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Radiative transfer problem for anisotropic scattering in a spherical homogeneous, turbid 

medium with diffuse and angular dependent (specular) reflecting boundaries is solved using the 
Pomraning-Eddington approximation method. The angular dependent specular reflectivity of the 
boundary is considered as Fresnel’s reflection probability function. The partial heat flux is 
calculated with anisotropic scattering through a homogeneous solid sphere. The calculations are 
carried out for spherical media of radii 0.1, 1.0, and 10 mfp and for different scattering albedo. Two 
different weight functions are used to verify the boundary conditions. Our results are compared with 
the available data and give an excellent agreement for thick and highly scattering media. 
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INTRODUCTION 
 

The radiative transfer problem of light absorption and scattering with turbid media 
has been considered by several authors, [1-5]. The angular variation of the reflectivities for 
spherical medium is neglected and the interfaces are usually assumed to have constant 
reflectivities. For light transport, it is more acceptable to introduce the boundary that is 
given by Chien and We [6]. They were considered Fresnel’s reflection function at both 
boundaries for finite medium. Aronson [7] used the double PN-approximation to obtain a 
solution for Milne’s problem with Fresnel’s reflection functions. Degheidy et al [8] 
considered the light transport in half space medium with specular Fresnel and diffuse 
reflecting boundary. Attia et al [9] used the Pomraning Eddington approximation to solve 
the radiative transfer problem for anisotropic scattering in a spherical homogeneous turbid 
medium with specular reflecting boundary. The angular dependent reflectivity of the 
boundary was considered as Fresnel’s reflection probability function.  

In this, work the Pomraning Eddington approximation to solve the radiative transfer 
problem for anisotropic scattering in a spherical homogeneous turbid medium with general 
boundary condition such that the angular dependent reflectivity of the boundary was 
considered as Fresnel’s reflection probability function.  
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 THEORETICAL TECHNIQUE 
 

Consider a homogeneous and anisotropic scattering solid sphere medium. The 
radiation problem is formulated mathematically by the equation [10]. 
 

where 0  r  R and  -1 µ  1. The problem is taken to satisfy the boundary condition  
 

(2)                                    )(R, n),()(2 )(T  F  ),(          d
0    RqIR b  

Here ),(  r  is the radiance at optical distance, while  is the cosine of the angle between 
the propagation direction and the positive direction of the r-axis. F is the external incidence 
on the surface of the sphere. Є is the emissivity and d and  ),( n  are the diffuse and 
specular reflectivities of the surface of the sphere, where n is the refractive index of the 
medium. )( 0TIb  is the black-body radiation of the surface of temperature 0T . The single 
scattering albedo is taken as 0 while ),(  P  is the scattering phase function which can 
be expanded in terms of the Legendre polynomial Pn () as [11] 
 

 
The expansion coefficients an can be calculated by Mie scattering theory [12]. For a linear 
anisotropic approximation this phase function can be stated as   
 

 
where a , the linear anisotropic coefficients, is given in terms of the Legendre - polynomial 
coefficients am by the formula [12] 

 

The specular reflectivity ),( n  can be calculated from the Fresnel’s equation as [13] 
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These functions ),( n are equal to zero for refractive index n equal to unity and equal to 
unity for all angles larger than the critical angle c cos  c , which is given by 

22 /)1( nnc  . The partial heat flux )(  Rq  is defined by 
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The radiative transfer problem described by equation (1) can be solved by using the 
Pomraning Eddington approximation given in the form [14].  
        
             (8)                                                         )O(r, q(r)  )(r, G(r)  ),(          r  
 
where (r,) and O(r,) are even and odd functions of  , respectively, which are spatially 
slowly varying and are defined by normalization relations. 
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The space irradiant, G(r) is defined as 
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While the net heat flux q(r), is given as 

Integrating the radiative transfer equation (1) over   (-1, 1), using Eqs. (10) and (11) one 
gets the first–order differential equations for G(r) and q(r) as 
 
                  (12a)                                                        0 G(r)   q(r) (2/r)  /)(         drrdq  
where 
                                    (12b)                                                                                   1 0   
Multiplying equation (1) by   and integrating over   (-1, 1), using Eqs. (8-11) lead to  
 
             (13a)                                                 0 q(r) )/(  G(r) /r)(  /)(            DdrrdG   
where    
                     (13b)                                                                               /3)a( - 1              0   

and            
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The function ),(  r and ),( rO can be defined by substituting equation (8) into equation 
(1), separating the even and odd terms of  and using eqs. (12a) and (13a) to obtain  
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This can be calculated using the transcendental equation 
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This equation can be solved numerically to find the value of 0 for each value of the 
scattering albedo 0 . 

