
 
Tenth Radiation Physics & Protection Conference, 27-30 November 2010, Nasr City - Cairo, Egypt 

 
 

 251

EG1100477 
Evaluation of Fusion Bariers and Excitation Functions 

For 42 ≤ ZpZT ≤ 2000 
 

G. S. Hassan* A. Al-Haydari, and Ali A. Abdelghany 
Physics Department, Taiz University, YEMEN 

* Assiut Univesity, Assiut, EGYPT     

ABSTRACT 
 

 For fusion channels, there are two main parameters, namely the separating  
distance of the two colliding nuclei and the fusion barrier, which are aken as 
the  more interest points guiding to fit the excitation functions of fusion. 
Interpretations and differentiations are made on different forms to deduce all 
concerned variables. On the other hand, the maximum   values of angular 
momentum    1max , represents the upper limit of summing all the partial 
parts for fusion cross section  The effect of that limiting value as well as the 
effects of the two main parameters are checked along iwde range of energies 
for different heavy ion reacting pairs in comparison with the more recently 
measured data for sub-barrier and  complete fusion channels . Also 
comparisons with both 1fus and 1cr, taken as limiting values were displayed. 
The effect of the nuclear part of the barrier height and approximation 
techniques  have been checked point out the heighly differentiated ones 
.parameterization that could be made on the imperical forms, are also 
displayed and tested. 
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INTRODUCTION 

 It is well known that the most general theoretical models of nuclear fusion  reactions 
conceive the process as a motion of the target and  projectile across a potential energy surface  
created  by  the  forces between the two nuclei. It must be noted that the various reactions at 
bombarding energies above the barriers are restricted by orbital angular  momentum values. 
Depending on the incident energy and angular momentum , the collision of two nuclei can 
lead to multi-fragmentation,   incomplete and complete fusion channels and others. The fusion 
of nuclei is a low density phenomenon and several calculations have been made to search for 
the nuclear structure effects and enhancement in fusion cross sections at sub-barrier energies 
[1] .  

       The total potential possesses a barrier    at a distance where the repulsive and attractive 
forces balance each other. This is referred to as the Coulomb barrier, and the energy of  
relative motion must be sufficient to overcome this barrier in order for the nuclei to be 
captured and fuse. The presence of a pocket in the nucleus-nucleus potential allows a simple 
conceptual criterion for fusion ,namely if the system enters the pocket ,it is captured and fuses 
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.Details of the dynamical processes forming the fully equilibrated compound nucleus are 
unnecessary ,although the general picture of the processes that cause capture inside the barrier 
is fairly clear.  Once significant density overlap occurs, nucleus-nucleus interactions become 
prolific, resulting in a substantial loss of kinetic energy and angular momentum from the 
relative motion , so that the nuclei can escape from the potential well and all the flux passing 
the barrier leads to fusion[2] .  
 
     We are aiming to approach significant results by calculating the   nuclear part of the barrier 
within one of the most famiailer four models, namely :   proximity   [1,3], unified  [6],  woods 
Saxon potential   [5] and   Bass potential  [4] respectiviely .We had checked by each of these 
potentials, some of the calculated or measured barrier prpameters by different authers to 
deduce the higher rate accuracy one of them for recovering subbarrier or complete fusion of 
the concerned interacting pairs . Also by interpritting fusion excitation functions for 
interacting pairs ranged within  42 ≤ ZpZT ≤ 2000  ,in terms of the specified angular 
momentum values for fusion 1fus which is determined by the properties of both the entrance 
channel and the compound nucleus and the transmission probability from the entrance 
channel into the compound nucleus . The transmission will occur only if the initial conditions 
are favorable and if appropriate states are available in the compound nucleus. If however one 
of these conditions is satisfied trivially in a specific situation, then the other one will become 
the limiting factor to form the  compound nucleus.                                                       
 

CALCULATIONS 

       The barrier penetration model (BPM) gives the reaction cross sections as the partial 
wave summation through a definite channel of an energy E as : 

)E(P)E(T)121(
01

2
rec ll−∑πλ=σ

=

∞                (1) 

       where λ is the asymptotic wave length ,P1(E) is the probability of a specific process to 
take place [7] and  T1(E) is the transmission coefficient . For fusion where  Pl → 1 , σfus   →  
σ rec  and the higher limit of the summation becomes l max , to be   checked as that value of l 
,over which the summation (1) adds negligible terms [2] . The barriar potential is written as a 
sum of Coulomb Vc(r ) and nuclear Vn(r)   components, in addition to an l-dependent 
centrifugal or the rotational energy Vl ( r )  at the top of the barrier [8] and the total barrier[8] 
reads :   

