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Abstract

In this paper a van der Pol-Duffing oscillator with a bounded double well potential and a

delayed (positive and negative) position and velocity feedback is considered. Attention is focussed

on the effects of time delay on stability, escape motion and horseshoes chaos. Using Forde and

Nelson’s theorem, harmonic balance and Melnikov criterion for chaos, the boundary conditions

for such phenomena are derived. It appears that, time delay can be used as simple switch to avoid

and/or create complex behavior of the model.
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1 Introduction

Many systems can be self-excited. In such systems, the damping is a function of position or

velocity. Their most general picture can be described by the Lienard’s differential equation

ẍ − εf(x)ẋ + g(x) = 0. (1)

Equations of this kind can be found in various applications such as mechanics, chemistry, logistic

systems, biological systems and communication. One of the most studied equation within this

class is the van der Pol equation, which possesses a unique limit cycle. Since the works of van der

Pol and van der Mark (1927) and Ueda and Akamatsu (1981), many researchers were attracted

to the area of self-excited systems. Many contributions have been made to understand the mech-

anism of the complex phenomenon observed experimentally and through computer simulations.

This gradually formed a foundation in developing the theory, methodology and application of van

der Pol or modified van der Pol equations. It has been shown that a van der Pol type oscillator

can exhibit complex nonlinear phenomena with various applications. Change in stability response,

quasi periodic motion, hysteresis, escape from potential, snap through instability and chaos are

some of these phenomena. As an example, Hodgkin and Huxley (1952) show that the behavior of

the nerve impulse is described by a periodic van der Pol equation; D’Acunto (2006) proposed a

van der Pol-Duffing (vdPD for short) equation to describe a self-excited body on a potential well;

a possible application of chaotic and periodic vdPD oscillator in mechanical engineering is shown

by Kitio and Woafo (2007) and a chaotic van der Pol oscillator is used by Nana and Woafo (2009)

for secure communication.

All the results mentioned above show that a van der Pol type oscillator may really exhibit remark-

able complex dynamical behavior. Thus a fundamental question comes to mind: how to control

a dangerous motion and create a motion which is useful? For example, sensing and positioning

applications, nerve impulse or logistic systems are basically described by a periodic van der Pol

equation; chaos is useful for secure communication and in some engineering tasks, such as shak-

ing and mixing. Thus, there is a need to control nonlinear or linear phenomena arising in these

systems. Active control using an electromagnetic coupling or a piezoelectric element was recently

proposed for such problems (Kitio Kwuimy et al. 2006; Nana Nbendjo et al. 2003). Recently

many contributions (Li et al. 2006a, 2006b; Xu and Chung, 2003) proposed a simple method

to control systems. The method was based on time delay (linear and/or nonlinear) feedback

control. Using a bounded single well potential, it ha s been shown that time delay can be used

to control chaotic motion and Hopf bifurcation. This technique is quite easy to implement in

real applications. It is used for machine cutting, network communication systems, nuclear reac-

tion, racket motors, manufacturing process, parallel computers and so on (Ghosh et al. 2008; Gu

and Niculescu, 2003). Another interest with delayed equations is that, delay occurs often in me-

chanical, physical, ecological, biological, economic, electronic and chemical systems (Hale, 1977;

Chukwu, 1992; Kuang, 1993). The mathematical analysis of such systems is quite different from
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ordinary differential equations; a delayed differential equation is past history dependent (Hairer

et al. 1987; Hale, 1977). It is thus a challenge on analysis various nonlinear phenomena in delay

equation. In this paper, the following delayed vdPD equation is considered

ẍ − εẋ(1 − αx2) + δx + βx3 = k1x(t − τ) + k2ẋ(t − τ) + f0cosΩt, (2)

where ε, α, β, f0, Ω are positive real parameters, δ is a negative real number, k1, and k2 are

real numbers, τ is a time delay and the dot indicates the derivation with respect to the time t.

The feedback is called negative if k1 and k2 are negative and positive if k1 and k2 are positive.

Equation (2) has a bounded double well potential. In such potential, the system has two stable

equilibrium points C1 =
√

−δ/β and C2 = −
√

−δ/β, also called center; and unstable equilibrium

point S = 0 also called saddle. Figure 1b shows the potential configuration and Figure 1a shows

two homoclinic orbits to and from S.

Figure 1: Phase portrait and potential of the system.

