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Abstract: 

The effect of different multipole deformations on the Coulomb barrier 
distribution in the orientation degrees of freedom is studied using realistic density 
dependent nucleon-nucleon interaction in the framework of the double folding 
model. We found that the orientation Coulomb barrier parameters distributions 
show similar patterns to that of half density radius of the interacting deformed 
nucleus. This similarity allows a simple evaluation of the orientation barrier 
distribution which greatly helps us to estimate when the barrier parameters will 
increase or decrease and at which orientations they will be independent of the 
deformation. It helps also to estimate the optimum orientations for hot and cold 
fusion of colliding nuclei.  
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I. Introduction: 

It has long been recognized that the nuclear deformation is one of the enhancement 
effects in different nuclear reactions especially fusion reactions and synthesis of super-heavy 
nuclei, SHN, [1-7]. It affects the Coulomb barrier between reacting nuclei which control the 
cross sections of various nuclear reactions and production of the super-heavy elements, 
through the barrier penetrability [8-10] and potential energy surfaces. The different 
macroscopic and microscopic models [11-18] proposed to understand the production 
mechanism of superheavy nuclei, SHN, through cold [19] or hot [20,21] fusion reactions 
confirm the role of deformation. If one or both of interacting nuclei are well deformed in their 
ground states, the microscopic calculation of Coulomb and nuclear contributions of the 
interaction potential will be time consuming where it involves six-dimensional integrals. So, 
it is desirable to find alternative simple method to drive the heavy-ion, HI, potential for 
interacting deformed oriented nuclei with acceptable accuracy. This will help to reduce time 
consumed in such approaches which need to calculate the interaction potential at different 
orientations several times such as the coupled-channel method. Different phenomenological 
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methods have been proposed to this aim such as Wong’s expression [22] for Coulomb 
interaction between two deformed nuclei, considering non-overlapping densities, and the 
nuclear proximity potential [23,24] which frequently used in most recent SHN studies [24-
28]. The different simple approximate methods used to calculate the HI potential obtain 
Coulomb barriers differ considerably for the same colliding system. The uncertainty of HI 
potential near the touching point of the two interacting nuclei arises from the different 
approximations gives rise to a variety of the proposed nuclear reaction mechanisms leading to 
SHN formation. Therefore one can decrease this uncertainty by deriving the HI potential 
microscopically without making severe approximations. For microscopic calculations, double 
folding model with simple density dependent zero range NN interaction has been used to 
generate the HI interaction potential at different orientations [29] giving smooth orientation 
Coulomb barrier distribution behavior.  

So, when one of the nuclei participating in the reaction is deformed then the role of 
deformations is of much interest to get the optimum orientations for hot or cold fusion of 
colliding nuclei [24-26,30,31] to produce SHN. The general behavior of Coulomb barrier, its 
height and position, is the key to understand the role of deformations, sign and magnitude, 
where the distribution of Coulomb barriers in orientation degrees of freedom is observed to 
be related in clear way to the reacting nuclei deformations [25,26]. In this work we perform a 
microscopic study using double-folding model derived from zero-range and finite range 
density dependent exchange NN force to study the effect of deformation and orientation on 
the Coulomb barrier parameters. Eventually, our goal will be to discuss the microscopic 
results for the orientation barrier distribution of interacting deformed nuclei in a simple way 
through the variation of deformed nucleus radius. We further investigate to what extent other 
simple calculations success in producing the Coulomb barrier behavior in the orientation 
degrees of freedom. We consider the fusion of 48Ca to 244Pu which leads to the formation of 
the super-heavy element 292114. The recent measured excitation functions for the 4n channel 
of this interaction was evidence for the compactness of hot fusion reactions [32]. So, we will 
outline the method of double folding calculations that used to calculate both the nuclear, 
direct and exchange, and Coulomb parts of the HI potential then discuss the obtained results 
for the orientation barrier distribution of the system 48Ca+244Pu showing how can we interpret 
it in simple way. Finally, the conclusion is presented.  
 
II. Method of calculations  

We will perform the microscopic Coulomb and the nuclear, direct and exchange, 
potentials calculations using the double folding approach. We adopt an improved density 
dependent version, BDM3Y1 [33], for the realistic effective M3Y force which based on the 
G-matrix elements of the Paris [34] nucleon-nucleon interaction. The density dependence has 
been introduced to reproduce the cold nuclear matter saturation properties.  

