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The microscopic optical potential (OP) is calculated for the K+-meson scattering on the 
12C and 40Ca nuclei at intermediate energies. This potential has no free parameters and 
based on the known kaon-nucleon amplitude and nuclear density distribution functions. 
Then, the Klein-Gordon equation is written in the form of the relativistic Shrцdinger 
equation where terms quadratic in the potential was estimated can be neglected. The latter 
equationis adapted to the considered task and solved numerically. The effect of 
relativization is shown to play a significant role. A good agreement with the experimental 
data on differential elastic cross sections is obtained. However, to explain the data on 
total reaction cross sections the additional surface term of OP was introduced to account 
for influence of the peripheral  nuclear reaction channels. 
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1. INTRODUCTION 
 

It is known that the K+-meson scattering can be used as a weak hadronic interaction 
probe for investigating the neutron density distributions in nuclei while the electron scattering 
is applied to study the nuclear charge density. This is a reason for the special interest to the 
experimental data on the elastic scattering differential cross sections [1],[2] and also on the 
total reaction cross sections [3]-[7] of the kaon-nucleus interactions. So, the elastic and 
inelastic differential cross sections of K±-mesons with momentum 0.8 GeV/c on 12C and 40Ca 
nuclei were calculated in [8] using the Glauber theory [9], and conclusions were made that  
the multiple scattering terms in the theory do not improve an agreement with experimental 
data. The Glauber approach has been also applied in Ref.[10] for calculating elastic and 
inelastic scattering of K+-mesons from the 6,7Li considered as the cluster nuclei. In Ref.[11] 
the optical K+-nucleus potential was constructed basing on the K+N  t-matrix and the nuclear 
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one particle wave functions of a square well potential. The agreement with experimental data 
was achieved with the addition of 10-15% of S11 phase in K+N amplitude which was 
motivated as the in-medium effect. Later on in Ref.[12] for the study of K+ scattering a local 
version [13] of the Kisslinger potential [14] was applied which has been early suggested for 
pion-nucleus scattering. In this method, they were also forced to increase the S11 phase in 
about 10-15% to receive agreement with experimental data. Another trial was made in 
Ref.[15] to establish an adequate but the phenomenological K+-nucleus Woods-Saxon 
potential having six parameters adjusted to the experimental data for each energy and target-
nucleus. However, ambiguities appear in the values of these parameters when adjusting to 
experimental data. In this connection, the better way to avoid introducing the large number of 
phenomenological parameters is to search an adequate model of the microscopic optical 
potential that does not introduce any free parameters and, in contrast, uses the known data 
both on the target-nucleus structure and the K+N scattering amplitude. This gives a possibility 
to establish the basic characteristics of a potential, namely, its form and dependence on the 
collision energy. 

 
 

2. BASIC FORMULAS AND CROSS SECTION CALCULATIONS 
 

Here we apply a straightforward microscopical optical potential (OP) derived in 
Ref.[16] which gives the amplitude which is corresponds to the high energy scattering 
amplitude done in [9],[17],[18] in the so-called optical limit. However, the usage of this OP 
has the advantage that it can be elaborated not only to get mentioned high-energy eikonal 
amplitude of scattering, but also it may be applied when solving the respective wave equation 
to calculate numerically the particle-nucleus scattering amplitude at comparably lower 
energies. In fact, this OP depends on parameters of the known K+N elementary amplitude and 
on the so-called unfolded density distribution of the point-like (bare) nucleons in a nucleus. 
Thus, in accordance with [16] we have, 
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Here ρn(q) and ρp(q) are form factors of the bare neutron and proton densities of a nucleus. 
For 12C and 40Ca nuclei we consider them to be of the same form ρn(q)= ρp(q). For ρp(q) we 
utilize the symmetrized Fermi function with two parameters cited in [19] where they were 
reproduced from [20] (For 12C the  radius  c=2.275 fm,  diffuseness a=0.393 fm; for 40Ca 
c=3.593 fm, a=0.493 fm). In this latter work the nuclear charge densities were obtained by 
fitting the calculated electron-scattering nuclear form factors to the experimental one (see e.g. 
[21]) and then by excluding from them the proton form factor itself. As shown in (1) the OP is 
defined by the total cross section 

