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The problem of determining the analytical description for a set of data arises in numerous sciences and 
applications and can be referred to as data modelling or system identification. Neural networks are a 
convenient means of representation because they are known to be universal approximators that can 
learn data. The desired task is usually obtained by a learning procedure which consists in adjusting the 
"synaptic weights". For this purpose, many learning algorithms have been proposed to update these 
weights. The convergence for these learning algorithms is a crucial criterion for neural networks to be 
useful in different applications.  
The aim of the present contribution is to use a training algorithm for feedforward wavelet networks 
used for function approximation. The training is based on the minimization of the least-square cost 
function. The minimization is performed by iterative second order gradient-based methods. We make 
use of the Levenberg-Marquardt algorithm to train the architecture of the chosen network and, then, 
the training procedure starts with a simple gradient method which is followed by a BFGS (Broyden, 
Fletcher, Glodfarb et Shanno) algorithm. The performances of the two algorithms are then compared. 
Our method is then applied to determine the energy of the ground state associated to a sextic potential. 
In fact, the Schrödinger equation does not always admit an exact solution and one has, generally, to 
solve it numerically. To this end, the sextic potential is, firstly, approximated with the above outlined 
wavelet network and, secondly, implemented into a numerical scheme. Our results are in good 
agreement with the ones found in the literature. 
  
Key words: Function approximation, neural-networks, wavelets, BFGS algorithm, sextic potential, 
Schrödinger equation. 
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I- INTRODUCTION 
 
Artificial neural network is a kind of mathematical model simulating the structural and 
functional features of brain neuron network of mankind and having the ability of self 
modification. Function approximation is a fundamental subject of artificial neural networks. 
The selection of activation functions is crucial for the approximation property and the 
convergence rate of a network [1,2,3]. In neural networks, two types of activation functions 
are commonly used: global, as sigmoidal functions [1], and local, as in wavelet basis function 
networks [4]. They have different approximation properties; both networks are capable of 
approximating any continuous function with arbitrary accuracy [1].  
The desired task is usually obtained by a learning procedure which consists in adjusting the 
"synaptic weights". For this purpose, many learning algorithms have been proposed to update 
these weights [5]. The convergence for these learning algorithms is a crucial criterion for 
neural networks to be useful in different applications. In fact, considerable effort has gone 
into developing techniques for accelerating the convergence of the training algorithms [6]. 
The aim of the present contribution is to use a training algorithm for feedforward wavelet 
networks used for function approximation. The training is based on the minimization of the 
least-square cost function. The minimization is performed by iterative second order gradient-
based methods. We make use of the Levenberg-Marquardt algorithm to train the architecture 
of the chosen network and, then, the training procedure starts with a simple gradient method 
which is followed by a BFGS (Broyden, Fletcher, Glodfarb et Shanno) algorithm. The 
performances of the two algorithms are then compared. Our method is then applied to 
determine the energy of the ground state associated to a sextic potential. In fact, the 
Schrödinger equation does not always admit an exact solution and one has, generally, to solve 
it numerically. To this end, the sextic potential is, firstly, approximated with the above 
outlined wavelet network and, secondly, implemented into a numerical scheme. Our results 
are in good agreement with the ones found in the literature. 
 
 

II- NETWORK ARCHITECTURE 
 

The architecture of the neural network emanates directly from the Kolmogorov's seminal 
results [7,8]. The emphasis is on Kolmogorov's second theorem, which subsequently has been 
reformulated by Kurkova [9] in more practical ways for artificial neural networks applications 
with somewhat relaxed requirements on approximating functions employed. In fact, it has 
been pointed out a similarity between the formal structure of Kolmogorov's expansion of 
continuous functions through other auxiliary functions with three layer feed-forward neural 
networks and reformulated the Kolmogorov's theorem as any continuous function defined on 
the n-dimensional cube Eⁿ, E=[0,1] can be implemented exactly by a three-layered network 
having 2n+1 units in the hidden layer with activation functions of a sigmoidal type from the 
input to the hidden layer. 
Going parallel to what has been stated above; let us consider a three-layered network 
consisting of an input X, a hidden layer of elementary responses and a linear output neuron. 
The neural elementary units receive the same input X. Each unit returns an output f which 
depends on two parameters: the translation parameter b and the scale one λ. Output synaptic 
weights ω(b,λ) linearly regroup these elementary outputs into a global output F(X). We have 
then the expansion [10] 
 