Therefore, depending on the value of the parameters, snap through motion (which leads to a

change of sign of the response of the system) and homoclinic bifurcations (which leads to fractal

basin and horseshoes chaos) can occur. Equation (2) can model the one mode dynamics of a self-

excited simply-supported beam subject to an axial excitation with a van der Pol type dissipation.

Hamdi and Belhaq (2009) recently controlled undesirable vibrations in such beam by using a

corrective position feedback with time delay. Another interesting system is the electronic circuit

shown in Figure 2. It is an electronic circuit with a nonlinear operational amplifier, the modeling

equation is derived in Appendix A. It is used to active the mechanical arm of electromechanical

devices (as shown in Kitio and Woafo, 2007) and for secure communication (Nana and Woafo,

2009) by adjusting some parameters of the system. Time delay can be used here, since it is simple

to integrate and, the delay parameter has a In this paper, the effects of time delay on stability,

escape motion and horseshoe chaos are investigated using the Forde and Nelson’s theorem (Forde

and Nelson, 2004), harmonic balance and Melnikov criterion for chaos. Melnikov criterion serves as

a useful tool in the development and design of nonlinear systems, giving bounds on the parameters

of a system where chaos (horseshoes) can occur. In the knowledge of the authors there is no
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Figure 2: A model of a van der Pol-Duffing oscillator.

published work on this interesting system using these approaches. The remainder of the paper is

arranged as follows. Section 2 considers the stability and the snap through instability. The effects

of time delay on Melnikov chaos is presented in section 3. Section 4 is deicated to the conclusion.

2 Stability analysis of the model

2.1 Stability analysis of the linearized system

The Lyapunov concept is used to study the stability of equation (2). In this line, the following

characteristic equation in λ is obtained from the linear form of equation (2)

P1(λ) + e−λτP2(λ) = 0, (3)

with

P1(λ) = λ2 + λε + δ and P1(λ) = −k1 − λk2. (4)

Due to the presence of the exponential term in the characteristic equation (3), it is quite difficult

to calculate explicitly its roots. The stability condition can be derived using a therorem due to

Forde and Nelson (2004) which states that, if one has an idea of the roots of equation (3) for

the undelayed case, then it is possible to study the evolution of these roots as the delay grows

through positive values. This theorem was recently used by Ghosh et al. (2008) while studying

the stability of a vdPD equation with position feedback coupling.

For τ = 0, equation (3) is unstable whether it is a positive or a negative feedback. As the value

of τ increases, the stability of the systems can change. Following Forde and Nelson (2004) and

Ghosh et al. (2008), one obtains that the stability of the system can be summarized in the form

of the theorem given below
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Theorem A steady state with the characteristic equation (3) is unstable in the absence of delay,

and

1. becomes stable if and only if k2
1 < δ2 and k2

2 < −2δ + ε2,

2. remains unstable if and only if either k2
1

> δ2 or k2
1

< δ2 and k2
2

> −2δ + ε2,

as the delay is increasing from zero to infinity. This theorem easily shows that, in terms of stability,

both negative and positive feedback delay have the same effect on the dynamics of the system. The

corresponding stability chart is plotted in Figure 3 in the plane of control gain parameter. The

region in black corresponds to stable steady state. It appears that for higher value of the square

of the control gain parameter, a steady state with characteristic equation (3) remains unstable.

Figure 3: Stability chart of a steady state.

2.2 Snap through instability

Escape motion arises, for example, when a particle in the bounded double well potential of Figure

1b, goes from the left well, crosses the potential barrier and arises into the right well. That is,

when the energy of the system is greater than the potential barrier. In mechanical structures, this

yields to overtuning or inversion (which can be dangerous), and in electronic devices, this yields

to the change of the sign of the signal which, in the case of positioning, sensing or actuation has

important consequences. The boundary condition for such motion is derived from the amplitude

equation assuming a periodic response of equation (2) in the form x(t) = x0 +xmcos(Ωt−φ) and

setting x0 = xm. Inserting this expresion of x in equation (2) and equating the constants and the
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coefficient of sinΩt and cosΩt, one finds that x0 and xm obey the following algebraic equations

x2
0 =

k1 − δ

β
− 3x2

m

2
, (5)

f2
0 = x6

m

[

9β2

16
+

ε2α2Ω2

16

]

+ x4
m

[

3ζβ − ξεαΩ

2

]

+ x2
m

[

ζ2 + ξ2
]

, (6)

with

ζ = δ − Ω2 + 3βx2
0 + k2ΩsinΩτ − k1cosΩτ, (7)

ξ = Ωε
(

1 − αx2
0

)

+ k2ΩcosΩτ − k1sinΩτ. (8)

Considering the crossing boundary condition one obtains,

x0 = xm =
2(k1 − δ)

5β
. (9)

Inserting this critical value of the amplitude in equations (5) gives the boundary conditions for

the escape in terms of system parameters.

