (µ, γ)-plane.
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Figure 2.6: Energies of valence levels for GN model (dashed curves) and NJL2 model (solid
curves) versus γ, illustrating how the NJL2 baryon interpolates between a Skyrme-type baryon
with induced fermion number and a conventional, non-relativistic, valence-type baryon.
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Figure 2.7: HF potentials S, P versus x in a 3d plot. The curves correspond to γ = 0.3, ..., 1.0
in steps of 0.1 and γ = 1.2, ..., 3.4 in steps of 0.2. The outermost curve has the smallest value
of γ. The curves at large γ accumulate around S = 1, P = 0 and are not well resolved, see also
Figs. 2.8–2.10

T = 0 of the respective phase diagrams. As a by-product of the calculation of baryon masses we
also get the single particle energy of the valence levels, i.e., discrete levels inside the mass gap.
It is instructive to compare these energies between the GN and NJL2 models as well. Fig. 2.6
shows the pair of (charge conjugation) symmetric states in the GN model which come together
at zero energy at γ = 0 (this point corresponds to a kink and antikink at infinite separation).
The baryons in the NJL2 model also feature a pair of discrete states which approach those of
the GN model at large γ. At small γ, they converge to the lower edge of the mass gap, the
upper level crossing zero near γ0 = 0.3. Both of these valence levels are fully occupied. Below
γ0 one would talk about induced fermion number (the number of negative energy levels changes
as compared to the vacuum), whereas above γ0 one has ordinary valence fermions like in the
GN model. Note however that nothing discontinuous happens at the “spectral flow” point γ0.
This picture nicely illustrates the transition from the massless baryon at γ = 0 (with baryon
number given by winding number of the pion field, like in the Skyrmion case) to the weakly
bound non-relativistic baryon emerging at large γ in either GN or NJL2 models. The latter one
is apparently insensitive to the original type of chiral symmetry, be it U(1) or Z2.

The HF potentials belonging to these calculations are shown in Figs. 2.7-2.10. Fig. 2.7 is a
3d-plot containing the full information how S and P depend on x for 20 different values of γ.
The 3 different projections of this plot onto the coordinate planes show the x-dependence of S
(Fig. 2.8) and P (Fig. 2.9) in more detail, as well as parametric contour plots in the (S, P )-plane
(Fig. 2.10). We can infer from this last figure that the chiral winding number jumps from 1 to
0 slightly below γ = 0.7, where the contour plot hits the origin (close to the 5th curve from
the outside). Note that this does not coincide with the value γ0 = 0.3 where the upper valence
level crosses zero, so that induced fermion number is not directly related to winding number of
Φ = S − iP for larger bare fermion masses. This is in agreement with the general observation
that the integer part of induced fermion number is not topological, being sensitive to spectral
flow [32].
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Figure 2.8: Projection of Fig. 2.7 onto the (x, S)-plane, showing how the shape of the scalar
potential evolves with γ.
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Figure 2.9: Analogous to Fig. 2.8, but for the (x, P )-plane and pseudoscalar potential.

–1

–0.8

–0.6

–0.4

–0.2

0

0.2

0.4

0.6

0.8

1

–0.8 –0.6 –0.4 –0.2 0 0.2 0.4 0.6 0.8 1

PSfragreplaements

S

P

Figure 2.10: Projection of Fig. 2.7 onto the (S, P )-plane.
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2.4 Summary

One important building block which was still missing are the baryons in the massive NJL2

model. The only source of information so far was the derivative expansion, restricted to the
vicinity of the chiral limit and to completely filled single particle levels. Here we have carried
out full numerical HF calculations including the Dirac sea. As a result, we have obtained a
rather comprehensive picture of how the baryon evolves from a Skyrme-type topological object
in the chiral limit to a non-relativistic valence bound state. The transition from induced fermion
number to valence fermion number has a simple interpretation in terms of spectral flow as
a function of the confinement parameter, as discussed in connection with Fig. 2.6. In the
heavy fermion limit, it becomes irrelevant whether the model had originally a U(1) or Z2 chiral
symmetry, and the results for the massive NJL2 and GN models converge.

As compared to the massive GN model with its complete analytical solution, the analysis of
the massive NJL2 model is significantly more involved. Although the self-consistent potentials
which we find numerically appear to have simple shapes, we have not been able to come up with
an analytical solution. One source of difficulty is the fact that the potentials in the NJL2 model
are not reflectionless. Related to this, even in those limits where we have analytical control,
the potentials do not lead to any known exactly solvable Dirac equation. If this problem is
analytically tractable at all, the techniques must be quite different from those which have been
successful in the GN model case.



Chapter 3

Phase diagram of the massive NJL2

model

The phase diagram of the massive chiral Gross-Neveu model (the massive Nambu–Jona-Lasinio
model in 1+1 dimensions) is constructed. In the large N limit, the Hartree-Fock approach
can be used. We find numerically a chiral crystal phase separated from a massive Fermi gas
phase by a 1st order transition. Using perturbation theory, we also construct the critical sheet
where the homogeneous phase becomes unstable in a 2nd order transition. A tricritical curve
is located. The phase diagram is mapped out as a function of fermion mass, chemical potential
and temperature and compared with the one of the discrete chiral Gross-Neveu model. As a
by-product, we illustrate the crystal structure of matter at zero temperature for various densities
and fermion masses [33].

3.1 Introduction

The following bits and pieces are known about the phase structure of the massive NJL2 model.
The phase diagram assuming x-independent condensates only [3] is once again indistinguishable
from that of the massive discrete chiral GN model, but this is an artefact of the assumption
of homogeneity [4]. As far as inhomogeneous condensates are concerned, it is useful to start
from the low density, low temperature limit governed by the isolated baryons of the model.
Baryons of the massive chiral GN model were first studied near the chiral limit by means of
variational techniques [14] and subsequently via the derivative expansion [17]. They turn out to
be closely related to the sine-Gordon kink. In the preceding section, a numerical HF calculation,
supplemented by analytical asymptotic expansions, has been able to follow the baryon mass and
structure to arbitrary γ [20]. This was actually done in preparation of the study of the phase
diagram. Unlike in the discrete chiral GN model, the self-consistent baryon potentials found
were not reflectionless, a serious obstacle for a full analytical solution. Aside from individual
baryons relevant to the base line at T = 0 of the (γ, µ, T ) phase diagram, the vicinity of the
tricritical point (γ = 0, µ = 0, T = eC/π) has also been explored in some detail [34]. The phase
structure was deduced from a microscopic Ginzburg-Landau (GL) approach, based once again
on the derivative expansion. In this work, both first and second order critical lines between
homogeneous and inhomogeneous phases were identified. As a result, one already starts to see
that the GN models with (broken) discrete and continuous chiral symmetry have totally different
phase diagrams, as is indeed expected on the basis of universality arguments.

In the present section, we report on a solution of the HF problem at finite T, µ for a whole

15
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range of γ values and construct a first candidate for the full phase diagram of the massive chiral
GN model. Our aim here is to extend the calculations of Ref. [34] near the tricritical point to a
significant portion of (µ, T, γ) space, so that a 3d plot of the phase diagram can be drawn and
compared with the one from the discrete chiral GN model.

The remaining section is organized as follows. Sec. 3.2 is devoted to the HF calculation at
zero temperature. We explain the general numerical procedure (3.2.1), discuss analytically the
low and high density asymptotics (3.2.2) and present selected numerical results (3.2.3). Sec. 3.3
contains all the material about finite temperature and the phase diagram. We briefly outline the
thermal HF approach to the grand canonical potential (3.3.1) and recall previous results from
GL theory (3.3.2). In Sec. 3.3.3, we describe in detail how we have obtained the perturbative,
2nd order critical sheet. The non-perturbative 1st order sheet represents the most difficult part
of our analysis, since we can only determine it numerically at present. This is presented in
Sec. 3.3.4 along with the final results. In the concluding Sec. 3.4, we summarize our findings,
compare the phase diagram with other related phase diagrams and identify areas where more
work is needed.

3.2 Hartree-Fock calculation of dense matter at T = 0

3.2.1 Setup of the numerical calculations

The HF calculation in the chiral GN model starts from the Dirac Hamiltonian

H = γ5
1

i

∂

∂x
+ γ0S(x) + iγ1P (x) (3.1)

with scalar and pseudoscalar potentials S, P to be determined self-consistently. In the preceding
section and Ref. [20], a numerical HF study including the Dirac sea has been used to construct
the baryons of this model. For technical reasons, the calculation was done in a finite interval of
length L with antiperiodic boundary conditions for the fermions, using a basis of free, massive
spinors in discretized momentum space. Now assume that S, P are periodic with spatial period
a. We can actually reduce the HF calculation for such a crystal to the one for a single baryon
performed in [20]. We enclose the crystal in a box of length L = Na containing N periods and
impose again antiperiodic boundary conditions on the fermion single particle wave functions in
this large interval,

ψ(L) = −ψ(0). (3.2)

According to the Bloch theorem, the eigenspinors of H are of the form

ψ(x) = φ(x)eipx, φ(x+ a) = φ(x). (3.3)

The boundary condition (3.2) discretizes the Bloch momenta,

pn =
2π

L

(

n+
1

2

)

, (n ∈ Z). (3.4)

For a single period, e.g., the interval [0, a], this implies quasi-periodic boundary conditions,

ψ(a) = eiβνψ(0), (3.5)

where the N discrete values of βν parametrize the N -th roots of (−1),

βν =
2π

N

(

ν +
1

2

)

, ν = 0, 1, ..., N − 1. (3.6)
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Hence, to get the spectrum of H with a periodic potential, all we have to do is compute the
spectrum for a single “baryon” in an interval of length a with quasi-periodic boundary conditions
along the lines of Sec. 2, repeat the calculation N times (for all possible values of the phase βν)
and collect the spectra. This enables us to take over the calculational method literally from
Sec. 2. We also stick to the conditions

S(x) = S(−x), P (x) = −P (−x), (3.7)

reflecting the difference between scalar and pseudoscalar potentials if parity is unbroken. To
evaluate the energy density of the crystal at T = 0, we once again combine a numerical diago-
nalization with perturbation theory for states deep down in the Dirac sea. The technical details
like vacuum subtraction, double counting correction and renormalization are identical to those
given in Sec. 2.

A key element of the HF approach is self-consistency of the potentials S, P . As explained
above this can be achieved by minimizing the HF energy at fixed fermion number with respect to
the potentials, provided one varies the potentials without any bias. Here, we assume periodicity,
expand S and P into Fourier series,

S(x) =
∑

ℓ

Sℓe
i2πℓx/a, P (x) = i

∑

ℓ

Pℓe
i2πℓx/a, (3.8)

and minimize the HF energy with respect to the Fourier coefficients Sℓ, Pℓ and the spatial
period a, using a standard conjugate gradient algorithm. The only other bias put in aside from
periodicity are the symmetry relations (3.7).

3.2.2 Low and high density limits

In the limits of low and high fermion density, the ground state energy can be calculated analyti-
cally. If the valence band is completely filled (as is indeed found in the full HF calculation), the
spatially averaged baryon density per flavor is related to the period a via

ρ =
1

a
=
pf
π
. (3.9)

The last equation defines the Fermi momentum pf . At very low density, we expect the energy
density to be determined by the baryon mass,

EHF − Evac ≈MBρ (3.10)

The baryon mass is known already from Sec. 2. At high density on the other hand, we can use
perturbation theory to predict the asymptotic behaviour of the energy density. This is a simple
generalization of a similar calculation done in Ref. [35] for the massive GN model with broken
discrete chiral symmetry, cf. Eqs. (67)–(74) of that paper. It is sufficient to keep the Fourier
amplitudes S0, S1 and P1 for this purpose. Standard 2nd order perturbation theory then yields
the single particle energies

Eη,p = η sgn(p)

(

p+
S2
0

2p
+

(S1 + fP1)
2

2(p+ pf )
+

(S1 − fP1)
2

2(p− pf )

)

(3.11)

where η = ±1 and

f = 1− 2δη,sgn(p). (3.12)
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Along the lines of Ref. [35], we find for the perturbative ground state energy

EHF = −Λ2

8π
+
p2f
2π

+
S2
0

2π
[γ + ln(2pf )]−

γS0
π

+
y2

4π
[2γ − 1 + ln(y2)] +

2X2

π
[γ + ln(4pf )] (3.13)

where we have set
S1 = X + y/2, P1 = X − y/2. (3.14)

Minimizing EHF with respect to S0, X and y yields

X = 0, S0 =
γ

γ + ln(2pf )
(3.15)

and the equation
y[2γ + ln(y2)] = 0 (3.16)

with the solutions y = 0 (homogeneous condensate) and

y = ±e−γ . (3.17)

The self-consistent potential ∆ = S − iP for the non-trivial solution y = e−γ is inhomogeneous,

∆(x) =
γ

γ + ln(2pf )
+ exp {−2ipfx− γ} . (3.18)

(The other sign of y merely corresponds to a translation of the crystal by a/2.) The ground
state energy (3.13) at the minimum is indeed lower than the one of the homogeneous solution,

EHF(y 6= 0)− EHF(y = 0) = − 1

4π
e−2γ . (3.19)

At γ = 0 this agrees with the result for the chiral spiral [8]. Finally we write down the ground
state energy for large pf , relative to the vacuum. It has the asymptotic behavior

EHF − Evac ≈
p2f
2π

− γ2

2π(γ + ln 2pf )
+

1

4π

(

1 + 2γ − e−2γ
)

. (3.20)

Eqs. (3.10) for pf → 0 and (3.20) for pf → ∞ are the main results of this section, ready to be
compared to full numerical results below.

3.2.3 Numerical results

We vary with respect to the Fourier components Sℓ, Pℓ which, owing to Eqs. (3.7) and (3.8), are
real and satisfy S−ℓ = Sℓ, P−ℓ = −Pℓ. The actual calculations were done as follows. We use
N = L/a = 8, i.e., perform single baryon computations with 8 different boundary conditions.
In the sum over single particle energies we now have to subtract numbers of O(100 000), as
compared to O(10 000) for a single baryon. To keep computations feasible with MAPLE, we
had to compromise on the size of the momentum space basis and choose the smallest size which
gave sufficient precision in the tests, N̄ = 50 (corresponding to 201×201 matrices). The total
number of single particle states computed by diagonalization is therefore 8 × 201 = 1608. We
kept all Fourier modes of S, P up to ℓmax = 6, so that 14 real parameters had to be varied in
total (the period a, S0, and {Sℓ, Pℓ} for ℓ = 1...6). To test our MAPLE code, we computed
the energy density of crystals where the analytic solution is known (chiral spiral, massless and
massive GN models). In all of these cases the energy density was reproduced correctly to 7
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Figure 3.1: Self-consistent scalar HF potential S(x) at T = 0, pf = 0.2 and γ = 0.2, 0.6, 1.0
(from bottom to top), showing well resolved baryons. Here and in Figs. 3.2–3.4 only one spatial
period of the periodic potentials is shown.
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Figure 3.2: One period of self-consistent pseudoscalar HF potential P (x) at T = 0, pf = 0.2 and
γ = 0.2, 0.6, 1.0 (with decreasing amplitude).
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Figure 3.3: Same as Fig. 3.1, but at pf = 2.5 where the baryons overlap strongly.
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Figure 3.4: Same as Fig. 3.2, but at pf = 2.5.

significant digits. The other uncertainty comes from the minimization procedure. It was found
that after only 20 conjugate gradient steps, the results as shown in the figures below did not
change anymore significantly. Under these conditions, all calculations could still be done using
MAPLE on high-end PC’s, without need to switch to compiled programming languages.

