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Résumé

En dépit d’efforts intenses tant sur le plan expérimental que théorique, la
compréhension des propriétés physiques particulières des composées à fermions
lourds reste un des problèmes ouverts majeurs de la physique de la matière con-
densée et nécessite de nouvelles approches. Particulièrement intéressant est le
régime critique dans ces composés, une vaste région du diagramme de phases
présentant des propriétés métalliques anormales, non expliquées par la théorie
standard de Landau pour les métaux normaux. Ce régime est attribué à la présence
d’une transition de phase à température nulle entre différentes phases en compétition,
mais n’est pas encore compris en détails théoriquement. En particulier, la nature
des modes critiques responsables d’un tel régime ne sont pas totalement iden-
tifiés.

Dans ce travail de thèse, nous considérons une des approches théoriques
récentes proposées pour rendre compte des propriétés du régime critique. Cette
approche est basée sur l’idée que les modes critiques responsables de ce régime
sont de nature non-magnétique et sont associés à la destruction de l’effet Kondo,
entre des impuretés magnétiques localisées et des électrons de conduction itinérants,
au point critique quantique. Nous dérivons une expression analytique pour
l’énergie libre dans ce modèle en utilisant la fonctionnelle de Luttinger-Ward
dans le cadre de la théorie d’Eliashberg. Les expressions obtenues incluent de
manière transparente l’effet des fluctuations critiques, intégrées de façon auto-
cohérante. Le comportement de différentes quantités thermodynamiques est en-
suite déduit à partir de ces expressions là. Le résultat obtenu est confronté à
des expériences récentes sur des composés à fermions lourds ainsi que sur un
système de bi-couches d’hélium 3 adsorbées sur un substrat composé de graphite
pour tester la validité d’un tel modèle. En particulier, nous mettant en exergue
ses succès et ses faiblesses.

Mots clés : point critique quantique, ( destruction de ) l’effet Kondo, com-
portement non-liquide de Fermi, bosons esclaves, théorie d’Eliashberg, fonction-
nelle de Luttinger-Ward, composés à fermions lourds, couches d’hélium 3.
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Markus Garst qui ont accepté de faire partie de ce jury.
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Introduction

Pendant des décennies, un des paradigmes les mieux établis de la physique mod-
erne était la théorie de Landau du liquide de Fermi (LF) [1] décrivant un système
de fermions en interaction. Dans cette théorie, le système en interaction original
est mis en correspondance adiabatique avec un gaz de Fermi idéal d’excitations
élémentaires : les quasi-particules. Ces dernières ont une très longue durée de vie à
basse énergie et ont les mêmes nombres quantiques intrinsèques que les électrons
libres. L’effet des interaction apparaı̂t comme une renormalisation de quelques
paramètres comme la masse des particules. Les systèmes expérimentaux peuvent
alors être décris en terme d’un nombre fini de constantes phénoménologiques in-
cluant la masse effective des quasi-particules, la densité d’état à la surface de
Fermi et d’autres quantités physiques.

Parmi les caractéristiques d’un état LF dans un métal propre on trouve une
dépendance prépondérante quadratique en température de la résistivité électrique,
∆ρ(T ) ≡ ρ(T )−ρ0 ∼ AT 2, une dépendance prépondérante linéaire en température
de la chaleur spécifique électronique, c(T ) ∼ γT , et une susceptibilité de spin χ
constante de type Pauli. Les quantités A, γ et χ sont toutes proportionnelles à la
masse effective des quasi-particules. Les caractéristiques ci-dessus apparaissent
en dessous d’une température non-universelle TFL.

La description phénoménologique du LF a été appuyée par une analyse dia-
grammatique [2]. La théorie microscopique de Landau sous-jacente est basée sur
la forte supposition que l’on peut sommer des diagrammes en échelles avec des
vertex irréductibles finis et analytiques dans la limite des petits moments et des
petites fréquences. Ceci est justifié à priori dans les cas de faibles interactions.

Cependant, les trois dernières décades ont vu émerger, de façon croissante, de
nouveaux matériaux qui présentent de fortes déviations, dans un large intervalle
de température s’approchant du zéro absolu, à cette description standard des
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métaux : c’est une illustration du comportement non-liquide de Fermi (NLF).
Dans ces systèmes, l’interaction domine l’énergie cinétique des électrons, de-
venant si forte qu’elle affecte profondément leurs propriétés physiques. Ils con-
stituent la famille communément appelée les systèmes à fermions fortement corrélés.
Elle inclue beaucoup de systèmes physiques comme les cuprates supraconduc-
teurs à haute température critique, les conducteurs organiques et les composés
à fermions lourds (CFL). L’apparition de ces systèmes a accaparé l’attention et
mené à d’intenses efforts théoriques et expérimentaux pour la compréhension de
leurs propriétés physiques particulières. Pourtant, l’ensemble croissant des ob-
servations expérimentales fascinantes est encore mystérieux et reste un défi de
taille pour les théoriciens de la matière condensée.

Les CFL sont particulièrement intéressants étant donné que le comportement
NLF observé se trouve à la confluence de phases, dues à des interactions en
compétition comme l’effet Kondo et les interactions magnétiques, où les fluctua-
tions quantiques de modes magnétiques et électroniques sont fortement couplées.
Dans cette thèse, nous considérons un des modèles théoriques récents qui se pro-
posent d’expliquer ce comportement NLF dans ces composés : le scénario de
la destruction de l’effet Kondo à la transition de phase quantique [3, 4] Nous
présentons quelques prédictions pour les quantités thermodynamiques et nous
les comparons à des résultats expérimentaux dans ces systèmes. En particulier,
nous avons étudié la criticalité quantique dans des bi-couches d’hélium 3 [5] et la
divergence du ratio de Grüneisen à la transition de phase quantique dans le com-
posé à fermions lourds YbRh2(Si0.95Ge0.05)2 [6], tout deux observés expérimentalement,
en utilisant le modèle de la destruction de l’effet Kondo.

La présente exposition de mon travail de thèse commence avec une introduc-
tion au problème des fermions lourds au chapitre 1. Nous donnons un panorama
de la phénoménologie des fermions lourds des points de vue expérimental et
théorique. Nous introduisons, en particulier, quelques concepts théoriques clés
comme l’effet Kondo et nous mettant en exergue quelques évidences expérimentales
de comportement NLF dans les CFL.

Le reste de la présentation se divise ensuite en deux parties. Dans la première,
nous passons en revue quelques modèles théoriques de transition de phase con-
tinues abordant le comportement NLF dans les composés à fermions lourds.

Le chapitre 2 présente le modèle standard des transitions de phase quan-
tiques dans les CFL et souligne ses insuffisances. Ensuite, une nouvelle classe de
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théories sur la criticalité quantique, inspirées par un certain nombre d’observations
expérimentales, est décrite. Un intérêt particulier est donné au modèle de la de-
struction de l’effet Kondo au point critique quantique (Kondo breakdown) qui
sera utilisé tout au long de ce travail de thèse.

Le chapitre 3 présente le premier résultat de ce travail. Nous y dérivons une
expression analytique de l’énergie libre, pour le modèle standard de la criticalité
quantique et le modèle du Kondo breakdown, où l’effet des fluctuations quan-
tiques est pleinement explicité. Ceci est obtenu en utilisant la fonctionnelle de
Luttinger-Ward dans le cadre de l’approximation d’Eliashberg. Des relations de
scaling sont alors dérivées à partir desquelles des prédictions sur les quantités
thermodynamiques peuvent être faites. Ce résultat est l’objet de la publication 4.

Le chapitre 4 présente une expérience sur des bi-couches d’hélium 3 adsorbées
sur un substrat composé de graphite. Une criticalité quantique, similaire à celle
survenant dans les composés à fermions lourds, y est observée. Nous discu-
tons cette criticalité du point de vue du modèle du Kondo breakdown and nous
rendons compte de quelques observations expérimentales dans ce système. Les
résultats de ce chapitre ont fait l’objet des publications 1 et 3.

Le chapitre 5 présente une étude sur le ratio de Grüneisen dans le composé
à fermions lourds YbRh2(Si0.95Ge0.05)2. Il est montré que ce ratio diverge en tout
point critique quantique avec un exposant anormal qui dépend de la nature de la
transition quantique. Il offre ainsi la possibilité de discriminer différents modèles
sur les composés à fermions lourds. Nous évaluons l’exposant anormal du ratio
de Grüneisen dans ce composé en utilisant le modèle du Kondo breakdown et
nous le trouvons en bon accord avec sa valeur expérimental. Nous faisons aussi
une prédiction sur l’asymétrie de ce ratio autour de la transition de phase quan-
tique. Les résultats de ce chapitre ont été publiés dans la publication 2.





Introduction

For decades, one of the most established paradigms describing a system of inter-
acting fermions was the Landau theory of the Fermi liquid (FL)[1]. In this theory,
the original interacting electronic system is mapped onto an ideal Fermi gas of
fermionic excitations : the quasiparticles. These are long lived at low energies and
have the same internal numbers as bare electrons. The effect of the interactions
shows as a renormalization of some parameters, like the mass of the particles.
The experimental systems can then be discussed in terms of a finite set of phe-
nomenological constants including the effective mass of the particles, the density
of states at the Fermi surface and other physical quantities.

The most common features of a FL state in a clean metal include a leading
quadratic temperature dependence of the electrical resistivity, ∆ρ(T ) ≡ ρ(T ) −
ρ0 ∼ AT 2, a leading linear temperature dependence for the electronic specific
heat, c(T ) ∼ γT , and a temperature independent Pauli spin susceptibility χ. Both
A, γ and χ are proportional to the effective mass of the quasiparticles. These
features show up below a non-universal characteristic scale TFL.

The phenomenological description of the FL was supported by a diagram-
matic analysis [2]. The underlying microscopic Landau theory is based on the
strong assumption that one can sum proper ladder diagrams with finite and an-
alytic irreducible vertices in the limit of small momenta and frequencies. This is
justified à priori for the case of weak interactions.

However, the last three decades have seen an increasing number of novel
materials displaying radical deviations, over an extended range of temperature
down to absolute zero, from this standard picture for metals, i.e. a non-Fermi
liquid (NFL) behavior. In these systems, the interaction energies dominate the
electron kinetic energies, becoming so large that they profoundly transform their
physical properties. These are the family of strongly correlated fermion systems. It
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includes many systems such that the high-Tc cuprates superconductors, organic
conductors and heavy fermion compounds (HFC). The appearance of such sys-
tems has attracted a great deal of attention and driven intense theoretical and
experimental efforts to understand their peculiar physical properties. However,
the increasing body of fascinating experimental observations is still mysterious
and faces the condensed matter theorists with a great challenge.

HFCs are of a particular interest since the observed NFL behavior happens
at the confluence of competing phases where quantum fluctuations of magnetic
and electronic degrees are strongly coupled. In this thesis, we consider one of
the recent theoretical models proposed to account for the NFL behavior in these
compounds, namely the Kondo breakdown scenario [3, 4]. We present some of
its predictions for thermodynamic quantities and confront them to the experi-
mental test of available experiments on these systems. In particular, we have
investigated the quantum criticality in He3 bi-layers [5] and the divergence the
Grüneisen ratio at the QCP of the heavy fermion compound YbRh2(Si0.95Ge0.05)2

[6], both observed experimentally, within the Kondo breakdown model.

The present thesis starts with an introduction on the heavy fermions prob-
lem in chapter 1. We give an overview on the heavy fermions phenomenology
from both the experimental and the theoretical points of view. In particular, we
introduce some key theoretical concepts like the Kondo effect and emphasize ex-
perimental evidences of NFL behavior in these compounds.

The remaining of this presentation is then divided up into two parts. In the
first part, we review some theoretical models for the NFL behavior in HFC from
the point of view of the quantum criticality paradigm.

Chapter 2 presents the standard model for quantum phase transitions in HFC
and outlines its insufficiencies. Then, a new class of theories on quantum critical-
ity, based on numerous experimental observations, are described. A particular
interest is given to the Kondo Breakdown quantum critical point, which will be
used throughout this thesis.

Chapter 3 contains the first of the results obtained in this thesis. It presents a
derivation of an analytic expression of the thermodynamic potential, for both the
standard model of quantum criticality and the Kondo breakdown model, where
the effect of quantum fluctuations is made fully explicit. This is achieved by the
use of the Luttinger-Ward functional within the Eliashberg framework. Scaling
relations are then derived from which predictions for thermodynamic quantities
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can be made. These results are presented in publication 4.

In the second part, we put these results into a confrontation with some real
system experiments.

Chapter 4 presents an experiment on He3 bi-layers, adsorbed on a compos-
ite substrate of graphite, where quantum criticality, similar to the one occurring
in heavy fermion compounds, is observed. We discuss this quantum criticality
from the point of view of the Kondo breakdown and account for a number of
the experimental features of the system. Results in this chapter are presented in
publication 1 and 3.

Chapter 5 presents the study of the Grüneisen ratio in the heavy fermion
compound YbRh2(Si0.95Ge0.05)2. This ratio is shown to diverge at any quantum
phase transition with an anomalous exponent depending on the nature of the
quantum transition. It offers thus the possibility to discriminate between the
different proposed models for heavy fermions quantum criticality. We evaluate
the anomalous exponent of the Grüneisen ratio, within the Kondo breakdown
scenario, in this compound and find it in a good agreement with the experimental
result. We make a prediction on the asymmetry of this ratio around the quantum
phase transition. Results in this chapter have been published in a short letter
(Publication 2)





Chapter 1

The heavy fermions problem

The first identified HFC is CeAl3, in 1975 [8], with a γ coefficient of∼ 1.5 J/mol.K2,
which is 150 times bigger than ordinary metals. This yields a huge effective mass
for the quasiparticles, which justifies the terminology used to refer to these com-
pounds. Since then, a growing list of materials has been identified to lay in these
family, with effective masses extending up to 1000 bare electron masses, among
which we have CeCu2Si2, YbRh2Si2 and UPt3 [9, 10].

The HFC are alloys containing rare-earth (Ce and Yb) or actinide (U) ele-
ments. Upon variation of some parameters like chemical doping, an external
magnetic field B or a pressure P, these compounds exhibit a plethora of different
phases, including magnetism, (unconventional) superconductivity [11, 10] and
NFL behavior [9, 12]. Many of their physical properties are poorly understood
and still the subject of an intense and challenging effort to explain them.

(a) (b)

Figure 1.1: (a) Resistivity vs. temperature of CeAl3 and CeCu6 (the relative magnitudes

of the two sets of data are arbitrary) and (b) Inverse susceptibility of CeAl3. Both sets of

data can be found in the extensive review by Stewart [9].
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Under certain conditions, and below a characteristic scale T ∗, most of these
materials show a FL behavior. However, the observed values of T ∗ ≈ 10− 100K
are much smaller than the conventional scale in normal metals where TF ≈
104−105K. The γ coefficient is temperature-independent and assumes very large
values, compared to the ones for normal metals. The spin susceptibility has a
Curie-Weiss behavior above T ∗ and saturates at low temperature T < T ∗ to a FL
Pauli behavior. The Curie susceptibility is the hallmark of the decoupled, rota-
tional dynamics of magnetics moments associated with an unquenched entropy
of S = kB lnN , where N is the spin-degeneracy of the magnetic moment.

As for the resistivity, it displays a broad maximum at a temperature T ∗ below
which Fermi liquid behavior is reached at a temperature TFL (see Fig. 1.1) The
phenomenological scaling relations γ ∼ χ[14] and A ∼ γ2[15] observed approxi-
mately for different HFCs do suggest the validity of the FL description. The Wil-
son ratio R = (χ/γ)π2k2

B/µ0µ
2
eff deviates however from the free-electron value

R = 1, assuming values in the range 2− 5.

The presence of a ”coherence” temperature below which the FL behavior is
recovered and the behavior of the spin susceptibility are both reminiscent of the
Kondo effect.

1.1 From Kondo impurity to Kondo lattice

The Kondo problem goes back to the discovery of a resistivity minimum at low
temperature in metals with dilute magnetic impurities. In the early 60’s, this
was a 30 years old puzzling experimental problem : indeed, the low temperature
resistance in a metal, which is due principally to the presence of defects and im-
purities, should instead saturate at a finite value which depends on the density
of these defects.

1.1.1 The Kondo problem

Convinced that the magnetic character of the impurities is a crucial aspect of the
problem, Kondo[16] managed to explain it successfully within the s-d model,
now bearing his name. The model describes the magnetic exchange interaction
between a local spin ~S, assumed to be S = 1

2 located at ~r = ~0, and the local
conduction electrons spin density ~s0 = 1

2c
†
α~σαβcβ , where ~σ is the vector of Pauli
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matrices

Hsd =
∑

k,σ

εkc
†
kσckσ + J ~S · ~s0. (1.1)

Using a third order perturbation calculation in the coupling constant J , Kondo
found that the electrical resistivity due to scattering of conduction electrons off
the impurity acquires a logarithmic dependence on temperature

ρ(T ) = ρB[1 +N0J ln
(
D

T

)
+ . . . ], (1.2)

where ρB ∝ J2 is the expected Born approximation result, N0 is the conduc-
tion electrons density of states and D is the bandwidth of the conduction band.
For an anti-ferromagnetically coupled impurity spin, Kondo’s theory describes
correctly the observed minimum of resistivity : this is attributed to the logarith-
mic term which overshadows the phonon contribution to the resistivity at low
enough temperature.

However, this success was not complete as it also predicts an unphysical di-
vergence of the resistance at even lower temperature. In fact, the perturbative
approach of Kondo is plagued by the logarithmic divergence shown in (1.2). It
breaks down when the first correction term becomes comparable to the Born ap-
proximation and this happens at the so-called Kondo temperature easily found
to be [16]

TK = D exp
( −1
N0J

)
. (1.3)

Anderson et al[17], using the so-called ”poor man’s scaling”1, inferred that
a ground-state with an infinite coupling develops, the impurity being tightly
bounded conduction electrons into an entangled many-body singlet state. They
also conjectured that the behavior at low temperature would be similar to that of
a non magnetic impurity, the S = 1

2 spin impurity being fully compensated by a
screening cloud of conduction electron spins.

Later on, Wilson[18] confirmed the conjectured renormalization of the cou-
pling constant to infinity using a numerical renormalization group method. He
highlighted the existence of a temperature scale, corresponding to TK , where the
system undergoes a cross-over towards a strong coupling regime for the case of
an antiferromagnetic coupling J .

1Technically, this procedure is a momentum-shell RG without rescaling the cutoff and fields.
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At low temperature, T � TK , in the strong coupling regime, the impurity
spin is completely screened by the conduction electrons. The composite object
formed in this way is an elementary excitation with internal quantum numbers
that are identical to those of a bare electron : this is the Kondo resonance (see Box
1). It acts as an elastic potential scatterer for the electronic fluid. The magnetic
susceptibility χ exhibits a Pauli law. At high temperature above TK , the impurity
spin and the conduction electrons are essentially weakly coupled ; this is the
regime of asymptotic freedom where Kondo treatment is correct. The magnetic
susceptibility exhibits a Curie law, characteristic of the dynamics of free spins.
(see Fig. 1.2)

the “Kondo e!ect” (Jones, 2007; Kondo, 1962, 1964). The Kondo e!ect describes the process by

which a free magnetic ion, with a Curie magnetic susceptibility at high temperatures, becomes

screened by the spins of the conduction sea, to ultimately form a spinless scattering center at low

temperatures and low magnetic fields. (Fig. 1 a.). In the Kondo e!ect this screening process is

continuous, and takes place once the magnetic field, or the temperature drops below a characteristic

energy scale called the Kondo temperature TK . Such “quenched” magnetic moments act as strong

elastic scattering potentials for electrons, which gives rise an increase in resistivity produced by

isolated magnetic ions. When the same process takes place inside a heavy electron material, it

leads to a spin quenching at every site in the lattice, but now, the strong scattering at each site

develops coherence, leading to a sudden drop in the resistivity at low temperatures. (Fig 1 (b)).

Heavy electron materials involve the dense lattice analog of the single ion Kondo e!ect and are

often called “Kondo lattice” compounds (Doniach, 1977). In the lattice, the Kondo e!ect may

be alternatively visualized as the dissolution of localized, and neutral magnetic f spins into the

quantum conduction sea, where they become mobile excitations. Once mobile, these free spins

acquire charge and form electrons with a radically enhanced e!ective mass (Fig. 2). The net e!ect

of this process, is an increase in the volume of the electronic Fermi surface, accompanied by a

FIG. 1 (a) In the Kondo e!ect, local moments are free at high temperatures and high fields, but become

“screened” at temperatures and magnetic fields that are small compared with the “Kondo temperature” TK

forming resonant scattering centers for the electron fluid. The magnetic susceptibility ! changes from a Curie

law ! ! 1
T at high temperature, but saturates at a constant paramagnetic value ! ! 1

TK
at low temperatures

and fields. (b)The resistivity drops dramatically at low temperatures in heavy fermion materials, indicating

the development of phase coherence between the scattering o! the lattice of screened magnetic ions. (After

(Smith and Riseborough, 1985))

4

Figure 1.2: The Kondo effect : at high temperatures and high fields, local moments are

free whereas they are screened at small temperatures and magnetic fields, compared with

the Kondo temperature TK , forming an elastic potential scatterer for the electrons. The

magnetic susceptibility χ exhibits a Curie law χ ∼ 1
T at high temperatures and fields and

a Pauli law χ ∼ 1
TK

at low temperatures and fields. From [13]

The strong coupling fixed point has been elegantly described by Nozières [24]
in terms of a local Fermi liquid picture. One of the important principles in Fermi
liquid theory is the Luttinger’s theorem [25] which states that the volume of the
Fermi surface counts the number of conduction electrons. This rule survives for
the local Fermi liquid, provided that the spin state of the screened local moment
is also included in the sum [26]

2VFS
(2π)3

= ne + 1, (1.4)

where VFS is the volume of the Fermi surface and ne is the number of conduction
electrons. Remarkably, when the impurity spin is screened by the conduction
electrons at low enough temperature, they contribute to the Fermi surface vol-
ume.
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Box 1 : Local moment formation and the Kondo resonance
A generalization of the simple model (1.1) is the so-called Anderson model which

displays directly the electronic structure of the impurity. It was introduced by Ander-
son [19] to explain how a magnetic moment forms at high temperature, once a magnetic
impurity is immersed in a sea of conduction electrons, and how it is screened again at
low temperature.

This model considers an impurity orbital (d or f orbital) hybridizing with a con-
duction band

HAM =
∑

k,σ

εkc
†
kσckσ + V

∑

k,σ

(
c†kσfσ + h.c.

)
+ εfnf + Unf↑nf↓, (1.5)

where nfσ ≡ f†σfσ , V is the hybridization between the f -electron and the conduction
electrons and U is athe Coulomb interaction strength.

There are two limits to the Anderson model :

The atomic limit : where we consider an isolated f -electron, i.e V = 0. Then, there
are three energy configurations for the f− electron

• zero occupation with a total energy E0 = 0.

• single occupation by a spin σ with a total energy E1,σ = εf .

• double occupation with a spin ↑ and a spin ↓ and a total energy E2 = 2εf + U

To obtain a local moment, the cost of inducing a ”valence fluctuation” by removing or
adding an f -electron from the singly occupied state must be positive, i.e.

E0 − E1 = −εf > 0

E2 − E1 = εf + U > 0.

Thus, provided that −U/2 < εf + U/2 < U/2, the isolated f -electron has a doubly
degenerate magnetic ground state. The f-excitation spectrum will involve two sharp
levels at energies εf and εf + U .

The non-interacting limit : when the f -electron hybridizes with the conduction
electrons in the non-interacting limit, i.e. U = 0, the f -level is broadened into a reso-
nance with a width

∆ = πN0V
2, (1.6)

One can either start from the atomic limit and consider the effect of slowly dialing up
the hybridization or start from the non-interacting limit by turning on adiabatically the
interaction U .

Anderson’s original work provided a mean-field treatment of the interaction. For
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U < Uc ∼ π∆, the hybridization will produce a single f -resonance of width ∆. While
when U > Uc, the single resonance splits into two resonances centered around εf and
εf + U and a local moment forms. However, this mean-field approach doesn’t account
for the restoration of the singlet state at low temperatures.

Let’s consider the f -spectral function defined as Af (ω) = 1
π ImGf (ω − iδ), where

Gf (ω) is the f Green’s function. It turns out that [20] that

Af (ω ∼ 0) =
1
∆
, (1.7)

independently of the strength U . This is an example of an adiabatic invariant. This
means that the f -spectral function must contain a narrow peak of vanishingly small
spectral weight Z � 1, height 1/∆ and, hence, width Z∆ (see Fig.-1.3). This is the so-
called the Kondo resonance. whose existence was first deduced by Abrikosov [21] and
Suhl [22]. It is associated with the quantum spin fluctuations which cause the local mo-
ment to tunnel, on a scale τsf , between the two degenerate up and down configurations
[13]

e−↓ + f1
↑ 
 e−↑ + f1

↓ . (1.8)

When T < Tk ∼ ~
kBτsf

, a paramagnetic state with a Fermi liquid resonance will form.

FIG. 11 Schematic illustrating the evaluation of the f-spectral function Af (!) as interaction strength U is

turned on continuously, maintaining a constant f-occupancy by shifting the bare f-level position beneath

the Fermi energy. The lower part of diagram is the density plot of f-spectral function, showing how the

non-interacting resonance at U = 0 splits into an upper and lower atomic peak at ! = Ef and ! = Ef + U .

One such quantity is the phase shift "f associated with the scattering of conduction electrons o!

the ion; another is the height of the f-spectral function at zero energy, and it turns out that these

two quantities are related. A rigorous result due to Langreth (Langreth, 1966), tells us that the

spectral function at ! = 0 is diretly determined by the f-phase shift, so that its non-interacting

25

Figure 1.3: Schematic illustration of the evolution of the f -spectral function Af (ω) when the

interaction U is turned on continuously, maintaining a constant f -occupancy. From [13].

Using a Schrieffer-Wolff transformation [23], by projecting the Anderson Hamil-
tonian onto the subspace of singly occupied impurity states, one is led to the Kondo
model (1.1) with J = 2V 2[1/|εf |+ 1/(εf + U)] > 0. Note that because of the possibility
of valence fluctuations, the physics of the Anderson model is richer than that of the
Kondo model.
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1.1.2 Kondo lattice

In the case of HFCs, we are in the presence of a dense lattice of magnetic im-
purities. Indeed, the rare-earth and actinide elements provide nearly localized
moments, associated with the highly localized atomic wave-functions of the par-
tially filled 4f or 5f -orbitals respectively. These experience a strong Coulomb
repulsion, much stronger than their kinetic energy, giving rise to strong correla-
tions effects.

The study of these systems requires, at least, a generalization of the s-d model
(1.1) discussed above. We introduce then the Kondo lattice model

HKL =
∑

k,σ

εkc
†
kσckσ + J

∑

i

~Si · ~s0, (1.9)

where the sum
∑

i runs over all the impurities lattice sites.

It can be shown that there exist an interaction between the impurities spins
mediated by their interaction with the conduction electron. Indeed, when a mag-
netic moment is introduced into the electronic sea, it polarizes its environment
through the Kondo interaction. This induces Friedel oscillations in the spin den-
sity around the magnetic impurity [27]

〈 ~Mi〉 = −Jχij〈~Sj〉, (1.10)

where χii′ is the non-local susceptibility of the metal. At zero temperature
and for a parabolic band, one has

χij ∼ N0
sin(2kF rij)− 2kF rijcos(2kF rij)

2(2kF rij)4
, (1.11)

where rij is the distance between lattice sites i, j. This function obviously oscil-
lates in sign, depending on the distance rij (see Fig. 1.4)

FIG. 14 Spin polarization around magnetic impurity contains Friedel oscillations and induces an RKKY

interaction between the spins

Most local moment systems develop antiferromagnetic order at low temperatures. A magnetic

moment at location x0 induces a wave of “Friedel” oscillations in the electron spin density (Fig.

14)

!!"(x)" = #J#(x# x0)!!S(x0)" (57)

where

#(x) = 2
!

k,!k!

"
f($k)# f($k!)

$k! # $k

#
ei(k!k!)·x (58)

is the non-local susceptibility of the metal. The sharp discontinuity in the occupancies f($k) at

the Fermi surface is responsible for Friedel oscillations in induced spin density that decay with a

power-law

!!"(r)" $ #J%
cos 2kF r

|kF r|3 (59)

where % is the conduction electron density of states and r is the distance from the impurity. If a

second local moment is introduced at location x, it couples to this Friedel oscillation with energy

J!!S(x)·!"(x)" giving rise to the “RKKY” (Kasuya, 1956; Ruderman and Kittel, 1950; Yosida, 1957)

magnetic interaction,

HRKKY =

JRKKY (x!x!)$ %& '
#J2#(x# x") !S(x) · !S(x"). (60)

where

JRKKY (r) $ #J2%
cos 2kF r

kF r
. (61)

In alloys containing a dilute concentration of magnetic transition metal ions, the oscillatory RKKY

interaction gives rise to a frustrated, glassy magnetic state known as a “spin glass”. In dense

systems, the RKKY interaction typically gives rise to an ordered antiferromagnetic state with a

Néel temperature TN of order J2%. Heavy electron metals narrowly escape this fate.

34

Figure 1.4: Illustration of Friedel oscillations induced by the polarization of spins around

a magnetic impurity and the resulting RKKY interaction between local spins. From [13].
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Now, if a second magnetic moment is introduced, it couples to 〈 ~Mi〉, giv-
ing rise to the indirect Ruderman-Kittel-Kasuya-Yosida (RKKY) [28, 29, 30] long-
range magnetic interaction between the two magnetic moments

HRKKY = −J2χii′ ~Si · ~Si′ . (1.12)

In a system with a dense concentration of magnetic impurities, the oscillatory na-
ture of this induced magnetic interaction favors the development of anti-ferromagnetism2.
This is what happens indeed in many HFC [9]. The corresponding ordering tem-
perature is given by

TRKKY ∼ J2N0. (1.13)

1.2 The Doniach Picture

In 1977, short after the discovery of the first HFC, Doniach [31] proposed that
the HFCs are a Kondo lattice realization. Within this picture, the phase diagram
of these compounds can be understood in terms of a competition between the
Kondo and the RKKY interactions.

Comparing the typical temperature scales, (1.3) and (1.13) respectively, of
these interactions, one expects the following

• When TK � TRKKY , i.e. for a large Kondo coupling J , The Kondo effect is
expected to be dominant, leading to the formation of resonating scatterers
at each site of the lattice. This results in the formation of a FL.

• When TK � TRKKY , i.e. for a small Kondo coupling J , an antiferromag-
netic order is favored.

The qualitative phase diagram resulting from Doniach’s arguments is shown
in Fig. 1.5. When one varies the strength of the Kondo coupling continuously,
the system is expected to go from a magnetic phase to a FL phase, the two phases
being separated by a second order phase transition.

The competition between the two types of interaction is by now well estab-
lished to be a key microscopic ingredient of HFCs physics. However, though
the Doniach scenario for HFCs is appealing, many objections can be addressed
to such arguments. First of all, it is a purely qualitative description in terms of a

2In the presence of strong quantum effects or geometric frustration, a spin-glass or a spin-liquid
may also occur.
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comparison of energy scales. It doesn’t provide a detailed mechanism connecting
the heavy fermion phase to the local moment anti-ferromagnet.

FIG. 15 Doniach diagram, illustrating the antiferromagnetic regime, where TK < TRKKY and the heavy

fermion regime, where TK > TRKKY . Experiment has told us in recent times that the transition between

these two regimes is a quantum critical point. The e!ective Fermi temperature of the heavy Fermi liquid is

indicated as a solid line. Circumstantial experimental evidence suggests that this scale drops to zero at the

antiferromagnetic quantum critical point, but this is still a matter of controversy.

Doniach argued that there are two scales in the Kondo lattice, the single ion Kondo temperature

TK and TRKKY , given by

TK = De!1/(2J!)

TRKKY = J2! (62)

When J! is small, then TRKKY is the largest scale and an antiferromagnetic state is formed, but

when the J! is large, the Kondo temperature is the largest scale so a dense Kondo lattice ground-

state becomes stable. In this paramagnetic state, each site resonantly scatters electrons with a

phase shift ! "/2. Bloch’s theorem then insures that the resonant elastic scattering at each site

will act coherently, forming a renormalized band of width ! TK (Fig. 15).

As in the impurity model, one can identify the Kondo lattice ground-state with the large U

limit of the Anderson lattice model. By appealing to adiabaticity, one can then link the excitations

to the small U Anderson lattice model. According to this line of argument, the quasiparticle Fermi

35

Figure 1.5: Sketch of the Doniach phase diagram, with an antiferromagnetic (AFM)

phase at low J and a local Fermi liquid phase at large J . The transition between these

two phases is believed to be of second-order. TN is the ordering temperature associated

with AFM, TRKKY the temperature scale associated with the RKKY interaction and TK is

the Kondo temperature. Here ρ = N0 is the density of states of the conduction electrons.

From[13]

Second, the Doniach picture suffers from the so-called ”exhaustion paradox”
[35] ; there may be not enough conduction electrons to screen the local moments,
excluding any sort of dense Kondo effect. Indeed, the number of electrons avail-
able to screen each local moment is of order TK/D � 1 per unit cell.

1.3 NFL behavior in heavy fermion compounds

Besides the unusual normal metallic properties that HFCs exhibit under certain
conditions and the presence of magnetic order, the interest in these compounds
is justified by other remarkable facts too.

A wide body of evidences suggest that the effective mass m∗ of the quasi-
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particles in the paramagnetic FL diverges as one approaches the magnetic phase
[9, 10, 13]. This divergence leads to a breakdown of Landau’s Fermi liquid. In-
deed, a central property of the Fermi liquid quasiparticles is the overlap Z be-
tween a single quasiparticle state |qp− > and the state formed by adding a single
electron to the ground state, |e− >= c†kσ|0 >. This overlap is closely related to
the effective mass m∗ through

Z = | < e−|qp− > |2 ∼ m

m∗
. (1.14)

This obviously goes to zero when the effective mass diverges.

One of the consequences is the presence of an intriguing NFL state at the con-
fluence of the two phases. In the following, we briefly review some experimental
observations about this state.

Many measurements on HFCs reported a divergence of the specific heat co-
efficient at very low temperatures. This is consistent with the divergence of the
effective mass previously referred to. In many cases, this divergence displays a
logarithmic temperature dependence

C(T )
T
≈ γ0 log

(
T0

T

)
(1.15)

As yet, little is known about the variation of the zero temperature linear specific
heat coefficient in the approach of the quantum phase transition.

A quasi-linear temperature dependence in the resistivity is observed down to
very low temperatures

ρ(T )− ρ0 ≈ A T 1+ε, (1.16)

where ε is non-universal, lying in the range 0 − 0.6, and A can be either positive
or negative.

This behavior is illustrated in Fig. 1.6-(a), for the case of the compound
YbRh2Si2 where it extends over many decades of temperatures. This compound
has a 90mK magnetic transition, at zero magnetic field, that can be tuned con-
tinuously to zero by a moderate magnetic field. Either side of the transition, in
the blue-colored regions, the resistivity displays a quadratic dependence in tem-
perature, characteristic of a FL behavior. Above the transition, up to 20K, the
resistivity follows a linear dependence on temperature according to (1.16)
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The point at absolute zero where matter becomes unstable to
new forms of order is called a quantum critical point (QCP). The
quantum fluctuations between order and disorder1–5 that develop
at this point induce profound transformations in the finite
temperature electronic properties of thematerial. Magnetic fields
are ideal for tuning amaterial as close as possible to a QCP, where
the most intense effects of criticality can be studied. A previous
study6 on the heavy-electron material YbRh2Si2 found that near a
field-induced QCP electrons move ever more slowly and scatter
off one another with ever increasing probability, as indicated by a
divergence to infinity of the electron effectivemass and scattering
cross-section. But these studies could not shed light on whether
these properties were an artefact of the applied field7,8, or a more
general feature of field-free QCPs. Here we report that, when
germanium-doped YbRh2Si2 is tuned away from a chemically
induced QCP by magnetic fields, there is a universal behaviour in
the temperature dependence of the specific heat and resistivity:
the characteristic kinetic energy of electrons is directly pro-
portional to the strength of the applied field. We infer that all
ballistic motion of electrons vanishes at a QCP, forming a new
class of conductor in which individual electrons decay into
collective current-carrying motions of the electron fluid.
Recent work6 on the heavy electronmaterial YbRh2Si2 (ref. 9) has

demonstrated that a magnetic field can be used to probe the heavy
electron QCP. This material exhibits a small antiferromagnetic
(AFM) ordering temperature TN ! 70mK (Fig. 1a) that is driven
to zero by a critical magnetic field B c ! 0.66 T (if the field is applied
parallel to the crystallographic c axis, perpendicular to the easy
magnetic plane)6. For B . B c, a field-induced Landau–Fermi liquid
(LFL) state characterized by Dr ! AT2 (where Dr(T) ! r(T) 2 r0

is the temperature-dependent part of the electrical resistivity) is
established below some cross-over temperature T0(B) which grows
linearly with field. The A coefficient, being proportional to the
quasiparticle–quasiparticle scattering cross-section, was found to
diverge as A(B) / 1/(B 2 B c) for B ! B c. Comparative studies of
the resistivity and the electronic specific heat C el(T) ! g0(B)T in
the field ranges 0.5–4 T (B ’ c with B c ! 0.06 T) and 2–6T (Bkc)
revealed a field-independent ratio A=g20 slightly smaller than the
empirical Kadowaki–Woods ratio10 that holds for LFL systems. This
seemed to suggest a divergence of the effective quasiparticle mass
with 1/(B 2 B c)

1/2 as B ! B c. Here we report our observation of
the divergence of the quasiparticle mass at a QCP, established very
close to B ! 0.
By alloying YbRh2Si2 with germanium, using a nominal con-

centration x ! 0.05, we have been able to fine-tune the Néel
temperature of this material and the critical field far closer to
zero, to a point where we can now reliably probe the zero-field
transition using field-tuning. The phase diagram for a high-quality
YbRh2(Si0.95Ge0.05)2 single crystal is shown in Fig. 1b. Non-Fermi-
liquid (NFL) behaviour dominates over a funnel-shaped region of
theT–B phase diagram down to the lowest accessible temperature of

20 mK. The critical field has been suppressed to as low as
B c ! 0.027 T (B ’ c). As in the undoped material, there is a
broad cross-over regime between the NFL and field-polarized LFL
regimes with a mean cross-over temperature T0 that is seen to rise
linearly with the field B. Very weak AFM order develops in the
x ! 0.05 sample below TN ! 20mK, as evidenced by the extremely
weak anomaly in the electronic specific-heat coefficient (Fig. 2a).

Past experience7,8 suggested that a finite field QCP has properties
which are qualitatively different to a zero-field transition, shedding
doubt on the reliability of these measurements as an indicator of the
physics of a quantum phase transition at zero field. However, the
zero-field properties of YbRh2(Si12xGex)2 above T < 70mK for the
undoped (x ! 0) and doped (x ! 0.05) crystals are essentially
identical (Fig. 2a), suggesting that by suppressing the critical field
we are still probing the same QCP. In both compounds, the a.c.-
susceptibility follows a temperature dependence x21 / Ta from
0.3 K to 1.5 K, with a ! 0.75 (ref. 11), and the coefficient of the
electronic specific heat, C el(T)/T, exhibits

9 a logarithmic divergence
between 0.3 K and 10 K. However, in the low-T paramagnetic
regime, that is, TN , T & 0.3 K, the a.c.-susceptibility follows a
Curie–Weiss law (inset of Fig. 2a) with a Weiss temperature

Figure 1 Evolution of 1, the exponent in Dr(T ) ! [r(T ) 2 r0] / T 1, within the

temperature–field phase diagram of YbRh2(Si12xGex )2 single crystals. The non-Fermi-

liquid (NFL) behaviour, 1 ! 1 (yellow), is found to occur at the lowest temperatures right

at the QCP, B ! Bc, and in a largely extended field range at higher temperatures. a,
x ! 0, Bc ! 0.66 T (Bkc), residual resistivity r0 ! 1mQ cm; b, x ! 0.05, Bc ! 0.027 T

(B ’ c), r0 ! 5 mQ cm. For B . Bc, a broad cross-over regime from the NFL state to the

field–induced heavy–LFL state (at lower temperature) occurs. The LFL state is

characterized by Dr(T ) / T 1, 1 ! 2 (blue). As shown in a the antiferromagnetically

ordered phase of pure YbRh2Si2 below TN ! 70mK and Bc shows, owing to an extremely

small ordered moment, the outward appearance of a heavy LFL state, too. Its phase

boundary to the paramagnetic state is manifested by a rapid change in 1 from 2 to 1. The

low ordering temperature of pure YbRh2Si2 increases as external pressure is applied
9. The

extrapolation of TN( p ) ! 0 yields a critical pressure pc ! 20.3(1) GPa, reflecting that a

small expansion of the unit cell volume, V, would tune TN ! 0. This can be achieved by

the substitution of Si by the isoelectronic, but larger, Ge (ref. 16). Studies of the electrical

resistivity under pressure revealed a TN / ( p " pc )
n variation, with n ! 1.33 for both

compounds. The TN( p ) dependence of the x ! 0 and x ! 0.05 crystals can be matched

if all x ! 0.05 data points are shifted by the same amount Dp ! 20.17(2) GPa to lower

pressure16, yielding TN ! 20(5) mK. Using the bulk modulus B0 ! 189 GPa of YbRh2Si2
(ref. 17), the small pressure shift of Dp ! 20.17(2) GPa is equivalent to a volume

expansion of DV ! 0.14(3)Å3. This transforms into an effective Ge content

xeff ! 0.019(6), if the value DV/V ! 7.65(78)% for the relative change of the unit-cell

volume with Ge concentration in the solid-solution YbRh2(Si12xGex )2 is used, with

V (x ! 0) ! 158.4(2)Å3 and V (x ! 1) ! 166.07(54)Å3 (ref. 18) in agreement with

microprobe analysis11.
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Figure 1.6: The temperature-magnetic field phase diagram for the exponent ε of the re-

sistivity, defined by ρ(T ) = ρ0 + T ε, in YbRh2(Si1−xGex) single crystals : (a) x = 0, Bc =

0.66T ( ~B||~c), (b) x = 0.05, Bc = 0.027T ( ~B ⊥ ~c) The NFL behavior, ε = 1, seems to occur at

the lowest temperatures right at the QCP, B = Bc and in a largely extended field range

at higher temperatures. For B > Bc, a broad cross-over regime from the NFL to the FL

state, ε = 2, occurs at low temperatures. The phase boundary of the AFM ordered state

of the pure YbRh2Si2 shows a rapid change in ε from 2 to 1 in the paramagnetic state.

[36]

In the heavy FL phase of these compounds, various indications [33, 34] show
that the Fermi surface of the FL state obeys a generalized form of the Luttinger’s
theorem expressed in (1.4) ; its volume counts both local spins and conduction
electrons.

A number of experimental measurements point to a dramatic change of the
Fermi surface at the magnetic phase transition. The jump observed at the phase
transition in the linear-response Hall coefficient for the compound YbRh2Si2 [37]
(See Fig. 1.7) has been naturally interpreted in terms of a collapse of the large
Fermi surface. It is like as if a large number of charge carriers of the paramag-
netic phase are lost.

This reconstruction at the quantum phase transition is further indicated by
de Haas-van Alphen (dHvA) measurements, a traditional technique to measure
the Fermi surface. As shown in Fig. 1.8, these measurements, at a pressure-tuned
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quantum phase transition in CeRhIn5, show the sudden appearance of new Fermi
surface orbits indicating that the 4f -electrons become itinerant and contribute to
the volume of the Fermi surface.

Figure 1.7: Magnetic field dependence of the Hall effect of YbRh2Si2. The crossover at

the critical field Bc = 60mT gets sharper toward lower temperatures. From [37]

Figure 1.8: The pressure dependence of the dHvA frequencies (a) and cyclotron mass (b)

for CeRhIn5. Above 2.4 GPa, new dHvA branches appear, which are in good agreement

with the corresponding dHvA branches of a 4f-itinerant heavy fermion superconductor

CeCoIn5, indicating that the 4f electron of CeRhIn5 becomes itinerant and significantly

contributes to the volume of the Fermi surface. [38]

One of the most interesting observations in experiments on HFC concerns the
compound CeCu6−xAux , which goes from a paramagnetic metal to an AFM one
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as the copper substitution by gold x increases through a critical value xc ≈ 0.1.
Inelastic neutron scattering experiments on this compound showed a momentum-
independent scaling term, over essentially the entire Brillouin zone, in the inverse
uniform susceptibility of [39](see Fig. 1.9)

χ”(E, T ) = T−αg(E/(kBT ), (1.17)

with an anomalous scaling exponent α = 0.74 and g(x) = c sin [α tan−1(x)

(x2+1)α/2
].
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FIG. 12 Scaling plot of inelastic neutron scattering data for
CeCu5.8Au0.2 at q = (0.8 0 0) vs. E/kBT . Solid line corre-
sponds to a fit of the scaling function Eq. (150) with ! = 0.74.
Inset shows how the quality of the scaling collapse varies with
!. From Schröder et al., 1998.

available scenarios, only the local QCP picture contains
E/T scaling in the dynamical susceptibility (by virtue
of the model at all wavevectors). Moreover, the frac-
tional exponent obtained from numerical calculations of
the EDMFT equations (Grempel and Si, 2003), in the
experimentally relevant situation of Ising symmetry, is
! ! 0.72, i.e., close to the experimental value of ! 0.74.

As discussed in Sec. III.I, the breakdown of the Kondo
e!ect should be connected with an additional energy scale
(associated with Fermi surface fluctuations) vanishing at
the QCP, apart from that of magnetic ordering. Experi-
mentally, the situation is ambiguous. In CeCu6!xAux es-
sentially all experimental results indicate that some scale
of the order of a few Kelvin stays finite at the QCP for
a doping of x = 0.1. This can be seen from the ex-
istence of a maximum in the resistivity at Tm ! 4 K
(for current flow along the a direction) (v. Löhneysen
et al., 1998a, 2002), or the temperature T1/2, where the
entropy reaches 0.5R"n2 (Fig. 8). (For YbRh2Si2 simi-
lar conclusions on T1/2 can be drawn from the specific-
heat data. However, for this material recent magneto-
striction measurements have indicated the existence of
thermodynamic low-energy scales which vanish at the
QCP (Gegenwart et al., 2007).) In CeCu6!xAux, the
specific-heat coe"cient is large even in the ordered phase:
As is apparent from Fig. 7 and already noted above, C/T
below 100mK is larger for the samples just above the
critical concentration than for xc, before decreasing for
concentrations approaching x = 1 (see also Mock et al.
1994).

Despite these open questions it should be stressed that
CeCu6!xAux is one of the best characterized heavy-
fermion systems exhibiting NFL behavior. It is reward-
ing that the unusual behavior of the thermodynamic and
transport quantities at the QCP can be traced back in a
consistent fashion to an unusual low-dimensional fluctu-
ation spectrum.

Recent measurements of the 63Cu nuclear spin-lattice
relaxation time T1 on one of the five inequivalent Cu sites
in CeCu5.9Au0.1 down to 0.1K, employing the 6.25MHz

63Cu NQR line, revealed a non-exponential nuclear mag-
netization recovery which was attributed to di!erent Cu-
neighbor configurations in the alloy (Walstedt et al.,
2003). More importantly, T!1

1 was found to vary as T 0.75

at low T . Since T!1
1 is proportional to the weighted

squared average "A(q)2# of transverse hyperfine cou-
plings over the Brillouin zone, the “agreement” with the
exponent ! found in the T and E dependence of #(q, $)
(149) is entirely accidental.

Although CeCu6 alloyed with Au is the most thor-
oughly studied system, other alloys derived from CeCu6

have been widely studied as well. Magnetic ordering in
the system CeCu6!xAgx was discovered simultaneously
with CeCu6!xAux (Fraunberger et al., 1989; Gangopad-
hyay et al., 1988; Germann et al., 1988). CeCu6!xAgx

displays critical behavior around xc = 0.2, with thermo-
dynamic properties being very similar to CeCu5.9Au0.1,
e.g., a logarithmic divergence of C/T . Interestingly, ther-
mal expansion measurements have uncovered that the
critical behavior is incompatible with both the 3d and
2d LGW model: the Grüneisen parameter #, Eq. (70),
is expected to diverge in the quantum critical regime for
T $ 0 as # % T!1/(z!) with z% = 1. However, the ex-
periment shows a much weaker (logarithmic) divergence
of # (Küchler et al., 2004).

For field-tuned transitions the behavior appears
to be di!erent: NFL behavior in a polycrystalline
CeCu4.8Ag1.2 alloy, subjected to a magnetic field, was
reported, i.e., approximately C/T % "n(T0/T ) between
0.35 and 2.5K (Heuser et al., 1998a). However, in the
light of the strong magnetic anisotropy of this system,
with B a!ecting crystallites of di!erent orientations quite
di!erently, this result should be viewed with caution.
Subsequently, Scheidt et al. (1998) reported specific-heat
data down to 0.07K on a CeCu5.2Ag0.8 single crystal
with TN = 0.7K. For a critical magnetic field Bc = 2.3T
applied along the easy direction, C/T varies logarithmi-
cally from % 1.5K down to 0.2K and then levels o!.
Furthermore, the resistivity &(T ) of CeCu5.2Ag0.8 can be
described by a T 1.5 dependence at Bc. The authors in-
terpret the data within the LGW scenario of Moriya and
Takimoto (1995), Sec. III.E, with d = 3 and z = 2.

A detailed comparison of pressure-tuned and field-
tuned QCP on the same system CeCu5.8Au0.2 (v.
Löhneysen et al., 2001) demonstrated that field, as op-
posed to pressure, drives the system to a 3d LGW
quantum critical point. The data &(T ) and C/T for
CeCu5.2Ag0.8 for Bc look quite similar to those for
CeCu5.8Au0.2 for B = 0.3 or 0.5T, i.e., in the region
of Bc ! 0.4T as determined from neutron scattering.
This di!erence to concentration and – very likely – also
to pressure tuning was recently directly confirmed by
inelastic neutron scattering where the observed $/T 1.5

scaling corresponds to the LGW scenario (Stockert et al.,
2006b). It is open whether the apparent similarity to the
spin-fluctuation theory represents cross-over phenomena
or the approach to a new QCP.

A few experiments have been performed on fur-

Figure 1.9: Scaling plot of inelastic neutron scattering data for CeCu5.8Au0.2 at q =

(0.8 0 0) vs E/(kBT ). Solid line corresponds to a fit of the scaling function (1.17). From

[39]

The same behavior has been reported in YbRh2(Si1−xGex)2 for x = 0.05 and
CeNi2Ge2 [13].

These observations suggest the emergence of ”local” magnetic moments which
are critically correlated in time at the phase transition[40, 42, 43]

< S(τ)S(τ ′) >=
1

(τ − τ ′)2−ε , (1.18)

where ε 6= 0 signals NFL behavior. Furthermore, E/T scaling, with unusual ex-
ponents, represent an important signature of universality as we will see in the
next chapter. It remains however to examine experimentally the extent to which
such a scaling prevails in HFCs.

Very lately, an astonishing and remarkable experimental observation has been
made in the study of the physical properties evolution under chemical pressure
in YbRh2Si2 [44]. In Yb systems, pressure yields a stabilization of magnetism,
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in particular an increase of TN , whereas negative pressure, corresponding to a
lattice expansion, reduces TN .
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Figure 1 | Evolution of the T–H phase diagram of YbRh2Si2 under
negative and positive chemical pressure. The open circles represent the
position of T!(H) determined from the maximum of the a.c. susceptibility
" !(T). The crossover temperature to the Landau Fermi-liquid state, TFL, was
deduced from the onset of the quadratic temperature dependence in the
electrical resistivity #(T). In the phase diagram of Yb(Rh0.94Ir0.06)2Si2
(upper panel), the dotted line renders the phase boundary of the
antiferromagnetically ordered state estimated from that of YbRh2Si2by
scaling both axes with a= TN6% Ir/TNYbRh2Si2 "0.29 (see Supplementary
Information A). For Yb(Rh0.93Co0.07)2Si2(lower panel), the
Néel-temperature TN was determined from #(T). The lower transition at TL
as derived from " ! bifurcates in finite fields (see Supplementary
Information B). The data for pure YbRh2Si2 are reproduced from ref. 14. The
lines are guides to the eye. The error bars represent standard errors.

no signature of magnetic order is observed as the zero-field curve
increases monotonically with decreasing T . An antiferromagneti-
cally ordered state is anticipated at even lower temperatures (see
Supplementary InformationA).On the other hand," !(T ) of 7%Co
exhibits a sharp kink at TN = 0.41K and a cusp at TL = 0.06K,
the critical temperature of a second, presumably also antiferromag-
netic, transition. In external fields, these two transitions are shifted
to lower temperatures, with the lower one bifurcating as detailed in
Supplementary Information B. For 6% Ir and 7% Co, a maximum
in " !(T ) assigned to T !(H ) is observed above 45mT and 55mT,
respectively. In an increasing field, this maximum shifts to higher
temperatures. Remarkably, for 7% Co the maximum appears both
below TN at small fields, and above TN at fields of 150mT and
higher. This clearly illustrates that the energy scales, TN(H ) and
T !(H ), indeed intersect.

In Fig. 3, we compare the signatures of T !(H ) in magneto-
resistance as well as in magnetization for stoichiometric YbRh2Si2,

7% Co and 6% Ir. At 0.5 K, the magnetoresistance curves of
these three samples exhibit an almost identical, step-like crossover.
In particular, the inflection point assigned to T !(H ) (ref. 14) is
nearly unchanged by chemical pressure, resembling the results from
susceptibility and magnetization (discussed below). In the case
of 7% Co, this holds true above TN, whereas at lower tempera-
tures the inflection point is locked to the antiferromagnetic phase
boundary (not shown).

We analysed the magnetization M as outlined in supporting
online material for ref. 14 as M̃ = M + $M/$H ·H = M +" !H .
In Fig. 3b, we focus on the data at the lowest temperatures,
which unambiguously prove the existence of the T ! anomaly also
within the antiferromagnetic phase of 7% Co. M̃ (H ) exhibits a
broadened kink at T !(H ) between two linear regimes with different
slopes14. In addition to, but clearly distinct from, this kink at
T !(H ), a small peak is observed at 220mT for 7% Co, which is
related to the critical field of the ordered phase. Therefore, our
magnetization and susceptibility results on 7% Co yield striking
evidence for the crossover at T !(H ) to also occur inside the
antiferromagnetic ordered phase. A re-examination of existing
magnetization data19 confirms this finding for YbRh2Si2 under
external pressure, supporting the equivalence to chemical pressure.
To check for possible disorder effects, a comprehensive study of
YbRh2Si2 under hydrostatic pressure is in preparation.

Exactly such an intersection of TN(H ) and T !(H ), as observed
for 7% Co, is expected in the three-dimensional (3D) SDW theory.
As shown in Supplementary Information D, the field dependence
of the Néel temperature in the vicinity of HN indeed follows
the anticipation of the 3D SDW theory. However, ref. 6 predicts
that critical fluctuations ought to be 2D once TN(H ) and T !(H )
converge at the antiferromagnetic QCP, as observed for pure
YbRh2Si2 (refs 13, 14).

