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par

M.P. puls

RESUME

En nous basant sur le calcul Li, Oriani et Darken de la capa–

cit~ chimique d’un solut6 clansun solide sous contraintes et sur la m6-

thode Eshelby de calcul de l’~nergie de deformation des solides conte-

nant des inclusions h~t~rog~nes coh~rentes, nous avons effectu~ une ana-

Iyse th~orique minutieuse des facteurs r~glant la solubilit~ de l’hydro–

g~ne clansle zirconium sous contraintes et non sous contraintes et clans

ses alliages. L’analyse d~montre particuli~rement la forte influence

que les contraintes propres dues 5 l’hydrure peuvent avoir sur la solu-

bilit~ solide terminale de l’hydrog~ne clansle zirconium. L’&nergie

propre provient des d~formations de non-correspondence entre la matrice

et le pr6cipit6. Nous avons calcul~ l’~nergie totale molaire de defor-

mation propre de certaines formes et orientations d’hydrure-d et y fr6–

quermnent observ=es. L’intensit6 de cette ~nergie est importance. Ain-

si, pour des plaques d’hydrure-y sur une base, elle est de 4912 J/mol

tandis que pour des aiguilles d’hydrure-y ayant l’axe parall$le aux di-

rections <1120> de la matrice de zirconium-a , elle est de 2662 J/mol.

Cette =nergie propre de d~formation produit un changement de solubilit6

solide terminale. Par exemple, 2 77°C, en supposant des plaques d’hy–

drure-6 enti~rement sous contraintes sur des bases, la solubilit~ solide

terminale est augment6e 5.4 fois par rapport au cas sariscontraintes.

Nous avons aussi calcul~ l’effet des contraintes externes sur la solu-

.. . . . ..—..———.



bilit6 solide terminale. 11 est r6g16 par I’Gnergie d’interaction pro-

venant de l’interaction des contraintes appliqu~es avec les composantes

des deformations de non-correspondence du pr~cipit~. L’%ergie d’inter-

action a 6tG calcu16e pour des plaques et aiguilles d’hydrure–6 et y, en

tenant enti~rement compte de l’anisotropie des deformations de non-

correspondence. L’6nergie d’interaction est n~gative pour des efforts

de traction appliqu~s et, en raison de la non–correspondence anisotro-

pique, d.5pend de la texture. Son intensit6 est faible pour la plupart

des contraintes appliques mais peut atteindre des valeurs de l’ordre de

grandeur de celle de l’6nergie de d~formation propre clans la zone plas–

tique d’une fissure de deformation clansun plan.

Nous avons aussi effectu~ une analyse minutieuse des donn6es

de solubilit~ de Kearns et Erickson et de Hardie. Cette analyse est ba-

.sSeen partie sur le traitement th&orique pr6sent6 ci-dessus. Nous en

concluons que les donn~es de Kearns repr=sentent la courbe de solubilit~

(solvus) pour le cas sariscontraintes. Les differences entre les don-

n6es de Kearns et les courbes de solubilit6 (solvi) de Erickson et Har–

die pour les cas avec chauffage et refroidissement, qui ont 6t6 d6ter-

min6es 2 des taux de refroidissement assez 61ev6s, reflgtent la combi–

naison de deformations 61astique et plastique qui s’est produite clans

d’6chantillon pour compenser la deformation de non–correspondence entre

l’hydrure et la matrice. Sur la gamme de donn~es de 400 pg/g ~ 100 Bg/g,

nous estimons que la quantit6 d’~nergie de deformation 61astique retenue

varie entre 2245 J/mol et 1612 J/mol. Celle de l’6nergie de d~formation

plastique varie entre 2268 J/mol et 3300 J/mol.
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HYDROGEN-INDUCED DELAYED CRACKING:

1. STRAIN ENERGY EFFECTS ON HYDROGEN VOLUBILITY

by

M.P. PUIS

ABSTRACT

Based on Li, Oriani and Darken’s derivation of the chemical

potential of a solute in a stressed solid and Eshelby’s method for

obtaining the strain energy of solids containing coherent inhomogeneous

inclusions, we have carried out a detailed theoretical analysis of the

factors governing hydrogen volubility in stressed and unstressed zirco-

nium and its alloys. Specifically, the analysis demonstrates the strong

influence hydride self-stresses may have on the terminal solid volubil-

ity of hydrogen in zirconium. The self-energy arises due to the misfit

strains between matrix and precipitate. We have calculated the total

molal self-strain energy of some commonly observed 6 and y-hydride

shapes and orientations. The magnitude of this energy is substantial.