We now turn to the results of the T = 0 computations. Just as in the discrete chiral GN
model, we found that it is always energetically advantageous to let the Fermi surface coincide
with the lower end of an energy gap, as expected from the Peierls effect. We first illustrate the
self-consistent potentials which show no surprise. At low density, one recognizes the shapes of
clearly resolved individual baryons from Ref. [20], see Figs. 3.1 and 3.2. At high density where
the baryons overlap significantly, the lowest Fourier modes (S0, S1, P1) dominate, as anticipated
in our perturbative calculation (Figs. 3.3 and 3.4). Increasing γ tends to wash out the oscillations
at all densities. The energy difference between the crystal and the homogeneous phase is shown
in Fig. 3.5 for 3 values of γ. As expected, the crystal phase is favored at all densities and
γ parameters. The horizontal lines at large pf show the asymptotic prediction of Eq. (3.19),
whereas the slopes of the straight lines near pf = 0 have been obtained from the baryon masses
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Figure 3.5: Difference between energy density of solitonic crystal phase and homogeneous phase
versus pf for 3 different values of γ. The straight line segments drawn show the analytical
expectations for small and large pf , respectively, see the main text.

[20] and the mixed phase of the homogeneous calculation (see the appendix of [35]). This
provides us with yet another useful test of the computations. Fig. 3.6 shows the pf -dependence
of the energy density, now relative to the vacuum, for the same three values of γ. The dots are
numerical results. The curves have simply been obtained by matching the asymptotic expansions
Eqs. (3.10), (3.20), at the point where they coincide (indicated by the cross). At the scale of the
figure, the agreement is perfect, reminiscent of similar findings in an earlier numerical study of
the non-chiral GN model [31].

3.3 Constructing the phase diagram

3.3.1 Grand canonical potential

The phase diagram in the temperature-chemical potential plane is best analysed via the grand
canonical potential density Ψ. The evaluation of Ψ in the relativistic HF approach is well
understood and follows earlier studies of the non-chiral GN model, the only small complication
being the fact that the spectrum is no longer symmetric under E → −E. The main building
block is the familiar single particle contribution to Ψ,

Ψ = − 1

βL

∑

η,n

ln
(

1 + e−β(Eη,n−µ)
)

. (3.21)

For large positive or negative energy eigenvalues, one has to use perturbation theory in order to
do the renormalization analytically. The corresponding expression is

Ψpert = − 2

β

∫ Λ/2

p̄

dp

2π

∑

η

ln
(

1 + e−β(Eη,p−µ)
)

(3.22)

where Eη,p denotes the 2nd order perturbative eigenvalue of the Dirac-HF Hamiltonian H. The
standard manipulation

Ψpert = − 2

β

∫ ∞

p̄

dp

2π
ln
(

1 + e−β(E+1,p−µ)
)

− 2

β

∫ ∞

p̄

dp

2π
ln
(

1 + eβ(E−1,p−µ)
)
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Figure 3.6: Ground state energy density of crystal at T = 0 as a function of pf for γ = 0.2, 0.6, 1.0
from bottom to top. Points: numerical HF results, curves: asymptotic predictions according to
Eqs. (3.10) and (3.20), matched at the point marked by a cross.

+2

∫ Λ/2

p̄

dp

2π
(E−1,p − µ) (3.23)

isolates the divergence in the sum over single particle energies, which can then be dealt with
like at T = 0, see Sec. 2 and Ref. [20], adding the double counting correction and using the gap
equation to eliminate unphysical parameters. We then minimize Ψ with respect to the potentials
S, P . The result is the renormalized grand canonical potential density, together with the self-
consistent potential at a given temperature and chemical potential. A vacuum subtraction finally
normalizes Ψ to 0 at the point (T = 0, µ = 0) and removes remaining trivial divergences from
the Dirac sea.

3.3.2 Ginzburg-Landau theory

There are regions in (γ, µ, T )-space where a full HF calculation can be bypassed. This is the case
whenever a microscopic GL theory can be derived, leading to an effective bosonic field theory
directly in terms of the scalar and pseudoscalar potentials S, P with the fermions “integrated
out”. One can identify two such regions requiring somewhat different approximations. Close to
the tricritical point at (γ = 0, µ = 0, T = eC/π), the potentials are both weak and slowly varying.
This was exploited in Ref. [34], where a GL effective action was obtained analytically, using the
derivative expansion around the free, massless fermion theory. The resulting effective action
was then minimized by a numerical solution of the Euler-Lagrange equation, an inhomogeneous,
complex non-linear Schrödinger equation. In this manner, a soliton crystal solution could be
identified in a small region of (γ, µ, T ) space, separated by 2nd and 1st order transitions from
a homogeneous massive Fermi gas phase. We refer the reader to this paper for more details.
Another approximation allows one to study the phase diagram for γ ≪ 1 and µ≪ 1, but without
any restriction in temperature. Here, the potentials are still slowly varying but develop a large,
constant scalar term S0, i.e., a mass. The derivative expansion can still be trusted, provided
one expands now around the massive free Dirac theory. This technique was applied some time
ago at T = 0 to the baryons in the chiral GN model near γ = 0 [17]. The generalization to
finite temperature and chemical potential is technically rather involved. In particular, it does
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not lead anymore to analytic expressions as in Ref. [17], since the thermal integrals with massive
single particle energies cannot be done in closed form. As this technique was used here only for
a small part of the phase diagram, we refrain from giving all the details which have been worked
out in Ref. [36]. The resulting effective action is a polynomial in S, P and its derivatives with
(γ, µ, T )-dependent coefficients given in terms of one-dimensional numerical integrals. It can be
minimized numerically by varying the period and the Fourier coefficients of S and P , resulting
in the equilibrium value of Ψ. In this way, it is possible to extend the calculation of the 1st order
transition line at small γ down to zero temperature and check that the base point of the critical
line coincides with the baryon mass. Some examples of results for the phase boundary thus
obtained will be shown below together with the results of the full HF calculation, see Sec. 3.3.4
and Figs. 3.11, 3.12.

3.3.3 Perturbative 2nd order phase boundary

As is well understood by now from similar studies of the non-chiral GN model or from the GL
approach near the tricritical point, the exact location of a contingent 2nd order phase boundary
between crystal and homogeneous phases is a perturbative matter. For this purpose, S0 (i.e., the
dynamical fermion mass) has to be treated exactly, whereas it is sufficient to keep S1, P1 from
the inhomogeneous terms and treat them in 2nd order almost degenerate perturbation theory
(ADPT). As a matter of fact, right at the phase boundary this amounts to naive 2nd order
perturbation theory and a principal value prescription for integrating through the pole when
summing over single particle states [31]. The Hamiltonian is divided up according to

H = H0 + V (3.24)

where

H0 = γ5
1

i

∂

∂x
+ γ0m,

V = γ02S1 cos(2pfx)− iγ12P1 sin(2pfx). (3.25)

To define the notation, we cast the unperturbed problem into the form (η = ±1 is the sign of
the energy)

H0|η, p〉 = ηE|η, p〉, E =
√

p2 +m2 (3.26)

with the free, massive spinors

〈x|η, p〉 = − i sgn(p)√
2LE

(

ip−m
ηE

)

eipx. (3.27)

Matrix elements of V are then given by

〈η′, p′|V |η, p〉 = sgn(p) sgn(p′)

2EE′ (AS1 + BP1) (3.28)

with

A =
[

ηE(ip′ +m)− η′E′(ip−m)
]

(δp′,p+2pf + δp′,p−2pf )

B = i
[

ηη′EE′ + (ip−m)(ip′ +m)
]

(δp′,p+2pf − δp′,p−2pf ), (3.29)

leading to the following 2nd order energy shift,

δEη,p =
η(E2S2

1 + p2P 2
1 ) + 2pfES1P1

(p2 − p2f )E
. (3.30)
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We insert
Eη,p = ηE + δEη,p (3.31)

into the single particle contribution to the grand canonical potential density,

Ψ = − 2

β

∫ Λ/2

0

dp

2π
ln
[

(1 + e−β(E1,p−µ))(1 + e−β(E−1,p−µ))
]

, (3.32)

and linearize in δEη,p. Adding the usual HF double counting correction term and invoking the
gap equation for the fermion mass at finite T, µ in the translationally invariant case,

0 = m(γ + lnm)− γ +m

∫ ∞

0

dp

E

(

1

eβ(E−µ) + 1
+

1

eβ(E+µ) + 1

)

, (3.33)

to simplify the resulting expression, the perturbative correction to the grand canonical potential
becomes

δΨ =
E2

fS
2
1 + p2fP

2
1

π

∫ ∞

0
− dp

1

E(p2 − p2f )

(

1

eβ(E−µ) + 1
+

1

eβ(E+µ) + 1

)

(3.34)

+
2pfS1P1

π

∫ ∞

0
− dp

1

p2 − p2f

(

1

eβ(E−µ) + 1
− 1

eβ(E+µ) + 1

)

+
S2
1 + P 2

1

π

γ

m

−
E2

fS
2
1 + p2fP

2
1

2πpfEf
ln

(

Ef − pf
Ef + pf

)

.

The energies E,Ef are defined with the mass m = S0 and momenta p, pf , respectively. The
principal value integrals are the only remnant of ADPT at the phase boundary [31] and have to
be evaluated numerically. The phase boundary can now be found using the following strategy.
In 2nd order perturbation theory, according to Eq. (3.34) we may write the grand canonical
potential schematically as

Ψ = Ψhom +M11S
2
1 + 2M12S1P1 +M22P

2
1 (3.35)

where all coefficients depend on m and pf . We have to vary Ψ with respect to the 4 parameters,
m,S1, P1 and pf . This yields the 4 equations

0 =
∂Ψhom

∂m
+ S2

1

∂M11

∂m

+2S1P1
∂M12

∂m
+ P 2

1

∂M22

∂m
, (3.36)

0 = S1M11 + P1M12, (3.37)

0 = S1M12 + P1M22, (3.38)

0 = S2
1

∂M11

∂pf
+ 2S1P1

∂M12

∂pf
+ P 2

1

∂M22

∂pf
. (3.39)

At the phase boundary, Eq. (3.36) can be simplified to the standard equation for the homoge-
neous phase since S1, P1 vanish,

∂Ψhom

∂m
= 0. (3.40)

Eqs. (3.37), (3.38) represent a homogeneous system of equations which can be cast into the
equivalent form

detM = M11M22 −M2
12 = 0, (3.41)

S1
P1

= −M12

M11
. (3.42)
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Dividing Eq. (3.39) by P 2
1 and using Eqs. (3.41), (3.42), we finally obtain the condition

∂ detM
∂pf

= 0. (3.43)

In order to determine the phase boundary, we have to find the points in the (µ, T ) plane where
Eqs. (3.40), (3.41) and (3.43) hold simultaneously. Eq. (3.42) then yields the unstable direction.
All of this can be done numerically to any desired accuracy. Before turning to the results, it
may be worthwhile to ask whether we can say anything about the outcome of the calculation
beforehand. Indeed, it is easy to determine the asymptotic behaviour of the perturbative 2nd
order sheet in the limit µ→ ∞, for any γ. Along the lines of a similar analysis in the appendix
of Ref. [31] we arrive at the approximate expression for the grand canonical potential valid at
large µ ≈ pf ,

Ψ =
S2
0

2π
[γ+ln(2pf )]−

γS0
π

+
2X2

π
[γ+ln(4pf )]+

y2

4π
(2γ−1+ln y2)− 2

βπ

∫ ∞

0
dp ln(1+e−β

√
p2+y2)

(3.44)
(using once again variables X = (S1 + P1)/2, y = S1 − P1). S0 and X are not affected by finite
temperature at all, so that Eqs. (3.15) still hold. Minimization with respect to y yields either
y = 0 (translationally invariant solution) or the condition

γ + ln y + 2

∫ ∞

0
dp

1
√

p2 + y2
1

eβ
√

p2+y2 + 1
= 0. (3.45)

In order to compute the phase boundary, we expand the integral for small y [37],

γ + ln y − ln
βy

π
− C+O(y2) = 0, (3.46)

where C is the Euler constant. The critical line where the non-trivial solution for y disappears
is then given by the following asymptotic expression valid at large µ,

Tcrit = e−γ

(

eC

π

)

. (3.47)

Fig. 3.7 shows the results for the perturbative 2nd order sheet (a preliminary version of this
plot has been given before in [38]). This figure actually contains the 2nd order sheets for both
the chiral and the non-chiral GN models to highlight the differences between the two models.
The lower sheet ending at the fat black tricritical line belongs to the GN model with discrete
chiral symmetry. To test our method, we have recalculated the curves shown here perturbatively.
They agree indeed with the results of Ref. [39] where the same critical surface was deduced from
the full, analytical solution of the HF problem. The upper sheet in Fig. 3.7 is the new result for
the chiral GN model. Here we have supplemented the equidistant curves at γ = 0.1, 0.2, ...2.0
by 2 more curves at the small γ values 0.01 and 0.0001. This is useful to illustrate how this 2nd
order sheet goes over into the horizontal critical line T = eC/π in the chiral limit γ → 0. We
also compare the 2nd order sheet with the analytical prediction, Eq. (3.47), at large µ. As the
dashed curve shows, the full results are already indistinguishable from this formula at µ = 2. At
low µ, the curves bend over. Our calculation gives us no clue as to where the tricritical points
are beyond which these curves turn into 1st order critical lines. We will get back to this issue
in the following subsection when we discuss the full HF calculation. Notice also that at large
γ, the perturbative sheets of both variants of the GN model seem to come together at the same
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Figure 3.7: 3d plot of the perturbative, 2nd order phase boundary in the chiral GN model (upper
sheet), compared to the corresponding phase boundary in the non-chiral GN model (lower sheet).
The fat line is the tricritical curve of the latter model. The tricritical curve of the chiral GN
model cannot be determined by this calculation. The dashed curve at µ = 2 is the asymptotic
prediction of Eq. (3.47).

line (the tricritical line of the discrete chiral GN model), whereas this does not hold anymore at
small γ.

Finally, we should stress the fact that the sheet in Fig. 3.7 represents the surface where the
homogeneous phase becomes unstable towards crystallization in a continuous transition. If a 1st
order transition occurs before reaching this sheet from the outside, there will be no 2nd order
transition and the corresponding part of the 2nd order sheet becomes obsolete. As shown below,
this is indeed what happens at sufficiently low temperatures.

3.3.4 Non-perturbative 1st order phase boundary and full phase diagram

The most tedious task of the present study is to determine the 1st order phase boundary.
For arbitrary γ and µ, no shortcut like GL theory is known and we have to resort to the
full, numerical HF calculation. For a given point in the (γ, µ, T ) diagram, we evaluate the
renormalized grand canonical potential density Ψ by minimization with respect to the period
a and the Fourier components Sℓ, Pℓ of the mean field. The critical line is then constructed as
follows. We evaluate Ψ along a straight line trajectory for fixed γ, T and several equidistant
values of µ, starting from inside the anticipated crystal phase and proceeding towards lower µ
values. We then plot Ψ against µ and compare this thermodynamic potential with the one of
the homogeneous solution. In Fig. 3.8, we illustrate the outcome of such a computation for the
case γ = 1.0, T = 0.08. The thermodynamically stable phase is the one with the lowest value of
Ψ, hence the point of intersection of the 2 curves defines the critical chemical potential at this
temperature. Since we can follow the crystal solution beyond this point (before it jumps onto
the other curve), this is clearly a 1st order transition where two different solutions coexist at the
phase boundary. The difference in slopes at the intersection point translates into two different
densities, so that a mixed phase would appear in a (ρ, T ) phase diagram. The critical point can
be determined accurately in cases like that shown in Fig. 3.8. By contrast, Fig. 3.9 illustrates
an example where the transition is likely to be 2nd order, namely at γ = 1.0, T = 0.12. Here,
one does not see a crossing of the two curves. Due to the limited numerical accuracy, one cannot
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Figure 3.8: Determination of the 1st order phase boundary at T = 0.08, γ = 1.0. Points: Grand
canonical potential from numerical HF calculation vs. µ. The crystal phase can be followed
down to µ = 0.88. Solid line: Prediction assuming homogeneous condensates only. The crossing
of the 2 lines yields the critical chemical potential for a 1st order transition.

rule out a very weak first order transition, therefore it is difficult to locate the tricritical point
precisely in this manner.