We now turn to the interesting case of 6% Ir where, according
to our results, the critical fields HN and H ! seem to become
separated from each other (Fig. 1, top panel). The resistivity
versus temperature curves measured in various fields are shown
in Fig. 4. In zero field, #(T ) is quasi-linear below 1K with a
slight upward curvature at the lowest temperatures. In small
external fields, this curvature is reduced, yielding the steepest
curve at 50mT. A T 2 form indicative of a Fermi-liquid ground
state is observed only at fields exceeding 50mT (see the lines in
Fig. 4). The A coefficient in the Fermi-liquid regime, which is
proportional to the effective quasiparticle–quasiparticle scattering
cross-section, follows a (H #HA

c )#1 divergence with a critical field
ofµ0HA

c =30(5)mT (Fig. 4, bottom inset) close toHFL =35(5)mT,
the field at which TFL vanishes in the zero temperature limit.
An important finding of this study is that HFL is substantially
larger than the critical field of the antiferromagnetically ordered
phase µ0HN " 15mT. In addition, the T !(H ) line extrapolates
to a critical field µ0H ! " 40mT in close vicinity to HFL and HA

c
(see Fig. 4, top inset). Consequently, our results reveal a finite
field range within which the resistivity exhibits non-Fermi-liquid
behaviour. Obviously, neither the crossover at T !(H ) nor that at
TFL(H ) is linked to the critical field of the antiferromagnetically
ordered phase. We note that similar behaviour was observed for
Yb0.95La0.05Rh2Si2, for which #(T ) is linear in fields up to 40mT,
where neither a magnetically ordered nor a Fermi-liquid ground
state was found20.

The divergence of the A coefficient backs the presence of
a QCP connected with the vanishing energy scale T !. Further
support for a QCP at H ! stems from the analysis of the resistivity
exponent n in #(T )# #0 $ Tn, shown in Fig. 4, top inset, as a
coloured contour plot. The blue region (n=2) reflects Fermi-liquid
behaviour. Deviations are ascribed to the quantum criticality9:
in fact, the red region (n = 1) is clearly linked to T ! and well
separated from the critical field of the antiferromagnetic order.
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Figure 1.10: Evolution of the T − H phase diagram of YbRh2Si2 under negative (Ir-

doping) and positive (Co-doping) chemical pressure. The crossover temperature TFL is

deduced from the onset of the quadratic temperature dependence in electrical resistiv-

ity. The temperature scale T ∗ is determined from the maximum of the a.c. susceptibility

χ′(T ). One sees that this temperature can be well distinguished from the magnetic or-

dering temperature TN upon doping the parent compound with Ir or Co. From [44]

The main teaching from this experiment is that the temperature at which the
Fermi surface reconstructs does not need to vanish at the same point where the
AFM order sets in (see Fig. 1.10 ).
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This result sheds a new insight on the global phase diagram of HFCs as it
lifts the coincidence of the multiple energy scales, associated with the magnetism
and the reconstruction of the Fermi surface, in particular in stoichiometric com-
pounds.

Many theoretical approaches have been devised to explain the occurrence of
NFL behavior in HFCs including the multi-channel Kondo model, disorder effect
[9, 12] and quantum criticality [45, 46]. A key question is the nature of quantum
fluctuations responsible for the observed NFL state. To date, none of these mod-
els explain all of the features of HFC. A missing ingredient is the competition
between the Kondo effect and the development of magnetic correlations.

In the remaining of the thesis, we will discuss models based on the idea that
the NFL behavior emerges in the proximity of a quantum phase transition.





Part I

Theoretical Models





Chapter 2

Models of quantum criticality for heavy fermion
compounds

Abstract

HFCs undergo a quantum phase transition upon applying chemical doping, mag-
netic fields or pressure. The presence of a singularity in the phase diagram, i.e. the
quantum critical point, is known to profoundly modify the metallic properties and is
thought to be at the origin of the novel states observed in these compounds. Theories
based on quantum criticality can be classified into two classes. One type extends the
standard theory of second-order phase transitions to the quantum case, whereas the
other one considers the possibility of new critical excitations which are inherently
quantum mechanical.

In this chapter, we review these various theoretical models proposed to account for
the peculiar physical properties of heavy fermion compounds.

2.1 Quantum criticality

In his pioneering work on phase transitions, Landau [47] proposed to distinguish
between different phases in terms of an ”order parameter” φ, a quantity which
describes the state of order as it develops at each point in the material, thus char-
acterizing symmetry breaking. As one approaches a continuous phase transition,
this parameter fluctuates coherently over increasing distances and time scales, ξ
and τ respectively. At the critical point, the system becomes scale-independent ;
the space and time scales diverge, verifying the scaling relations

ξ ∼ |T − Tc|−ν , τ ∼ ξz, (2.1)

where Tc is the transition temperature, ν is called the correlation-length exponent
and z is the dynamical exponent.

It turns out that, in the vicinity of the critical point, the physical properties of
the system can then be described by a fistful of numbers : the critical exponents,
amongst which are the exponents ν and z. More remarkably, the same set of
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numbers allows to describe phase transitions with totally different microscopic
origins. This fact is the incarnation of the concept of universality.

The order parameter fluctuations are described in terms of a field theory in
d spatial dimension. Dimensionality plays a central role in universality. When
d < d+

c , d+
c being called the upper critical dimension1, a single length scale ξ ∝

L, where L is the finite spatial extent of the system, emerges in the correlation
functions and thermodynamics. This is a symptom of ”hyperscaling”. At the
critical point, the Fourier transformed correlation function takes the form

S(q) =
1

|q|2−ηF (|q|L), (2.2)

where F (x) is a universal function.
On the other hand, when d > d+

c , short range interactions, with a param-
eter U , affect the correlation length near the critical point [48] according to the
following relation

ξ−1 = L−1G(U,L), (2.3)

where G(x) is a dimensionless function determined by the Gaussian fluctuations
about the mean-field theory. As a consequence, the correlation function takes the
form

S(q) =
1
|q|2F (|q|ξ). (2.4)

One can associate to the time scale of the order parameter fluctuations a char-
acteristic frequency ωφ, which then tends to zero at the transition. For a classical
phase transition with a finite transition temperature Tc, this always satisfies ob-
viously kBTc � ~ωφ. A natural question to ask is then : what happens when Tc is
tuned down to absolute zero ? In particular, is there anything new in such a case
? What about universality in this context ?

At zero temperature, the transition is driven by a non-thermal control param-
eter. Here, the change of state now results from modifying pressure, magnetic
field or even chemical composition. The thermal fluctuations at T = 0 being
non-existent, the phase transition is triggered by quantum fluctuations : at zero
temperature, because of the uncertainty principle, all the particles are in a state
of quantum agitation. This ”zero-point motion” plays the same role as thermal
motion in classical phase transitions : when it becomes too wild, it can melt order

1d+
c = 4 in the φ4 theory.
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at absolute zero. An example of such a quantum phase transition [49] takes place
in solid helium where pressure is required to stabilize its crystal lattice even at
zero temperature. At zero pressure, the zero-point motion melts the crystal.

The proper description of the order parameter fluctuations requires the use of
quantum-statistics. In statistical physics, a classical system is described by its par-
tition function Z , obtained as an average over all possible spatial configurations
of the particles, wheighted by the Boltzmann factor e−βE , where E is the energy
of the configuration2. On the other side, in quantum mechanics, the probabilis-
tic desciption of a quantum system relies on averaging all the ways a particle
moves in time weighted by a factor e−iHt/~. The averaging factors look similar,
and one can consider the ”imaginary time” as an extra dimension, which has a
finite length lτ = ~β at finite temperature, or more precisely as z extra dimen-
sions, owing to the relation (2.1) between ξ and τ . Correspondingly, the effective
dimensionality deff of the model increases compared to the spatial dimension

deff = d+ z. (2.5)

Here, the dynamical exponent z is defined similarly to the relation (2.1), where
the correlation-length exponent of the quantum transition3 is defined by ξ ∼
|r|−ν , r measuring the distance to the quantum critical point (QCP).

Transposing the scaling argument presented through (2.2-2.4) to the quantum
case, one can infer the following. When the system is beneath its upper critical
dimension d+

c , the finite length lτ in the time direction sets the correlation length
ξτ so that the dynamical correlation functions at the QCP writes

F (ω, T ) =
1
ωα

f(ωlτ ) =
1
ωα

f

(
~ω
kBT

)
. (2.6)

Dynamical correlation functions exhibit thus ω/T scaling. Above the upper crit-
ical dimension, short range interactions play the role of ”dangerously irrelevant
variables”, affecting the correlation time similarly to (2.3)

ξ−1
τ = l−1

τ R(T,U) (2.7)

2Here β = 1
kBT

3This exponent may differ from that of a possible finite-temperature transition in the same sys-
tem



32 2. Models of quantum criticality for heavy fermion compounds

where R(T,U) is a dimensionless function. The dynamical correlation function
writes then

F (ω, T ) =
1
ωα

f(Eξτ ). (2.8)

One has to notice that owing to (2.5), the effective dimension is, in many cases,
equal or larger than the upper critical dimension d+

c . The E/T observed exper-
imentally in some compounds, and presented in the previous chapter, is an in-
dication that the underlying physics of the HFC QCP is governed by universal
physics with d+

c > 3.

It has to be noticed that in the case of a finite temperature transition, it is
always possible to be close enough to the critical point such that the thermal
fluctuations are much larger than the quantum ones ~ωφ � kBTc. Thus, such a
phase transition is described solely within the framework of classical statistical
mechanics and the appearance of new dimensions in the quantum case do not
invalidate previous classical thermodynamic results.

Usually, the QCP is the end point of a line of continuous finite temperature
transitions4 at Tc ∝ (−r)ψ, where ψ is the so-called shift exponent (see Fig.-2.1
below). In the vicinity of this line, the characteristic frequency ωφ is such that
~ωφ � kBT . Thus, critical fluctuations within this region have a classical de-
scription. The disordered phase of the system at finite temperature can be cast
into distinct regimes. When r > 0 and ξτ � lτ , or equivalently T � rνz , thermal
effects are negligible and the critical singularity is cut off by r. This is the so-
called ”quantum disordered” regime. When r < 0 and Tc < T � rνz , the order
is destroyed by thermal fluctuations of the order parameter.

Finally, provided that T � |r|νz , the temperature becomes the only scale to
the order parameter fluctuations. However, because quantum fluctuations are
still very strong, the properties of the system are qualitatively transformed. This
region of the phase diagram is the dubbed the ”quantum critical” regime.

Interestingly, even though a system can never be cooled down to a QCP, dras-
tic effects show, long before the QCP is reached, as unconventional power-law
temperature dependencies of physical observables. The corresponding set of ex-
ponents depends intimately on the nature of the underlying quantum phase tran-
sition, and helps, reciprocally, to characterize it. This influence elevates quantum

4Exceptions are systems where no order parameter can be defined for T > 0 or systems where
the Mermin-Wigner theorem prohibits order at finite T [49].
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criticality from an esoteric theoretical oddity to a real-world phenomenon gov-
erning the physics of a whole region of the phase diagram.

15

both the order-parameter correlation length ! and cor-
relation time !! (i.e., the correlation length along the
imaginary time axis) diverge:

! ! |r|!" , !! ! !z , (65)

where r (64) measures the distance to the QCP. The
correlation-length exponent " of the quantum transition
is di!erent from the one of a possible finite-temperature
transition at Tc in the same system (which describes the
divergence ! ! |T " Tc|!"cl). At finite temperature, the
(d + z)-dimensional quantum system has a finite length
in the time direction, L! = !# (61). Its properties can
then be deduced from finite-size scaling (Privman, 1990).

We are now in the position to discuss the properties of
a system near a quantum critical point, located at T = 0,
r = 0 (Fig. 2). The QCP is usually the endpoint of a line
of continuous finite-T transitions. (Exceptions are low-
dimensional systems where order at finite T is prohib-
ited by the Mermin-Wagner theorem, or systems where
no order parameter can be defined for T > 0, as is the
case for metal–insulator transitions or transitions in the
topology of the Fermi surface.) In general, the bound-
ary of the ordered phase follows Tc # ("r)# where $ is
the so-called shift exponent. In the immediate vicinity of
this boundary there is a region of classical non-Gaussian
criticality. The disordered phase of the system at finite
T can be divided into distinct regimes: For low T and
r > 0 thermal e!ects are negligible (L! $ !! , equiva-
lently T % r"z), and the critical singularity is cuto! by
the deviation of the control parameter r from criticality.
This regime is dubbed “quantum disordered” and char-
acterized by well-defined quasiparticle excitations; for a
magnetic transition in a metallic system this will be the
usual Fermi-liquid regime. For r < 0 and T > Tc, but still
L! $ !! , we are in the “thermally disordered” regime;
here the order is destroyed by thermal fluctuations of the
ordered state (yet quasiparticles are still well defined on
intermediate scales). A completely di!erent regime is the
high-temperature regime above the QCP where !! $ L! .
In this “quantum critical” regime, bounded by crossover
lines T ! |r|"z , the critical singularity is cuto! by the fi-
nite temperature. The properties are determined by the
unconventional excitation spectrum of the quantum crit-
ical ground state, where the quasiparticles of the stable
phases are replaced by a critical continuum of excita-
tions. In the quantum critical regime, this continuum is
thermally excited, resulting in unconventional power-law
temperature dependencies of physical observables.

Assuming that the critical behavior is governed by !
and !! , the critical contribution to the free energy den-
sity, fcr = f " freg, should follow the homogeneity law

fcr(r, T ) = b!(d+z)fcr(r b1/" , T bz) (66)

where b is an arbitrary scale factor. Note that this “naive
scaling” (equivalent to hyperscaling) is valid only below
the upper critical dimension, de! < d+

c , and we will
comment on deviations later on. Choosing b = !, Eq. (66)

0
0

thermally

disordered

quantum

disordered

quantum critical

QCP

r

T

classical

critical

ordered

non-universal

FIG. 2 Generic phase diagram in the vicinity of a continu-
ous quantum phase transition. The horizontal axis represents
the control parameter r used to tune the system through the
QPT, the vertical axis is the temperature T . The dashed
lines indicate the boundaries of the quantum critical region.
The lower crossover lines are given by T ! |r|!z ; the high-
temperature crossover to non-universal (lattice) physics oc-
curs when the correlation length is no longer large to mi-
croscopic length scales. The solid line marks the finite-
temperature boundary between the ordered and disordered
phases. Close to this line, the critical behavior is classical.

can be cast into the scaling form fcr = !!(d+z)%1(!!/L! ),
or, equivalently, the ansatz:

fcr = &0 r"(d+z)%2

!
T

r"z

"

= &0T
(d+z)/z%3

# r

T 1/("z)

$
, (67)

where T is measured in units of T0, T0 and &0 being non-
universal constants, while %1,2,3(x) are universal scaling
functions.

From Eq. (67) we can immediately deduce the critical
contribution to the specific heat, C = T'S/'T , as

Ccr(r = 0, T ) # T d/z (68)

in the quantum critical regime. If the quantum disor-
dered regime of Fig. 2 is a Fermi liquid, then Eq. (67)
yields for its specific-heat coe"cient Ccr/T (T & 0) #
r"(d!z).

As is clear from Fig. 2, a quantum critical point can
be generically approached in two di!erent ways: r & 0
at T = 0 or T & 0 at r = 0. The power-law behavior of
physical observables in both cases can often be related.
Let us discuss this idea by looking at the entropy S. It
goes to zero at the QCP (exceptions are impurity transi-
tions discussed in Sec. II.F.4 and by Vojta, 2006a), but
its derivatives are singular. The specific heat C will show
power-law behavior, as does the observable B = 'S/'r.
At a pressure-tuned phase transition, r = (p" pc)/pc, B
measures the thermal expansion,

( =
1
V

'V

'T

%%%%
p

= " 1
V

'S

'p

%%%%
T

. (69)

Figure 2.1: Qualitative phase diagram in the neighborhood of a continuous quantum

phase transition (QPT). The control parameter r, along the horizontal axis, is used to tune

the system through the QPT. This critical singularity is cut off by a finite temperature T

along the vertical axis. The quantum critical regime is bounded by the dashed crossover

lines defined by T ∼ |r|νz . The solid line indicates the finite-temperature boundary

between the ordered and disordered phases. From [12]

In the following, we will describe some of the theories of quantum phase
transitions involving itinerant electrons.

2.2 Spin fluctuation theory

For years, condensed matter physicists studying HFC concentrated on their over-
whelming magnetic nature. Indeed, the presence of big magnetic moments leads
naturally to consider magnetism. Thus, naively, the first theoretical model con-
sidered QCPs separating a metallic magnet from a metallic paramagnet [50]. This
is the simplest example of a QCP for itinerant electrons, usually called spin den-
sity wave (SDW) transition, or the Hertz-Millis-Moryia (HMM) theory.

2.2.1 The model

The starting point of the (HMM) theory is the the so called spin-fermion model
(SF) [50, 52, 51, 75] for the SDW transition
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SSF = T
∑

k

ψ†σk[−G−1
0 (k)]ψσk +

1
2
T
∑

q

χ−1
0 (q)~Sq · ~S−q

+ gT 2
∑

k

∑

q

ψ†σ k+q~τσσ′ψσ′k · ~S−q +O[{~S}n;n ≥ 3], (2.9)

where we used the ”relativistic” notation for energy-momentum k ≡ (k, iω), q ≡
(q, iΩ) and the sum expression is defined as

∑

k

... ≡
∑

iω

∫

|k−kF |<Λ

ddk

(2π)d
...,

∑

q

... ≡
∑

iΩ

∫

|q−Q|<Λ

ddq

(2π)d
...

In (2.9), ψσk is the fermionic annihilation field for an electron with energy-
momentum vector k and spin σ, ~Sq is a bosonic field describing the collective
spin-fluctuations near a momentum Q and g is the coupling constant measuring
the strength of the interaction between fermionic and bosonic excitations. The
last term in (2.9) stands for higher order terms in S. These are shown to be irrele-
vant for d > 2 and marginal for d = 2 and can therefore be neglected [75].

The bare electron Green’s function G0(k) and the bare spin susceptibility
χ0(q) describe the fermionic and bosonic excitations, respectively, in the absence
of the interaction. They are given by

G0(k) =
z0

iω − εk
,

χ0(q) =
χ0

δ + |q−Q|2 + Ω2/v2
s

. (2.10)

z0 is the quasiparticle renormalization factor given by the Fermi liquid theory,
and the electron dispersion is linearized, εk = vF |k − kF |, with a Fermi velocity
vF and Fermi momentum kF . The electron’s chemical potential can incorporate
effects of the condensed part of the bosonic field. The bare spin susceptibility
is the usual Ornstein-Zernike form where δ ≈ ξ−2

0 , ξ0 being the bare correlation
length of spins, sets the distance to the QCP, and χ0ξ

2
0 is the static susceptibility.

vs is the bare spin velocity.

The spin-fermion model Eq.(2.9) is an effective low-energy model that can
be derived from the Hubbard-like model in the weak coupling approximation
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[50, 52, 51, 75]; high-energy fermions, with energy above Λ, are integrated out to
generate collective bosonic modes that mediate the interaction between fermions
at energies smaller than Λ. Notice that only spin fluctuations are considered, and
it is assumed that all other excitations are neglected with respect to them. In par-
ticular, the interactions in the charge channel are unimportant and we discard
any possible pairing instability. If, in practice, this is true for the former, it is not
always exact for the latter as spin fluctuations can lead to an effective attractive
interaction between the electrons leading to p−wave superconducting instability.

Integrating out the fermionic degrees of freedom 5, one obtains a purely bosonic
effective theory in terms of the field ~Sq, given by the Landau-Ginzburg-Wilson
(LGW) action :

SSFLGW [~S] =
1
2
T
∑

q

~Sqχ
−1
0

(
δ + |q−Q|2 + γ

|Ωn|
qz−2

)
~S−q

+ uT 4
∑

q1,q2,q3,q4

δ(q1 + q2 + q3 + q4)[~Sq1 · ~Sq2 ][~Sq3 · ~Sq4 ], (2.11)

where z is the dynamical exponent, describing here the dynamics of the mag-
netic modes, and u, the strength of interaction, is assumed to be constant [50].
For z = 2, we have γ = g2χ0/(4πv2

F δ) [51] while for z = 3, we have γ =
kF g

2χ0/(πv2
F )[52].

The result for the bosonic dynamics shown in (2.11) is customary for problems
where fermions interact with their own collective modes. The latter are damped
whenever they lie inside the particle-hole continuum of the Fermi liquid[50].
Such a Landau-damped term is larger than the regular O(Ω2) term in the bare
spin susceptibility Eq.(2.10) and fully determines the collective spin dynamics.
This causes feedback effects on the self-energy correction of electrons, giving rise
to non-Fermi liquid physics near the QCP [52].

2.2.2 RG treatment and scaling equations

Hertz [50] studied the model (2.11) near its critical point using the perturbative
RG. Later, Millis [50] revisited its treatment by adding additional scaling equation

5Integration of the fermionic degrees of freedom is not a rigorous and safe procedure to deter-
mine the dynamics of the collective spin-fluctuations, but it is usually justified à posteriori if the
resulting action is analytic [50]. A better and more rigorous treatment doesn’t integrate out the
fermions and relies on the Eliashberg approximation presented in Section 2.2.3.



36 2. Models of quantum criticality for heavy fermion compounds

for the temperature, which yields corrections to Hertz’ results concerning the
crossover behavior at finite temperature. Following their scheme, by eliminating
an outer-shell defined by:

Λq/b < |q| < Λq

ΛΩ/b
z < Ω < ΛΩ, (2.12)

where b < 1 is a scaling factor, one obtains the following RG equations :

dδ

d ln b
= 2δ + 2uf2(T, δ)

du

d ln b
= (4− (d+ z))u− 4u2f4(T, δ)

dT

d ln b
= zT, (2.13)

where fi are complicated integrals depending on T , δ and the bare cut-off Λ. [50]

The RG equation (2.13) have a Gaussian fixed point at T = u = δ = 0 which is
unstable with respect to the parameter δ. Of particular interest is the equation for
the quartic coupling u : if d + z > 4, u is irrelevant6. This means that the upper
critical dimension is given by d+

c = 4−z rather than d+
c = 4 as for classical critical

phenomena. Thus, in many cases, one expects the components to be those of the
Gaussian model. This is true in particular for a FM QCP (z = 3) and an AFM
QCP (z = 2) for 3 dimensions of space.

This has two immediate consequences :

• the temporal correlation time entering the magnetic response functions do
not always obey E/T scaling.

• the correlation functions and thermodynamics will not exhibit anomalous
scaling exponent. In particular, the exponent of the frequency/temperature
dependence of the dynamical spin susceptibility is equal to 1.

Both these are incompatible with the divergence of the specific heat and the ob-
servation of E/T scaling with anomalous exponents, which were shown to hap-
pen, in the previous chapter, in the case of the compound CeCu5.9Au0.1.

6Although u is irrelevant, the quartic interaction term can become a singular function of it.
Thus, it may affect a number of physical quantities. u is then called ”dangerously” irrelevant.
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Solving the RG equations (2.13), one can obtain the behavior in temperature
of several physical properties in the quantum critical regime

d = 2 d = 3 d = 2 d = 3
z = 2 z = 2 z = 3 z = 3

c(T ) T ln T0
T −T 3/2 T 2/3 T ln T0

T

∆ρ(T ) T T 3/2 T 4/3 T 5/3

∆χ(T ) χ0 − 2T T 3/2

α(T ) ln ln T0
T T 1/2 ln T0

T T 1/3

Table 2.1: Results, for the SDW QCP in the quantum critical regime for specific heat

c(T ), electric resistivity ∆ρ(T ), magnetic sucsptibility χ(T ) and thermal expansion α(T ).

Prefactors are not shown. [9]

As one can see from Table. (2.1), the SF model does predict deviations from
Fermi liquid behavior as the heavy Fermi liquid approaches the magnetic state
induced by the condensation of the SDW mode. This can be viewed as resulting
from the Bragg scattering of electrons off the critical SDW modes.

Those predictions, however, contradict some of the experimental facts em-
phasized in the previous chapter. Furthermore, there is no sudden reconstruc-
tion of the Fermi surface in the SDW scenario 7. Accordingly, the Hall coefficient
should be continuous at the QCP. This also contrasts with experimental findings.
One of the big drawbacks of this scenario is its failure to account for the quasi-
linear in temperature resistivity observed over several decades in 3D systems.
This can be understood easily : the spin fluctuations scatter only electrons near
the ”hot spots”, i.e. the portions of the Fermi surface connected by the ordering
wave-vector Q, causing NFL forms for the scattering rates at these regions. The
cold regions are protected by kinematic constraints and have the FL forms. In the
clean limit, the current carried by cold electrons dominates the one carried by the
hot electrons, making the resistivity quadratic in temperature as expected for a
FL.

7For the AFM QCP, The Fermi surface folds along the hot spots, pinching into two separate and
smaller Fermi surfaces (see Fig.-2.2)
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QCP AFM

A.)

B.)

AFMQCP

T

Q Q

FIG. 3: Competing scenarios for the antiferromagnetic QCP in heavy fermion materials (a)

spin density wave scenario, where the Fermi surface “folds” along lines separated by the magnetic

Q vector, pinching o! into two separate Fermi surface sheets; (b) sudden reconfiguration of the

fermi-surface accompanies break-down of composite heavy fermions. The fermi surface in the

antiferromagnetic phase only incorporates the conduction electrons.

is the inverse dynamical spin susceptibility of the magnetic fluctuations. The linear damping

rate of the magnetic fluctuations is derived from the density of particle-hole excitations in

the Fermi sea. !!1 ! (P " Pc)
1
2 is the inverse spin correlation length, whilst "!1 = !Q!!2

is the inverse spin correlation time. An important feature of this “#4” Lagrangian is that

the momentum dependence enters with twice the power of the frequency dependence and

" ! !z, where z = 2 (the dynamical critical exponent of this theory), so that the time

dimension counts as two space dimensions, and the e"ective dimensionality of the theory is

D = d + z = d + 2 (26)

Assuming d = 3 in heavy fermion systems then D = 5 exceeds the upper critical dimension

Dc = 4 for a #4 theory. This has three immediate consequences

• the interactions amongst the critical modes are “irrelevant”, scaling to zero at large

scales, so that the long-wavelength antiferromagnetic modes are non-interacting Gaus-

13

Figure 2.2: Competing scenarios for the AFM QCP in HFCs. (a) SDW scenario, where

the hot spots are within a strip of momentum of width ∼
√
T . The Fermi surface folds

along these regions pinching off into two separate Fermi surface sheets. (b) Sudden

reconstruction of the Fermi surface at the breakdown of the composite heavy particle.

The Fermi surface reduces to the conduction electrons surface only. From [46]

As argued by Rosch [53], disorder can significantly modify the transport prop-
erties of the SDW scenario. His line of argumentation is the following : near the
hot spots, the scattering rate 1/τS of the quasiparticles is linear in temperature
τM/τS ∼ t = T/T0, where T0 is the effective Kondo temperature of the HFC
and τM a typical scattering time. In the AFM case, the width of these hot lines
is ∼

√
T . In the cold regions of the Fermi surface, FL behavior is expected with

τM/τS ∼ t2. An additional isotropic scattering 1/τd ≡ x/τM is provided by weak
disorder. Averaging τk = (1/τd + 1/τS(k))−1, one obtains the conductivity [53]

σ ∝
√
t

x+ t
+

1−
√
t

x+ t2
. (2.14)

We have then different possible regimes (see Fig.-2.3 below), depending on t

(temperature) and x (disorder). When x < t2 < 1, the limiting regime for the
conductivity in (2.14) implies a quadratic in temperature behavior for the resis-
tivity : the hot spots are short-circuited by cold regions. Now, when t < x < 1,
the resistivity is ∝ x + t3/2. At intermediate temperatures, x < t <

√
x, an effec-

tive resistivity exponent, defined in terms of the logarithmic difference of ∆ρ(T )
at t = x and t =

√
x is found to be 1. This crude estimate implies a nearly linear

crossover behavior in temperature in a very clean system.
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q1 ! u1 2 uH and q2 ! u2 2 !p 2 uH " measure the
distances from the hot lines and t ! !T#G" !q0#kF"2 is the

dimensionless temperature. Our numerical calculations

use the full polar integral in (10), even though at low

temperatures [1#!jkF"2, t ø 1] the correct behavior is
also contained in the approximate form.

From Eqs. (7)–(10) one can easily deduce the quali-

tative behavior of the low-temperature resistivity. We

first consider the case of very low temperatures in a

dirty metal. In this regime the resistivity is dominated by

the disorder contribution rimp . From drimp$Fu%#dFu !
0 we find the usual quasiparticle distribution for im-

purity scattering Fu ! cosu. The leading temperature

dependent correction to the residual resistivity r0 !
xrM is then given by rS$cosu%. The main contribu-

tion to rS arises in a small region around the hot spots,

where !Fu1 2 Fu2"2 & $cosuH 2 cos!p 2 uH"%2 is fi-

nite. Scaling q1#2 in Eq. (10) with
p

t, one recognizes
that in the regime t . 1#!kFj"2 ~ t3#2 the finite correla-

tion length can be neglected and at lowest temperatures

the resistivity is given by

r!T ! 0" ! rM

2
4x 1

s
3p7

8
q3

0 cosuH

k3
F

µ
T
G

!3#2
3
5 .

(11)

On the other hand, if the system is clean (x ! 0), we
have to minimize rS$Fu%. As pointed out by Hlubina

and Rice [10], the ansatz Fu ! cosu is far from the

true minimum. We can considerably reduce rS by

using a distribution function where the hot lines are

excluded, e.g., Fu ! 0 for ju 2 uH j , ucut and ju 2
!p 2 uH"j , ucut. With such an ansatz the For this

ansatz, the temperature dependence in the numerator of

the scattering rate (10) can be neglected for ucut ¿
p

t
and the resistivity is given by

r!x ! 0, T ! 0" ! crM!q0#kF"2!T#G"2 , (12)

where c is a nonuniversal number of order 1 which

depends on the details of the scattering mechanism in the

cold regions of the Fermi surface.

To obtain the crossover behavior, we calculate the

distribution function Fu and the resistivity r!T " within
our model numerically by solving the integral equation

dr$Fu%#dFu ! 0, which is equivalent to solving the
linearized Boltzmann equation directly. For a clean sys-

tem, Fu is shown in the lower part of Fig. 1. At high

temperatures the distribution function is structureless and

all parts of the Fermi surface (besides those perpendicular

to the current) contribute more or less equally to the resis-

tivity. However, for lower temperatures the region around

the hot lines (dashed lines in Fig. 1) are short circuited

and the distribution function vanishes. Accordingly, the

resistivity is much lower and drops ~T2 (dashed line in

Fig. 2).

As shown in the simple calculation discussed in the be-

ginning, in a system with a small amount of disorder, we
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FIG. 2. Log-log plot of Dr ! r!T " 2 r!0" for a rather
clean system with x ! 0.01. Note the large crossover regime
from the resistivity of a clean system (dashed line) at high
temperatures to the resistivity of a dirty system (dot-dashed
line). The inset shows how this crossover evolves for various
impurity concentrations x.

expect a large crossover regime between the behavior de-

scribed by Eqs. (11) and (12). In the variational approach

given here this is due to the effect that the impurity resis-

tivity is not minimized by the distribution function Fclean
u

(the low temperature curve in the lower part of Fig. 1)

and rimp$Fclean
u % ! !1 1 c0"xrM , where c0 is a number

of order 1 (e.g., c0 & 2.8 in our model). Below a tem-

perature Tc
2 , defined by c0r!T ! 0" & r!x ! 0, Tc

2 ", the
distribution function deviates from Fclean

u and approaches

the cosu form which minimizes impurity scattering (see

Fig. 1). Qualitatively, we obtain the same picture as in

the crude estimate discussed at the beginning (up to fac-

tors like c0).
The evolution of this crossover regime with impurity

concentration is shown in Fig. 2 and its inset. The depen-

dence of the distribution function (and of Dr) on impurity
concentration is a reflection of the complete breakdown of

Matthiessen’s rule in the crossover regime, where it is not

possible to separate the different scattering mechanisms

contributing to the resistivity. In addition, while not en-

tirely physically meaningful, the (T -dependent) effective
exponent defined by the logarithmic derivative of r!T " 2
r!0" in Fig. 3, when properly interpreted, displays the
various crossovers in a dramatic way. For example,

even for a reasonably clean system either asymptotic ex-

ponents 2 and 1.5 are difficult to observe, while effective
exponents close to 1 dominate over a wide range of pa-
rameter values as suggested by our estimate (2).

While the behavior for 1#!kFj"2, t * 1 is highly

nonuniversal and strongly affected by details of the band

structure and scattering mechanisms, this is not the case

in the opposite limit 1#!kFj"2, t ø 1, which is of interest
here. In the latter regime crossover effects depend only

very weakly on the precise details of the model.

We argue that our approach explains the anomalous re-

sistivity at the QCP observed in the very good samples of

4282

Figure 2.3: Log-log plot of ∆ρ(T ) for a rather clean system with x = 0.01. Note the large

crossover regime from the resistivity of a clean system (dashed line) at high temperatures

to the resistivity of a dirty system (dot-dashed line). The inset shows how this crossover

evolves for various impurity concentration x. From [53]

Rosch has argued that the sensitivity to disorder can be, accordingly, used to
decide whether an observed NFL behavior is due to hot spots on the Fermi sur-
face of from a more dramatic breakdown of the Fermi liquid on the full Fermi
surface.

The picture developed by Rosch fits well with some experimental measure-
ments. In the AFM compound CeCu2Si2 for example, the resistivity at the QCP
seems to rise with T 3/2. [54], as expected for a ”dirty” system for the range of
temperature where the above exponent has been fitted. It doesn’t fit a number
of other systems, an example being CeCu6−xAux where ∆ρ(T ) is linear in tem-
perature for a regime where ∆ρ(T ) ∼ t2 is expected. Besides, disorder can not
account for the divergence of the specific heat and the E/T scaling.

Two reasons for the Hertz theory’s failure can be identified :

• There is no analytical expansion of the action in terms of the magnetic order
parameter. This can happen in the presence of soft fermionic modes, where
non-analytic, nonlocal or even singular terms may arise. This is the case
for metallic ferromagnet [52]. A better treatment doesn’t integrate out the
fermions but relies on the Eliashberg framework described earlier in this
section.
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• additional degrees of freedom, other than magnetism, are critical at the
transition and have to be taken into account.

In the next section, we will discuss the second situation. Before that, we
will discuss the Eliashberg framework. In the spin fermion model presented
here, fermions have been integrated out of the partition function to get a purely
bosonic effective theory. A result of this is the presence of the Landau damp-
ing coming from the electron-hole continuum. However, integrating out the
fermions is not a safe and rigorous procedure. In the Eliashberg technique, one
doesn’t integrate out the fermions. This technique offer thus a better and more
rigorous treatment of the bosonic dynamics.

2.2.3 Eliashberg theory

The Eliashberg framework allows the evaluation of the self-energies Σ and Π, for
electrons and spin fluctuations respectively, self-consistently assuming we can
neglect the momentum dependence of the Σ and vertex corrections. An exten-
sive review of this technique is given in [51, 52]. We recall here the spirit of this
technique and main results.

The Eliashberg procedure relies on three steps:

• neglect both the vertex corrections and the momentum dependence of the
fermionic self-energy :

Σ(k, iωn) = Σ(iωn)

∆g = 0.

• Use Dysons’ equations

G−1(k, iωn) = G−1
0 (k, iωn)− Σ(iΩn),

χ−1(q, iΩn) = χ−1
0 (q, iΩn)−Π(q, iΩn), (2.15)

to evaluate self-consistently the self-energies represented diagrammatically
by (a) and (c) in the figure Fig.-2.2.3 below, where the propagators are fully
dressed according to (2.15).

• Check a posteriori that the neglected momentum dependence of the fermionic
self-energy and vertex corrections are indeed small.
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E. Self-energies

(a)
qk, !

k + q, !

(b) 0

(c)
q

k, !

k + q, !

(d)
qFigure 2.4: (a) and (b) are the first order contribution to the fermionic self-energy and

(c) is the polarization bubble, where σ ∈ [1, N ] is the spin index. The propagators of the

fermion (straight line) and the spin fluctuations boson (wavy line) are fully dressed. (b)

is a static and uniform part in the self-energy and can thus be considered as a renormal-

ization of the electron chemical potential.

To put under control the computation of the self-energies, it is necessary to ex-
tend the model (2.9) by introducing N 6= 1 identical fermionic species. A channel
index ν ∈ [1, N ] is then added to the fermionic operators ψ in (2.9) and g → g/

√
N

to ensure a well-defined large N limit.
Then, the bosonic self-energy is found to be [51, 52]

Π(q, iΩn) = Nγ
|Ωn|
qz−2

, (2.16)

and z is the dynamical exponent.

It has been shown that the Eliashberg approximation becomes exact in the
limit N → ∞ [51, 52]. Indeed, it is shown that both vertex corrections and the
momentum-dependent corrections to the fermionic self-energy turn out to scale
as 1/N and vanish in the limit N → ∞. This limit shares some similarity with
the Migdal limit for the electron-phonon problem : at large N , the damping in-
troduced in (2.16) scales as N and the collective excitations become slow. Then,
the smallness in 1/N compares to the smallness inm/M wherem is the electron’s
mass and M is the ion’s mass.

In the case of z = 3, q = 0 QCP (ferromagnetism), the validity of the Eliash-
berg approximation depends further on the presence of a Fermi surface curva-
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ture, i.e.

εk = vFk⊥ +
k2
‖

2mB
,

where k⊥ and k‖ are the perpendicular and parallel components respectively
with respect to the direction along the Fermi surface and mB is a band mass
associated with the finite curvature of the Fermi surface.

The Elisahberg approximation is then grounded on the two conditions

α ∼ g2χ0

NEF
� 1, β ∼ mB

Nm
� 1, (2.17)

where EF is the Fermi energy, and m the mass of the electron.

The first condition restricts the physics to the very vicinity of the Fermi sur-
face. The second condition arises because of the presence of vertex corrections
that don’t contain the small parameter α but are sensitive to the curvature of the
Fermi surface. An example is the dynamical vertex, obtained in the limit of small
but finite momentum and frequency, shown below [52]12

If typical q is on the bosonic mass shell, then q ! (!!)1/3,
and one has:

"g

g

!!!!
q,!

! #(!)
vF qx

! "
"

"
!

#max

#1/3

. (5.12)

This is obviously small in ".
It turns out that the behavior of the vertex correction

is more complex and the result for "g/g strongly de-
pends on the direction of q compared to the direction of
fermionic kF . This directional dependence is important
for our purposes as we know from self-energy calculations
that in the integral for the self-energy only y component
of the bosonic momentum is near a bosonic mass shell
and scales as (!!)1/3, the x component of bosonic mo-
mentum is actually of the order of #̃(#)/vF , i.e., is near
a fermionic mass shell and is much smaller. We therefore
take a more careful look at the vertex correction.

For the case where qx ! #̃(!)/vF and qy ! (!!)1/3,
one would argue from (5.12) that the vertex correction
now becomes of order O(1) and is no longer parametri-
cally small. However, the computation that lead to (5.12)
cannot be extended to the strongly anisotropic case as for
external qx ! #̃(!)/vF and qy ! (!!)1/3, the curvature
of the fermionic dispersion becomes relevant and changes
the result. The full dependence on qx and qy is rather
complex and we restrict ourselves to the case when

$ =
1
N

mB

m
# 1. (5.13)

In this situation, q2
y/mB ! (vF qx)/$ $ vF qx, i.e., the

the quadratic term in fermionic propagator dominates.
Performing the integration, we then find that:

"g

g

!!!!
q,!

! $2

"
!!
q3
y

#2/3

log2

$
$

(!!)1/3

qy

%

! $2 log2 $, (5.14)

It follows that even when only one component of the
bosonic momentum is near a bosonic mass shell, the ver-
tex correction is small if $ is small. This is the second
condition for the Eliashberg theory to be controllable at
criticality.

The smallness of $ can be ensured by either extending
the theory to large values of N , or by considering a very
strong curvature of the Fermi surface which implies that
mB # m. Even though the latter can hardly be satisfied
for realistic Fermi surfaces, we emphasize that the curva-
ture of the dispersion plays a crucial role in the theory,
for even in the case of N $ 1, the vertex correction is of
order O(1) without this curvature.

4. Pairing vertex

By contrast to the previous vertices we studied, the
pairing vertex in the Cooper channel is not sensitive to

a)
0, 0

kF, 0

b)
Q, 0

kF, 0

c)
Q, !

kF, 0

FIG. 2: Three-leg vertices: a) zero external momentum and
frequency b) finite momentum c) generic vertex.

the curvature of the Fermi surface. This leads to a vertex
of order O(1) even in the large-N limit and the pairing
problem then has to be carried out exactly within the
Eliashberg theory.

This vertex renormalization is presented in Fig. 3 and
its analytic form is given by:

"g

g

!!!!
Cooper

! g2

&
d#d2q %(q, #) G(kF + q, #)

%G(&kF & q,&# & !)

! ḡ

&
d#d2q

!|"|
q + q2

1

i#̃(#)& vF qx & q2
y

2mB

% 1

&i#̃(# + !)& vF qx & q2
y

2mB

. (5.15)

Integrating over qx, restricting ourselves to the con-
tribution from the fermionic poles (the one from the
branch cut can be proved to be smaller), we find that
the quadratic terms cancel out, leaving us with:

"g

g

!!!!
Cooper

! ḡ

vF

& D

|!|

d#

#̃(# + !) + #̃(#)

& !

0

dqy qy

!# + q3
y

.

(5.16)
Performing the remaining integral, the pre-factor sim-

plifies and we obtain:

"g

g

!!!!
Cooper

! ḡ

!1/3#
1/3
0 vF

log
!!!!
!
D

!!!!

! log
!!!!
!
D

!!!! , (5.17)

where we assumed that we were in the quantum critical
regime, i.e. |!| < #0.

We emphasize that the pre-factor of the log in (5.17)
is O(1), even when one takes into account the curvature
of the fermionic dispersion. The result of Eq. (5.17)
confirms previous studies [8] advocating that the system
at a ferromagnetic QCP is unstable towards pairing.

5. Four-leg vertex

We consider now higher-order corrections to the vertex
through the example of a four-leg vertex correction with
two crossed bosonic lines, also called a Cooperon inser-
tion. Analytically, the expression for this renormalized

For an SU(2)-symmetric QCP towards ferromagnetic ordering, the Landau
damping (2.16) is shown to generate an effective long-range dynamic interaction
between fermionic quasiparticles, responsible for the emergence of a negative
non-analytic correction to the static spin susceptibility. As consequences, a LGW
description is no longer valid and the ferromagnetic QCP is unstable below a
given energy scale [52].

A word of caution. This is a large N expansion rather then a large N limit. If
the latter is taken, some of the fermionic self-energies would not be included [4].

2.3 Breakdown of the Kondo effect scenarii

One of the experimental observations on HFCs emphasized in the previous chap-
ter is the emergence of a local character for the critical regime at a QCP. This can
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be a hint of another type of magnetic state, different from the SDW one merging
from the parent HFL. In this state, local moments order due to RKKY exchange
interaction and do not participate in the Fermi volume, i.e. the Kondo screening
is absent.

The formation of such a magnetic state is thus associated with a transition
involving a breakdown of the Kondo effect, accompanied by an abrupt recon-
struction in the Fermi surface. In the HMM theory, the Kondo screening is es-
sentially intact. In particular, the local moments remain screened across the QCP
(see Fig.-2.5).

REVIEW ARTICLE FOCUS

T0
T0

TFLTFL

E*

QCP QCPSmall Fermi surface Large Fermi surface ! !

TN TN

loc
E*loc

Figure 2 Schematic phase diagrams showing two classes of QCPs.a,b, The temperature/energy scales versus control parameter (!, which tunes the ratio of the Kondo
interaction to the RKKY interaction), illustrating quantum criticality with critical Kondo destruction (a) and of the spin-density-wave type (b). TN represents the Néel
temperature and TFL the onset of the low-temperature FL regime. Lines with arrows correspond to renormalization-group flows, which describe the transformation of the
system from the high-temperature fully incoherent regime to the zero-temperature ground states.E !

loc marks an energy scale separating the renormalization-group flows
towards two types of ground state—one with a large Fermi surface (Kondo resonance fully developed, and f electrons delocalized) and the other with a ‘small’ Fermi surface
(static Kondo screening absent, and f electrons localized). Similar renormalization-group flows apply tob, but are omitted there for visual simplicity. T0 signifies the initial
crossover in a Kondo lattice system, from the high-temperature regime, where the local moments are completely incoherent, to the intermediate-temperature regime, in
which the initial Kondo screening operates.

lattice behaves as a collection of individual local moments, weakly
coupled to a band of conduction electrons. At the temperature
T0, the initial crossover into Kondo screening sets in. We should
caution that extracting T0 from the Kondo temperature of the
diluted limit of a HF system is in general problematic, because
the process of dilution can change the atomic volume34 and
other parameters. Still, the initial crossover associated with T0

of the Kondo lattice system has a similar physical meaning
as that of the crossover occurring in a single-impurity Kondo
problem. For definiteness, and inspired by the exact solution to
the thermodynamics of the single-impurity Kondo problem35, we
define T0 as twice the temperature at which the entropy is 0.4Rln2
per local moment.

Whether the Kondo screening process is complete or
incomplete at su!ciently low temperatures depends on the
competition between the Kondo interaction and the RKKY
coupling among the moments. The line associated with the energy
scale E!

loc is the separation between the two regimes. On increasing
! at a fixed temperature (Fig. 2a), the E!

loc line marks the crossover
from the small-Fermi-surface regime to the large-Fermi-surface
one. To the right of the E!

loc line the local moments are being
converted into composite fermions, which are part of the Fermi
volume. In this regime we find, on cooling at a fixed !, that FL
coherence is fully established below TFL. In the regime to the left
of the E!

loc line, the Kondo screening is incomplete even at zero
temperature, and the local moments do not participate in the
Fermi-surface formation. Here, the system eventually orders into an
AF state below the Néel temperature, TN; at the lowest temperatures
inside the AF phase, the system will also be a Fermi liquid (see below
for further discussions). In the zero-temperature limit, the E!

loc line
marks a genuine f -electron-localization phase transition; at finite
temperatures, it represents a crossover.

When E!
loc terminates at the same value of the control parameter

(!c) as the AF phase boundary (Fig. 2a), the quantum-critical
fluctuations include not only the fluctuations of the magnetic
order parameter but also those associated with the destruction
of the Kondo e"ect. The local quantum-critical solution belongs
to this case12,32,36–38. When the two lines intersect (Fig. 2b), the
magnetic QCP falls in the category of the spin-density-wave theory.
The third case, with the E!

loc line terminating before meeting the

magnetic-ordering phase boundary, would imply a finite range of
T = 0 parameter space in which the local moments are neither
Kondo screened nor magnetically ordered; this does not happen
in general, although it cannot be completely ruled out if the
underlying spin system is highly frustrated.

QUANTUM CRITICAL SCALING

Historically, scaling has played a central role in the study of classical
criticality. It results from the non-analyticity in the free energy at
the transition temperature Tc, and is manifested in thermodynamic
properties such as specific heat and static susceptibility.

Quantum criticality shows a number of important distinctions
in scaling. First, there are generically two control parameters,
which are both relevant in the renormalization-group sense. One
is the non-thermal control parameter, ! " !c, and the other one
is the temperature T . They represent two independent directions
to access the QCP (T = 0,! = !c) within the temperature–control-
parameter phase diagram. Accessing the QCP by varying the non-
thermal control parameter will lead to a divergence of the spatial
correlation length, ". Doing so through reducing the temperature
T , on the other hand, amounts to increasing the size of the
temporal dimension, # = 1/kBT , towards infinity. Even the scaling
of thermodynamic quantities would involve judicious mixing of
spatial and temporal fluctuations. This is in contrast to the case
of a generic classical critical point, where the non-thermal control
parameter and the reduced temperature (T " Tc)/Tc are inter-
dependent; the variation of each will be manifested in scaling
through the spatial correlation length. Second, quantum-critical
scaling is also delicate owing to the very fact that a QCP exists at
zero temperature. The system is therefore subject to the constraints
of the third law of thermodynamics. For instance, a divergence of
the specific heat often occurs at a classical critical point, but cannot
occur at a QCP.

It turns out that static-scaling exponents are more conveniently
defined in terms of thermodynamic ratios. A prototypical example
is the Grüneisen ratio—defined39 as the ratio of the volume thermal
expansion to the specific heat, ! = #/Cp. At a generic QCP
where the control parameter is linearly coupled to the pressure, !
must diverge, in a way that provides a thermodynamic means of

nature physics VOL 4 MARCH 2008 www.nature.com/naturephysics 189

©!2008!Nature Publishing Group!

Figure 2.5: Schematic phase diagrams showing two classes of QCPs : (a) with critical

Kondo destruction (b) of the SDW type where Kondo screening is still present at the QCP.

TN is the Néel temperature, TFL marks the onset of the low-temperature FL regime and

E∗loc is the scale at which the Fermi surface reconstructs. T0 is the single-impurity Kondo

temperature. From [58].

A divergence of the effective mass naturally arises on approach to a Kondo-
breaking QCP. Indeed, a critical destruction of Kondo screening leads to the van-
ishing of the quasiparticle weight Z everywhere on the Fermi surface. On the
contrary, the vanishing of the quasiparticle weight in the HMM model occurs
only near the hot spots (See Fig. 2.2)

The collapse of the Fermi surface at the QCP may be the most dramatic viola-
tion of the Hertz assumptions ; no local order parameter can be defined and the
LGW approach fails [12]. This exciting new scenario for QPT in heavy fermion
compounds opened a road to stimulating, and sometimes tough, discussions
about different possible transitions. In the following, we will review some of
these scenarii, emphasizing on the last one, used extensively in the second part of
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the manuscript.

2.3.1 Local quantum criticality

The local quantum criticality proposes the idea of a local QCP, that is, the break-
down of the Kondo effect affects every spin at each site of the underlying lattice.
The starting point is the Kondo lattice model, where localized spins ~Si couple to
the spin density of conduction electrons at lattice site i, ~si = c†iασαβciβ/2, with a
direct spin-spin exchange term

H =
∑

kσ

εkc
†
kσckσ + JK

∑

i

~si · ~Si +
∑

i,j

Ii,j ~Si · ~Sj (2.18)

The model is studied using an extended version of dynamical mean field the-
ory (EDMFT) where the lattice problem is mapped onto the so-called Bose-Fermi
Kondo model with both fermionic and bosonic baths [58]. This model is known
to have a continuous QPT, due to the competition of the two baths, between a
phase with Kondo screening and one with universal local-moment fluctuations
[12].
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Figure 1 (Si et al.)

21

Figure 2.6: Illustrating the EDMFT used to solve the Kondo lattice model within the

local quantum criticality. From[58].

It is found then that, at the local QCP and in 2D, the dynamical spin sus-
ceptibility has an anomalous exponent in temperature and obeys the same E/T
scaling as in (1.17), observed in inelastic neutron scattering experiments on crit-
ical CeCu6−xAux. In particular, numerical calculation of the EDMFT equations
obtains an anomalous exponent α ≈ 0.72, i.e. close to the experimental value of
≈ 0.74.

Despite this success in accounting for some of the experimental observations,
a drawback of this theory is that it requires the existence of two-dimensional crit-
ical spin fluctuations. If not inconsistent with the experiment we referred to in
the previous chapter [37], it is questionable if it is still consistent with the emer-
gence of three-dimensional magnetic order. Furthermore, within this model, the
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reconstruction of the Fermi surface occurs exactly at the onset of the magnetic
order (as is shown in Fig.-2.5a). This contrasts with the experimental observation
of distinguished energy scales of the respective mechanisms in YbRh2Si2 [44].
Finally, concrete theoretical predictions, in particular for transport temperature
dependencies, are lacking to date.

2.3.2 The Kondo breakdown as an example of de-confinement

This scenario assumes that the reconstruction of the Fermi surface and the on-
set of a magnetic ordering are two distinct phenomena occurring in isolation. It
suggests that these two transitions may actually be physically separated by an
intermediate spin liquid. The main idea is that, prior to any localization into
an ordered magnetic state, the composite heavy quasiparticle breaks up, or de-
confines, into constituent spin ( fermionic spinon ) and charge ( bosonic holon )
components.

It was first addressed in [60] using the Kondo-Heisenberg (KH) model

HKH =
∑

kσ

εkc
†
kσckσ + JK

∑

i

~si · ~Si + JH
∑

i,j

~Si · ~Sj , (2.19)

where a fermionic representation of the local spins is used : ~Si = 1
2f
†
iα~σαα′fiσ′ .

The model (2.19) was tackled using the simplest theoretical tool available, the
U(1) slave-boson gauge theory. The authors showed that, at some point of the
phase diagram, there is a transition towards a spin liquid phase, denoted FL∗,
with a jump in the electron Fermi surface. This state involves a Fermi surface of
neutral fermionic spinons co-existing with a small Fermi surface of conduction
electrons (see Fig.-2.2b). It may be gapped or gapless and may be unstable to
anti-ferromagnetism.

Later, Coleman et al [61] used this model and showed how the charged heavy
electrons develop out of this spin liquid and predicted a discontinuous jump in
the dc electrical conductivities at the QCP, in particular in the Hall resistivity.

The theory, though offering a tractable model on which to work for the first
time, suffered dramatic insufficiencies. In particular, the authors were unable to
reproduce the linear in temperature dependence of resistivity and their exponent
for the anomalies in the specific heat didn’t match the experimental results [12].
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The problem has been revisited by Paul et al. [3] who found a number of novel
effects of the critical fluctuations associated with the vanishing of an effective
hybridization between the localized spins and the conduction electrons. Details
on the procedure used and some of the results are exposed in the next section,
but we can already list them :

• The QCP has a multi-scale feature. Indeed, because we are in presence of
two fermion species, namely the conduction electrons and the spinons, with
different fillings, there exists a mismatch between their Fermi surfaces. This
results in the existence of a multiple energy scales controlling the dynamics
of the effective hybridization fluctuations. In particular, below a given en-
ergy scale E∗, this dynamics is described by a dynamical exponent z = 2,
while it is z = 3 above E∗ (see Fig. 2.7).

E*

T0

Regime II

Regime I

QCP V

Localized f!electrons heavy Fermi liquid

Figure 2.7: Schematic for the Kondo breakdown QCP in the Anderson lattice[4]. On the

left, where the holons are not condensed is the localized phase. On the right is the heavy

Fermi phase. The QCP is multi-scale ; for T ≤ E∗, the dynamical exponent is z = 2 and

for T ≥ E∗ it is z = 3.

• The z = 3 regime gives rise to a specific heat which diverges logarithmically
in temperature, as well as a T log T resistivity in 3D, consistent with many
experimental results on heavy fermion compounds.

• A modulated solution to the mean-field equations exists for which the ef-
fective hybridization condenses with a finite ordering vector (see Appendix
A.2). This happens when one of the bands is electron-like and the other one
hole-like. In the following, only the uniform solution to mean-field equa-
tions will be considered.
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2.4 The Kondo breakdown as a selective Mott transition

Our starting point will be an extended version of the Anderson lattice model :

H =
∑

〈i,j〉,σ

[
f̃ †iσ
(
t0ij + (E0 − µ)δij

)
f̃jσ + c†iσ (tij − µδij) cjσ

]

+ V
∑

iσ

(
f̃ †iσciσ + h.c.