Thus for y-hydride plates lying on basal planes, it is 4912 J/mol, while

for y-hydride needles with the needle axis parallel to the <11~0>

directions of the a-zirconium matrix, it is 2662 J/mol. This self-

strain energy causes a shift in the terminal solid volubility. For

example, at 77°C, assuming fully constrained basal plane fi-hydride

plates, the terminal solid volubility is increased 5.4 times over the

stress-free case. We have also calculated the effect of external stress

on the terminal solid volubility. This is governed by the interaction

energy arising from the interaction of the applied stresses with the

precipitate’s misfit strain components. The interaction energy has been



calculated for 6 and y-hydride plates and needles, taking full account

of the anisotropy of the misfit. The interaction energy is negative for

tensile applied stresses and, as a result of the anisotropic misfit, is

texture-dependent. Its magnitude is small for most applied stresses but

can achieve values of the order of the self-strain energy in the plastic

zone of a plane-strain crack,

We have also carried out a careful analysis of the volubility

data of Kearns and Erickson and Hardie. This analysis is based partly

on the theoretical treatment presented above. We conclude from this

that Kearns’ data represent the stress-free SOIVUS, The shifts from

Kearns’ data of the heating and cooling solvi of Erickson and Hardie,

determined at fairly high rates of cooling, reflect the mixture of

elastic and plastic strain which has occurred in the sample to accommo–

date the misfit strain between hydride and matrix. Over the range of

data from 400 ~g/g to 100 pg/g, we estimate the amount of retained

elastic strain energy to vary from 2245 J/mol to 1612 J/mol. The corre–

sponding plastic work ranges from 2268 J/mol to 3300 J/mol.
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1. INTRODUCTION

Our current experimental understanding of the delayed hydrogen

cracking phenomenon in pressure tube material made from Zr-2.5 % Nb
(l-5)

alloy has been recorded in a number of recent publications . These

have shown that, in the presence of a stress raiser and under suitable

conditions of applied stress, temperature, and internal hydrogen con-

centration, the delayed hydrogen cracking mechanism will occur by the

repeated, diffusion-controlled accumulation of hydride clusters at the

crack tip followed by rapid crack advance through this embrittled region

and crack arrest in the more ductile matrix; this process results in

slow discontinuous crack growth. A recent theoretical model
(5-7) has

considered the kinetics of this process by assuming that the growth of

hydrides at the stressed crack tip is controlled by the diffusive in-

gress of hydrogen into this region. The driving force for the diffusion

flux is provided by the local stress gradient which interacts both with

hydrogen atoms in solution and hydrogen atoms being dissolved and re-

precipitated at the crack tip. The model is developed using concepts of

elastic-plastic fracture mechanics. In the earliest versions of this

model, the discontinuous crack growth was approximated by assuming that

the crack advances into the brittle hydride phase as soon as it precip–

itates in front of the crack tip. Although agreement between this

model’s crack velocity predictions and experiment was well within an

order of magnitude at temperatures of 150°C and above, it was slightly

worse than that at lower temperatures. Thus, a later Yersion of this

model took better account of the experimentally observed, discontinuous

nature of the crack growth by assuming that the crack advances into the

hydride only after the hydride phase has achieved a certain critical

size, the length and temperature dependence of which was taken from

experiment. This resulted in improved agreement between theory and

experiment at the lower temperatures.
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Despite the success of the above model in predicting the

stress and temperature dependence of the crack velocity, a critical

evaluation of the theory reveals two aspects of the cracking process

which have not, so far, been adequately resolved. One involves the

details of the hydride precipitation and cracking process at the crack

tip, the other the very approximate derivation of the hydrogen–hydride

boundary value concentration. This latter derivation, in effect, in-

volves calculating the local terminal solid volubility of hydrogen in

zirconium. In the present work, we have been able to improve upon this

aspect of the crack growth model by giving a more detailed and careful

exposition than has hitherto been attempted , of the factors which govern

the value of this volubility. This will prove useful for a number of

reasons. One is that the volubility forms the foundation of the diffu–

sional calculation on which the hydride cracking model is based. An-

other is that it is important in considerations concerned with the hy-

dride nucleation growth and coarsening processes which will be the

subject of a following report.