The result of such a computation of the 1st order critical line at γ = 1.0 is shown in Fig. 3.10.
The solid line is the perturbative 2nd order line from Sec. 3.3.3 and Fig. 3.7, without information
on the tricritical point. The squares are numerically determined 1st order phase transitions. We
only show those points for which we could unambiguously identify a 1st order transition. Above
T = 0.1, there was no visible line crossing anymore. In this way, a small gap between the 2nd
and 1st order phase boundaries is left. All we can say is that the tricritical point lies on the 2nd
order line above the last 1st order point shown, i.e., at T > 0.10 in the case at hand. For as
much as we can tell, the two critical lines are joined tangentially at the tricritical point. Note
that the base point of the 1st order line at T = 0 drawn here is the baryon mass at γ = 1.0 taken
from Ref. [20]. The fact that the numerical points interpolate nicely between the baryon mass
at T = 0 and the perturbative phase boundary is a healthy sign, suggesting that the accuracy
reached here is adequate.

In a lengthy numerical calculation with MAPLE, we have determined a number of 1st order
critical lines, see Fig. 3.11. The solid curve at T = 0 is the baryon mass from Ref. [20]. The
thin lines are the 2nd order critical lines from Fig. 3.7, the points are numerically determined
1st order transitions computed on a grid with resolution ∆γ = 0.1,∆T = 0.01. Also shown are
two additional curves at very small γ (0.01 and 0.0001) obtained previously by means of the
GL theory [36]. These results confirm the picture discussed in connection with Fig. 3.10 and
provide us with a first candidate for the full phase diagram of the chiral GN model. We find
no indication of any further phase transitions beyond those which have been identified in the
earlier study near the tricritical point [34].

In Fig. 3.11, we have also plotted a tricritical line where the 1st and 2nd order critical sheets
are joined together. As is clear from the gap between the calculated 1st order sheet and this
line, some extrapolation had to be used. We proceeded as follows. For a fixed value of γ, we
move along the 2nd order instability line, starting well below the expected tricritical point. We
then perform the HF minimization and follow in particular the evolution of the largest Fourier
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Figure 3.9: Same plot as in Fig. 3.8 at T = 0.12, γ = 1.0. The absence of line crossing is
indicative of a continuous, 2nd order phase transition.
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Figure 3.10: Example of a construction of the phase boundaries at γ = 1.0. Solid line: 2nd
order, perturbative critical line from Fig. 3.7. Points: 1st order, non-perturbative critical line
determined as shown in Fig. 3.8. The tricritical point has not yet been located but must lie on
the solid line, above T = 0.1.
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Figure 3.11: Summary of all the results about the phase diagram of the chiral GN model obtained
in this section. Fat solid curve at T = 0: Baryon mass, solid lines at fixed γ: Perturbative
2nd order sheet, points: numerically determined 1st order sheet, computed in steps of ∆γ =
0.1,∆T = 0.01. The 2 curves at very small γ are taken from the GL analysis [36] and belong
to γ = 0.01 and 0.0001, respectively. The fat line crossing the 2nd order sheet is the tricritical
curve.
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Figure 3.12: Difference in grand canonical potential between 2 phases near the tricritical point,
using GL theory near γ = 0. The rescaled potential difference is plotted vs. σ ∼ (Tc − T )1/2

along the 2nd order critical line.
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Figure 3.13: Square of rescaled Fourier amplitudes S1 (solid) and P1 (dashed) vs. σ for the
calculation corresponding to Fig. 3.12. The linear behavior shows that S1, P1 ∼ (Tc −T )1/4 and
locates the tricritical point precisely at σ = 1.464.

components S1, P1. At the tricritical point, these are expected to vanish with some power law
∼ (Tc−T )α. In order to find the relevant critical exponent α, we went back to the GL approach
near γ = 0 [34] and performed a similar analysis there. This has the advantage that we can work
with a much higher numerical precision in this regime. Let us first recall that to take advantage
of simple scaling properties near the tricritical point, the variables µ, T have been replaced by
the rescaled variables

ν = 2γ−1/3µ, σ =

√

a

Tc
γ−1/3

√

Tc − T (3.48)

with a = 6.032, Tc = 0.5669 in Ref. [34]. We now move along the perturbative phase boundary
plotted in Fig. 6 of [34] between σ = 1.4 and 1.6 enclosing the tricritical point. Along this
trajectory the effective action is minimized with respect to the Fourier components of Sℓ, Pℓ

(ℓ ≤ 4) and the period. The resulting grand canonical potential is compared to the homogeneous
calculation in Fig. 3.12. Fig. 3.13 then shows clearly that the Fourier components S1, P1 vanish
like σ1/2 ∼ (Tc − T )1/4. (Notice that the grand canonical potential and the Fourier components
in Figs. 3.12 and 3.13 have been rescaled by the factors 2πa/γ and γ−1/3, respectively, cf.
Ref. [34].) As a by-product, we have determined in this way a more accurate value of the
tricritical point near γ = 0 than in Ref. [34], namely σt = 1.464, νt = 3.039. Coming back to the
full HF calculation, we have located the point where S1, P1 vanish along the 2nd order instability
curve assuming the same critical exponent α = 1/4 for all γ. Due to numerical limitations, the
extrapolation is not as quantitative as in Fig. 3.13, but still fairly straightforward. The result is
the tricritical curve drawn in Fig. 3.11.

3.4 Summary

To summarize, we have redrawn the phase diagram of Fig. 3.11 in a way which shows more
clearly the shape of the 2 critical sheets, see Fig. 3.14. Here, we hide the “engineering details”
of the underlying construction still visible in Fig. 3.11. Whereas the vertical (1st order) lines
have actually been computed via HF, the horizontal lines are composed of straight line segments
joining neighboring points to guide the eye. The tricritical line separates 1st and 2nd order
sheets. It is not completely smooth since this particular curve is the most difficult part of the
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Figure 3.14: Phase diagram of the massive chiral GN model. The crystal phase with complex
order parameter is separated from the massive Fermi gas phase by 1st (dark shaded) and 2nd
(light shaded) order critical sheets joined at a tricritical line.

whole calculation, exceptionally sensitive to numerical inaccuracies.
It is interesting to compare this newly determined phase diagram of the massive chiral GN

model to other related phase diagrams. For this purpose, we have taken the results for the
discrete chiral GN model from Ref. [39] and plotted them at the same scale and under the same
viewing angle as in Fig. 3.14, cf. Fig. 3.15. Here the 2 critical sheets are both 2nd order and
joined in a cusp rather than tangentially. The qualitative differences between Figs. 3.14 and 3.15
are due to the difference between continuous and discrete chiral symmetries of the two GN-type
models, reflecting the corresponding universality classes. If one would only admit homogeneous
phases as was done in the early works on these phase diagrams, the 2 models would give identical
results. This is illustrated in Fig. 3.16 adapted from Ref. [39]. Here, the dark shaded sheet is
1st order, and there is only a single massive Fermi gas phase at γ > 0.
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Figure 3.15: Phase diagram of the massive discrete chiral GN model, adapted from Ref. [39].
The crystal phase with real order parameter is separated by two 2nd order critical sheets from
the massive Fermi gas phase, meeting at the tricritical line.
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Figure 3.16: Common phase diagram for both variants of the massive GN model, assuming
homogeneous condensates only. There is only a single massive Fermi gas phase, but the value
of the mass changes discontinuously across the dark shaded 1st order sheet. The tricritical line
agrees with the one in Fig. 3.15. Adapted from Refs. [3] and [39].



Chapter 4

Massless NJL2 model with two
coupling constants

The Gross-Neveu model in 1+1 dimensions is generalized to the case of different scalar and
pseudoscalar coupling constants. This enables us to interpolate smoothly between the standard
massless Gross-Neveu models with either discrete or continuous chiral symmetry. We present the
solution of the generalized model in the large N limit including the vacuum, fermion-antifermion
scattering and bound states, solitonic baryons with fractional baryon number and the full phase
diagram at finite temperature and chemical potential [40].

4.1 Introduction

In the present section, we propose and solve a simple field theoretical model which interpolates
continuously between the Lagrangians (1.1) and (1.3). Our motivation is to get a better under-
standing of how the conspicuous differences in the phase diagrams and baryon structure come
about. Moreover, we would like to explore an alternative mechanism for breaking chiral symme-
try explicitly, different from the usual bare mass term. To this end, we consider a Lagrangian
similar to Eq. (1.3), but with different (attractive) scalar and pseudoscalar couplings,

L = ψ̄iγµ∂µψ +
1

2
g2(ψ̄ψ)2 +

1

2
G2(ψ̄iγ5ψ)

2. (4.1)

By varying G2 from 0 to g2, we generate a family of theories interpolating between the GN and
the NJL2 models. The idea to generalize the GN model in this fashion is not new. Thus for
instance, Klimenko has studied a closely related problem long time ago [18, 19]. However, since
the role of inhomogeneous condensates has only been appreciated in recent years, there is almost
no overlap between the present section and these earlier studies.

The methods which we shall use in our investigation have been developed during the last few
years in an effort to clarify the phase structure of massless and massive GN models. As a result,
we have now at our disposal a whole toolbox of analytical and numerical instruments. The most
important keywords are: the derivative expansion, asymptotic expansions, perturbation theory,
Ginzburg-Landau (GL) theory and numerical Hartree-Fock (HF) approach including the Dirac
sea. This will enable us to solve the generalized GN model (4.1) in a rather straightforward
fashion, although the model is far from trivial. Its two limiting cases, the standard massless
GN and NJL2 models, can both be solved analytically. This is unfortunately not true for the
generalized model which in this respect is closer to the massive NJL2 model [33].

33
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This section is organized as follows. We present our computations and results starting with
mostly analytical work and ending with purely numerical results. The logic of the HF approach
demands that we begin with a discussion of the vacuum, dynamical fermion mass and coupling
constant renormalization in Sec. 4.2. Sec. 4.3 is dedicated to fermion-fermion bound states
(mesons) and scattering. In Sec. 4.4, we solve the theory in the baryon sector as well as for
low density soliton crystals in the vicinity of the chiral limit, using a kind of chiral perturbation
theory obtained from the derivative expansion. We then begin our study of thermodynamics at
finite temperature and chemical potential with an investigation of the tricritical behavior near
the chiral limit in Sec. 4.5. Sec. 4.7 is devoted to the full phase diagram of the generalized GN
model for arbitrary coupling constants, chemical potential and temperature, only accessible via
a numerical relativistic HF calculation. As a by-product, we also present information about
baryons away from the chiral limit. The section ends with a concluding section, Sec. 4.8.

4.2 Vacuum, dynamical fermion mass, renormalization

Consider the Lagrangian of the generalized GN model with two coupling constants in 1+1
dimensions, Eq. (4.1). For G2 = g2, it coincides with the one from the massless NJL2 model,
Eq. (1.3). For G2 = 0, we recover the massless GN model, Eq. (1.1). The case G2 > g2 can be
mapped onto G2 < g2 by means of a chiral rotation about a quarter of a circle,

ψ → eiγ5π/4ψ. (4.2)

Since this is a canonical transformation, we may assume 0 < G2 < g2 without loss of generality.
Hence the generalized GNmodel can serve as a continuous interpolation between two well-studied
model field theories with distinct symmetry properties. Notice that the generalized Lagrangian
(4.1) always has the discrete chiral symmetry ψ → γ5ψ under which ψ̄ψ and ψ̄iγ5ψ change sign.
The continuous chiral symmetry ψ → eiαγ5ψ is only recovered at the point g2 = G2.

To find the vacuum in the large N limit, we introduce homogeneous scalar and pseudoscalar
condensates,

m = −g2〈ψ̄ψ〉,
M = −G2〈ψ̄iγ5ψ〉. (4.3)

The Dirac-Hartree-Fock equation

(

−γ5i∂x + γ0m+ iγ1M
)

ψ = Eψ (4.4)

then yields the single particle energies

E = ±
√

k2 +m2 +M2 (4.5)

and the (cutoff regularized) vacuum energy,

Evac = −
∫ Λ/2

−Λ/2

dk

2π

√

k2 +m2 +M2 +
m2

2Ng2
+

M2

2NG2

= −Λ2

8π
+
m2 +M2

4π

[

ln

(

m2 +M2

Λ2

)

− 1

]

+
m2

2Ng2
+

M2

2NG2
. (4.6)
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If we choose the following relations between the UV cutoff Λ/2 and the bare coupling constants
g2, G2,

π

Ng2
− ln Λ = ξ1,

π

NG2
− ln Λ = ξ2, (4.7)

Evac(m,M) is well defined in the limit Λ → ∞ (dropping the irrelevant quadratic divergence)
and given by

Evac =
m2 +M2

4π

[

ln
(

m2 +M2
)

− 1
]

+
ξ1m

2

2π
+
ξ2M

2

2π
. (4.8)

Minimize Evac with respect to m,M ,

0 = m
[

2ξ1 + ln
(

m2 +M2
)]

,

0 = M
[

2ξ2 + ln
(

m2 +M2
)]

. (4.9)

These equations only admit a solution with nonvanishingm andM if ξ1 = ξ2 = −1
2 ln(m

2+M2).
This takes us back to the NJL2 model with its infinitely degenerate vacua along the chiral circle
of radius

√
m2 +M2. The other options are m 6= 0,M = 0, ξ2 unspecified and

ξ1 = −1

2
lnm2, Evac = −m

2

4π
, (4.10)

or else m = 0,M 6= 0, ξ1 unspecified and

ξ2 = −1

2
lnM2, Evac = −M

2

4π
. (4.11)

The vacuum energy is lowest for m 6= 0 if ξ1 < ξ2 and forM 6= 0 if ξ1 > ξ2. In view of the remark
below Eq. (4.2), we may adopt the first scenario. Choosing units such that m = 1 and denoting
ξ2(> 0) by ξ from now on, we finally get the renormalization conditions (gap equations)

π

Ng2
= lnΛ,

π

NG2
= ξ +

π

Ng2
= ξ + lnΛ. (4.12)

With the help of these relations, all physical quantities can be expressed in terms of the scale
m (set equal to 1) and the dimensionless parameter ξ which serves to interpolate between the
massless NJL2 (ξ = 0) and GN (ξ = ∞) models. This expectation is borne out in the following
sections, supporting our renormalization method.