V ( r , l) = Vc(r ) + Vn(r)+ Vl ( r )                                               (2) 

Apllying, that   E  = V( r , l
 max ) ,   d V( r , l

 max ) / dr  = 0 , for any entrance channel 

energy gives a limiting value[2] for l max so eq. (1) becomes: 
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Recently we use either the more realistic treatment of WKB approximation  for fusion  as in  
equation (3) or that given by Wong [9] ,when replacing summation by integration  :  

σ fus (E) = ( ћω r2/ 2E ) lin { 1+ exp[( 2 π / ћ ω )( E – VB )] }                (4) 

  or  the sharp cut-off  approximation [8]   

σfus (Ecm)  =  σ G (1 - VB    / Ecm)                                                       (5) 
 
       Where   ω and σG  are the curvature and the geometrical  cross section respectiveley . At 
the barrier indicated by a fusion  radius  (r = Rfus ) refering to its height and extention [ 7,1] 
and for 1 greater than 1max the real potential no longer has a pocket .The specified angular 
momentum   has been expressed as an 1- cut off or 1cr for complete fusion above which the 
centrifugal potential is so large that it prevents attractive fusion between the two colliding 
nuclei at which σfus (Ecm)  drops strongly .Also  1cr has  been defined as the specific angular 
momentum at which the partial  level width for fission is equal to  that for evaporation , and  
1cr values could be deduced [ 10] from : 

 

σfus   =  (π  h2 / 2 µ Ecm ) (1cr + 1 )2                                                                          ( 6) 
 

RESULTS AND DISCUSSION 
 
      Table (I) lists the barrier parameters for six pairs of 42 ≤ ZpZT ≤ 1312 ,where we had 
introduced their excitation functions ( figs.1-6 ) in comparison with the more recently 
measured ones taking into account the effect of both the nuclear model as well as that of the 
acceptable cross section formula for each pair aiming to get best fit . We can notice that the 
major acceptance for recovring excitatin functions for heavy ion fusion will be approached 
using the unified nuclear potential . Also we can notice that Wong formula eq.(4), has been 
successfully used to give good fitting of these functions. On the other hand , we tried to 
choose  the most effective potential models recovering all measured data ,using both of sharp  
and smooth cut-off approximations at the same radius (Rfus) .In fig. (1 the proximity 
potential gives a good agreement with data of Ref. [8] over the whole range of energy,  . In 
Fig. (2) the proximity as well as Bass potential,  gives excellent agreement with data of Ref. 
[9] using the barrier penetration model ,eq.(3) but woods Saxon potential does not. We 
present in fig.(3) fusion cross sections using sharp cut off approximation and  the unified 
potential to reach the agreement with data of Ref. [10]  , while proximity potential fails to fit 
the data. Also shown in fig. (4) the excitation functions  for intermediate nuclei calculated by 
either Bass or Woods Saxon potential, the two potentials are in agreement with data from Ref. 
[11], while unified potential is far from adequate. Fig. (5) shows that Woods-Saxon potential 
coincides with the unified potential model for light nuclei, using the Wong or sharp uct off 
formula for cross-section, inidcating that the agreement between our calculation with the 
measured data [12]  is far from acceptance . It may be due to more expected enhancement of 
reaction channles for  light ions (the smallest ZpZT  concerned ). Finally we find that the 
smooth model  makes the acceptable fit with experimental data[13] with unified potential in  
fig.(6) , while the sharp cut off approximation fails 
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      In Table (II) it is displayed the  calculated values of  barrier heights , barrier radie and 1max  
for some other pairs of 78 ≤ ZpZT ≤ 2000  in comparison with those given by different 
analytical formulations or measured values inported from mentioned references to make 
check of our calculations . It clear that from earlier reference (Natowitz 1973) to the up to 
date one (A. M. V. Kumar 2010), the enhancement of coupled channel effects we notice a 
broad variation in the barrie heights especially those given by Farra (2008). The second note 
is that we found good agreement when using both of Bass or unified nuclear potential for 
lighter pairs while it is given the same agreement using  Woods Saxon or proximity potentials 
for the last heavier pairs in the table. The second note is that we found good agreement when 
using proximity potential to adjust the barrier height of the last two pairs and take in using a 
form for (Rfus) concerinig the extinsion of the barrier height as mentioned by L. C. Vas [7] . 
 
Table (I)  Barrier parameters chosen for calculating excitation functions of the studiied 
pairs it is mentioned both of the critical angular momentum values curvature and the 

nuclear model approching the best fit with . 
 