)
+
∑

〈i,j〉
J S̃f,i.S̃f,j +

∑

i

Uñf,i↑ñf,i↓

+
∑

i

(Uñf,i↑ñf,i↓ + U1ñf,inc,i) (2.20)

Here 〈i, j〉 refers to nearest neighbor sites, σ is a spin index, f̃ †iσ(f̃iσ) are cre-
ation (annihilation) operators for the nearly localized f-fermions, with an energy
level E0 − µ, c†iσ(ciσ) are creation (annihilation) operators for the conduction c-
fermions with a chemical potential µ. tij = t is the c-fermion’s hopping, t0ij = αt

is the f-fermion’s hopping term, V is the hybridization between the two fermion
bands8, ñf,i =

∑
σ f̃
†
iσf̃iσ and nc,i =

∑
σ c
†
iσciσ are the operators describing the

particle number of each specie of fermions. U and U1 are respectively the intra-
and inter-layer Coulomb repulsion. Jexch is a spin-exchange coupling constant
between the f-spins.

This model is studied in the limit of very large on-site repulsion U 9. Then,
additional spin-exchange terms can be generated by a perturbative expansion to
second order in αt/U , αt/U1 and V/D, where D is the bandwidth of the conduc-
tion electrons.

The Hamiltonian is then written

H =
∑

〈i,j〉,σ

[
f̃ †iσ
(
t0 + (E0 − µ)δij

)
f̃jσ

+ c†iσ (t− µδij) cjσ
]

+ V
∑

iσ

(
f̃ †iσciσ + h.c.

)
(2.21)

+
∑

〈i,j〉
J
(
S̃f,i.S̃f,j − ñiñj/4

)
+ J1S̃f,i.Sc,j ,

where J1 = 2(αt)2/U1 and J = JRKKY + Jse + Jexch with Jse = 2(αt)2/U and
JRKKY = N0V

2, N0 being the density of states of the conduction electrons at the
8Here, we suppose a local, i.e. momentum-independent, hybridization. It has been shown

[56] that a strongly momentum dependent hybridization has important consequences on thermo-
dynamics like the smearing out of the hybridization gap in the optical conductivity. It is also
important to select ordering phenomena competing with the Kondo screening [56].

9We have U1 � U , but we keep the inter-layer interaction term for now.
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Fermi level.

In the U → ∞ limit of (2.20), the strong correlations between the f-fermions
show as a local constraint of no double occupancy for the f-fermions. This restric-
tion on the Hilbert space can be handled using the U(1) slave-boson representa-
tion [57]

f̃iσ = b†ifiσ, (2.22)

where bi and fiσ are the so-called holon and spinon annihilation operators, asso-
ciated with hybridization and spin fluctuations, respectively. Here, the original
f-fermion becomes a composite particle of the chargeless, spin-1/2 spinon and
the spinless charged holon. They obey the local constraint

b†ibi +
∑

σ

f †iσfiσ = SN, (2.23)

where S = 1/2 is the value of spin and N is the number of fermion flavors with
σ = 1, ..., N . Upon the transformation (2.22), the slave boson drops of all bi-linear
products of fields at the same site.

The constraint is taken into account in a Lagrangian formulation through a
Lagrange multiplier λi. The effective Lagrangian writes then

L =
∑

〈i,j〉,σ

[
f †iσ
(

(∂τ + εf,i)δij + bit
0b†j
)
fjσ

+ c†iσ ((∂τ − µ)δij + t) cjσ
]

+
∑

i

b†i (∂τ + λi)bi − λi + V
∑

iσ

(
f †iσbiciσ + h.c.

)

+
∑

〈i,j〉
J (Sf,i.Sf,j − ninj/4) + J1Sf,i.Sc,j , (2.24)

where εf,i = E0 − µ+ λi is the renormalized f-band’s chemical potential.

The short range magnetic interaction and the induced Kondo interaction are
decoupled using Hubbard-Stratanovich transformations : JSf,i.Sf,j → φi,jf

†
iσfjσ−

|φij |2/J and J1Sf,i.Sc,j → σif
†
iσciσ − |σi|2/J1.

The Lagrangian becomes now
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L =
∑

〈i,j〉,σ

[
f †iσ
(

(∂τ + εf,i)δij + bit
0b†j + φij

)
fjσ

+ c†iσ ((∂τ − µ)δij + t) cjσ
]

+
∑

i

b†i (∂τ + λi)bi +
∑

iσ

(
f †iσ(V bi + σi)ciσ + h.c.

)

− N
∑

i

(Sλi +
|σi|2
J1

)−N
∑

〈i,j〉

|φij |2
J

. (2.25)

One can see from (2.25) that an additional exchange hopping for the spinons
is generated by the auxiliary field φij , while an additional Kondo coupling is
generated by the auxiliary field σi. Further, one can notice that the Lagrangian
(2.25) is invariant under a U(1) local symmetry. Indeed, one can check that under
the following transformation

fi → fie
−iθi ,

bi → bie
iθi ,

σi → σie
iθi , (2.26)

λi → λi + ∂τθi,

φij → φije
i(θi−θj),

the Lagrangian (2.25) acquires a total derivative L(τ) → L(τ) − i∑i ∂τθi, which
can be neglected because it is a multiple of 2iπ.

The Lagrangian (2.25) is first studied in a mean-field approximation, then
Gaussian fluctuations of the action around the mean-field solution are examined.

2.4.1 Mean-field treatment

At this level of approximation, we consider static and uniform values for the
fields bi → B 10, φij → φ0, σi → σ0, and λi → λ. The resulting action is then
written, in the Fourier space, as

SMF = −T
∑

k

[
c†σkg

−1
c (k)cσk + f †σkg

−1
f (k, iω)fσk

]

+ (V B + σ0)T
∑

k

(
f †σkcσk +H.c.

)
−
(
SN − B2

)
λ

− N(
σ2

0

J1
+
φ2

0

J
), (2.27)

10Here, we consider only condensation at q = 0. The existence of a modulated solution is ad-
dressed in Appendix A.2
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where

g−1
c (k) = iω − εk,
g−1
f (k) = iω − ε0k. (2.28)

In here, εk is the dispersion of the conduction electrons and ε0k = (αB2 +β)εk+εf ,
where β ≡ φ0/D, is the spinon dispersion. At the mean-field level, the original
hybridization V between the f- and c-fermions turns into an effective hybridiza-
tion V B + σ0 between the conduction electrons and the spinon.

This action is readily diagonalized by the transformation

cσk = ukγσk+ + vkγσk−,

fσk = vkγσk+ + ukγσk−, (2.29)

where γσk± are new fermionic operators in terms of which the mean-field action
is written

SMF = −T
∑

k,±
γ†σk±(iω − Ek±)γσk± −

(
SN − B2

)
λ−N(

σ2
0

J1
+
φ2

0

J
),(2.30)

where

Ek± =
1
2

[
εk + ε0k ±

√
(εk − ε0k)2 + 4(V B + σ0)2

]

is the dispersion of the renormalized upper (+) and lower (-) bands (see Fig. 2.8).
The former derives from the c-fermions with weak f character whereas the latter
derives from the f-fermions with weak c character. We see that, at the mean-field
level, the original Anderson model has been mapped into a two-band system of
non-interacting fermions.

Upper band

Lower band

k

E

Figure 2.8: Sketch of the different dispersions: the lower band is the dispersion of the

spinons and the higher band is the dispersion of the conduction electrons.
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The uk, vk introduced above are determined by

uk = −(V B + σ0)
Ek+ − εk

vk,

1 = u2
k + v2

k. (2.31)

The mean-field free energy can be readily obtained from (2.30) and writes

FMF = −T
∑

k±
ln (−iω + Ek±)− (SN − B2)λ−N(

σ2
0

J1
+
φ2

0

J
). (2.32)

Now, minimizing (2.32) with respect to B, φ0, σ0 and λ, one obtains the following
mean-field equations

T
∑

k,σ

(αεkGff + V Gfc) + εf − E0 = 0,

T
∑

k,σ

Gfc +N
σ0

J1
= 0,

T
∑

k,σ

εk
D
Gff +N

φ0

J
= 0,

T
∑

k,σ

Gff + B2 = SN, (2.33)

where

Gff =
g−1
c

g−1
c g−1

f − (V B + σ0)2

Gcc =
g−1
f

g−1
c g−1

f − (V B + σ0)2

Gfc = Gcf =
V B

g−1
c g−1

f − (V B + σ0)2
(2.34)

The mean-field equations (2.33) are solved numerically by performing the
summation

∑
kσ at T = 0. These can be done analytically in the case of a lin-

earized dispersion for the conduction electrons and are given in Appendix A.1.

A solution of these equations is shown in Fig.-2.9. One finds that at a critical
value Vc of the bare hybridization, the holon condensation mean-value as well as
the additional induced Kondo coupling σ0 vanish. That is, the effective coupling
V B + σ0 between the f-spinons and the conduction electrons vanishes : at Vc, the
Kondo screening is suppressed. This critical value defines the Kondo breakdown
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QCP. Because B also collapses down to zero at the same point, i.e. the f-spinons
are undergoing a Mott transition. This was the first evidence of an orbital selec-
tive Mott transition (OSMT) in the Anderson model11. As for the variable φ0, it is
easily shown to equal the standard Kondo scale [3, 4]

φ0 = De
E0

NN0V
2 . (2.35)

Two important remarks can be made at this stage : (i) the location of the QCP
depends crucially on the value of the bare hybridization, as can be seen through
(2.35). (ii) to reach continuously the QCP, φ0 has to stay finite all over the phase
diagram.

The effective Lagrangian is then

L = !
i,j!

"ci!
† #!"#ij + tij$ j! + f i!

† %bi$tijbj
† + #!" + E0 + %i$#ij&f j!'

+ !
i

bi
†#!" + %i$bi ! % + !

i,!
#Vfi!

† bici! + H.c.$

+ !
(ij)

#JS f ,i · S f ,j + J1S f ,i · Sc,j$ , #7$

where the constraint has been implemented through a
Lagrange multiplier %i. Note that the spin operator S f
=!$&f$

†!! $&f& is now expressed solely in terms of the spinons
and thus is insensitive to the slave bosons.

In the following, we consider a “large N” extension of
Lagrangian #7$ by enlarging the spin group from SU#2$ to
SU#N$. The indices ! now belong to the SU#N$ group.

IV. MEAN-FIELD APPROXIMATION

In the mean-field approximation, we minimize the effec-
tive action with four fields: %, b, '0, and !0, where a static
and uniform approximation is made on all fields. '0 is the
uniform spin liquid parameter, which decouples the short
range AF interaction JS f ,i ·S f ,j!'0!i,!#f i!

† f i!+H.c.$
!N'0

2 /J. !0 is the uniform field which decouples the induced
Kondo-type interaction J1S f ,i ·Sc,j!!0!i,!#f i!

† ci!+H.c.$
!N!0

2 /J1. The minimization of the free energy leads to the
following mean-field equations:

T !
k,!,(n

$)kGf f +
V

b !
k,!,(n

Gfc + ) f ! E0 = 0,

T !
k,!,(n

Gfc + N!0/J1 = 0,

T !
k,!,(n

#)k/D$Gf f + N'0/J = 0,

b2 + T !
k,!,(n

Gf f = N/2,

where )k is a typical dispersion of the conduction electrons,
) f =E0+%, and the dispersion of the spinon band is taken to
be )k

0= %$b2+ #'0 /D$&)k+) f. We have the following Green’s
functions:

Gf f =
i(n ! )k

#i(n ! )k$#i(n ! )k
0$ ! #Vb + !0$2 ,

Gfc =
Vb + !0

#i(n ! )k$#i(n ! )k
0$ ! #Vb + !0$2 ,

Gcc =
i(n ! )k

0

#i(n ! )k$#i(n ! )k
0$ ! #Vb + !0$2 . #8$

The mean-field equations are solved in the case of a linear-
ized bandwidth and for N=2; energy scales extracted from
the mean-field studies are as well written for N=2. The sum-

mations over #k ,(n$ can then be performed analytically and
are given in Appendix A; the set of resulting equations is
then solved numerically. Since the interaction J1S f ,i ·Sc,j gen-
erates some additional Kondo coupling, it is not obvious that
a Mott transition-a point in the phase diagram where b=0
occurs at finite V. However, this is what happens, the addi-
tional Kondo coupling !0 being itself driven to zero at the
transition. The result is displayed in Fig. 2.

We can study analytically the nature of the fixed point by
expanding the mean-field %Eq. #8$& around

!0 = 0,

b = 0,

*'0* = cJ, c + 0.1. #9$

From the first equation, we get that

* fc#0$ + #) f ! E0$/V2 + 0,

where

* fc#0$ = T !
k,(n,!

1

#i(n ! )k$#i(n ! )k
0$

. #10$

Using, for the conduction electrons and the spinons, linear-
ized dispersions of the form )k=vF#k!kF$ and )k

0=v0#k!k0$,
with v0=2'0 /kF, one obtains

* fc#0$ = N+0
log#$!$
#1 ! $!$

, #11$

with

$! = $b2 + '0/D . #12$

One can convince oneself that the fixed point occurs when
'0=D exp% E0

N+0V2 &. One recognizes here the typical Kondo
scale of the problem.48,49 Hence,
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FIG. 2. #Color online$ Effective hybridization Vb #black curve$,
the f-band chemical potential ) f =E0+% #blue curve$, and 20'0 #red
curve$, as a function of V. The electron bandwidth is D=1000. The
chemical potential ,=0, the ratio of f and c masses is $=0.1. '0 is
evaluated self-consistently around finite RKKY value of 10!3D. The
f-energy level is E0=!500. The mean-field equations are solved for
N=2. The effect of the field ! is negligible, hence not shown in the
figure.
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Figure 2.9: A possible solution of the mean-field equations (2.33) using α = 0.1, µ =

0, D = 1000 and E0 = −500. The effective hybridization V B (black curve), the spinon

band chemical potential εf (blue curve) and 20φ0 (red curve) are shown as functions

of V. The effective hybridization vanishes at a given value of V , hence one has a Mott

transition, i.e. a transition at which the spinons decouple from the conduction electrons

and localize.

This is achieved by the assumption that the localized phase is a spin liquid
with a finite and uniform parameter φ0. However, generically, the spinons may
have other symmetries and we can imagine, for example, a nodal Fermi surface
for the spinons.

As was emphasized earlier, this KB-QCP separates two phases :

• A uniform spin liquid phase where B is zero, which implies that the spinon
are completely decoupled from the conduction electrons. It can be shown

11Lately, a CDMFT study showed that, indeed, such an OSMT exists [63].
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[60] that the quasiparticle residue on the spinons Fermi surface decreases
continuously to zero at the QCP, i.e. it becomes entirely hot. The one on the
conduction electrons Fermi surface stays finite, the latter forming what is
called the small Fermi surface.

• A heavy Fermi liquid resulting from the screening of the spinons by the
conduction electrons. This state is established below an energy scale TK ≈
πN0V

2B2, decreasing continuously down to zero at the QCP. This finite-
temperature phase transition is artificial. If one considers fluctuations around
the mean-field solution, the transition line should convert to a crossover
line.

2.4.2 Fluctuations

Beyond the mean-field approximation, the massless fluctuations to be considered
in the quantum critical regime12 are of two kinds : (a) amplitude fluctuations of
the effective hybridization V B and (b) gauge fluctuations corresponding to phase
fluctuations of the hopping parameter13 φij = φ0e

iaij which express collective
spin fluctuations.

To study these fluctuations, it is more convenient to represent the effective
Lagrangian (2.25) as follows, after performing the continuum approximation,

LALM =
∑

σ

∫
dr c∗σ(∂τ − µc)cσ +

1
2mc
|∂icσ|2

+f∗σ(∂τ − µf − iaτ )fσ +
1

2mf
|(∂i − iai)fσ|2

+b∗(∂τ − µb − iaτ )b+
1

2mb
|(∂i − iai)b|2 +

ub
2
|b|4

+V (b∗c∗σfσ +H.c.)

+
1

4g2
fµνfµν + SN(µb + iaτ ), (2.36)

where g is an effective coupling constant between matter and gauge fields, fµν =
∂µaν − ∂νaµ and several quantities, such as fermion band masses and chemical

12The heavy Fermi liquid phase is stable to fluctuations, their main effect being to endow the
f-spinons with a physical electric charge.

13The amplitude φ0 being finite throughout the phase diagram, it is safe to say that its fluctua-
tions are gapped.
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potentials, are redefined as follows

λ→ −µb,
(2mc)−1 = t, (2mf )−1 = β,

µc = µ+ 2dt, − µf = εf + λ− 2dβ. (2.37)

In here, fermion bare bands εk and ε0k for conduction electrons and spinons, re-
spectively, are treated in the continuum approximation as follows

εk = −2t(cos kx + cos ky + cos kz)

≈ −2dt+ t(k2
x + k2

y + k2
z),

ε0k = −2β(cos kx + cos ky + cos kz)

≈ −2dβ + β(k2
x + k2

y + k2
z). (2.38)

The band dispersion for the holon can arise from high energy fluctuations of con-
duction electrons and spinons. Actually, the band mass of holons is given by
m−1
b ≈ −NV 2N0/E0 [3, 4]. Local self-interactions denoted by ub can be intro-

duced via non-universal short-distance-scale physics. One physical process for
such interactions is the four-point electron-spinon polarization (see Fig. 2.10),
giving rise to ub = u0

V 4

D3 with u0 ≈ O(1). Because such a local interaction term
results from non-universal physics, one may consider that this term is introduced
phenomenologically.

1

A. !4 vertex for the holon

gFf f

c

c

B. Propagators and Vertices

(a)
ai
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f

(b)
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b

b

(c) (d)
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f
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f B c c B f

C. Renormalized propagators

f f c f f c f c f
Gff ! + + + ...

c c f c c f c f c
Gcc ! + + + ...

D. Skeleton diagram at first order

(a)
b

Gff

Gcc

(b)
b

Figure 2.10: Four-point electron-spinon polarization for the holons.

Maxwell-type dynamics for gauge fluctuations, appearing through the term
f2
µν , comes from high energy fluctuations of spinons and holons.

Because of the U(1) invariance of the Lagrangian (2.25), there is a redundancy
in the resulting gauge field theory and one needs to choose a gauge to fix it.
One way to do this is to consider that the order parameter V B is real, that is
: V B = |V B|. This is usually called the physical phase in field theory, as the
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acquired gauge mass in the heavy Fermi liquid phase 14, proportional to V B,
is transparent in this gauge. However, at the QCP, lots of divergencies appear
because V B vanishes there [4].

Fortunately, because all gauge fixing are equivalent, one can work with the
so-called Coulomb gauge imposing a purely transverse vector fields ~∇.~a = 0. In
this gauge, the scalar field aτ and the vector fields ai are decoupled, the latter
being massless in the critical regime.15

Amplitude fluctuations

In the following, we start by the amplitude fluctuations of the effective hybridiza-
tion given by those of the holon b. We recall that the latter is coupled to two
species of fermions, the f-spinons and the c-conduction electrons. The two species
have different Fermi wave vectors k0

F and kF respectively. We denote the mis-
match by q∗ = k0

F − kF 16.

Neglecting for the moment the effect of gauge fluctuations. The propagator
of the holon is evaluated using the random phase approximation (RPA) and is
given by

D−1
b (q, iΩn) = N0 [−iΩn +mb + Πfc(q, iΩn)] , (2.39)

where Πfc is the fc-polarization depicted in Fig.-2.11 and is given by

Πfc(q, iΩn) = T
∑

k,iωn

gc(k, iωn)gf (k− q, iωn − iΩn). (2.40)

This polarization is computed analytically at T = 0 in [4] and it is found that

Πfc(q, iΩn) = Πfc(q, 0) +N
∑

±

±N0 [X2± ln (X2±)−X1± ln (X1±)]
2βvfq(1− β)

, (2.41)

withX1± = β [−iΩn ± vf (q − q∗)],X2± = −iΩn±βvf (q−q∗) and Πfc(q, 0) = aq2,
where a = ln (β)/[(1− β)k2

F ], is the static part of the fc-polarization.

14Usually called ”Higgs” phase in field theories.
15An elegant proof of the mass generation in the Higgs phase for the gauge fields and the decou-

pling of the vector fields and the scalar field is given in Ref. [4], where Ward Identities have been
used in a straightforward manner.

16We assume here that this mismatch is constant ; Fermi surfaces are spherical and centered with
respect to each other. Generically however, this is not the case. The particular case where the two
Fermi surfaces intersect has been considered in [4].
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Jcrit = D exp! E0

N!0V2" . #13$

One sees that the location of the QCP in the phase diagram
depends crucially on the spin liquid parameter J. Moreover,
it is important for the stability of the mean-field equations
that the bandwidth stays finite when b!0. This is achieved
with the uniform spin liquid parameter "0 being finite at the
transition. The mean-field equations are of little help to de-
termine the nature of the localized phase where b=0. In the
simplified scheme we have taken, this phase is a uniform
spin liquid—"0 being finite and uniform. The spinons can,
however, have some other symmetries, and it would be use-
ful, for example, to determine the location of the transition
when spinons with a nodal Fermi surface are used. One can
as well allow for AF order in the localized side and study the
stability of the phase diagram. This is the program for future
work.

V. MODULATIONS OF THE ORDER PARAMETER

In Sec. IV, we have naturally considered that the order
parameter b was ordering at q=0. This issue has to be recon
#sidered keeping in mind the nature of the spinon Fermi
surface. In this section, we review for completeness the re-
sults obtained in Ref. 27. At the QCP, the effective mass of
the order parameter writes

Db
!1#q,0$ = mb,

mb#q$ = !0%! E0 + V2$ fc#q$& , #14$

where $ fc#q$ is the static fc polarization, taken at finite mo-
mentum q but zero frequency. At the QCP, the minimum of
the effective mass determines the ordering wave vector. Two
situations are to be considered. First, if both the f and c
bands are electronlike, $ fc#q$ obtains its minimum at q0=0.
Note that in that case, the curvature of the Fermi surface has
to be included to see the minimum. Second, if one band is
electronlike but the other one is holelike, then the situation is
analogous to the FFLO ordering in superconductors32or to
change density waves in Ref. 33. At the QCP, the ordering
wave vector is at q0'1.2q!, where

q! = (kF ! k0( #15$

is the difference between the Fermi wave vectors of the two
species. The determination of the ordering wave vector in-
side the ordered phase is much more involved than at the
QCP. It led to a full literature in the case of FFLO
superconductivity.32 One generally expects a first order tran-
sition toward a uniform order inside the ordered phase. Here,
the situation is rather more complex than in the FFLO case
because the order parameter b carries one quantum of gauge
charge. Gauging out the theory, even at the mean-field level,
is required to deduce the observable quantities. This study
definitely deserves more work. Particularly, it would be

interesting to see what kind of superconductivity occurs in a
Kondo phase where the hybridization is modulated in space.

VI. AMPLITUDE FLUCTUATIONS

In Secs. VII and VIII, we describe the RPA evaluation of
the amplitude and gauge fluctuations. The fluctuations are
studied in the case of the order parameter condensing at q
=0. The fluctuations of the amplitude of the order parameter
are more complex than what was considered in Ref. 23 since
the order parameter is coupled to two types of fermions: the
f spinons and the conduction electrons. Neglecting for the
moment the effect of gauge fluctuations, within the RPA, the
polarization is similar to a Lindhard function, but with two
different types of fermions,

f

c

!fc =
b

Db
!1#q,i%n$ = !0%! i%n + & + aq2 + $ fc#q,i%n$& , #16$

with a=!N log#'!$ / %#1!'!$2kF
2&, the bosonic mass &=!E0

comes from the mean-field equations, and !0 is the density of
states of the conduction electrons. Note that, in our defini-
tion, $ fc is the “dynamical” polarization, corresponding to
the IR sector. In the text, we use this definition for every
polarization. Let us here evaluate $ fc. There are two cases of
interest, as shown in Fig. 3. Depending whether the Fermi
surface of the spinons and conduction electrons intersect or
not, we have two forms for the amplitude propagator. Let us
start with case #a$ where there is a gap between the spinon
and electron Fermi surfaces. Using linearized bands, the po-
larization can be computed analytically and we get at T=0

Case b)

c

f

Case a)

c

f

q0

FIG. 3. Illustration of the two typical cases of interest. In case
#a$, the two Fermi surfaces of the spinons and conduction electrons
are centered and there is a gap between them; in case #b$, the two
Fermi surfaces intersect.
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Figure 2.11: The fc-polarization of the holon (wiggly line), involving spinons (dashed

line) and conduction electrons (solid line). This generates the dynamics of the holon b.

The result (2.41) is somewhat opaque. However, the leading behavior in dif-
ferent regimes of frequency and momentum can be extracted. We can already
notice that the momentum scale q∗ emerges as an ingredient in the holon dynam-
ics. We associate with this mismatch the energy scale

E∗ ' 0.1βD(
q∗

kF
). (2.42)

The expansion of expression (2.41), assuming q∗ � kF , results in four different
regimes for the holon propagator [4] :

• (i) q ≤ q∗ and |Ωn| ≤ E∗, where

D−1
b (q, iΩn) ' N0

[
aq2 −N iΩn

βvF q∗

]
, (2.43)

This can be associated with a dynamical exponent z = 2, i.e. the holon
mode is undamped.

• (ii) q ≤ q∗ and |Ωn| ≥ E∗, where

D−1
b (q, iΩn) ' N0

[
aq2 +N

ln |Ωn|
βvF q∗

]
. (2.44)

Here, the dynamical exponent is z =∞.

• (iii) For q ≥ q∗ and βvF q ≤ |Ωn| ≤ vF q, we have

D−1
b (q, iΩn) ' N0

[
aq2 +N

ln |Ωn|
βvF q

]
, (2.45)

for which the dynamical exponent is z = 1.

• (iv) For q ≥ q∗ and vF q ≤ |Ωn|, we have

D−1
b (q, iΩn) ' N0

[
aq2 +N

|Ωn|
βvF q

]
, (2.46)

for which the dynamical exponent is z = 3, i.e. the holon mode is damped.
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Numerical calculations of (2.40) have been performed in [3] and their results are
very similar to the ones presented above. It was shown in particular that the
spectral weight in the (q,Ω)-space is most entirely centered in the regime (2.46)
with z = 317 (see Fig. 2.12). Therefore, it will almost always provide the leading
contribution to thermodynamic and transport properties. This regime was com-
pletely missed in the early study of the Kondo breakdown scenario in [60].

Though the fc-polarization looks like the Lindhard function, it differs from it
in an important respect. The particle-hole continuum of the Lindhard function
exists for all momenta, whereas this is not the case for the fc-polarization because
the very existence of the mismatch q∗ between the spinons and the conduction
electrons Fermi surfaces. This is the minimum momentum needed to excite an
inter-band particle-hole pair.

to prove that for all temperatures T!"D, the leading contri-
bution comes from that part of the phase space where the
boson is overdamped with dynamical exponent z=3 and
whose propagator is given by Eq. !25".

(1) T!E!. Since for the leading T dependence we expect
##T, in this temperature regime D$!q , i#n" has three
asymptotic forms which are given in Eq. !B1". Accordingly,
we split the q integral into three parts, namely, q!q#1,
q#1!q!q!, and q!!q!kF, and denote their contributions
as F1a, F1b, and F1c, respectively. Keeping only the leading
terms for each subregime, we get

F1a =
1

4%3$
!&

&

d# coth% #

2T
&$

0

q#1

dqq2 Im ln'!
#

Ex
! i'(

= ! %%2

90
kF

3&T4

Ex
3 , !B9a"

F1b =
1

4%3$
!&

&

d# coth% #

2T
&$

q#1

q!

dqq2 Im ln' q2

4kF
2 !

#

Ex

! i'( = ! % (!5/2"
%3/2 kF

3&T5/2

Ex
3/2 , !B9b"

F1c =
1

4%3$
!&

&

d# coth% #

2T
&$

q!

kF

dqq2 Im ln' q2

4kF
2

! i
%

2
#

"vFq( = ! % kF
3

3 &ln% kF

q!& T2

"D
. !B9c"

We note that, since T!E!, the leading temperature depen-
dence is due to the z=3 mode whose contribution is given by
Eq. !B9c", and thus F)F1c.

(2) E!!T!Ex. In this temperature regime, D$!q , i#n"
has four asymptotic forms which are given in Eq. !B2". Now
we split the q integral into four parts, namely, q!q#2, q#2
!q!q!, q!!q!q#3, and q#3!q!kF, and denote their
contributions as F2a, F2b, F2c, and F2d, respectively. Once
again, keeping only the leading terms for each subregime, we
get

F2a =
1

4%3$
!&

&

d# coth% #

2T
&$

0

q#2

dqq2 Im ln'!
#

Ex
! i'(

= ! % (!5/2"
4%1/2 kF

3&% E!

"DEx
3/2&T5/2, !B10a"

F2b =
1

4%3$
!&

&

d# coth% #

2T
&$

q#2

q!

dqq2 Im ln'!
#

Ex
! i'(

= !
!q!"3

6%2 T ln% T

E!& , !B10b"

F2c =
1

4%3$
!&

&

d# coth% #

2T
&$

q!

q#3

dqq2 Im ln'! %q!

q
& #

"vFq

! i
%

2
#

"vFq
( = ! %)!7/4"(!7/4"

6%2 kF
3&%q!

kF
&3/4 T7/4

!"D"3/4 ,

!B10c"

F2d =
1

4%3$
!&

&

d# coth% #

2T
&$

q#3

kF

dqq2 Im ln' q2

4kF
2

! i
%

2
#

"vFq( = ! % kF
3

9 &ln%"D

T
& T2

"D
. !B10d"

After comparing the various contributions above, once again
we find that the leading temperature dependence is due to the
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FIG. 9. !Color online" Plots of Im D for positive !left" and nega-
tive !right" #. The quantum critical point !*=0" is shown on the
top, away from this !*=1" is shown on the bottom. The z=2 dis-
persion is not visible on the scale of this plot. Note the approximate
!anti"symmetry of the damped !z=3" response at the QCP as com-
pared to away. This damped dispersion at the QCP closely follows
the analytic expression of Eq. !B8". The intensity scale for the bot-
tom plots are a factor of 10 smaller than the top ones.
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FIG. 10. !Color online" Dispersion of the Im D maxima for *
ranging from zero !bottom curve" to one !top curve". The undamped
modes are to the left of the kinematic boundary !dashed line", while
the damped modes to the right. Note the reversed magnonlike dis-
persion of the undamped modes and the approximate linear q be-
havior of the damped modes for nonzero *.
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The z = 2 dynamics is not visible on this scale of this plot but we note that it is only

present on the positive frequency side.

At low momentum and low energy, the particle-hole continuum is gapped
and the holon mode is undamped with dynamical exponent z = 2. However, at

17This is a consequence of the assumption q∗ � kF . It may be interesting to investigate the
consequences of the other limit on the properties of the QCP.



58 2. Models of quantum criticality for heavy fermion compounds

high momentum and high energy, the holon mode lies within the particle-hole
continuum and is damped with z = 3. The interplay in temperature between the
two regimes is governed by the energy scale E∗. Given that the spinon band-
width βD can be identified with the temperature T0 at which a Curie magnetic
susceptibility is observed, one can make an estimate of E∗ in real materials. For
q∗ ∼ 0.1kF and T0 ≈ 50K for a compound like CeCoIn5, for example, one finds
E∗ of the order of 50mK which is very small.

Gauge fluctuations

The gauge fields enter the theory as vectorial Lagrange multiplier to ensure that
the local spinon current is zero. They have no intrinsic dynamics by their own
and their propagation is entirely due to their coupling with the spinons band and
the holons. Therefore, these modes are damped.

The propagator of the transverse gauge fields at the QCP is given by [4]

D−1
ij (q, iΩn) = (Πf + Πb)(δij −

qiqj
q2

), (2.47)

where

Πf ((q, iΩn)) =
1

2mf

[
N
π|Ωn|
vF q

+
q2

k2
F

]
(2.48)

Πb((q, iΩn)) =
1

2mb

[
πfd|Ωn|

q
+

q2

2mb

]
(2.49)

with fd =
∫
d(d−1)q/(2π)(d−1)f0(q)q2/d, f0 being a UV cut-off function.

From (2.49), one can see that the gauge fluctuations are indeed damped with
a dynamical exponent z = 3.

So far, the fluctuations have been treated within the first loop order of the
RPA. The results obtained this way are, however, not controlled. A better ap-
proach, the Eliashberg treatment, has been introduced in Section 2.2.3. This has
been used in [4] The results follow closely the one presented in 2.2.3 for the
Eliashberg treatment of the Spin-Fermion model. In particular, the validity of
the Eliashberg approximation in the z = 3 regime relies on a large N expansion
and the presence of a finite curvature of the fermi surface.

Before going further, we address the stability of this QCP with respect to
Belitz-Kirkpatrick-Vojta (BKV)-like instabilities [64]. This is crucial for a q = 0
QCP. It has been shown that such a singularity appears in the computation of the
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static and temperature dependent fc-polarization and destroys the continuous
quantum phase transition.

The temperature dependence of the fc-polarization is computed by evaluat-
ing the corrections to scaling to the boson propagator. There are two types of
corrections to scaling. One contribution is the renormalization of the holon prop-
agator coming from its coupling to the fermions

1

!(1)
fc (T ) =

!(1)
a

+
!(1)

b

I. EVALUATION OF THE DIAGRAM !(1)
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We will evaluate the diagram !(1)
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42 I.Paul, C. Pépin and M.Norman, Phys Rev B, 78, 035109

(2008).
43 A dynamical exponent z is defined as the number of space

dimensions that are e!ectively taken by the quantum fluc-

We first note that the two diagrams are proportional: Π(1)
a = β Π(1)

b and that
there is no corresponding vertex insertion at the first order ; the diagram can
not be formed. Hence, although the QCP occurs in the charge channel, we have
no cancellation of this set of diagrams. This is in deep contrast to what occurs
close to a ferromagnetic QCP or in the theory of non analytic corrections to the
Landau Fermi liquid, where this set of diagrams cancels in the charge channel
[73]. This type of diagram is known to be dangerous, and carries a minus sign,
which destabilizes the fixed point. In the intermediate energy regime with the
dynamical exponent z = 3, and for d = 3, one finds

Π(1)
fc (T ) ∼ −N2/3T 4/3. (2.50)

This has a minus sign but this is smaller then E∗ and can be neglected.
Things are worse for this regime in the case when d = 2. Then, it is found that

(see details of the calculation in Appendix A.3 )

Π(1)
fc (T ) ∼ −T log T, (2.51)

which is negative and dominant compared to E∗. This is very dangerous for the
stability of the regime.

However, there is another contribution to the correction to scaling to the holon
propagator coming from the ninj term in (2.22).

25

Taking the integration over qx leads to

!c(T ) =
g

!vF

!

d"

4#
Coth

" "

2T

#

!

"qq(d!1)dq

(2#)(d!1)

ic"

c2"2 + a2q6

+
g

!vF

!

d"

4#
Tanh

" "

2T

#

!

"qq(d!1)dq

(2#)(d!1)

1

ic" + c#T + aq3
,

where "d is the solid angle of dimension d. This integral
is dominated by the low energy part of the first term (the
high energy part of the first and second terms cancel out)
which leads to

Im!c(T ) =
g

!vF

! T

aIR

d"

2#

T

"

!

"qq(d!1)dq

(2#)(d!1)

c"

c2"2 + a2q6
;

where aIR is a IR cut-o#. Taking d = 3 and changing
variables for x = q3/" we get

Im!c(T ) =
g

!vF c

! T

aIR

d"
T

"

! "

0

4#dx

3(2#)3
1

1 + a2x2
;

! TLog

$

T

aIR

%

. (H2)

The question is now to determine the cut-o# aIR. Since
we work at finite temperature, there are two sources of
IR cut o# which are E# and mb(T ) , with mb(T ) is the
temperature dependence of the holon mass.

aIR = Max[E#, mb(T )] .

mb(T ) is determined by evaluating the corrections to
scaling
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This is the standard φ4-type corrections to scaling, which has the opposite effect
of stabilizing the fixed point. Here g4 = −J/4 as can be easily seen from comes
from (2.22). The stability of the intermediate regime depends on the relative
strength of these two contributions. This requires, for example, strong enough
short range ferromagnetic fluctuations J < 0 in (2.22).

2.4.3 Thermodynamics and transport

Thermodynamics and transport near the Kondo breakdown QCP have been stud-
ied in [3, 4]. The main results are depicted in Table. 2.2. Notice, in particular, the
logarithmic dependence in temperature for the specific heat coefficient and the
linear in temperature resistivity found in 3D in the z = 3 regime. One of the most
enigmatic features of HFCs close to the QCP are thus captured within the Kondo
breakdown scenario.

d = 2 d = 3 d = 2 d = 3
T < E∗ T < E∗ T > E∗ T > E∗

c(T ) T 2/3 −T lnT T 2/3 T ln T
E∗

ρ(T ) T 2 T 2 T 2/3 T ln T
E∗

χ(T ) χ0 χ0 −T lnT T 4/3

Table 2.2: Transport and thermodynamic exponents in the quantum critical regime of

Kondo Breakdown QCP[4]

As emphasized earlier, the leading contribution in thermodynamic and trans-
port properties come from the z = 3 regime.

Transport properties have been studied in terms of the Ioffe-Larkin compo-
sition rules for the resistivity [65]. These rules can be derived simply using the
constraint (4.11). The external current ~J is associated to the c-electrons and the
holons as

~J ≡ σ ~E = ~Je + ~Jb, (2.52)

with

~Jc = σc ~E, ~Jb = σb( ~E + ~e). (2.53)

Here ~E is the external electric field and ~e the fictious field associated with the
gauge degrees of freedom. On the other hand, because of the constraint (4.11),
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~Jb = − ~Jf ≡ σf~e. Thus, one has that

~e =
−σc

σf + σb
~E. (2.54)

Putting (2.54) back to (2.52), one gets the conductivity

σ = σc +
1

(σ−1
b + σ−1

f )−1
. (2.55)

It is argued from (2.55) that the conduction electrons dominate the transport and
that the conductivity jumps at the transition [4].

The quasiparticle lifetime (τc) of the conduction electrons, due to scattering
from the holon fluctuation with z = 3 dynamics is found to be [3, 4]

τ−1
c ∼ −T ln (T ), (2.56)

in d = 3. The spinons do not carry current, due to the constraint of half filling
(4.11) However, they act as a relaxing bath for the conduction electrons current
according to the process c 
 f + b. As such the temperature dependence of τc
in (2.56) gives rise to a T ln (T ) behavior of the resistivity for E∗ ≤ T . This result
is shown to be strong enough in the sense that it doesn’t depend on the shape of
the spinons Fermi surface.





Chapter 3

Luttinger-Ward functional approach in the
Eliashberg framework

Abstract

In this chapter, we present one of the results obtained during this thesis. We have
used the Luttinger-Ward (LW) functional approach in the Eliashberg framework
to derive explicit expressions for the free energy for two different models of a QCP,
namely the SDW model and the selective Mott transition model for the KB scenario.
The free energy is constructed in the whole phase diagram, and, thanks to the LW
functional, all kinds of self-energy corrections are included in a self-consistent way,
at the one loop level. We show how the Eliashberg equations emerge at this level
and use them to simplify the LW expression for the free energy. Scaling relations are
then obtained for both models.

It is found that collective boson excitations play a central role in both models. The
scaling expression for the singular part of the free energy near the Kondo breakdown
QCP is characterized by two length scales : one is the correlation length for hy-
bridization fluctuations, and the other is that for gauge fluctuations, similar to the
penetration depth in a superconductor.

3.1 Introduction

Thermodynamic quantities observed in experiments are derivatives, with respect
to temperature or magnetic field for example, of the total free energy of the sys-
tem related to its partition function. This can be evaluated using the linked clus-
ter theorem, which states that the logarithm of the partition function is just the
sum of all closed-loop diagrams, these being constructed using bare propaga-
tors. Though it is a useful tool to evaluate free energy, the linked cluster theorem
doesn’t make the effect of quantum fluctuations transparent. On the other way, if
one simply dresses the bare propagator, in the closed-loop diagrams series, with
self-energies, this will lead to over-counting of many of the diagrams.
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A proper way to include quantum fluctuations effects was shown by Lut-
tinger and Ward [68] in the perturbation theory framework. In their seminal
work, they re-arrange the series of closed-loop diagrams, order by order, into di-
agrams involving dressed propagators with no over-counting. Their approach is
rather systematic and the free energy is written in terms of dynamic quantities,
such as the fully dressed Green’s function G[Σ] and the self-energy Σ, through
the generalized relation [70]

Ω[Σ] = T STr
[
ln
{
−G−1[Σ]

}
+ ΣG[Σ]

]
+ Y

{
G[Σ]

}
, (3.1)

where STr[A]=Tr[AB]-Tr[AF ] is the super-trace over Matsubara frequencies, in-
ternal quantum numbers of the bosonic (B) and fermionic (F) components of A.
The quantity Y

{
G[Σ]

}
is the so-called LW functional, determined purely by the

interaction potential and given by the sum of all closed-loop two-particle irre-
ducible skeleton diagrams, with dressed propagators, in the perturbation theory
approach. Variation of the LW functional Y with respect to G generates the self-
energy

δY
{
G[Σs]

}

δG[Σs]
= Σs ≡ G−1

0 −G−1[Σs] (3.2)

where G0 is the non-interacting Green’s function.

The thermodynamic potential is stationary with respect to changes of the self-
energy, i.e. it satisfies the saddle-point condition

δΩ[Σ]
δΣ

∣∣∣
Σ=Σs

= 0. (3.3)

An important issue in the perturbation approach of the LW functional is to
find an explicit functional dependence for Y [71]. This is generally unknown and
it is not always possible to sum the skeleton expansion into a closed form for
Y . The problem with strongly correlated systems is even worse because the con-
vergence of the skeleton expansion is not guaranteed. It was demonstrated that
the LW functional can be written as a closed form in the Eliashberg framework
[73, 52], where the Eliashberg approximation allows to handle quantum correc-
tions in a self-consistent way, at the one-loop level.

In the following, we derive a LW expression of the free energy, in the Eliash-
berg approximation, for two models of itinerant QCPs : the spin-density-wave
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(SDW) model and the Kondo breakdown model. This will allow us to describe
thermodynamics near these QCPs starting from a microscopic model and incor-
porating self-consistently the effect of quantum fluctuations.

3.2 Review of the Luttinger-Ward functional approach in
the Eliashberg framework of the spin-fermion model

It is valuable to review the construction of the LW functional in the HMM theo-
retical framework, discussed in Section 2.2, although several heavy fermion com-
pounds have been shown not to follow the z = 2 in d = 3 HMM theory as dis-
cussed in the previous chapter. This was discussed in the past in ref. [73]

3.2.1 Luttinger-Ward functional for the spin-fermion model

As said in the introduction, the LW functional is, diagrammatically, the sum of
all closed-loop two-particle irreducible skeleton diagrams [68]. These can be or-
dered in a 1/N expansion as in Fig. 3.1

1
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Figure 3.1: Leading skeleton diagrams participating to the LW functional Y for the Spin-

Fermion model with dependence on 1/N . Fermion (solid line) and boson (wavy line)

propagators are fully dressed, σ ∈ [1, N ] is the spin index and ν ∈ [1, N ] is the channel

index. The first diagram contains one fermionic loop carrying spin and channel quan-

tum numbers and one pair of vertices, each of order O(1/
√
N), so that it is of order

O(N2/N) = O(N). The second diagram involves one fermionic loop and two pairs of

vertices so that it is of orderO(N2/N2) = O(1). Bracketed terms are dropped in the large

N limit.

Considering the general expression of the LW expression [Eq.(4.23)], and tak-
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ing into account only the leading O(N) contribution to Y , shown in Fig.-3.1, one
can write down the free energy in terms of electron and spin-fluctuation Green’s
functions and self-energies

FLW [Σ,Π] = −NT
∑

k

[
ln
{
−G−1(k)

}
+ Σ(k)G(k)

]

+ T
∑

q

[
ln
{
χ−1(q)

}
+ Π(q)χ(q)

]

+ 3Ng2T 2
∑

k,q

G(k)χ(q)G(k + q), (3.4)

where G(k) and Σ(k) are the fully renormalized electron Green’s function and
self-energy, while χ(q) and Π(q) are the fully renormalized spin-fluctuation Green’s
function and self-energy. The last term in (3.4) corresponds to the leading skele-
ton diagram of order O(N) shown in Fig.-3.1.

3.2.2 Eliashberg equations

One of the important aspects of the LW functional approach is that we can re-
cover the self-consistent Eliashberg equations for self-energies. Indeed, if we re-
strict ourselves to the leading O(N) term in Y and use the stationarity of the free
energy (3.4) with respect to self-energies (3.3), we get the following equations

δG

δΣ

(
−Σ(k) + 3g2T

∑

q

G(k + q)χ(q)

)
= 0,

δχ

δΠ

(
Π(q) + 3Ng2T

∑

k

G(k + q)G(k)

)
= 0,

from which we deduce immediately the expressions of the electronic self-energy
and the collective spin polarization

Σ(k) = 3g2T
∑

q

G(k + q)χ(q),

Π(q) = −3Ng2T
∑

k

G(k + q)G(k). (3.5)

These expressions can be also obtained by differentiating the leading orderO(N)
contribution to the LW functional Y with respect to G and χ respectively, accord-
ing to equation (3.2). Diagrammatically, this is equivalent to cutting one of the
internal lines of the corresponding diagram, as shown in Fig.-3.2 below.



3.2. Review of the Luttinger-Ward functional approach in the Eliashberg framework of
the spin-fermion model 67

2

E. Self-energies

(a)
qk, !

k + q, !

(b) 0

(c)
q

k, !

k + q, !

(d)
q

!Y [G,"]
!G =

k, !, "

k + q, !, "

=
qk, !, "

k + q, !, "

!Y [G,"]
!" =

k, !, "

k + q, !, "

=

q
k, !

k + q, !

Figure 3.2: Illustrating functional derivative of the LW functional with respect to Green’s

functions. The cross indicates the line that is cut by functional differentiation.

Equations (3.5), with Dyson’s equations, are nothing but the self-consistent
Eliashberg equations for self-energies discussed in Section. 2.2.3 (see Fig. 2.2.3).
We have seen that in the limit N → ∞, and under certain conditions as a finite
curvature of the Fermi surface in z = 3, the Eliashberg approximation becomes
exact. Thus, in this limit, the expression for the LW functional ( 3.4) is also exact.

Considering further terms in the LW functional Y amounts to studying devi-
ations from the Eliashberg theory, in particular introducing vertex corrections as
shown in Fig.3.3. These are shown to be small in the 1/N expansion [51, 52].
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Figure 3.3: Spin-fluctuations self-energy generated from the contribution to the LW func-

tional of order O(1), shown in Fig.3.1, by cutting one internal bosonic line. This can

be obtained from The Eliashberg form of the spin-fluctuations polarization shown in

Fig.2.2.3(c) by inserting a bosonic propagator to the vertex.
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3.2.3 Simplification of the Luttinger-Ward expression

One can simplify further the full expression Eq.(3.4) of the free energy [73]. In-
deed, from equations (3.5), one can notice that

Y {G,χ} ≡ 3Ng2T 2
∑

k,q

G(k)χ(q)G(k + q)

= NT
∑

k

Σ(k)G(k) (3.6)

= −T
∑

q

Π(q)χ(q). (3.7)

Thus, if we insert Eq. (3.7) into Eq.(3.4), the latter reduces to

Feff = −NT
∑

k

[
ln
{
−G−1(k)

}
+ Σ(k)G(k)

]
+ T

∑

q

ln
{
χ−1(q)

}
, (3.8)

while if we insert Eq. (3.6) we get the following expression for Eq.(3.4)

FLW = −NT
∑

k

ln
{
−G−1(k)

}
+ T

∑

q

[
ln
{
χ−1(q)

}
+ Π(q)χ(q)

]
. (3.9)

We emphasize that the last two expressions for free energy are strictly equivalent.

Considering equation (3.8), for example, we can show (See Appendix B.2.1)
that the fermionic part reduces to a Fermi liquid form FFL ≡ −πNN0

6 T 2 so that the
final expression of the free energy for thermodynamics in the Eliashberg frame-
work can be written as

FLW = FFL + T
∑

q

ln
{
χ−1(q)

}
. (3.10)

3.2.4 Thermodynamics

The spin susceptibility is readily evaluated in the Eliashberg approximation as
(see section 2.2.3)

χ−1(q, iΩ) = χ−1
0

(
δ + |q−Q|2 + γ

|Ω|
qz−2

)
. (3.11)

The singular part of the free energy (3.10) writes then

fs(δ, T ) = T
∑

iΩ,q

ln
{
δ + |q̃|2 + γ

|Ω|
qz−2

}
(3.12)
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where q̃ = q−Q is the shifted momentum near the wave vector Q.
Now, using the spectral representation

h(iΩ) = − 1
π

∫ ∞

−∞
dν
Im[h(iΩ→ ν + iε)]

iΩ− ν , (3.13)

and given that

Im

[
ln
(
δ + |q̃2|+ γ

−iν
qz−2

)]
= − tan−1

(γν/q̃z−2

δ + q̃2

)
, (3.14)

one writes (3.12) as

fs(δ, T ) = +
1
π

∫ Λ

0

ddq̃

(2π)d

∫ ∞

−∞
dν tan−1

(γν/q̃z−2

δ + q̃2

)
T
∑

iΩ

1
iΩ− ν . (3.15)

As
T
∑

iΩ

1
iΩ− ν = −nB(ν) ≡ − 1

eβν − 1
,

then the singular part of the free energy writes

fs(δ, T ) = − 1
π

∫ ∞

0
dν

(
1

eβν − 1
− 1
e−βν − 1

)∫ Λ

0

ddq̃

(2π)d
tan−1

(γν/q̃z−2

δ + q̃2

)

=
1
π

∫ ∞

0
dν coth

( ν

2T

)∫ Λ

0

ddq̃

(2π)d
tan−1

(γν/q̃z−2

δ + q̃2

)

(3.16)

Performing the frequency and momentum integrals in this equation, one finds
the analytic expression of (3.16). Details of this evaluation for z = 2, d = 3 are
given in appendix B.3.

We would like to emphasize that this effective free energy satisfies the follow-
ing scaling relation

fs(δ, T ) = b−(d+z)fr(δb1/ν , T bz), (3.17)

where fr(x, y) is an analytic regular function. ν is the correlation-length expo-
nent, z is the dynamical exponent and d is the space dimension. Inserting b = δ−ν

into the above scaling expression, we find

fs(δ, T ) = δν(d+z)fr(1, T δ−νz). (3.18)

Taking d = 3 and z = 2, the effective theory is beyond its upper critical dimen-
sion near the QCP, giving rise to ν = 1/2, i.e., the mean-field behavior. Now,
thermodynamics near the SDW QCP can be understood using this scaling free
energy, derived from the effective field theory in the Eliashberg framework. This
will be shown in chapter 5.
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3.3 Luttinger-Ward functional in the Eliashberg framework
for the Kondo breakdown scenario

In this section, we would like to develop the LW functional approach for the KB
scenario, that has been introduced in section 2.4, including the Higgs or heavy-
fermion phase. In this respect, we re-write the Lagrangian (2.36) expressing the
holon field with its condensation and fluctuations contributions separately,

b→ B + b. (3.19)

Then, the effective continuum Lagrangian (2.36) is expressed as follows

LALM =
∑

σ

∫
dr c∗σ(∂τ +

1
2mc

∂2
i − µc)cσ + f∗σ(∂τ − µf − iaτ )fσ

+
1

2mf
|(∂i − iai)fσ|2 + V (b∗c∗σfσ +H.c.) + V B(c∗σfσ +H.c.)

+ b∗[∂τ − (µb − 2ubB2)− iaτ ]b+
1

2mb
|(∂i − iai)b|2 +

ub
2
|b|4

+
1

4g2
fµνfµν +

B2

2mb
a2
i +

ub
2
B4 +

(
SN − B2

)
(µb + iaτ ).

(3.20)

As an effect of condensation, we see that the chemical potential for holon
excitations is modified from µb to µb − 2ubB2. An important point is that gauge
fluctuations acquire a masse ∼ B2/mb, i.e. become gapped, when B 6= 0, which
is due to the Anderson-Higgs mechanism.

3.3.1 Luttinger-Ward functional in the Kondo breakdown scenario

In the following, we show how thermodynamics can be extracted from the com-
plicated effective field theory described by (3.20), following the main steps of
section 3.2. In our case, two kinds of fermion excitations and two kinds of boson
fluctuations are coupled with each other. Our main concern is how to introduce
all self-energy corrections self-consistently. As discussed before, the LW func-
tional is constructed in the Eliashberg framework, allows us to take all kinds of
self-energy corrections self-consistently at least in the one-loop level.

For simplicity, we start by ignoring gauge fluctuations corrections, consider-
ing only holon fluctuations. Gauge fluctuations are after that manipulated in the
same way once their coupling with holons and spinons is known.
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Constructing a zero-order theory

A subtle issue in deriving a LW expression for free energy in the whole phase
diagram is how to handle a non-vanishing condensation B 6= 0 to describe the
Higgs phase. A first step towards this derivation is to construct a ”zero-order”
theory taking into account, in a proper way, the effect of the condensation part B.

Going to Fourier space, we can cast the action corresponding to the Lagrangian
(3.20) into a mean-field part and holon fluctuations part :

SMF = −T
∑

k

[
c†σkg

−1
c (k)cσk + f †σkg

−1
f (k, iω)fσk

]

+ V BT
∑

k

(
f †σkcσk +H.c.

)
+
(
SN − B2

)
µb + ub

B4

2
(3.21)

Sfluc = −T
∑

q 6=0

b†qd
−1
b (q)bq + V T 2

∑

k,σ

∑

q 6=0

(
bkf
†
σk+qcσk +H.c.

)
, (3.22)

where

g−1
c (k) = iω + µc −

k2

2mc
,

g−1
f (k) = iω + µf −

k2

2mf
,

d−1
b (q) = iΩ + µb − 2ubB2 − q2

2mb
, (3.23)

The interaction term gives raise to two kind of vertices ; one associated with
the finite condensationB and the other to the holon fluctuations. These are shown
in the following figures.
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Figure 3.4: Vertices due to the interaction between fermions and holons. Here, a line

stands for the spinon propagator, the dashed line for the electron propagator and the

wavy line for the holon propagator.
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Whereas it is justified to follow the same strategy as for the HMM framework
(See Sec.3.2.1), i.e. use the cumulant expansion to the second order to determine
the LW functional, for the fluctuations part of the interaction term, it is not the
case for the condensation part. However, the full effect of the latter can be con-
sidered as a renormalization of the propagators gc and gf and is thus included in
a new zero-order theory whose bare action is SMF .

Indeed, we can write

SMF = −T
∑

k

(c†σk f
†
σk)G−1

0

(
cσk

fσk

)
+
(
SN − B2

)
µb + ub

B4

2
, (3.24)

where

G−1
0 =

(
g−1
c −V B
−V B g−1

f

)
.

This gives the renormalized matrix Green’s function for the fermions

G0 =

(
G0
cc G0

cf

G0
fc G0

ff

)
,

where G0
ff , G

0
cc and G0

fc are given by (2.34)

The condensation renormalizes thus the propagators for the f − f , c − c and
f − c channels. In fact, this is equivalent to summing the infinite series of the cu-
mulant expansion due the condensation part of the interaction term (see Fig.3.5).
Gff and Gcc will be the elementary fermionic bricks in the construction of the
skeleton diagrams for the KB model in the same way did G in the SF model.
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Figure 3.5: Propagators of the zero-order theory, where the effect of the condensation B
is totally taken into account.