4.3 Meson spectrum and fermion-antifermion scattering

In the largeN limit, fermion-antifermion bound and scattering states can conveniently be derived
via the relativistic random phase approximation (RPA) [3, 41]. Since the scalar and pseudoscalar
channels decouple and the HF vacuum is the same as in the GN or NJL2 model, this analysis
requires only minor changes of the standard calculation for the NJL2 model. Consider first the
bound state problem. The scalar channel has been spelled out in all detail in Ref. [41] where it
is shown that the eigenvalue equation assumes the form

1 = 2Ng2
∫

dk

2π
ū(k)v(k − P )ū(k − P )v(k)

E(k − P, k)

E2(P )− E2(k − P, k)
. (4.13)



36 CHAPTER 4. MASSLESS NJL2 MODEL WITH TWO COUPLING CONSTANTS

Here, P is the total momentum of the fermion-antifermion system, u, v are positive and negative
energy HF spinors, and

E(k) =
√

k2 + 1, E(k′, k) = E(k′) + E(k). (4.14)

The energy of the meson is denoted by E(P ) =
√
P 2 +M2. An analogous computation in the

pseudoscalar channel gives

1 = −2NG2

∫

dk

2π
ū(k)iγ5v(k − P )ū(k − P )iγ5v(k)

E(k − P, k)

E2(P )− E2(k − P, k)
. (4.15)

Use of the identities

ū(k)v(k − P )ū(k − P )v(k) =
4 + P 2 − E2(k − P, k)

4E(k)E(k − P )
(4.16)

ū(k)iγ5v(k − P )ū(k − P )iγ5v(k) = −P
2 − E2(k − P, k)

4E(k)E(k − P )
(4.17)

puts these eigenvalue equations into the more convenient form

1 =
Ng2

2

∫

dk

2π

(

1

E(k − P )
+

1

E(k)

)

4 + P 2 − E2(k − P, k)

E2(P )− E2(k − P, k)
,

1 =
NG2

2

∫

dk

2π

(

1

E(k − P )
+

1

E(k)

)

P 2 − E2(k − P, k)

E2(P )− E2(k − P, k)
. (4.18)

If we regularize the momentum integrals with the same cutoff Λ/2 as used in the treatment of
the vacuum energy and use the renormalization conditions Eqs. (4.12), we get the renormalized
eigenvalue conditions

0 =

∫

dk

2π

(

1

E(k − P )
+

1

E(k)

)

4 + P 2 − E2(P )

E2(P )− E2(k − P, k)
, (4.19)

2ξ

π
=

∫

dk

2π

(

1

E(k − P )
+

1

E(k)

)

P 2 − E2(P )

E2(P )− E2(k − P, k)
, (4.20)

now free of divergences. Eq. (4.19) is the same as in the standard GN and NJL2 models and
gives the familiar result for the scalar (σ) meson mass, M = 2. The right-hand side of Eq. (4.20)
is independent of P and can readily be evaluated in the cm frame of the meson (P = 0),

ξ = −M2

2

∫

dk
1√

k2 + 1(M2 − 4− 4k2)

=
1√
η − 1

arctan
1√
η − 1

(4.21)

with

η =
4

M2
(4.22)

Solving the transcendental equation (4.21) numerically, the pseudoscalar (π) meson mass is
found to rise from M = 0 at ξ = 0 to 2 at ξ → ∞, see Fig. 4.1. The first limit is as expected
– this is the would-be Goldstone boson of the NJL2 model. The 2nd one is surprising at first
glance, since we are supposed to reach the GN model in this limit. The GN model does not have
any pseudoscalar fermion-antifermion interaction, let alone a bound state.
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To better understand what is going on, we briefly turn to the fermion-antifermion scattering
problem. Since the RPA equations have a separable kernel with one-term separable potentials
in the scalar and pseudoscalar channels, this is straightforward [42]. The energy dependence of
the scattering matrix is encoded in the following functions of the Mandelstam variable s,

τσ =
Ng2

1 +Ng2
∫

dk
2π

1√
1+k2

4k2

s−4(1+k2)+iǫ

τπ =
NG2

1 +NG2
∫

dk
2π

1√
1+k2

4(1+k2)
s−4(1+k2)+iǫ

(4.23)

Upon isolating the divergent part of the integrals and using the renormalization conditions, this
becomes

τ−1
σ =

(s− 4)

2π
I(s)

τ−1
π =

ξ

π
+

s

2π
I(s)

I(s) =

∫

dk
1√

1 + k2
1

s− 4(1 + k2) + iǫ
(4.24)

where the integral I(s) can be evaluated in closed form,

I(s) = − 2
√

s(4− s)
arctan

√

s

4− s
(s < 4) (4.25)

I(s) =
1

√

s(s− 4)

(

ln

√
s+

√
s− 4√

s−
√
s− 4

− iπ

)

(s > 4) (4.26)

τσ has the expected pole at s = 4 corresponding to the marginally bound scalar meson with M =
2. The pole of τπ in turn coincides with the mass of the pseudoscalar meson, see Eqs. (4.21,4.22).
According to the 2nd line of Eq. (4.24), the strength of the pseudoscalar scattering matrix
vanishes like ∼ 1/ξ for ξ → ∞. We therefore arrive at the following picture: As ξ → ∞, the
pseudoscalar interaction vanishes, in accordance with the expected GN limit. However, since an
arbitrary weak attractive interaction is sufficient to support a bound state in 1+1 dimensions,
the pseudoscalar bound state pole persists, the binding energy going to zero. As we shall see
later on, this decoupled π meson has no influence on any other observables of the model in the
large N limit, so that it does not really upset our goal of interpolating between the NJL2 and
GN models.

4.4 Baryons and soliton crystals at small ξ and low density

The derivative expansion is a standard technique to deal with quantum mechanical particles
subject to smooth potentials [24, 25]. In Ref. [17] it has been adapted to the particular needs of
the HF approach for low dimensional fermion field theories. In effect, it amounts to integrating
out the fermions in favor of an effective bosonic field theory, where the scalar and pseudoscalar
fields can be identified with the HF potentials related to the composite fermion operators ψ̄ψ
and ψ̄iγ5ψ. For baryons in the massive NJL2 model it leads to a chiral expansion in closed
analytical form [17]. Note that this method can only handle fully occupied valence levels at
present.
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Figure 4.1: Masses of σ and π mesons vs. ξ in the large N limit of the generalized GN model,
obtained from Eqs. (4.19-4.22).

Since the HF equation in the problem at hand has the same form as in the NJL2 model, we
can take over the derivation of the effective action from Ref. [17] almost literally. The Dirac-
HF equation is written as in Eqs. (4.3,4.4) except that the scalar (S) and pseudoscalar (P )
condensates in the baryon state are x dependent,

[

−γ5i∂x + γ0S(x) + iγ1P (x)
]

ψ = Eψ, (4.27)

with

S = −g2〈ψ̄ψ〉,
P = −G2〈ψ̄iγ5ψ〉. (4.28)

As is well known, the HF energy can be written as the sum over single particle energies of
occupied orbits and a double counting correction. Only this last part is different in the present
case. Due to the renormalization condition (4.12), it depends on the parameter ξ,

Ed.c. =
S2

2Ng2
+

P 2

2NG2
=
S2 + P 2

2π
ln Λ +

ξ

2π
P 2. (4.29)

The cutoff dependent term cancels exactly the logarithmic divergence in the sum over single par-
ticle energies. Only the last term in Eq. (4.29) is different from what it was before. Consequently,
we can simply take over the effective action from Ref. [17], set the confinement parameter γ = 0
(vanishing bare fermion mass) and add the new contribution proportional to ξ from Eq. (4.29).
Adopting polar coordinates in field space,

S − iP = (1 + λ)e2iχ, (4.30)

and working at the same order in the derivative expansion as in [17], we then get at once the
energy density (′ = ∂x and χIV denotes the 4th derivative of χ)

2πE = ξ(1 + λ)2 sin2(2χ) + (χ′)2 − 1

6
(χ′′)2 +

1

30
(χ′′′)2 − 1

140
(χIV )2 − 1

45
(χ′′)4 + λ2 +

1

12
(λ′)2 +

1

3
λ3

− 1

120
(λ′′)2 − 1

6
λ(λ′)2 − 1

12
λ4 +

1

3
λ(χ′′)2 +

1

15
λ(χ′′′)2 +

1

5
λχ′′χIV − 1

2
λ2(χ′′)2. (4.31)
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We have to vary the energy functional with respect to λ and χ and solve the Euler-Lagrange
equations, then compute baryon number and baryon mass. Although we shall follow the same
procedure as in Ref. [17], the results will be quite different, reflecting the different ways in which
chiral symmetry is broken in these two models. For simplicity, take first the case of the leading
order (LO) derivative expansion. Here, we only keep two terms in the energy density,

2πE = ξ sin2(2χ) + (χ′)2. (4.32)

Rescaling the chiral phase field and its spatial argument as follows,

χ(x) =
1

4
θ(y), y = 2

√

ξx, (4.33)

we recognize the (static) sine-Gordon action (˙ = ∂y)

4π

ξ
E =

1

2
θ̇2 − cos θ + 1. (4.34)

The Euler-Lagrange equation is the time-independent sine-Gordon equation

θ̈ = sin θ, (4.35)

so that the baryon can be identified with the sine-Gordon kink

θ = 4arctan ey. (4.36)

But unlike in the massive NJL2 model, this object has baryon number 1/2, exactly like the kink
in the standard GN model (with fully occupied zero-mode),

NB =

∫

dx
χ′

π
=

1

π
[χ(∞)− χ(−∞)] =

1

2
. (4.37)

Here we have used the topological relationship between baryon number and winding number of
the chiral phase [3, 17]. The mass of this kink-like baryon is found to be

MB

N
=

√
ξ

π
=
mπ

2π
, (4.38)

where, in the 2nd step, we have made use of Eq. (4.21) to LO in ξ and denoted the pion mass
by mπ. Here topology together with explicit symmetry breaking leads to NB = 1/2 hadrons,
see Fig. 4.2.

In the same vein, higher order calculations closely follow Ref. [17]. We find it useful to switch
from the parameter ξ to mπ by means of Eq. (4.21),

ξ ≈ 1

4
m2

π +
1

24
m4

π +
1

120
m6

π +
1

560
m8

π, (4.39)

and to expand χ and λ into Taylor series in mπ,

χ ≈ χ0 +m2
πχ1 +m4

πχ2 +m6
πχ3,

λ ≈ m2
πλ1 +m4

πλ2 +m6
πλ3. (4.40)
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Figure 4.2: Deformed mexican hat potential with two degenerate minima at m = ±1 in the
massless NJL2 model with 2 coupling constants, leading to half-integer baryon number.

The Euler-Lagrange equations corresponding to the effective action (4.31) can then be solved
analytically with the NNNLO results (y = mπx)

χ0 = arctan ey

λ1 = −1

4

1

cosh2 y

χ1 =
1

16

sinh y

cosh2 y

λ2 = − 1

96

10 cosh2 y − 13

cosh4 y

χ2 = − 1

2304

sinh y(11 cosh2 y − 26)

cosh4 y

λ3 = − 1

5760

562 cosh4 y − 3090 cosh2 y + 2811

cosh6 y

χ3 =
sinh y

1382400

(6271 cosh4 y + 29588 cosh2 y − 26784)

cosh6 y
(4.41)

The baryon mass becomes

MB

N
=
mπ

2π

(

1− 1

36
m2

π +
13

3600
m4

π − 1193

705600
m6

π

)

(4.42)

As the whole winding number of χ resides in the LO term χ0, baryon number is always 1/2.
Therefore the complex potential S − iP traces out half a turn around the chiral circle. This is
confirmed by plotting S and P , showing kink-like behavior of S like in the massless GN model,
see Fig. 2. The presence of a non-vanishing P signals that we are dealing with a new kind of
solitonic baryon here which did not show up yet in any other variant of the GN model family.

Let us now turn to periodic solutions of the Euler-Lagrange equations in the derivative
expansion. They are expected to approximate systematically the ground state of matter at low
densities and in the vicinity of the chiral limit ξ = 0. Since the resulting expressions are rather
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lengthy, we only give them up to NNLO here,

χ0 =
π

4
+

1

2
am

λ1 = −1

4
cn2

χ1 =

(

ζ

24
+

1

16

)

sn cn− ζ

24κ2
dnZ

λ2 =

(

13

96
− ζ

24

)

sn4 +

(

ζ

24
− 1 + κ2

24κ2

)

sn2 +
4− κ2

96κ2
− ζ

24κ2
sn cn dnZ

χ2 =

(

ζ3

576κ2
+

(κ2 − 5)ζ2

576κ2
+

(61 + 30κ2)ζ

2880κ2
+

59κ2 − 44

2304κ2

)

sn cn

−
(

ζ3

576κ4
+

(κ2 − 3)ζ2

288κ4
+

(61 + 30κ2)ζ

2880κ4

)

dnZ

−
(

13

1152
+

ζ

96
+

ζ2

576

)

sn3cn− ζ2

576κ2
sn cnZ2 +

(

ζ2

288κ2
+

ζ

96κ2

)

dn sn2Z (4.43)

Here,

ζ = (1− κ2)
K

E
, (4.44)

E,K are complete elliptic integrals of κ and am, sn, cn, dn and Z are standard Jacobi elliptic
functions with spatial argument

z =
mπ

κ
x (4.45)

and elliptic modulus κ. The mean density can be simply inferred from the period of the crystal,

ρ =
mπ

4κK
. (4.46)

By way of example, we show in Fig. 4.4 the scalar and pseudoscalar potentials corresponding to
ξ = 0.2 (as in Fig. 4.3) and the density ρ = 0.05. Again the convergence seems to be very good.

Since the derivative expansion is anyway expected to be most useful at low densities, we note
the following simplification in the low density limit: for κ → 1, we can use the approximation
ζ ≈ 0 and keep κ only in the arguments of the Jacobi elliptic functions. Expressions (4.43) then
reduce to periodic extensions of the baryon results obtained by simply replacing

cosh y → 1

cn(z, κ)
, sinh y → sn(z, κ)

cn(z, κ)
(4.47)

in Eqs. (4.41).
Finally, we derive a sum rule for the baryon number of a single baryon, following Ref. [9].

This will equip us with a way of testing the results from the derivative expansion. Starting point
is the divergence of the axial current in the generalized GN model

∂µj
µ
5 = −2(g2 −G2)ψ̄ψ ψ̄iγ5ψ

= 2
(

Sψ̄iγ5ψ − Pψ̄ψ
)

= −2N

(

1

NG2
− 1

Ng2

)

SP

= −2Nξ

π
SP, (4.48)
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Figure 4.3: Scalar (S) and pseudoscalar (P ) potentials for baryon in the derivative expansion,
ξ = 0.2,mπ ≈ 0.8389. Dashed curves: LO (sine-Gordon), solid curves: NNNLO, see Eqs. (4.41).
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Figure 4.4: Soliton crystal for generalized GN model, ξ = 0.2,mπ ≈ 0.8389, ρ = 0.05. Dashed
curves: LO (sine-Gordon), solid curves: NNLO, see Eqs. (4.43).
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where we have taken a ground state expectation value and used large N factorization. Owing
to the properties

j05 = j1, j15 = j0 (4.49)

specific for 1+1 dimensions, we get for stationary states

∂1ρ(x) = −2Nξ

π
S(x)P (x). (4.50)

Twofold integration for the baryon case then leads to a sum rule relating baryon number directly
to an integral over the HF potentials S, P ,

ρ(x) = −2Nξ

π

∫ x

−∞
dx′S(x′)P (x′) (4.51)

1

2
= −2ξ

π

∫ ∞

−∞
dx

∫ x

−∞
dx′S(x′)P (x′)

=
2ξ

π

∫ ∞

−∞
dxxS(x)P (x). (4.52)

In the last step, partial integration was used. Inserting the results for S, P from the baryon, i.e.,

S = +(1 + λ) cos(2χ),

P = −(1 + λ) sin(2χ), (4.53)

with χ, λ from Eqs. (4.41), we find that the sum rule (4.52) is only violated at O(m8
π). This is

a good independent test of a considerable amount of algebra behind the derivative expansion.