The two-coupled first order differential equations (12a) and (13a) lead to the second - 
order differential equation  
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With the solution  
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and Is )(x is the modified Bessel function. Substituting (20) into (13a) leads to 
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The constant A1 appearing in (20) and (22) can be defined using the boundary condition of 
our problem given by (2). This boundary condition can be verified using a weight function 
W )( as follows [14-16]          
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Here, we shall use two different weight functions to verify the boundary condition and 
determine the constant A1. The first weight function is taken in terms of the adjoint of the 
radiation intensity as [14].                     
 
                            (24)                                                                               )(R,    )(  W  
This weight function is the Lagrange multiplier of the boundary condition. The second 
weight function WH, is taken in terms of Chandrasekher’s H-function as [17] 
                       (25)                                                                           3 / )H(   )( 1/2 HW   
In the calculations Chandrasekher’s H-function will be taken by its approximate form [18] 
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and Z0 is the extrapolated distance of the Milne problem. 
 

NUMERICAL CALCULATION AND RESULTS 
 

In many applications, generally the angular variation of reflectivity of the boundary is 
neglected, only the average constant values or the effective values of the reflectivity are 
considered. Here, we examine the variation involved in the determination of the partial heat 
flux at the boundary )(  Rq   of the solid sphere of radius R, when the angular dependent 
Fresnel’s reflectivity at the boundary used instead of constant reflectivity. The calculations 
are carried out for solid spheres of radii R=0.1,1.0 and 10 mfp using the weight function 
method with two weight functions WH and WA and also using Pomraning Eddington 
method.  We test homogeneous media with single scattering albedo 0 between .5 and 1.0 
for isotropic forward and backward anisotropic scattering. The integrals including 

),( n are calculated numerically.  
 
Table 1: The partial heat flux )(  Rq   at the surface of solid sphere with diffuse reflectivity ρd=0.5 
and refractive index n=1 for different radii and different anisotropic parameter a . 
 
        Forward scattering               isotropic scattering                    Backward scattering  
              a =1.81516                              a =0.0                                             a =-.58659 
          Galerkin             Present           Galerkin          Present              Galerkin         Present  

0                           WA            WH                          WA           WH                                         WA          WH 
R=.1 
.7 .46225 .40135 .44241 .46225 .37437 .44572 .40225 .35862 .44662 
.8 .47432 .44580 .45871 .47432 .43718 .46141 .47532 .43299 .46210 
.9 .48689 .47941 .47720 .48689 .47829 .47871 .48689 .47785 .47907 
.95 .49337 .49147 .48777 .49337 .49133 .48848 .49337 .49128 .48864 
.975 .49667 .49620 .49358 .49667 .49618 .49388 .49667 .49617 .49395 
.99 .49866 .49859 .49732 .49866 .49859 .49741 .49866 .49859 .49743 
.995 .49933 .49932 .49862 .49933 .49932 .49865 .49933 .49932 .49865 
.999 .49987 .49987 .49972 .49987 .49987 .49972 .49987 .49987 .49972 
R=1.0 
.7 .25793 .21998 .23458 .26135 .21138 .23823 .26242 .20539 .23908 
.8 .31393 .29124 .29580 .31629 .28890 .29929 .31704 .28765 .30024 
.9 .39032 .38234 .37903 .39127 .38250 .38114 .39157 .38249 .38171 
.95 .43981 .43740 .43314 .44011 .43759 .43414 .44021 .43765 .43440 
.975 .46837 .46770 .46462 .46845 .46777 .46504 .46848 .46779 .46514 
.99 .48695 .48683 .48529 .48696 .48685 .48541 .48697 .48685 .48544 
.995 .49340 .49338 .49253 .49341 .49339 .49256 .49341 .49339 .49257 
.999 .49867 .49867 .49849 .49867 .49867 .49849 .49867 .49867 .49849 
R=10 
.7 .05106 .04911 .08004 .08643 .08265 .13698 .09526 .09058 .15008 
.8 .07920 .07721 .12429 .12171 .11913 .18605 .13180 .12890 .19944 
.9 .14193 .13992 .21042 .18789 .18632 .26524 .19833 .19679 .27662 
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.95 .22038 .21878 .29813 .25820 .25717 .33469 .26694 .26600 .34257 