Figure 4: Boundary condition for the appearance of snap though instability in the plane (Ω, f0)
for various delay.

Figure 4 shows for, ε = 0.2, α = 1, δ = −1, β = 0.2 and k1 = k2 = 0.2, the boundary condition

in the plane (Ω, f0) for various values of the delay. The curve in line is obtained from analytical

investigations for τ = 0 and the corresponding numerical curve is plotted with crosses and line.

Other curves are plotted from numerical simulations respectively, for τ = 0.02 (curve with crosses)

and τ = 0.5 (curve with squares boxes.) A general information one can deduce from the curve

is that, time delay divides the plan into two different regions. The region of stability (region
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Figure 5: Threshold condition for the appearance of snap through instability in the plane (k1, k2)
for various delays.

above the curve) and instability (region under the curve). By increasing the delay, one reduces

the region of stability. The same observation is made in the (k1, k2) plane for f0 = 0.8 and Ω = 1.

This can be observed in Figure 5 where the curve with crosses and line is plotted for τ = 0.02,

the curve with crosses corresponds to τ = 0.5 and the other one to τ = 0.8. Figure 5 shows the

effect of negative feedback. In fact it is observed that for a negative feedback, the threshold of

snap though instability is almost a straight line and the area of stability is more important than

the one with positive feedback. The boundary condition is plotted in Figure 6 as a function of f0

and τ . One finds that f0 has a periodic dependance on τ . As mentioned before, this change of

sign of the dynamics can be useful for sensing, positioning and actuating application.

3 Effects of the time delay on the appearance Melnikov chaos

A key point with unstable and chaotic engineering system is to derive a mathematical condition

overlapping the parameters of the system and leading to such phenomenon. Melnikov method is

one of the best approach for this task. It is an analytic technique, which can be used to deduce

the presence of chaos in a dynamical system. It helps to define the conditions for the existence of

the so-called transverse intersection points between unstable separatrice or the appearance of the

fractability on the basin of attraction. This approach was first used by Holmes (1979) to study the

chaotic attractor of a periodically driven Duffing oscillator with negative linear stiffness. Frey and

Simiu (1993) presented a generalized random Melnikov technique to study the effect of noise on
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Figure 6: Threshold condition for the appearance of snap through instability in the plane (f0, τ).

near integrable second order dynamical system. Kitio Kwuimy et al. (2006) derived the condition

for the appearance of chaotic escape in a flexible beam under a double well Duffing potential.

The effect of time delay is considered by Nana Nbendjo et al. (2003). Recently Sun et al. (2007)

studied the effect of time delay on bifurcation and chaos on non autonomous system with a positive

position and velocity feedback. They concluded that, correct choices of time delay can change

the stability of the system and/or induce or suppress chaos. Here our attention is focussed on

the effect of positive and negative positions and velocity time delay on homoclinic chaos in a

driven vdPD oscillator under a double well potential. To deal with such question equation (1) is

rewritten in the form
(

ẋ
ẏ

)

=

(

y
−δx − βx3

)

+ ε

(

0
y(1 − αx2) + k10x(t − τ) + k20ẋ(t − τ) + f0cosΩt

)

, (10)

where in, k1 = εk10, k2 = εk20 and f = εf0. The unperturbed Hamiltonian system possesses a

homoclinic orbit connecting the unstable point of the potential to itself. See Figure 1a. This orbit

is given by

x0 = ±
√

−−2δ

β
sech (−δt) , (11)

y0 = ±2δ2

√
β
sech (−δt) tanh (−δt) . (12)
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The Melnikov function, which gives a measure of the leading order distance between the

stable and unstable manifold, can be used to tell when the stable and unstable manifolds intersect

transversally. It is defined to be the integral

M(t0) =

∫
(

y
−ω2

0x − βx3

)

×
(

0
y(1 − αx2) + k10x(t − τ) + k20ẋ(t − τ) + f0 cos Ω(t + t0)

)

dt,

(13)

where t0 is a phase angle.