4.5 Phase diagram near the NJL2 tricritical point (ξ = 0)

We start our investigation of the phase diagram of the generalized GN model by zooming in onto
the tricritical point at ξ = 0, i.e., of the NJL2 model. In Ref. [34] it was shown that this region
is well suited for the derivative expansion, which here leads to a (microscopic) Ginzburg-Landau
type theory. In that work, chiral symmetry was broken as usual by means of a bare fermion
mass term. Here instead we break it by choosing two slightly different coupling constants in
the scalar and pseudoscalar channels. The central quantity of interest is the grand canonical
potential which differs in these two cases only by the double counting correction. Since the latter
is independent of temperature and chemical potential, the situation is very similar to the one
in the preceding section. Once again we can take over the effective action from the literature
about the massive NJL2 model [34]. The only necessary modification is to replace the double
counting correction term coming from the bare mass by the one proportional to ξ, cf. Eq. (4.29).
For the present purpose, it is advantageous to combine the HF potentials S, P into one complex
field φ = S− iP . Those condensates have the same toplology as shown in Figs. 2.1, 4.2, 5.3, 5.4
but topology may thermally change and spontaneous broken symmetries get restored, see [34].
The result for the grand canonical potential density to the order needed here (dropping a field
independent part) then becomes

Ψeff = α2|φ|2 + α3ℑ(φφ′ ∗) + α4

(

|φ|4 + |φ′|2
)

+
ξ

2π
(ℑφ)2 (4.54)
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with

α2 =
1

2π
[ln(4πT ) + ℜΨ(z)]

α3 = − 1

8π2T
ℑΨ(1)(z)

α4 = − 1

64π3T 2
ℜΨ(2)(z) (4.55)

and

z =
1

2
+

iµ

2πT
. (4.56)

We denote the digamma and polygamma functions as

Ψ(z) =
d

dz
ln Γ(z), Ψ(n)(z) =

dn

dzn
Ψ(z). (4.57)

In the chiral limit (ξ = 0), the tricritical point is located at

µt = 0, Tt = Tc =
eC

π
(4.58)

with Euler’s constant C ≈ 0.577216. Following Ref. [34], we expand the coefficients (4.55) of the
GL effective action around the tricritical point (4.58),

α2 ≈ 7

8π
ζ(3)e−2Cµ2 − 1

2
e−Cτ2

α3 ≈ 7

8π
ζ(3)e−2Cµ

α4 ≈ 7

32π
ζ(3)e−2C (4.59)

with τ =
√
Tc − T . The ξ-dependence can now be removed as follows. Rescaling the field and

the coordiante according to

φ(x) = ξ1/2ϕ(u), u = ξ1/2x

φ′(x) = ξϕ̇(u), φ′′(x) = ξ3/2ϕ̈(u) (4.60)

and introducing rescaled thermodynamic variables

ν =
2µ

ξ1/2
, σ =

√

a

Tc

τ

ξ1/2
(4.61)

with the constant

a =
16e2C

7ζ(3)
≈ 6.03198, (4.62)

the reduced grand canonical potential density

Ψ̃eff =
2πa

ξ2
Ψeff (4.63)

becomes indeed independent of ξ,

Ψ̃eff = |ϕ̇|2 − iν(ϕϕ̇∗ − ϕ̇ϕ∗) + (ν2 − σ2)|ϕ|2 + |ϕ|4 − a

4
(ϕ− ϕ∗)2. (4.64)
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The Euler-Lagrange equation

ϕ̈− 2iνϕ̇+ (σ2 − ν2)ϕ− 2|ϕ|2ϕ− a

2
(ϕ− ϕ∗) = 0 (4.65)

differs from the complex non-linear Schrödinger equation by the term ∼ ϕ∗. This has prevented
us from finding the solution in closed analytical form. Let us first determine the expected
2nd order phase boundaries. The phase boundary between massless and massive homogeneous
phases can easily be found by minimizing Ψ̃eff with the ansatz ϕ = m and setting m = 0 in the
condition for the non-trivial solution. The result in the new coordinates is the straight line

σ = ν. (4.66)

Next consider the phase boundary separating the crystal phase from the chirally restored (m = 0)
homogeneous phase. Here we use the ansatz (see Sec. IV of Ref. [34] for the justification)

ϕ = c0 cos(qu) + id0 sin(qu) (4.67)

and evaluate the spatial average of Ψ̃eff , keeping only terms up to 2nd order in c0, d0,

〈Ψ̃eff〉 = M11c
2
0 + 2M12c0d0 +M22d

2
0, (4.68)

with

M11 =
1

2
(q2 + ν2 − σ2)

M12 = −νq

M22 =
1

2
(a+ q2 + ν2 − σ2). (4.69)

As explained in Ref. [33], the phase boundary is now defined by the conditions

detM = 0,
∂

∂q2
detM = 0, (4.70)

yielding the critical curve

σ =

√

a(8ν2 − a)

4ν
. (4.71)

The wave number q obeys

q =

√

σ2 + ν2 − a

2
. (4.72)

The tricritical point can be identified with the point of intersection of the two critical curves
(4.66) and (4.71),

σt = νt =

√
a

2
. (4.73)

Going back to the original, unscaled variables, this translates into

Tt = Tc

(

1− 1

4
ξ

)

,

µt =

√
a

4
ξ1/2. (4.74)



46 CHAPTER 4. MASSLESS NJL2 MODEL WITH TWO COUPLING CONSTANTS

Notice that q vanishes at the tricritical point. We expect that a third critical line ends at the
tricritical point, namely the 1st order phase boundary separating the crystal from the massive
Fermi gas phase. It has to be determined numerically. To this end, we insert the Fourier series
ansatz

ϕ =
∑

n

cn cos[(2n+ 1)qu] + i
∑

n

dn sin[(2n+ 1)qu] (4.75)

into Eq. (4.64) and minimize the effective action with respect to the parameters cn, dn and q.
By keeping only wave numbers which are odd multiples of q, we restrict ourselves to potentials
which are antiperiodic over half a period,

ϕ(u+ π/q) = −ϕ(u). (4.76)

This kind of shape is indeed favored by the minimization, as was the case for the massless GN
model. It shows that discrete chiral symmetry and translational symmetry are broken down to
a discrete combination of the 2 transformations, namely

ψ(x) → γ5ψ(x+ π/q) (4.77)

from which Eq. (4.76) for bilinears follows. In practice, we found that it is sufficient to keep
c0, c1, d0, d1 in the expansion (4.75). Comparing the reduced grand potential with the one
from the homogeneous massive solution, we can locate the phase boundary. The result of the
calculation is shown in Fig. 4.5 together with the two 2nd order phase boundaries discussed
above. Due to the rescalings, this is a kind of universal phase diagram which contains all
information about the actual phase diagram in the vicinity of the tricritical point at ξ = 0.
By undoing the rescaling we can reconstruct the phase diagrams for small ξ values in a limited
region of the (µ, T ) plane. This is shown in Fig. 4.6. Here one sees nicely the transition from the
behavior qualitatively familiar from the GN model to the one from the massless NJL2 model.
The angle between the two phase boundaries delimiting the crystal at the tricritical point is
consistent with zero, just like in the standard GN model.

4.6 A simple variational ansatz

We minimize the (4th order) GL effective action, Eq. (4.54), using the variational ansatz

Φ = S − iP =M +AeiQx (4.78)

with three real parameters M , A, Q. It contains the homogeneous solution (A = 0) and the
chiral spiral (M = 0) as special cases. Inserting this ansatz into the effective action and averaging
over one spatial period L = 2π/Q yields the effective potential

Ψeff(M,A,Q) = α4(M
4 +A4 + 4M2A2 +A2Q2) + α2(M

2 +A2)− α3A
2Q+ αs

A2

2
(4.79)

to be minimized with respect to M , A, Q. The variation of Q yields either the homogeneous
phase (A = 0) or the wave number

Q =
α3

2α4
. (4.80)

Inserting this value of Q into Eq. (4.79) and minimizing Ψeff(M,A) with respect to A2 then gives

A2 = −2M2 − αs + 2α2

4α4
+

α2
3

8α2
4

. (4.81)
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Figure 4.5: Rescaled phase diagram near the tricritical point of the NJL2 model. Straight line:
2nd order phase boundary, Eq. (4.66). Dashed curve: 2nd order phase boundary, Eq. (4.71).
Solid curve: 1st order phase boundary, numerical calculation. The 3 critical curves meet at the
tricritical point σt = νt =

√
a/2. The parameter ξ has been eliminated by the choice of variables,

see Eq. (4.61).
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Figure 4.6: Reconstructed phase diagram of generalized GN model near the tricritical point of
NJL2 model for ξ = 0.0001, 0.0002, 0.0004, 0.0007, 0.001, 0.002, 0.004, 0.007, 0.01, from left to
right. All curves are obtained from the ones shown in Fig. 4.5, but ν, τ values up to ≈ 50 are
needed for the smallest ξ value.
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Note that A is only real-valued if

M2 ≤ α2
3

16α2
4

− αs + 2α2

8α4
=M2

max. (4.82)

Since the explicit symmetry breaking term ξP 2 forces the homogeneous solution onto the S-axis
the homogeneous grand canonical potential reads

ΨH = α4M
4 + α2M

2. (4.83)

The minimal effective action in the crystal phase (for M2 ≤M2
max) is

Ψcryst = −α4A
4 +ΨH , (4.84)

with A form Eq. (4.81). For M2 > M2
max the potential is unique and given by ΨH . For

M2 < M2
max the system prefers the crystal phase since

Ψcryst −ΨH = −α4(M
2 −M2

max)
2 < 0. (4.85)

Combining both cases, the following effective potential summarizes the information about the
phase structure near the chiral limit,

Ψeff(M) = θ(M2 −M2
max)ΨH + θ(M2

max −M2)Ψcryst. (4.86)

The effective potential is shown in Fig. 4.7 for the 1st order transition and in Fig. 4.8 for the
2nd order transition. In the 1st order case, M jumps from a finite value M > Mmax in the
homogeneous phase to M = 0 in the crystal phase. At the same time the amplitude A appears
discontinuously. In the 2nd order case, Ψeff has only one minimum at M = 0. The crystal
phase with M = 0 and real A disappears at the critical parameter Mmax, denoted by a point
on the curves. A vanishes on the border Mmax = 0 and would become imaginary for Mmax < 0.
The crystal Φ = AeiQx vanishes continously to a massless Fermi gas Φ = 0. This situation
is quite different from the massive NJL2 model [34]. In the rescaled, ξ-independent variables
of Eq. (4.64), the variational ansatz leads to analytical results. In analogy to the calculation
of Sect. 4.5, the tricritical point is located at σt =

√

a
2 = νt. The 2nd order phase transition

between crystal and massless Fermi gas is given by a horizontal line starting at the tricritical
point. The 1st order transition between crystal and massive Fermi gas is given by a vertical
line starting at the tricritical point. The 2nd order transition between massive and massless
Fermi gas connects the origin and the tricritical point by a straight line. This picture differs
from Fig. 4.5, but contains all relevant transitions. Notice also that the critical lines in Fig. 4.5
asymptotically converge towards

√

a/2.

4.7 Full phase diagram

So far, we have discussed only those results about the generalized GN model that could be
obtained analytically, or at least with a minimal numerical effort. For the sake of completeness
we have also determined the full phase diagram with the help of the HF approach for a number of
values of the parameter ξ, interpolating between the well-known GN and NJL2 phase diagrams.
As is clear from the previous sections, for each ξ one needs to determine three phase boundaries
meeting at the tricritical point:
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Figure 4.7: Evolution of effective potential when crossing the 1st order phase boundary. Pa-
rameter values: ξ = 0.063, T = 0.54 and µ = 0.21, 0.205, 0.2 (from bottom to top). Since Ψ is
symmetric in M , the crystal phase always corresponds to M = 0. Mmax is denoted by the dots
separating the crystal potential (left) from the homogeneous potential (right).

Figure 4.8: Like Fig. 4.7, but for 2nd order phase transition: ξ = 0.063, µ = 0.25,T =
0.55, 0.5504, 0.5509.
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• The 2nd order critical line separating massless and massive homogeneous phases, identical
to the corresponding phase boundary in the original phase diagram of the GN model [2].
In our case, it connects the NJL2 critical point to the critical point for a given value of ξ.

• The 2nd order phase boundary separating the soliton crystal from the massless homo-
geneous phase which can be determined perturbatively (i.e., treating the potentials S, P
in the Dirac-HF equation in 2nd order perturbation theory). The numerical work here
amounts to one-dimensional numerical integrations and solution of transcendental equa-
tions and can be done easily to any desired accuracy. Moreover, an asymptotic expression
for large chemical potential will be given in closed analytical form.

• A 1st order phase boundary between crystal phase and massive Fermi gas which requires
a full numerical HF calculation. Since the technique has been set up previously in a study
of the massive NJL2 model and is described in detail in Sect. 3 and Ref. [33], we shall be
very brief here and merely show the final results.

Consider the perturbative phase boundary between crystal and massless Fermi gas first. The
calculation is similar to the corresponding one for the massive NJL2 model [33], except that we
may set m = 0 right away. Introducing the Fourier components S1, P1 of the HF potentials via

S(x) = 2S1 cos (2pfx) , P (x) = 2P1 sin (2pfx) (4.87)

where the Fermi momentum pf is related to the mean fermion density as

ρ =
1

a
=
pf
π
, (4.88)

the single particle energies in 2nd order perturbation theory read

Eη,p = p+
(S1 − P1)

2

2(p+ pf )
+

(S1 + P1)
2

2(p− pf )
(ηp > 0)

Eη,p = −p− (S1 + P1)
2

2(p+ pf )
− (S1 − P1)

2

2(p− pf )
(ηp < 0) (4.89)

The correction to the single particle contribution of the grand canonical potential density is then
given by

δΨs.p. = P.V.

∫ Λ/2

0
dp (f1 + f2 + f3 + f4) (4.90)

with

f1 = −p(S
2
1 + P 2

1 )

π(p2 − p2f )
, f2 =

2pfP1S1
π(p2 − p2f )

(4.91)

f3 =
p(S2

1 + P 2
1 )

π(p2 − p2f )

(

1

1 + eβ(p−µ)
+

1

1 + eβ(p+µ)

)

f4 =
2pfP1S1

π(p2 − p2f )

(

1

1 + eβ(p−µ)
− 1

1 + eβ(p+µ)

)

As in any HF calculation it has to be supplemented by the double counting correction,

δΨd.c. =
1

π
(S2

1 + P 2
1 ) lnΛ +

ξ

π
P 2
1 . (4.92)
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Carrying out the principal value integrals involving f1, f2 analytically, we arrive at the finite
expression for the sum of (4.91) and (4.92)

δΨ =
1

π
(S2

1 + P 2
1 ) ln(2pf ) +

ξ

π
P 2
1 P.V.

∫ ∞

0
dp(f3 + f4) (4.93)

From here on, we can proceed in the same manner as in the previous sections, i.e., we set

δΨ = M11S
2
1 + 2M12S1P1 +M22P

2
1 (4.94)

and solve the equations

detM = 0,
∂

∂pf
detM = 0 (4.95)

numerically. Further simplifications occur at large µ where the asymptotic behavior of the
phase boundary can be determined analytically. Once again we take over the corresponding
formula from the massive NJL2 model [33], merely modifying the double counting correction
and dropping the S0(= m) piece. Setting S1 = X + y/2, P1 = X − y/2, we then get

Ψeff =
2X2

π
ln(4pf ) +

y2

4π

(

ln(y2)− 1
)

+
ξ

π

(

X − y

2

)2
− 2

βπ

∫ ∞

0
dp ln

(

1 + e−β
√

p2+y2
)

. (4.96)

Minimization with respect to X yields

X =
ξy

4 ln(4pf ) + 2ξ
. (4.97)

Minimization with respect to y gives the condition

0 = 2

∫ ∞

0
dp

1
√

p2 + y2
(

1 + eβ
√

p2+y2
) + ln y +

ξ ln(4pf )

ξ + 2 ln(4pf )
. (4.98)

Expanding the integral in (4.98) for small y [37],

0 = ln y +
ξ ln(4pf )

ξ + 2 ln(4pf )
− ln

βy

π
− C+O(y2), (4.99)

the asymptotic form of the phase boundary is finally given by the expression (µ ≈ pf ),

Tcrit =
eC

π
e−K , K =

ξ ln(4µ)

ξ + 2 ln(4µ)
. (4.100)

X in Eq. (4.97) interpolates between 0 (NJL2) and y/2 (GN) for ξ = 0...∞. Likewise, Tcrit
smoothly interpolates between the known results for the NJL2 and GN model, respectively.