.975 .30387 .30293 .37307 .32719 .32657 .39159 .33294 .33238 .39598 

.99 .39599 .39570 .43962 .40401 .40378 .44486 .40622 .40600 .44628 

.995 .44159 .44150 .46772 .44436 .44428 .46937 .44517 .44510 .46985 

.999 .48703 .48703 .49316 .48718 .48718 .49325 .48723 .48723 .49327 
 
In Table (1), the partial heat flux at the surface )( Rq is calculated for solid spheres with 
only diffuse reflectivity of the boundary d =.5. These results show excellent agreement 
with those calculated by the Galerkin technique [5, 11]. Tables (2-3), show the results for 
the partial heat flux including the angular dependent Fresnel’s reflectivity at the boundary 
at refractive index n=1.33 and n=1.5 respectively, the results are compared with exact 
calculations [9] at d =0.0. In table (4, 5) the partial heat flux are calculated with two 
weight functions WH and WA at refractive index n=1.33 and n=1.5 respectively in case of 

d =0.5. All the calculations are performed without external incidence and normalized for 
the black-body radiation of the surface )( 0TIb and the boundary emissiivity .50  .  
 
Table 2: The partial heat flux )(  Rq   at the surface of solid sphere with refractive index n=1.33 
for different radii and different anisotropic parameter a . 
 

            Forward scattering         isotropic scattering       Backward scattering 
                 a =1.81516                          a =0.0                     a =-.58659  

0          WA          WH          Exact           WA          WH             Exact              WA        WH                 Exact 
R=.1 
.5 .37457 .46985 .46985 .28927 .47112 .47112 .21970 .47136 .47136 
.6 .42337 .48018 .48018 .37946 .48237 .48237 .34672 .48272 .48272 
.7 .46255 .49109 .49109 .44434 .49355 .49355 43296 .49404 .49404 
.8 .49398 .50265 .50265 .48851 .50489 .50489 .48576 .50542 .50542 
.9 .51826 .51515 .51515 .51740 .51660 .51660 .51708 .51696 .51696 
.95 52747 .52108 .52108 .52747 .52258 .52258 .52745 .52284 .52284 
.975 .53169 .52481 .52481 .53160 .52548 .52548 .53158 .52571 .52571 
.99 .53393 .52737 .52737 .53391 .52724 .52724 .53389 .52739 .52739 
.995 .53461 .52741 .52741 .53460 .52778 .52778 .53461 .52785 .52785 
.999 .53518 .52817 .52817 .53516 .52792 .52792 .53517 .52787 .52787 
R=1 
.5 .19242 .23614 .23614 .15368 .23778 .23778 .11949 .23706 .23706 
.6 .25125 .28008 .28008 .22997 .28341 .28341 .21252 .28371 .28371 
.7 .31449 .32987 .32987 .30578 .33416 .33416 .2994 .33466 .33466 
.8 .38293 .38676 .38676 .3809 .39022 .39022 .37950 .39113 .39113 
.9 .45680 .45239 .45239 .45679 .45440 .45440 .45675 .45493 .45493 
.95 .49536 .48845 .48845 .49556 .49007 .49007 .49561 .49038 .49038 
.975 .51537 .50811 .50811 .51530 .50884 .50884 .51525 .50908 .50908 
.99 .52729 .52059 .52059 .52726 .52048 .52048 .52726 .52063 .52063 
.995 .53127 .52401 .52401 .53127 .52465 .52465 .53128 .52445 .52445 
.999 .53451 .52748 .52748 .53449 .52723 .52723 .53450 .52719 .52719 
R=10 
.5 .04226 .03502 .03502 .07377 .07568 .07568 .07448 .08608 .08608 
.6 .06262 .05339 .05339 .10578 .10329 .10329 .11464 .11548 .11548 
.7 .09157 .08106 .08106 .14517 .13986 .13986 .15701 .15312 .15312 
.8 .13776 .12652 .12652 .19846 .19068 .19068 .21153 .20473 .20473 
.9 .22742 .21622 .21622 .28317 .27427 .27427 .29478 .28644 .28644 
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.95 .31939 .30889 .30889 .35733 .34853 .34853 .36554 .35711 .35711 

.975 .39954 .38950 .38950 .41832 .40989 .40989 .42293 .41480 .41480 

.99 .47019 .46220 .46220 .47850 .46788 .46788 .47718 .46956 .46956 

.995 .50045 .49255 .49255 .50218 .49721 .49721 .50270 .49529 .49529 

.999 .52793 .52076 .52076 .52800 .52060 .52060 .52803 .52058 .52058 
 
The comparison shows that the results of the Pomraning Eddington method become 

more accurate for media of greater radius and high scattering albedo.  
The Legendere polynomials expansion coefficients of the scattering function forward 

(refractive index =1.2, size parameter=2) and backward scattering (refractive index = ∞ size 
parameter=1) give linear anisotropic parameters   a =1.81517, and  a = - 0.58659 respectively.12  
 
Table 3: The partial heat flux )(  Rq   at the surface of solid sphere with refractive index n=1.5 for 
different radii and different anisotropic parameter a . 
 