The report is divided into two main sections. In the first

section we give a fairly detailed account of the thermodynamic basis

governing solubilities in stressed solids. A series of volubility ex–

pressions is derived. This section concludes with a summary and review

of the methods used in calculating elastic strain energies of misfitting

inhomogeneous inclusions. The second section applies the general re-

sults obtained to a number of specific examples which are of interest to

the crack growth problem. Where possible, the derived results are com–

pared to experimental values. An extensfve discussion is given of the

factors governing zirconium hydride interface coherency and the retained

amount of elastic misfit strains. This section concludes with an anal–

ysis of some hydrogen terminal solid volubility data obtained by various

investigators in pure zirconium.
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2. GENERAL EXPRESSIONS FOR HYDROGEN SOLUBILITIES

2.1 THE CHEMICAL POTENTIAL OF HYDROGEN IN STRESSED ZIRCONIUM

In this section, we give a general derivation of the chemi-

cal potential of hydrogen in stressed zirconium which is in equilib–

rium with a stressed hydride. The presence of two types of stresses

is envisaged: internal stresses arising solely from the misfit be–

tween the precipitate and the matrix and all other stresses which we

will call external stresses (including those from internal sources of

stress such as cracks, dislocations, etc.). The calculation will be

based on our earlier general work
(8)

and on the work of Li, Oriani and

Darken(’). These latter authors, in particular, derived an expression

for the chemical potential of carbon in a ferrite lattice which is

stressed inhomogeneously by a carbide particle grown entirely by dif–

fusion of carbon. This problem is closely analogous to the problem at

hand. Thus our present treatment will rely heavily on the derivation

by Li et al. However, for the sake of clarity, we present their argu-

ments, modified to the hydride case, in some detail.

The chemical potential of hydrogen in zirconium is derived

making use of the fact that changing the state of the system isother-

mally and reversibly, i.e. , always maintaining it at equilibrium, re-

sults in an amount of work which is path independent. Thus by revers-

ibly transforming the system to a new state and then back again, the

resultant work will be zero. Consequently, the sought-after equilibrium

condition can be obtained by cyclically transforming the system along

two suitably different transformation paths. For the case of hydride in
;~

zirconium we can do this as follows .

>?
For the sake of simplicity in the argument below, we assume that the

hydride composition is ZrH. The final result is, however, unaffected

by this assumption.
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The initial state of the system is taken to be a sample of

zirconium containing an equilibrium mixture of hydrogen in solution and

a hydride precipitate. Both the matrix and the precipitate are assumed

to be in a state of stress due to both self and external stresses. We

now change the state of the system in the following manner:

1. We dissolve some of the hydride in the stressed state by

directly converting dn moles of ZrH to tinmoles of zirconium

and &n moles of hydrogen in solution. Since the system is in

equilibrium, this requires zero work. The chemical potential

of hydrogen in solution when the system is in the above state

is given by UH.

2. We cut out the remaining hydride platelet and relax the

stresses in both matrix and precipitate; if we denote by w
t

the total strain energy of the system to create the precipi-

tate, then the work required to carry out the above step is

-Wt .

To return the system to its original state we now choose a new

path by reversing the order in which the above two procedures are car-

ried out.

3. At zero stress, we replace the material removed in 1 by

forming dn moles of ZrH from dn moles of Zr and finmoles of H

in solution. The work required for this step is:

where P“
H

is the chemical potential of hydrogen in solution in

equilibrium with a hydride in an unstressed crystal. The

above follows, because the equilibrium chemical potential of

the material transformed in step 1, PH, i.e., in the stressed
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state, is different from the equilibrium chemical potential of

the system in its unstressed state (p~). Thus to carry out

the present step reversibly , we must do some chemical work

given by the difference in chemical potentials of the two

states multiplied by the amount of material transformed. Only

the chemical potential of hydrogen enters into this calcula-

tion because the zirconium, being essentially an immobile

component, plays a passive role in this process.