Derivation of the Luttinger-Ward functional

Once we have properly handled the condensation part of the interaction, we can
follow the strategy of Sec. 3.2.1.
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The interaction term due to hybridization fluctuations writes

Sb =
V√
N
T 2
∑

k,σ,ν

∑

q 6=0

(
bqf
†
σν k+qcσν k +H.c.

)
, (3.25)

where we have extended the model to N identical species of fermions by adding
a channel index ν ∈ [1, N ] to the fermionic operators and the 1/

√
N factor ensures

a well-defined large-N limit.
Considering only the leading O(N) contribution to the LW functional shown

in Fig.3.6, and according to the general formula Eq.(4.23), we get the following
expression for the free energy
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Figure 3.6: Leading skeleton diagrams participating to the LW functional Yb for the

Kondo Breakdown model with dependence on 1/N . The fermionic propagators corre-

spond toGff (solid line) andGcc (dashed line) Green’s functions of the zero order theory

including the condensation part of the interaction. Both fermionic and bosonic propaga-

tors are fully dressed. The first diagram contains one fermionic loop carrying spin and

channel quantum numbers and one pair of vertices, each of order O(1/
√
N), so that it is

of order O(N2/N) = O(N). The second diagram contains four loops and four pairs of

vertices, so it is of order O(N4/N4) = O(1).

F effLW = FF + Fb + Yb +
(
SN − B2

)
µb + ub

B4

2
, (3.26)

with

FF = −T Tr
[
ln
(
−G−1

0 + Σ
)

+ ΣG
]

Fb = T Tr
[
ln
(
−d−1

b + Πb

)
+ ΠbDb

]

Yb = −2NV 2
∑

k

∑
q 6=0Db(q)Gcc(k)Gff (k + q) (3.27)
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In (3.27), Σ =

(
Σcc Σcf

Σfc Σff

)
andG =

(
Gcc Gcf

Gfc Gff

)
are the self-energy and

full Green’s matrices, respectively, of the fermionic sector. They are related by the
Dyson’s equation

G−1 = G−1
0 − Σ. (3.28)

The same equation holds for holons

D−1
b = d−1

b −Πb. (3.29)

Introduction of gauge fluctuations

One can manipulate gauge fluctuations in the same way as the above, once the
coupling with the spinons and holons is known. This is given by

Sfa =
1
mf

∑

k,q

∣∣∣k− q
2

∣∣∣
(
aqf
†
σkfσk−q +H.c.

)
+

1
2mf

∑

k,q′,q

a†q′aq′+qf
†
σk+qfσk,

Sba =
1
mb

∑

q′,q

∣∣∣q′ − q
2

∣∣∣
(
aqb
†
σq′bσq′−q +H.c.

)
+

1
2mb

∑

k,q′,q

a†q′aq′+qb
†
σk+qbσk,

(3.30)

whose vertices are shown in Fig-3.7.
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Figure 3.7: Vertices due to the interaction of the gauge fields with holons and spinons.

Gauge propagator is represented by a zigzag line.

Following exactly the same procedure for hybridization fluctuations, one finds
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the following additional terms in Eq.(3.26)

Fa = T Tr
[
ln
(
−d−1

a + Πa

)
+ ΠaDa

]

Ya = −NT
2

2

∑

k,q 6=0

F (q, k)Gff (k)Da(q)Gff (k + q)

−T
2

2

∑

q,q′
B(q, q′)Db(q)Da(q′)Db(q + q′), (3.31)

where

d−1
a (q,Ω) =

Ω2 + q2

2g2
+
B2

2mb

D−1
a ≡ d−1

a −Πa.
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Figure 3.8: First order skeleton diagrams corresponding to Ya. Fermionic and bosonic

propagators are fully dressed.

F (k, q) andB(q, q′) are the current-gauge bare vertices for spinons and holons
given respectively by

F (k, q) ≡ 1
2

2∑

i,j=1

vfi

(
δij −

qiqj
q2

)
vfj , vfi =

ki + qi/2
mf

,

B(k, q) ≡ 1
2

2∑

i,j=1

vbi

(
δij −

qiqj
q2

)
vbj , vbi =

ki + qi/2
mb

,

Ya corresponds to the contribution of the leading skeleton diagrams, due to
interactions with the gauge field, constructed with the fully dressed propagators
of the spinons, the holons and the gauge fields (see Fig-3.8).

3.3.2 Eliashberg equations

As for the HMM model, we can show that Eliashberg equations can be derived
from the LW functional approach. Indeed, restricting ourselves to the leading
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O(N) terms of Y = Yb + Ya shown in Fig-3.6 and Fig-3.8, one can derive, by
cutting the relevant internal line (see Fig. 3.9) in the same manner as in the HMM
case, the following expressions for the self-energies

Σcc(k) = 2V 2T
∑

q

Db(q)Gff (k + q)

Σff (k) ≡ Σa
ff + Σb

ff

= T
∑

q

F (k, q)Gff (k + q)Da(q) + 2V 2T
∑

q

Gcc(k − q)Db(q)

Πb(q) ≡ Πa
b + Πfc

b

= T
∑

q′
B(q, q′)Da(q′)Db(q + q′) +NV 2T

∑

k

Gff (k + q)Gcc(k)

Πa(q) ≡ Πf
a + Πb

a

=
NT

2

∑

k

F (k, q)Gff (k)Gff (k + q) +
T

2

∑

q′
B(q′, q)Db(q)Db(q + q′).

(3.32)

We see that the gauge field induces an additional part in the self-energies of the
spinons and the holons, which we denote by Σa

ff and Πa
b respectively (See Fig-

3.9).

Equations (3.32) are nothing but the Eliashberg equations for the KB model
studied in [4].
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Figure 3.9: Illustrating functional derivative of the gauge part Ya of LW functional with

respect to Green’s functions. The cross indicates the line that is cut by functional differ-
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due to interactions with the gauge field.

3.3.3 Simplification of the Luttinger-Ward expression

From (3.32), we can notice that

Yb ≡ −2NV 2
∑

k

∑

q 6=0

Db(q)Gcc(k)Gff (k + q)

= NT
∑

k

Σcc(k)Gcc + Σb
ff (k)Gff (3.33)

= −T
∑

q

Πfc
b (q)Db(q), (3.34)

and that

Ya ≡ −NT
2

2

∑

k,q 6=0

F (q, k)Gff (k)Da(q)Gff (k + q)

− T 2

2

∑

q,q′
B(q, q′)Db(q)Da(q′)Db(q + q′)

= NT
∑

k

Σa
ff (k)Gff (k)−

∑

q

Πa
b (q)Db(q) (3.35)

= NT
∑

k

Σa
ff (k)Gff (k)−

∑

q

Πb
a(q)Da(q) (3.36)
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Hence, we can simplify the expression of free energy for the KB model by
introducing either equations (3.33-3.36) into the expression of the free energy. As
an example, if we use Eq. (3.34) and (3.36) we get the following expression for
free energy

F effLW = FF + Fb + Fa +
(
SN − B2

)
(µb + iaτ ) + ub

B4

2
, (3.37)

with

FF = −T Tr
[
ln
(
−G−1

)
+ ΣbG

]

Fb = T Tr
[
ln
(
−D−1

b

)
+ Πa

bDb

]

Fa = T Tr
[
ln
(
−D−1

a

)]
(3.38)

In this expression, the fermionic contribution is shown to reduce to a Fermi
liquid form (see Appendix B.2.2)

FFLW ≈ −
πNρ+

6
T 2 − πNρ−

6
T 2,

where ρ± is the density of states of the upper (lower) hybridized band. The sin-
gular part of the free energy is given solely by the bosonic sector : Fs = Fa + Fb.

We can make a further simplification considering that Πfc
b � Πa

b [4], in which
case the holon part is given by

Fb = T
∑

q

ln
(
−d−1

b (q) + Πfc(q)
)
.

3.3.4 Thermodynamics

Performing the energy and momentum integrals in the Eliashberg equations [Eqs.
(3.32)], we recover the Landau damping expressions for the holon and the gauge
polarizations corresponding to the regime z = 3

Πfc
b (q, iΩ) = γb

|Ω|
q
,

Πf
a(q, iΩ) + Πb

a(q, iΩ) = γa
|Ω|
q
, (3.39)

where

γb =
2π

vfF
, γa =

Nπ

mfv
f
F

+
πfd
mb

.



3.3. Luttinger-Ward functional in the Eliashberg framework for the Kondo breakdown
scenario 79

The singular contribution for the free energy writes then

fs(µb, T ) = fc(µb, T ) + T
∑

q

ln
(
q2 + γb

|Ω|
q

+ ∆b(µb, T )
)

+ T
∑

q

ln
(
q2 + γa

|Ω|
q

+ ∆a(µb, T )
)
, (3.40)

where the condensation part fc(µb, T ), holon mass ∆b(µb, T ), and gauge-boson
mass ∆a(µb, T ) are given by

fc(µb, T ) = −µbB2 +
ub
2
B4,

∆b(µb, T ) = −2mb(µb)[µb − 2ubB2(µb, T )],

∆a(µb, T ) =
ma

mb(µb)
B2(µb, T ), (3.41)

respectively. Note that the holon band mass depends on the effective chemical
potential since it is given by the electron density of states. The coefficient in the

gauge-boson mass is given by ma
mb(µb>0) ≈ O(1)

(
V
D

)2
, approximately.

An important remark is that we can determine self-consistently the conden-

sation value B by the condition ∂F effLW
∂B = 0 (See Appendix B.5). Beside the part

obtained at the mean-field level, there are contributions due to hybridization and
gauge fluctuation corrections. The Eliashberg framework allows then to refine
the value of the condensation B found at the mean-field level.

An explicit analytic expression for the singular part of the free energy is ob-
tained after integration on frequencies and momenta in Eq. (3.40) The details of
this evaluation for d = 3 and its results are given in Appendix B.4.

3.3.5 Scaling of the free energy near the Kondo breakdown quantum
critical point

Once we have the analytic expression for the singular part of the free energy
(3.40), we can deduce its scaling expressions. As shown previously, this part
of the free energy results from collective boson excitations associated with hy-
bridization and gauge fluctuations. For each of these bosonic excitations, we
associate a length scale, and the scaling form of the free energy near the Kondo
Breakdown QCP is shown to be

fs(ξ−2
b , λ−2

a , T ) = b
−(d+zb)
b fb(ξ−2

b b
1/νb
b , T bzbb ) + b−(d+za)

a fa(λ−2
b b1/νaa , T bzaa ).

(3.42)



80 3. Luttinger-Ward functional approach in the Eliashberg framework

fb(a)(x, y) is an analytic regular function for hybridization (gauge) fluctuations
and d is the space dimension. ξb = ∆−1/2

b is the correlation length for holons, and
λa = ∆−1/2

a is the one for gauge bosons. In particular, λa may be considered as
the equivalent of the penetration depth in the superconductor. bb and ba are scal-
ing parameters for hybridization and gauge fluctuations, respectively. νb(a) is the
correlation-length exponent of holons (gauge bosons), and zb(a) is the dynamical
exponent of holons (gauge bosons).

Although two kinds of length scales are introduced, both scales diverge at
the same parameter point, V = Vc because they are related with each other via
Anderson-Higgs mechanism. In addition, we note that this expression is appli-
cable near the Kondo breakdown QCP, approaching from the heavy-fermion side
because we have considered properly and in a self-consistent way the effect of a
finite condensation B.

Inserting bb = ξ2ν
b and ba = λ2ν

a into the above scaling expression, we find

fs(ξ−2
b , λ−2

a , T ) = ξ
−2ν(d+z)
b fb(1, T ξ2νz

b ) + λ−2ν(d+z)
a fa(1, Tλ2νz

a ). (3.43)

Taking d = 3 and z = 3, the scaling free energy is written as

fs(ξb, λa, T ) = ξ−6
b fb(1, T ξ3

b ) + λ−6
a fa(1, Tλ3

a), (3.44)

where ν = 1/2 coincides with the mean-field value owing to the upper critical
dimensionality.

This is our main result, derived from the microscopic model of the KB sce-
nario and based on the LW functional approach in the Eliashberg framework.
Now, one can understand thermodynamics near the Kondo breakdown QCP
based on this scaling free energy. This will be applied in the second part of our
work.

3.4 Summary

In this chapter, we showed how one can derive an analytic expression for the
free energy from a microscopic model for two models of quantum criticality : the
standard SDW model and the strong coupling approach corresponding to the
gauge theory of the Kondo breakdown scenario.

The main point is that quantum fluctuations corrections are taken into ac-
count systematically in the Luttinger-Ward functional approach. The Eliashberg
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framework allows us to use the proper level of approximation in a large N ex-
pansion to get, self-consistently, the correct scaling for thermodynamics near the
QCP. We have shown that the singular part of the free energy for both models is
due to the collective bosonic excitations, whereas the fermionic excitations give
mainly a Fermi Liquid contribution. The analytic expression of free energy allows
us then to study how these collective excitations affect profoundly the physical
properties of the system throughout its phase diagram. This will be investigated
in the coming chapters.

For the SDW model, there exists one length scale associated with the corre-
sponding symmetry breaking, here the spin-density-wave (SDW) instability.

For the Kondo breakdown gauge theory, there are additional collective excita-
tions. These have nothing to do with the phase transition directly although they
are affected by it. Such collective modes are the gauge fluctuations in our con-
text. An additional length scale, associated with gauge fluctuations, can appear.
Indeed, considering that the Kondo breakdown transition is driven by condensa-
tion of holons, corresponding to the formation of an effective hybridization, the
structure of the theory gives rise to massive gauge fluctuations via the Anderson-
Higgs mechanism. This is the physical reason why the second length scale ap-
pears in the gauge theory.

Because the two kinds of length scales are deeply related via the Anderson-
Higgs mechanism, they diverge at the Kondo breakdown QCP simultaneously.
However, the presence of the additional length scale leads to a different scaling
expression for the thermodynamic potential, compared with the SDW theory.
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Chapter 4

Quantum criticality in He3 bi-layers

Abstract

We apply the Kondo-breakdown scenario to a system of He3 bilayers adsorbed on
a composite substrate of graphite where hints of quantum criticality, similar to the
one occurring in heavy fermion compounds, are observed. We start by describing the
experiment on this system and its main features. We evaluate then the bare parame-
ters’ dependence in the pertinent parameter, here the total coverage of He3 bilayers.
This is necessary if we want to confront our theory to the experimental data. We
show then, at the level of mean-field approximation, the presence of a QCP at T = 0
corresponding to the Mott localization of He3 first layer’s fermions. In particular, a
peculiar behavior of the effective hybridization explains the apparent occurrence of
two QCPs in the experimental data. We then study the fluctuations, discussing the
critical regime and computing the effective mass and the coherence temperature in
an intermediate energy regime corresponding to a dynamical exponent z = 3. We
conclude with our main result and give a criticism of our work.

4.1 Overview : He3 films on graphite

Two dimensional (2D) He3 is much simpler than heavy fermion compounds. Be-
cause of the charge neutrality of He3 atoms, there is no spin-orbit coupling. In-
teratomic interactions consist of a strong hard-core repulsion and a weakly at-
tractive tail. Because there is no liquid-gas transition in 2D He3, one can vary
the interatomic spacing over a wide range. Thus, correlations can be tuned from
weak to strong simply by varying the surface density, N , of He3 atoms. Further-
more, exchange interactions among He3 nuclear spins (S=1/2) arise from direct
atom-atom exchanges by quantum tunneling due to large zero-point motions.

The history of 2D He3 is quite rich [85, 86, 87, 88]. This system has been exten-
sively studied experimentally over the thirty last years through thermodynamic
measurements on atomically layered helium films, adsorbed on the surface of
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graphite1. A particular interest was given to the solidification of a He3 monolayer
on top of a composite substrate. This can be formed, for example, by pre-plating
the graphite by a solidified monolayer of He4 [89] or a bilayer of hydrogen deu-
teride (HD)[90].

In both cases, the solidification of the top He3 layer is observed at a ratio
of densities N1/NHD = 4/7. This “magic” number corresponds to a half filled
super-lattice of unit cell

√
7 ×
√

7 (see Fig. 4.1), stabilized by the weak periodic
potential arising from the underlying substrate lattice [80].

layer 3He where we calculated n2 based on the density scale
of Roger et al.39)

3. 4/7 Phase (Low-Density Commensurate Phase)

3.1 Structure of the 4/7 phase
Elser43) was the first to propose the

!!!
7

p
!

!!!
7

p
structure

for the 4/7 phase [Fig. 4(a)]. In this phase, there are two
di!erent sites, A- and B-sites, for the second layer atoms
which have di!erent relative positions against the first layer
atoms. An A-site atom is located on the midpoint between
two first-layer atoms, thus is sitting in the local potential
minimum. A B-site atom is positioned right on a first layer
atom sitting in the saddle point of potential. The number
ratio of A to B atoms is three to one. Elser and his co-
workers checked the stability of this structure by the PIMC
simulation as well as the variational calculation.44) This was
also supported by independent PIMC simulations by Pierce
and Manousakis,45,46) although they gave a slightly di!erent
relative position of the second layer atoms to the first layer
ones from the

!!!
7

p
!

!!!
7

p
structure shown in Fig. 4(a). A

similar disagreement is also pointed out more recently41)

where another relative position di!erent from the previous
two calculations is proposed. It is well established that
the PIMC method is a powerful simulation tool for studies
of quantum liquids and solids.47) However, we have to be
careful with direct application of PIMC results to 3He
systems, since they are essentially calculations for bosons
not for fermions because of the negative sign problem.

Therefore, the current structural understanding about the
4/7 phase is summarized as follows: The existence of a low-
density commensurate phase with a 4/7 relative density with
respective to the first layer is undoubted both experimentally
and theoretically. This phase has most likely a triangular
lattice structure. But its relative position against the first
layer is still controversial. Neutron scattering experiments

done for the second layer 3He failed to detect Bragg peaks
associated with the 4/7 phase.40) This failure is interpreted
by an unusually large Debye–Waller factor due to the large
zero-point motions in such a low density quantum solid and
an unfortunate overlapping with a large background Bragg
peak from graphite substrate.

3.2 Frustrated magnetism of the 4/7 phase (the gapless
spin-liquid state)

The first experiment which drew attention to unusual
nuclear magnetism of the 4/7 phase was the heat capacity
measurements done by Greywall25,48) down to 2mK in a
comprehensively wide density range. He pointed out the
possibility of the remnant entropy of at most a half of the
total spin entropy kB ln 2 or its release at anomalously low
temperatures. Soon after then, Elser43) gave the proposal
based on the structure of Fig. 4(a) that the system is
e!ectively equivalent to a Heisenberg antiferromagnet on a
Kagome lattice (HAFK) consisting only of the A-site atoms.
The HAFK Hamiltonian is

H " J
XN.N.

i<j

Si # Sj; $1%

where the summation runs over A-site nearest neighbors
(J > 0). He adopted this assumption from the following
consideration: In hardcore quantum solids, particle exchang-
es take place selectively when the surrounding particles
give way leaving more space (the atomic hindrance). Thus
exchange frequencies including the B-site atoms such as AB
exchange are much smaller than the AA exchange frequency
(jJABj &j JAAj). This is because B-site atoms are surrounded
by A-site atoms which are more firmly trapped into the
potential minima. Elser showed that exact diagonalization of
eq. (1) for a finite size cluster gives a double peak structure
in the specific heat. According to this hypothesis, the spin
entropy associated with the Kagome lattice (A-sites) should
be 3/4 of that for the total spins, and the system should
release the remaining 1/4 entropy (B-sites) at immeasurably
low temperatures (remnant entropy).

As was discussed in the previous section, however, the
structural assignment of the 4/7 phase is still not definitive,
and the later PIMC calculations41,45,46) suggest a very small
site di!erence at least in terms of the wave-function
distribution. Thus, the Elser’s hypothesis (jJABj &j JAAj) is
arguable. Probably the most significant impact given by this
pioneering work is that it renewed interest in the highly
frustrated antiferromagnet on a Kagome lattice49) from the
viewpoint of modern spin-liquid concept.

Roger50) proposed a quite di!erent insight into the
frustrated magnetism in the 4/7 phase based on the MSE
Hamiltonian on a triangular lattice without assuming the site
di!erence. The e!ective MSE Hamiltonian acting on spin
variables is

H "
X

n

$'1%nJP$Pn ( P'1
n %; $2%

where Pn and P'1
n are the cyclic permutation operator of n

particles and its inverse operator, respectively, and JP (>0)
is the corresponding exchange frequency. The factor $'1%P

coming from the Pauli principle alternates its sign for even
and odd number of exchanging particles. This means that

A-site

B-site

1st layer 2nd layer
(a)

(b)

Fig. 4. (Color online) (a)
!!!
7

p
!

!!!
7

p
structure proposed by Elser43) for the

low-density commensurate phase (the 4/7 phase) in the second layer 3He
on graphite. The light (dark) circles represent the first (second) layer 3He.
The larger (smaller) parallelogram is a unit cell of the

!!!
7

p
!

!!!
7

p
structure

(the triangular lattice of the first layer). (b) Schematic of two-, three-,
four-, and six-cyclic (ring) exchanges.

J. Phys. Soc. Jpn., Vol. 77, No. 11 SPECIAL TOPICS H. FUKUYAMA

111013-4

Figure 4.1: 3He solid layer on top of the triangular lattice of the substrate. The blue

circles represent the underlying layer and the grey ones the solidified He3 layer. The

larger (smaller) parallelogram is a unit cell of the
√

7×
√

7 structure (the triangular lattice

of the underlying layer), first proposed by Elser [80]. A A-site is located on the mid-

point between the underlying lattice atom whereas the B-site lies right on an atom of the

underlying lattice. From [81]

Specific heat measurements show an increase of the effective mass, by a factor
of ten, in the approach of the superlattice density [91]. There even seems that the
effective mass diverges right at the transition. This was interpreted as a critical
behavior approaching a Mott-Hubbard transition.

The magnetic structure of the localized phase has been extensively studied. It
is believed to be a 2D frustrated magnetic system, i.e. a spin liquid, of S = 1/2
local moments on a triangular lattice. The frustration in induced by the lattice
geometry and from competing ring-exchange processes [78] (see the box next
page).

1The graphite has a triangular lattice structure.
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4.2 The experiment

A recent experiment [5] studied two layers of He3 fermions adsorbed on two
solidified layers of He4, themselves adsorbed on a graphite substrate. The orig-
inality of this experiment is that it is the first time that the first layer has not yet
solidified while the second one arrives at promotion [81, 85]. Hence there is a
regime in coverage where the two first layers form a bi-fluid while layer one sits
on the brink of localization.

Specific heat and continuous wave NMR, in a static field of B = 28mT , mea-
surements on this system were performed for different coverages, over the tem-
perature range 1 to 100 mK. Experimental details can be found in Ref. [5]. We
give here a rapid summary of the main findings of this work.

Before the promotion of the second He3 layer (L2) at coverage N = 6.3 ±
0.2nm−2, the first layer (L1) has FL features with a heat capacity of the form
C(T ) = β + γT + ΓT 2. Here β = 0.25± 0.03mJ/K 2 is a small offset observed at
the lowest temperatures and is conventionally attributed to He3 atoms localized
by weak substrate heterogeneities. The T 2 term is the leading order correction to
FL theory, with Γ < 0, coming from long range quasiparticles interactions and
collective modes [93]. The linear term allows to infer the effective mass ratio
m∗/m and it is shown that the latter increases modestly from 2.8 to 3.9 over the
coverage range 4.0 to 6.0 nm−2.

As soon as the second layer of He3 arrives at promotion, the profiles of specific
heat and magnetization change drastically with the appearance of a maximum in
both quantities at a temperature T0 (See Fig.-4.2). This is strongly indicative of a
consequent coupling between the two He3 layers L1 and L2.

Below T0, the magnetization weakly temperature-dependent whereas the spe-
cific heat is of the form C(T < T0) = β + γT + γ1 exp (−∆/T ), both characteristic
features of a Fermi liquid. The thermally activated term is needed to describe the
heat capacity at low temperatures. Other fitting functions can be used but yield
consistent values for the parameter γ.

2In fact, it depends slowly on the coverage [5].
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Box 2 : Magnetic properties of He3 films

Two-dimensional (2D) He3 layers adsorbed on graphite have been studied for a
long time mainly for the surface magnetism properties. A particular attention was
devoted to coverages where the first layer is a high-density solid while the second just
solidifies. Near the promotion of a third layer, the observation of a peak in the nuclear-
spin contribution to the specific heat reveals the existence of a low-density solid phase
with a ratio of the second to the first layer density of about 4/7, corresponding to a
close-packed commensurate phase. An antiferromagnetic (AFM) tendency is shown
through a Curie-weiss susceptibility. At higher coverages, corresponding to a partially
filled liquid third layer, the second layer undergoes a transition to an incommensurate
ferromagnetic (FM) solid [85, 86].

In 1990, Roger [78] gave a coherent interpretation of these observations through the
multiple spin-exchange (MSE) model, introduced by Thouless [77] in order to describe
the magnetic properties of a 2D quantum crystal. The starting point is the following
effective Hamiltonian [77, 78] :

H = −
∑

P

(−1)sgn(P )JPP (4.1)

where P is any permutation operator of the spins of the lattice, sgn(P ) its parity and
JP equals one half of the positive tunneling frequency associated to the exchange
process P . In the figure below, 2-, 3-, 4- and 6-body exchange processes in a triangular
lattice are shown for illustration.

Magnetic structure in  solidified mono-layers

J/J
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            -4                  -4/3   0                          25/6

J
2
 < 2J

3
J

2
 > 2J
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Thouless 65, M. Roger 90

H =
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n

(!1)nJnPn

Ring exchange

Bernu et al. 

Monte Carlo simulations

Tendency to ferromagnetism

Misguich, Bernu, Lhuillier, Momoi, Kubo

Fig.1 : 2-, 3-, 4- and 6-body exchange processes in a triangular lattice.

In (4.1), the factor (−1)sgn(P ) comes from the Pauli principle and we can see that
it alternates its sign for even and odd number of exchanging particles. Thus, the latter
process favors ferromagnetism (FM) whereas the former favors anti-ferromagnetism
(AFM), so the competition leads to a system which is intrinsically frustrated.
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On the triangular lattice with spin 1/2, the 2- and 3-body exchanges reduce to a Heisen-
berg Hamiltonian with an effective 2-body exchange frequency :

Jeff2 = J2 − 2J3 (4.2)

The balance between 2- and 3-body exchange processes in (4.2) can be tuned
by the density of He3, and the effective Heisenberg model might be adequate to
account for the crossover from AFM at low densities and FM at higher ones. While
it’s qualitatively plausible, it is not sufficient to explain the coexistence, at certain
coverages, of an AFM heat capacity with a FM magnetic susceptibility [90], indicative
of a frustration. It has been shown that higher exchange processes, in particular the
4-body exchange process, which strongly frustrate the system, are needed into the
picture [78, 83] .

Momoi et al. [84] studied the Jeff2 − J4 model in the classical and semiclassical
limits and found a rich T = 0 phase diagram with numerous ordered phases : a FM
phase, a uuud phase, 3- and 4-sub-lattice AFM phases.

Magnetic structure in  solidified mono-layers
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Misguich, Bernu, Lhuillier, Momoi, Kubo

Fig.2 : possible ordered phases in the Jeff2 − J4 model.

(I) 3-sublattice AFM, (II) 4-sublattice AFM, (III) uuud and (IV) FM phases.

Using exact diagonalization, Misguich et al. [79] restricted the possible phases and
showed that the AFM phase has no long range order. It is a quantum spin liquid. This is
due to the strong quantum fluctuations. The precise determination of this spin liquid
phase, and particularly whether it is massless or massive, and whether it has some
ferromagnetic component is still under debate.
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Figure 4.2: (A) heat capacity divided by temperature for a series of coverages, after sub-

traction of a constant term β attributed to weak substrate heterogeneities, as extracted

from the data shown in the inset. (B) Total sample magnetization inferred from cw NMR

for a series of coverages. The Curie-law magnetization of local moments with a density

of 6.3 nm−2 and the magnetization of an ideal Fermi gas are shown for comparison. The

inset of (B) shows the rapid growth in He3 isotherm magnetization starting at a coverage

of 9.2 nm −2. From [5]

Above T0, magnetization data converge towards a Curie-law magnetization
of a film with a density of 6.3nm−2, corresponding to the density of L1 when
L2 promotes, and a sub-leading Pauli magnetization contribution attributed to
layer L2. Furthermore, the heat capacity has the form C(T > T0) = β + γT +
9/4NkB(Jc/T )2, where here γ corresponds to an effective mass ratio of about 3.
It is like if L1 and L2 are effectively decoupled into a lattice of almost localized
quantum spins (L1) and a layer of weakly correlated itinerant fermions (L2) for
temperatures higher than T0.

The temperature scale T0 and the coefficient γ for T < T0 are strongly de-
pendent on the total coverage. Indeed, one can see from Fig. 4.2 that T0 shifts
towards T = 0 with increasing coverages, while the effective mass strongly in-
creases to reach a mass ratio m∗/m = 18.9 at a coverage of 9.0 nm−2. Beyond a
coverage of Ncrit = 9.9nm−2, at which T0 seems to vanish and m∗ seems to di-
verge, the layer L1 is fully localized, with a constant density of 6.3±0.1nm−2 3, at

3This is consistent with the formation of a 13/19 triangular superlattice with respect to the
underlying He4 lattice [92].
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all temperature investigated. It seems to be decoupled from the layer L2, which
behaves as a FL with a weak effective mass of about 3 bare electron masses. The
localized phase is believed to be a spin liquid ; a small “bump” in the heat capac-
ity marks the onset of the spin liquid parameter. Experimentally it is evaluated
to be of the order of J ∼ 7 mK.

Figure 4.3: Phase diagram of He3 bilayer as deduced from experimental measurements

[5]. PL2 and PL3 indicate the formation of a second layer (L2) and third layer respectively.

In region A, for T inf T0, the two layers form a heavy femion liquid. In region B, where

T � T0, the two layers are decoupled, the first one (L1) being localized due to strong

correlation and the second (L2) behaving as a weakly correlated 2D Fermi liquid. In

region C, for which NI < N < Ncrit, an intervening phase occurs. In region D, the

two layers are completely decoupled into a 2D local-moment frustrated magnet with no

finite-temperature magnetic transition, TM = 0, and a weakly correlated 2D Fermi liquid.

See text for details.

The critical coverage Ncrit is identified with the occurrence of an apparent
QCP of the He3 bi-layers system at which the first layer L1 localizes. The tem-
perature T0 and the effective mass m∗ dependences on the total coverage follow
power law scaling toward the critical coverage Ncrit (see Fig. 4.4)

Tcoh ∼ δ1.7, m/m∗ ∼ δ , (4.3)

where δ = |Ncrit −N |/Ncrit.
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Figure 4.4: Power laws for the effective mass and the temperature scale T0 inferred from

heat capacity data [5]. The inverse effective mass and the scale T0 seem to vanish at the

same coverage nc = 9.9±0.1nm−2 after extrapolation of both quantities. Both follow the

power laws shown in (4.3). The inferred pseudo-gap is also shown for different fitting

procedures. In particular, one can see that this gap vanishes before the critical coverage

Ncrit From [5]

One can infer that the high effective mass at low temperature arises from the
conversion of the spin entropy of the almost localized layer L1. Indeed, evaluat-
ing the total entropy by integrating numerically (C(T )−β)/T , one gets the figure
Fig. 4.5. It shows the entropy, in units of kB ln 2 normalized by the total number
of He3 atoms in the layer L1, for coverages in the range 7.50 to 9.0nm−2 [5]. An
entropy per particle of order kB ln 2 is found. This is similar to the usual picture
of heavy fermions compounds.

An astonishing aspect of the experiment is shown by NMR measurements.
Indeed, at a total coverage NI = 9.2nm−2 the magnetization starts to grow in a
rather abrupt manner (see the inset in Fig. 4.2-(b) ). It is like if the putative QCP is
preempted by an ”intervening phase” whose nature is unknown 4. It was noticed
that the onset of this phase closely corresponds to a cross-over in energy scales :
the temperature T0 with the spin liquid parameter J . It is not excluded that a first
order ferromagnetic transition occurs N ≥ NI , but an experimental evidence for

4In [5], this phase is suggested to be a hole-doped Mott insulator.
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it is still not conclusive.
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Figure 4.5: Entropy per spin in the first layer L1 for a series of coverages. The tempera-

ture scale is normalized by the temperature T0 for each coverage. From [5]

In the following, we will develop a model based on heavy fermions com-
pounds criticality to explain some of the main results of the experiment presented
here.

4.3 The model

The divergence of the effective mass and the localization of the first layer atoms
are reminiscent of what happens in heavy fermions compounds, though the phys-
ical systems are completely different. In order to account for the features of the
experiment described above, we apply the theory of the Kondo breakdown, pre-
viously introduced for quantum criticality in HFCs in section 2.4.

The formalism is identical to the one developed in that section. We use the
extended version of the Anderson lattice (2.20) where the f-fermions are identi-
fied with the fermionic atoms of He3 in L1, which is on the brink of localization,
and the c-fermions are identified with the atoms of L2. Strong hard core repul-
sion is taken into account by a short range Coulomb repulsion U , with U ∼ 20K,
in agreement with the early studies of bulk He3 [96]. Hybridization between the
two layers consists of hopping processes from layer one to layers two and vice
versa [97]. The exchange J-term in (2.20) includes the various ring-exchange pro-
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cesses shown to be responsible of frustration in He3 layers.

One key approximation of this work is that we consider that at the edge of lo-
calization, the f-fermions are half-filled. This means that the f-fermion somehow
form their “own” lattice as the coverage increases, so that when the localization
occurs, we are at half filling. This approximation is necessary if we want to at-
tribute the observed increase of the effective mass to strong correlations coming
from Mott physics. However, we don’t have a microscopic justification for it;
only the coherence of the findings of this approach can justify it.

4.4 The parameters

Obviously, all the bare parameters in the microscopic model (2.20) will depend
on the total coverage in our case. If we need to have any quantitative descrip-
tion of the experimental data within our approach, we need first to evaluate the
dependence of these parameters in coverage. We have benefited in this from the
extensive literature in the field of He3 films.

The height of the layers is taken from the study by Roger et al. [92]: the first
4He layer’s height is ≈ 2.02 Å while the others’ one is ≈ 2.85 Å (see Fig. 4.6).
From the experiment [5], the density of He4 layers is 9.2nm−2 while the one of
the first He3 layer is N1 = 6.3nm−2.

Solid 4He bilayer

graphite substrate

3He bilayer

2.85Å
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!
1! !̄

!c

"

!c = 0.0406Å!3
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2 = 931.5GeV
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Van der Vaals
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3/(27D2))(1/z9 ! C3/z3) with C3 = 2092KÅ

3
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Saunders, ‘97 J ! 10 mK
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Figure 4.6: 3He solid layers on top of the triangular lattice of the substrate; we show here

the various heights of the layers one compared to the other.

The total coverage is defined as

N = Nc +Nf ,

Nf = N1(1− nb) , (4.4)
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where Nf and Nc are respectively the coverage ( in nm−2) of the first and second
layers and nb is the number of holons per site. At the transition, we have

Nf/N1 = 1 (4.5)

which accounts for the fact that at the transition, the f-fermions are in a 1/2 filled
lattice. This means that the number of holons nb vanishes at the QCP. Away
from the QCP, the number of holons is allowed to fluctuate freely and its value is
determined self-consistently.

The parameter J is extracted from the experiment [5]: J = 7mK.

The evaluation of the bandwidth, D = 2t = π/m, for each layer of He3 is
based on an analysis in Pricaupenko and Treiner [99] where the kinetic energy of
liquid He3 contains a density dependent effective mass :

~2

2m∗
=

~2

2m

(
1− ρ̄

ρc

)2

, (4.6)

where ρ̄ = 3/(4hc)n(Å−2) is the average density inside a sphere of radius hc =
2.63Å and ρc = 0.04Å−3.

We have then

Df = D (1− 0.07Nf )2

Dc = D (1− 0.07 (N −Nf ))2 ,

where D is the bandwidth of 3He in the bulk.
At half filling, Nf = N1, the mean kinetic energy Ekin,f equals the bandwidth

Df . We have

Ekin,f =
~2

2m∗fN1

∫ kF

0

d2k
(2π)2

k2,

=
~2π3

16m∗f
N1 (4.7)

where kF = π
√
N1 (2/

√
N1 is the average radius of a particle in the first layer).

We find then at half-filling

Ec,f ≈ 0.52K

Df = 0.30D

Dc = 0.62D .
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Thus,D ≈ 1.73K,Df ≈ 0.57K andDc ≈ 1.18K which gives a value α = 0.54
for the ratio between the bandwidths. This value is relatively high compared
with the typical values for rare earth compounds for which α ≈ 0.1.

A word of caution has to be said at this stage : we have considered the spher-
ical dispersion of the free fermions for the c- and f-fermions of our model

εk =
k2

2m
− k2

F

2m
.

Then, the density of states (DOS), defined by d2k
4π2 = ρ(ε)dε, is constant

ρ(ε) =
m

2π
.

However, as emphasized in the introduction, the first layer solidifies into a trian-
gular lattice. For a triangular lattice tight-binding band structure, the dispersion
is given by

εk = −2t
(

cos (kx) + 2 cos (kx/2) cos (
√

3ky/2)
)
.

The Fermi surface for fermions in a triangular lattice is no longer circular at
each filling, but we can consider that these deviations are benign in the range of
coverages studied in our case, in particular very close to the QCP. Indeed, let’s
have a look at Fig. (4.7)
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Figure 4.7: The Fermi surface at unit coverage : (a) δ = 0.10 and (b) δ = 0.15. We see that

the Fermi surface in the former is still circular while it experiences, for the second one,

small deviation from the circular case.

It shows the Fermi surface of the f-fermions at two different coverages : (a)
δ = 0.10 for which Df ≈ 0.52K, εf ≈ 0.13K and (b) δ = 0.15 for which Df ≈
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0.60K, εf ≈ 0.54K. In the first case, the Fermi surface is almost perfectly circu-
lar, while in the second case, it deviates from the circular Fermi surface for free
fermions to an hexagonal shape.

The approximation of constant DOS can still hold and this can be seen indeed
by considering the DOS profile for the triangular lattice case shown in Fig. 4.8.
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Figure 4.8: Density of states for a triangular lattice tight-binding structure. Characteristic

energy scales in our model lie within the hatched region.

The hatched region marks the energy scales of our model, and we see that we
are far from the Van Hove singularity, which corresponds to an hexagonal Fermi
surface. The DOS can be approximated by a constant in this interval of energies.

The chemical potential µ is defined by the filling of the second layer

Nc

6.3
=
∫ µ

Dc

ρ0dε,

From which we get directly

µ = Dc(
2Nc

6.3
− 1). (4.8)

The energy E0, defining the chemical energy of the f-fermions, is identified as
the difference between the potential energies of the two layers [98]. Each layer
experiences two kinds of interaction :

• Van der Waals interaction with the graphite substrate

Vs(z) = (4C3
3/27D2) 1/z9 − C3/z

3 , (4.9)
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where D = 192K is the well depth of the potential and C3 = 2092KÅ3 is
the Van der Waals constant[99], and

• the Bernardes-Lennard Jones interaction between two He particles

VLJ(z) = 4ε ((σ/r)12 − (σ/r)6) , (4.10)

with ε = 10.2K and σ = 2.56 Å is the hard core radius [92].

Thus, for the layer Li, the potential energy writes

Ef,c = Vs(zi) + vi , (4.11)

with
vi = π

∑

j

ρj

∫
rdrVLJ(r) , (4.12)

where ρj is the density of each layer and “j” is the layer’s index. The chemical
potential E0 now reads E0 = Ef − Ec.

We denote (see Fig. 4.6) r1, r2, r3 and r4 respectively the distances of the first,
second, third and fourth layers to the graphite center. We have

z1 = 2.2Å , z2 = 5.03Å , z3 = 7.9Å , z4 = 10.57Å . (4.13)

Applying (4.9), we get for the Van der Waals energy at each layer the following
values : Vs(z3) = −4.21 K and Vs(z4) = −1.77 K. These orders of magnitude are
quite big compared to the typical scale of a few mK for this system. These are in
accordance with [92].

We turn now to the Lennard-Jones potential. We sum up (4.10) for all two
body interaction in all the layers. We get for the first layer L1

vf = π

[
ρ1

∫ ∞

r1
m

rdrVLJ(r) + ρ2

∫ ∞

r2
m

rdrVLJ(r)

+ ρ3

∫ ∞

r3
m

rdrVLJ(r) + ρ4

∫ ∞

r4
m

rdrVLJ(r)

]
, (4.14)

with
ρ1 = 0.092 , ρ2 = 0.092 ,
r1
m = 5.7 , r2

m = 2.85 ,

ρ3 = 10−2N1(1− nb) , ρ4 = 10−2[N −N1(1− nb)] ,
r3
m = ρ

−1/2
3 , r4

m = 2.85 ,
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where the values of rjm are now in Å.

zr

r0

r2
0 = r2 ! z2

dx dy = 2!r0dr0

For the second layer L2, we get

vc = π

[
ρ1

∫ ∞

r1
m

rdrVLJ(r) + ρ2

∫ ∞

r2
m

rdrVLJ(r)

+ ρ3

∫ ∞

r3
m

rdrVLJ(r) + ρ4

∫ ∞

r4
m

rdrVLJ(r)

]
, (4.15)

with
ρ1 = 0.092 , ρ2 = 0.092 ,
r1
m = 8.55 , r2

m = 5.7 ,

ρ3 = 10−2N1(1− nb) , ρ4 = 10−2[N −N1(1− nb)] ,
r3
m = 2.85 , r4

m = ρ
−1/2
4 .

We finally get

vf = −3.87− 1.08N − 6.75nb + I3 (4.16)

with I3 = −0.196(1− nb)3[11.2− 0.3(1− nb)3] .

and

vc = −7.69 + 6.75nb + J4 (4.17)

with J4 = −π10−2(N − 6.25(1− nb)3)
[
0.29− 3.210−5(N − 6.25(1− nb)3)

]
.

E0 now reads

E0 ≡ 1.65− 1.071N − 10−6N2 − 13.5nb − 2.25(1− nb)3 + 0.059(1− nb)6(4.18)

The last parameter, and the most crucial in fact, is the hybridization V . It is
defined as the hopping strength between the two layers. We can have an estimate
of V using equation (4.6) to get the same dependence as in (4.7)

V = V0(1− 0.07 (N −Nf ))(1− 0.07Nf ).
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Here, V0 is proportional to the overlap between the ground state wave functions
of the two layers, i.e.

t12 ≈ δV
∫
dzΦ1(z)Φ2(z) ,

where Φk
i is the ground state wave function of layer i and δV = Vs(z4)− Vs(z3).

The latter is taken as a Slater determinant of single particle states Φk
i which

writes, assuming translational invariance parallel to the surface [99, 92] :

Φk
i (r) =

1
2π
φki (z) exp [i(kxx+ kyy)]

Density functional models show a Lorantzian-like profiles for the density of each
layer along the z-direction [99] :

ρi ≡ |φi(z)|2 =
bi

(z − zi)2 + a2
i

From [92], we have :

For L1: a = 1.7 b = 0.115

For L2: a = 3.42 b = 0.32

!2!1

z2z1 z

"

Figure 4.9: Sketch of layers’ density profile. The hybridization is estimated from the

overlap between the wave functions of the two layers.

We find then V0 ≈ 0.6K consistent with the value obtained in a previous
study [98].

As said before, the hybridization V is actually a crucial parameter. Indeed, the
mean field position for the QCP is obtained from (2.35) : J = Dc exp

[
E0/N0V

2
]
.

We see then that any small variation in the dependence of V on coverage has an
exponential impact on the position of the QCP. That is why we will consider V as
a fitting parameter that will tune the position of the QCP.
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We have taken

V = V0(1− 0.07 (N −Nf ))(1− 0.07Nf ) + V1δ + V2δ
2,

where V0, V1 and V2 are adjusted to fit the experimental data and δ = (Ncrit −
N)/Ncrit. We used V0 = 1.55K, V1 = 15.9K and V2 = −4.5K.

4.5 Mean-field theory

Using the set of parameters we evaluated in the previous section, and solving
numerically the mean-field equations (2.33), one gets Fig.4.10. It shows the plot
of the order parameter, defined as the effective hybridization V b, and the ”Kondo
gap” ∆ 5, defined as the energy difference between the chemical potential and the
upper band (See Fig. 4.16) as a function of δ = 1−N/Ncrit
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K
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Effective Hybridization Vb
Extrapolation of Vb
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Vb

Figure 4.10: Mean-field phase diagram for the Anderson lattice model in D = 2 applied

to He3 bilayers. Following [5] δ = 1 − N/Ncrit with Ncrit = 9.9nm−2. The effective

hybridization V b ≡ V B drops suddenly at δ ≈ 0.063, indicating the real QCP. The ex-

perimental QCP is obtained by extrapolation of V B to zero (E=0). The Kondo gap ∆

vanishes before the real QCP.

The set of mean-field equations shows a QCP where B → 0. This implies
that the spinons in the first layer experience a Mott transition and their band is
half-filled. We observe that V B goes to zero, before the experimentally observed
QCP occurs, at a unit coverage δ ≈ 0.063, close to the coverage NI corresponding

5The gap issue will be discussed in section 4.7
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to the onset of the mysterious intervening phase. This constitutes one main find-
ing of our work. The localization occurs before the experimental QCP is reached.
Our claim is that the real QCP is the one found within our mean-field solution,
while the experimental QCP is an artifact of the extrapolation to zero tempera-
ture of the power laws for the effective mass and the temperature scale T0. This
is due to the very peculiar behavior of the effective hybridization, caused by a
strong bare hybridization compared to the other parameters (it is of the order of
the bandwidth).

This fact is illustrated in Fig. 4.10 where we see that the order parameter’s be-
havior has two regimes: it starts to grow very quickly at the QCP then reaches, at
the “elbow”, a regime of strong hybridization. The behavior of the order param-
eter is governed by the relative strength of the bare hybridization V compared to
the other energies of the model. The former is already big at the QCP, Vc ≈ 1.63K,
thus the slope of the effective hybridization is steep in the hybridized phase. The
sharp change corresponds to the emptying of the upper band, the same point at
which the opening of the Kondo gap occurs. This point is situated after the real
QCP, in the hybridized phase, because when the localization occurs, the f-band is
half-filled and the upper band is constrained to sit below the chemical potential
and is thus occupied. The vanishing of the Kondo gap before the QCP is con-
sistent with the experimental observation, if we identify it as the activation gap
extracted from the thermodynamic measurements of Neumann et al.[5].

We can make the same construction as the experimentalists, by extrapolat-
ing the order parameter in the high energy regime to zero temperature. We find
an additional QCP that we identify with the ”experimental” one. This gives an
explanation of the mysterious presence of two QCPs in this system; the magneti-
zation starts to grow at the physical QCP, at coverageNI , before the experimental
one is reached. Indeed, as soon as the first layer localizes, one expects the static
magnetic susceptibility to grow quickly since the spin liquid parameter is small
J ∼ 7mK. Note that the distance in coverage between the two QCPs is in agree-
ment with the experimental data, given the parameters we used.

In the Figure 4.11 we have plotted directly the number of holons in the hy-
bridized phase, as given self-consistently from our mean-field theory. The num-
ber of holons determines the number of holes in the first layer as compared to the
value at half-filling. We can see that although the order of magnitude is correct
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close to the QCP, far away from it we obtain some values of nb too big from what
is observed experimentally. In particular, it is believed that close to the coverage
corresponding to the promotion of the second layer, the number of holons should
decrease so that the number of f-fermions in the first layer should be again close
to half-filling. We don’t observe any hint of this decreasing. It shows that the
domain of validity of our model is close to the QCP. Far away from it, we miss
the physics of exhaustion [35, 100], where there are not enough free fermions in
the second layer to Kondo screen the many f-fermions in the first layer.
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Figure 4.11: The number of bosons nb (green online) and of the f-fermions (red online)

per site in the system as well as their sum (black). The local constraint of no double

occupancy is preserved throughout the explored coverage range.

4.6 Fluctuations

In what follows we will be interested in fitting the experimental data, in partic-
ular the effective mass and the temperature scale T0. We identify the regime of
critical fluctuations experimentally accessible with the higher energy regime of
the order parameter (see Fig. 4.10). Within our theory, we are situated in the in-
termediate regime around the Kondo breakdown QCP, i.e. the regime for which
the dynamical exponent z = 3.

Indeed, from the theory described in Section. 2.4, we know thatE∗ ' 0.1(q∗/q)3TK ,
with q∗ the mis-match of the two Fermi surfaces at the QCP. Here TK can be
taken as the typical energy scale of the system which is typically of the order of
TK = 100 mK. At the QCP, we evaluate q∗/kF which is
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q∗/kF = 1− kc/kF ,
= 1− (6.3/9.9)1/2 ,

= 0.2 .

Hence we obtain

E∗ = 8.10−4TK ,

= 8.10−5K , (4.19)

which is a too small energy scale to be accessible experimentally for this set-up,
of the order of 1mK.

4.6.1 The Holon mass

The static part of the holon mass is evaluated by differentiating twice the mean-
field energy (2.32) with respect to the holon field b given the constraints (4.11).
One finds

mb = 2bT
∑

k,ω

[
αεk

∂Gff
∂b

+ V 2∂Pfc
∂b

]
. (4.20)

The summation over (k, ω) is evaluated analytically for a linearized dispersion
bandwidth at T = 0 and the result is given in Appendix A.1.

The temperature dependence of the holon mass is computed by evaluating
the corrections to scaling to the boson propagator, referred to in section 2.4.2.

Summing the dominant correspondent diagrams (see Appendix A.3) yields a
logarithmic correction to scaling

mb(T ) = mb(T = 0) + CT log (T ), (4.21)

where C had to be adjusted to C = 7.5 10−3 to fit the data, while the analytic
evaluation gives (α′ ≡ αB + β)

C = (1 + α′)
V 2

8(α′D)2
+
DJ

6V 2

As discussed previously, we need here a strong enough ferromagnetic (J < 0 )
short range fluctuations to stabilize the QCP. The price to pay is to have an addi-
tional fitting parameter controlling the strength of the destroying fluctuations.
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4.6.2 The effective mass

The effective mass m∗ is determined from the low temperature from of the free
energy of the system by :

F = −πT
2

6
m∗ (4.22)

The free energy is given by the expression found in the last chapter using the
Luttinger-Ward functional

F = FMF + T/2
∑

Ωn

∫
d2q/(2π)2 log

[
D−1(q,Ωn)

]
, (4.23)

where FMF is the free energy at the mean-field (2.32) and D(q,Ωn) is the full
propagator of the holons. Note that we have neglected the role of the gauge
fields in this formulation, because the re-normalization of the effective mass is to
be evaluated inside the ordered phase where the gauge fields are gapped through
the Higgs mechanism.

At the mean-field level, the system consists of the upper and lower bands.
As shown in (4.10), we are very soon in a situation where the gap ∆ is finite, i.e.
the upper band is above the chemical potential level. Thus, this band doesn’t
contribute to the free energy with a term of the form (4.22).

As for the free energy of the lower band, it is given by the usual form of the
FL free energy

F− = −π
2T 2

3
ρ−,

where the density of states at the Fermi surface of the lower band given by :

ρ− = N0

(
∂Ek−
∂εk

)−1

|E−=0

We turn now to the bosonic part of (4.23)

Fh =
T

2

∑

m

∫
dq2

(2π)2
log
[
D−1(q,Ωm)

]

=
T

4π

∑

m

∫ +∞

0
qdq log

[
q2 + ξ−2 +

γ|Ωm|
(αB + β)q

]

The integral over the holon momentum is dominated by large momenta, and we
have

Fh ≈ T

4π

∑

m

∫ +∞

0
qdq

γ|Ωm|
(αB + β)q(q2 + ξ−2)

=
γξ

8(αB + β)
T
∑

m

|Ωm|
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Summation over the bosonic Matsubara frequencies is divergent but its temper-
ature dependence can be extracted using the following spectral representation

|Ωn| = −
1
π

∫ ∞

−∞

xdx

iΩn − x
,

with the identity

T
∑

Ωn

1
iΩn − x

= −nB(x).

Then, one has readily

T
∑

m

|Ωm| → −
πT 2

3
.

We end up with the total free energy given by

F = −πT
2

6

[
2πρ− +

γξ

4(αB + β)

]
, (4.24)

from which the effective mass reads directly

m∗ = 2πρ− +
γξ

4(αB + β)
(4.25)

The result for m∗ is shown in Fig. 4.12 where it is compared to the results of
experiment [5]. We see that the inverse effective mass follows the same behavior
as the order parameter and vanishes at the theoretical QCP. Here again, if we
extrapolate the high energy regime down to zero temperature, we can identify
a fictious point where the effective mass could vanishes, if it has not its peculiar
behavior into two regimes. This extrapolation is linear and follows closely the
one found by the experimentalists.

0 0.05 0.1 0.15 0.2 0.25 0.3
!

0

0.05

0.1

0.15

0.2

m
/m

*

Experimental m/m*
Theoritical m/m*

Figure 4.12: The inverse effective mass m/m∗ in the Anderson lattice model for the He3

bi-layers. The dots are experimental data from[5].
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4.6.3 The coherence temperature

The temperature scale T0 is identified with the coherence temperature for the
holon, i.e. the temperature given by the cross-over condition

mb(Tcoh) = 0,

where mb(T ) is the temperature dependent holon mass, given in (4.21).

The equation is solved numerically, using the results obtained in the mean-field
solution and the result is plotted in Fig. 4.13.
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Figure 4.13: The coherence temperature Tcoh in the Anderson lattice model for the He3

bi-layers. The dots are experimental data from[5].

The coherence temperature has the same qualitative behavior : it vanishes at
the theoretical QCP and we can extrapolate its high energy regime down to zero
temperature closely to a quadratic power law in unit coverage δ. The theoretical
values of the coherence temperature follow closely the experimental values of the
temperature T0 from [5].

In fact, the exponents of the effective mass and the coherence temperature can
be understood in a simple way. For z = 3 and d = 2 theories in the Fermi liquid
phase, the effective mass goes like the correlation length [52] m/m∗ ∼ ξ−1. From
the dispersion of the boson mode we see that ξ−1 ∼ √mb ∼ b. Now, from (4.21),
we see that the coherence temperature goes like b2. In the regime where b varies
linearly with the coverage N we thus get

m/m∗ ∼ cst−N , Tcoh ∼ (cst−N)2 . (4.26)
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4.6.4 Discussion on the quantum critical regime

One of the main general observation one gets from the experimental data is the
asymmetry of the phase diagram, as far as the quantum fluctuations are con-
cerned. Indeed the increase of the effective mass appears only from the right side
of the phase diagram which corresponds to low doping (see Fig. 4.14). From the
left side of the phase diagram the fluctuations seem to be frozen out.

Another observation is the quasi-absence of quantum critical (QC) regime in
temperature for this system, unlike for the heavy fermions. Indeed a Curie law
for the spin susceptibility is observed at very low temperatures in the localized
phase and directly above T0 in the hybridized phase, indicating that the system
very quickly goes into a regime of free spins, hence missing the usual quantum
critical regime typical of QCP.

The key to understanding these two observations is that in this system the
energy scales are completely different form the ones that appear in heavy fermion
systems.