In Fig. 4.9 we show by way of example the perturbative phase boundary at ξ = 1.2, together
with the NJL2 (ξ = 0) and GN (ξ → ∞) model phase boundaries. The asymptotic expression
(4.100) is shown as the dashed curve and only deviates from the full result below µ ≈ 1. Fig. 4.10
represents a 3d plot of the perturbative phase boundary for 10 values of ξ ranging from 0 to 10.
The thick line is the tricritcial curve. We have also drawn the asymptotic behavior according to
Eq. (4.100) for 3 moderate values of µ to demonstrate how well this simple formula catches the
perturbative critical sheet for all values of ξ, starting from µ ≈ 1.

Still missing in Fig. 4.10 is the critical sheet separating the crystal from the massive Fermi
gas. We recall that this phase transition is of 2nd order in the GN model, non-existing in the
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Figure 4.9: Perturbative 2nd order phase boundary separating the crystal from the chirally
restored homogeneous phase at ξ = 1.2. Also shown are the corresponding critical lines for
the NJL2 model (ξ = 0) and the GN model (ξ = ∞). Dashed curve: asymptotic expression,
Eq. (4.100). The open circles are the tricritical points for all 3 cases.
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Figure 4.10: Like Fig. 4.9, 3d plot for several values of ξ (ξ = 0, 0.1, 0.2, 0.4, 0.8, 1.2, 2.0, 3.0,
5.0, 10.0). Fat curve: Tricritical line. Three curves at constant µ (µ = 1.0, 1.5, 2.0): asymptotic
expression, Eq. (4.100).
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massless NJL2 model and of 1st order in the massive NJL2 model. We find that it is of 1st
order in the generalized GN model for all values of ξ, so that apparently the phase transition
becomes continuous only in the GN limit ξ → ∞. Hence there is no way of determining the
critical sheet perturbatively and we need a full thermal HF calculation. Fortunately, this can be
done using the techniques which have recently been developed for the massive NJL2 model [33].
As a matter of fact, all what is needed is a trivial modification of the double counting correction.
We therefore refer to Ref. [33] for more technical details and immediately pass on to the results.

Let us first consider the 1st order critical line at T = 0, i.e., the baseline of the 1st order
critical sheet in a 3d plot. This is closely related to the baryon mass discussed in Sec. 4.4 near
the chiral limit. Since we are not restricted to small ξ values in the numerical HF calculation, we
can now get complementary information to the one of Sec. 4.4 and complete the picture about
baryons in the generalized GN model. Fig. 4.11 shows the phase boundary at zero temperature
in the (ξ, µ) plane (the actual calculation was done at T = 0.05, but this makes no difference).
Since baryon number is 1/2 in our model, the critical chemical potential has to be identified with
twice the baryon mass (divided by N) here. The reason is the following: The critical chemical
potential at T = 0 is the amount of energy needed to add a fermion to the vacuum. If the
kink-like baryon has mass MB and carries N/2 fermions, we get µcrit = 2MB/N . The curve in
Fig. 4.11 interpolates between the massless baryons of the NJL2 model and twice the mass of the
kink in the GN model, MB/N = 1/π. As shown in Fig. 4.12, at small values of ξ the numerical
HF results match nicely onto the derivative expansion, a welcome test of both the analytical
and numerical approaches. From the HF calculation at the phase boundary we can also extract
the shape of the self-consistent potentials for a single baryon, now for arbitrary values of ξ. A
typical example is shown in Fig. 4.13 for the case ξ = 2. The scalar potential has kink shape at
all ξ, going over into the GN model kink in the limit ξ → ∞. The pseudoscalar potential is bell
shaped and gets more and more suppressed with increasing ξ. This is of course just the effect
of the double counting correction term (4.29) where ξ acts like a Lagrange multiplier for P ,
quenching it completely in the limit ξ → ∞. The other limit, ξ → 0, has already been discussed
before in Sec. 4.4 in terms of the sine-Gordon kink with scalar and pseudoscalar potentials of
the same amplitude.

Finally, we come to the full phase diagram as a function of ξ, µ, T , including the numerically
determined 1st order sheet. It is shown in Fig. 4.14 and Fig. 4.15 under 2 different viewing angles
for the sake of clarity. As explained in more detail in Ref. [33], the phase boundary is determined
by performing the HF calculation along a trajectory crossing the critical line and comparing the
grand canonical potential of the massive Fermi gas to the one of the soliton crystal. As we know
the exact location of the tricritical point in the present case, we are even in a somewhat better
position here than in the previous study of the massive NJL2 model.

4.8 Summary

In this section, we have studied a generalization of the GN model with two different (scalar and
pseudoscalar) coupling constants. This equips us with an “interpolating field theory” between
the well-studied massless GN and NJL2 models in a way which always keeps the discrete Z2

chiral symmetry intact. The continuous chiral symmetry of the NJL2 model is only recovered
for equal coupling constants, so that we now break chiral symmetry (explicitly) in a quite
different manner than via the usual fermion mass term. Our motivation was primarily to get
further insights into the solitonic aspects of 4-fermion theories in 1+1 dimensions which have
been investigated intensely in recent years.

The first insight is the emergence of the dimensionless parameter ξ during the process of
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Figure 4.11: First order phase boundary separating the crystal from the massive Fermi gas
phases at T = 0 in the generalized GN model. The vertical axis may be interpreted either as
critical chemical potential or twice the baryon mass, due to fractional baryon number 1/2 in this
model. The straight line shows the asymptotic value 2/π taken from the standard GN model.
Numerical calculations performed for a few extra points (ξ = 0.3, 0.6, 1.0, 1.6, 2.5, 4.0, 6.5, 8.0) in
addition to the values mentioned in the caption of Fig. 4.10.
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Figure 4.15: Like Fig. 4.14, but different orientation for better visibility

regularization and renormalization, in addition to the familiar fermion mass. The basic relations,
Eqs. (4.12), which generalize the standard gap equation remove all divergences encountered in
subsequent applications, both in the treatment of bound states (mesons, baryons) and in the
thermodynamics of the model. The parameter ξ plays a role analogous to the “confinement
parameter” γ in massive GN models. This is particularly striking in the RPA approach to the
pseudoscalar fermion-antifermion bound and scattering states, where the results for the massive
NJL2 model and the generalized GN model become identical if we replace γ by ξ. The qualitative
effect of ξ on the HF calculations at zero and finite temperature is very easy to understand. It
only enters in the double counting correction to energy or thermodynamic potential as an extra
term ∼ ξ

∫

dxP 2. Hence it acts like a Lagrange multiplier for the pseudoscalar potential, leading
to a complete quenching of P in the GN limit ξ → ∞. Thus ξ may be thought of as a “chiral
quenching parameter” responsible for the transition from complex condensates living on the
chiral circle in the NJL2 model to the purely real condensates of the GN model.

As far as baryon structure is concerned, the most interesting result is perhaps the fact that
the new baryons interpolate between the kink of the GN model and the massless baryon of the
NJL2 model, always carrying fractional baryon number 1/2. This is certainly a consequence
of the fact that the generalized GN model still has a discrete chiral symmetry. Indeed in the
massive NJL2 model, chiral symmetry is explicitly broken by the mass term without a residual
Z2 symmetry and one finds baryons with integer baryon number 1. This new kind of chiral kink
is different from all known multi-fermion bound states in the GN model family and has been
determined analytically for small ξ and numerically for large ξ.

The phase diagrams of the NJL2 and GN model look very different, so that we were curious
to see how our theory would manage to interpolate between these two pictures. This can now
be answered most clearly by the study of the tricritical behavior near the chiral limit, largely
analytically owing to the GL approach. The relevant picture is Fig. 4.6, showing a kind of
“morphing” from GN-type behavior to the NJL2 phase diagram with its single straight line
phase boundary. Together with the numerical HF calculation, we are now confident that the
solitonic crystal phase is separated from the massless (massive) Fermi gas by a 2nd (1st) order
transition, respectively. This was not clear a priori, since the transition from the crystal to the
massive homogeneous phase is continuous in the GN model and doesn’t even exist in the NJL2

model. Our interpolated phase diagram also looks qualitatively different from the one of the
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massive NJL2 model which has only 2 phases (no massless phase due to explicit breaking of the
Z2 symmetry), and where the opening angle between the 2 phase boundaries at the tricritical
point was π rather than 0.

Initially, we had hoped that the generalized GN model can be solved analytically for arbitrary
ξ, since this is what happens at the “endpoints” ξ = 0 (NJL2) and ξ = ∞ (GN). However, this
does not seem to be the case. In this situation, the fact that our toolbox also contains the
numerical HF method has turned out to be a definite advantage. A combination of analytical
calculations and a numerical approach gives us confidence that we have solved and understood
the model in the large N limit fairly well. The most serious limitation at present is the fact
that our techniques are tailored to point-like 4-fermion interactions and cannot deal with gauge
theories in a systematic fashion. This is unfortunate in view of the interesting features of, e.g.,
the ’t Hooft model [27] where more analytical insights into the early [3] and very recent [43, 44]
numerical HF calculations on the lattice would be welcome.



Chapter 5

Massive NJL2 model with two
coupling constants

Chiral symmetry of the 2-dimensional chiral Gross-Neveu model is broken explicitly by a bare
mass term as well as a splitting of scalar and pseudo-scalar coupling constants. The vacuum
and light hadrons — mesons and baryons which become massless in the chiral limit — are
explored analytically in leading order of the derivative expansion by means of a double sine-
Gordon equation. Depending on the parameters, this model features new phenomena as compared
to previously investigated 4-fermion models: spontaneous breaking of parity, a non-trivial chiral
vacuum angle, twisted kink-like baryons whose baryon number reflects the vacuum angle, crystals
with alternating baryons, and appearance of a false vacuum [45].

5.1 Leading order derivative expansion

Consider the Lagrangian density of N species of massive Dirac fermions in 1+1 dimensions with
attractive, U(N) invariant scalar and pseudoscalar interactions,

L = ψ̄ (iγµ∂µ −m0)ψ +
g2

2
(ψ̄ψ)2 +

G2

2
(ψ̄iγ5ψ)

2. (5.1)

Flavor indices are suppressed (ψ̄ψ =
∑N

k=1 ψ̄kψk etc.) and the large N limit will be assumed.
This 3-parameter field theoretic model generalizes the (massive) chiral Gross-Neveu (GN) model
[1] to two different coupling constants. Its massless 2-parameter version is related to the early
work of Klimenko [18, 19] and has only recently been investigated comprehensively [40]. Our
main motivation for considering the Lagrangian (5.1) is to study the competition of two dif-
ferent mechanisms of explicit chiral symmetry breaking, both of which are well understood in
isolation. The first one is kinematical and familiar from gauge theories — the bare fermion
mass. The second one is dynamical — breaking chiral symmetry through the interaction term
while preserving parity. This seems to have no analogue in pure gauge theories. In the present
section we do not attempt a complete solution of the model (5.1) which would require extensive
numerical computations. To get a first overview of its physics content, we focus on the vicinity
of the chiral limit at zero temperature, where everything can be done in closed analytical form.

Following ’t Hooft [46], the large N limit is implemented by letting N → ∞ while keeping
Ng2 and NG2 constant. As is well known, this justifies the use of semiclassical methods [1, 5].
Thereby the Euler-Lagrange equation of the Lagrangian (5.1) gets converted into the Dirac-
Hartree-Fock equation,

(iγµ∂µ − S − iγ5P )ψ = 0, (5.2)

58
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where the scalar and pseudo-scalar mean fields are related to condensates (ground state expec-
tation values) through

S = −g2〈ψ̄ψ〉+m0,

P = −G2〈ψ̄iγ5ψ〉. (5.3)

Further simplifications arise if we concentrate on static problems in the vicinity of the chiral
limit, where the potentials are slowly varying in space. This allows us to invoke a systematic
expansion in derivatives of S and P without assuming that the potentials are weak [47, 17]. As a
result, we arrive at an effective bosonic field theory in which the Hartree-Fock potentials appear
as complex scalar field (written here in polar coordinates),

S − iP = ρeiθ. (5.4)

Note that this method can only handle full occupation of single particle levels at present. It
was pioneered in Ref. [14] and applied systematically to two variants of the Lagrangian (5.1),
the massive chiral GN model (g2 = G2, Ref. [17]) and the massless generalized GN model
(m0 = 0, Ref. [40]). Since the form of the Hartree-Fock equation is the same in all of these cases,
the problem at hand differs from previous ones only through the form of the double counting
correction to the energy density,

Ed.c. =
(S −m0)

2

2Ng2
+

P 2

2NG2

=
ρ2 cos2 θ

2Ng2
− m0ρ cos θ

Ng2
+
ρ2 sin2 θ

2NG2
. (5.5)

An irrelevant term ∼ m2
0 has been dropped. Regularization and renormalization require only a

straightforward extension of previous works. We replace the 3 bare parameters (m0, g
2, G2) by

physical parameters (ξ1, ξ2, η) via

π

Ng2
= lnΛ + ξ1,

π

NG2
= lnΛ + ξ2,

πm0

Ng2
= η. (5.6)

The lnΛ dependence is mandatory to ensure that the ultraviolet divergence in the sum over single
particle energies is cancelled by the double counting correction. In the last line of Eq. (5.6), we
avoid the use of the standard confinement parameter [4]

γ =
πm0

Ng2m
=

η

m
(5.7)

at this stage. This is done in order not to mix the parameters of the model with dynamical
quantities, which may lead to confusion in the present 3-parameter model. Restricting ourselves
to the leading order of the derivative expansion, we assume furthermore that the radius ρ is
fixed at the dynamical fermion mass and that the chiral angle field θ is slowly varying. These
assumptions can be justified by looking at higher order terms of the derivative expansion, but
they also have a very simple physical basis: Close to the chiral limit, the would-be Goldstone
field θ (the “pion” field) is the only one which can be modulated at low cost of energy [14]. The
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renormalized ground state energy density (including the vacuum contribution) corresponding to
Lagrangian (5.1) then reads

2πE = ρ2
(

ln ρ− 1

2

)

+
1

4
ρ2(θ′)2 − 2ηρ cos θ + ξ1ρ

2 cos2 θ + ξ2ρ
2 sin2 θ. (5.8)

Fermion number is given by the winding number of the chiral field [17]

Nf =
N

2π

∫ ∞

−∞
dxθ′ =

N

2π
[θ(∞)− θ(−∞)] . (5.9)

All we have to do is to minimize the energy
∫

dxE classically. As a result, we will get information
on the vacuum and its symmetries, as well as on light mesons and baryons in the vicinity of the
chiral limit. For a homogeneous vacuum, the truncated derivative expansion is exact since the
condensates are spatially constant. Hence our results for the vacuum may be taken as the large
N limit without any further approximation. Light hadrons are those which become massless in
the chiral limit. Here the derivative expansion can be viewed as a kind of chiral perturbation
theory, reliable close to the chiral limit. The expression for the pion mass for example is of
the type of the Gell-Mann, Oakes, Renner (GOR) relation [48] in the real world. The fact that
baryons emerge from a non-linear theory for the pion field with the baryon number as topological
winding number is of course reminiscent of the Skyrme model in 3+1 dimensions [16, 8].