4. Finally, we place the hydride back into the zirconium and

restore all the stresses. The work for this process is given

by

awt

‘t ‘Fir tin
hydride

hydride

Adding up the total work required in steps 1 to 4 and equating this to

zero we obtain

awt

‘H = ‘;
+—

an
hydride

(1)

which is the desired expression. We emphasize here that equation (1)

gives the chemical potential of hydrogen in solution in equilibrium with
*

a stressed hydride precipitate . It can thus be used to determine the

effect of stress on the volubility limit. Moreover, since hydrogen is a

mobile component, this expression is valid throughout the sample and not

just at the precipitate–matrix interface.

Up to this point, we have included effects due to external

stresses only implicitly in the term 2wt/2n
hydride”

However, if we can

assume linear elasticity, the contributions from self and external

stresses are additive and can be formally represented by writing

*
Note that u; is the chemical potential of hydrogen in the unstressed

state having a composition which is in equilibrium with an unstressed
hydride.
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awt

a~ydride

-inc
where w =

t

-a
‘t =

inc
awt aw~

= -inc
‘a

+ q
a~ydride ~ydride = ‘t

(2)

total molal strain energy due to self stresses when a

precipitate (inclusion) is formed.

total change in molal strain energy when a precipitate is

formed in the presence of external (applied) stresses.

Thus equation (1) can be written

(3)

-inc
In a later section we will show how Wt

–a
and w

t
can be calculated in

(lo)
detail using methods due to Eshelby .

Li et al(’) have also derived a general expression for the

chemical potential of a component k (such as, for instance, hydrogen)

dissolved completely in an externally stressed solid. The derivation is

somewhat lengthy and will not be repeated here. The result is

where p~ is the chemical potential of

state, keeping the concentration of k

(4)

component k in the unstressed
*

constant , Gk is the partial molal

strain energy of component k, i.e. , the change in strain energy of the

solid per mole addition of component k, and Wk is the total work done at

a surface where the stresses are applied, per mole addition of component

k+. Detailed expressions for ~k and Wk are given in Section 3.1. If k

*
Note that the meaning of u; in equation (4) differs from that for
0 in equation (3).

‘H
+ The sign convention employed in this and all of the following is

that tensile stresses are positive.
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is a mobile species (such as H), then equation (4) is valid everywhere

throughout the system, while if it is immobile (such as Zr), then equa-

tion (4) is valid only at interfaces (sources or sinks). It can be

shown(ll) that ~k - Wk, as given by Li et al, is closely equivalent to

Z)w~/21nH,as given by Eshelby, if we take the dissolved component k as

representing the “inclusion” treated by Eshelby.
‘k

can accordingly

also be calculated using the methods of Eshelby (Section 2.3).

Equation (4) has been used by Li et al to give an alternate

derivation of equation (3). However, since this derivation is not

nearly as transparent as the one already given, we will not repeat it

here. On the other hand, equation (4) is the appropriate equation when

calculating the effect of stress on hydrogen concentration when no

hydrides are present, or when calculating the effect of inhomogeneous

stress on the variation of hydrogen volubility near hydrides. This will

be seen more clearly in the next section where we apply the above results

to deriving general expressions for the terminal solid volubility of

hydrogen in stressed zirconium.

2.2 THE TERMINAL SOLID VOLUBILITY OF HYDROGEN IN STRESSED
ZIRCONIUM

To calculate the change in the stress-free terminal solid

volubility of hydrogen in zirconium due to self and external stresses,

we assume that the hydrogen concentration is dilute. Thus we can write

the chemical potentials in the form

A
+ RTLnCconstrained,o

‘H = ‘;O
.

H ~; + ‘t
(5)

where

(6)
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and poo
H

is the chemical potential of a suitably chosen standard state.

In the following, we consider a number of special cases in turn.

2.2.1 The Constrained Solvus in the Absence of Ap&ied Stresses.—

We first consider the case where external stresses are absent.

Then C: is the concentration of hydrogen in equilibrium with hydride in
11

the unstressed state while C
constrained
H

is the concentration of hydrogen

in a region which is in equilibrium with, but far from the stressed hy-

dride (where the stresses in the matrix are zero). The reason for this

latter definition will emerge further on. Thus, using equation (3) with
-a

= O, we obtain
‘t

~:onstrained =
C; exp

()

--~nc,RT
(7)

which is the equation for the concentration of the constrained SOIVUS.