                                    b)/λ)f((XbdbdF(X) ),(                                        (1) 
By discretizing equation (1) with N units and neglecting the translation parameter, we obtain 
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The central issue of any theory of neural nets is to find the values of the synaptic weights i 
which are best suited for a given task. A training algorithm, optimizing the task is used. First 
in terms of the synaptic weights i and second in terms of the scale parameter. For this, we 
minimize the square norm of the error  given by 
 
                                                       appapp FFFF                                                (3) 

In terms of the i’s, this consists in solving the equation   
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Using equation (2) and adopting short notation, we obtain 
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The solution of the above equation is given by 
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where g is the matrix with elements kjjk ffg   

In terms of the scale parameters, it consists in solving the equation given by 
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where f’ is the derivative of the elementary task before any scaling. 
 
 

III- TRAINING ALGORITHMS 
 

In this section, we review different algorithms used in this investigation to train the neural 
network: Simple gradient descent, Quasi-Newton (BFGS) algorithm and Levenberg-
Marquardt (LM) method. 
 
III-1 Simple gradient descent 
 
The simplest gradient method of learning updates the network weights in the direction in 
which the performance function decreases more rapidly [11]. The new weight vector can be 
adjusted, at iteration k, as 
                                                          1 ( )k k kJ       ,                                                     8) 
where µ is the learning rate. The negative sign indicates that the new weight vector is moving 
in a direction opposite to that of the gradient. 
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III-2 BFGS algorithm 
 
The BFGS (Broyden, Fletcher, Goldfarb, and Shanno) algorithm consists in updating the 
parameters, at iteration k, by [12] 
 
                                                  1

1 1 ( )k k k
k kM J   
    ,                                                 (9) 

 
Where µk+1 is positive, and where Mk+1 is an approximation of the Hessian Matrix; the latter is 
computed, at each iteration, by 
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and                                                           1k k

k                                                             (12) 
 
The initial value M0 is the identity matrix. 
That approximation is valid only in the neighbourhood of a minimum of the cost function. 
Therefore, it is recommended to use simple gradient descent in the beginning of training in 
order to get close to a minimum, and then switch to BFGS when the minimum is close enough  
 
III-3 Levenberg-Marquardt algorithm 
 
The Levenberg-Marquardt (LM) [13,14] algorithm consists in updating the parameters, at 
iteration k, by 
                                               1 1

1( ( ) ) ( )k k k k
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    ,                                   (13) 

 
where µk+1 is a scalar controlling the behaviour of the algorithm and H(ωk) is the Hessian 
matrix, given by 
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For small values of the step µk, the LM algorithm is close to the Newton method, whereas, for 
large values of µk, the LM algorithm is equivalent to simple gradient descent with step 1/ µk+1. 
Similarly to quasi-Newton methods, the Levenberg-Marquardt algorithm was designed to 
approach second order training speed without having to compute the Hessian matrix. 
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IV- SIMULATION RESULTS AND DISCUSSION 
 
It is very difficult to know which training algorithm will be the fastest and the most adequate 
for a given problem. It should depend on several factors including the complexity and the type 
of the considered problem, the data set of the training base, the number of weights in the 
network and the required training time. 
In this section, we carry out a comparison among second order gradient-based methods for 
function approximation. We make choice of the “Mexican Hat” wavelet as activation function 
for the chosen network. 
To this end, let consider the implementation of the function “target task” given by 
 
     F(X)=0.10167exp(-X/10){0.60717tanh[4(X-1.66133)]-4.33575tanh[4(X-9.56591)]}     (15) 
 
We start the learning process by minimizing the square norm of the error in terms of the 
synaptic weights i, by satisfying equation (6). Let take N=5. We start with the initial values 
1/4, 1/2, 1, 2, 4 for the i’s as it is often found in the literature that a traditional sequence 

)2/1(2  Ni
i  is a good choice for a start. 