 K  for kaon-nucleon interaction and 
 K , the  ratio of real 

to imaginary part of the K+N forward scattering amplitude. In addition, the K+N form factor 
has the form )2/exp( 2qf K 

  . The quantities 
  KK ,  and the slope parameter βν are 

given in [22] on the basis of the known scattering phases for five momenta klab from 0.489 to 
0.902 GeV/c. For intermediate momenta these parameters were found using the Lagrange 
approximation method (see Table 1). Thus, the microscopic OP (1) does not have free 
parameters. 
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Table 1. Parameters of the K+ scattering amplitude on protons (p) and neutrons (n) from [22]: 
 

labk , GeV/c 2, fmp
K  2, fmn

K  p
K  n

K  2, fmp  2, fmn  
0.635 1.311 1.555 -1.688 -0.463 0.151 0.0014 
0.715 1.32 1.67 -1.467 -0.373 0.0114 0.0015 
0.800 1.32 1.70 -1.31 -0.323 0.01 0.00135 

 
 

 
 

Figure 1.  Microscopic optical potential (at γ(r)=1) calculated using eq.(1) for K+-meson 
scattering at 0.8 GeV/c on 12C and 40Ca. 

 

It is noticed that in the above considered experimental data, the kinetic energy of the 
K+-meson is comparable to, or more than, its mass, and therefore the problem is needed in 
relativistic consideration. To this end, in eq.(1) for OP one should use the relativistic 
expression of the kaon c.m. velocity )//( 2

2
1 mmEk labc  , where 2

1
2 mkE lab   is its 

total energy in laboratory system. Then, substituting the nuclear potential (1) together with the 
Coulomb potential Uc(r) in the Klein-Gordon equation one obtains the equation of a 
Shrödinger like form, 
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Below we will test whether one can neglect the term U2/2E in eqs. (2) and (3). Also, in the 
case of K(+)-nucleus scattering, the relation 1/ 2

2
1 Emm  takes place, and therefore in the 

relativistic velocity βc this term can be neglected to use βc ≈ β = klab /E. In calculations, we 
take the known expression for the Coulomb potential in the field of the uniform nuclear 
charge density distribution of radius RC = rcA1/3 with rc = 1.3 fm.In eq.(2) we take the 
relativistic k value in c.m. system as follows, 
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where Tlab = E - m1. In the right hand side of eq.(2), the quantity )/( 21
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is the relativistic reduced mass (energy) of a system, from which one follows the non-
relativistic reduced mass µ=m1m2/[m1+m2]. In this notation the relativization factor of OP is 
given by, 
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Equation (2) can be solved using a standard code DWUCK4 [23] for solving Shrödinger 
equation where one takes the potential Ueff(r) calculated within eq.(3). 

It should be noted that there exist a number of expressions for the relativization factors 
γ(r) obtained, e.g., in [24],[25],[26]. However, our calculations in [27] for the considered 
energies of the kaon-nucleus scattering show that the all different expressions of γ(r) lead to 
the very close values. So, for the kaon momenta 0.8 and 0.635 GeV/c in the case of scattering 
from 12C nucleus these relativization factors get the corresponding values 1.789 (±2.5%) and 
1.557 (±2%), while for scattering from 40Ca at 0.8 GeV/c we have γr=1.866 (±1%). It was 
also shown that calculations of the differential cross sections using these different γ(r) do not 
exceed experimental bars. 