2.2.2 The Positional Variation of Volubility Around a Hydride
Precipitate in the Absence of Applied Stresses

We have been careful so far to consider only the concentration

far from the hydride precipitate. The reason for this is that, in

general, near a self-stressed precipitate, the equilibrium concentration

varies with position, as determined by the positional variation of the

stress field in the matrix around the precipitate. We emphasize, how-

ever, that although the equilibrium concentration can vary, the chemi-

cal potential is uniform throughout the sample. Thus no net mass flow

(of hydrogen) can result from this particular compositional variation.

To calculate the positional variation of concentration around a self-

stressed precipitate we make use of equation (4). This yields, near the

precipitate,

(8)
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where r denotes distance from the hydride and we have put superscripts

P on ~H(r) and WH(r) to indicate that the stresses determining the

values of these quantities derive solely from the precipitate. Since

the chemical potential is uniform throughout the sample, u
H

equation (8) is equal to PH given by equation (5) and hence

~constrained
CH(r) = H exp

([

W~(r) 1)-~~(r) /RT

given by

(9)

constrained
where C

H
is the concentration far

the stress is negligible. It is calculated

from the precipitate where

using equation (7).

2.2.3 The Constrained Solvus in the Presence of Applied Stresses

Next, we consider the case when there is also a uniform

external (applied) stress.
constrained

In equation (5) CH now is the

concentration of hydrogen in an unstressed region which is in equi-

librium with, but far from an externally and internally stressed hy-

dride.
constrained ,OAWe call this concentration CH . On the other hand,

C: has the same meaning as before, as can be seen from the derivation of

UH given in section 2.1. In equilibrium, the chemical potential of an

externally stressed region of the sample far from the hydride must equal

the chemical potential of an unstressed region of the crystal which is

in equilibrium with an internally and externally stressed hydride. Thus

we can equate the chemical potentials of these two regions to obtain
GA

c
H’

the concentration of the constrained SOIVUS in a sample under

external stress. That is

A
constrained,0

‘H = ‘;O
+ RT!2nCH

and

(lo)

(11)

.. .. .. .. . .. . ... . . .. .___..



1.0-

Equating the two, yields

The

and

A
constrained,u

c; = CH A exp(~ - ;~]/RT) (12)

A
concentration C

constrained,0
H

is given by combining equations (5)

(3) (with ~~ included) yielding
L

constrained,0
CH A = C~exp(~~nc + ~~]/RT) (13)

Hence, combining equations (12) and (13), we obtain

~A

CH =
c’ ‘xp(b;~l’RT)exp(F~‘RT)’14)

which is the desired equation for the concentration (well away from the

precipitate) of the constrained SOIVUS in a sample under external

stress. The equation for the unconstrained SOIVUS in a sample under

external stress is simply obtained by deleting w‘~c in equation (14).

2.2.4 The Positional Variation of Volubility Around a Hydride

Precipitate in the Presence of Applied Stresses —

To calculate the variation of concentration with position

around the precipitate, we now apply the same reasoning which leads to

equation (9). This yields

Finally, to calculate the concentrations when the external stress is

also not uniform throughout the sample as is, for instance, the case

near a stressed crack, we modify equation (15) to read
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A

c; (r) = c; exp

([

W;(r) 1)+~(r) - ;:(r) - ;;(r) /RT

. exp

([ 1)

ti~nc(r) + ;:(r) /RT

That is, we must take account of the fact that the values
-inc

and w
‘t

‘~ now depend on their locations in the crystal.

(16)

Ofti ;;
H’ ‘

The next step is to calculate the various concentrations,

derived above, for a number of cases of interest. To calculate the

–inc -a
strain energies w

(lo)
t

and w
t’

we make use of Eshelby’s treatment for

the elastic fields and strain energies of coherent inhomogeneous inclu-

sions. Before going on to some special cases, it will be useful to

summarize some of Eshelby’s general results. This is done in the next

section.

2.3 EXPRESSIONS FOR THE ELASTIC STRAIN ENERGIES OF INCLUSIONS

The most elegant and complete work on this topic was carried
(lo)

out some time ago by Eshelby . Eshelby defined an inclusion as a

region of an otherwise homogeneous elastic medium which has undergone a

permanent change of form which, in the absence of constraints of the

matrix, would be a prescribed uniform strain. On the other hand, an

inhomogeneity is a region of an otherwise homogeneous crystal having

elastic constants which are different from those of the bulk. Most

precipitates can be considered as inhomogeneous inclusions since they

exhibit both a difference in form and in elastic constants from the

material they replace. An example of a pure inhomogeneity is a crack or

a large cavity, The generality and simplicity of Eshelby’s expressions

have facilitated their ready application to a large variety of inclu-

sions spanning the range from cracks and precipitates to point defects.