Figure 4.14: Asymmetry of the phase diagram. Above T ∗ the entropy kB ln 2 is released.

There are two ways of quenching the entropy, first through the formation of the heavy

Fermi liquid phase where the hybridization is non zero ( on the right side of the phase

diagram), second through the formation of the spin liquid (on the left side of the phase

diagram).

The Curie law is observed when the entropy kB ln 2 is released, above a char-
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acteristic temperature T ∗. In our model, two mechanisms are responsible for
quenching the entropy, namely the formation of the spin liquid and of the heavy
Fermi liquid. The temperature T ∗ above which Curie law is observed is thus
determined by the relative strength of these two mechanisms. We see in Figure
4.14 that on the left side of the phase diagram, the main quenching mechanism
corresponds to the formation of the spin liquid, while on the right side of the
phase diagram, the two mechanisms sum up and are roughly of the same order.
The asymmetry of the phase diagram can thus be accounted for, in this model,
by the fact that on the localized side (left side) the spinons’ bandwidth, which
determines the scale of the formation of the spin liquid, is typically given by the
value of the exchange parameter J ' 7 mK. Alternatively, in the hybridized
phase, the bandwidth of the spinons is enlarged, due to the holon fluctuations
Df = J + nbαD. This increase of the bandwidth in the hybridized phase is typi-
cal of a slave-boson description of a Mott transition [102].

Fig. 4.15 shows the spinons bandwidth for the range of coverages of concern
in the experiment. In the hybridized phase the coincidence, within the experi-
mental uncertainties (between 5 and 10 mK[5]), in energy between the cross-over
coherence temperature and the bandwidth of the spinons explains that the quan-
tum critical regime is quenched, the free spin behavior being admittedly quickly
observed above the temperature which delimits the upper-critical regime. This
picture is consistent with the observation that at NI , which we found is the theo-
retical critical coverage, there is a cross-over in energy between T0 and J .
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Figure 4.15: The effective bandwidth of the spinons Df = J+αDnb and the experimen-

tal characteristic temperature T0.
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The proximity of these two scales, i.e. the band-width of the spinon and the
coherence temperature Tcoh, rises a legitimate question : which of these is ob-
served experimentally and dubbed T0 in [5] ? Is this temperature associated with
the formation of the spin liquid or with the formation of the heavy Fermi liquid ?

In figure 4.5, one can see that a finite fraction of R ln 2 is released at T0. If
this fraction starts to drop abruptly to zero when we approach the coverage NI ,
associated in our model with the true QCP, then we can identify the observed T0

with the coherence temperature. Indeed, by definition of a QCP, and according
to the third law of thermodynamics, the released entropy should vanish at the
QCP. In [5], it is argued that the entropy goes to zero when T0 is extrapolated to
zero temperature, but this observation is not established on a solid ground. If it
is not the case, i.e. the released entropy doesn’t vanish at the QCP, then T0 should
be identified with the spinon bandwidth.

4.7 The gap issue

We now turn to the study of the experimental gap. As said in section 4.2, the
description of the low temperature behavior of the specific heat requires an ad-
ditional term, for example γ1 exp (−∆/T ), introducing a gap ∆. The values of ∆
inferred from the experimental data depends strongly on the fitting procedure
[5].

On the other side, within our scenario, there is a gap emerging naturally be-
cause of the strong bare hybridization in the system. We have two bands in the
model ; one for the spinons and one for the conduction electrons. At very low hy-
bridization, when the bands just start to hybridize, the upper band lies below the
chemical potential. As the hybridization grows, the upper band becomes empty
and an activation gap opens (see Fig. 4.16). We see on Fig. 4.10 that the opening
of this gap happens at the very vicinity of the QCP.

This gap is defined as the difference between the chemical potential and the
upper band. This is given by

∆ ≡ E+(−Dc) =
1
2

[
−Dc(1 + αB2 + β) +

√
4V B2 +D2

c (αB2 + β − 1)2
]
. (4.27)
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D

Upper band

Lower band

k

E

Figure 4.16: Sketch of the different dispersions: the lower band is the dispersion of the

spinons and the higher band is the dispersion of the conduction electrons. The Kondo

gap ∆ is defined as the difference between the chemical potential and the upper band.

Using the results obtained at the mean-field approximation in section 4.5, one
can compare the theoretical gap with the one observed experimentally, using the
fitting term γ1 exp (−∆/T ), for different coverages. The comparison is displayed
in Fig. 4.17.
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FIG. 2: Comparison between ! and the experimental gap
!exp [5] for di"erent doping.

As we can see from FIG. 2, the predicted gap is ten
times bigger than the one used by [5] to fit the experi-
mental data, but its evolution with doping is the actually
the same.

specific heat

From the computation of the last section and the re-
sults of the article [14], we can now write the specific heat
as :

C(T ) =
$T

3
m" + C+(T ), (6)

where C+ is given in Equation (6).

Because the theoretical gap is ten time larger than the
experimental one, the correction to the specific heat is
almost zero, i.e. of order 10#7mJ/K instead of a cor-
rection of order 1mJ/K. But if one change the gap !
use in Equation (6) by dividing it by ten, as it is suggest
by FIG. 2, we can compare experimental data and our
theoretical law, see FIG. 3, 4 and 5. In these figures, we
compare the gapped part of the experimental data Cg,
i.e. :

Cg(T ) = Cexp(T )! $T

3
m". (7)
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FIG. 3: Comparison between C+ and the gapped part of the
experimental data [5] for n = 8.25 nm!2. Here there is no
multiplicative factor

5 10 15 20
T !mK"

0.5

1.0

1.5

2.0

2.5

3.0

C! !mJ#K" n"8.50 nm#2

Theoretical C!

Experimental Data

FIG. 4: Comparison between C+ and the gapped part of the
experimental data [5] for n = 8.50 nm!2. The multiplicative
factor is about 1.25.

In order to fit the experimental data, we needed to
multiply our formula with a multiplicative factor around
1. That is the fit law works, up to a multiplicative factor.

Our fit function is not the same than the one given
in [5], we have the same linear coe#cient, but the fit-
ting law associated with the gap was a constant for the
experimentalists and here we found a 1/T law.

Figure 4.17: Sketch of the different dispersions: the lower band is the dispersion of the

spinons and the higher band is the dispersion of the conduction electrons. The Kondo

gap ∆ is defined as the difference between the chemical potential and the upper band.

The theoretical gap is much bigger than the one observed experimentally. We
find an almost constant with coverage factor of about ten between the two quan-
tities, which is not so good ! As said before, the latter depends strongly on the
fitting procedure. If we want to check that we can indeed capture the low tem-
perature behavior of the specific heat within our model, we need first to know
what is the temperature dependence arising from the definition of our gap.
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4.7.1 Upper band contribution to the specific heat

The mean-field free energy of the upper band is given from (2.32) by

F+ = −2T
∑

k,iωn

ln (−iωn + Ek+) = −2TN0

∫ Dc

−Dc
dε ln (1 + eE+/T ). (4.28)

Then, the specific heat contribution of the upper band writes readily

C+(T ) ≡ −T ∂
2F+

∂T 2
=
∫ EM

∆
ρ+(E)

E2

2T 2 cosh2 ( E2T )
, (4.29)

where ∆ = E+(−Dc), EM = E+(Dc) and ρ+ is the density of states of the upper
band given by

ρ+(E) ≡ N0

(
∂Ek+

∂εk

)−1

. (4.30)

This complicated integral is evaluated in Appendix C.1 and the leading temper-
ature contribution to the specific heat is found to be

C+(T ) ≈ γ1
∆2

T
e(−∆

T
), (4.31)

where the constant γ1 is given by (α′ ≡ αB + β)

γ1 =
N0

α′

[
1 + α′ +

1− α′
2V B
√
α′
(
εf − α′µ− (1− α′)∆

)]
. (4.32)

One sees that (4.31) is different from the fitting function used experimentally to
account for the low temperature behavior of the specific heat. In particular, we
can notice a term ∝ 1/T in front of the exponential.

We tried to fit the specific heat measured experimentally by summing up
(4.31) and the linear term m∗T , coming from the lower band and the holon fluc-
tuations through (4.25) Unfortunately, even with the new fitting function (4.31),
the gap, as defined within our model is much too big. Figure 4.18 shows a com-
parison between the gap part of the experimental data for specific heat and the
result given by (4.31) if one divides the theoretical value of the gap by ten.

This result is one drawback of our model. A possible way to cure this prob-
lem is to assume that the gap ∆ has nodes in the momentum space, i.e. it doesn’t
open uniformly along the Fermi surface. Indeed, because the lattice is triangular,
the V hybridization could be momentum dependent, following an irreducible
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representation of the lattice symmetry group. In our model, the hybridization is
assumed to be local, i.e. momentum independent. Investigation of this possibil-
ity and its possible implication hasn’t be done yet and is left for a future work.
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FIG. 5: Comparison between C+ and the gapped part of
the experimental data [5] for n = 8.25 nm!2. We multiplied
Equation (6) by 0.62.

CONCLUSION

Here we computed the specific heat of a model that
try to explained quantum phase transition in heavy com-
pound. We saw that the theoretical gap given by this
model is ten time bigger than the one measured by exper-
iments. Still, the fitting law computed is di!erent from
the one given in [5], but works well, up to a multiplicative
factor.
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APPENDIX : COMPUTATION OF THE
SPECIFIC HEAT OF THE GAPPED BAND.

Starting from the free energy of the gapped band [15]
:

F+ = !2T!0

! D

!D

d" ln(1 + e!!E+(")), (8)

where we have use that the density of state of the con-
duction fermions is almost constant near the critical point
and equal to !0 and that the band is of width 2D. Here,
E+

k is the energy of the hybridized fermions :

Ek+ =
1
2

"
"k + "0k +

#
("k ! "0k)2 + 4V 2b2

$

Using "0k = #""k ! "f , C+ can then been written as :

C+(T ) = 2
! EM

!

!+(E)
(!E

2 )2

cosh2(!E
2 )

(9)

where " = E(!D) is the bottom of the gapped band,
EM = E(D) is its maximum and !+ is the density of
state of the band :

!+(E+
k ) = !0

d"k

dE+
k
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(1 + #")

2#"

! 1! #"
2#"

(1! #")E+
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].

Using TABLE I and the fact that we are only concern
by the heavy Fermi liquid phase, i.e. temperature below
TCoh, we can see that we always are at low temperature.
We can also approximate the density of state in two dif-
ferent ways :

• if |(1 ! #")E ! "f ! #"µ| " 2
#
#"V b = E1, we can

use !+
1 (E) instead of !+, with :

!+
1 (E) $ !0

'
(1 + #")

2#"
! 1! #"

2#"
[(1! #")E ! "f ! #"µ](

4#"(V b)2

)
.

• if 2
#
#"V b " |(1 ! #")E ! "f ! #"µ|, we can use

!+
2 $ !0.

To be in the low temperature regime means that we
can approximate :

(!E
2 )2

cosh2(!E
2 )
% ($E)2e!!E . (10)

Figure 4.18: Comparison between the gapped part of the experimental data [5] and (4.31)

for a coverage N = 9.0nm−2. We divided the theoretical value of the gap by 10 in order

to fit the experimental data.

4.8 Summary and discussion

The system studied, He3 bilayers, is one of the simplest physical ones, with
negligible spin-orbit interaction and no crystal-field interactions, to show quan-
tum criticality similar to the one observed in complicated intermetallic heavy
fermions compounds.

Using the Kondo-Breakdown[3, 4] scenario of an itinerant QCP introduced in
section 2.4, we examine the possible origin of the quantum criticality observed
experimentally as fluctuations of an effective hybridization.

We benefited from the extensive literature on He3 to extract carefully most
of the parameters of the model from the bare parameters. Crucial parameters,
like the hybridization, were used as fitting parameters owing to the level of ap-
proximation of our study. Finally, we have emphasized some differences with
inter-metallic heavy fermions compounds.

We were successful enough to account for most of the experimental features.
First, we have explained why there are seemingly two apparent QCPs which fit at
the right respective coverages. The experimental one results from an extrapola-
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tion to zero temperature of an intermediate energy regime, while the theoretical
one characterizes the vanishing of the effective hybridization. We reproduced
then the slopes and exponents of the coherence temperature and effective mass
closely to the experimental results. The apparent lack of quantum critical be-
havior in temperature is qualitatively explained by the remarkably low energy
scale of the spin liquid parameter on the ordered side, and the coincidence be-
tween the coherence temperature and the effective mass of the spinons in the
hybridized one. Finally, a natural gap arises from our model which has to vanish
in the Fermi liquid phase before the critical coverage is reached. This gap van-
ishes right when the system enters a strong hybridization regime for which the
upper hybridized band becomes empty.

Our study suffers though from some weaknesses and drawbacks. We used 4
fitting parameters, 3 for the hybridization and one for the slope of the coherence
temperature. This is expected in any mean-field approach, in particular owing
to the crucial role of the hybridization for the Kondo breakdown QCP, and can
not be avoided at this level. The fact that the number of holons nb is too big
away from the QCP, especially near the promotion coverage of the second layer,
restricts the domain of validity of our model very close to the QCP. The values
found for the gap ∆ are too big to account for the low temperature behavior of
the specific heat capacity.

But still the model is simple and strong enough to make predictions and put
them to the test. One prediction we can make concerns the Weiss term θ in the
magnetization above T0. This magnetization writes

M(T ) =
C

T − θ .

NMR providing a local measure of the nuclear magnetic susceptibility, we can at-
tribute the Weiss term to the Kondo coupling between the two layers. Within our
model, and by definition of our QCP, these two layers decouple at the coverage
NI . Thus, accordingly, the Weiss term θ should vanish at this coverage. This is
interesting enough to be checked in future experiments on this system.

It is worth to note that another analysis of this experiment has been consid-
ered [103] since we presented our results in [94, 95]. Using calculations within
the cellular dynamical field theory (CDMFT), on an eight-site cluster, the authors
claim that the observed quantum phase transition is a band-selective Mott tran-
sition at which the upper band is gapped beyond the chemical potential. This
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transition is found to be of first order, owing to a jump of the total fermionic
density at the quantum critical point. They account for the increase of the effec-
tive mass and the reduction of the coherence temperature at the approach of the
transition and show that these evolutions with coverage are interrupted by the
formation of a spin gapped Mott.

It is not easy to make a mapping between the slave boson method used in our
approach and the CDMT method used in [103]. In particular, it is not transparent
how they fix the parameters of their model, while we extracted ours carefully
from the bare parameters of the system. It seems that the transition they found
corresponds to the opening of the gap in our model, the so-called Lifshitz transi-
tion. Right at this point, the effective hybridization decreases strongly as shown
in figure . 4.10.This abrupt change may explain why they claim that the transition
is of first order.

Definitely, a more careful analysis of the opening of the gap is needed and a
better mapping between the slave boson method and the DMFT methods has to
be investigated.





Chapter 5

Grüneisen ratio in YbRh2(Si0.95Ge0.05)2

Abstract

We study the divergence of the Grüneisen ratio at the Kondo breakdown QCP, using
the expression for free energy obtained in chapter 3. We show that this scenario gives
rise to a divergent Grüneisen ratio with an anomalous exponent 2/3 in the interme-
diate regime with z = 3 dynamical exponent. In particular, we fit experimental data
of YbRh2(Si0.95Ge0.05)2 for specific heat, thermal expansion, and Grüneisen ratio,
for which the anomalous exponent is found to be≈ 0.7, based on our simple analytic
expressions. A reasonable agreement between the experiment and theory is found
for the temperature range between 0.4 K and 10 K. We discuss how the Grüneisen
ratio is a key measurement to discriminate between the Kondo breakdown and spin-
density wave theories.

5.1 Introduction

The Grüneisen ratio Γs(r, T ) is defined as the ratio of thermal expansion αs(r, T )
and molar specific heat cs(r, T ) as

Γs(r, T ) ≡ αs(r, T )
cs(r, T )

, (5.1)

where r ≈ P−Pc
P0

is a distance from the QCP occurring at Pc 1 with a pressure-unit
non-universal constant P0, v is the molar volume and

αs(r, T ) =
1
P0v

∂2fs(r, T )
∂r∂T

, cs(r, T ) = −T ∂
2fs(r, T )
∂T 2

. (5.2)

5.1.1 Divergence of the Grüneisen ratio at a QCP

It has been pointed out that a thermodynamic quantity, that is the Grüneisen ratio
(GR) Γ, is one important characterization of the nature of a QCP [?]. A remark-
able feature of this quantity is that it diverges at any QCP with an anomalous

1Similar definitions can be given for a QCP tuned by an external magnetic field.
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exponent depending on the nature of the quantum transition [106, 107]. Thus,
this exponent is a valuable mean to characterize a QCP.

This can be seen assuming a scaling expression for singular part of the free
energy as (3.17) for the spin-fermion model in section 3.2.4

fs(r, T ) = b−(d+z)fr(rb1/ν , T bz).

Considering a scaling parameter such that Tbz = 1, one obtains a variant of
the scaling expression

fs(r, T ) = T (d+z)/zfr(rT−1/νz, 1) ≡ T (d+z)/zf(rT−1/νz), (5.3)

where the function f(x) is an analytic regular function. For |rT−1/νz| � 1, in
particular at the QCP where r = 0, we write f(x � 1) ≈ f(0) + xf ′(0), from
which the specific heat at the QCP reads

cs(r = 0, T ) = −d(d+ z)
z2

f(0)T d/z, (5.4)

while the thermal expansion is given by

αs(r = 0, T ) =
1
P0v

ν(d+ z)− 1
νz

f ′(0)T (d−1/ν)/z. (5.5)

Then, the Grünseisen ratio writes readily

Γs(r = 0, T ) = − 1
P0v

z[ν(d+ z)− 1]
νd(d+ z)

f ′(0)
f(0)

T−
1
νz . (5.6)

We arrive at the important conclusion that the Grüneisen ratio diverges at the
QCP with an anomalous exponent x = 1/νz in any dimension. This exponent
depends tightly on the nature of the QCP through its relation to the dynamical
exponent z.

5.1.2 Sign change of the Grüneisen ratio across a QCP

Another feature of the GR is that it changes its sign across the QCP [106, 107]. This
can again be exemplified using the scaling relation (3.17). Considering a scaling
parameter such that rb1/ν = 1, one gets the following variant scaling expression

fs(r, T ) = rν(d+z)fr(1, T r−νz) ≡ rν(d+z)f̃(Tr−νz) (5.7)
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Assuming that the power-law behavior of the specific heat is given by c ∼ T y0 2,
where y0 has to be positive due to the third law of thermodynamics, we can write
f̃(x� 1) ≈ f̃(0) + cxy0+1.

Then, we have

cs(r, T → 0) = −cy0(y0 + 1)rν(d−y0z)T y0 , (5.8)

αs(r, T → 0) = cν(y0 + 1)(d− y0z)
1
P0v

rν(d−y0z)

r
T y0 . (5.9)

Thus, we obtain the universal result for GR in the limit T → 0, r 6= 0

Γs(r, T → 0) = −ν(d− y0z)
y0

1
v(P − Pc)

. (5.10)

The GR diverges with the inverse of the control parameter r ∝ P − Pc and it
changes its sign across the QCP, given that its pre-factor has the same sign in
the right- and left-hand sides of the QCP. Remarkably, the pre-factor of the GR
doesn’t depend on the scaling function f̃ and is written solely in terms of the
critical exponents and the dimensionality. It has been argued that this pre-factor
has indeed the same sign around the QCP [107] 3.

The sign change of GR coincides with the one of the thermal expansion. The
latter is given, alternatively, by the negative derivative of the entropy with respect
to pressure : αs ∝ −∂S/∂P |T . Thus, thermal expansion is negative whenever the
entropy increases as a function of pressure, which happens naturally in the vicin-
ity of a pressure-induced QCP. Its sign change occurs when the entropy reaches
a maximum.

5.1.3 Experimental observations

A divergent GR has been observed for the first time in the heavy fermion com-
pound CeNi2Ge2 (see Fig. 5.1) where pronounced NFL features are observed in
thermodynamic properties [6]. The observed data for specific heat and thermal
expansion are consistent with predictions for the itinerant 3D SDW fluctuations
at a zero-field AFM QCP with an anomalous exponent equal to 1 (ν = 1/2 and
z = 2).

2The exponent y0 for r < 0 may be different from the one for r > 0. Accordingly, it is written
y−0 and y+

0 respectively.
3An example of a critical theory with a vanishing pre-factor is the insulating Heisenberg anti-

ferromagnet with z = 1 and y0 = d on the ordered side of the phase diagram
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dependence between the magnetic field and the distance r
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We now turn to YbRh2!Si0:95Ge0:05"2, in which we have
measured the thermal expansion from 50 mK to 6 K.
Compared to CeNi2Ge2, here the volume thermal expan-
sion coefficient !!T" has an opposite sign reflecting the
opposite volume dependence of the characteristic ener-
gies. At T > 1 K, !!T" can be fit by #T log!T0=T" with
T0 $ 13 K (see Fig. 4). At T < 1 K, the best fit is given by
a1 % a0T. Both are not only different from the expected
3D-SDW results discussed earlier, but also weaker than
the lnlnT form [10] expected in a 2D-SDW picture [27].
The difference from the 2D-SDW picture is even more
striking when we look at the Grüneisen ratio. In Fig. 4,
we have also shown the electronic specific heat at zero
magnetic field. Here Cel & C# CQ, where CQ / 1=T2

denotes the nuclear quadrupolar contribution determined
from recent Mössbauer results [26]. At 20 mK, a maxi-
mum in Cel!T"=T marks the onset of very weak AF order
[9]. This is suppressed by a tiny critical magnetic field of
Bc & 0:027 T applied in the easy plane. At B & Bc, a
power law divergence Cel!T"=T / T#1=3 is observed
(which is already incompatible with the 2D-SDW picture)
[9]. At higher temperatures, the zero-field specific heat
coefficient also varies as log!T0
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(Fig. 4) [5]. Because of the difference between T0
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weaker than the 1
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FIG. 2. Specific heat at B & 0 as C=T vs T for CeNi2Ge2.
From the raw data (dashed line at low T), a contribution Cn &
"=T2 with " & 102 #JK=mol has been subtracted giving
the low-T open circles. The inset shows the T dependence of
the Grüneisen ratio ! & Vm=$T ' !=C, where Vm and $T
are the molar volume and isothermal compressibility, respec-
tively. Here, we use $T & 1:15( 10#11 Pa#1 as determined
from high-pressure lattice parameter measurements at room
temperature [24]. The solid line is a fit as specified in Table I.
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Figure 5.1: Thermal expansion and Grüneisen ratio (Inset) of CeNi2Ge2 at varying mag-

netic fields along the a axis. The solid line in the inset represents Γ ∝ 1/T . From [6]

On the other hand, the anomalous exponent associated with the divergence
of GR in YbRh2(Si0.95Ge0.05)2, which is shown to have very weak AFM ordering
at TN ≈ 20mK, is fractional : x = 0.7±0.1 [6]. The specific heat coefficient can be
well fitted by γ(T ) = C(T )/T ∝ ln

(
T0
T

)
for ∼ 0.3K < T < 10K, with an energy

scale T0 ≈ 30K identified with its Kondo temperature, and γ(T ) ∝ T−1/3 for
T <∼ 0.3K. This upturn suggests the presence of an additional low-energy scale
below which the logT behavior of the specific heat coefficient is cut off. The ther-
mal expansion coefficient was fitted as α(T )/T ∝ − ln

(
Tα
T

)
for 1K < T < 10K

with a temperature scale Tα ≈ 13K, and α(T )/T ∝ a0 + a1/T for ∼ 0.1K < T <

1K with a0 ≈ 3.4 × 10−6K−2 and a1 ≈ 1.34 × 10−6K−1. All these invalidate
the 3D AFM SDW scenario, since we have x = 1 owing to z = 2 and ν = 1/2.
The SDW critical theory fails thus to explain the divergence of GR with such an
anomalous exponent.

It is interesting enough to notice that with a dynamical exponent z = 3, one
gets an anomalous exponent x = 2/3 ≈ 0.7 for the Grüneisen ratio. As men-
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tioned previously, a critical regime with z = 3 is naturally present in the Kondo
breakdown scenario, owing to the presence of a mismatch between the Fermi
surfaces of two different species of fermions present in the model. This regime
has already been shown to exhibit a linear in temperature resistivity as is the case
in YbRh2(Si0.95Ge0.05)2.

This has led us to explore the issue of the Grüneisen ratio divergence in the
context of the Kondo breakdown scenario. Our results are shown in the next
section and have been published in [105].
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Figure 5.2: Electronic specific heat as c/T (left) and thermal expansion as −β/T (right)

on a logarithmic temperature scale for YbRh2(Si0.95Ge0.05)2 at B = 0. The solid lines

indicate log(T0/T ) dependences with T0 = 30K and T0 = 13K for specific heat and

thermal expansion respectively. The dotted line represents −β/T = a0 + a1/T (see text

for details). The inset displays the log-log plot of GR and the solid and dotted lines

represent Γ ∝ 1/T x with x = 0.7 and x = 1 respectively. From [6]

5.2 Grüneisen ratio in the Kondo breakdown scenario

In this section we show that the scenario of multi-scale Kondo breakdown QCP
gives rise to a divergent GR with the exponent 2/3. In particular, we fit the ex-
perimental data [6] of Y bRh2(Si0.95Ge0.05)2 for specific heat, thermal expansion,
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and GR at the QCP with simple analytic expressions.

Our starting point will be the bosonic part of the free energy given from (3.37)

Fs(T ) = Fc(T ) + T
∑

q,Ω

ln
(
−d−1

b (q, iΩ) + Πfc
b (q, iΩ)

)
+ T

∑

q,Ω

ln
(
−D−1

a (q, iΩ)
)
,

(5.11)
where Fc(T ) is the condensation part given in (3.41) and

D−1
a (q, iΩ) = −ρa

(
q2 + γa

|Ω|
q

+ ∆a

)

with ρa = 1/(2mfk
02
F ) + 1/(2mb)2.

Expression (5.11) was obtained, as presented in Section 3.3, using the LW
functional in the Eliashberg framework. The condensation part is assumed to be
almost constant in temperature and can be ignored when we take temperature
derivatives.

As emphasized in Chapter 2, the holon dynamics depends on an energy scale
E∗ : for T < E∗ the the fluctuations of the holon are gapped and for T > E∗, the
dynamical exponent is z = 3. In the following, we will consider both this two
regimes.

Case 1 : E∗ < T

Then, the holon propagator is given by

D−1
b (q, iΩ) ≡ d−1

b (q, iΩ)−Πfc
b (q, iΩ)

= −ρb
(
q2 + γb

|Ω|
q

+ ∆b

)
, (5.12)

where ρb = N0a (See Section 2.4.2).

The frequency summation and the momentum integral in (5.11) have been
performed in Appendix B.4. One obtains the following analytic expressions for
the specific heat and thermal expansion

cs(T > E∗)
T

= Cc
{
γb ln

(Λ
T

)
+ γa ln

( γbΛ
γaT

)}
,

αs(T > E∗)
T

= Cα
∂∆2

b

∂P

(
γ

1
3
b +

∆2
a

∆2
b

γ
1
3
a

)
T−

2
3 , (5.13)
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where Cc = 1
2π3

∫ 1
0 dxx

2 tan−1
(

1
x3

)
and Cα = 3

π3

(∫∞
0 dx x3

x6+1

)
are positive nu-

merical constants.

Note that there is an unknown constant ∂∆b
∂P with pressure P in the thermal

expansion coefficient, determining its overall sign 4. It will be used as a fitting
parameter within our approach to the GR in YbRh2(Si0.95Ge0.05)2. Recalling that
it is negative for this compound [6], one deduces that ∂∆b

∂P < 0. This implies that
pressure puts the QCP of YbRh2(Si0.95Ge0.05)2 toward the heavy-fermion side if
it is identified with the Kondo breakdown QCP.

One can readily see that, in this regime of temperature, the GR diverges with
an anomalous exponent 2/3 very close to the one observed experimentally for
this compound.

Case 2 : T < E∗

Then, the holon propagator is given by

D−1
b (q < q∗, iΩ) = −icτΩ +

q2

2mb
+

∆2
b

k2
F

,

D−1
b (q > q∗, iΩ) = −ρb

(
q2 + γb

|Ω|
q

+ ∆b

)
(5.14)

where cτ = N0/(α′vfq∗).

Then, the expression (5.11) is cast accordingly

Fs(T ) = T
∑

q<q∗,Ω

ln
(
cτ iΩ−

q2

2mb
− ∆2

b

k2
F

)
+ T

∑

q>q∗,Ω

ln
(
q2 + ∆2

b + γb
|Ω|
q

)

+ T
∑

q,Ω

ln
(
q2 + ∆2

a + γa
|Ω|
q

)
(5.15)

Let’s consider the first sum in this expression. Using the spectral representa-
tion (3.13), one has

T
∑

q<q∗,Ω

ln
(
cτ iΩ−

q2

2mb
− ∆2

b

k2
F

)
= −T

∫

q<q∗

d3q

(2π)3
ln
[
1− exp

(
− 1
T

[
q2

2mbcτ
+

∆2
b

k2
F cτ

]
)]
.

(5.16)

The thermal expansion contribution from this part writes then

4We assume that the holon mass and, thus, the gauge mass dependence on pressure is the
leading one.
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αs = −∂∆2
b

∂P

∫

q<q∗

d3q

(2π)3

∂

T

∂

∆2
b

[
ln
[
1− exp

(
− 1
T

[
q2

2mbcτ
+

∆2
b

k2
F cτ

]
)]]

. (5.17)

Given that

T
∂

∆2
b

[
ln
[
1− exp

(
− 1
T

[
q2

2mbcτ
+

∆2
b

k2
F cτ

]
)]]
|∆2

b=0 = − 1
k2
F cτ

1

exp
(

1
T

q2

2mbcτ

)
− 1

,

(5.18)

then this contribution reduces to

αs = − 1
k2
F cτ

∂∆2
b

∂P

∫

q<q∗

d3q

(2π)3

∂

∂T

1

exp
(

1
T

q2

2mbcτ

)
− 1

≈ − 1
k2
F cτ

∂∆2
b

∂P

(mbcτ )3/2

√
2π2

[∫ ∞

0
dxx3 ∂

∂x

1
exp (x2)− 1

]
T 1/2. (5.19)

This is sub-leading compared to the gauge fluctuations contribution which is
∝ T 1/3 at low temperature. Similarly, the contribution to the specific heat from
this region of the phase space, i.e. for q < q∗, is smaller than the gauge fluctu-
ations contribution. Indeed, one finds easily that it comes as T 3/2 whereas the
gauge fluctuations contribution is logarithmic. The contribution coming from
the region os phase space with q > q∗ are evaluated following the procedure in
Appendix B.4.

The overall result for specific heat and thermal expansion in this case writes

cs(T < E∗)
T

= Cc
{
γb ln

( Λ
E∗

)
+ γa ln

( γbΛ
γaT

)}
,

αs(T < E∗)
T

= Cα
∂∆b

∂P

(
γ

1
3
b E
∗− 2

3 +
∆2
a

∆2
b

γ
1
3
a T
− 2

3

)
. (5.20)

Notice that both specific heat and thermal expansion coefficients are constant
for holon fluctuations at T < E∗, consistent with Fermi liquid physics.

Expressions (5.13) and (5.20) for specific heat and thermal expansion are the
main result of this chapter. We use them in order to try to fit the experimental
data of Ref. [6] and account for the observed anomalous exponent. The density
of states N0 = 1

2D for conduction electron with the bandwidth D = 6t = 104K
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and the ratio between bandwidths α = 10−3 are fixed. Considering vF = kF
mc
≈ 2t

for the sphere Fermi surface, γb is determined as γb = 2.693. V can be deduced
from the Kondo temperature TK ≈ 30K with εf = −D

2 , thus V = 0.293D. fd is
used as a fitting parameter, determining γa = 1.367. The cutoff Λ in specific heat
is set to be an effective bandwidth for localized spins, i.e., Λ ≈ αD. E∗ is approx-
imately given by the upturn temperature for specific heat, here E∗ ≈ 0.3K. For
thermal expansion, we have two free parameters, ub and ∂∆b

∂P .

Fig. 5.3 shows the fitting for the specific heat coefficient cs(T )/T . For T > E∗,
we have a very good matching unlike for T < E∗. From the inset figure, we
can conclude that both hybridization and gauge fluctuations are important for
specific heat near the Kondo breakdown QCP. Considering that the hybridization
fluctuations arise from collective excitations of conduction electrons and spinons,
and gauge fluctuations result from spinon current-current correlations, one can
expect that both fluctuations will contribute in a similar fashion.
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Figure 5.3: Specific heat coefficient, where the blue dotted line represents experimental

data and the red thick line the fitting from our theory. Inset: Specific heat contributions

from hybridization fluctuations (red) and gauge fluctuations (green). Note that the spe-

cific heat coefficient from hybridization fluctuations is twice bigger than that from gauge

fluctuations.

The upturn behavior in specific heat is not fully understood. Experimentally,
the observed behavior is stronger than lnT and is argued to be T−1/3 power-like
[36]. Naive scaling arguments show that the z = 3 dynamics in 2D gives rise to
the same behavior. This can arise, for example, from ferromagnetic fluctuations
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in d = 2. To date, neither elastic nor inelastic neutron scattering exist which
could identify the type of magnetic order and the nature of its critical fluctuations
in this compound. However, NMR measurements [110] suggest the presence of
dominant q = 0, i.e. ferromagnetic, fluctuations. In [108], the authors argue that
the sharp increase of the Wilson ratio up to 30 compared to the free electrons
value highlights the importance of FM fluctuations in the approach to the QCP,
though not directly correlated to the AFM QCP.

One can speculate that ferromagnetic planes are the source of the strong FM
components above the ordering temperature TN ≈ 20mK. The AFM may be in-
duced by a weak antiferromagnetic inter-plane coupling [12].

Fig. 5.4 shows the fitting for the thermal expansion coefficientαs(T )/T , where
we have a rather good agreement between experiment and theory. Although we
have used two free parameters ub and ∂∆b

∂P , such parameters can change only
the overall scale, thus one may regard that only one parameter is used. The in-
set figure exhibits that contributions from gauge fluctuations are much larger
than those from hybridization ones although this physics depends on the local-
interaction strength ub for hybridization fluctuations
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Figure 5.4: Thermal expansion coefficient, where the blue dotted line represents ex-

perimental data and the green thick line the fitting from our theory. Inset: Thermal

expansion contributions from hybridization fluctuations (black) and gauge fluctuations

(green). Note that the thermal expansion coefficient from gauge fluctuations is much

larger than that from hybridization fluctuations although this physics depends on the

local-interaction strength ub for hybridization fluctuations.
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Our fitting for the thermal expansion coefficient may be the first explicit demon-
stration supporting the importance of gauge fluctuations for thermodynamics.

Fig. 5.5 shows a reasonable matching between experiment and theory for
the GR above the upturn temperature. As shown in the inset figure, the d = 2
SDW theory shows more singular behavior at low temperatures, deviating from
the experiment more seriously. Judging from this, z = 3 criticality for both hy-
bridization and gauge fluctuations, around the Kondo breakdown QCP provides
a reasonable description of the thermodynamics near the heavy fermion QCP of
Y bRh2(Si0.95Ge0.05)2.

tions, it is valid as far as ub ! 1
10!

V4

D3 is satisfied in Eq. (4),

i.e., in the weak coupling limit preserving the present
picture of the Kondo-breakdown QCP. Our fitting
for the thermal expansion coefficient may be the first
explicit demonstration, supporting importance of gauge
fluctuations.

Figure 4 shows a reasonable match between experiment
and theory for the GR above the upturn temperature. As
shown in the inset, the d " 2 SDW theory shows more
singular behavior at low temperatures, deviating from the
experiment more seriously.

In conclusion, we have fitted the experimental data of
YbRh2#Si0:95Ge0:05$2 for a specific heat, thermal expan-
sion, and Grüneisen ratio based on simple analytic formu-
las in the multiscale Kondo-breakdown scenario. Both
hybridization and gauge fluctuations contribute to the spe-
cific heat in a similar fashion around the QCP. Gauge
fluctuations are more important in the heavy-fermion phase
than in the spin liquid phase for thermal expansion, causing
an asymmetry for the Grüneisen ratio around the QCP. This
feature can be used to discriminating the Kondo-
breakdown scenario from the SDW framework. These z "
3 critical fluctuations explain the divergent Grüneisen ratio
with the anomalous exponent 0.7 beyond the SDW theory.
We suggest that two-dimensional ferromagnetic fluctua-
tions may give one possible explanation for thermodynam-
ics in the low temperature region below E%, not captured in
the present framework.
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FIG. 3 (color online). Thermal expansion coefficient, where
the blue dotted line represents experimental data and the green
thick line our theory. Inset: Thermal expansion contributions
from hybridization fluctuations (black curve) and gauge fluctua-
tions (green curve). Note that the thermal expansion coefficient
from gauge fluctuations is much larger than that from hybrid-
ization fluctuations although this physics depends on the local-
interaction strength ub for hybridization fluctuations.
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FIG. 4 (color online). Grüneisen ratio, where the blue dotted
line represents experimental data and the red thick line our
theory. Inset: Comparison between the d " 3 Kondo-breakdown
(red curve) and d " 2 SDW (black curve) theories, where the
SDW theory exhibits more singular behavior at low tempera-
tures.
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Figure 5.5: (Color online) Grüneisen ratio, where the blue dotted line represents an

experimental data and the red thick line does our theory. Inset: Comparison between the

d = 3 Kondo breakdown (red) and d = 2 SDW (black) theories, where the SDW theory

exhibits more singular behavior at low temperatures.

Another difference between the SDW scenario and the Kondo breakdown one
concerns the sign change of the Grüneisen ratio across the QCP. In the Kondo
breakdown model, two kinds of collective excitations, hybridization and gauge
fluctuations, contribute to thermal expansion. Hybridization fluctuations give
rise to the same sign change as the SDW fluctuations while gauge fluctuations
do not (see Fig. 5.6). Indeed, given that gauge fluctuations should remain gap-
less in the spin liquid phase due to gauge invariance, their contribution for ther-
mal expansion is vanishingly small in the spin liquid phase. On the other hand,
they contribute to thermal expansion heavily, approaching the QCP in the heavy-
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fermion phase owing to the Anderson-Higgs mechanism. Taking into account
both hybridization and gauge fluctuations, an asymmetric feature of GR is ex-
pected to appear around the Kondo breakdown QCP.

Figure 5.6: Schematic diagram of Grüneisen ratio Γs(r;T → 0) for both the SDW and

Kondo breakdown scenarios, where AF and PM represent antiferromagnetic and param-

agnetic phases in the SDW context, and SL and HF denote spin liquid and heavy fermion

states in the Kondo breakdown scenario. Two kinds of boson excitations, hybridization

(Γhs ) and gauge (Γgs) fluctuations, contribute to the Grüneisen ratio in the Kondo break-

down scenario. Gauge fluctuations play an important role for thermal expansion in the

HF phase more than in the SL phase. As a result, asymmetry is expected to appear for

Grüneisen ratio around the Kondo breakdown QCP.

5.3 Summary and conclusion

In conclusion, we have considered the issue of the Grüneisen ratio divergence
at the Kondo breakdown QCP. Using the results we obtained in Chapter 3, we
derived analytic expressions for the specific heat, the thermal expansion and
the Grüneisen ratio for the KB QCP in d = 3. We have shown that both holon
and gauge fluctuations contribute to these thermodynamic quantities. Our main
result is that the Grüneisen ratio diverges in temperature at the QCP with an
anomalous exponent 2/3 in the intermediate regime with a dynamical exponent
z = 3. This regime has been shown to arise naturally in our model above a scale
E∗ and can accounts for the linear in temperature resistivity observed in various
heavy fermion compounds.

In particular, we have fitted the experimental data of YbRh2(Si0.95Ge0.05)2 for
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specific heat, thermal expansion and Grüneisen ratio for which the anomalous
exponent was found to be ≈ 0.7 [6], very close to the one found in the intermedi-
ate regime with z = 3. The SDW scenario fails to account for such an exponent
as it predicts an exponent 1 for a 3D AFM QCP.

In this quantitative study, we have found that both hybridization and gauge
fluctuations contribute to specific heat in a similar fashion around the QCP. Our
result is in a good agreement with the experimental data above a temperature
T ≈ 300mK, below which the logarithmic behavior of the specific heat is cut off.
We argued that the presence of 2D ferromagnetic fluctuations, observed experi-
mentally in NMR measurements [110, 108], can explain the power-law behavior
of the specific heat observed in this range of temperature. These fluctuations are
not captured in the present framework.

The agreement with experiment is much better for the thermal expansion.
Gauge fluctuations contribution is shown to be much larger than the holon fluc-
tuations. This feature may be the first one to emphasize the importance of gauge
fluctuations contribution to thermodynamics. Besides, this contribution turns
out to be more important in the heavy-fermion phase than in the spin liquid
phase for thermal expansion, owing to the Anderson-Higgs mechanisms. Thus,
it causes an asymmetry for the Grüneisen ratio around the QCP. This can be used
to discriminate the Kondo breakdown scenario from the SDW framework.





Concluding remarks and perspectives

The work presented in this thesis focused on the Kondo breakdown model for
quantum criticality in heavy fermions compounds. This scenario was motivated
by the growing number of experimental observations indicating the breakdown
of the Kondo effect and the reconstruction of the Fermi surface at the QCP, two
facts which are not accounted for by the standard Hertz-Millis-Moryia theory.
The critical regime corresponding to this new itinerant QCP is not due to mag-
netic critical modes, but rather to the de-confinement of the spinon and holon
excitations. The dynamics of the critical fluctuations is multi-scale and much
richer than for the excitations described by the spin-fermion model.

The main goal achieved here is the derivation of the free energy expression
for the Kondo breakdown scenario using the Luttinger-Ward functional in the
Eliashberg framework. The obtained expression exhibits in a transparent way the
effect of the critical fluctuations, included in a self-consistent way, and allows us
then to study how these fluctuations affect profoundly the physical properties of
the system throughout its phase diagram. We inferred from the analytic expres-
sion of free energy the behavior of some thermodynamic quantities , like specific
heat and thermal expansion. Then, we confronted the theoretical results to ex-
perimental observations of quantum criticality in two physical systems, namely
He3 bi-layers and a heavy fermion compound YbRh2(Si0.95Ge0.05)2.

Whereas the Kondo breakdown model can already account for some fasci-
nating observations like the linear in temperature resistivity, it is the first time
that it is put to test quantitatively by a thorough comparison with experiment.
In our study, we outlined the successes of the model and also its weaknesses.



My opinion is that we have to push this model to its limits by confronting it to
more and more experimental observations. This includes numerical experimenta-
tions performed by techniques like DMFT. It is the only way one can invalidate a
model or simply improve it by fulfilling its insufficiencies. A whole door is thus
opened for future projects on this model.

An aspect I would like to study is the formation of magnetism within this
scenario. As stated already, the technique used in this model, namely the slave
boson approach, doesn’t handle magnetism on the ordered side of the phase di-
agram. Magnetism is best considered in the so-called slave fermion approach,
which in turn describes badly the hybridized phase. In a naive physical picture,
one can speculate the formation of magnetism out of localized spinons with a
nested Fermi surface. A project in this direction is currently under progress.

Interesting also is the modulated solution to the mean-field equations of the
Kondo breakdown problem. Fluctuations in this case haven’t been studied to
date and may be of relevance for cases where modulated superconductivity is
observed, as is the case in CeCoIn5.



Remarques finales et perspectives

Le travail présenté dans cette thèse s’est concentré sur le modèle du Kondo break-
down pour la criticalité quantique dans les composés à fermions lourds. Ce
scénario a été motivé par un nombre croissant d’observations expérimentales in-
diquant la destruction de l’effet Kondo et la reconstruction de la surface de Fermi
au PCQ, deux faits non expliqués par la théorie standard de Hertz-Millis-Moryia.
Le régime critique correspondant à ce nouveau PCQ itinérant n’est pas dû à des
modes critiques magnétiques mais plutôt au dé-confinement des excitations de
spinon et de holon. La dynamique des fluctuations critiques est multi-échelle et
bien plus riche que celle des excitations décrites par le modèle de spin-fermion.

Le principal objectif atteint ici est la dérivation de l’expression de l’énergie li-
bre pour le modèle du Kondo breakdown en utilisant la fonctionnelle de Luttinger-
Ward dans le cadre de la théorie d’Eliashberg. L’expression obtenue explicite
clairement l’effet des fluctuations critiques, introduites de façon auto-cohérante,
et nous permet ainsi d’étudier comment ces fluctuations affectent profondément
les propriétés physiques du système. Nous avons déduit de l’expression an-
alytique de l’énergie libre le comportement de quelques quantités thermody-
namiques comme la chaleur spécifique et l’expansion thermique. Ensuite, nous
avons comparé ces résultats théoriques à des observations expérimentales dans
deux systèmes physiques : les bi-couches d’hélium 3 et le composé à fermions
lourds YbRh2(Si0.95Ge0.05)2.

Alors que le modèle du Kondo breakdown peut déjà expliquer quelques ob-
servations expérimentales fascinantes comme une résistivité linéaire en température,
c’est la première fois qu’il est testé quantitativement par une comparaison directe



aux expériences. Dans notre étude, nous avons mis en évidence ses succès ainsi
que ses faiblesses. Mon avis est que nous devons pousser ce modèle à ces limites
en le comparant de plus en plus à d’autres observations expérimentales. Ceci
inclut les expériences numériques effectuées par des techniques comme la DMFT.
C’est la seule façon d’invalider un modèle ou de l’améliorer en comblant ses
insuffisances. Ceci ouvre ainsi une large voie à des projets futurs basés sur ce
scénario.

Un aspect que je voudrais étudier est la formation du magnétisme dans ce
modèle. Comme précédemment énoncé, la technique utilisée dans ce modèle, à
savoir l’approche boson esclave, ne traite pas le magnétisme dans la phase or-
donnée du diagramme de phase. Le magnétisme se traite mieux dans une ap-
proche dite de fermion esclave, mais cette dernière décrit mal la phase fermion
lourd. On peut spéculer, naı̈vement, que le magnétisme se forme à partir de
spinons localisés avec une surface de Fermi imbriquée (nested). Un projet en
cours étudie cette possibilité.

La solution modulée des équations de champ moyen du modèle du Kondo
breakdown est très intéressante aussi. Les fluctuations dans ce cas ne sont pas
encore étudiées à ce jour. Elles peuvent être très pertinentes dans les cas où une
superconductivité avec paramètre d’ordre modulé est observée, comme c’est le
cas du composé CeCoIn5.
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Appendix A

A.1 Evaluation of some integrals

In here, we will evaluate the integrals in the mean-field equations (2.33). At T =
0, the calculation of these integrals is analytical for linearized bands in which case
:

∑

k

→ N0

∫ D

−D
dε, (A.1)

where N0 is the density of states at the fermi surface.

Let’s call

A = T
∑

k,σ

Gff (k),

B = T
∑

k,σ

Pfc(k),

C = T
∑

k,σ

εkGff (k) ,

D = T
∑

k,σ

αεk
∂Gff
∂b

(k),

E = T
∑

k,σ

∂Pfc
∂b

(k)

We diagonalize the 2x2 matrix which accounts for the hybridization of the f- and
c- bands:

Ek± =
1
2

[
ε0k + εk ±

√
∆
]
,

∆ = (ε0k − εk)2 + 4(BV + σ0)2 .

The integrals are all performed in the same way, first by summing over the Mat-
subara frequencies , and second by doing the momentum integration. The mo-
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mentum integration is done by linearization of the band.

A = 2T
∑

k,ωn

(iωn − εk)
(iωn − Ek−)(iωn − Ek+)

= 2ρ0

∫ D

−D
dε

∫ −nF (z)
2iπ

(z − ε)
(z − E−)(z − E+)

dz ,

where the contour is on the whole complex plane. Then

A = 2ρ0

∫ D

−D
dε

(
nF (E−)(E− − εk)

(E− − E+)
− nF (E+)(E+ − εk)

(E− − E+)

)

= ρ0

∫ εm

−D
dε
−y +

√
y2 + 4(BV + σ0)2

√
y2 + 4(BV + σ0)2

− ρ0

∫ εp

−D
dε
−y −

√
y2 + 4(BV + σ0)2

√
y2 + 4(BV + σ0)2

,

with εm and εp the Fermi levels for the upper and lower bands respectively.

εm = (−εf + α′µ−
√

(εf + α′µ)2 + 4α′(BV + σ0)2)/(2α′)

εp = (−εf + α′µ+
√

(εf + α′µ)2 + 4α′(BV + σ0)2)/(2α′)

with the conditions −D ≤ εm ≤ 0; 0 ≤ εp ≤ D ,

and α′ = αB2 + φ0/D .

One obtains

A =
ρ0

(1− α′)
(
−2y−D + ym −

√
y2
m + 4(BV + σ0)2 + yp +

√
y2
p + 4(BV + σ0)2

)
,

where
ym = (1− α′)εm − εf − µ,
yp = (1− α′)εp − εf − µ,
y−D = −(1− α′)D − εf − µ .

We proceed in the same way for B, C, D and E to find:

B =
2ρ0

(1− α′) ln


ym +

√
y2
m + 4(BV + σ0)2

yp +
√
y2
p + 4(BV + σ0)2


 , (A.2)

C =
ρ0

(1− α′)2


−2(εf + µ)(y−D) + y2

−D + 2(BV + σ0)2 ln


ym +

√
y2
m + 4(BV + σ0)2

yp +
√
y2
p + 4(BV + σ0)2




+ (εf + µ)ym + y2
m − (ym/2 + εf + µ)

√
y2
m + 4(BV + σ0)2

+ (εf + µ)yp + y2
p + (yp/2 + εf + µ)

√
y2
p + 4(BV + σ0)2

]
, (A.3)
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D = − 4α(V 2B + σ0)2ρ0

B(1− α′)2
ln


ym +

√
y2
m + 4(BV + σ0)2

yp +
√
y2
p + 4(BV + σ0)2


 (A.4)

E =
4(BV + σ0)2ρ0

B(1− α′)


 yp

2(V B + σ0)2
√
y2
b + 4(V B + σ0)2

− ym

2(V B + σ0)2
√
y2
m + 4(V B + σ0)2

+
−2

(ym −
√
y2
m + 4(V B + σ0)2)

√
y2
m + 4(V B + σ0)2

+
−2

(−yp −
√
y2
p + 4(V B + σ0)2)

√
y2
p + 4(V B + σ0)2


 (A.5)

A.2 Modulation of the effective hybridization in the Kondo
breakdown scenario

In this appendix, we address the existence of a modulated solution, for the effec-
tive hybridization, to the mean-field equations (2.33) A detailed account is given
in ref. [3]

A mean-field transition is stabilized when the holon mass

mb(q) ≡ ∂2F

∂|bq|2
=
−E0

Nρ0V 2
+ Πfc(q), (A.6)

is minimized. Here Πfc(q) is the static fc-polarization. Two different situations
are to be considered

• f- and c-bands are both electron-like. The linearized dispersions write then
εk = vF (k − kF ) and ε0k = αvF (k − kF − q∗) for the conduction elec-
trons and the spinons respectively. It turns out that the fc-polarization in
q-independent for these linearized dispersions. While we consider the cur-
vature of the Fermi surface ; εk = (k2 − k2

F )/(2m), ε0k = (k2 − k2
F )/(2m0),

where m0 = m/α, the resulting static fc-polarization writes [3]

Πfc(q) ≈ ρ0

[
lnβ +

q2

4k2
F

]
.

The holon mass is minimized for q = 0 and the order parameter is uniform.
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which are quartic fermionic terms can be decoupled using
Hubbard-Stratonovich fields ’ij !

P
!f

y
i!fj! for the

Heisenberg exchange, and "y
i ! P

!f
y
i!ci! for the

Kondo interaction. Following Ref. [8] we assume that in
d ! 3, ’ condenses in a uniform spin liquid phase that
gives dispersion to the spinons, which is an essential
ingredient for Kondo breakdown to occur (physically we
interpret the uniform spin liquid as a mean-field descrip-
tion of the short range magnetic correlations that persist
when a magnetic ground state is destroyed by quantum
fluctuations). This gives the Lagrangian
 

L !
X

hiji!
"cyi!#@# $ tij%cj! $ fyi!#@# $’0eiaij $ $i%ij%fj!&

'N
2

X
i
$i $

N
JK

X
i
"y

i "i $
N’2

o

JH

$
X
i!
#cyi!fi!"i $H:c:% (1)

(V, the volume of the system, is set to 1). The above
Lagrangian has a local U#1% gauge invariance [13]. The
Lagrange multiplier $i (scalar potential) enforces the con-
straint nf ! N=2 per site. Given a state which satisfies the
above constraint, a single hop of a spinon will violate it.
Consequently, only simultaneous opposite hops of spinons
between two neighboring sites are physically allowed. This
implies that the local spinon current operator Jfi ! 0 at
each site. The gauge fields aij (vector potential) associated
with the phase of ’ij ensure that this condition is satisfied.

There are two important parameters in Eq. (1). First,
! ! ’0=D, which is the ratio of the spinon to the conduc-
tion electron bandwidth D [note from Eq. (1) that for " !
0, &0 ! JH]. Second, while the spinon band is half-filled
due to the constraint (henceforth we assume N ! 2), the
conduction band filling is generic. Without any loss of
generality we take the conduction band to be less than
half-filled. This implies that the Fermi wave vector of the
spinon band kF0 is different from that of the conduction
band kF. We denote the mismatch by q( ! kF0 ' kF. In the
following we take ! and (q(=kF) to be small. We identify
!D with the single ion Kondo scale (T0

K ! De'1='0JK )
which is typically 10 K in heavy fermions. Assuming D)
104 K, we get !) 10'3.

At the mean-field level, the parameters ’0, h$ii and h"ii
are determined by minimizing the free energy F. The
mean-field phase transition between the spin liquid state
h"ii ! 0 and the heavy Fermi liquid state with a lattice
Kondo temperature TK * ('0h"ii2 occurs when

 

@2F
@j"qj2

! 1

JK
$!fc#q; 0% ! 0; (2)

where !fc#q; 0% is the static electron-spinon (fc) polariza-
tion. We solve this equation for two different situations, the
result of which is depicted in Fig. 1. (i) e-e case, where
both the bands are taken to be electronlike. Linearizing the

fermionic dispersions we have )k ! vF#k' kF% for the
conduction electrons, and )0k ! !vF#k' kF ' q(% for the
spinons (where k ! jkj). For linearized dispersions,
!fc#q; 0% turns out to be q independent. Inclusion of the
curvature stabilizes a second order phase transition around
q ! 0, the polarization taking the form !fc#q; 0% ! '0

1'! +
#ln!$ 1'!2$2! ln!

4#1'!%2
q2

k2F
%, where '0 ! 1=D is the conduction

electron density of states at the Fermi energy. In this case
the T ! 0 phase transition occurs at a critical Kondo
coupling of JcK ! 1="'0 ln#1='0JH%& [14]. (ii) e-h case,
where the conduction band is taken to be electronlike as
before, while the spinon band is holelike with a linearized
dispersion )0k ! '!vF#k' kF ' q(%. In this case we find

!fc#q; 0% ! '0
1$! #ln

!v2
Fjq(2'q2j

D2#1$!%2 ' 2$ q(

q ln q($q
jq('qj%, which has

a minimum at q ! 1:2q( independent of !. In this state TK
is modulated, with nodes in space where TK vanishes. This
solution is similar to the spin density wave instability
encountered in chromium [15] and in the LOFF state of
superconductivity [12,16]. Figure 1(a) shows that for para-
bolic bands the minimum of the effective potential is lower
in the e-h case than in the e-e case. Thus, for parabolic
bands, the modulated solution is more stable [Fig. 1(b)].
However, the question of which solution is realized in real
compounds will be material dependent.