If M(t0) = 0 and Ṁ(t0) 6= 0 for some t0 and some set of parameters, then a horseshoe exists,

and chaos occurs (Guckenheimer and Holmes, 1983). Carrying out integration (13), one finds

M(t) =
2ε

3Ω

(

2δ2

β

)3/2

+
16εαδ3

15Ωβ2
+

2k1|δ|
√
−δ

Ωβ
g1(τ)+

2k2δ
2

βΩ
g2(τ)+πΩf

√

2

β
sech

πΩ

2
√
−δ

sinΩτ, (14)

with

g1(τ) = −cotanhΩτ

sinhΩτ
Ln

[

sinhΩτ + coshΩτ

−sinhΩτ + coshΩτ

]

+
2

ΩsinhΩτ
,

g2(τ) =
2coshΩτ

sinh2Ωτ
− 2cotanhΩτ(1 + cotanhΩτcoshΩτ)

− 2cosh2Ωτ + sinh2Ωτ

sinh3Ωτ
Ln

[

sinhΩτ + coshΩτ

−sinhΩτ + coshΩτ

]

.

Some hints on the above calculations are given in Appendix B. Using the Melnikov criterion for

the appearance of the intersection between the perturbed and unperturbed separatrices, it is found

that chaos appears when the following condition is satisfied (Guckenheimer and Holmes, 1983)

f ≥ −
cosh πΩ

2
√

−δ

πΩ

[

2ε

3Ω

(

2δ

β

)3/2

+
16εαδ3

15Ωβ2
+ 2

2k1|δ|
√
−δ

Ωβ
g1(τ) +

2k2δ
2

βΩ
g2(τ)

]

, (15)

consequently, a device whose parameters satisfy this expression will have a chaotic dynamics. The

threshold condition (15) is plotted in Figure 7 in (f0,Ω) plane for three values of the time delay

and ε = 0.2, β = 0.2, δ = −1 and k1 = k2 = 0.2. It appears that for each value of the frequency

Ω, the corresponding critical value of the excitation f0 is lower for τ = 0 (curve with crosses).

This value is higher for small delay, curve with square (τ = 0.2). The other curve corresponds

to τ = 0.8. In the plane (τ, f0), the threshold condition is plotted in Figure 8 for Ω = 1. One

notes that, the critical value of f0 is an increasing function of time delay. Looking for the effects

of control gain parameters, condition (15) is plotted in (k1, k2) in Figure 9 for f0 = 0.2 and Ω = 1

and τ ∈ 0.02, 0.5, 0.8. One can deduce that the velocity control gain k2 is almost a decreasing

linear function of the position control gain k1. The absolute value of the slope in an increasing

function of the delay. The region corresponding to horseshoe chaos is the region above the curve.

These Figures give information about the effects of time delay and control gain parameters on the

appearance of Melnikov chaos.
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Figure 7: Threshold condition for the appearance of horseshoe chaos in the plane (Ω, f0).

Figure 8: Threshold condition for the appearance of horseshoe chaos in the plane (τ, f0).

4 Conclusion

In this paper, a van der Pol-Duffing oscillator with both delayed displacement and velocity feed-

back under a double well potential was considered. Forde and Nelson’s theorem was used to

10



Figure 9: Threshold condition for the appearance of horseshoe chaos in the plane (k1, k2).

determine the stability chart of the steady states and harmonic balance gives facilities to derive

the threshold condition for snap through instability. The Melnikov technique was necessary to

determine the necessary condition for the onset of chaos resulting from homoclinic bifurcation.

Focus was made on the effects of time delay and the value of control gain parameters. The results

reveal that time delay lowers the threshold condition and enlarges the domain of instability and

chaos in (f0,Ω) and (k1, k2) planes. This domain is small for negative feedback. Time delay

appears as a switch to create or suppress chaos and instability in the system.
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Appendix A

Using Kirchhoff and Ohm laws one obtains the following equations

• i) for the current,

i + ic + iL = 0,

• ii) for the voltage

i = = −aV + bV 3, see Ookawara and Endo (1996) for details,

ic = CV̇ and

V = L ˙iL + RiL

By eliminating the currents it comes

LCV̈ − (RC − a)V̇

[

1 − 3bL

RC − a
V 2

]

+ (1 − Ra)V + RLbV 3 = 0,

with the constraint 1

R < a < RC
L .

Appendix B
∫

sechxtanhxtanh(x − x0)sech(x − x0)dx =

∫

u
ucoshx0 − sinhx0

[usinhx0 + coshx0]
2
du,

∫

sechxtanhxsech(x − x0)dx =

∫

u

usinhx0 + coshx0

du,

with u = tanhx.
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