5.2 Vacuum

We first determine the vacuum. To this end, we minimize 2πE , Eq. (5.8), with respect to (x-
independent) ρ and θ – the dynamical fermion mass and chiral vacuum angle. This yields the
transcendental equations

0 = ln ρ+ ξ1 cos
2 θ + ξ2 sin

2 θ − η

ρ
cos θ,

0 = sin θ

(

cos θ − η

ρ(ξ1 − ξ2)

)

. (5.10)

Their solution requires a case differentiation. To understand qualitatively what to expect, let
us temporarily choose units such that the dynamical fermion mass is 1 (ρ = 1) and focus on the
θ-dependent part of the vacuum energy density,

2πẼ(θ) = −2γ cos θ − 1

2
ξ cos(2θ), ξ = ξ2 − ξ1. (5.11)

We have used the fact that the distinction between η and the confinement parameter γ disappears
in these units, cf. Eq. (5.7). Note also that depending on the sign of ξ, either the scalar coupling
(for ξ > 0) or the pseudoscalar coupling (for ξ < 0) dominates.

A survey of the θ-dependence of this effective potential in the (ξ, γ) half plane (γ ≥ 0) reveals
a rich landscape (see Fig. 5.1): At the origin (ξ = 0, γ = 0), the potential is identically zero (not
shown in Fig. 1) and the vacuum infinitely degenerate. This is the U(1) chirally symmetric point.
Along the γ axis there is a minimum at θ = 0 and a maximum at θ = π — the massive chiral GN
model. Along the ξ axis, there are two degenerate minima separated by two degenerate maxima
— the massless generalized GN model. As discussed in Ref. [40], the minima can be identified
with 0 and π for both ξ > 0 and ξ < 0 by means of a global chiral rotation, so that the positive
and negative ξ half-axes are in fact equivalent. What happens in the parameter region away from
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ξ

γ

Figure 5.1: Qualitative shapes of effective potentials, Eq. (5.11), in the (ξ, γ) half plane. Each
inserted plot shows Ẽ(θ) in the interval [−π, π], so that the endpoints have to be identified.
The origin (ξ = 0, γ = 0) is the chirally symmetric point where the effective potential vanishes.
When crossing the critical lines γ = ±ξ, the number of extrema changes.

the γ- and ξ-axes depends on the sign of ξ. If ξ > 0, the quadratic maximum becomes a quartic
maximum at γ = ξ; for larger values of ξ, a false vacuum develops at θ = π. In the limit γ → 0
the two minima become degenerate. If ξ < 0 on the other hand, the quadratic minimum becomes
quartic when crossing the critical line γ = −ξ. This is indicative of a pitchfork bifurcation with
two symmetric, degenerate minima present for γ < −ξ. A non-trivial vacuum angle signals a
non-vanishing pseudoscalar condensate and hence a breakdown of parity. This breakdown of
parity is spontaneous, but induced by the explicit breaking of chiral symmetry.

With this overall picture in mind, we return to Eqs. (5.10) and solve them in two distinct
cases:

• Unbroken parity (phase I)

θvac = 0

ρvac =
η

W (ηeξ1)
,

2πEvac = −η
2

2

(

1 + 2W (ηeξ1)

W 2(ηeξ1)

)

. (5.12)

• Broken parity (phase II)

θvac = ± arccos
ηeξ2

ξ1 − ξ2
,

ρvac = e−ξ2 ,

2πEvac = −1

2
e−2ξ2 − η2

ξ1 − ξ2
. (5.13)

In Eqs. (5.12) we have introduced the Lambert W function with the defining property

x =W (x)eW (x). (5.14)
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The vacuum energy in the parity broken phase II is lower than in the symmetric phase I. However,
phase II only exists if θvac is real or, equivalently,

ξ1 − ξ2 ≥W (ηeξ1). (5.15)

The next steps can be further simplified as follows. After minimization and determining the
phase on the basis of Eq. (5.15), we normalize the radius of the chiral circle (the physical fermion
mass) to 1 by a choice of units,

ρ = ρvac = 1. (5.16)

Then η may be identified with the confinement parameter (5.7) familiar from the standard
massive GN models,

η = ργ → γ. (5.17)

In phase I, the condition ρ = 1 implies

ξ1 = γ. (5.18)

The vacuum energy density becomes

EI
vac = − 1

4π
− γ

2π
, (5.19)

in agreement with the standard massive GN models. The θ-dependent part of the energy density
will be needed for the analysis of light mesons and baryons; in phase I it is given by

2πEI
θ =

1

4
(θ′)2 − 2γ cos θ − 1

2
(ξ2 − γ) cos(2θ). (5.20)

In phase II, the condition ρ = 1 implies

ξ2 = 0, (5.21)

whereas the vacuum energy density assumes the form

EII
vac = − 1

4π
− γ2

2πξ1
. (5.22)

In this phase, the θ-dependent part of the energy density reads

2πEII
θ =

1

4
(θ′)2 − 2γ cos θ +

1

2
ξ1 cos(2θ). (5.23)

Eqs. (5.20,5.23) can be treated simultaneously by setting

2πEθ =
1

4
(θ′)2 − 2γ cos θ − 1

2
ξ cos(2θ) (5.24)

with the definition

ξ = ξ2 − ξ1 =

{

ξ2 − γ (phase I, ξ > −γ)
−ξ1 (phase II, ξ < −γ) (5.25)

We have traded the original bare parameters g2, G2, η against two dimensionless parameters γ, ξ
and one scale, the dynamical fermion mass ρ = 1. The notation is chosen so as to agree with
previous results for the massive chiral GN model [17] for ξ = 0 and the massless generalized GN
model [40] for γ = 0.
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Figure 5.2: Mechanical model illustrating vacuum structure, symmetries and meson masses of
the generalized massive GN model (ξ < 0) in the vicinity of the chiral limit.

5.3 Light mesons

Next consider the light meson mass in both phases. Expanding expression (5.24) around the
vacuum angle θvac to 2nd order in ϑ = θ− θvac, we can simply read off the pion mass as follows:

• Phase I (ξ > −γ)

θvac = 0

2πE ≈ 1

4
(ϑ′)2 + (γ + ξ)ϑ2 + const.

m2
π = 4(γ + ξ) (5.26)

• Phase II (ξ < −γ)

θvac = ± arccos

(

−γ
ξ

)

= ±2 arctan

√

ξ + γ

ξ − γ

2πE ≈ 1

4
(ϑ′)2 +

(

γ2 − ξ2

ξ

)

ϑ2 + const.

m2
π = 4

(

γ2 − ξ2

ξ

)

(5.27)

The last lines of Eqs. (5.26,5.27) may be regarded as the generalized GOR relations in our model.
It is amusing that a well-known mechanical system is closely analogue to the present problem

in the case ξ < 0, cf. Fig. 5.2: A bead (mass m) is sliding without friction on a circular hoop
(radius R) in a homogeneous gravitational field. The hoop rotates with constant angular velocity
ω around a vertical axis through its center. The Lagrangian reads

L =
1

2
mR2

(

θ̇2 + ω2 sin2 θ
)

+mgR cos θ. (5.28)

Denote the pendulum frequency by ω0 =
√

g/R. At ω = 0, there is a unique stable minimum
at θ = 0, accompanied by small oscillations of frequency ω0. If one increases ω, this minimum
stays stable at first, but the frequency decreases like

√

ω2
0 − ω2 until it vanishes at the critical

value ω = ω0. At this point, two symmetric stable minima at θ = ±arccos (ω2
0/ω

2) develop,
a textbook example of a pitchfork bifurcation [49]. Beyond this point, the frequency of small
oscillations is replaced by

√

ω4 − ω4
0/ω. The gravitational field and the uniform rotation are two
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distinct mechanisms of breaking the original SO(2) symmetry of the circle. The mapping of this
mechanical problem onto our field theory model is obvious: U(1) chiral symmetry corresponds
to the rotational symmetry of the circle, the bare mass plays the role of gravity, the difference
in coupling constants corresponds to the uniform rotation, the pion masses to the frequencies of
small oscillations. We only have to identify γ = ω2

0/4, ξ = −ω2/4 to map the two problems onto
each other quantitatively. In principle, the regime ξ > 0 could also be modeled by assuming that
the particle is charged and invoking an additional constant magnetic field, but in the absence of
a phase transition this is less instructive.

5.4 Baryons and baryon crystals

Let us now turn to baryons and baryon crystals. Here we need large amplitude solutions of the
equation

θ′′ = 4γ sin θ + 2ξ sin 2θ. (5.29)

For small values of the parameters ξ, η the kink-like soliton solutions of this equation are slowly
varying so that the derivative expansion is applicable. The same is true for periodic soliton
crystal solutions at sufficiently low density. However there is no restriction on the ratio ξ/γ, so
that the full phase structure shown in Fig. 5.1 is accessible in the vicinity of the chiral limit.
Since Eq. (5.29) has no explicit x-dependence, it can be integrated once,

1

2
(θ′)2 + 4γ cos θ + ξ cos(2θ) = const. (5.30)

The second integration is then carried out by separation of variables.
The mechanical interpretation of the kinks is well-known: If we interpret x as time coordinate,

Eq. (5.29) describes motion of a classical particle in a potential inverted as compared to the
potentials shown in Fig. 5.1. The kink-like tunneling solutions between different vacua in field
theory go over into classical paths joining two degenerate maxima in the mechanics case. In this
classical mechanics interpretation, Eq. (5.30) expresses conservation of the Hamilton function.
As a matter of fact, Eq. (5.29) is nothing but the double sine-Gordon equation, a widely used
generalization of the sine-Gordon equation to which it reduces if either γ or ξ vanishes. Its
solutions can be found in the literature, see e.g. [50], so that we refrain from giving any details
of the derivation. Since θ is an angular variable, kinks do exist everywhere in the (ξ, γ) half-
plane. Inspection of the effective potentials of Fig. 5.1 then helps to understand the following
results:

For ξ > −γ (phase I) there is only one kink solution

θkink = −2 arctan

√
ξ + γ

√
γ sinh(2

√
ξ + γx)

. (5.31)

We define the branch of the arctan such that θ goes from 0 to 2π along the x axis. For ξ < −γ
(phase II) there are two different kinks depending on how one connects the minima along the
chiral circle,

θlarge = −2 arctan

[
√

ξ + γ

ξ − γ
coth

(

√

γ2 − ξ2

ξ
x

)]

,

θsmall = +2arctan

[
√

ξ + γ

ξ − γ
tanh

(

√

γ2 − ξ2

ξ
x

)]

.

(5.32)
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Figure 5.3: Deformed mexican hat potential in massive, generalized NJL2 model for phase I.
The dot on the chiral circle denotes the (unique) vacuum, baryons correspond to a full turn
around the chiral cirlce.

Here, our choice of the branch of arctan is such that θ goes from −θvac to θvac for the small kink
and from θvac to 2π − θvac for the large kink. The baryon numbers B = Nf/N are

Bkink = 1,

Blarge = 1− θvac
π
,

Bsmall =
θvac
π
, (5.33)

with θvac from Eq. (5.27) with the + sign. The terms small and large refer to the chiral twist
of the two kinks which in turn is reflected in the baryon number. The baryon numbers of a
small and a large kink add up to 1 simply because these kinks correspond to the 2 possibilities
of travelling from one minimum to the other one along a circle. The two kinds of baryons are
illustrated in Figs. 5.3 and 5.4, respectively, which should be compared to Fig. 2.1 for the massive
NJL2 model and to Fig. 4.2 for the massless model with two coupling constants. Finally, note
that Eqs. (5.31-5.33) refer to kinks with positive baryon number. By changing the sign of θ,
these can be converted into antikinks with opposite baryon number.

In Figs. 5.5 and 5.6, we illustrate the scalar and pseudoscalar potentials for the small and large
kinks in the parity broken phase II. To understand these graphs, we recall that the two vacua are
characterized by the chiral angles ±θvac, Eq. (5.27). The parity even, scalar vacuum condensate
(cos θvac) is the same in both vacua, the parity odd, pseudoscalar condensate (− sin θvac) has
opposite sign. This is reflected in the asymptotic behavior of S and P for the kinks which
connect these two vacua. To contrast this behavior with baryons in phase I (unbroken parity,
ξ > −γ), we show in Fig. 5.7 the kink baryon from Eq. (5.31) where now both S and P are
periodic. For the parameters chosen here, it resembles closely the standard sine-Gordon kink.

Note the following limits:

• Massive NJL model (γ > 0, ξ = 0): There is a unique minimum at θ = 0. We recover
previous (sine-Gordon) results [17, 14] with the help of the identity

θ = ∓2 arctan
1

sinh(2
√
γx)

= ±4 arctan e2
√
γx. (5.34)
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Figure 5.4: Like Fig. 5.3, but for phase II. The dots on the chiral circle denote the two degenerate
vacua. The two kinds of baryons correspond to the two ways of connecting these vacua along
the chiral circle.
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Figure 5.5: Scalar and pseudoscalar potentials for the small kink baryon in the parity broken
phase II with ξ = −1.3γ as a function of z = mπx. The straight lines are the asymptotic values
coinciding with the vacuum condensates. There are two degenerate vacua with equal scalar and
opposite pseudoscalar condensates, related by a parity transformation.
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Figure 5.6: Same as Fig. 5.5 but for the large kink baryon.
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Figure 5.7: Same as Fig. 5.5 but for the kink baryon in the parity restored phase I and ξ = −0.7γ.
The pseudoscalar vacuum condensate vanishes.
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Figure 5.8: Behavior of θkink as a function of z = mπx, for γ/ξ = 10−1, 10−3, 10−5, 10−7, with
increasing width of the plateau for decreasing ratio γ/ξ. The plateau becomes infinitely wide in
the limit γ → 0, leading to decoupled kinks with baryon number 1/2 in the massless model [40].

• Massless generalized GN model (γ = 0, ξ > 0): There are 2 degenerate minima at θ = 0, π
and correspondingly 2 kink baryons with baryon number 1/2. The limit is singular (see
Fig. 5.8): As γ → 0, the kink develops a plateau which becomes infinitely wide at γ = 0.
The kink decouples into 2 half-kinks each carrying baryon number 1/2 [40]. As one sees
in Fig. 5.1, this happens when the maxima in the inverted potential become degenerate
or, equivalently, the false vacuum and the true vacuum in the original potential become
equal.

It is worth mentioning that there is yet another solitonic solution of some physics relevance:
If one is interested in the decay of the false vacuum, one has to consider tunneling through the
barrier. This in turn is related to the kink-antikink which starts from the lower maximum, is
reflected at the barrier and returns to the starting point (the bounce [51]). Since we are mainly
interested in the vacuum and low-lying hadrons here, we do not go further into this problem.

We now turn to a useful test of the consistency of our results, following Ref. [9]. Consider the
divergence of the axial current as obtained from the Euler-Lagrange equations for the Lagrangian
(5.1),

∂µj
µ
5 = 2ψ̄iγ5ψ

[

m0 − (g2 −G2)ψ̄ψ
]

. (5.35)

The right-hand side exhibits the 2 sources of chiral symmetry breaking, the bare fermion mass
and the splitting of the coupling constants. The self-consistency conditions (5.3) and the renor-
malization scheme (5.6) can be used to rewrite Eq. (5.35) as

∂µj
µ
5 = −2NP

π
[η − (ξ1 − ξ2)S] (5.36)

or, in units ρ = 1 and with the notation of Eqs. (5.17,5.25),

∂µj
µ
5 = −2NP

π
(γ + ξS) . (5.37)

Taking the expectation value of this equation in a time-independent state and remembering that
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j15 = j0 in 1+1 dimensions, we arrive at the following expression for the fermion density,

j0(x) = −2N

π

∫ x

−∞
dx′P (x′)

[

γ + ξS(x′)
]

, (5.38)

and, after another integration, the sum rule

Nf =
2N

π

∫ ∞

−∞
dxxP (x) [γ + ξS(x)] . (5.39)

The last equation in particular provides us with a non-trivial way of testing the baryon potentials.
By inserting S = cos θ and P = − sin θ into the sum rule with θ from Eqs. (5.31,5.32), we indeed
reproduce the baryon numbers (5.33). Notice also that the expectation value of Eq. (5.36) for
the divergence of the axial current,

(j0)′(x) = −2NP (x)

π
[γ + ξS(x)] , (5.40)

reduces to the double sine-Gordon equation, Eq. (5.29), if we insert

j0(x) =
N

2π
θ′(x) (5.41)

and express S, P in terms of the chiral angle θ. This points to an alternative derivation of the
basic equation (5.29) which would not even require the derivative expansion, at least to leading
order considered here.