We now turn to the fluctuations around the mean-field
solution. We present our results for the simpler e-e case,
leaving the more complex e-h case for a later paper. In the
quantum critical regime there are two important types of
gapless fluctuations, namely, the gauge fluctuations asso-
ciated with aij and the critical fluctuations of the Kondo
bosons ".

The gauge fluctuations of this theory have been studied
earlier by Senthil et al. [8]. Here we summarize the salient
points to put our work in perspective. It is convenient to
work in the Coulomb gauge ~r , ~a ! 0, where the vector
gauge fields a* (* ! x, y, z) are purely transverse [13].
The fluctuations of $ decouple from those of a*, and
give rise to a screened Coulomb interaction. As such,
they are massive and can be neglected. The gauge fields

 

4.62

4.68

9

1 0

0 1 2
q/q*

! e-e

e-h "
(a)

-#
fc

0

1

0 1

$ 0
J K

$
0
J

H

%
0
 = 0, & = $

0
J

H

%
0
 > 0, & < $

0
J

H

e-e

e-h

(b)

FIG. 1 (color online). (a) q dependence of !fc (! ! 0:01 and
q(=kF ! 0:1). Note differing scales for the e-e and e-h cases.
(b) Quantum critical point as a function of JK and JH for the e-e
(q ! 0) and e-h (q ! 1:2q() cases.

PRL 98, 026402 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
12 JANUARY 2007

026402-2

Figure A.1: The q-dependence of the fc-polarization Πfc in the electron-electron (e-e)

and the electron-hole (e-h) cases (β = 0.01 and q∗/kF ). The f-c polarization reaches its

minimum at q = 0 for the e-e case and at q ≈ 1.2.

• one of the bands, say the c-one, is electron-like, while the other one is hole-
like ; ε0k = −αvF (k − kF − q∗). The linearized dispersions are sufficient to
give a q-dependence for the fc-polarization which writes

Πfc(q) ≈ ρ0

1 + β

[
ln
(
βv2

F |q∗2 − q2|
D2(1 + β)2

)
− 2 +

q∗

q
ln
(
q∗ + q

|q∗ − q|

)]
.

It can be shown that in this case, the fc-polarization has a minimum at q ≈
1.2q∗, independently of β. Thus, the order parameterB as well as the Kondo
lattice scale TK are modulated at the QCP. This is similar to the so-called
LOFF state where a modulated superconducting phase is stabilized in the
presence of a magnetic field [62]. The possible modulation in the ordered
phase is difficult to evaluate and one generally expect a first order transition
towards a uniform ordered phase [4].

The q-dependence of the fc-polarization for both cases is shown in Fig. (A.1). A
particularly interesting question concerns the nature of superconductivity pos-
sibly occuring in a Kondo phase where the order parameter is modulated. It
could be relevent to describe the mysterious superconducting phase observed in
the low temperature-high magnetic field of the phase diagram of CeCoIn5. This
question, however, has not been fully adressed so far.
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A.3 Corrections to scaling for the holon propagator

In this appendix, we discuss the stability of the QCP. We will start by evaluating
the diagram Π(1)

a

1

!(1)
fc (T ) =

!(1)
a

+
!(1)

b

I. EVALUATION OF THE DIAGRAM !
(1)
a

We will evaluate the diagram !(1)
a

!(1)
a (T ) =

f

c c

f

II. DISCUSSION ON THE !4
VERTEX

gFf f

c

c

and

g4

III. GENERATION OF THE HOLON MASS

Π(1)
a (T ) = 2T 2V 4

∑

n,m 6=0

∑

k,q

Db(q,Ωm) G2
c(k, ωn)Gf (k, ωn)Gf (k + q, ωn + Ωm) .

Introducing the angle θ defined by εk+q = εk + vF q cos θ and considering lin-
earized bands like in (A.1), we have, with ḡ = 8k2

FV
2/ρ0

Π(1)
a (T ) = ḡρ0 T 2

∑

n,m 6=0

∑

q

∫
d θdε

1

q2 + γ|Ωm|
α′q

1
(iωn − ε+ µ)2

1
(iωn − α′ε− εf )

× 1
(iωn + iΩm − α′ε− α′vF q cos θ − εf )

Summing over the fermionic Matsubara frequencies ωn then integrating over
ε, we get

Π(1)
a = ḡρ0α

′ T
∑

q,m 6=0

∫
dθ

iΩm

q2 + γ|Ωm|
α′q

1
iΩm − α′vF q cos θ

1
iα′Ωm − α′vF q cos θ − α′µ− εf

× 1
iΩm − α′vF q cos θ − α′µ− εf

Now, we have q = (qx, qy) with qx = cos θ and qy = q sin θ. We suppose qy � qx

and expand q =
√
q2
x + q2

y ' |qy|+ q2
x/(2|qy|). We find

Π(1)
a (T ) =

ḡρ0α
′

4π2
T
∑

m 6=0

∫
dqx

∫ Λ

|qx|
dqy

iα′Ωm

γ|Ωm|

(
|qy|+ q2

x/(2|qy|)
)

iΩm − α′vF qx

× 1
iα′Ωm − α′vF qx − α′µ− εf

1
iΩm − α′vF qx − α′µ− εf

,

where Λ is an ultra-violet cut-off.
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A logarithmic singularity in qx arises when we integrate over qy, and keeping
only this singular part, we write

Π(1)
a ∼

ḡρ0α
′

8π2
T
∑

m6=0

iα′Ωm

γ|Ωm|

∫
dqx

q2
x Log(Λ/|qx|)

(iΩm − α′vF qx)3
.

Π(1)
a is performed by continuation in the upper half plane, if Ωm ≤ 0 and in the

lower half plane if Ωm ≥ 0 so that to avoid the pole in the Green’s function (See
Fig. A.2).

Figure A.2: Contour of integration : the cross stands for a pole and the hatched line for a

branch cut.

Changing variables in qx = iz we get

Π(1)
a = − ḡρ0α

′

8π2
T
∑

m 6=0

iα′Ωm

γ|Ωm|

∫ Λ

0
idzSgn(Ωm)

(−iz)2 (Log(−iz)− Log(iz))
(−i)3 (|Ωm|+ α′vF z)

3 ;

= − ḡρ0α
′

8π2
T
∑

m 6=0

iα′Ωm

γ|Ωm|
iπSgn(Ωm)

(α′vF )3
Log

(
Λ
|Ωm|

)
.

To perform the summation over m, we notice that T
∑Λ/T
−Λ/T 1 = 2Λ is in-

dependent of T. The same sum without the m = 0 term will be 2Λ − T and to
logarithmic accuracy, we obtain :

T
∑

m 6=0

Log
(

Λ
|Ωm|

)
= −TLog

(
Λ
T

)
+ ...

where the dots stand for O(T ) terms.
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Finally

Π(1)
a (T ) = − V 2

8α′D2
TLog

(
Λ
T

)
. (A.7)

This term is of negative sign and dominant compared to E∗, thus it can desta-
bilize the regime. It therefore puts the intermediate regime in a fragile situation.
This is due to the presence of the fermion loop gF .

1

!(1)
fc (T ) =

!(1)
a

+
!(1)

b

I. EVALUATION OF THE DIAGRAM !(1)
a

We will evaluate the diagram !(1)
a

!(1)
a (T ) =

f

c c

f

II. DISCUSSION ON THE !4
VERTEX

gFf f

c

c

and

g4

III. GENERATION OF THE HOLON MASS

1 M. Neumann et al., Science 317, 1356 (2007)
2 H. Franco, R. E. Rapp and H. Godfrin, Phys. Rev. Lett.

57, 1161 (1986).
3 D. Greywall, Phys. Rev. B 41, 1842 (1990).
4 S. Tasaki, Prog. Theor. Phys. 79, 1311 (1988).
5 M. Siqueira et al. Phys. Rev. Lett. 78, 2600 (1997).
6 L. Pricaupenko and J. Treiner, Phys. Rev. Lett 72,2215

(1994).
7 K. Ishida et al. Phys. Rev. Lett. 79 3451 (1997).
8 E. Collins et al. Phys. Rev. Lett. 86, 2447 (2001).
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Figure A.3: The fermionic loop and the g4 vertex

Fortunately, in D = 2, a mode-mode coupling constant g4, coming for exam-
ple from the term −Jninj/4 in Eqn.(2.22), provides corrections to scaling of the
same temperature dependance but with a positive sign −T logT , competing with
the one calculated previously. Indeed, for g4 ≥ 0, the φ4-theory is stable and,
close to a QCP, the corrections to scaling follow the law[48]

18

with a = 1/Log(!!). Hence the static vertex is small in
1/N .

We next evaluate the dynamical vertex, with linearized
Fermi surfaces

!(q, ") =
q, "

kF , 0

!(q, "n) =
ḡ

!NLog(!!)

!
ddqd"

(2#)d+1

1
q2 ! aLog|"n|

" 1
(i"n + !!vF qcos$)(i"n + i"n ! vF qcos$ ! vF Qx)

,

=
ḡ

!NLog(!!)(2#)3
i

i"n ! vF Qx

! 0

"!n

d"Log
(!Log!!)
Log|"n| ,

# ḡ

!NLog(!!)(2#)3

" i

i"n ! vF Qx
("nLogLog|"n|! Li(!"n)) .

We see from (??) that for Qx = 0 the vertex has a
LogLog- singularity. It is not small.

The same evaluation with the curvature of the Fermi
surface gives:

!(q, "n) =
ḡ

!NLog(!!)

!
ddqd"

(2#)d+1

1
q2 ! aLog|"n|

" 1
(i"n ! !!vF qcos$ ! !!q2

#/(2m))
"

1
(i"n + i"n ! vF qcos$ ! vF Qx ! q2

#/(2m))
,

=
ḡ

!NLog(!!)2(2#)3

! 0

"!n

(!id")"

1
(QxvF + (1! !!)Log|"n|/Log!!)

Log

"!Log!!

Log|"n|

#

# ḡ

!NLog(!!)2(2#)3
i"nLog(!Log|"n|)

(1! !!Log|"n|/Log!!)
.

We see now that the curvature regularizes the vertex both
in large N and in the infra-red frequency sector.

Appendix C: Instabilities beyond the Eliashberg
theory

In this section, we evaluate diagrams beyond Eliash-
berg theory, but that are potentially dangerous for the
static sector of any q = 0 QCP. As mentioned in the
main text, such singularities were discovered by BKV?

and are typical of the type of problems coming from the
presence of a finite Fermi surface in the theory. Precisely
we want to evaluate

#(1)
fc (T ) =

#(1)
a

+
#(1)

b

We first note that the two diagrams are proportional:
#(1)

a = !! #(1)
b and that there is no corresponding vertex

insertion at the first order. One can check that, in the
low energy regime T $ E$, the two diagrams are not
singular, since the average gap between the spinon and
electron Fermi surfaces protects it. Here we want to check
the stability in the intermediate regime for T % E$. We
have z = 3 in the boson propagator. To understand the
source of the problem it is instructive to compare the
following four-field diagrams

gFf f

c

c

and

g4

where g4 is a mode-mode coupling constant,coming for
example from the term !J0ninj/4 in Eqn (3). The
g4 mode-mode coupling is standard in a %4-theory and
provides correction to scaling extensively studied in, for
example? chapter 42. If g4 % 0 the %4 theory is stable
and, close to a QCP, the corrections to scaling follow the
law

mb(T ) =

b

g4

b

& T (d+z"2)/z

One sees that, in a fermionic theory, one can form correc-
tions to scaling from the fermion vertex gF which leads to
our two diagrams #(1)

a and #(1)
b . The di$erence between

gF and g4 is that the fermion loop is dangerous, and can
change the sign of the vertex. According to the value of
z, it can as well lead to a more relevant term than the
standard %4 corrections to scaling.

We turn to the computation of the diagrams. With
ḡ = 8k2

F V 2/&0, c = &0N/(!!vF ).

#(1)
a (T ) = Nḡ&0T

$

n,m %=0

!
ddq

(2#)d
d'kDb(q, "m)

" G2
c(k, "n)Gf (k, "n)Gf (k + q, "n + "m) ;

= N&0ḡT
$

n,m

!
ddq

(2#)d
d'k

1
c|"m|/q + aq2

" 1
(i"n + i%c("n)! 'k + µ)2

1
(i"n + i%f("n)! !!'k ! 'f )

Precisely, the leading logarithmic contribution coming from the g4 vertex reads

mb(T ) =
g4D0

6π
TLog

(
1
T

)

= g4
2D
3V 2

TLog
(

1
T

)
(A.8)

The stability of the intermediate regime is then a matter of pre-factors be-
tween the two terms. It can lie on a fragile basis, as it requires strong enough
ferromagnetic short range fluctuations. However, it has been shown that this
regime is stable for D = 3 [4], we can thus expect that a small three-dimensional
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character could cure this instability. The correction to the boson mass coming
from the gauge fluctuation

25

Taking the integration over qx leads to

!c(T ) =
g

!vF

!

d"

4#
Coth

" "

2T

#

!

"qq(d!1)dq

(2#)(d!1)

ic"

c2"2 + a2q6

+
g

!vF

!

d"

4#
Tanh

" "

2T

#

!

"qq(d!1)dq

(2#)(d!1)

1

ic" + c#T + aq3
,

where "d is the solid angle of dimension d. This integral
is dominated by the low energy part of the first term (the
high energy part of the first and second terms cancel out)
which leads to

Im!c(T ) =
g

!vF

! T

aIR

d"

2#

T

"

!

"qq(d!1)dq

(2#)(d!1)

c"

c2"2 + a2q6
;

where aIR is a IR cut-o#. Taking d = 3 and changing
variables for x = q3/" we get

Im!c(T ) =
g

!vF c

! T

aIR

d"
T

"

! "

0

4#dx

3(2#)3
1

1 + a2x2
;

! TLog

$

T

aIR

%

. (H2)

The question is now to determine the cut-o# aIR. Since
we work at finite temperature, there are two sources of
IR cut o# which are E# and mb(T ) , with mb(T ) is the
temperature dependence of the holon mass.

aIR = Max[E#, mb(T )] .

mb(T ) is determined by evaluating the corrections to
scaling

mb(T ) =

b

g4

b

+
g4 g4

b

b

+
b

aµ

+
b b

where g4 is the coupling constant associated to the $4-
holon field theory, if it is there. One can check that the
first diagram goes like T (d+z!2)/z the second one like
T (d+2)/2 and the third one like T 5/3 in D = 3. Hence in
D = 3

mb(T ) ! T 4/3 .

Note that the lines are full, and that we must use the
Eliashberg theory for this check. Hence in this model, in
the intermediate energy regime, mb(T ) " E#. We get

Im!c(T ) ! TLog

$

T

E#

%

. (H3)
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Appendix B

B.1 Derivation of the Luttinger-Ward functional up to sec-
ond order in the interaction

The LW functional can be derived thoroughly using a cumulant expansion to the
second order in the interaction term. Indeed, this term induces the following
corrections to the bare action

δS0 ≈ −g2T 4
∑

k,k′

∑

q,q′
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ψ†αk

〈
ψβkψ

†
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n
αβS
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m
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(B.1)

The fermionic and bosonic propagators are introduced as

G(k)δkk′δσσ′ ≡ −
〈
ψσkψ

†
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〉
c
,

χ(q)δqq′ ≡
〈
Snq S

n
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c

while the corresponding self-energies are
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〉
c
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The two last sums in (B.1) corresponds to the two diagrams shown in Fig-B.1
where the fermionic and bosonic propagators are bare.
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A. !4 vertex for the holon
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Figure B.1: The one loop closed diagrams for free energy in the SF model. The fermionic

and bosonic propagators are bare

The prescription to get the LW functional at this order is to dress these propagators[68]
in the corresponding skeleton diagram, resulting in the following expression for
the LW functional

Y = N 3g2

2 T 2
∑

k,q G(k)χ(q)G(k + q)

+ N2 3g2

2 T 2χ(0)
∑

kG(k)
∑

k′ G(k′). (B.2)

In Fig-B.1, the diagram (b) will generate a static and uniform part in the self-
energy and can thus be considered as a renormalization of the electron chemical
potential.

B.2 Fermionic contribution to free energy

B.2.1 Spin-fermion model

The momentum dependence of the electron self-energy is shown to be regular
[52], we then replace the momentum with the Fermi momentum kF : Σ(iω) ≡
Σ(kF , iω). Then, the electron contribution to the free energy of the SF model is
given by

Fel ≡ −NT
∑

iω,k

[
ln
{
−G−1

0 (k, iω) + Σ(iω)
}

+ Σ(iω)G(k, iω)
]

= −NT
∑

iω,k

[∫ 1

0
du ∂u ln

{
−G−1

0 (k, iω) + uΣ(iω)
}

+
Σ(iω)

G−1
0 (k, iω)− Σ(iω)

]

−NT
∑

iω,k

ln
{
−G−1

0 (k, iω)
}

(B.3)
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Here, the last term corresponds to the free fermion part giving raise to the Fermi
liquid form of the free energy for electrons

−NT
∑

iω,k

ln
{
−G−1

0 (k, iω)
}

= −N π2N0

3
T 2, (B.4)

where N0 is the density of states at the Fermi level. The first two terms of (B.3)
are shown to be vanishingly small in the low energy limit. Indeed, we have

δFel ≡ −NT
∑

iω,k

[∫ 1

0
du ∂u ln

{
−G−1

0 (k, iω) + uΣ(iω)
}

+
Σ(iω)

G−1
0 (k, iω)− Σ(iω)

]

= −NT
∑

iω,k

∫ 1

0
du
[
− Σ(iω)
G−1

0 (k, iω)− uΣ(iω)
+

Σ(iω)
G−1

0 (k, iω)− Σ(iω)

]

= −NT
∑

iω,k

Σ(iω)2

G−1
0 (k, iω)− Σ(iω)

∫ 1

0
du

(1− u)
G−1

0 − uΣ
.

(B.5)

Now, we can switch from the integration over momentum to that over energy as
follows

∑

k

...→ N0

∫ Λ

−Λ
dε...

where Λ is an energy cut-off.
Integrating over ε, we find that

δFel = −NTN0

∫ 1

0
du
∑

iω

Σ(iω)
[
ln
( iω − Σ(iω)− Λ
iω − Σ(iω) + Λ

)

− ln
( iω − uΣ(iω)− Λ
iω − uΣ(iω) + Λ

)]
(B.6)

For |uΣ(iω)| � Λ, the two last terms cancels and δFel vanishes. The electronic
part of the free energy (3.8) of the SF model reduces then to the Fermi liquid
contribution

Fel = −N π2N0

3
T 2. (B.7)

B.2.2 Kondo breakdown theory

The fermionic sector in the KB model factorizes into an upper (+) and a lower (-)
band whose dispersions are given by

Ek± =
1
2

[
εk + ε0k ±

√
(εk − ε0k)2 + 4V 2B2

]
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The free energy for each band has a similar expression to Eq. (B.7) and reduces
to a Fermi liquid form

F± = −πNρ±
6

T 2,

where ρ± is the density of states of the upper (lower) band at the Fermi level
given by

ρ± = N0

(
∂Ek±
∂εk

)−1

|E±=0

B.3 Momentum and frequency integral for the free energy
of the Spin-fermion model

Introducing f(x) = tan−1 x, we have the following limits

f(x� 1) ≈ x, f(x� 1) ≈ π

2
. (B.8)

Then, the free energy expression of Eq. (3.16) can be cast according to

fs(δ, T ) ≈ − 1
2π3

∫ ∞

0
dν coth

( ν

2T

) [
ν

Ωs

∫ Λ
qr
dq̃ q̃2

δ+q̃2 + π
2

∫ qr
0 dq̃q̃2

]
, (B.9)

where qr =
√
γν − δ is the positive solution of the quadratic equation q2 +δ = γν.

Then

fs(ξ, T ) = − 1
2π3

∫ ∞

0
dν coth

( ν

2T

)[
γν
{

Λq −
√
γν − δ −

√
δ
(π

2
− tan−1

√
γν

δ
− 1
)}

+
π

6

(
γν − δ

)3/2]

≈ − 1
2π3

(2T )2γΛ + δ5/2fr(Tδ−1), (B.10)

where

fr(x) =
1

2π3

[
4γx2

{√
2γx− 1 +

(π
2
− tan−1

√
2γx− 1

)}

−π
3
x
(

2γx− 1
) 3

2
]
.

We see that the singular part of the free energy follows the scaling relation shown
in Eqs. (3.17) and (3.18).
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B.4 Momentum and frequency integral for the free energy
in the Kondo breakdown scenario

Let’s consider the spectral representation of Eq. (3.40)

fs(µr, T ) = fc(µr, T )− 1
2π3

∫ ∞

0
dν coth

( ν

2T

)∫ ∞

0
dqq2

{
tan−1

(
γb

ν

q[q2 + ∆b]

)
+ tan−1

(
γa

ν

q[q2 + ∆a]

)}
. (B.11)

Considering the approximation for tan−1 x, the holon part is cast, as previously,
into two parts in the momentum integral

fb(µb, T ) = − 1
2π3

∫ ∞

0
dν coth

( ν

2T

)∫ ∞

0
dqq2 tan−1

(
γb

ν

q[q2 + ∆b]

)

≈ − 1
2π3

∫ ∞

0
dν coth

( ν

2T

)[∫ ∞

qr

dqq2 γbν

q[q2 + ∆b]
+
∫ qr

0
dqq2π

2

]
,

where qr is a characteristic momentum determined by the equation

γbν

qr[q2
r + ∆b]

= 1→ q3
r + ∆bqr − γbν = 0.

The solution of the latter is given by

qr = − (2/3)1/3∆b(
9γbν +

√
12∆3

b + 81(γbν)2
)1/3

+

(
9γbν +

√
12∆3

b + 81(γbν)2
)1/3

21/332/3
,

(B.12)

which is definitely positive.

Then

fb(µb, T ) = − 1
4π3

∫ ∞

0
dν coth

( ν

2T

)[∫ Λ2
q

q2
r

dx
γbν

x+ ∆b
+

1
3
q3
r

]

≈ − 1
4π3

∫ ∞

0
dν coth

( ν

2T

)[
γbν ln

(Λ2
qqr

γbν

)
+

1
3

(
−∆bqr + γbν

)]
,

(B.13)

where the momentum cutoff Λq is taken much larger than the holon mass, i.e.,
Λ2
q � ∆b.
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The frequency integral can be performed approximately

fb(µr, T ) = − 1
4π3

∫ ∞

0
dν coth

( ν

2T

)[
γbν ln

(Λ2
qqr

γbν

)
− 1

3

(
−∆bqr + γbν

)]

≈ − 1
4π3

{∫ 2T

0
dν

2T
ν

+
∫ Λν

2T
dν
}[

γbν ln
(Λ2

qqr[∆b, ν]
γbν

)
+

1
3

(
−∆bqr + γbν

)]

≈ − 1
4π3γb

(2γbT )2 ln
(Λ2

qqr[∆b, 2T ]
2γbT

)
− 1

12π2γb
(2γbT )

(
−∆bqr[∆b, 2T ] + 2γbT

)
,

(B.14)

where

qr[∆b, 2T ] = − (2/3)1/3∆b(
9[2γbT ] +

√
12∆3

b + 81(2γbT )2
)1/3

+

(
9[2γbT ] +

√
12∆3

b + 81(2γbT )2
)1/3

21/332/3
.

(B.15)

For the gauge-fluctuation part, exactly the same procedure is performed, and
the result holds provided that the subscript b is replaced with a.

B.5 Self-consistent equation for B

Minimizing the free energy Eq.3.37 with respect to B, we get the following ex-
pression

0 = HMF (B) +T
∑

iΩ

∫
ddq

(2π)d
8mbubB

q2 + γb
|Ω|
q − 2mb[µb − 2ubB2]

+T
∑

iΩ

∫
ddq

(2π)d

2ma
mb
B

q2 + γa
|Ω|
q + ma

mb
B2
, (B.16)

whereHMF (B) = 0 determines the mean-field value of the condensation B. Fluc-
tuations of the holon and the gauge fields result in additional terms in the self-
consistent equation for B.
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The holon part is evaluated as follows

T
∑

iΩ

∫ d3q
(2π)3

1

q2+γb
|Ω|
q

+∆b

=
∫

d3q

(2π)3

∫ ∞

−∞
dν
( 1
π

) −γbν/q
(q2 + ∆b)2 + (γbν)2/q2

T
∑

iΩ

1
iΩ− ν

=
1

2π3

∫ ∞

0
dν coth

( ν

2T

)∫ ∞

0
dq

γbνq
3

q2(q2 + ∆b)2 + (γbν)2

=
1

4π3

∫ ∞

0
dν coth

( ν

2T

)∫ ∞

0
dx

γbνx

x(x+ ∆b)2 + (γbν)2

≈ 1
4π3

∫ ∞

0
dν coth

( ν

2T

)∫ ∞

Max[∆b,(γbν)2/3]
dx
γbνx

x3

=
1

4π3

∫ ∞

0
dν coth

( ν

2T

) γbν

Max[∆b, (γbν)2/3]

≈ 1
4π3γb

(2γbT )2

Max[∆b, (2γbT )2/3]
, (B.17)

where the Max function is defined as Max[A,B] = A when A ≥ B.
The gauge part is evaluated in the same way and the analytic expression for

the self-consistent equation of B writes

0 = HMF (B) +
mbub
π3γb

B(2γbT )2

Max[−2mb(µb − 2ubB2), (2γbT )2/3]
+
ma/mb

4π3γa

B(2γaT )2

Max[mambB2, (2γaT )2/3]
.

(B.18)





Appendix C

C.1 Specific heat contribution of the upper gapped band

Let’s consider the expression of the specific heat contribution coming from the
upper band and given by (4.29)

C+(T ) ≡ −T ∂
2F+

∂T 2
=
∫ EM

∆
ρ+(E)

E2

2T 2 cosh2 ( E2T )
, (C.1)

where ∆ = E+(−Dc), EM = E+(Dc) and ρ+ is the density of states of the upper
band given by

ρ+(E) ≡ N0

(
∂Ek+

∂εk

)−1

= N0

[
1 + α′

2α′
− 1− α′

2α′
(1− α′)E − εf − α′µ√

4α′V 2B2 + [(1− α′)E − εf − α′µ]

]
,(C.2)

where α′ ≡ αB2 + β.

The complexity of the density of states ρ makes it impossible to evaluate the
expression analytically. One has to use asymptotic limits for the density ρ+ in
order to simplify the calculations.

If
√

4α′V 2B2 � |(1− α′)E − εf − α′µ|, then we have

ρ+(E) ' ρ+1 =
N0

α′

[
1 + α′ − (1− α′) [(1− α′)E − εf − α′µ]

2V B
√
α′

]
, (C.3)

while when
√

4α′V 2B2 � |(1− α′)E − εf − α′µ|, one can check that

ρ+(E) ' ρ+2 = N0. (C.4)

Furthermore, one can check that in the coverages range investigated, the gap
∆� T0. Thus, for T ≤ T0, one can safely consider the limiting expression

lim
E/T→∞

f(E) = (
E

T
)2e(−E

T
), (C.5)
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where f(E) = E2

4T 2 cosh2 (E/(2T ))
is an growing function in its argument. The va-

lidity of the approximations (C.3-5) for the integrand in (4.29) has been checked
numerically and an example is displayed in Fig. C.1

référant au tableau (2.1), nous voyons que !th

10
reste toujours supérieure à TCoh.

De plus, !f ! "!µ étant toujours inférieur à 2
"

"!V b et plus grand que !th

10
, nos

approximations sur la densité d’état restent valides. De plus, nous voyons que nos
approximations deviennent également bonnes pour une densité de 8.25 nm"2, ce qui
n’était pas le cas auparavant (car le gap était alors supérieur à V b). On peut voir
la comparaison entre la fonction que l’on doit intégrer et notre approximation en
Figure (2.10).
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Figure 2.10
Comparaison entre !+(E)f(E) et la fonction approximée (voir texte) pour deux den-
sités, n = 8.25 nm"2 (températures de bas en haut : 15mK, 20mK, 25mK et 30mK)
et n = 9.00 nm"2 (températures de bas en haut : 4mK, 6mK, 8mK et 10mK).
Dans les deux cas, l’origine des abscisses est en !th

10 . On remarque que dans les deux
les fonctions s’annulent bien avant V b (respectivement 1.120 K et 0.450 K). Pour
les températures proche de TCoh, on voit qu’à chaque fois il y aura une erreur dans
l’intégration mais celle-ci sera négligeable.

Ainsi, pour les densités di!erentes de 9nm"2, en lisant !th

10
au lieu de "th dans

l’équation (2.29), nous obtenons notre forme définitive de chaleur spécifique:

C+ = (2.29)

2#0

!
(1 + "!)

2"! +
1! "!

2"!
!f + "!µ"
4"!(V b)2

#$
"2

th

100T
+ 2

"th

10
+ 2T

%
e
!!th
100T (2.30)
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4"!(V b)2
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%
e
!!th
100T .

Nous pouvons faire quelques commentaires sur notre formule. Tout d’abord, nous
obtenons bien ce que nous cherchions, une dépendance exponentielle en un gap (que
nous avons changé à la main). L’expression est assez compliquée, la dépendance en
température est complexe. Les di!érents termes ne sont pas négligeables car pour
des températures de l’ordre de TCoh,

!th

10
n’est plus grand que T que d’un facteur

compris entre deux et quatre et en conséquence les termes
"3

th

1000T
, 3(!th

10
)2, 6!th

10
T

et 6T 2 sont du même ordre. Il n’y a qu’à basse température qu’on obtient une

19

Figure C.1: Comparison between the integrand ρ+(E)f(E) in (4.29) and its approxima-

tions for a coverage N = 8.25nm−2. One can see that the approximation is rather good.

Performing the integration using these approximations yields

C+(T ) ' N0

α′

[
1 + α′ +

1− α′
2V B
√
α′
(
εf − α′µ− (1− α′)∆

)] [∆2

T
+ 2∆ + 2T

]
e−

∆
T .

(C.6)
Given that ∆� T0, then we end up with the final expression for the specific heat
contribution of the upper band

C+(T ) ' N0

α′

[
1 + α′ +

1− α′
2V B
√
α′
(
εf − α′µ− (1− α′)∆

)] ∆2

T
e−

∆
T . (C.7)
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Recent experiments on He3 bilayers adsorbed on graphite have shown striking quantum critical
properties at the point where the first layer localizes. We model this system with the Anderson lattice
plus interlayer Coulomb repulsion in two dimensions. Assuming that quantum critical fluctuations come
from a vanishing of the effective hybridization, we can reproduce several features of the system, including
the apparent occurrence of two quantum critical points, the variation of the effective mass and coherence
temperature with coverage.
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He3 layers, adsorbed on graphite, have attracted sub-
stantial interest since the early 1980s for their remarkable
properties of surface magnetism [1–4] as well as for being
a model system for quantum wetting transitions [5]. One
layer of He3 atoms adsorbed on graphite preplated by HD-
bilayer or compressed solid has been shown to solidify at a
coverage of 4=7 of the substrate [6–8]. This transition has
been identified as a Mott transition for the He3 fermions
[9]. One of the leading questions in this field has been to
know whether the ground state in the Mott phase orders
magnetically or is a spin liquid [6], and, in the latter case,
which kind of spin liquid—gapless or gapfull—it is
[7,10]. Theoretical studies have shown that, depending
on the relative strength of the ring exchange parameters
[8,11], a spin-liquid phase, a canted phase, or even ferro-
magnetic ground state can occur. Close to the Mott tran-
sition, a gapless spin-liquid ground state appears to be a
reasonable choice [12]. Experimental studies of the solidi-
fication of the first He3 layer when a second or a third layer
is adsorbed were performed long ago [3,13]. There, an
enhancement of the static spin susceptibility as well as of
the specific heat coefficient was observed close to the Mott
transition. In the experiment [1], two layers of He3 are
adsorbed on graphite preplated by two layers of He4. The
originality of the data [1] lies in that it is the first system for
which, when the second He3 layer arrives at promotion, the
first layer is not yet solidified. As a function of the layer
coverage, promotion occurs at n0 ’ 6:3 nm�2 while the
solidification of the first layer occurs at nc ’ 9:9 nm�2

(which corresponds roughly to a ratio of 13=19 or 12=19
between the first He3 layer and the He4 substrate [8]). From
specific heat measurements, the effective mass is seen to be
enhanced like m=m� � �, with � � 1� n=nc, and the
coherence temperature, below which the Fermi liquid be-
havior is recovered, is shown to decrease like Tcoh � �1:8

while approaching the quantum critical point (QCP). One
striking feature of the data is that, strictly speaking, the
experiment does not reach the QCP; at n1 ’ 9:2 nm�2 the
specific heat behavior shows hints of a first order transition.
Moreover, NMR studies show that the field-driven magne-

tization abruptly starts to grow at n � 9:2 nm�2. An acti-
vation gap extracted from the low energy behavior of the
specific heat coefficient seems to vanish before the quan-
tum critical coverage is reached. In conclusion, the phase
diagram of He3 bilayers preplated on two He4 layers,
seems to exhibit two mysterious phase transitions. One at
which the magnetization starts to grow, which corresponds
to input of a first order transition, and one at which the ratio
m=m� and the coherence temperature curves extrapolate to
zero as a function of coverage.

In this Letter we model the system with the Anderson
lattice in two dimensions with the addition of inter- and
intralayer Coulomb repulsion [14]. Quasilocal f fermions
are identified to the first layer He3 atoms while light c
fermions are the second layer He3 atoms. The bare hybrid-
ization corresponds to the hopping between the two layers.
In the spirit of the early studies of bulk He3 [15] we solve
this model for infinite Coulomb repulsion U between the f
fermions, using a slave boson technique equivalent to
Gutzwiller’s variational approach. The QCP of this system
is identified with the Kondo breakdown QCP (KB-QCP) of
the Anderson lattice [16,17], that is the fixed point for
which the effective hybridization vanishes and, at the
same time, the f fermions localize. On the disordered
side of the transition, a spin-liquid phase is necessary to
stabilize the KB-QCP. We can reproduce the variations of
the inverse effective mass and coherence temperature with
coverage (namely m=m� ’ � and Tcoh ’ �

2) in an inter-
mediate temperature regime. Those variations are in good
agreement with experiments, as seen in Fig. 2 where we fit
experimental data. While approaching the experimental
critical coverage, the order parameter suddenly drops,
reaching the true theoretical QCP before the experimental
critical coverage is reached. We believe this sudden drop of
the effective hybridization explains the mysterious obser-
vation that the system seems to exhibit two QCPs. Indeed,
for us the true QCP is the one at which the hybridization
goes to zero, which identifies experimentally with the point
where the magnetization starts to grow at n � 9:2 nm�2.
The experimental QCP corresponds to the extrapolation to
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0031-9007=08=100(17)=176401(4) 176401-1 © 2008 The American Physical Society



T � 0 of the inverse effective mass and coherence tem-
perature curves obtained in the intermediate energy re-
gime. The drop of the order parameter obtained in our
model is so abrupt that it may trigger as well first order
transitions in the low energy regime.

Our starting point is the Anderson lattice model with
inter- and intralayer Coulomb repulsion:

 

H �
X
hi;ji;�

�~fyi��t
0
ij � E0�ij�~fj� � c

y
i��tij ���ij�cj�	

� V
X
i�

�~fyi�ci� � H:c:�

�
X
i

�U~n2
f;i �U1 ~nf;inc;i �U2n2

c;i�; (1)

where (i, j) are the lattice sites created by the graphite’s
corrugate potential, ~fy�~f� are the creation (annihilation)
operators for the first layer’s fermions, cy�c� are the crea-
tion (annihilation) operators for the second layer’s fermi-
ons, tij � t is the c fermion’s hopping taken as a constant,
t0ij � �t is the f fermion’s hopping term, V is the hybrid-
ization corresponding to a hopping term between the two
layers, E0 < 0 is the f-level potential and � is the c
fermions chemical potential. Physically, the localization
of the first layer is driven by the graphite’s corrugated
potential, inducing a triangular lattice in the He4 bilayers,
inducing itself a second triangular lattice for the first He3

layer, commensurate with the substrate’s one at the
‘‘magic’’ filling number 13=19 [8]. With respect to the
‘‘13=19’’ lattice, the f fermions are thought of being close
to a Mott transition; the f-band is close to half-filling and
the hard core Coulomb repulsion leads to strongly corre-
lated effects. We treat the effect of strong correlations by
introducing one Coleman’s slave boson [18] which decou-
ples the ~fy creation operator at site ‘‘i’’ in the following
way: ~fyi� ! fyi�bi, where the f-spinons and the b-holons
are subject to the constraint

P
�f
y
i�fi� � b

y
i bi � 1. The

constraint is taken into account in a Lagrangian formula-
tion through a Lagrange multiplier �. The properties of the
second layer c fermions are very close to the ones of the
bulk He3 [15]; the Coulomb terms U1 and U2 thus mainly
renormalize the hybridization and hopping parameters,
inducing a dependence in the coverage through V � V0 �
V1n and t � t0 � t1n, where n is the total coverage in He3.

Performing the slave boson decomposition obtains the
following Lagrangian [19]:

 

L �
X
hi;ji;�

�fyi���@� � E0 � ���ij � bi�tb
y
j �fj�

� cyi���@� ����ij � t�cj�	

� V
X
i�

�fyi�bici� � H:c:� � J
�X
hi;ji

~Si 
 ~Sj � ninj=4
�
;

(2)

where ~S �
P
��f

y
� ~�f� is the spin operator expressed in

terms of the spinons only, with ~� the Pauli matrix and @�
the partial derivative in imaginary time. J � 2��t�2=U is
generated by a second order expansion of our model in U.
Alternatively, the J term can be included ab initio in the
model in consideration of the various ring exchange pa-
rameters generated [8]. We assume that short range inter-
actions stabilize a spin liquid with short range
ferromagnetic character, in agreement with previous
studies.

In order to fit the experimental data, we evaluate the
dependance of the bare parameters in coverage. Following
[20], we identify E0 as the difference in the average
potential energy between the first and the second layer.
Here, the potential energy comes from the joined effects of
(a) van der Waals potential between the graphite substrate
and the layers Vs�z� � �4C

3
3=�27D2���1=z9 � C3=z3�,

where C3 � 2092 K �A3 is the van der Waals constant and
D � 192 K [8], and (b) the Bernardes-Lennard Jones [21]
potential acting between two He particles VLJ�r� �
4����=r�12 � ��=r�6� with � � 10:2 K and � � 2:56 �A
is the hard core radius. Thus, E0 � El1 � El2 with El1 �
Vs�z1� �

P
i	i

R
rdrVLJ�r�, where i indexes the contribu-

tion from the various layers(idem for El2). We find in
Kelvin El1 � �10:495� 1:07n�K� while El2 � �8:73�
0:12n�K�with n the total coverage density in nm�2 in good
agreement with [20]. The parameter E0 then reads E0 �
�1:79� 0:95n�K�. The half-bandwidths Df � 2�t �
2
=mf and Dc � 2t � 2
=mc are evaluated from [22]
where the dependence in density is extracted from thermo-
dynamic studies of the bulk. We find that the dependence in
coverage is negligible compared to the one of E0; Dc �
1:1 K, Df � 0:6 K, thus � � 0:55. The relatively high
value of � is to be contrasted with the typical values
obtained in standard Anderson lattice for rare earth com-
pounds. In this system the f-band is not particularly flat
compared to the c band. The parameter J of the order of a
few mK can be extracted from the experiments [1]. We take
here J � 4 mK. The main difficulty resides in evaluating
the hybridization V � V0 � V1n. Noticing that the inter-
layer spacing is twice smaller than the distance between
the intralayer sites, it is reasonable to expect that the
hybridization is bigger than the c- half bandwidth. In this
Letter we have adjusted the values of V0 and V1 to fit the
experimental data. We find V � 13:05� 1:2n, so that at
the QCP Vc � 1:89 K is larger than Dc, in agreement with
the above observation.

The mean-field equations are obtained by making a
uniform and static approximation for the holon creation
(annihilation) operators by�b� in (2), then evaluating the
free-energy F and solving for the two equations @F=@b �
0 and @F=@� � 0. We plotted in Fig. 1 the effective
hybridization bV as a function of the coverage (the unit
for the coverage is identical to the experimental ones � �
�nc � n�=nc with nc � 9:9 nm�2) and the ‘‘Kondo gap’’ �
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defined as the energy difference between the upper band
and the Fermi energy. The mean-field phase diagrams has
two main features. First we observe an ‘‘elbow’’ in the
order parameter as a function of the coverage, correspond-
ing to the set up of the Kondo phase (strong hybridization
regime). The sharp change of behavior observed corre-
sponds to the emptying of the upper band. Note that the
opening of the Kondo gap occurs at the same point. The
model gives an explanation for the mysterious observation
that the field-induced magnetization (or static spin suscep-
tibility) starts to grow before the experimental QCP is
reached. In our model, the point at which the magnetiza-
tion starts to grow is the physical QCP, which differs from
the one obtained experimentally, which corresponds to the
extrapolation of the linear regime to T � 0. The static
magnetic susceptibility is expected to grow quickly in as
soon as the first layer localizes, since the spin-liquid pa-
rameter is small J� 4 mK. Moreover, from our theory the
Kondo gap has to vanish before the QCP is reached. This
comes from the observation that at half-filling (correspond-
ing to the real QCP), the f-band is half filled, hence
constraining the bottom of the first layer to sit below the
Fermi level. This feature is observed experimentally, if we
identify the Kondo gap as the activation gap extracted from
the thermodynamic measurements of [1].

The mean-field value for the QCP reads J=t �
exp�E0Dc=V2	 as in [17]. We understand that any small
variation in the value of V with coverage has an exponen-
tial impact on the position of the QCP, justifying our option
of adjusting the value of V to fit the data.

We now turn to the fluctuations. A striking observation
inferred from the experimental data, is the absence of
quantum critical (QC) regime in temperature. A Curie
law for the spin susceptibility is observed at very low
temperatures in the localized phase and directly above
Tcoh. Generically, the upper energy scale of the QC fluctu-

ations is determined by the first irrelevant operator. In our
model the formation of the spin liquid and of the Fermi
liquid are the two mechanisms for quenching the entropy.
Hence the temperature T� below which the entropy R ln2 is
quenched goes like Max�Deff ; Tcoh	, with Deff the effective
bandwidth of the spinons and Tcoh the coherence tempera-
ture coming from the quantum fluctuations. The depen-
dence ofDeff and Tcoh in coverage is depicted in Fig. 2. We
see that Deff is of the order of J� 4 mK in the localized
phase and follows Tcoh in the Fermi liquid phase. The fact
that J in this system is a remarkably small energy scale,
compared to heavy fermions, is thus the reason why the QC
regime is reduced to much lower temperatures. Quantum
fluctuations are thus most clearly seen through the varia-
tion of the effective mass and the shape of Tcoh.

The quantum fluctuations are in the same universality
class as the ones of the Kondo breakdown model [17]. The
fluctuation spectrum in the intermediate energy regime
admits the dynamical exponent z � 3,

 D�1
b �q;�n� � D�1

0

�
q2 � ��2 �

�j�nj

�0q

�
; (3)

with D0 � 4k2
F=�	0V

2�, � is the correlation length associ-
ated with the fluctuations of b, � � mV2D0=�
vF� �

0 �
b2�� J=t and 	0 � mc=�2
� is the c fermions density of
states. The boson mass is given by mb � D�1

0 ��2 eval-
uated at T � 0. We evaluate it by differentiating twice the
mean-field equations with respect to the bosonic field b and
evaluating the result at the mean-field saddle point. For the
effective mass, we use the Luttinger-Ward expression of
the free-energy typical of Heisenberg-type theories,
analogous to the one derived in [23] F � FFG �
T=2

P
n

R
d2q=�2
�2 log�D�1�q;�n�	, where FFG is the

free-energy of the system at the mean-field. Since the
system at the mean-field consists of two hybridized bands,
one obtains after diagonalization
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FIG. 1 (color online). Mean-field phase diagram for the
Anderson lattice model in D � 2 applied to He3 bilayers.
Following [1] � � 1� n=nc with nc � 9:9 nm�2. The effective
hybridization Vb drops suddenly at � � 0:072, indicating the
real QCP. The experimental QCP is obtained by extrapolation of
Vb to T � 0. The Kondo gap � (in red; color online) vanishes
before the real QCP.
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FIG. 2 (color online). Coherence temperature (K), inverse
effective mass m=m� and effective spinon bandwidth Deff �
�0Dc (K) in the Anderson lattice model for the He3 bilayers.
�0 � b2�� J=t. The dots are experimental data from [1]. The
effective bandwidth sets the upper temperature of the quantum
critical regime. The fitting parameters for this model are detailed
in the text.
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 F � �

T2

6

�
2
�	1 � 	2� �

��
4�0

�
; (4)

where 	1�	2� are the density of states of the upper(lower)
bands. The effective mass thus readsm� � 2
�	1 � 	2� �
��=�4�0�. The coherence temperature is computed by
evaluating the corrections to scaling to the boson propa-
gator (3):, namely, the one loop diagrams responsible for
the temperature dependence of mb�T� � D�1

0 ��2�T�.
Following [24] we find (remember z � 3 here)

 mb�T� � mb�T � 0� � CT logT; (5)

where C had to be adjusted to C � 7:5� 10�3 to fit the
data, while the analytic evaluation gives C � DJ=�6V2

c �.
The coherence temperature Tcoh obtains when the cross-
over condition mb�T� � 0 is satisfied. The results for
m=m� and Tcoh are presented in Fig. 2 and directly com-
pared to experiments. Since we work within a slave boson
saddle point approximation, the need of one fitting parame-
ter for the amplitude of the coherence temperature is to be
expected. The exponents can be understood in a simple
way. For z � 3 theories in the Fermi liquid phase, the
effective mass goes like the correlation length [24]
m=m� � ��1. From the dispersion of the boson mode we
see that ��1 �

�������
mb
p

� b. Now the coherence temperature
goes like b2. In the regime where b varies linearly with the
coverage n we thus get

 m=m� � cst� n; Tcoh � �cst� n�
2: (6)

In conclusion we have performed a study of quantum
criticality in He3 bilayers by mapping the experiments on
an extended version of the Anderson lattice in two dimen-
sions. We examined the possibility for the Kondo break-
down QCP to be responsible for the quantum fluctuations
observed. The system of He3 bilayers enables to directly
test the theory from the bare parameters. Our model is
successful in that (i) it explains the occurrence of two
QCPs seemingly observed experimentally. Our interpreta-
tion is that one of the QCPs observed experimentally
corresponds to the extrapolation to T � 0 of an intermedi-
ate energy regime; (ii) it predicts that the activation gap
extracted from thermodynamic measurements vanishes
before the QCP is reached; (iii) it gives exponents for the
variation of the effective mass m=m� and the coherence
temperature Tcoh in good agreement with experiment, so
that a direct fitting of the data is possible.

We have used three fitting parameters to account for the
prefactors of the effective mass and coherence temperature
as well as to precisely determine the position of the QCP
from the bare parameters. Our study is the first case where
an itinerant QCP showing non-Fermi liquid behavior is
used to fit experimental data from the bare parameters.
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Grüneisen Ratio at the Kondo-Breakdown Quantum Critical Point
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We show that the scenario of a multiscale Kondo-breakdown quantum critical point gives rise to a

divergent Grüneisen ratio with an anomalous exponent 0.7. In particular, we fit the experimental data of

YbRh2ðSi0:95Ge0:05Þ2 for a specific heat, thermal expansion, and Grüneisen ratio based on our simple

analytic expressions. A reasonable agreement between the experiment and theory is found for the

temperature range between 0.4 and 10 K. We discuss how the Grüneisen ratio is a key measurement to

discriminate between the Kondo-breakdown and spin-density wave theories.

DOI: 10.1103/PhysRevLett.101.246403 PACS numbers: 71.27.+a, 72.15.Qm, 75.20.Hr, 75.30.Mb

Heavy-fermion quantum criticality is a typical example
of a quantum system where both strong correlations and
Fermi surface effects play a major role [1]. The standard
model of quantum criticality in a metallic system is a z ¼ 2
critical theory, often referred as the Hertz-Moriya-Millis
theory [2], where z is the dynamical exponent relating the
variation of the energy with the momentum: !� qz.
Unfortunately, many heavy-fermion compounds have
been shown not to follow the spin-density-wave (SDW)
theoretical framework [3–6].

An interesting suggestion is that the heavy-fermion
quantum transition is analogous to the Mott transition [7–
10]. The arguments in support of this view are the diver-
gence of the effective mass near the quantum critical point
(QCP) [5] and the presence of localized magnetic moments
at the transition towards magnetism [4]. Combined with
the Fermi surface reconstruction at the QCP [5,6], this
quantum transition is assumed to show a breakdown of
the Kondo effect as an orbital selective Mott transition,
where only the f electrons experience the metal-insulator
transition.

Recently, this problem has been revisited in the slave-
boson context [9,10]. The main idea is that the Kondo-
breakdown QCP is multiscale. The dynamics of hybridiza-
tion fluctuations is described by z ¼ 3 critical theory due to
Landau damping of electron-spinon polarization above an
intrinsic energy scale E�, while by z ¼ 2 dilute Bose gas
model below E�. The energy scale E� originates from a
mismatch of the Fermi surfaces of conduction electrons
and spinons, shown to vary from Oð100Þ to Oð102Þ mK.
Based on the z ¼ 3 quantum criticality, recent studies
[9,10] have found quasilinear electrical transport and log-
arithmically divergent specific heat coefficient in d ¼ 3,
consistent with an experiment [3].

In this Letter, we study the Grüneisen ratio (GR)
�sðr; TÞ � �sðr; TÞ=csðr; TÞ based on the multiscale

Kondo-breakdown QCP scenario [9,10], where �sðr; TÞ ¼
1

P0v
@2fsðr;TÞ
@r@T and csðr; TÞ ¼ �T @2fsðr;TÞ

@T2 are thermal expan-

sion and molar specific heat with molar volume v, respec-
tively. Recently, the GR has been proposed as one possible

measure characterizing the nature of a QCP [11]. A re-
markable feature is that the GR diverges at any QCP with
an anomalous exponent depending on the nature of the
quantum transition. Consider the scaling expression

fsðr; TÞ ¼ b�ðdþzÞfrðrb1=�; TbzÞ for the free energy near

a QCP at spatial dimension d, where r � P�Pc

P0
is a distance

from the QCP (Pc) with a pressure-unit constant P0 and b
is a scaling parameter with a correlation-length exponent
�. Evaluating the thermal expansion and molar specific
heat, we find the following scaling expressions:

�sðr;T ! 0Þ ¼ �Gr½vðP� PcÞ��1;

with Gr ¼ �ðd� y0zÞ=y0, where y0 is an exponent asso-
ciated with the third law of thermodynamics [11], and

�sðT; r ¼ 0Þ ¼ �GTT
�ð1=�zÞ;

with GT ¼ 1
P0v

z½�ðdþzÞ�1�
�dðdþzÞ

½@frðt;1Þ=@t�t¼0

frð0;1Þ . The GR at the QCP

�sðT; r ¼ 0Þ exhibits the scaling exponent x ¼ 1
�z in any

dimension.
In a recent measurement [12] it was reported that, for

YbRh2ðSi0:95Ge0:05Þ2, the specific heat coefficient can be

well fitted by �ðTÞ ¼ CðTÞ=T / lnðT�

T Þ for �0:3 K< T <

10 K, with an energy scale T� � 30 K identified with its

Kondo temperature, and �ðTÞ / T�1=3 for T <�0:3 K.

The thermal expansion coefficient was fitted as �ðTÞ=T /
� lnðT�

T Þ for 1 K< T < 10 K with a temperature scale

T� � 13 K and �ðTÞ=T / a0 þ a1=T for �0:1 K< T <
1 K, with a0 � 3:4� 10�6 K�2 and a1 � 1:34�
10�6 K�1. Finally, the experiment shows that the GR
diverges with an exponent x� 0:7� 0:1. This invalidates
the SDW scenario, since we have x ¼ 1 owing to z ¼ 2
and � ¼ 1=2, where this critical theory is beyond its upper
critical dimension in d 	 2.
In this study we show that the scenario of a multiscale

Kondo-breakdown QCP gives rise to a divergent GR with
the exponent 0.7. In particular, we fit the experimental data
[12] ofYbRh2ðSi0:95Ge0:05Þ2 for a specific heat, thermal ex-
pansion, and GR with simple analytic expressions [Eqs. (3)
and (4)], for which the asymptotic behavior is summarized
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in Table I. The z ¼ 3 quantum criticality in d ¼ 3 turns out
to play an essential role for thermodynamics near the QCP
of YbRh2ðSi0:95Ge0:05Þ2.

Interestingly, varying an external parameter gives one an
opportunity to distinguish the Kondo breakdown from the
SDW scenario (see Fig. 1). It has been shown that the
thermal expansion coefficient should change sign across
the SDW QCP in the zero temperature limit, and the GR
also does accordingly [11]. In the Kondo-breakdown sce-
nario two kinds of collective excitations, hybridization and
gauge fluctuations, contribute to thermal expansion.
Hybridization fluctuations give rise to the same sign
change as the SDW fluctuations, while gauge fluctuations
do not. Considering that gauge fluctuations should remain
gapless in the spin liquid phase due to gauge invariance,
their contribution for thermal expansion is vanishingly
small in the spin liquid phase. On the other hand, they
contribute to thermal expansion heavily, approaching the
QCP in the heavy-fermion phase owing to the Anderson-
Higgs mechanism. Taking into account both hybridization
and gauge fluctuations, an asymmetric feature of the GR is
expected to appear around the Kondo-breakdown QCP.

We start from the U(1) slave-boson representation of the
Anderson lattice model in the large-U limit

L ¼ X
i

cyi�ð@� ��Þci� � t
X
hiji

ðcyi�cj� þ H:c:Þ

þ V
X
i

ðbifyi�ci� þ H:c:Þ þX
i

byi @�bi

þX
i

fyi�ð@� þ �fÞfi� þ J

N

X
hiji

ðfyi��ijfj� þ H:c:Þ

þ i
X
i

	iðbyi bi þ fyi�fi� � 1Þ þ J

N

X
hiji

j�ijj2: (1)

Here ci� and di� ¼ byi fi� are the conduction electron with
a chemical potential � and the localized electron with an
energy level �f, respectively, where bi and fi� are the

holon and the spinon, respectively, associated with hybrid-
ization and spin fluctuations. The spin-exchange term for
the localized orbital is introduced for competition with the
hybridization term and decomposed via exchange hopping
processes of spinons, where �ij is a hopping parameter for

the decomposition. 	i is a Lagrange multiplier field to

impose the single occupancy constraint byi bi þ fyi�fi� ¼
N=2, where N is the number of fermion flavors with � ¼
1; . . . ; N.