The interaction potential between spherical projectile and deformed target at separation 
distance, R, between their centers is given by, 
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β is the orientation angle of symmetry axis of deformed target nucleus measured from the 
separation distance vector R

v
 between the centers of the interacting nuclei, Fig. 1.  

 
FIG. 1: Schematic representation of the two interacting nuclei shows the coordinate system. 

 

The direct, UD, and exchange, UEx, HI potential parts are then given, respectively, by 
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where 21 rrRs vvvv −+= , Fig. 1. )( 1rP
vρ and )( 2rT

rρ  denote the density distributions of projectile 
and target, respectively, VD(Ex) (s,ρ) is the direct (exchange) nucleon-nucleon (NN) force. The 
local wave number, )(Rk

v
, is given by, 
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µ is the reduced mass for the reacting nuclei and UC is the Coulomb potential of the 
interacting nuclei which is calculated by Eq. (2) by replacing the matter density distributions 

with the charge density distributions and using 
s

e2

 instead of VD (s,ρ). For each value of the 

separation distance R and orientation angle β we have to calculate the six dimensional 
integrals, Eqs. (2) and (3), for both the direct and exchange parts of the nuclear HI potential 
and for the Coulomb part as well. The evaluation of these integrals is an intricate numerical 
problem. So, we simplify them in such a way similar to that used in case of two interacting 
spherical nuclei. The density dependent M3Y-Paris effective NN force considered in the 
present work, BDM3Yn, has the factorized shape [33,34], 
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with the density and energy dependence, respectively,  
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The parameters c, γ and n are adjusted to reproduce normal nuclear matter saturation 
properties for a given equation of state for cold nuclear matter. For BDM3Y1, c=1.2521, γ 
=1.7452 fm3 and n=1 which generate nuclear matter equation of state with incompressibility 
value, K=270 MeV. EAp is the incident energy per projectile nucleon in the laboratory system. 
In view of the short range of the effective interaction it is sufficiently accurate to use the 
convenient form, )()( 21 rr PT

vv ρρρ += , for the total density, Eq. (7), that underestimate the 
folded potential up to about 15 % in the inner radial regions when the projectile penetrates 
deeply into the target nucleus [35,36]. So, we can express the direct part of the HI potential 
for the case of density dependent NN force of the form BDM3Yn, n=1, as 
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)(~ kVD  is the Fourier transformation of the ordinary M3Y force. For spherical projectile 
nucleus, one can integrate over the angular part of 1r

v  to get the one dimensional integrals,  
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On the other hand, choosing the orientation angle of the symmetry axis in the z-axis direction 
transforms the integration over 2r

v  to be independent of the former. So, we can integrate over 
the azimuthal angle of 2r

v  to get two dimensional integrals instead of three dimensional one. 
Expanding 2rkie

vv
•−  into its multipole components, assuming deformed target with axial 

symmetry, then integrating over the azimuthal angle of 2r
v  defining   
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and integrating over the angular part of k
v

, Eq. (8) becomes 
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Ω̂  is in the direction of the symmetry axis of the target nucleus. This expression is simple as 
that of the HI potential for interacting spherical nuclei [37] except that it involves two 
dimensional integrals. The integration over the non diagonal densities for projectile and target 
to calculate the exchange part of the HI nuclear potential, Eq. (3), contains a self-consistency 
problem where  )(Rk

v
 depends on the potential itself, Eq. (4). In order to calculate exchange 

contribution of the HI potential we approximate the nonlocal (one-body) densities using 
density matrix expansion [38] where the available densities are in the local form. Referring to 
fig. 1, projectile and target nonlocal densities are approximated as [39],  
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where j1(x) is the first order spherical Bessel function. For a spherically symmetric ground 
state density, the average local Fermi momentum, ( )Tpikeff ,= , is given in terms of the kinetic 
energy density, τi, as [38], 
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Using the extended Thomas-Fermi approximation, the kinetic energy density is given by 
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Inserting the above local approximation, Eq. (12), and the NN exchange interaction, Eq. (6), 
into the folding integral, Eq. (3) transforming the integration variables from 1r

v  and 2r
v into yv   

and sv  and taking the Fourier transformation of the product pj ρ1̂ , one gets 
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where x≡cosθ. The integrals ),(2 skAP  and ),(2 skAT are same integrals but with squared 
projectile and target densities, respectively. The matter and charge density distributions of the 
deformed target nucleus are assumed in the two-parameter Fermi shape, 