In Fig.1 one sees the real (repulsive) and imaginary (absorptive) parts of the optical 
potential, calculated at γ(r) =1 for scattering of K+-meson on 12C and 40Ca at 0.8 GeV/c. The 
usage of relativistic factors γ(r)≠1 changes only the depths of OP leaving their form without 
any variations. In Fig.2 we show the calculated differential cross sections (solid curves) and 
the corresponding experimental data. The dashed curves demonstrate calculations at γ(r)=1 
which can be conventionally fixed as the “non-relativistic” case, although it is better to say 
the “semi-relativistic” one because of the fact, that the momentum k and velocity β in (2) are 
retained the relativistic values. Nevertheless one sees the large difference between solid and 
dashed curves and thus one can conclude that the relativistic effects are very significant. This 
conclusion is also supported when calculating the total reaction cross sections. Indeed, in the 
considered case of the K++40Ca interaction at 0.8 GeV/c we obtain that at γ(r)

 =1 one has 
mbtot

r 245  but when the relativization is accounted for with γ(r)
 =1.85 obtained from 

eq.(5), the corresponding cross section becomes 367mb. This indicates that the relativization 
effect is about 30%. (As to the experimental value for this cross section, the data from [3]-[7] 
on the K++40Ca reaction at 0.714 GeV/c were treated once again in [28], and the quantity was 
obtained 412.9±5.5mb.) 
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Figure 2. Differential cross sections for K+-nucleus scattering. For target-nucleus 12C: a – at 
0.635 GeV/c, b – at 0.715 GeV/c, c – at 0.8 GeV/c; d – for target nucleus 40Ca at 0.8 GeV/c. 

Solid curves – with the relativization included, dashed – “non-relativistic” calculations. 
Experimental data from [1,2]. 

 
 

 
 

Figure 3. Differential elastic cross sections of the K+-meson scattering on 12C at 0.635 GeV/c 
with (dashed) and without (solid) inclusion of the quadratic term in OP: a – the ordinary view; 

b – the detailed behavior at large angles of scattering. Experimental data from [2]. 
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3. ROLE OF QUADRATIC U2/2E CORRECTIONS 
 

First we investigate the effect of U/2E correction in the potential given in eq. (2) on the 
differential cross section. In Fig.3 it is shown the elastic differential cross sections of 
K+-meson scattering from 12C nucleus at 0.635 GeV/c. It is seen (the dashed curves) that 
calculations accounting for the quadratic term in OP has weak effect on the cross sections and 
that these latter are mainly defined by using the only basic optical potential (solid curves). So, 
the main conclusion is that the good agreement with the experimental data for the differential 
cross section of elastic scattering does not depend on either include or not the quadratic 
corrections in OP. Notice that this result is obtained without any variations of the microscopic 
OP parameters. However, the effect of quadratic terms are more revealed in calculations of 
total cross sections. Indeed, the calculated total reaction cross sections for the case of 12C 
target-nucleus increase with adding the U2/2E terms as follows tot

r (0.635 
GeV/c)=125→128mb; tot

r (0.715 GeV/c)=129→132mb; tot
r (0.8 GeV/c)=129→131mb. 

This increase in about 2% of cross sections moves them nearer to the experimental values 
[28] tot

r (0.656 GeV/c)=141.8±1.5mb, tot
r (0.714 GeV/c)=149.8±1.5mb, but does not 

explain them. For that reason it is necessary to look for another physical source to construct 
more complete physical picture for the K+A reaction mechanism. 

 