            Forward scattering        isotropic scattering         Backward scattering 
                   a = 1.81516                      a =0.0                             a =-.58659  

0         WA          WH           Exact             WA          WH              Exact            WA         WH                Exact 
R=.1 
.5 .38236 .48048 .48048 .29503 .48158 .48158 .22395 .48172 .48172 
.6 .43268 .49152 .49152 .38754 .49362 .49362 .35408 .49394 .49394 
.7 .47339 .50311 .50311 .45452 .50564 .50564 .44279 .50610 .50610 
.8 .50633 .51549 .51549 .50057 .51779 .51779 .49773 .51830 .51830 
.9 .53208 .52868 .52868 .53115 .52806 .52806 .53081 .53066 .53066 
.95 .54202 .53497 .53497 .54198 .53657 .53657 .54194 .53695 .53695 
.975 .54658 .53892 .53892 .54661 .53977 .53977 .54652 .53996 .53996 
.99 .54901 .54160 .54160 .54898 .54151 .54151 .54897 .54172 .54172 
.995 .54978 .54170 .54170 .54976 .54188 .54188 .54978 .54206 .54206 
.999 .55039 .54541 .54541 .55038 .54214 .54214 .55038 .54235 .54235 
R=1 
.5 .19440 .23882 .23882 .15513 .24048 .24048 .12053 .23973 .23973 
.6 .25447 .28394 .28394 .23278 .28733 .28733 .21509 .28763 .28763 
.7 .31946 .33528 .33528 .31049 .33936 .33936 .30398 .34023 .34023 
.8 .39036 .39437 .39437 .38822 .39865 .39865 .38679 .39886 .39886 
.9 .46757 .46264 .46264 .46755 .46496 .46496 .46751 .46554 .46554 
.95 .50823 .50064 .50064 .50841 .50238 .50238 .50844 .50279 .50279 
.975 .52929 .52133 .52133 .52938 .52224 .52224 .52931 .52244 .52244 
.99 .54200 .53445 .53445 .54199 .53438 .53438 .54198 .53459 .53459 
.995 .54626 .53812 .53812 .54624 .53830 .53830 .54627 .53848 .53848 
.999 .54968 .54491 .54491 .54967 .54142 .54142 .54968 .54163 .54163 
R=10 
.5 .04238 .03468 .03468 .07405 .07597 .07597 .07779 .08647 .08647 
.6 .06289 .05355 .05355 .10637 .10384 .10384 .11541 .11618 .11618 
.7 .09211 .0814 .0814 .14631 .14057 .14057 .15832 .15434 .15434 
.8 .13889 .12736 .12736 .20059 .19344 .19344 .21393 .20688 .20688 
.9 .23033 .21823 .21823 .28751 .27815 .27815 .29946 .29068 .29068 
.95 .32497 .31376 .31376 .36419 .35480 .35480 .37270 .36370 .36370 
.975 .40749 .39724 .39724 .42775 .41859 .41859 .43250 .42366 .42366 
.99 .48198 .47316 .47316 .48775 .47910 .47910 .48931 .48090 .48090 
.995 .51379 .50500 .50500 .51560 .50707 .50707 .51616 .50779 .50779 
.999 .54274 .54003 .54003 .54282 .53443 .53443 .54282 .53467 .53467 

 



 

-298- 

 
Table 4: The partial heat flux )(  Rq   at the surface of solid sphere with refractive                              
index n=133, for different radii and different anisotropic parameter a . 
 