It is straightforward to compute the baryon masses by integrating the energy density and
subtracting the vacuum contribution,

2πM =

∫

dx

{

1

4
[θ′(x)]2 − 2γ(cos θ(x)− cos θvac)−

1

2
ξ [cos(2θ(x))− cos(2θvac)]

}

. (5.42)

One finds

Mkink =
2
√
γ + ξ

π
+

γ

π
√
ξ
ln

(√
γ + ξ +

√
ξ√

γ + ξ −
√
ξ

)

,

Mlarge =
1

π

√

ξ2 − γ2

−ξ +
2γ

π
√
−ξ arctan

√

ξ − γ

ξ + γ
,

Msmall =
1

π

√

ξ2 − γ2

−ξ − 2γ

π
√
−ξ arctan

√

ξ + γ

ξ − γ
,

(5.43)

and the same results for the corresponding antikinks. These expressions are of course known
from studies of the classical double sine-Gordon equation.

Finally, consider baryonic matter at low density. The pertinent solutions of the double sine-
Gordon equation are kink crystals which can be evaluated analytically in terms of Jacobi elliptic
functions. Since we work only to lowest order of the derivative expansion in the present study,
we bypass the complicated exact solution by simply gluing together kink solutions. This is
adequate in the low density limit. In the parity preserving phase I, the basic building block
is θkink, Eq. (5.31). Let us denote the separation between two kinks (i.e., the lattice constant)
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Figure 5.9: Unit cell of soliton crystal in the parity broken phase for γ = 0.2, ξ = −0.26. Small
and a large kinks must alternate in the crystal due to their different asymptotics. The baryon
numbers of the 2 constituents in the unit cell add up to 1.

by d, so that the baryon density is ρB = 1/d. A dilute periodic array of kinks is then well
approximated by

θIcrystal = θkink(x− nd) + 2πn for x ∈ [nd− d/2, nd+ d/2]. (5.44)

For sufficiently large d this yields a smooth staircase curve which solves the double sine-Gordon
equation exactly except at the gluing points x = (n + 1/2)d. There the error can be made
arbitrarily small for large d. The energy density in the dilute limit is just MkinkρB with the
kink mass from Eq. (5.43). In phase II, we have to proceed slightly differently. Obviously one
can only glue together the small and large kinks in an alternating way, see Figs. 5.5,5.6. We
therefore first construct a unit cell of the crystal by joining one small and one large kink,

θ̃kink(x) =

{

θsmall(x+ d/4) for −d/2 < x < 0
θlarge(x− d/4) for 0 < x < d/2

(5.45)

This carries baryon number 1 and is periodic modulo 2π, so that the unit cells can now be
assembled into a crystal in the same way as in phase I, Eq. (5.44),

θIIcrystal = θ̃kink(x− nd) + 2πn for x ∈ [nd− d/2, nd+ d/2]. (5.46)

The energy density in the low density limit of phase II becomes

E = (Msmall +Mlarge)ρB (5.47)

where the sum of the kink masses from Eqs. (5.43) can be simplified to

Msmall +Mlarge =
2

π

√

ξ2 − γ2

−ξ +
2γ

π
√
−ξ arctan

γ
√

ξ2 − γ2
. (5.48)

An example for a unit cell is shown in Fig. 5.9 with the same ratio ξ/γ and hence the same
shape of the small and large kinks as in Figs. 5.5,5.6.
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5.5 Parity near the NJL2 tricritical point (γ, ξ = 0)

Finally we want to consider GL theory in phase II (parity broken vacuum),

Ψ = α4(|φ|4 +
∣

∣φ′
∣

∣

2
) + α3ℑ(φ(φ′)∗) + α2 |φ|2 −

γ

2π
(2ℜ(φ))− ξ

2π
ℜ(φ)2,

using a homogeneous condensate Φ = m− iM [α1 = γ/(2π), αs = ξ/(2π)],

Ψ = α4 |φ|4 + α2 |φ|2 −
γ

2π
(2ℜ(φ))− ξ

2π
ℜ(φ)2. (5.49)

We minimize the effective potential with respect to m and M ,

∂mΨ = 0 ⇔ α42|φ|2m+ α2m− α1 − αsm = 0, (5.50)

∂MΨ = 0 ⇔M(α42|φ|2 + α2) = 0. (5.51)

A homogeneous, parity broken phase requires M 6= 0 and hence

|φ|2 = − α2

2α4
> 0. (5.52)

If we insert Eq. (5.52) into condition (5.50), we find the following solution for m and M2,

m = −α1

αs
=

γ

|ξ| , M2 = − α2

2α4
−
(

−α1

αs

)2

> 0. (5.53)

The vanishing ofM2 defines a 2nd order phase boundary for the spontaneous breakdown of parity
in this model. Note that the scalar condensate m in the parity broken phase is independent of
(µ, T ). By contrast, if parity is restored (M = 0), the minimization condition

∂mΨ = 0 ⇔ α42m
3 + (α2 − αs)m− α1 = 0 (5.54)

reveals that m now depends on all variables (µ, T, ξ, γ). In phase I (parity conserved vacuum),
this consideration yields nothing new. The minimization condition coincides with that in the
massive chiral GN model, under the same simplifying assumptions.

Next we propose a simple, x-dependent variational ansatz which allows to study breakdown
and restoration of parity including crystal phases. Using the ansatz Φ = ρeiχ(x), ρ = const., the
grand canonical potential reads

Ψ = α4ρ
2χ′2 − α3ρ

2χ′ − 2α1ρ cos(χ)− αsρ
2 cos2(χ) + α4ρ

4 + α2ρ
2. (5.55)

The Euler-Lagrange equation becomes the double sine-Gordon equation

χ′′ +
α1

α4ρ
sin(χ) +

αs

2α4
sin(2χ) = 0, (5.56)

with a breakdown of parity for (−γ > ξ) and ρ = 1 at a bifurcation point. But here ρ =
ρ(µ, T, γ, ξ), and therefore the condition π∂χΨ = sin(χ) (γ + ξρ cos(χ)) = 0 leads to

cos(χ) =
γ

|ξ|ρ < 1, (5.57)
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as a condition for parity breakdown. This shows that in phase II, characterized by (−γ > ξ),
our ansatz may restore parity, provided the system chooses an appropriate value of ρ.

Phase I, characterized by (−γ < ξ), leads to the action

Ψ = α4ρ
2χ′2 − α3ρ

2χ′ − 2α1ρ cos(χ) + αsρ
2 sin2(χ) + α4ρ

4 + (α1 + α2)ρ
2. (5.58)

For −γ < ξ < 0 we then find the condition

cos(χ) =
γ

−ξρ > 1 (5.59)

for unbroken parity. Even here an adequate value of ρ (which minimizes the GL action) could
break parity spontaneously (for ξ < 0). Hereby we have found a variational ansatz having the
ability to restore and break parity thermally, which may be important for further investigations.

5.6 Summary

Summarizing this section, we have investigated a 3-parameter generalization of the U(1) chirally
symmetric GN model. The two dimensionless parameters γ and ξ stem from two different mech-
anisms of breaking chiral symmetry explicitly, the bare mass term and the difference between
scalar and pseudoscalar couplings. Close to the chiral limit, the leading order derivative expan-
sion has revealed the following scenario. If the scalar coupling dominates, we find in general a
unique vacuum with scalar condensate, light pions and kink-like baryons with baryon number
1. In the region ξ > γ a false vacuum shows up in the form of a second local minimum. If the
pseudoscalar coupling dominates, at first nothing changes. Starting from a critical strength of
the coupling (ξ < −γ), two symmetric minima appear together with scalar and pseudoscalar
condensates; parity is spontaneously broken. The mechanical model of a particle on a rotating
circle in the gravitational field illustrates nicely the concomitant pitchfork bifurcation. The two
ways of connecting two minima along the chiral circle are reflected in two baryons whose baryon
numbers add up to 1. These chirally twisted baryons are mathematically well known from stud-
ies of the double sine-Gordon equation and quite different from another type of twisted bound
state specific for the chiral limit [52, 53]. In our case, the baryons are stabilized by topology.
Shei’s bound state is stabilized by partially filling the valence level and does not carry baryon
number as a result of a cancellation with induced fermion number [9]. In many respects the
limits γ → 0 and ξ → 0 are atypical so that previously explored 2-parameter versions of the
present model cannot convey the full picture of chiral symmetry breaking in 4-fermion models.
In view of the rich structure of the 3-parameter model, it seems worthwhile to pursue its study,
in particular to explore the fate of the symmetries at finite temperature and chemical potential.



Chapter 6

Conclusions

This thesis is devoted to the study of a 1+1-dimensional, large N model field theory with
Lagrangian

L = ψ̄iγµ∂µψ −m0ψ̄ψ +
g2

2
(ψ̄ψ)2 +

G2

2
(ψ̄iγ5ψ)

2. (6.1)

For m0 = 0 and g2 = G2, L possesses a U(1) chiral symmetry and reduces to the well-studied
massless NJL2 model. In this limit, chiral symmetry gets spontaneously broken in the vacuum.
As a consequence massless Goldstone pions and baryons appear, the latter being topological
solitons of the pion field. Chiral symmetry completely dominates the structure of the phase
diagram in the (T, µ) plane with the appearance of the chiral spiral below a critical temperature.

The main goal of the present work was to see what changes if we allow for explicit chiral
symmetry breaking, either by a bare mass term, or a splitting of the scalar and pseudo-scalar
coupling constants, or both. In the first case, this becomes the massive NJL2 model. In the 2nd
and 3rd case we are dealing with a model which has not received much attention in the past, so
that we have the opportunity to explore new territory.

Let us first comment on the methods used throughout this thesis. It is well-known that
the massless NJL2 model can be solved analytically. The same is true for the GN model, be
it massless or massive. Here, the fact that the mean field turns out to be reflectionless (for
baryons) respectively finite band (for crystals) is instrumental. In the models considered here,
this does not hold anymore and only very few observables can be calculated analytically, for
instance the meson masses. Baryons and baryon crystals have to be evaluated approximately.
We followed two main lines of attack: Near the chiral limit, the derivative expansion is the
instrument of choice. It gives a lot of analytical insight in a limited region of parameter space.
If one is interested in the regime far away from the chiral limit, the only tool at our disposal is
the numerical HF calculation. (Fortunately, numerical here means that one can get any desired
accuracy, using only the floating point capabilities of computer algebra systems like MAPLE on
modern PC’s.) Although it is intellectually more rewarding to find analytical solutions of model
problems, we believe that it was worthwhile to develop these kinds of numerical techniques as
well. We have demonstrated that one is now in a position to solve practically any four-fermion
theory in 1+1 dimensions in the large N limit and map out the phase diagram accurately.

Sect. 2 and 3 deal with the massive NJL2 model. Before attacking the phase diagram, it was
necessary to determine the baryons of the model. So far, the only source of information was
the derivative expansion, restricted to the vicinity of the chiral limit. We have carried out full
numerical HF calculations including the Dirac sea. As a result, we have seen how the baryon
evolves from a Skyrme-type topological object in the chiral limit to a non-relativistic valence
bound state, and clarified the transition from induced fermion number to valence fermion number

73



74 CHAPTER 6. CONCLUSIONS

in terms of spectral flow. The most important result of Sect. 3 is the first complete phase diagram
of the massive NJL2 model in (µ, T, γ) space, Fig. 3.14. A solitonic crystal phase is separated
from a massive Fermion gas phase by 1st- and 2nd order critical sheets, meeting in a tricritical
line. The impact of (explicitly broken) continuous versus discrete chiral symmetry can best be
appreciated by comparing the phase diagrams of the massive GN and NJL2 models, Figs. 3.15
and 3.14. Before the fundamental importance of the Peierls intability and crystal phases was
realized, both phase diagrams were actually believed to be identical, see Fig. 3.16 which disagrees
spectacularly from both revised phase diagrams. This marks the end of a long struggle to settle
the question of the phase diagrams of GN-type models.

In Sect. 4 we have studied a generalization of the massless NJL2 model with two different
(scalar and pseudoscalar) coupling constants. The continuous chiral symmetry of the NJL2

model is only recovered for equal coupling constants, so that we now break chiral symmetry
(explicitly) in a manner quite different from the usual fermion mass term. In this case, we
had to start from the very beginning, since the model had not yet been studied in any detail,
addressing renormalization, mesons, baryons, and thermodynamics. Renormalization of the
2 coupling constants leads to the usual dynamical mass by dynamical transmutation, but in
addition to a ξ parameter interpreted as chiral quenching parameter. The qualitative effect of ξ
on the HF calculations at zero and finite temperature is very easy to understand. Technically,
it only enters in the double counting correction to energy or thermodynamic potential as an
extra term ∼ ξ

∫

dxP 2. Hence it acts like a Lagrange multiplier for the pseudoscalar potential,
leading to a complete quenching of P in the GN limit ξ → ∞.

As far as baryon structure is concerned, the most interesting result is perhaps the fact that
the new baryons interpolate between the kink of the GN model and the massless baryon of the
NJL2 model, always carrying fractional baryon number 1/2. This is a consequence of the fact
that the generalized GN model still has a discrete chiral symmetry. This new kind of chiral kink
is different from all known multi-fermion bound states in the GN model family and has been
determined analytically for small ξ and numerically for large ξ. The phase diagrams of the NJL2

and GN model look very different, so that we were curious to see how our theory would manage
to interpolate between these two pictures. This can now be answered most clearly by the study
of the tricritical behavior near the chiral limit, largely analytically owing to the GL approach.
The relevant picture is Fig. 4.6, showing a kind of “morphing” from GN-type behavior to the
NJL2 phase diagram with its single straight line phase boundary. Together with the numerical
HF calculation, we are now confident that the solitonic crystal phase is separated from the
massless (massive) Fermi gas by a 2nd (1st) order transition, respectively. This was not clear a
priori, since the transition from the crystal to the massive homogeneous phase is continuous in
the GN model and doesn’t even exist in the NJL2 model. Our interpolated phase diagram also
looks qualitatively different from the one of the massive NJL2 model which has only 2 phases
(no massless phase due to explicit breaking of the Z2 symmetry), and where the opening angle
between the 2 phase boundaries at the tricritical point was π rather than 0.

Finally, in Sect. 5 we have investigated a 3-parameter generalization of the U(1) chirally
symmetric GN model. The two dimensionless parameters γ and ξ stem from two different mech-
anisms of breaking chiral symmetry explicitly, the bare mass term and the difference between
scalar and pseudoscalar couplings. Close to the chiral limit, the leading order derivative expan-
sion has revealed the following scenario. If the scalar coupling dominates, we find in general a
unique vacuum with scalar condensate, light pions and kink-like baryons with baryon number
1. In the region ξ > γ a false vacuum shows up in the form of a second local minimum. If the
pseudoscalar coupling dominates, at first nothing changes. Starting from a critical strength of
the coupling (ξ < −γ), two symmetric minima appear together with scalar and pseudoscalar



75

condensates; parity is spontaneously broken. In view of the rich structure of the 3-parameter
model, it seems worthwhile to pursue its study, in particular to explore the fate of the symmetries
at finite temperature and chemical potential.
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