The slave-boson mean-field analysis has shown an orbi-
tal selective Mott transition as a breakdown of the Kondo

effect at J � TK, where TK ¼ D expð �f
N
cV

2Þ is the Kondo

temperature with the density of states 
c for conduction
electrons [9]. If we try to understand the GR in this level of
approximation, we find x ¼ 1 for the GR exponent.
Actually, one can check that the mean-field free energy

satisfies the following scaling behavior: fMFðB; TÞ ¼
TðdþzÞ=zF ðBT�ð1=�zÞÞ, where F ðxÞ is an analytic function
and B ¼ Vhbi is the effective hybridization.
Fluctuation corrections are important at the Kondo-

breakdown QCP, where both hybridization and gauge fluc-
tuations should be taken into account carefully. Such fluc-
tuations are treated on an equal footing in the Eliashberg
framework, where momentum dependence in self-energies
and vertex corrections are neglected, justified by the
Migdal theorem and large N approximation [9,10].
For a systematic study of thermodynamics, we construct

a Luttinger-Ward (LW) functional in the Eliashberg frame-
work, composed of contributions from conduction elec-
trons, spinons, holons, gauge fluctuations, and their self-
energy parts. One can derive self-consistent Eliashberg
equations for the self-energies from variation of the LW
functional with respect to each self-energy. Using these
equations, one is allowed to simplify the LW functional as

FLW ¼ Fc
FL þ Ff

FL þ Fb þ Fa, where the first two parts
represent Fermi liquid contributions for conduction elec-
trons and spinons while the latter two parts express hybrid-
ization and gauge contributions, respectively. Such
fermion contributions are subdominant compared with
boson contributions, and they can be ignored in the low
energy limit. Accordingly, thermal expansion and specific
heat can be approximated as follows near the Kondo-
breakdown QCP: �sðTÞ � �bðTÞ þ �aðTÞ and csðTÞ �
cbðTÞ þ caðTÞ, respectively. As a result, the GR is found

to be �sðTÞ � �bðTÞþ�aðTÞ
cbðTÞþcaðTÞ .

TABLE I. Thermodynamics in the z ¼ 3 regime (d ¼ 3).

�sðTÞ csðTÞ �sðTÞ
T1=3 �T lnT �T�2=3= lnT

SDW

r

Kondo breakdown

r

SL

HFPM

AFM

sΓ sΓ

sΓ
sΓ

h

g

FIG. 1. Schematic diagram of Grüneisen ratio �sðr;T ! 0Þ for
both the SDWand Kondo-breakdown scenarios, where AFM and
PM represent antiferromagnetic and paramagnetic phases, re-
spectively, in the SDW context, and SL and HF denote spin
liquid and heavy-fermion states, respectively, in the Kondo-
breakdown scenario. Two kinds of boson excitations, hybridiza-
tion (�h

s ) and gauge (�
g
s ) fluctuations, contribute to the Grüneisen

ratio in the Kondo-breakdown scenario. Gauge fluctuations play
an important role for thermal expansion in the HF phase more
than in the SL phase. As a result, asymmetry is expected to
appear for the Grüneisen ratio around the Kondo-breakdown
QCP.
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The bosonic part of the free energy is given by

FsðTÞ¼T
X
i�

Z d3q

ð2�Þ3 ln
�
q2þ�b

j�j
q

þ2�b

�

þT
X
i�

Z d3q

ð2�Þ3 ln
�
q2þ�a

j�j
q

þ�a

�
þFc: (2)

Here �b ¼ 2�
�vc

F
and �a ¼ �

�vc
F
þ 3�V2
cfd

� are Landau damp-

ing coefficients for holon and gauge fluctuations, respec-
tively, where vc

F is the Fermi velocity for conduction

electrons, � ¼ J�
t is an effective ratio between bandwidths

of each fermion sector, and fd is associated with an ultra-
violet cutoff for gauge fluctuations. �b is the mass for the
hybridization fluctuations, identifying the Kondo-
breakdown QCP with �b ¼ 0. �a is the mass for gauge
fluctuations, resulting from the Anderson-Higgs mecha-
nism, thus related with the mass of holon as �a ¼
3NV4
3

c

4�ub
�b, where ub is the strength of local interactions

for holons, phenomenologically introduced. Fc is the con-
densation part.

Performing the frequency summation and momentum
integral, we find the specific heat and thermal expansion
coefficients at the QCP:

csðT > E�Þ
T

¼ Cc

�
�b ln

�
�

T

�
þ �a ln

�
�b�

�aT

��
;

csðT < E�Þ
T

¼ Cc

�
�b ln

�
�

E�

�
þ �a ln

�
�b�

�aT

�� (3)

and

�sðT > E�Þ
T

¼ C�
@�b

@P

�
2�ð1=3Þ

b þ 3NV4
3
c

4�ub
�ð1=3Þ
a

�
T�ð2=3Þ;

�sðT < E�Þ
T

¼ C�
@�b

@P

�
2�ð1=3Þ

b E��ð2=3Þ

þ 3NV4
3
c

4�ub
�ð1=3Þ
a T�ð2=3Þ

�
; (4)

where Cc ¼ 4
3�3

R1
0 dyð� y2

sinh2y
þ y3 cothy

sinh2y
Þ and C� ¼ 2ð1=3Þ

�3 �
ðR1

0 dx x3

x6þ1
ÞðR1

0 dy yð4=3Þ
sinh2y

Þ are positive numerical constants.

The condensation part is assumed to be almost constant for
temperature dependence and thus can be ignored for ther-

mal expansion. Note that there is an unknown constant @�b

@P

with pressure P in the thermal expansion coefficient, de-
termining its overall sign. Recalling that it is negative for

YbRh2ðSi0:95Ge0:05Þ2 [12], we see @�b

@P < 0. This implies

that pressure puts the QCP of YbRh2ðSi0:95Ge0:05Þ2 toward
the heavy-fermion side if it is identified with the Kondo-
breakdown QCP. One can check that holon thermodynam-
ics is consistent with z ¼ 3 scaling for T > E� while gauge
thermodynamics is for all temperatures. In addition, both
specific heat and thermal expansion coefficients are con-
stant for holon fluctuations at T < E�, consistent with
Fermi liquid physics.

Using Eqs. (3) and (4), we try to fit the experimental data
of Ref. [12]. The density of states 
c ¼ 1

2D for a conduction

electron with the bandwidth D ¼ 6t ¼ 104 K and the ratio
between bandwidths � ¼ 10�3 are fixed. Considering

vc
F ¼ kcF

mc
� 2t for the sphere Fermi surface, �b is deter-

mined as �b ¼ 2:693. V can be deduced from the Kondo
temperature TK � 30 K with �f ¼ � D

2 , and thus V ¼
0:293D. fd is used as a fitting parameter, determining �a ¼
1:367. The cutoff � in the specific heat is set to be an
effective bandwidth for localized spins, i.e.,� � �D. E� is
approximately given by the upturn temperature for specific
heat; here E� � 0:3 K. For thermal expansion, we have

two free parameters ub and @�b

@P .

Figure 2 shows the fitting for the specific heat coefficient
csðTÞ=T. For T > E�, we have a very good matching unlike
for T < E�. Although the origin of this upturn behavior is
not explained yet clearly, two-dimensional ferromagnetic
fluctuations [13] may give one possible explanation, result-

ing in cd¼2
FM ðTÞ=T / T�1=3. From the inset, we can conclude

that both hybridization and gauge fluctuations are impor-
tant for specific heat near the Kondo-breakdown QCP.
Considering that the hybridization fluctuations arise from
collective excitations of conduction electrons and spinons,
and gauge fluctuations result from spinon current-current
correlations, one can expect that both fluctuations will
contribute in a similar fashion.
Figure 3 shows the fitting for the thermal expansion

coefficient �sðTÞ=T, where we have a rather good agree-
ment between experiment and theory. Although we have

used two free parameters ub and
@�b

@P , such parameters can

change only the overall scale, and thus one may regard that
only one parameter is used. The inset exhibits that contri-
butions from gauge fluctuations are much larger than those
from hybridization ones. Although this physics depends on
the local-interaction strength ub for hybridization fluctua-
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FIG. 2 (color online). Specific heat coefficient, where the blue
dotted line represents experimental data and the red thick line
our theory. Inset: Specific heat contributions from hybridization
fluctuations (red curve) and gauge fluctuations (green curve).
Note that the specific heat coefficient from hybridization fluctu-
ations is twice bigger than that from gauge fluctuations.
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tions, it is valid as far as ub 
 1
10�

V4

D3 is satisfied in Eq. (4),

i.e., in the weak coupling limit preserving the present
picture of the Kondo-breakdown QCP. Our fitting
for the thermal expansion coefficient may be the first
explicit demonstration, supporting importance of gauge
fluctuations.

Figure 4 shows a reasonable match between experiment
and theory for the GR above the upturn temperature. As
shown in the inset, the d ¼ 2 SDW theory shows more
singular behavior at low temperatures, deviating from the
experiment more seriously.

In conclusion, we have fitted the experimental data of
YbRh2ðSi0:95Ge0:05Þ2 for a specific heat, thermal expan-
sion, and Grüneisen ratio based on simple analytic formu-
las in the multiscale Kondo-breakdown scenario. Both
hybridization and gauge fluctuations contribute to the spe-
cific heat in a similar fashion around the QCP. Gauge
fluctuations are more important in the heavy-fermion phase
than in the spin liquid phase for thermal expansion, causing
an asymmetry for the Grüneisen ratio around the QCP. This
feature can be used to discriminating the Kondo-
breakdown scenario from the SDW framework. These z ¼
3 critical fluctuations explain the divergent Grüneisen ratio
with the anomalous exponent 0.7 beyond the SDW theory.
We suggest that two-dimensional ferromagnetic fluctua-
tions may give one possible explanation for thermodynam-
ics in the low temperature region below E�, not captured in
the present framework.
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from gauge fluctuations is much larger than that from hybrid-
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We consider the recent experiments on He3 bilayers �Science 317, 1356 �2007�� showing evidence for a
quantum critical point at which the first layer localizes. Using the Anderson lattice in two dimensions with the
addition of a small dispersion of the f fermion, we model the system of adsorbed He3 layers. The first layer
represents the f fermions at the brink of localization, while the second layer behaves as a free Fermi sea. We
study the quantum critical regime of this system, evaluate the effective mass in the Fermi-liquid phase and the
coherence temperature, and give a fit of the experiments and interpret its main features. Our model can serve
as well as a predictive tool used for better determination of the experimental parameters.
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I. INTRODUCTION

In the last 15 years, an increasing body of experimental
results has revealed remarkable properties in heavy fermions
close to a zero-temperature phase transition.1–3 The standard
laws governing the behavior of metallic conductors at very
low temperature appeared to be violated in heavy fermions.
Proximity to a quantum critical point �QCP� was early in-
voked to explain the experiments3,4 but so far, this wide body
of observations remains a mystery and a challenging open
problem.

Recently, a new experimental setup was explored, show-
ing signs of quantum criticality of the same nature as for
heavy fermions,5 but in a rather different system. It consists
of two layers of He3 fermions adsorbed on two layers of He4;
those themselves adsorbed on a graphite substrate. The his-
tory of He3 films adsorbed on graphite is quite rich.6–9 A first
layer of He3 has been adsorbed on graphite in two typical
situations: on top of a compressed He4 solid of density
11.2 nm−2 and on top of a deuterium layer of density
9.1 nm−2. In both cases, a solidification of the top He3 layer
is observed at a ratio of densities N1 /Nsub=4 /7. This
“magic” number corresponds to a half-filled superlattice of
unit cell �7��7 �see Fig. 1� formed on top of the triangular
substrate lattice.

Specific-heat measurements show that the effective mass
increases by a factor of 10 in the approach of the transition.
The magnetic structure of the localized phase has been ex-
tensively studied. It is believed to be a spin liquid induced by
ring exchange.10 The precise determination of this spin liquid
phase, and particularly whether it is massless or massive, and
whether it has some ferromagnetic component is still under
debate.11 Then a second and third He3 layers were adsorbed.
The originality of the experiment5 is that it is the first time
that, when the second layer arrives at promotion, the first
layer has not yet solidified. Hence there is a regime in cov-
erage where the two first layers hybridize while layer 1 sits
on the brink of localization.

Experimental details can be found in Ref. 5. We give here
a rapid summary of the main findings of this work. The
second layer arrives at promotion at a total coverage of N
=6.3 nm−2. From 6.3 to 9.2 nm−2, a characteristic tempera-
ture T0 is extracted, from the specific-heat measurements,

below which the fluid bilayer has Fermi-liquid properties
with an enhanced quasiparticle mass. Above T0, a Curie law
is observed as if the first layer deconfines from the heavy
Fermi liquid and behaves as a localized spin while the sec-
ond one behaves as a Fermi liquid. It is quite difficult, how-
ever, to separate quantitatively the contribution of each layer
in the heavy Fermi-liquid phase. This characteristic tempera-
ture seems to vanish at a coverage Ncrit=9.95 nm−2, the so-
called “critical coverage” by the experimentalists, with a
power law

Tcoh � �1.8, �1�

where �= �Ncrit−N� /Ncrit.
The effective mass is shown to increase by a factor of 18

at N=9.0 nm−2 and seems to diverge at Ncrit with a power
law

m/m� � � . �2�

Beyond Nc, the first layer is fully localized at all tempera-
tures investigated. However, NMR studies show that at NI
=9.2 nm−2 the magnetization starts to grow in a rather
abrupt manner. It is not excluded that a first-order ferromag-
netic transition occurs for N�NI but an experimental evi-
dence for it is still not conclusive. The localized phase is
believed to be a spin liquid; a small “bump” in the heat
capacity marks the onset of the spin liquid parameter. Ex-

FIG. 1. �Color online� 3He solid layer on top of the triangular
lattice of the substrate.
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perimentally it is evaluated to be of the order of J�7 mK.
Lastly, an activation gap is extracted from the heat-capacity
measurements. It decreases with increasing coverages and
there are indications that it vanishes at a coverage lower than
Ncrit.

In this paper we give the details of the calculations whose
results have been announced in a previous letter.12 We apply
the theory of the Kondo breakdown, previously introduced
for the study of QCP in heavy fermions,13–15 to the system of
He3 bilayers. The formalism is identical to the one developed
in Ref. 14. We use the Anderson lattice model with the ad-
dition of a dispersion of the f fermions to describe the sys-
tem of He3 bilayers. The first layer, in the brink of localiza-
tion, forms the lattice of f fermions. When the first layer
localizes, the lattice is half-filled by construction. Strong
hard-core repulsion is taken into account by a short-range
Coulomb repulsion U, with U�20 K, in agreement with the
early studies of bulk He3.16 The top layer is modeled as a
free Fermi gas. Hybridization between the two layers con-
sists of hopping processes from layer 1 to layer 2 and vice
versa.17

The paper is organized as follows. In Sec. II we present
the Anderson lattice model and derive the slave-boson effec-
tive Lagrangian. Section III is devoted to the evaluation of
the bare parameters’ dependence in coverage. This is neces-
sary if we want to confront our theory to the experimental
data. We present in Sec. IV the mean-field approximation.
We show the presence of a QCP at T=0 corresponding to the
Mott localization of He3 first layer’s fermions. In particular,
a peculiar behavior of the effective hybridization explains the
apparent occurrence of two QCPs in the experimental data.
We then study the fluctuations in Sec. V discussing the criti-
cal regime and computing the effective mass and the coher-
ence temperature in an intermediate energy regime corre-
sponding to a dynamical exponent z=3. We conclude in Sec.
VII with our main result and give a criticism of our work.
Some technical details are presented in the appendices. Ap-
pendix A shows the calculation of the integrals used at the
mean-field approximation. In Appendix B, we give the de-
tails of the evaluation of the fermionic contribution to the
corrections of scaling of the holon mass and discuss the sta-
bility of the QCP. Finally, in Appendix C, we derive an ex-
pression of the free energy starting from the Luttinger-Ward
formula.

II. MODEL

Our starting point is the Anderson lattice model,

H = �
	i,j
,�

� f̃ i�
† �tij

0 + �E0 − ���ij� f̃ j� + ci�
† �tij − ��ij�cj��

+ V�
i�

� f̃ i�
† ci� + H.c.� + �

i

�Uñf ,i
2 + U1ñf ,inc,i� , �3�

where 	i , j
 refers to nearest-neighbor sites created by the

graphite’s corrugate potential, � is a spin index, f̃ i�
† � f̃ i�� are

creation �annihilation� operators for the first layer’s fermions,
and ci�

† �ci�� are creation �annihilation� operators for the sec-
ond layer’s fermions. tij = t is the c-fermion’s hopping, tij

0

=�t is the f-fermion’s hopping term, V is the hybridization
between the two layers, E0 is the energy level of the f fer-

mions, and � is the chemical potential. ñf ,i=�� f̃ i�
† f̃ i� and

nc,i=��ci�
† ci� are the operators describing the particle num-

ber of each layer’s fermions. U and U1 are, respectively, the
intra- and interlayer Coulomb repulsions. The model is stud-
ied in the limit of very large on-site repulsion U. We expect
to have a coverage dependent hopping parameter t t�N� as
well as hybridization V�N�. Furthermore, we have U1�U,
but we keep the interlayer interaction term for now.

Superexchange terms can be generated by a second-order
expansion in large U / ��t� and U1 / ��t�. The Hamiltonian is
then written as

H = �
	i,j
,�

� f̃ i�
† �t0 + �E0 − ���ij� f̃ j� + ci�

† �t − ��ij�cj��

+ V�
i�

� f̃ i�
† ci� + H.c.� + �

	i,j

J�S̃ f ,i · S̃ f ,j − ñiñj/4�

+ J1S̃ f ,i · Sc,j , �4�

where J=2��t�2 /U, J1=2��t�2 /U1, and S̃ f =��,	f�
†��	f	 is

the spin operator with �� the Pauli matrix. RKKY interaction,
mediated by the conduction electrons, as well as various ring
exchange parameters studied in Ref. 18 can be included in
the J term.

One key approximation of this work is that we consider
that at the edge of localization, the f fermions are half-filled.
This means that the f fermion somehow forms their “own”
lattice as the coverage increases, so that when the localiza-
tion occurs, we are at half-filling. This approximation is nec-
essary if we want to attribute the observed increase of the
effective mass to strong correlations coming from Mott phys-
ics. However, we do not have a microscopic justification for
it; only the coherence of the findings of this approach can
justify it. The on-site Coulomb repulsion U is very large
��20 K�, leading to strong correlation effects. In the limit
U→
, there is a constraint of no double occupancy which
we account for using Coleman’s slave boson,19 decoupling
the f-fermion’s creation operator at each site “i” as

f̃ i�
† → f i�

† bi, �5�

where f†, the creation operator of the so-called “spinons,”
and b†, the one of the holons, obey the local constraint
��f i�

† f i�+bi
†bi=1. Upon the transformation �5�, the slave bo-

son drops of all bilinear products of fields at the same site.
The constraint is taken into account in a Lagrangian for-

mulation through a Lagrange multiplier �. The effective La-
grangian is then

L = �
	i,j
,�

�f i�
† ���� +  f ,i��ij + bit

0bj
†� f̃ j� + ci�

† ���� − ���ij

+ t�cj�� + �
i

bi
†��� + �i�bi − �i + V�

i�

�f i�
† bici� + H.c.�

+ �
	i,j


J�S f ,i · S f ,j − ninj/4� + J1S f ,i · Sc,j , �6�
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where  f ,i=E0−�+�i is the renormalized f-band’s chemical
potential.

The short-range magnetic interaction and the induced
Kondo interaction are decoupled using Hubbard-
Stratanovich transformations JS f ,i ·S f ,j→�i,j f i�

† f j�− ��ij�2 /J
and J1S f ,i ·Sc,j→�i f i�

† ci�− ��i�2 /J1.
The Lagrangian becomes now

L = �
	i,j
,�

�f i�
† ���� +  f ,i��ij + bit

0bj
† + �ij� f̃ j� + ci�

† ���� − ���ij

+ t�cj�� + �
i

bi
†��� + �i�bi + �

i�

�f i�
† �Vbi + �i�ci� + H.c.�

− �
i

��i + ��i�2/�J1�� − �
	i,j


��ij�2/J . �7�

We assume that �ij condenses in a uniform spin liquid phase,
i.e., 	�ij
=�0. It renormalizes the dispersion of the spinon
band and ensures the breakdown of the Kondo effect.13 It is
shown to stay roughly constant through the phase diagram
�0=	t�J.14 �i merely renormalizes the effective hybridiza-
tion Vbi.

III. PARAMETERS

Before going further, we need to evaluate the dependence
of the bare parameters in coverage in order to fit the experi-
mental data. The height of the layers is taken from the study
by Roger et al.18 The first 4He layer’s height is �2.02 Å
while the other one’s height is �2.85 Å �see Fig. 2�. From
the experiment,5 the density of He4 layers is 9.2 nm−2 while
the one of the first He3 layer is N1=6.3 nm−2.

The total coverage is defined as

N = Nc + Nf ,

Nf = N1�1 − nb� , �8�

where Nf and Nc are, respectively, the coverages �in nm−2� of
the first and second layers and nb is the number of holons per
site. At the transition, we have

Nf/N1 = 1, �9�

which accounts for the fact that at the transition, the f fermi-
ons are in a 1/2 filled lattice. This means that the number of

holons nb vanishes at the QCP. Away from the QCP, the
number of holons is allowed to fluctuate freely and its value
is determined self-consistently. The parameter J is extracted
from the experiment:5 J=7 mK.

The evaluation of the bandwidth, D=2t=� /m, for each
layer of He3 is based on an analysis of Pricaupenko and
Treiner20 where the kinetic energy of liquid He3 contains a
density-dependent effective mass

�2

2m�
=

�2

2m
�1 −

�̄

�c
�2

, �10�

where �̄=3 / �4hc�n�Å−2� is the average density inside a
sphere of radius hc=2.63 Å and �c=0.04 Å−3.

We have then

Df = D�1 − 0.07Nf�2,

Dc = D�1 − 0.07�N − Nf��2,

where D is the bandwidth of 3He in the bulk.
At half filling, Nf =N1, the mean kinetic energy Ekin,f

equals the bandwidth Df. We have

Ekin,f =
�2

2mf
�N1

�
0

kF d2k

�2��2k2,

=
�2�3

16mf
�N1, �11�

where kF=� /�N1 ��N1 /2 is the average radius of a particle
in the first layer�.

We find then at half-filling

Ec,f � 0.52 K,

Df = 0.30D ,

Dc = 0.62D ,

thus, D�1.73 K, Df �0.57 K, and Dc�1.18 K, which
gives a value �=0.54 for the ratio between the bandwidths.
This value is relatively high compared to the typical values
for rare-earth compounds for which �0.1.

A word has to be said at this stage. We have considered
the spherical dispersion of the free fermions

k =
k2

2m
−

kF
2

2m
,

for which the density of states �DOS�, defined by d2k
4�2

=���d, is constant

��� =
m

2�
.

However, as emphasized in Sec. I, the first layer solidifies
into a triangular lattice. For a triangular lattice tight-banding
band structure, the dispersion is given by

k = − 2t�cos�kx� + 2 cos�kx/2�cos��3ky/2�� .

Solid 4He bilayer

graphite substrate

3He bilayer

2.85Å

2.02Å

FIG. 2. �Color online� 3He solid layers on top of the triangular
lattice of the substrate; we show here the various heights of the
layers one compared to the other.
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The Fermi surface for fermions in a triangular lattice is no
longer circular at each filling, but we can consider that these
deviations are benign in the range of coverage studied in our
case, in particular very close to the QCP.

Figure 3 shows the Fermi surface of the f fermions at two
different coverages: �a� �=0.10 for which Df �0.52 K,  f
�0.13 K and �b� �=0.15 for which Df �0.60 K,  f
�0.54 K. In the latter case, the Fermi surface deviates
around the circular Fermi surface for free fermions. The ap-
proximation of constant DOS can still hold and this can be
seen indeed by considering the DOS profile for the triangular
lattice case shown in Fig. 4. The hatched region marks the
energy scales of our model, and we see that we are far from
the Van Hove singularity, and we can approximate the DOS
by a constant one.

The chemical potential � is defined by the filling of the
second layer

Nc

6.3
= �

Dc

�

�0d .

We get directly

� = Dc�2Nc

6.3
− 1� . �12�

E0 is identified as the difference between the potential ener-
gies of the two layers.21 Each layer experiences two kinds of
interactions:

�1� Van der Waals interaction with the grafoil substrate

Vs�z� = �4C3
3/27D2�1/z9 − C3/z3, �13�

where D=192 K is the well depth of the potential and C3
=2092 K Å3 is the Van der Waals constant,20 and

�2� the Bernardes-Lennard Jones interaction between two
He particles

VLJ�z� = 4���/r�12 − ��/r�6� , �14�

with =10.2 K and �=2.56 Å is the hard-core radius.18

Thus, for the layer Li, the potential energy writes

Ef ,c = Vs�zi� + vi, �15�

with

vi = ��
j

� j� rdrVLJ�r� , �16�

where � j is the density of each layer and “j” is the layer’s
index. The chemical potential E0 now reads

E0 = Ef − Ec. �17�

We denote �see Fig. 2� r1, r2, r3, and r4, respectively, the
distances of the first, second, third, and fourth layers to the
graphite center. We have

z1 = 2.2 Å, z2 = 5.03 Å, z3 = 7.9 Å, z4 = 10.57 Å.

�18�

Applying Eq. �13� we get Vs�z3�=−4.21 K and Vs�z4�
=−1.77 K. These orders of magnitude are quite big com-
pared to the typical scale of a few millikelvins for this sys-

�4 �2 0 2 4

�4

�2

0

2

4

�3 �2 �1 0 1 2 3

�3

�2

�1

0

1

2

3

(a) (b)

FIG. 3. The Fermi surface at unit coverage �a� �=0.10 and �b� �=0.15. We see that the Fermi surface in the former is still circular while
it experiences, for the second one, small deviation from the circular case.
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�

FIG. 4. �Color online� Density of states for a triangular lattice
tight-banding structure. Characteristic energy scales in our model
lie within the hatched region.
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tem. Its order of magnitude is in accordance with Ref. 18.
We turn now to the Lennard-Jones potential. We sum up

Eq. �14� for all two-body interaction in all the layers. We get
for the first layer or f fermions

v f = ���1�
rm
1




rdrVLJ�r� + �2�
rm
2




rdrVLJ�r�

+ �3�
rm
3




rdrVLJ�r� + �4�
rm
4




rdrVLJ�r�� , �19�

with

�1 = 0.092, �2 = 0.092,

rm
1 = 5.7, rm

2 = 2.85,

�3 = 10−2N1�1 − nb�, �4 = 10−2�N − N1�1 − nb�� ,

rm
3 = �3

−1/2, rm
4 = 2.85.

For the second layer or c fermions, we get

vc = ���1�
rm
1




rdrVLJ�r� + �2�
rm
2




rdrVLJ�r�

+ �3�
rm
3




rdrVLJ�r� + �4�
rm
4




rdrVLJ�r�� , �20�

with

�1 = 0.092, �2 = 0.092,

rm
1 = 8.55, rm

2 = 5.7,

�3 = 10−2N1�1 − nb�, �4 = 10−2�N − N1�1 − nb�� ,

rm
3 = 2.85, rm

4 = �4
−1/2.

The values of rm
j are now in angstrom,

zr

r0

r2
0 = r2 − z2

dx dy = 2πr0dr0 .

We finally get

v f = − 3.87 − 1.08N − 6.75nb + I3, �21�

with

I3 = − 0.196�1 − nb�3�11.2 − 0.3�1 − nb�3� ,

and

vc = − 7.69 + 6.75nb + J4 �22�

with

J4 = − �10−2�N − 6.25�1 − nb�3�

��0.29 − 3.210−5�N − 6.25�1 − nb�3�� .

E0 now reads

E0  1.65 − 1.071N − 10−6N2 − 13.5nb − 2.25�1 − nb�3

+ 0.059�1 − nb�6. �23�

The last parameter and the most crucial in fact is the
hybridization V. It is defined as the hopping strength between
the two layers. We can have an estimate of V using Eq. �10�
to get the same dependence as in Eq. �11�

V = V0�1 − 0.07�N − Nf���1 − 0.07Nf� .

Here, V0 is proportional to the overlap between the ground-
state wave functions of the two layers, i.e.,

t12 � �V� dz�1�z��2�z� ,

where �i
k is the ground-state wave function of layer i and

�V=Vs�z4�−Vs�z3�.
The latter is taken as a Slater determinant of single-

particle states �i
k which writes, assuming translational in-

variance parallel to the surface,18,22

�i
k�r� =

1

2�
�i

k�z�exp�i�kxx + kyy�� .

Density functional models show a Lorentzian-type profile
�Fig. 5� for the density of each layer along the z direction20

�i  ��i�z��2 =
bi

�z − zi�2 + ai
2 .

From Ref. 18 we have

for L1:a = 1.7, b = 0.115,

for L2:a = 3.42, b = 0.32.

We find then V0�0.6 K, consistent with the value obtained
in a previous study.21

As said before, the hybridization V is actually a crucial
parameter. Indeed, the mean-field value for the QCP reads
J / t=exp�E0Dc /V2�.13,14 We see then that any small variation
in the dependence of V on coverage has an exponential im-
pact on the position of the QCP. We consider V thus as a
fitting parameter that will tune the position of the QCP.

We have taken

V = V0�1 − 0.07�N − Nf���1 − 0.07Nf� + V1� + V2�2,

where V0, V1, and V2 are adjusted to fit the experimental data
and �= �Ncrit−N� /Ncrit. We used V0=1.55 K, V1=15.9 K,
and V2=−4.5 K.

�2
�1

z2z1
z

Ρ

FIG. 5. Sketch of layers’ density profile. The hybridization is
estimated from the overlap between the wave functions of the two
layers.
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IV. MEAN-FIELD THEORY

At the mean-field level, we make a uniform and static
approximation for the holon field and the Lagrange multi-
plier. The free energy then writes

FMF = − 2T�k,�,�n,�
ln�− G�

−1�i�n,k�� + ��b2 − 1� ,

�24�

where �n is the fermionic Matsubara frequency and G�
−1

= i�n−Ek�, with

Ek� =
1

2
�k + k

0 � ��k − k
0�2 + 4V2b2� .

In the above, k is the dispersion of the conduction elec-
trons, k

0 = ��b2+	�k+ f is the spinon dispersion, and Ek�

the dispersion of the renormalized upper �+� and lower �−�
bands �see Fig. 6� The former derives from the c fermions
with weak f character whereas the latter derives from the f
fermions with weak c character.

Minimizing Eq. �24� with respect to the holon field b and
the Lagrange multiplier �, one gets the following mean-field
equations:

T �
k,�,�n

��kGf f + VGfc� +  f − E0 = 0,

T �
k,�,�n

Gf f + b2 = 1, �25�

where

Gf f =
i�n − k

0

�i�n − Ek+��i�n − Ek−�
,

Gfc =
Vb

�i�n − Ek+��i�n − Ek−�
 VbPfc. �26�

These equations are solved in the case of a linearized disper-
sion bandwidth at zero temperature �T=0�. The summation
over �k ,�n� is performed analytically and is given in Appen-

dix A. The set of resulting equations is then solved numeri-
cally.

Figure 7 shows the plot of the order parameter, defined as
the effective hybridization Vb, and the “Kondo gap” �, de-
fined as the energy difference between the chemical potential
and the upper band �see Fig. 6�, as a function of �=1
−N /Ncrit.

In our model, the Kondo gap is identified with the activa-
tion energy observed experimentally in the specific heat. We
have two bands in the model: one for the spinons and one for
the conduction electrons. At very low hybridization, when
the bands just start to hybridize, there is no energy difference
between the lower and the upper bands. As the hybridization
grows, the upper band becomes empty and an activation gap
opens. We see on Fig. 7 that the gap closes at the very vi-
cinity of the QCP.

The set of mean-field equations shows a QCP where b
→0, the so-called Kondo breakdown �KB� QCP,13,14,24

which implies that the spinons experience a Mott transition
and their band is half-filled. We observe that Vb goes to zero,
before the experimentally observed QCP occurs, at a unit
coverage ��0.063. This constitutes one main finding of this
paper. The localization occurs before the experimental QCP
is reached. Our interpretation is that first, the experimental
QCP is evaluated by extrapolating to zero temperature the
power laws for the effective mass and the coherence tem-
perature. Second, a key feature of the model is that the hy-
bridization is strong compared to the other parameters �it is
of the order of the bandwidth�, hence the falling down of the
order parameter close to the transition is very abrupt.

This fact is illustrated in Fig. 7 where we see that the
order parameter’s behavior has two regimes: it starts to grow
very quickly at the QCP then reaches, at the “elbow,” a re-
gime of strong hybridization. The behavior of the order pa-
rameter is governed by the relative strength of the bare hy-
bridization V compared to the other energies of the model.
The former is already big at the QCP, Vc�1.63 K, thus the
slope of the effective hybridization is steep in the hybridized
phase. The sharp change corresponds to the emptying of the
upper band, the same point at which the opening of the

FIG. 6. �Color online� Sketch of the different dispersions: the
lower band �blue line� is the dispersion of the spinons and the upper
�bold black line� band is the dispersion of the conduction electrons.
The Kondo gap � is defined as the difference between the chemical
potential and the upper band.

0 0.05 0.1 0.15 0.2
�

0

0.5
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E
(K
)

Kondo gap
Effective Hybridization Vb
Extrapolation of Vb

real QCPExp. QCP

�

Vb

FIG. 7. �Color online� Mean-field phase diagram for the Ander-
son lattice model in D=2 applied to He3 bilayers �Ref. 23�. Follow-
ing Ref. 5, �=1−N /Ncrit with Ncrit=9.95 nm−2. The effective hy-
bridization �red line� drops suddenly at ��0.063, indicating the
real QCP. The experimental QCP is obtained by extrapolation of Vb
to zero �E=0�. The Kondo gap � �black line� vanishes before the
real QCP Ref. 12.
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Kondo gap occurs. This point is situated after the real QCP
in the hybridized phase because when the localization oc-
curs, the f band is half-filled and the upper band is con-
strained to sit below the chemical potential and is thus occu-
pied. The vanishing of the Kondo gap before the QCP is
observed experimentally if we identify it as the activation
gap extracted from the thermodynamic measurements of
Neumann et al.5 We can make the same construction as the
experimentalists by extrapolating the order parameter in the
high energy regime to zero temperature. We find an addi-
tional QCP that we identify with the “experimental” one.
This gives an explanation of the mysterious presence of two
QCPs in this system; the magnetization starts to grow at the
physical QCP before the experimental one is reached. In-
deed, as soon as the first layer localizes, one expects the
static magnetic susceptibility to grow quickly since the spin
liquid parameter is small J�7 mK. Note that the distance in
coverage between the two QCPs is in agreement with the
experimental data.

In Fig. 8 we have plotted directly the number of holons in
the hybridized phase, as given from our mean-field theory.
The number of holons determines the number of holes in the
first layer as compared to the value at half-filling. We can see
that although the order of magnitude is correct close to the
QCP, far away from it we obtain some values of nb too big
from what is observed experimentally. In particular, it is be-
lieved that close to the coverage corresponding to the pro-
motion of the second layer, the number of holons should
decrease so that the number of f fermions in the first layer
should be again close to half-filling. We do not observe any
hint of this decreasing. It shows that the domain of validity
of our model is close to the QCP. Far away from it, we miss
the physics of exhaustion,25,26 where there are not enough
free fermions in the second layer to Kondo screen the many
f fermions in the first layer.

V. FLUCTUATIONS

In what follows we will be interested in fitting the experi-
mental data. We identify the regime of critical fluctuations
experimentally accessible with the higher energy regime of
the order parameter �see Fig. 7�. Within our theory, we are

situated in the intermediate regime around the Kondo break-
down QCP, i.e., the regime for which the dynamical expo-
nent z=3. We refer the reader to previous studies of the
Kondo breakdown for more details.13–15,27 To give a small
summary of the situation �see Fig. 9�, the main finding of the
Kondo breakdown QCP is its multiscale character. There ex-
ists an energy scale E� differentiating two regimes. In the
low-temperature regime we have the dynamical exponent z
=2 �Ref. 28� with no damping. In the high-temperature re-
gime, we have the exponent z=3 and the bosonic mode cor-
responding to the fluctuations of the order parameter is over-
damped by the particle-hole continuum. In this paper we
focus on the z=3 regime, arguing that E� is very small in this
system.

Indeed, from the theory �see, for example, Ref. 27� we
know that E��0.1�q� /q�3TK, with q� the mismatch of the
two Fermi surfaces at the QCP. Here TK can be taken as the
typical energy scale of the system which is typically of the
order of TK=100 mK. At the QCP, we evaluate q� /kF which
is

q�/kF = 1 − kc/kF,

=1 − �6.3/9.95�1/2,

=0.2.

Hence we obtain

E� = 8.10−4TK,

=8.10−5 K, �27�

which is a too small energy scale to be accessible experimen-
tally for this setup.

The holon propagator in the intermediate regime �z=3�
reads

0 0.05 0.1 0.15 0.2 0.25
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Nf/N1

FIG. 8. �Color online� The number of bosons nb �green dashed
line� and of the f fermions �red line� per site in the system as well
as their sum �black line�. The local constraint of no double occu-
pancy is preserved throughout the explored coverage range.

E*

T0

Regime II

Regime I

QCP V

Localized f�electrons heavy Fermi liquid

FIG. 9. �Color online� Schematic for the Kondo breakdown
QCP in the Anderson lattice �Ref. 14� On the left, where the holons
are not condensed, is the localized phase. On the right is the heavy
Fermi phase. The QCP is multiscale; for T�E�, the dynamical ex-
ponent is z=2 and for T�E� it is z=3.
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Db
−1�q,�n� = D0

−1�q2 + �−2 +
���n�
��q

� , �28�

with D0=4kF
2 / ��0V2�, �=mV2D0 / ��vF�, ��=b2�+J / t, �0

=mc / �2�� is the c fermions density of states, and � is the
correlation length, associated with the fluctuations of b,
given by �2=D0

−1mb
−1, where mb is the holon mass at T=0.

A. Holon mass

The static part of the holon mass is evaluated by differen-
tiating twice the mean-field energy �24� with respect to the
holon field b given the constraints �25�. One finds

mb = 2bT�
k,�

��k
�Gf f

�b
+ V2�Pfc

�b
� . �29�

The summation over �k ,�� is evaluated analytically for a
linearized dispersion bandwidth at T=0 and the result is
given in Appendix A.

The temperature dependence of the holon mass is com-
puted by evaluating the corrections to scaling to the boson
propagator. There are two types of corrections to scaling.
One contribution is the renormalization of the boson propa-
gator coming to their coupling to the fermion loops

Π
(1)
fc (T ) =

Π
(1)
a

+

Π
(1)
b

.

This type contribution was first evaluated close to a QCP in
Ref. 29. We first note that the two diagrams are proportional:
�a

�1�=���b
�1� and that there is no corresponding vertex inser-

tion at the first order. Hence, although the QCP occurs in the
charge channel, we have no cancellation of this set of dia-
grams. This is in deep contrast to what occurs close to a
ferromagnetic QCP or in the theory of nonanalytic correc-
tions to the Landau Fermi liquid, where this set of diagrams
cancels in the charge channel.30 This type of diagram is
known to be dangerous and carries a minus sign, which de-
stabilizes the fixed point. The diagram for �a

�1� is computed
in the intermediate energy regime with the dynamical expo-
nent z=3.

On the other hand, we have the direct mass renormaliza-
tion coming from the standard �4-type corrections to scaling,
which has the opposite effect of stabilizing the fixed point

b

g4

b

.

Here g4 comes from the quartic term of the holon action
derived from Eq. �24� in a Ginzburg-Landau approach and
contains the ferromagnetic short-range correlations J; we
find g4=−J /4+V4 / �2��2D3�. We have as well as the correc-
tion to the boson mass coming from the gauge fluctuation,
which stabilizes as well the QCP, but is subdominant com-
pared to the two previous ones

b

aµ

.

Summing the dominant diagrams �see Appendix B� yields
a logarithmic correction to scaling

mb�T� = mb�T = 0� + CT log T , �30�

where C had to be adjusted to C=7.5�10−3 to fit the data,
while the analytic evaluation gives

C = � �1 + ���
8

−
1

3
� V2

8���D�2 +
DJ

6V2 .

The balance of the two contributions in favor of the g4 cou-
pling ensures the stability of the fixed point.

B. Effective mass

The effective mass m� is determined from the free energy
of the system by

F = −
�T2

6
m�.

The free energy is evaluated using the Luttinger-Ward
functional30

F = FMF + T/2�
n
� d2q/�2��2log�D−1�q,�n�� , �31�

where FMF is the free energy at the mean field �24� and
D�q ,�n� is the full propagator of the holons. Note that we
have neglected the role of the gauge fields in this formulation
because the renormalization of the effective mass is to be
evaluated inside the ordered phase where the gauge fields are
gapped through the Higgs mechanism. At the mean-field
level, the system consists of the upper and lower bands; we
get then

F = −
�T2

6
�2���+ + �−� +

��

4��
� , �32�

where �+��−� is the density of states at the Fermi surface of
the upper �lower� band given by

�� = �0� �Ek�

�k
�

�E�=0

−1

.

The calculation is done in Appendix C. The effective mass
reads directly

m� = 2���+ + �−� +
��

4��
.

The result for m� is shown in Fig. 10 where it is compared
to the results of the experiment.5 We see that the inverse
effective mass follows the same behavior as the order param-
eter and vanishes at the theoretical QCP. Here again, if we
extrapolate the high energy regime down to zero tempera-
ture, we can identify a fictitious point where the effective
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mass could vanish, if it has not its peculiar behavior into two
regimes. This extrapolation is linear and follows closely the
one found by the experimentalists.

C. Coherence temperature

The coherence temperature is defined by the crossover
condition

mb�Tcoh� = 0,

where mb�T� is the temperature-dependent holon mass given
in Eq. �30�. The equation is solved numerically using the
results found for the order parameter b in Sec. IV and the
result is plotted in Fig. 11.

The coherence temperature has the same qualitative be-
havior: it vanishes at the real QCP and we can extrapolate its
high energy regime down to zero temperature closely to a
quadratic power law in unit coverage �. In fact, the expo-
nents of the effective mass and the coherence temperature
can be understood in a simple way. For z=3 theories in the
Fermi-liquid phase, the effective mass goes like the correla-
tion length31 m /m���−1. From the dispersion of the boson
mode we see that �−1��mb�b. Now the coherence tem-
perature goes like b2. In the regime where b varies linearly
with the coverage n we thus get

m/m� � cst − n, Tcoh � �cst − n�2. �33�

VI. DISCUSSION

One of the main general observation one gets from the
experimental data is the asymmetry of the phase diagram as
far as the quantum fluctuations are concerned. Indeed the
increase of the effective mass appears only from the right of
the phase diagram which corresponds to low doping �see Fig.
10�. From the left of the phase diagram the fluctuations seem
to be frozen out.

Another observation is the quasiabsence of quantum criti-
cal �QC� regime in temperature for this system unlike for the
heavy fermions. Indeed a Curie law for the spin susceptibil-
ity is observed at very low temperatures in the localized
phase and directly above Tcoh in the hybridized phase, indi-
cating that the system very quickly goes into a regime of free
spins, hence missing the usual quantum critical regime typi-
cal of QCP. The key to understanding these two observations
is that in this system the energy scales are completely differ-
ent from the ones that appear in heavy fermion systems.

The Curie law is observed when the entropy R ln 2 is
released above a characteristic temperature T�. In our model,
two mechanisms are responsible for quenching the entropy,
namely, the formation of the spin liquid and of the heavy
Fermi liquid. T� is thus determined by the relative strength of
these two mechanisms. Technically, T� is by the first irrel-
evant operator of the theory. We see in Fig. 12 that on the left
side of the phase diagram, the main quenching mechanism
corresponds to the formation of the spin liquid, while on the
right side of the phase diagram, the two mechanisms coin-
cide and are roughly of the same strength. The asymmetry of
the phase diagram can thus be accounted for, in this model,
by the fact that on the localized side �left side� the spinons’
bandwidth, which determines the scale of the formation of
the spin liquid, is typically given by the value of the ex-
change parameter J�7 mK. Alternatively, in the hybridized
phase, the bandwidth of the spinons is enlarged due to the
holon fluctuations Df =J+nb�D. This increase of the band-
width in the hybridized phase is typical of a slave-boson
description of a Mott transition.32

FIG. 12. �Color online� Asymmetry of the phase diagram.
Above T� the entropy R ln 2 is released. There are two ways of
quenching the entropy: first through the formation of the heavy
Fermi-liquid phase where the hybridization is nonzero �on the right
of the phase diagram� and second through the formation of the spin
liquid �on the left of the phase diagram�.
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FIG. 10. The inverse effective mass m /m� in the Anderson lat-
tice model for the He3 bilayers. The dots are experimental data from
Ref. 5. The fitting parameters for this model are detailed in the text
�Ref. 12�.
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FIG. 11. The coherence temperature Tcoh in the Anderson lattice
model for the He3 bilayers. The dots are experimental data from
Ref. 5. The fitting parameters for this model are detailed in the text
�Ref. 12�.
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In the hybridized phase the coincidence, within the ex-
perimental uncertainties �between 5 and 10 mK�,5 in energy
between the crossover coherence temperature and the effec-
tive bandwidth of the spinons �see Fig. 13� explains that the
quantum critical regime is quenched; the free spin behavior
being admittedly quickly observed above the temperature
which delimits the upper-critical regime.

VII. CONCLUSIONS

In the present article, we give the details of calculation
whose results have been presented in a previous letter.12 The
system studied, He3 bilayers, is one of the simplest physical
ones, with negligible spin-orbit interaction and no crystal-
field interactions, to show QC similar to the one observed in
complicated intermetallic heavy fermions compounds.

Using the Kondo-breakdown13–15 scenario of an itinerant
QCP, we examine the possible origin of the QC observed
experimentally as fluctuations of an effective hybridization.
The theoretical model is an extended version of the Anderson
lattice model with a dispersion of the f fermions and inter-
and intra-Coulomb repulsions.

We benefited from the extensive literature on He3 to ex-
tract carefully most of the parameters of the model from the
bare parameters. Crucial parameters, such as the hybridiza-
tion, were used as fitting parameters owing to the level of
approximation of our study. Finally, we have emphasized
some differences with intermetallic heavy fermion com-
pounds.

We were successful enough to account for most of the
experimental features. First, we have explained why there are
seemingly two apparent QCPs which fit at the right respec-
tive coverage. The experimental one results from an extrapo-
lation to zero temperature of an intermediate energy regime,
while the theoretical one characterizes the vanishing of the
effective hybridization. We reproduced then the slopes and
exponents of the coherence temperature and effective mass
closely to the experimental results. The apparent lack of
quantum critical behavior in temperature is qualitatively ex-
plained by the remarkably low energy scale of the spin liquid
parameter on the ordered side and the coincidence between
the coherence temperature and the effective bandwidth of the
spinons in the hybridized one. Finally, we recover the fact
that the activation gap, observed experimentally, has to van-
ish in the Fermi-liquid phase before the critical coverage is

reached right when the system enters a strong hybridization
regime for which the upper hybridized band becomes empty.

Our study suffers though from some weakness and draw-
backs. We used four fitting parameters, three for the hybrid-
ization and one for the slope of the coherence temperature.
This is expected in any mean-field approach, in particular
owing to the crucial role of the hybridization for the Kondo
breakdown QCP and cannot be avoided at this level. The fact
that the number of holons nb is too big away from the QCP,
especially near the promotion coverage of the second layer,
restricts the domain of validity of our model very close to the
QCP. Finally, magnetism on the ordered side of the phase
diagram is not handled in our model. Magnetism is best con-
sidered in the so-called slave fermions approach, which in
turn describes badly the hybridized phase. But still the model
is simple and strong enough to make predictions and put
them to the test.
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APPENDIX A: EVALUATION OF SOME INTEGRALS

In here, we will evaluate the integrals in the mean-field
Eq. �25�. At T=0, the calculation of these integrals is ana-
lytical for linearized bands in which case

�
k

→ �0�
−D

D

d , �A1�

where �0 is the density of states at the Fermi surface.
Let us call

A = T �
k,�,�n

Gf f�k,i�n� ,

B = T �
k�,�n

Pfc�k,i�n� ,

C = T �
k,�,�n

kGf f�k,i�n� ,

D = T �
k,�,�

�k
�Gf f

�b
,

E = T �
k,�,�

�Pfc

�b
.

We diagonalize the 2�2 matrix which accounts for the
hybridization of the f and c bands

Ek� =
1

2
�k

0 + k � ��� ,

� = �k
0 − k�2 + 4�bV�2.

0 0.05 0.1 0.15 0.2 0.25 0.3
�

0

0.02

0.04

0.06

0.08

E
(K

)

T*
Deff of the spinons

FIG. 13. The effective bandwidth of the spinons Df =J+�Dnb

and the experimental characteristic temperature T0.
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The integrals are all performed in the same way: first by
summing over the Matsubara frequencies and second by do-
ing the momentum integration. The momentum integration is
done by linearization of the band,

A = 2T�
k,�n

�i�n − k�
�i�n − Ek−��i�n − Ek+�

= 2�0�
−D

D

d� − nF�z�
2i�

�z − �
�z − E−��z − E+�

dz ,

where the contour is on the whole complex plane,

=2�0�
−D

D

d�nF�E−��E− − k�
�E− − E+�

−
nF�E+��E+ − k�

�E− − E+� �
= �0�

−D

m

d
− y + �y2 + 4�bV�2

�y2 + 4�bV�2

− �0�
−D

p

d
− y − �y2 + 4�bV�2

�y2 + 4�bV�2
,

with m and p the Fermi levels for the upper and lower
bands, respectively,

m = �−  f + ��� − �� f + ����2 + 4���bV�2�/�2��� ,

p = �−  f + ��� + �� f + ����2 + 4���bV�2�/�2��� ,

with the conditions −D�m�0; 0�p�D and ��=�b2

+�0 /D.
One obtains

A =
�0

�1 − ���
�− 2y−D + ym − �ym

2 + 4�bV�2 + yp

+ �yp
2 + 4�bV�2� ,

ym = �1 − ���m −  f − � ,

where

yp = �1 − ���p −  f − � ,

y−D = − �1 − ���D −  f − � .

We proceed in the same way for B, C, D, and E to find

B =
2�0

�1 − ���
ln� ym + �ym

2 + 4�bV�2

yp + �yp
2 + 4�bV�2 � ,

C =
�0

�1 − ���2�− 2� f + ���y−D� + y−D
2

+ 2�bV�2 ln� ym + �ym
2 + 4�bV�2

yp + �yp
2 + 4�bV�2 � + � f + ��ym

+ ym
2 − �ym/2 +  f + ���ym

2 + 4�bV�2 + � f + ��yp

+ yp
2 + �yp/2 +  f + ���yp

2 + 4�bV�2� ,

D = −
4�V2b�0

�1 − ���2 ln� ym + �ym
2 + 4�bV�2

yp + �yp
2 + 4�bV�2 � ,

E =
4V2b�0

�1 − ���� yp

2V2b2�yb
2 + 4V2b2

−
ym

2V2b2�ym
2 + 4V2b2

+
− 2

�ym − �ym
2 + 4V2b2��ym

2 + 4V2b2

+
− 2

�− yp − �yp
2 + 4V2b2��yp

2 + 4V2b2� .

APPENDIX B: CORRECTIONS TO SCALING
FOR THE HOLON MASS

In this appendix, we discuss the stability of the QCP. We
will start by evaluating the diagram

Π
(1)
a (T ) =

f

c c

f

�a
�1��T� = 2T2V4 �

n,m�0
�
k,q

Db�q,�m�

� Gc
2�k,�n�Gf�k,�n�Gf�k + q,�n + �m� .

Introducing the angle � defined by k+q=k+vFq cos � and
considering linearized bands such as in Eq. �A1�, we have,
with ḡ=8kF

2V2 /�0,

�a
�1��T� = ḡ�0T2 �

n,m�0
�
q
� d�d

1

q2 +
���m�
��q

�
1

�i�n −  + ��2

1

�i�n − �� −  f�

�
1

�i�n + i�m − �� − ��vFq cos � −  f�
.

Summing over the fermionic Matsubara frequencies �n
then integrating over , we get

�a
�1� = ḡ�0��T �

q,m�0
� d�

i�m

q2 +
���m�
��q

1

i�m − ��vFq cos �

�
1

i���m − ��vFq cos � − ��� −  f

�
1

i�m − ��vFq cos � − ��� −  f
.

Now, we have q= �qx ,qy� with qx=cos � and qy =q sin �. We

suppose qy �qx and expand q=�qx
2+qy

2��qy�+qx
2 / �2�qy��.

We find
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�a
�1��T� =

ḡ�0��

4�2 T �
m�0

� dqx�
�qx�

�

dqy
i���m

���m�

�
��qy� + qx

2/�2�qy���
i�m − ��vFqx

�
1

i���m − ��vFqx − ��� −  f

�
1

i�m − ��vFqx − ��� −  f
,

where � is an ultraviolet cutoff.
A logarithmic singularity in qx arises when we integrate

over qy and keeping only this singular part, we write

�a
�1� �

ḡ�0��

8�2 T �
m�0

i���m

���m� � dqx

qx
2 log��/�qx��

�i�m − ��vFqx�3 .

�a
�1� is performed by continuation in the upper half plane if

�m�0 and in the lower half plane if �m�0 so that to avoid
the pole in Green’s function �see Fig. 14�.

Changing variables in qx= iz we get

�a
�1� = −

ḡ�0��

8�2 T �
m�0

i���m

���m� �0

�

idz sgn��m�

�
�− iz�2�log�− iz� − log�iz��

�− i�3���m� + ��vFz�3

= −
ḡ�0��

8�2 T �
m�0

i���m

���m�
i� sgn��m�

���vF�3 log� �

��m�� .

To perform the summation over m, we notice that
T�−�/T

�/T 1=2� is independent of T. The same sum without the
m=0 term will be 2�−T and to logarithmic accuracy, we
obtain

T �
m�0

log� �

��m�� = − T log��

T
� + ¯ ,

where the dots stand for O�T� terms.
Finally,

�a
�1��T� = −

V2

8��D2T log��

T
� . �B1�

This term is of negative sign and dominant compared to E�,
thus it can destabilize the regime. It therefore puts the inter-

mediate regime in a fragile situation. This is due to the pres-
ence of the fermion loop gF �Fig. 15�.

Fortunately, in D=2, a mode-mode coupling constant g4,
coming for example from the term −Jninj /4 in Eq. �5�, pro-
vides corrections to scaling of the same temperature depen-
dence but with a positive sign −T log T, competing with the
one calculated previously. Indeed, for g4�0, the �4 theory is
stable and, close to a QCP, the corrections to scaling follow
the law33

mb(T ) =

b

g4

b

∼ T (d+z−2)/z.

Precisely, the leading logarithmic contribution coming from
the g4 vertex reads

mb�T� =
g4D0

6�
T log� 1

T
� = g4

2D

3V2T log� 1

T
� . �B2�

The stability of the intermediate regime is then a matter of
prefactors between the two terms. It can lie on a fragile basis
as it requires strong enough ferromagnetic short-range fluc-
tuations. However, it has been shown that this regime is
stable for D=3.14 We can thus expect that a small three-
dimensional character could cure this instability. The correc-
tion to the boson mass coming from the gauge fluctuation

b

aµ

.

goes like T2 in D=2 and are subdominant.14

APPENDIX C: EXPRESSION FOR THE FREE ENERGY

We start with the Luttinger-Ward formula �31�. FMF is the
sum of the free energies of the two bands given by

FMF = − T�
�

2����
n

��n� .