  )1/(),( /))((
02

2 TT aRrT
T er θρθρ −+= ,                                                                 (17) 

where the half density radius in presence of quadrupole, β2, and hexadecapole, β4, 
deformations, is given by,  

)]()()(1[)( 24042303220202 θβθβθβθ YYYRR TT +++= .                                                     (18) 

The deformed nucleus density distribution in its two-parameter Fermi form allows inclusion 
of the different multipole deformations into the expression of the direct, Eq.(11) and 
exchange, Eq. (15) potentials without complicating the numerical calculations.  
 
 

III. The results and discussion: 

Even though in the double folding model the potentials are obtained by integrating over 
the volumes of target and projectile, we found in recent work [29] that the behavior of 
Coulomb barrier parameters in presence of octupole and higher multipole deformations, β6 
and β8 at different orientations is attributable to the variation of the half density radius of the 
deformed nucleus in the direction of the separation vector R

v
, denoted by RT on Fig. 1. To 

examine this in clear when finite exchange NN effective interaction is used and for the 
quadrupole deformation which have more wide values range than the higher multipole 
deformations we illustrate in Figs. 2(a) and 2(b) the changes of the barrier height, Vb, and 
barrier radius, Rb, respectively, for the reaction 48Ca+244Pu →292 114 with respect to the 
quadrupole deformation parameter value, β2, at different orientations of the deformed target 
nucleus (54.7o, 60o, 70o, 80o and 90o). The interaction potential is calculated assuming the 
density dependent finite range force (BDM3Y1), Eqs.(5) and (6) for both direct and exchange 
potential parts, Eqs. (11) and (15), respectively. The change of the half radius of the 
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deformed target nucleus, 244Pu, relative to the same values of quadrupole deformations and 
orientations presented in Figs. 2(a) and 2(b) is added to Fig. 2(a). 

 

FIG. 2(a) : The Coulomb barrier height, Vb, for 
the interacting pair 48Ca + 244Pu relative to the 
quadrupole deformation parameter, β2, at different 
orientation angles, β (deg.), of the symmetry axis 
of the deformed 244Pu nucleus. The HI interacting 
potential is calculated using the density dependent 
M3Y NN finite range force, BDM3Y1.  

FIG. 2(b): Same as Fig. 2(a) but it shows 
the variation of Coulomb barrier position, 
Rb, with the quadrupole deformation 
parameter values. The inset shows the 
variation half density radius of the 
interacting deformed target nucleus, 244Pu, 
at the same orientations. 

 At the orientations β ≥70o, Figs. 2(a) and 2(b) show that Vb and Rb, respectively, have 
nearly linear dependence on the value of quadrupole deformation, β2.The barrier height, Vb, 
increases with increasing β2 , going from the oblate shape into the prolate one, while the 
barrier radius, Rb, decreases. This linearity becomes perfect at β ≥80o.  For the orientations 
β <70o there is direct (reverse), but not linear, dependence for Vb (Rb) on β2. This dependence 
decreases till it becomes minor or almost vanishes at the orientation β =54.7o where the 
Coulomb barrier parameters, Vb and Rb , become independent of the quadrupole deformation. 
We remark that spherical harmonics, Y20 (cos(β)), which define the variation of the half 
radius of the deformed nucleus, Eq. (18), has a zero value at β=54.7o. Also minor 
dependence of the Coulomb barrier parameters on the deformation parameters at the 
orientation β=90o when β2=β4 is related to constant radius of deformed nucleus at this 
condition, Eq. (18). So, It is of interest now to compare the variations of the barrier 
parameters and those of the half radius variation, R(β), of the deformed nucleus, inset of Fig. 
2(b), with respect to the quadrupole deformation parameter at different orientations. The 
common indication can be seen clearly is that the barrier radius, Rb, behaves in the same way 
as R(β) with β2 at different orientations. The Coulomb barrier height, Vb, do the same but 
with opposite dependence. Now, it is of interest to determine the optimum orientations for 
compact and elongated configurations leading to hot and cold fusion reactions, respectively. 
Figs. 2(a) and 2(b) shows that the compact configuration for deformed prolate nucleus is at 
β=90o, equatorial compact configuration, while the elongated configuration is at β=0o. The 
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compact configuration in case of interacting oblate nucleus is obtained at β=0o, polar, while 
the elongated configuration is obtained at β=90o, equatorial elongated configuration.  