            Forward scattering        isotropic scattering         Backward scattering 
                   a = 1.81516                      a =0.0                             a =-.58659  

0            WA           WH                           WA           WH                                         WA          WH                  

R=0.1 
.5 .29245 .44314 .20024 .44540 .13921 .44647 
.6 .35660 .46144 .29851 .46543 .25983 .44677 
.7 .41600 .48250 .38743 .48723 .37046 .48846 
.8 .46975 .50533 .45997 .50987   .42728 .51096 
.9 .51572 .53125 .51402 .53388 .51338 .53511 
.95 .53429 .54402 .53427 .54729 .53423 .54786 
.975 .54299 .55221 .54171 .56142 .54290 .55420 
.99 .54771 .55429 .54766 .55761 .54762 .55795 
.995 .54913 .55799 .54904 .55875 .54914 .55898 
.999 .55034 .55968 .55069 .55914 .55031 .55903 
R=1.0 
.5 .11801 .15457 .09014 .15598 .06749 .14887 
.6 .16556 .18455 .14781 .18811 .13348 .18901 
.7 .22525 .24612 .21640 .25043 .21009 .22452 
.8 .30276 .31534 .30023 .31996 .28527 .32119 
.9 .40678 .41307 .40678 .41612 .40670 .41732 
.95 .47227 .47742 .47263 .48052 .47272 .48112 
.975 .50983 .51649 .55341 .52488 .50991 .51849 
.99 .53391 .54425 .53385 .54271 .53385 .54304 
.995 .54214 .55045 .54295 .55119 .54216 .55141 
.999 .54893 .55815 .54905 .55761 .54890 .55750 
R=10 
.5 .02202 .04081 .03969 .04094 .04185 .04578 
.6 .03332 .05211 .05927 .05342 .06440 .05565 
.7 .05020 .08410 .08434 .08104 .09244 .08609 
.8 .07937 .11242 .12259 .11780 .13569 .12872 
.9 .14547 .18794 .19445 .18888 .20557 .20071 
.95 .23031 .26348 .27196 .26750 .28158 .27773 
.975 .32326 .35108  .37256 .35287 .35601 .35440 
.99 .42852 .43067 .43632 .43963 .44028 .44261 
.995 .48161 .48548 .49500 .48945 .48579 .49066 
.999 .53523 .54330 .53542 .54297 .53543 .54294 
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Table 5: The partial heat flux )(  Rq   at the surface of solid sphere with refractive                           
index n=15, for different radii and different anisotropic parameter a . 
 

            Forward scattering        isotropic scattering         Backward scattering 
                   a = 1.81516                      a =0.0                             a =-.58659  

0            WA           WH                           WA           WH                                         WA          WH                  

R=0.1 
.5 .30205 .46242 .20607 .46513 .14265 .46770 
.6 .37004 .48571 .30857 .48648 .26820 .48711 
.7 .43387 .50625 .40318 .51142 .40433 .51235 
.8 .49261 .53197 .48182 .53838 .47774 .53800 
.9 .54382 .56086 .54187 .56442 .54119 .56621 
.95 .56500 .57519 .56492 .57890 .56482 .58043 
.975 .57500 .58441 .57647 .58718 .57487 .58686 
.99 .58040 .58917 .58035 .59062 .58031 .59102 
.995 .59057 .59075 .59027 .59141 .58214 .59184 
.999 .59121 .59147 .59183 .59203 .59248 .59254 
R=1.0 
.5 .11950 .15688 .11159 .15839 .10815 .15817 
.6 .16836 .20239 .14988 .20422 .13553 .20673 
.7 .23039 .25220 .22117 .25684 .34468 .25784 
.8 .31215 .32558 .30943 .33201 .31370 .33175 
.9 .42419 .43048 .42417 .43452 .42410 .43609 
.95 ,49621 .50128 .49656 .50474 .49662 .51053 
.975 .53802 .54457 .43352 .55245 .53808 .54699 
.99 .56496 .57399 .45861 .57476 .56491 .57433 
.995 .57196 .58074 .57234 .58294 .57432 .58337 
.999 .58822 .59508 .58981 .59032 .58990 .59082 
R=10 
.5 .04029 .041818 04143 .04112 .04204 .04743 
.6 .05846 .06129 .05924 .06233 .06489 .06286 
.7 .08052 .08431 .08511 .08178 .17650 .09125 
.8 .12801 .12298 .12422 .12004 .14307 .13043 
.9 .19786 .18957 .19869 .18888 .21016 .20506 
.95 .27616 .27861 .27998 .27489 .29017 .29613 
.975 .36466 .36552 .36485 .36681 .36978 .36755 
.99 .45752 .45906 .45861 .46518 .46139 .46321 
.995 .50837 .50870 .50922 .51434 .51158 .51584 
.999 .56433 .57297 .56535 .57394 .56681 .57450 
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