The sum over the fermionic Matsubara frequencies is for-
mally divergent but its temperature dependence can be ex-
tracted using the following spectral representation:

��n� = −
1

�
� xdx

x − i�n
,

then, performing the summation over Matsubara frequencies,
with

FIG. 14. Contour of integration: the cross stands for a pole and
the hatched line for a branch cut.

gFf f

c

c

and

g4

FIG. 15. The fermionic loop and the g4 vertex.
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T�
n

1

x − i�n
=

1

2
− nF��n� ,

we get

T�
n

��n� → �T2

6
.

We turn now to the bosonic part of Eq. �31�

Fh =
T

2 �
m
� dq2

�2��2 log�D−1�q,�m��

=
T

4�
�
m
�

0

+


qdq log�q2 + �−2 +
���m�
��q

� .

The integral over the holon momentum is dominated by large
momenta and we have

Fh �
T

4�
�
m
�

0

+
 ���m�
��q�q2 + �−2�

=
��

8��
T�

m

��m� .

Summation over the bosonic Matsubara frequencies is per-
formed in the same way as for the sum over fermionic fre-
quencies, and we find, for the T-dependent part of it,

T�
m

��m� → −
�T2

3
.

We end up with the total free energy given by

F = −
�T2

6
�2���+ + �−� +

��

4��
� . �C1�
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derivation of scaling for thermodynamics near the quantum critical point
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Scaling expressions for the free energy are derived, using the Luttinger-Ward (LW) functional
approach in the Eliashberg framework, for two di!erent models of quantum critical point (QCP).
First, we consider the spin-density-wave (SDW) model for which the e!ective theory is the Hertz-
Moriya-Millis (HMM) theory, describing the interaction between itinerant electrons and collective
spin fluctuations. The dynamic of the latter are described by a dynamical exponent z depending
on the nature of the transition. Second, we consider the Kondo breakdown model for QCP’s, one
possible scenario for heavy-fermion quantum transitions, for which the e!ective theory is given by a
gauge theory in terms of conduction electrons, spinons for localized spins, holons for hybridization
fluctuations, and gauge bosons for collective spin excitations. For both models, we construct the
thermodynamic potential, in the whole phase diagram, including all kinds of self-energy corrections
in a self-consistent way, at the one loop level. We show how Eliashberg framework emerges at this
level and use the resulting Eliashberg equations to simplify the LW expression for free energy . it is
found that collective boson excitations play a central role. The scaling expression for the singular
part of the free energy near the Kondo breakdown QCP is characterized by two length scales : one
is the correlation length for hybridization fluctuations, and the other is that for gauge fluctuations,
analogous to the penetration depth in superconductors.

PACS numbers: 71.10.Hf, 71.30.+h, 71.10.-w, 71.10.Fd

I. INTRODUCTION

Fluctuation corrections are an essential ingredient near
quantum critical points (QCPs). It may be relatively
easy to incorporate quantum corrections in the weak cou-
pling approach, the so called Hertz-Moriya-Millis (HMM)
theoretical framework1. However, it becomes more com-
plicated to include quantum fluctuations in the strong
coupling approach such as the gauge theoretical frame-
work sometimes proposed to describe strongly correlated
electrons like doped Mott insulators2 and some heavy-
fermion QCPs3. For these models, it is believed that
strong correlations fractionalize electrons into some ex-
otic elementary excitations carrying fractional quantum
numbers of electrons, and quantum fluctuations of such
enhanced degrees of freedom appear to be complicated.
It is challenging to develop a systematic approach to
introduce, self-consistently, physically essential fluctua-
tions into the thermodynamic potential near a QCP.

E!ects of quantum corrections on the thermodynamic
potential can be incorporated systematically using the
Luttinger-Ward (LW) functional approach4–6, where the
grand potential is written in terms of dynamic quantities,
such as the fully dressed Green’s function G["] and the
self-energy ", through the relation6

#["] = T STr
!
ln
"
!G"1["]

#
+ "G["]

$
+ Y

"
G["]

#
, (1)

where STr[A]=Tr[AB ]-Tr[AF ] is the supertrace over Mat-
subara frequencies, internal quantum numbers of the
bosonic (B) and fermionic (F) components of A. The

quantity Y
"

G["]
#

is the so-called LW functional, deter-
mined purely by the interaction potential and given by
the sum of all closed-loop two-particle irreducible skele-
ton diagrams in the perturbation theory approach. Vari-
ation of the LW functional Y with respect to G generates
the self-energy

!Y
"

G["s]
#

!G["s]
= "s " G"1

0 !G"1["s] (2)

where G0 is the non-interacting Green’s function.
The thermodynamic potential is stationary with re-

spect to changes of the self-energy, i.e. it satisfies the
saddle-point condition

!#["]
!"

%%%
!=!s

= 0. (3)

An important issue in the perturbation approach of the
LW functional is to find an explicit functional dependence
for Y 7. This is generally unknown and it is not always
possible to sum the skeleton expansion into a closed form
for Y . The problem with strongly correlated systems is
even worse because the convergence of the skeleton ex-
pansion is not guaranteed. It was demonstrated that the
LW functional can be written as a closed form in the
Eliashberg framework9,10, where the Eliashberg approx-
imation allows to handle quantum corrections in a self-
consistent way, at the one-loop level. The Eliashberg the-
ory turns out to be justified for z > 1 quantum criticality,
where z is the dynamical exponent, using a large-N ex-
pansion supporting the Migdal theorem11. Here N is the
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number of fermion flavors. In particular, the Eliashberg
theory was argued to be a minimal framework well work-
ing near a QCP10.

In this study, we derive a LW expression of the free
energy for two models of itinerant QCPs : the spin-
density-wave (SDW) model and the Kondo breakdown
model. This will allow us to describe thermodynamics
near these QCPs starting from a microscopic model and
incorporating self-consistently the e!ect of quantum fluc-
tuations.

The plan is as follows. In section II, we present the
Spin-fermion (SF) model and derive in a systematic way
the LW functional and show how Eliashberg equations
for self-energies are derived. The expression of the free
energy is simplified using Eliashberg equations and the
scaling expression of its singular part is deduced. Sec-
tion III is devoted to the Kondo Breakdown (KB) model.
A particular care is taken to describe the Higgs part of
the phase diagram. The e!ect of condensation is incor-
porated into a zero-order theory before considering a cu-
mulant expansion in the fluctuations interaction. For this
gauge theory, there are additional collective excitations,
which results in the presence of two length scales in the
scaling expression of the free energy. These two scales are
related through the Anderson-Higgs mechanism. Section
IV summarizes and discusses our main results. In partic-
ular, theoretical structure di!erences between the HMM
theory and the gauge theory of the Kondo breakdown
QCP are emphasized. Technical details are presented in
the appendices.

II. REVIEW OF THE LUTTINGER-WARD
FUNCTIONAL APPROACH IN THE

ELIASHBERG FRAMEWORK OF THE
SPIN-FERMION MODEL

The standard model of quantum criticality in a metal-
lic system is the HMM theory. In this model, a dynamical
exponent z, relating the variation of the energy with the
momentum " # qz, characterizes the dynamics of col-
lective excitations near the QCP. In particular, z = 3
describes the ferromagnetic QCP while z = 2 describes
the antiferromagnetic one. It is valuable to review the
construction of the LW functional in the HMM theoret-
ical framework, discussed in the past9, although several
heavy fermion compounds have been shown not to follow
the z = 2 HMM theory16–20.

A. Spin-fermion model

We start from the so called spin-fermion model
(SF)10,21,22 for the SDW transition

SSF = T
&

k

#†!k[!G"1
0 (k)]#!k

+
1
2
T
&

q

$"1
0 (q)%Sq · %S"q

+gT 2
&

k

&

q

#†! k+q%&!!!#!!k · %S"q

+O[{%S}n;n $ 3], (4)

where we used the ”relativistic” notation for energy-
momentum k " (k, i"), q " (q, i#) and the sum ex-
pression is defined as

&

k

... "
&

i"

'

|k"kF |<"

ddk

(2')d
...,

&

q

... "
&

i#

'

|q"Q|<"

ddq

(2')d
...

In (4),#!k is the fermionic annihilation field for an
electron with energy-momentum vector k and spin (, %Sq

is a bosonic field describing spin-fluctuations near a mo-
mentum Q and g is the coupling constant measuring the
strength of the interaction between fermionic and bosonic
excitations. The last term in (4) stands for higher order
terms in S. These are shown to be irrelevant for d > 2
and marginal for d = 2 and can therefore be neglected22.

In the absence of the interaction, fermionic and bosonic
excitations are described by the bare electron Green’s
function G0(k) and the bare spin susceptibility $0(q) re-
spectively

G0(k) =
z0

i" ! vF |k! kF |
,

$0(q) =
$0

)"2
0 + |q!Q|2 + #2/v2

s

. (5)

z0 is the quasiparticle renormalization factor given by
the Fermi liquid theory, and the electron dispersion is
linearized with a Fermi velocity vF and Fermi momen-
tum kF . The electron’s chemical potential can incor-
porate e!ects of the condensed part of the bosonic field.
The bare spin susceptibility is the usual Ornstein-Zernike
form where )0 is the bare correlation length of spins and
$0)

2
0 is the static susceptibility. vs is the bare spin veloc-

ity.
The spin-fermion model Eq.(4) is an e!ective low-

energy model that can be derived from the Hubbard-like
model in the weak coupling approximation10,21,22; high-
energy fermions, with energy above $, are integrated out
to generate collective bosonic modes that mediate the
interaction between fermions at energies smaller than $.
Dynamics of the low-energy fermions and the collective
spin excitations are then described by Eq. (5).

B. Eliashberg theory

The Eliashberg framework allows the evaluation of the
self-energies " and %, for electrons and spin fluctuations
respectively, self-consistently assuming we can neglect
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the momentum dependence of the " and vertex correc-
tions. An extensive review of this technique is given in10.
We recall here the spirit of this technique and main re-
sults.

The Eliashberg procedure relies on three steps:

• neglect both the vertex corrections and the momen-
tum dependence of the fermionic self-energy :

"(k, i"n) = "(i"n)
&g = 0

• Use Dysons’ equations

G"1(k, i"n) = G"1
0 (k, i"n)! "(i#n),

$"1(q, i#n) = $"1
0 (q, i#n)!%(q, i#n), (6)

to evaluate self-consistently the self-energies repre-
sented diagrammatically in Fig. 1(a) and (c), where
the propagators are fully dressed according to (6).

• Check a posteriori that the neglected momentum
dependence of the fermionic self-energy and vertex
corrections are indeed small.

2

E. Self-energies

(a)
qk,!

k + q,!

(b) 0

(c)
q

k,!

k + q,!

(d)
qFIG. 1: (a) and (b) are the first order contribution to the

fermionic self-energy and (c) is the polarization bubble, where
! ! [1, N ] is the spin index. The propagators of the fermion
(straight line) and the spin fluctuations boson (wavy line) are
fully dressed. (b) is a static and uniform part in the self-
energy and can thus be considered as a renormalization of
the electron chemical potential.

The bosonic self-energy is found to be

%(q, i#n) = *
|#n|
qz"2

, (7)

where * = g2$0kF /('v2
F ) and z is the dynamical ex-

ponent. This result is customary for problems where
fermions interact with their own collective modes. The
latter are damped whenever they lie inside the particle-
hole continuum of the Fermi liquid1. Such a Landau-
damped term is larger than the regular O(#2) term in

the bare spin susceptibility Eq.(5) and fully determines
the collective spin dynamics. This causes feedback e!ects
on the self-energy correction of electrons, giving rise to
non-Fermi liquid physics near the QCP10.

The model (4) can be extended by introducing N %= 1
identical fermionic species. A channel index + & [1, N ]
is then added to the fermionic operators # in (4) and
g ' g/

(
N to ensure a well-defined large N limit.

It has been shown that the Eliashberg approximation
becomes exact in the limit N ' )9,21. Indeed, it is
shown that both vertex corrections and the momentum-
dependent corrections to the fermionic self-energy turn
out to scale as 1/N and vanish in the limit N '). This
limit shares some similarity with the Migdal limit for the
electron-phonon problem : at large N , the damping in-
troduced in (7) scales as N and the collective excitations
become slow. Then, the smallness in 1/N compares to
the smallness in m/M where m is the electron’s mass and
M is the ion’s mass.

In the following, we will show how the Eliashberg
framework emerges from the LW approach to the Spin-
Fermion model.

C. Luttinger-Ward functional for the spin-fermion
model

As said in the introduction, the LW functional is, di-
agrammatically, the sum of all closed-loop two-particle
irreducible skeleton diagrams4. These can be ordered in
a 1/N expansion as in Fig. 2

1

A. !4 vertex for the holon

gFf f

c

c

B. Propagators and Vertices

(a)
ai

f

f

(b)
ai

b

b

(c) (d)

b

f

c

b

f

c

f B c c B f

!q

k,!

k + q,!

C. Renormalized propagators

f f c f f c f c f
Gff " + + + ...

c c f c c f c f c
Gcc " + + + ...

D. Skeleton diagram at first order

(a)
q

k,!

k + q,!

(b)
0

(a)
b

Gff

Gcc

(b)
b

(a)
a

Gff

Gff

(b)
a

b

b

Y [G,"] =
q

k,!, #

k + q,!, #

+ + ...

O(N) O(1)

FIG. 2: Leading skeleton diagrams participating to the LW
functional Y for the Spin-Fermion model with dependence on
1/N . Fermion (straight line) and boson (wavy line) prop-
agators are fully dressed, ! ! [1, N ] is the spin index and
" ! [1, N ] is the channel index. The first diagram contains
one fermionic loop carrying spin and channel quantum num-
bers and one pair of vertices, each of order O(1/

"
N), so that

it is of order O(N2/N) = O(N). The second diagram involves
one fermionic loop and two pairs of vertices so that it is of
order O(N2/N2) = O(1). Bracketed terms are dropped in
the large N limit.

Considering the general expression of the LW expres-
sion [Eq.(1)], and taking into account only the lead-
ing O(N) contribution to Y , shown in Fig.2, one can



4

write down the free energy in terms of electron and spin-
fluctuation Green’s functions and self-energies

FLW [",%] = !NT
&

k

!
ln
"
!G"1(k)

#
+ "(k)G(k)

$

+ T
&

q

!
ln
"
$"1(q)

#
+%(q)$(q)

$

+ 3Ng2T 2
&

k,q

G(k)$(q)G(k + q), (8)

where G(k) and "(k) are the fully renormalized electron
Green’s function and self-energy, while $(q) and %(q) are
the fully renormalized spin-fluctuation Green’s function
and self-energy. The last term in (8) corresponds to the
leading skeleton diagram of order O(N) shown in Fig.2.

D. Eliashberg equations

One of the important aspects of the LW functional ap-
proach is that we can recover the self-consistent Eliash-
berg equations for self-energies. Indeed, if we restrict
ourselves to the leading O(N) term in Y and use the
stationarity of the free energy (8) with respect to self-
energies (3), we get the following equations

!G

!"

(
!"(k) + 3g2T

&

q

G(k + q)$(q)

)
= 0,

!$

!%

(
%(q) + 3Ng2T

&

k

G(k + q)G(k)

)
= 0,

from which we deduce immediatly the expressions of the
electronic self-energy and the collective spin polarization

"(k) = 3g2T
&

q

G(k + q)$(q),

%(q) = !3Ng2T
&

k

G(k + q)G(k). (9)

These expressions can be also obtained by di!er-
entiating the leading order O(N) contribution to the
LW functional Y with respect to G and $ respectively,
according to equation (2). Diagramatically, this is
equivalent to cutting one of the internal lines of the
corresponding diagram, as shown in Fig.3.

Equations (9), with Dyson’s equations, are nothing but
the self-consistent Eliashberg equations for self-energies
(see Fig. 1).

Considering further terms in the LW functional Y
amounts to studying deviations from the Eliashberg the-
ory, in particular introducing vertex corrections as shown
in Fig.4, in the 1/N expansion.

2

E. Self-energies

(a)
qk,!

k + q,!

(b) 0

(c)
q

k,!

k + q,!

(d)
q

!Y [G,"]
!G =

k,!, "

k + q,!, "

=
qk,!, "

k + q,!, "

!Y [G,"]
!" =

k,!, "

k + q,!, "

=

q
k,!

k + q,!

FIG. 3: Illustrating functional derivative of the LW functional
with respect to Green’s functions. The cross indicates the line
that is cut by functional di!erentiation.

2

E. Self-energies

(a)
qk,!

k + q,!

(b) 0

(c)
q

k,!

k + q,!

(d)
q

!Y [G,"]
!G =

k,!, "

k + q,!, "

=
qk,!, "

k + q,!, "

!Y [G,"]
!" =

k,!, "

k + q,!, "

=

q
k,!

k + q,!

FIG. 4: Spin-fluctuations self-energy generated from the con-
tribution to the LW functional of order O(1), shown in Fig.2,
by cutting one internal bosonic line. This can be obtained
from The Eliashberg form of the spin-fluctuations polariza-
tion shown in Fig.1(c) by inserting a bosonic propagator to
the vertex.

E. Simplification of the Luttinger-Ward expression

One can simplify further the full expression Eq.(8) of
the free energy9. Indeed, from equations (9), one can
notice that

Y {G,$} " 3Ng2T 2
&

k,q

G(k)$(q)G(k + q)

= NT
&

k

"(k)G(k) (10)

= !T
&

q

%(q)$(q). (11)

Thus, if we insert Eq. (11) into Eq.(8), the latter reduces
to

Feff = !NT
&

k

!
ln
"
!G"1(k)

#
+ "(k)G(k)

$

+ T
&

q

ln
"
$"1(q)

#
, (12)

while if we insert Eq. (10) we get the following expression
for Eq.(8)

Feff = !NT
&

k

ln
"
!G"1(k)

#
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+ T
&

q

!
ln
"
$"1(q)

#
+%(q)$(q)

$
. (13)

Considering equation (12), we can show (See Appendix
B 1) that the fermionic part reduces to a Fermi liquid
form FFL " !#N$F

6 T 2 so that the final expression of the
free energy for thermodynamics in the Eliashberg frame-
work writes

Feff = FFL + T
&

q

ln
"
$"1(q)

#
. (14)

F. Thermodynamics

Performing the energy and momentum integrals in the
Eliashberg equations Eq. (9), one finds21,22

%(q, i#) = *
|#|

qz"2
, (15)

where * = Ng2$0kF /('v2
F ). Considering only the linear-

frequency Landau term in the spin susceptibility, this
writes

$"1(q, i#) = $"1
0

*
)"2 + |q!Q|2 +

|#|
qz"2

+
. (16)

In particular, we have z = 2 for an antiferromagnetic
QCP and z = 3 for a ferromagnetic one.

Using this expression, the singular part of the free en-
ergy (14) writes

fs()"2, T ) = T
&

i#,q

ln
"
)"2 + |q̃|2 + *

|#|
qz"2

#

= ! 1
2'3

' #

0

d+ coth
* +

2T

+' "q

0

dq̃q̃2 tan"1
* *+/qz"2

)"2 + q̃2

+
,

(17)

where q̃ = q!Q is the shifted momentum near the wave
vector Q. Performing the frequency and momentum in-
tegrals in this equation, one finds the analytic expression
of (17). Details of this evaluation for z = 2 are given in
appendix C.

We would like to emphasize that this e!ective free en-
ergy satisfies the following scaling relation

fs()"2, T ) = b"(d+z)fr()"2b1/% , T bz), (18)

where fr(x, y) is an analytic regular function. + is the
correlation-length exponent, z is the dynamical exponent
and d is the space dimension. Inserting b = )2% into the
above scaling expression, we find

fs()"2, T ) = )"2%(d+z)fr(1, T )2%z). (19)

Taking d = 3 and z = 2, the e!ective theory is beyond
its upper critical dimension near the QCP, giving rise to
+ = 1/2, i.e., the mean-field behavior. Now, one can un-
derstand thermodynamics near the HMM theory QCP
based on this scaling free energy, derived from the e!ec-
tive field theory in the Eliashberg framework.

III. LUTTINGER-WARD FUNCTIONAL IN
THE ELIASHBERG FRAMEWORK OF THE

KONDO BREAKDOWN SCENARIO

The HMM theoretical framework has been regarded as
the standard model for quantum criticality in metals for
a long time, although several heavy fermion compounds
have been shown not to follow its predictions16–20. An in-
teresting alternative theory suggests that heavy fermion
quantum transitions are selective Mott transitions of the
f nearly localized fermions13–15,24 at which the Kondo
e!ect breaks down. This scenario is supported by the
presence of localized magnetic moments at the transition
towards magnetism17 and Fermi surface reconstruction
at the QCP18,19.

This problem has been tackled using the U(1) slave-
boson representation of the Anderson lattice model14,15,
with the introduction of a small dispersion for the f -
electrons. A remarkable aspect of the theory is that
the resulting QCP, at which an e!ective hybridization
vanishes, is multi-scale. Indeed, because we have two
kind of fermions in the model, i.e the conduction c-
fermions and the f -spinons, there exist a Fermi surface
mismatch q! = |kf

F ! kc
F | between Fermi momentum kf

F
for spinons and kc

F for conduction electrons since fillings
of spinons and electrons di!er from each other. This mis-
match gives rise to an energy gap E! for spinon-electron
fluctuations that controls the dynamics of hybridization
fluctuations. Although it depends on the value of q!,
this energy scale is shown to vary from O(100) mK to
O(102) mK. When E < E!, holon fluctuations are un-
damped, thus described by z = 2 dynamical exponent.
On the other hand, when E > E!, holon fluctuations
are dissipative since spinon-electron excitations are Lan-
dau damped, thus described by z = 3 critical theory.
Based on the z = 3 quantum criticality, recent studies
have found quasi-linear electrical transport and logarith-
mically divergent specific heat coe'cient in d = 314,15,25,
and a divergent Grüneisen ratio with an anomalous ex-
ponent 0.712, consistent with experiments16,20.

A. U(1) slave-boson representation of the
Anderson lattice model

We start from the Anderson lattice model in the large-
U limit

L =
&

i

c†i! ((,& ! µ)!ij ! tij) cj! +
&

i

d†i!(,& + -f )di!

+V
&

i

(d†i!ci! + H.c.) + J
&

$ij%

%Si · %Sj , (20)

where ci! and di! are conduction electron with a chem-
ical potential µ and localized electron with an energy
level -f , respectively, tij the hopping term of the con-
duction electron and V the hybridization between c- and
d-electrons. The last spin-exchange term is generated by
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a perturbative expansion to second order in t/U and is
in competition with the hybridization term.

In the U ' ) limit of (20), the strong correlations
between the d-electrons show as a constraint of no double
occupancy for the d-electron. This can be handled using
the U(1) slave-boson representation

di! = b†ifi!, (21)

where bi and fi! are holon and spinon, associated with
hybridization and spin fluctuations, respectively, obeying
the local constraint

b†i bi +
&

!

f†i!fi! = SN, (22)

where S = 1/2 is the value of spin and N is the number
of fermion flavors with ( = 1, ..., N .

One can then rewrite Eq. (20) into

L =
&

$ij%
c†i! ((,& ! µ)!ij ! tij) cj!

+
&

i

f†i!(,& + -f )fi! + b†i,& bi

+V
&

i

(bif
†
i!ci! + H.c.) + J

&

$ij%
(f†i!$ijfj! + H.c.)

+NJ
&

$ij%
|$ij |2 + i

&

i

.i(b
†
i bi + f†i!fi! ! SN) (23)

The spin-exchange term for the localized orbital has been
decomposed, using a field $ij , resulting in exchange hop-
ping processes for the spinons. The local constraint (22)
is taken into account by the introduction of a Lagrange
multiplier .i.

Performing the saddle-point approximation of bi ' b,
$ij ' $, and i.i ' ., one finds an orbital selective
Mott transition as breakdown of Kondo e!ect at J * TK ,
where a spin-liquid Mott insulator (b = 0) arises in J >
TK while a heavy-fermion Fermi liquid (b %= 0) results in
TK > J13–15. Here, TK = D exp

*
'f

N$cV 2

+
is the Kondo

temperature, where /c * (2D)"1 is the density of states
for conduction electrons with the half bandwidth D.

Beyond the mean-field approximation, gauge fluctua-
tions corresponding to phase fluctuations of the hopping
parameter $ij = $eiaij should be introduced to express
collective spin fluctuations. It is more convenient to rep-
resent the above e!ective Lagrangian as follows, perform-
ing the continuum approximation,

LALM =
&

!

'
dr c!!(,& ! µc)c! +

1
2mc

|,ic!|2

+f!!(,& ! µf ! ia& )f! +
1

2mf
|(,i ! iai)f!|2

+b!(,& ! µb ! ia& )b +
1

2mb
|(,i ! iai)b|2 +

ub

2
|b|4

+V (b!c!!f! + H.c.)

+
1

4g2
fµ%fµ% + SN(µb + ia& ), (24)

where g is an e!ective coupling constant between matter
and gauge fields, and several quantities, such as fermion
band masses and chemical potentials, are redefined as
follows

.' !µb,

(2mc)"1 = t, (2mf )"1 = J$,

µc = µ + 2dt, ! µf = -f + .! 2Jd$. (25)

In here, fermion bare bands -ck and -fk for conduction elec-
trons and spinons, respectively, are treated in the contin-
uum approximation as follows

-ck = !2t(cos kx + cos ky + cos kz)

* !2dt + t(k2
x + k2

y + k2
z),

-fk = !2J$(cos kx + cos ky + cos kz)

* !2Jd$+ J$(k2
x + k2

y + k2
z). (26)

The band dispersion for hybridization can arise from high
energy fluctuations of conduction electrons and spinons.
Actually, the band mass of holons is given by m"1

b *
NV 2/c/2, where /c is the density of states for conduc-
tion electrons14,15. Local self-interactions denoted by
ub can be introduced via non-universal short-distance-
scale physics. One physical process for such interactions
is four-point electron-spinon polarization (see Fig. 5),
giving rise to ub = u0

V 4

D3 with u0 * O(1). Because
such a local interaction term results from non-universal
physics, one may consider that this term is introduced
phenomenologically.

1

A. !4 vertex for the holon

gFf f

c

c

B. Propagators and Vertices

(a)
ai

f

f

(b)
ai

b

b

(c) (d)

b

f

c

b

f

c

f B c c B f

C. Renormalized propagators

f f c f f c f c f
Gff ! + + + ...

c c f c c f c f c
Gcc ! + + + ...

D. Skeleton diagram at first order

(a)
b

Gff

Gcc

(b)
b

FIG. 5: Four-point electron-spinon polarization for the
holons.

Maxwell dynamics for gauge fluctuations appears from
high energy fluctuations of spinons and holons.

We would like to develop the LW functional approach,
including the Higgs or heavy-fermion phase. In this re-
spect we write the holon field with its condensation part
and fluctuation contribution separately,

b' B + b. (27)

Then, the e!ective continuum Lagrangian is written as
follows

LALM =
&

!

'
dr c!!(,& +

1
2mc

,2
i ! µc)c!
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+f!!(,& ! µf ! ia& )f! +
1

2mf
|(,i ! iai)f!|2

+b![,& ! (µb ! 2ubB2)! ia& ]b +
1

2mb
|(,i ! iai)b|2

+
ub

2
|b|4 + V (b!c!!f! + H.c.) + V B(c!!f! + H.c.)

+
1

4g2
fµ%fµ% +

B2

2mb
a2

i +
ub

2
B4 +

*
SN ! B2

+
(µb + ia& ).

(28)

We see that the chemical potential for holon excitations
is modified from µb to µb ! 2ubB2. An important point
is that gauge fluctuations become gapped when B %= 0,
which is due to the Anderson-Higgs mechanism.

B. Luttinger-Ward functional in the Kondo
breakdown scenario

In the following, we demonstrate how thermodynam-
ics can be extracted from the complicated e!ective field
theory described by (28), where two kinds of fermion ex-
citations and two kinds of boson fluctuations are cou-
pled with each other. The point is how to introduce all
self-energy corrections self-consistently. As discussed be-
fore, we construct the LW functional in the Eliashberg
framework, allowing us to take all kinds of self-energy
corrections self-consistently at least in the one-loop level.

For simplicity, we start by ignoring gauge fluctuations
corrections, considering only holon fluctuations. Gauge
fluctuations are after that manipulated in the same way
once their coupling with holons and spinons is known.

1. Constructing a zero-order theory

A subtle issue in deriving a LW expression for free
energy is how to handle a non-vanishing condensation
B %= 0 to describ the Higgs phase. A first step towards
this derivation is to construct a ”zero-order” theory tak-
ing into account, in a proper way, the e!ect of the con-
densation part B.

Going to Fourier space, we can cast the action corre-
sponding to the Lagrangian (28) into a mean-field part
and holon fluctuations part :

SMF = !T
&

k

!
c†!kg"1

c (k)c!k + f†!kg"1
f (k, i")f!k

$

+V BT
&

k

*
f†!kc!k + H.c.

+
+
*
SN ! B2

+
µb + ub

B4

2

Sfluc = !T
&

q &=0

b†qd
"1
b (q)bq

+V T 2
&

k,!

&

q &=0

*
bkf†!k+qc!k + H.c.

+
, (29)

where

g"1
c (k) = i" + µc !

k2

2mc
,

g"1
f (k) = i" + µf !

k2

2mf
,

d"1
b (q) = i#+ µb ! 2ubB2 ! q2

2mb
, (30)

The interaction term gives raise to two kind of vertices,
shown in the following figures

1
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f B c c B f
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f
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b
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f f c f f c f c f
Gff ! + + + ...

c c f c c f c f c
Gcc ! + + + ...

D. Skeleton diagram at first order

(a)
b

Gff

Gcc

(b)
bFIG. 6: Vertices due to the interaction between fermions and

holons. Here, a line stands for the spinon propagator, the
dashed line for the electron propagator and the wavy line for
the holon propagator.

Whereas it is justified to follow the same strategy as for
the HMM framework (See Sec.II C), i.e. use the cumulant
expansion to the second order, for the fluctuations part
of the interaction term, it is not the case for the conden-
sation part. However, the latter can be considered as a
renormalization of the propagators gc and gf and is thus
included in a new zero-order theory whose bare action is
SMF .

Indeed, we can write

SMF = !T
&

k

(c†!k f†!k)G"1
0

,
c!k

f!k

-

+
*
SN ! B2

+
µb + ub

B4

2
, (31)

where

G"1
0 =

,
g"1

c !V B
!V B g"1

f

-
.

This gives the renormalized matrix Green’s function for
the fermions

G0 =
,

G0
cc G0

cf

G0
fc G0

ff

-
,

where

G0
ff =

g"1
c

g"1
c g"1

f ! (V B)2

G0
cc =

g"1
f

g"1
c g"1

f ! (V B)2

G0
fc = G0

cf =
V B

g"1
c g"1

f ! (V B)2
(32)
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The condensation renormalizes thus the propagators
for the f!f , c!c and f!c channels. In fact, this equals
summing the infinite serie of the cumulant expansion due
the condensation part of the interaction term (see Fig.7).

1

A. !4 vertex for the holon
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FIG. 7: Propagators of the zero-order theory, where the e!ect
of the condensation B is totally taken into account.

2. Derivation of the Luttinger-Ward functional

Once we have properly handled the condensation part
of the interaction, we can follow the strategy of Sec. II C.

The interaction term due to hybridization fluctuations
writes

Sb =
V(
N

T 2
&

k,!,%

&

q &=0

*
bqf

†
!% k+qc!% k + H.c.

+
, (33)

where we have extended the model to N identical species
of fermions by adding a channel index + & [1, N ] to the
fermionic operators and the 1/

(
N factor ensures a well-

defined large-N limit.
Considering only the leading O(N) contribution to the

LW functional shown in Fig.8, and according to the gen-
eral formula Eq.(1), we get the following expression for
the free energy

F eff
LW = FF + Fb + Yb +

*
SN ! B2

+
µb + ub

B4

2
, (34)

with

FF = !T Tr
.
ln
/
!G"1

0 + "
0

+ "G
1

Fb = T Tr
.
ln
/
!d"1

b +%b

0
+%bDb

1

Yb = !2NV 2
2

k

2
q &=0 Db(q)Gcc(k)Gff (k + q)

(35)

In (35), " =
,
"cc "cf

"fc "ff

-
and G =

,
Gcc Gcf

Gfc Gff

-
are

the self-energy and full Green’s matrices, respectively, of
the fermions. They are related by the Dyson’s equation

G"1 = G"1
0 ! ". (36)

The same equation holds for holons

D"1
b = d"1

b !%b. (37)
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FIG. 8: Leading skeleton diagrams participating to the LW
functional Yb for the Kondo Breakdown model with depen-
dence on 1/N . The fermionic propagators correspond to
Gff (straight line) and Gcc (dashed line) Green’s functions
of the zero order theory including the condensation part of
the interaction. Both fermionic and bosonic propagators are
fully dressed. The first diagram contains one fermionic loop
carrying spin and channel quantum numbers and one pair
of vertices, each of order O(1/

"
N), so that it is of order

O(N2/N) = O(N). The second diagram contains four loops
and four pairs of vertices, so it is of order O(N4/N4) = O(1).

One can manipulate gauge fluctuations in the same
way as the above, where the gauge-coupling action is
given by

Sf
a =

1
m

&

k,q

%%%k! q
2

%%%
*
aqf

†
!kf!k"q + H.c.

+

+
1

2m

&

k,q!,q

a†q!aq!+qf
†
!k+qf!k,

Sb
a =

1
m

&

q!,q

%%%q' ! q
2

%%%
*
aqb

†
!q!b!q!"q + H.c.

+

+
1

2m

&

k,q!,q

a†q!aq!+qb
†
!k+qb!k, (38)

whose vertices are shown in Fig-9.
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b

FIG. 9: Vertices due to the interaction of the gauge fields
with holons and spinons. Gauge propagator is represented by
a zigzag line.
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3. Introduction of gauge fluctuations

Following exactly the same procedure for hybridization
fluctuations, one finds the following additional terms in
Eq.(34)

Fa = T Tr
.
ln
/
!d"1

a +%a

0
+%aDa

1

Ya = !NT 2

2

&

k,q &=0

F (q, k)Gff (k)Da(q)Gff (k + q)

!T 2

2

&

q,q!

B(q, q')Db(q)Da(q')Db(q + q'), (39)

where

d"1
a (q,#) =

#2 + q2

2g2
+

B2

2mb

D"1
a " d"1

a !%a.
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b
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a
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FIG. 10: First order skeleton diagrams corresponding to Ya.
Fermionic and bosonic propagators are fully dressed.

F (k, q) and B(q, q') are the current-gauge bare vertices
for spinons and holons given respectively by

F (k, q) " 1
2

2&

i,j=1

vf
i

*
!ij !

qiqj

q2

+
vf

j , vf
i =

ki + qi/2
mf

,

B(k, q) " 1
2

2&

i,j=1

vb
i

*
!ij !

qiqj

q2

+
vb

j , vb
i =

ki + qi/2
mb

,

Ya corresponds to the contribution of the leading skele-
ton diagrams, due to interactions with the gauge field,
constructed with the fully dressed propagators of the
spinons, the holons and the gauge fields (see Fig-10).

C. Eliashberg equations

As for the HMM model, we can show that Eliash-
berg equations can be derived from the LW functional
approach. Indeed, restricting ourselves to the leading
O(N) terms of Y = Yb + Ya shown in Fig-8 and Fig-10,
one can derive, in the same manner as in the HMM case,
the following expressions for the self-energies

"cc(k) = 2V 2T
&

q

Db(q)Gff (k + q)

"ff (k) " "a
ff + "b

ff

= T
&

q

F (k, q)Gff (k + q)Da(q)

+2V 2T
&

q

Gcc(k ! q)Db(q)

%b(q) " %a
b +%fc

b

= T
&

q!

B(q, q')Da(q')Db(q + q')

+NV 2T
&

k

Gff (k + q)Gcc(k)

%a(q) " %f
a +%b

a

=
NT

2

&

k

F (k, q)Gff (k)Gff (k + q)

+
T

2

&

q!

B(q', q)Db(q)Db(q + q') (40)

We see that the gauge field induces an additional part
in the self-energies of the spinons and the holons, which
we notice "a

ff and %a
b respectively (See Fig-11).

2

E. Self-energies

(a)
qk,!

k + q,!

(b) 0

(c)
q

k,!

k + q,!

(d)
q

!Y [G,"]
!G =

k,!, "

k + q,!, "

=
qk,!, "

k + q,!, "

!Y [G,"]
!" =

k,!, "

k + q,!, "

=

q
k,!

k + q,!

!Ya

!Gff
=

Gff

Gff

=
aGff

Gff

!Ya

!Db
=

b

b

=
ab

b

FIG. 11: Illustrating functional derivative of the gauge part
Ya of LW functional with respect to Green’s functions. The
cross indicates the line that is cut by functional di!erentia-
tion. Additional parts for the f-f channel and the holon self-
energies are generated due to interactions with the gauge field.

Equations (40) are nothing but the Eliashberg equa-
tions for the KB model studied in15. It is found that this
approximation becomes exact in the limit N ' ), pro-
vided we take into account the Fermi surface curvature10.

D. Simplification of the Luttinger-Ward expression

We can notice that
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Yb " !2NV 2
&

k

&

q &=0

Db(q)Gcc(k)Gff (k + q)

= NT
&

k

"cc(k)Gcc + "b
ff (k)Gff (41)

= !T
&

q

%fc
b (q)Db(q), (42)

and that

Ya " !NT 2

2

&

k,q &=0

F (q, k)Gff (k)Da(q)Gff (k + q)

!T 2

2

&

q,q!

B(q, q')Db(q)Da(q')Db(q + q')

= NT
&

k

"a
ff (k)Gff (k)!

&

q

%a
b (q)Db(q) (43)

= NT
&

k

"a
ff (k)Gff (k)!

&

q

%b
a(q)Da(q) (44)

Hence, we can simplify the expression of free energy
for the KB model by introducing either equations (41-44)
into the expression of the free energy. As an exemple, if
we use Eq. (42) and (44) we get the following expression
for free energy

F eff
LW = FF + Fb + Fa +

*
SN ! B2

+
(µb + ia& ) + ub

B4

2
,

with

FF = !T Tr
.
ln
/
!G"1

0
+ "bG

1

Fb = T Tr
.
ln
/
!D"1

b

0
+%a

bDb

1

Fa = T Tr
.
ln
/
!D"1

a

01
(45)

In this expression, the fermionic contribution reduces
to a Fermi liquid form (see Appendix B 2)

FF
LW * !'N/+

6
T 2 ! 'N/"

6
T 2,

where /± is the density of states of the upper(lower) hy-
bridized band. The singular part of the free energy is
given solely by the bosonic sector : Fs = Fa + Fb.

We can make a further simplification considering that
%fc

b + %a
b , in which case the holon part is given by

Fb = T
&

q

ln
/
!d"1

b (q) +%fc(q)
0
.

E. Thermodynamics

Performing the energy and momentum integrals in the
Eliashberg equations [Eqs. (40)], we find Landau damp-
ing expressions for the holon and the gauge polarizations

%fc
b (q, i#) =

*b

2mb

|#|
q

,

%f
a(q, i#) +%b

a(q, i#) =
*a

2ma

|#|
q

, (46)

where

*b =
2'

vf
F

*a

ma
=

N'

mfvf
F

+
'fd

mb

with mb = 2
NV 2$c

and fd =
3

d(d"1)

(2#)(d"1)
q2

d with a UV
cut-o!15.

The singular contribution for the free energy is

fs(µb, T ) = fc(µb, T )

+T
&

q

ln
*
q2 + *b

|#|
q

+&b(µb, T )
+

+T
&

q

ln
*
q2 + *a

|#|
q

+&a(µb, T )
+
, (47)

where the condensation part fc(µb, T ), holon mass
&b(µb, T ), and gauge-boson mass &a(µb, T ) are given by

fc(µb, T ) = !µbB2 +
ub

2
B4,

&b(µb, T ) = !2mb(µb)[µb ! 2ubB2(µb, T )],

&a(µb, T ) =
ma

mb(µb)
B2(µb, T ), (48)

respectively. Note that the holon band mass depends
on the e!ective chemical potential since it is given by
the electron density of states. The coe'cient in the

gauge-boson mass is given by ma

mb(µb>0) * O(1)
*

V
D

+2

,
approximately.

An important remark is that we can determine self-
consistently the condensation value B by the condition
(F eff

LW

(B = 0 (See Appendix E). Beside the part obtained
at the mean-field level, there are contributions due to
hybridization and gauge fluctuation corrections. The
Eliashberg framework allows then to refine the value of
the condensation B.

An explicit analytic expression for the singular part of
the free energy is obtained after integration on frequen-
cies and momenta in Eq.(47) The details of this evalua-
tion and its results are given in Appendix D.

F. Scaling of the free energy near the Kondo
breakdown quantum critical point

Once we have the analytic expression for the singular
part of the free energy, we can deduce its scaling expres-
sions. As shown previously, this part of the free energy
results from collective boson excitations associated with
hybridization and gauge fluctuations. For each of these
bosonic excitations, we associate a length scale for such
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boson excitations, and the scaling form of the free energy
near the Kondo Breakdown QCP reads

fs()"2
b ,."2

a , T ) = b
"(d+zb)
b fb()"2

b b
1/%b

b , T bzb

b )

+b"(d+za)
a fa(."2

b b1/%a
a , T bza

a ). (49)

fb(a)(x, y) is an analytic regular function for hybridiza-
tion (gauge) fluctuations and d is the space dimension.
)b = &"1/2

b is the correlation length for holons, and
.a = &"1/2

a is the one for gauge bosons. In particular,
.a may be considered as the penetration depth in the
superconductor. bb and ba are scaling parameters for hy-
bridization and gauge fluctuations, respectively. +b(a) is
the correlation-length exponent of holons (gauge bosons),
and zb(a) is the dynamical exponent of holons (gauge
bosons). Here, +b = +a and zb = za are obtained.

Although two kinds of length scales are introduced,
both scales diverge at the same parameter point, V = Vc

because they are related with each other via Anderson-
Higgs mechanism. In addition, we note that this expres-
sion is applicable near the Kondo breakdown QCP, ap-
proaching from the heavy-fermion side because we have
considered properly and in a self-consistent way the e!ect
of a finite condensation.

Inserting bb = )2%b and ba = .2%
a into the above scaling

expression, we find

fs()"2
b ,."2

a , T )

= )
"2%(d+z)
b fb(1, T )2%z

b ) + ."2%(d+z)
a fa(1, T.2%z

a ).(50)

Taking d = 3 and z = 3, the scaling free energy is written
as

fs()b,.a, T ) = )"6
b fb(1, T )3b ) + ."6

a fa(1, T.3
a),(51)

where + = 1/2 coincides with the mean-field value owing
to the upper critical dimensionality. Actually, the ana-
lytic expression of the free energy turns out to follow this
scaling relation. This is our main result, derived from the
microscopic model based on the LW functional approach
in the Eliashberg framework. Now, one can understand
thermodynamics near the Kondo breakdown QCP based
on this scaling free energy.

IV. DISCUSSION AND SUMMARY

In this study we derived the scaling of free energy from
a microscopic model for two models of quantum criti-
cality : the standard theoretical framework called the
Hertz-Moriya-Millis (HMM) theory and the strong cou-
pling approach corresponding to the gauge theory. Fluc-
tuation corrections are taken into account systematically
in the Luttinger-Ward functional approach. The Eliash-
berg framework allows to use the proper level of approx-
imation to get, self-consistently, the correct scaling for
thermodynamics near the quantum critical point (QCP).
We have shown that the singular part of the free energy

for both models is due to the collective bosonic excita-
tions, whereas the fermionic excitations give a Fermi Liq-
uid contribution.

For the HMM theory, there exists one length scale
associated with the corresponding symmetry breaking,
here spin-density-wave (SDW) instability. This fact al-
lows us to construct the scaling free energy as a function
of the spin-spin correlation length and temperature for
the SDW quantum transition. We derived the correct
scaling expression using the Luttinger-Ward functional
approach in the Eliashberg framework.

For the gauge theory, there are additional collective
excitations. These have nothing to do with the phase
transition directly although they are a!ected by it. Such
collective modes turn out to be gauge fluctuations cor-
responding to collective spin fluctuations in our context.
An additional length scale, associated with gauge fluctu-
ations, can appear. Indeed, considering that the Kondo
breakdown transition is driven by condensation of holons,
corresponding to the formation of an e!ective hybridiza-
tion, the structure of the theory gives rise to massive
gauge fluctuations via the Anderson-Higgs mechanism.
This is the physical reason why the second length scale
appears in the gauge theory.

Because the two kinds of length scales, correlation
length of hybridization fluctuations and penetration
depth of gauge fluctuations, are deeply related via the
Anderson-Higgs mechanism, they diverge at the Kondo
breakdown QCP simultaneously. However, the presence
of the additional length scale leads to a di!erent scaling
expression for the thermodynamic potential, compared
with the HMM theory. We derived such a scaling expres-
sion using the Luttinger-Ward functional approach in the
Eliashberg framework. In the Eliashberg approximation,
we showed that the scaling expression of the free energy
has two contributions corresponding to each length scale,
where each part contains only one length scale.

In this paper we ignored vertex corrections, some-
times justified but not always10. Our path integral
derivation of the Luttinger-Ward functional gives a
chance to extend the Eliashberg framework, allowing
vertex corrections. This can be achieved by going to
higher orders of the cumulant expansion. In particular,
if we do the same job up to the fourth order, we
expect that vertex corrections will appear, satisfying
the Bethe-Salpeter equation for vertices23. It is an
important future direction to see how introduction of
vertex corrections changes the scaling expression of the
Eliashberg approximation.

This work is supported by the French National Grant
ANR26ECCEZZZ.
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APPENDIX A: DERIVATION OF THE
LUTTINGER-WARD FUNCTIONAL UP TO
SECOND ORDER IN THE INTERACTION

The LW functional can be derived thoroughly using a
cumulant expansion to the second order in the interaction
term. Indeed, this term induces the following corrections
to the bare action
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(A1)

The fermionic and bosonic propagators are introduced
as

G(k)!kk!!!!! " !
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q Sn
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while the corresponding self-energies are
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The two last sums in (A1) corresponds to the two
diagrams shown in Fig-12 where the fermionic and
bosonic propagators are bare.

The prescription to get the LW functional at this order
is to dress these propagators4 in the corresponding skele-
ton diagram, resulting in the following expression for the
LW functional

Y = N 3g2

2 T 2
2

k,q G(k)$(q)G(k + q)

+ N2 3g2

2 T 2$(0)
2

k G(k)
2

k! G(k'). (A2)
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FIG. 12: The one loop closed diagrams for free energy in the
SF model. The fermionic and bosonic propagators are bare

In Fig-12, the diagram (b) will generate a static and
unifrom part in the self-energy and can thus be consid-
ered as a renormalization of the electron chemical poten-
tial.

APPENDIX B: FERMIONIC CONTRIBUTION
TO FREE ENERGY

1. Spin-fermion model

The momentum dependence of the electron self-energy
is shown to be regular10, we then replace the momen-
tum with the Fermi momentum kF : "(i") " "(kF , i").
Then, the electron contribution to the free energy of the
SF model is given by

Fel " !NT
&

i",k

!
ln
"
!G"1

0 (k, i") + "(i")
#

+"(i")G(k, i")
$

= !NT
&

i",k

!' 1

0

du ,u ln
"
!G"1

0 (k, i") + u"(i")
#

+
"(i")

G"1
0 (k, i")! "(i")

$
!NT

&

i",k

ln
"
!G"1

0 (k, i")
#

(B1)

Here, the last term corresponds to the free fermion part
giving raise to the Fermi liquid form of the free energy
for electrons

!NT
&

i",k

ln
"
!G"1

0 (k, i")
#

= !N
'/F

6
T 2, (B2)

where /F is the density of states at the Fermi level. The
first two terms of (B1) are shown to be vanishingly small
in the low energy limit. Indeed, we have

!Fel " !NT
&

i",k

!' 1

0

du ,u ln
"
!G"1

0 (k, i") + u"(i")
#

+
"(i")

G"1
0 (k, i")! "(i")

$

= !NT
&

i",k

' 1

0

du
!
! "(i")

G"1
0 (k, i")! u"(i")
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+
"(i")

G"1
0 (k, i")! "(i")

$

= !NT
&

i",k

"(i")2

G"1
0 (k, i")! "(i")

' 1

0

du
(1! u)

G"1
0 ! u"

.

(B3)

Now, we can switch from the integration over momentum
to that over energy as follows

&

k

...' /F

' "

""

d-...

where $ is an energy cut-o!.
Integrating over -, we find that

!Fel = !NT/F

' 1

0

du
&

i"

"(i")
!
ln
* i" ! "(i")! $

i" ! "(i") + $

+

! ln
* i" ! u"(i")! $

i" ! u"(i") + $

+$
(B4)

For |u"(i")| , $, the two last terms cancels and !Fel

vanishes. The electronic part of the free energy (12) of
the SF model reduces then to the Fermi liquid contribu-
tion

Fel = !N
'/F

6
T 2. (B5)

2. Kondo breakdown theory

The fermionic sector in the KB model factorizes into
an upper (+) and a lower (-) band whose dispersions are
given by

Ek± =
1
2

6
-k + -0k ±

7
(-k ! -0k)2 + 4V 2B2

8

The free energy for each band has a similar expression
to Eq. (B5) and reduces to a Fermi liquid form

F± = !'N/±
6

T 2,

where /± is the density of states of the upper (lower)
band at the Fermi level given by

/± = /0

,
,Ek±
,-k

-"1

|E±=0

APPENDIX C: MOMENTUM AND FREQUENCY
INTEGRAL FOR THE FREE ENERGY OF THE

SPIN-FERMION MODEL

Introducing f(x) = tan"1 x, we have the following lim-
its

f(x, 1) * x, f(x+ 1) * '

2
. (C1)

Then, the free energy expression of Eq. (17) can be cast
according to

fs(), T ) * ! 1
2#3

3#
0

d+ coth
*

%
2T

+ 6
+

#s

' #

qr

dq̃
q̃2

)"2 + q̃2

+
'

2

' qr

0

dq̃q̃2

8
, (C2)

where qr =
7

%
#s
! )"2. Then

fs(), T ) = ! 1
2'3

' #

0

d+ coth
* +

2T

+! +
#s

"
$q

!
9

+

#s
! )"2 ! )"1

*'
2
! tan"1

:
)2+

#s
! 1
+#

+
'

6

* +

#s
! )"2

+3/2$

* ! 1
2'3

(2T )2

#s
$q + )"5fr(T )2), (C3)

where $q is a momentum cuto! and

fr(T )2) =
1

2'3

! [2T )2]2

#s

":2T )2

#s
! 1

+
*'

2
! tan"1

:
2T )2

#s
! 1
+#
! '

6
[2T )2]

* [2T )2]
#s

! 1
+ 3

2
$
.

We see that the singular part of the free energy follows
the scaling relation shown in Eqs. (18) and (19).

APPENDIX D: MOMENTUM AND FREQUENCY
INTEGRAL FOR THE FREE ENERGY IN THE

KONDO BREAKDOWN SCENARIO

Let’s consider the spectral representation of Eq. (47)

fs(µr, T ) = fc(µr, T )! 1
2'3

' #

0

d+ coth
* +

2T

+' #

0

dqq2

"
tan"1

*
*b

+

q[q2 +&b]

+
+ tan"1

*
*a

+

q[q2 +&a]

+#
. (D1)

Considering the approximation for tan"1 x, the holon
part is cast, as previously, into two parts in the momen-
tum integral

fb(µb, T ) = ! 1
2'3

' #

0

d+ coth
* +

2T

+

' #

0

dqq2 tan"1
*
*b

+

q[q2 +&b]

+

* ! 1
2'3

' #

0

d+ coth
* +

2T

+' #

qr

dqq2 *b+

q[q2 +&b]

! 1
2'3

' #

0

d+ coth
* +

2T

+' qr

0

dqq2'

2
,
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where qr is a characteristic momentum determined by
the equation

*b+

qr[q2
r +&b]

= 1' q3
r +&bqr ! *b+ = 0.

The solution of the latter is given by

qr = ! (2/3)1/3&b*
9*b+ +

;
12&3

b + 81(*b+)2
+1/3

+

*
9*b+ +

;
12&3

b + 81(*b+)2
+1/3

21/332/3
, (D2)

which is definitely positive.
Then

fb(µb, T ) = ! 1
4'3

' #

0

d+ coth
* +

2T

+' "2
q

q2
r

dx
*b+

x +&b

! 1
12'2

' #

0

d+ coth
* +

2T

+
q3
r

* ! 1
4'3

' #

0

d+ coth
* +

2T

+
*b+ ln

*$2
qqr

*b+

+

! 1
12'2

' #

0

d+ coth
* +

2T

+*
!&bqr + *b+

+
, (D3)

where the momentum cuto! $q is taken much larger than
the holon mass, i.e., $2

q + &b.
The frequency integral can be performed approxi-

mately, given by

fb(µr, T ) = ! 1
4'3

' #

0

d+ coth
* +

2T

+
*b+ ln

*$2
qqr

*b+

+

! 1
12'2

' #

0

d+ coth
* +

2T

+*
!&bqr + *b+

+

* ! 1
4'3

"' 2T

0

d+
2T

+
+
' "!

2T

d+
#
*b+ ln

*$2
qqr[&b, +]
*b+

+

! 1
12'2

"' 2T

0

d+
2T

+
+
' "!

2T

d+
#*
!&bqr + *b+

+

* ! 1
4'3

' 2T

0

d+
2T

+
*b+ ln

*$2
qqr[&b, +]
*b+

+

! 1
12'2

' 2T

0

d+
2T

+

*
!&bqr + *b+

+

* ! 1
4'3*b

(2*bT )2 ln
*$2

qqr[&b, 2T ]
2*bT

+

! 1
12'2*b

(2*bT )
*
!&bqr[&b, 2T ] + 2*bT

+
, (D4)

where

qr[&b, 2T ] = ! (2/3)1/3&b*
9[2*bT ] +

;
12&3

b + 81(2*bT )2
+1/3

+

*
9[2*bT ] +

;
12&3

b + 81(2*bT )2
+1/3

21/332/3
. (D5)

For the gauge-fluctuation part, exactly the same pro-
cedure is performed, and the result holds provided that
the subscript b is replaced with a.

APPENDIX E: SELF-CONSISTENT EQUATION
FOR B

Minimizing the free energy Eq.45 with respect to B,
we get the following expression

0 = HMF (B)

+T
&

i#

'
ddq

(2')d

8mbubB
q2 + *b

|#|
q ! 2mb[µb ! 2ubB2]

+T
&

i#

'
ddq

(2')d

2ma

mb
B

q2 + *a
|#|
q + ma

mb
B2

, (E1)

where HMF (B) = 0 determines the mean-field value
of the condensation B. Fluctuations of the holon and
the gauge fields result in additional terms in the self-
consistent equation for B.

The holon part is evaluated as follows

T
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'
d3q

(2')3
1
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* 1
4'3
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0

d+ coth
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dx
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1
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' #

0

d+ coth
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Max[&b, (*b+)2/3]

* 1
4'3*b

(2*bT )2

Max[&b, (2*bT )2/3]
, (E2)

where the Max function is defined as Max[A, B] = A
when A $ B.

The gauge part is evaluated in the same way and the
analytic expression for the self-consistent equation of B
writes

0 = HMF (B)

+
mbub

'3*b

B(2*bT )2

Max[!2mb(µb ! 2ubB2), (2*bT )2/3]

+
ma/mb

4'3*a

B(2*aT )2

Max[ma

mb
B2, (2*aT )2/3]

(E3)
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