 

 

FIG. 3(a) : The orientation Coulomb barrier height, 
Vb, distribution for the interacting pair 48Ca + 244Pu. 
The deformed target nucleus 244Pu is considered to 
have different quadrupole deformation values in 
presence of small positive β4 = 0.062.  

FIG. 3(b): Same as Fig. 3(a) but it shows the 
orientation Coulomb barrier radius, Rb, 
distribution. The inset shows the half density 
radius orientation variation of the interacting 
deformed target nucleus, 244Pu.  

 

FIG. 3(c): Same as Fig. 3(a) but the deformed 
nucleus has large positive β4 = 0.15. 

FIG. 3(d): Same as Fig. 3(b) but the deformed 
nucleus has β4 = 0.15. 

To draw firm conclusion if one of the interacting nuclei possesses no purely quadrupole 
deformation we plotted in Figs. 3(a) and 3(b) the barrier height and radius, respectively, as a 
function of the orientation angle for chosen four quadrupole deformation parameter values 
(β2 =± 0.15, ± 0.35) in addition to small positive hexadecapole deformation, β4= 0.062. We 
show in the inset of Fig. 3(a) the change in the 244Pu radius in presence of quadrupole 
deformation in addition to the hexadecapole one, with the same considered values. The 
figures show strong orientation variation of Vb and Rb. For prolate (oblate) deformed nucleus 
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with small positive value of β4, the value of Vb varies by about 21.8 MeV (-19.4 MeV) for the 
two values β2 = 0.35 (- 0.35) when the orientation angle varies from β=0o to β=90o. So, the 
effect of positive quadrupole deformation is relatively greater than that of the negative one 
with the same value. The corresponding change in the Coulomb barrier position, Rb, is -2.6 
fm (2.2 fm). Although there is slight effect due to the folding integrations, we see that the 
orientation behavior of Rb follows in direct way that of deformed nucleus radius, inset of Fig. 
3(b), while the behavior of Vb reflexes it inversely. Same behavior is obtained when the 
hexadecapole deformation gets larger, β4= 0.15, Figs. 3(c) and 3.(d). Regarding hot and cold 
fusion processes, presence of small positive hexadecapole deformation keeps the compact 
configuration for deformed prolate nucleus with large quadrupole deformation at β=90o 
giving the equatorial compact configuration while the elongated configuration is obtained at 
β=0o. It keeps also the compact configuration for deformed oblate nucleus with large 
quadrupole deformation at β=0o and the elongated configuration at β=90o. This is obviously 
not the case if the quadrupole deformation is weaker, β2 =± 0.15 (Figs. 3(a) and 3.(b)), or the 
hexadecapole deformation is stronger, β4= 0.15 (Figs. 3(c) and 3.(d)). Small positive 
hexadecapole deformation, β4= 0.062, changes the compact configuration in case of prolate 
(oblate) deformed nucleus with small quadrupole deformation, β2= 0.15 (-0.15), to be around 
the orientation β=67o (β=32o). Larger positive hexadecapole deformation, β4= 0.15, changes 
the compact configuration in case of prolate (oblate) deformed nucleus with small quadrupole 
deformation, β2= 0.15 (-0.15), to be around the orientation β=57o (β=42o) and around the 
orientation β=67o (β=30o) in case of large quadrupole deformation, β2= 0.35 (-0.35), Figs. 
3(c) and 3(d). The minimum deformed nucleus radius for the same cases, inset of Fig. 3(d), is 
obtained at β=57o (β=42o) and β=69o (β=32o), respectively.  