We then use the values of i to find the new values of the scale parameters minimizing the 

error. After about 80 steps, a saturation of 
2

appF occurs and a close comparison between F 
and Fapp can be provided. 
Since the used algorithms iteratively adjust the network weights to minimize the mean square 
norm of the error (hereafter referred to as MSE) <F-Fapp|F-Fapp>, which indicates the average 
deviation from the target task, we use it as a criterion for evaluating the accuracy of the 
trained network in function approximation 
To show the influence of the number of iterations on the best approximation, runs with 
different values of steps are performed and the results are depicted in figure 1. Obviously, it 
appears that an increase of the number of iterations, where the training algorithm used is a 
simple gradient method, will provide a better accuracy. The obtained results indicate that an 
increase of the number of iterations would lead to a decrease of the MSE. The latter abruptly 
decreases before settling to a constant value equal to 0.114. 
In figure 2, we illustrate the mean square norm of the error (MSE) versus the number of 
iterations. In this case, the training procedure starts with a simple gradient method which is 
followed by a BFGS algorithm. The obtained results indicate that an increase of the number 
of iterations would lead to a decrease of the MSE. The latter abruptly decreases before settling 
to a constant value and the use of second order algorithm provides a better accuracy leading 
therefore to a great improvement of the function approximation as is evident from Fig.2. The 
value of the MSE passes from 0.114 at itr=71 to 0.078 at itr=80.  
To compare the performances of second order algorithms, we make use of the Levenberg-
Marquardt algorithm to train the architecture of the chosen network. Figure 3 shows that as 
the number of iterations increases, the MSE decreases showing a net improvement of the 
function approximation. This improvement is more effective and more noticeable, leading to 
vanishingly small values of the MSE as is evident from Fig.3 (to compare with Fig.2). 
Among the used methods, the Levenberg-Marquardt algorithm is widely accepted as the most 
efficient one in the sense of the accuracy realization. In fact, this algorithm gives a good 
compromise between the speed of the Newton algorithm and the stability of the steepest 
descent method, and consequently it constitutes a good transition between these methods. 
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Figure 3 

 
Application to sextic potential 
 
Eigenvalue problems in the form of differential equations have widespread application in all 
fields of science and engineering. Their numerical study requires replacing the continuum 
formulation with a discrete version, and then solving the resulting model iteratively using 
appropriate start values. In this section, the sextic potential is, firstly, approximated with the 
above outlined wavelet network and, secondly, implemented into a numerical scheme to 
determine the energy of the associated ground state. 
To get started, let us consider a sixth-order sextic potential, generally employed to interpret 
the vibrational spectra, given by 
 
                                               2 4 6V(X)=-1.02 X +0.48 X +0.32X                                            (16) 
and satisfying the Schrödinger equation (in units ħ=m=1) 
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We try to find the best approximation of this sextic potential using the above outlined wavelet 
network. We make choice of the “Mexican Hat” wavelet as activation function. After 2000 
iterations, the values of the i’s and i’s read as {7.60639, 9.94585, 11.9673, 13.9457, 
21.0331} and {2.04919, -22.2392, 60.3333, -48.8167, 8.67718}, respectively. We have then 
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This approximated form of the sextic potential is implemented into a numerical scheme to 
determine the energy of the ground state. The obtained value, E0=0.33 eV, is in a good 
agreement with the one given in the literature E0= 0.30 eV.   
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