It will be seen that we can treat both the hydride precipitate and the

hydrogen atom in solution using the same general relations. In particu-
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lar, Eshelby has given fairly simple solutions to the following problems

which are of direct interest to us here:

1. the total strain energy of matrix and homogeneous inclusion,

or the total strain energy of matrix and inhomogeneous inclu-

sion; this provides the solution for wY.

2. the interaction energy of the elastic field of a homogeneous
int.

or an inhomogeneous inclusion with another elastic field, Wt ,

3. the interaction energy of an inhomogeneity with an elastic

field, w?.

Items 2 and 3, combined, provide

that, within linear elasticity theory, the

the solution for w:. Note

total interaction energy of

an inhomogeneous inclusion with an external field can be obtained by

simply summing the separate contributions due to 2 and 3.

In the following we summarize the results derived by Eshelby

for the energies identified in 1-3, above. Throughout this section,

unless otherwise stated, we assume isotropic elasticity and that the

precipitate is coherent with the matrix.

2.3.1 The Total Strain Energy of Matrix and Homogeneous Inclusion

The most general result for an infinite solid containing a

homogeneous inclusion,

matrix, is given by*

i.e., having elastic constants equal to the

*
In all of the following, repeated

(17)

indices imply summation.
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where the integral is over the volume transformed, i.e. , the precipi-

tate, u
I T

are the stresses in the inclusion and e
ij

the (given) stress-
ij’

free or transformation strains (the strains the inclusion would undergo

in the absence

sion are given

of matrix constraints). The stresses inside the inclu-

by

(18)

* c
where A,v are the Lam6 constants and e the constrained strains. In

ij
general, it is not a simple matter to calculate the e!.. However, if
eT

lJ

ij
is a pure dilatation equal to 1/3 eT6 then the (constrained)

ij‘
dilatation has a constant value eT(l+v)/3(1-v) inside the inclusion and

is zero in the matrix, i.e., only shear strains are generated in an

infinite matrix. Consequently, equation (17) can be easily integrated,

yielding

()
2

w~c(pure dilatation) = V$& eT (19)

**
independent of the shape of the inclusion .

the matrix is zero, this result is valid even

matrix and precipitate differ.

Since the dilatation in

when the bulk moduli of

A further considerable simplification results if we assume an

ellipsoidal shape for the precipitate. In this case it turns out that,

given uniform+ stress-free strains, the stresses and strains inside the

*
p is also referred to as the shear modulus.

**
We emphasize here, however, that in the general case when the stress-
free strains are not a pure dilation, there will remain a dilation
component in the matrix (regardless of precipitate shape); in this
case, the elastic strain energy becomes shape-dependent.

t
uniform means that the stresses or strains in any given direction do

not vary with position.
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homogeneous inclusion are also uniform. The constrained strains are

then given by the relations

where the

Poisson’s

ec=~ eT
(20)

ij ijmn mn

coefficients S depend on the shape of the precipitate and
ijmn

ratio for the matrix. The S can be calculated, as shown—.,—-

by Eshelby(lO)
lJ11111

, using elliptic integrals. Thus the o!. can be calculated
IJ

by combining equations (18) and (20). Restriction to ellipsoidal pre–

cipitate shapes is not a serious limitation since commonly observed

precipitate morphologies such as needles, discs (plates), and spheres

can all be readily approximated by a suitable choice of axes length.

Values of the S.. for various shapes have recently been tabulated by,
:Jm (12) (13)

among others, Pmeau and Brown and Clarke . Because the stresses

are uniform inside a homogeneous ellipsoidal inclusion, equation (17)

can now be simplified to read

(21)w~nc(ellipsoidal) = -~o~j e~j

where V is the volume of the inclusion.