 
Of course, there would be a significant change in the orientation barrier distribution if 

the hexadecapole deformation were negative instead of the positive one, Figs 4(a-d). These 
Figures confirm our results for the relation between the variation of R(β2,β4;β) and that of 
Vb(β2,β4;β) and Rb(β2,β4;β). We still have equatorial (polar) compact configuration when the 
deformed prolate (oblate) nucleus has small negative hexadecapole one, Figs. 4(a) and 4(b). 
The elongated configuration when the prolate nucleus has small quadrupole deformation and 
small negative hexadecapole deformation becomes around the orientation β=34o, the 
deformed nucleus has maximum radius, Rmax (β2=0.15, β4=-0.062), at β =31o. For prolate 
(oblate) deformed nucleus with small negative value of β4, the value of Vb varies by about 
17.7 MeV (-23.8 MeV) for the two values β2 = 0.35 (- 0.35) when the orientation angle varies 
from β=0o to β=90o. The corresponding change in the Coulomb barrier position, Rb, is -2.1 fm 
(2.4 fm). In presence of the small negative hexadecapole deformation, the orientation 
response for the oblate nucleus is clearer than that for the prolate one. Also, comparing same 
values in case of positive hexadecapole deformation we see that the influence of the negative 
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FIG. 4(a): Same as Fig. 3(a) but the deformed nucleus
has small negative β4=- 0.062. 

 

FIG. 4(b): Same as Fig. 3(b) but the deformed 
nucleus has small negative β4 = - 0.062. 

 

FIG. 4(c): Same as Fig. 4(a) but the deformed nucleus 
has large negative β4 = - 0.15. 

FIG. 4(d): Same as Fig. 4(b) but the deformed 
nucleus has large negative β4 = - 0.15. 

 
hexadecapole deformation reinforce the effect of the negative quadrupole one opposing the 
effect of the positive one. This can be understood clearly if we consider the orientation 
dependence of the deformed nucleus radius. Indeed, as the negative hexadecapole gets larger, 
β4 =- 0.15 (Figs. 4(c) and 4(d)), the obtained compact configuration in case of prolate and 
oblate deformed nucleus remains essentially unchanged while the obtained elongated 
configuration in case of small prolate (oblate) quadrupole deformation, β2= 0.15 (-0.15), 
changes to be around the orientation β=43o (β=56o) and around the orientation β=35o (β=66o) 
in case of large quadrupole deformation, β2= 0.35 (-0.35), Figs. 4(c) and 4(d). The 
corresponding maximum values for the deformed nucleus radius, inset of Fig. 4(d), obtained 
at β=42o (β=57o) and β=32o (β=69o), respectively.    

To confirm our results in presence of asymmetry octupole deformation, Figs. 5(a) and 
5(b) show the orientation distribution of Coulomb barrier parameters when the deformed 
244Pu- nucleus has octupole deformation, β3 , in addition to its quadrupole and hexadecapole 
ones, β2

 = 0.25 and β4
 = 0.062. For simplicity, we considered M3Y NN force with zero-range 

exchange part. As can be seen in Figs 5(a) and (b), the Coulomb barrier parameters follows a 
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similar orientation pattern to that seen for the deformed nucleus radius, inset of Fig. 5(b). 
Including octupole deformations changes the compact configuration orientation to lie at 
β = 71o, 73o , 106o and 109o in presence of octupole deformation with values 0.1,0.05,-0.05 
and -0.1, respectively. The minimum deformed nucleus radius at the same octupole 
deformation values lies at β = 71o, 75o, 105o and 109o , respectively. Positive (negative) 
octupole deformation parameter keeps the polar elongated configuration at orientation β = 0o 
(180o).   

 

FIG. 5(a): Same as Fig. 3(a) but 244Pu has octupole 
deformation, β3 , in addition to its quadrupole, β2 = 0.25 
, and hexadecapole, β4 = 0.062, deformations. 

 

FIG. 5(b): Same as Fig. 5(a) but it shows the 
Coulomb barrier radius distribution. The inset 
shows 244Pu-half density radius variation. 

 

In summary, using microscopic calculations based on density dependent NN interaction 
with finite direct and exchange parts we have demonstrated here that the orientation change 
of the deformed colliding nucleus radius, in the direction of the separation vector between 
colliding nuclei, has the substantial role in forming the Coulomb barrier parameters 
distributions in the orientation degrees of freedom. The orientation Coulomb barrier 
parameters, height and radius, patterns are found to behave in directly (inversely) reasonable 
agreement with the colliding deformed nuclear radius orientation pattern. This result provides 
a chance to deduce the orientation barrier distribution and optimum orientations for the 
compact and elongated configurations for colliding nuclei in acceptable accurate way without 
performing heavy calculations. Moreover, this correlation can greatly help us when we need 
to take into account the orientation degrees of freedom in microscopic calculations instead of 
calculating the interaction potential microscopically several times, up to hundreds of times, as 
we have to do in the microscopic coupled channel calculations.    
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