4. TOTAL CROSS SECTIONS 
 

As noted above, the suggested microscopical model of the K+A optical potential and the 
relativization of the problem enable one to explain successfully the K+A differential cross 
section without any free parameters. As to the total cross sections, the problem is being 
continued to get an exact agreement with exciting experimental data. It was shown that 
accounting for the relativictic effects increase the calculated total cross sections in about 30% 
in comparison with the “non-relaticvistic” calculations, and thus the disagreement with the 
experimental data is retained in about only 10-15%. However the further attempts to improve 
the result by including the quadratic U2/2E terms in a potential and by using another forms of 
the density distribution functions of a target nucleus do not give the desired correction. It is 
worthy of note that this problem related to the total cross sections has a long history. A lot of 
different mechanisms has been suggested to account for the so-called in-medium corrections 
for the kaon interaction with nuclei. For example, the effect of the meson exchange currents 
has been studied as a result of the interaction of K+-mesons with the cloud of pions in a 
nucleus [29],[30] as well as the study of the three-body kinematics and off-shell effects in the 
interaction. However, in reality the agreement with experimental data can be achieved when 
one phenomenologically increases the phase of S11 wave of K+ - N scattering by about 
10-15%. In our study we want to call attention to the other purely nuclear mechanism for 
interpretation of the mentioned discrepancy. We suggest to take into consideration the effects 
connected with excitations of the nuclear collective states as well as the channels inherent in 
the nucleon removal reactions. It is well known that these processes play an important role in 
the nucleon- and nucleus-nucleus collisions and their effect on the elastic scattering can be as 
usually taken into account by introducing the additional imaginary potential in the peripheral 
region of the basic OP. To test the role of this mechanism in our study we modify the optical 
potential given in Eq. (3) to be, 
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where the derivative of the imaginary part of our microscopic OP it is added. This term has a 
"bump" in the periphery zone and its strength is defined by selection of the free parameter g. 
In Fig. 4 it is shown the effect of surface absorption on the differential cross sections of elastic 
scattering of K++12C at momenta 0.635 and 0.715 GeV/c. At the same momenta there exist the 
data on total reaction cross sections presented in Ref. [28]. They are tot

r (0.656 
GeV/c)=141±1.5mb and tot

r (0.714 GeV/c)=149±1.5mb. From Fig.4 is seen that the addition 
of surface absorption potential with g=0.07 and g=0.1 at momenta 0.635 and 0.715 GeV/c 
respectively, give little change in the differential cross sections values. At the same time, such 
an addition leads to growth of the total cross sections from 125 mb to 140 mb at momentum 
0.635 GeV/c and from 129 mb to 149 mb at momentum 0.715 GeV/c which occur in a good 
agreement with the given above experimental data. Thus, there arrives a possibility to 
describe simultaneously both the data of the total reaction and differential elastic scattering 
cross sections basing on the elementary K+N interaction and by accounting for the nuclear 
dynamics of the scattering process. In this case, the microscopic theory should be developed 
so that to take into account not only for the single-particle mechanism of the reaction but also 
effects of the inter-nucleus correlations, collective excitations, and coupling with the nuclear 
reaction channel in continuum, the factors which may affect the value of the parameter g. 

 
 

 
Figure 4. Elastic scattering of K+-mesons on 12C: a – at 0.635 GeV/c and b – at 0.715 GeV/c. 

Solid curve – without “surface” term in OP, dashed – with “surface” term eq.(12): a – at 
g=0.07; b – at g=0.1. Experimental data from [2]. 

 

 

5. CONCLUSION 
 

We conclude that for explanation of the behavior of angular distributions of K+-mesons 
scattered on nuclei, it is suffice to use a simple model of the optical potential given by Eq.(1) 
without using any free parameters. In this model the energy dependence is included in the 
elementary K+N scattering amplitude which is known from different independent 
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experimental data. In that respect it is not necessary to make the model more complicated by 
introducing, e.g., the non-local terms in OP as they present in Kisslinger model or to apply a 
phenomenological optical potential with large number of free parameters. We denote that 
when analyzing the experimental data, the relativistic effects were found to play an important 
role. So, it was not possible without relativization to describe the angular distributions of the 
elastic scattering of kaons on nuclei and also to exclude the strong discrepancy between the 
calculated and the experimental data of total cross sections. One can also note that the small 
difference between nuclear one-particle density distributions predicted by different models 
and accounting for the U2/2E terms in OP which appear when transforming the Klein-Gordon 
equation to the relativistic Shrödinger one weakly affect on the calculated results of both the 
elastic and total cross sections. In this connection, to interpret the data of total cross sections it 
was suggested the nuclear mechanism for the additional absorbtion in the peripheral region of 
elastic channel by introducing the respective imaginary potential to the basic OP. This 
phenomenological potential permits to account for an effect on the elastic channel of the 
virtual channels of both excitations of nuclear collective states and direct nucleon removal 
reactions available at energies of incident kaons. Apparently this mechanism together with 
studying in-medium effects have to be considered in more details in the further works. 
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