Proj. Targ. ZpZt Rfus Vb Lmax Rc Lcr ћω Nulc.model 
 

Li7 Si28 42 8.12 6.6 21 6.4 36 9.4 unified 

C12 Zr92 240 9.9 33.4 33 8.8 46 2.24 proximity 

S32 Y89 624 10.4 85.6 35 9.9 79 3.01 bass 

P31 Lu175 1065 11.4 126.7 90 11.4 61 4.27 bass 

Ca48 Sm154 1240 11.6 142.8 94 11.7 84 3.98 unified 

S38 Pb208 1312 11.7 150.4 65 11.8 58 4.49 unified 
 

Table (II):  calculated values of  heights , fusion and critical radie and 1max for  some  
pairs in comparison with those given by analytical formulations or measured values due 

to the references mentioned for each of them . 
 

P  T  ZpZT
 Ecm 

Mev 
Vb 

Pres. 
Rfus 
Pres. 

Rcr 
(fm) 

Lmax 
Pres. 

Rfus 
Meas. 

Vb 
Meas. 

Ref. 

C12 Al27 78 32.5 13.3 8.4 6.9 25 8.1 12.76 14 

C12 Zr92 240 53.0 32.5 10 8.8 34 10.23 59.0 15 

O16 Zr92 320 63.3 42.8 10.1 9.1 39 10.65 69.0 15 

O16 Zr92 320 63.3 42.8 10.1 9.1 39 10.22 41.97 16 

O16 Sm144 496 83.0 62.4 10.8 10.1 43 11.14 59.93 16 

Si28 Zr92 560 93.3 69.7 10.4 9.8 60 10.58 70.97 16 

Sn124 Zr92 2000 334.7 220.9 12.5 12.4 227 … 216.3 17 

Sn124 Zr92 2000 334.7 220.9 12.5 12.4 227 12. 221.9 14 

Sn132 Zr92 2000 342.6 218.6 12.7 12.6 243 … 213.8 17 
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CONCLUSION 

      From  figures (1-6), it is clear that the unified and Bass potentials are in agreement with 
the measured  data for lighter pairs  nuclei. Also Woods Saxon extends to agree data with 
intermediate nuclei , but it fails to fit the data with heavy nuclei. The greatest difficulty for the 
unified potential is to fit data over  wider excitation energy ranges for both intermediate and 
heavy nuclei. Proximity and Bass potentials fit the data well in intermediate and heavy nuclei. 
Bass potential gives bad fit with light nuclei for a wide range of fusion reactions. In few cases 
we found that the Proximity potential is more applicable for light nuclei than  for heavier . 
There is a harmony between Woods-Saxon with unified potential on one hand and Bass with 
proximity potential on the other  where  cross section values calculated by Woods-Saxon and 
unified potentials, in case of light nuclei with the same approximation, were found to be  
indistinguishable .This harmony could be attributed to the origin of models, since Woods-
Saxon and unified stem from the independent particle model while Bass and proximity come 
from the liquid drop model.  

 

     From tables (I-II) , we can conclude that ,for  fusion excitation functions , the limiting 
angular momentum , could be successfully deduced by 1max values given by eq.(3), which 
indicate good agreement with both Lfus values given by Bass model [5] and  1cr  values ,eq.(6) 
and make a significant consideration to the enhancements of coupled channels ,especially for 
higher excitation energies . Also we can  note  that 1max values given by eq.(3) are larger than  
1cr  values given  by eq. (6) , especially for light  pairs which  indicates the effects of the 
enhancements of coupled channels on the measured cross sections while those given by 
iteration are smaller ,this could be interpreted due to a wide range of enhancements of coupled 
channels at higher energies or lighter ions .  
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FIGURE CAPTIONS 
 

FIG.1. 12C +92Zr fusion excitation function, calculated using both proximity nuclear potential 

and eq.(4), in comparison with  data imported from Ref. [8].   

FIG.2. 32S + 89Y fusion excitation function calculated using both of  Bass nuclear potential 

and eq.(3) , in comparison with  data imported from Ref. [9].   

FIG.3. 48Ca + 154Sm fusion excitation function, calculated using both of  unified nuclear 

potential and eq.(4), in comparison with  data imported from Ref. [10].   

FIG.4 31P + 175Lu fusion excitation function, calculated using both of Bass nuclear potential 

and eq.(4) , in comparison with  data imported from Ref. [11].   

FIG.5. 7Li + 28Si fusion excitation function, calculated using both of unified nuclear potential 

and  ( eqs.(4,5) in comparison with  data imported from Ref. [12].   

FIG.6 38S + 208Pb fusion excitation function, calculated using both of  unified nuclear 

potential and  eq.(3)  in comparison with  data imported from Ref. [13].   
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