Equation (21) is strictly valid only in an infinite solid. If

the body in which the precipitate forms is finite, image stresses must

be determined which yield the correct boundary conditions at the free

surfaces. Eshelby(lO) considered the case of a spherical precipitate in

a semi-infinite solid. The result for this case is w~c(semi-infinite)

‘w ~nc(~) [1 - 1/4 (l+v) a3/h3] where ‘a’ is the radius of the sphere

and h the distance of its centre from the free surface. This expression

shows that the strain energy is reduced to 2/3 w~nc(m) if the sphere

just touches the surface (for v = 1/3). This is a fairly small reduction

inc
in w

t
even for this extreme case and shows that, in general, we need

not worry about the proximity of precipitates to free surfaces in esti-

mating the strain energy of the sample. However, this reduction in
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w~nc may be important in the delayed crack growth model
(5-7)

where small

differences in w~c between the hydrides causing the crack growth near

the crack tip (near a free surface) and those further into the samples,

may have a significant effect on the growth of the crack tip hydrides.

This will

2.3.2

(14)
be discussed in more detail in a subsequent report .

The Total Strain Energy of Matrix and Inhomogeneous Inclusion

Using the fact that inside a homogeneous ellipsoidal inclusion

the stress is uniform, we can extend equation (21) to obtain a very

simple expression for the strain energy of an inhomogeneous ellipsoidal

inclusion. We do this by transforming the inhomogeneous inclusion to an

“equivalent” homogeneous inclusion, i.e. , one which has the same con-

C
strained strains e

I
and internal stresses a

ij
as a homogeneous inclu-

ij
sion. We can then use equation (21) to calculate the ec. once we have

lJ
derived values for the

T
“equivalent” stress–free strains e These are

ij “
determined from the requirement that the stresses in the inhomogeneous

and the “equivalent” homogeneous inclusion are identical. Thus we have

(sl + 2p(e!. - eT,)
ij ij lJ lJ

(22)

. ~*(e~ - e;)dij
T*

+ 2p*(e!. - e )
lJ ij

T*
where the e are the (given) stress-free strains of the inhomogeneous

ij
inclusion and ~~:and U* are the elastic moduli of the inclusion. It can

easily be shown that the expression for the total strain energy is now

given by

w~nc(inhomogeneous) = - ~ u~j e~~

with the o~. determined using equations (22) and (20).
lJ

(23)
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2.3.3 The Elastic Interaction Energy of a Homogeneous or an
Inhomogeneous Inclusion with an Applied Stress _———

int
The interaction energy Wt of a homogeneous inclusion due to

an applied stress field is given by
~A

[

ij
int eT dv

‘t = – ij
(24)

A
If, also, the applied stress field, o is uniform over the inclusion,

ij‘
then the above reduces to the simple result

int A
-Voe’!.

‘t = ij lJ
(25)

which is clearly independent of the shape of the precipitate. The

interaction energy of an inhomogeneous inclusion is also given by

equation (25), but with the eT. derived using equations (22) and (20).
lJ

In this case, equation (25) is restricted to ellipsoidal precipitates

only.

2.3.4 The Elastic Interaction Energy of an Inhomogeneity with

an Applied Stress —.

To obtain a similarly simple expression for the interaction

inh
energy w

t
of an inhomogeneity due to an applied stress, we must again

add the restriction that the shape of the precipitate is ellipsoidal.

We then have for the interaction energy

inh ~ ~A Th=.
‘t 2 ij ‘ij

(26)

where the eTh the “induced” stress-free strains, are calculated using
ij‘
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+ e~)~ij + 2(1-J- P*)(e~~+ eA )ij

= le~d +2peTh
ij ij

with

eCh = S eTh
ij ijmn mn

(27)

(28)

and where the ech are the constrained strains in the inhomogeneity and
A

ij
the e the strains in the matrix corresponding to the (given) stresses

ij
GA
ij“

Physically, both interaction energies above represent the

change in potential energy of the loading system when a precipitate is

formed, i.e. , it is the net amount of work that is done.
inh

Usually, Wt

int
is an order of magnitude less than w. since it is an induced inter-.—.—.

L

action resulting from the misfit generated by the

consequence of the differing elastic responses of

tate. Thus W:nh is proportional to the square of

applied stress as a

matrix and precipi-

the applied stress
int

divided by an appropriate elastic constant whereas w+ is simply lin-

early proportional to the applied stress. The incre~sed stress depen-

denceof w~nh does mean, however, that it will become significant at

very high applied stresses.

To summarize, the total strain energy of a sample containing a

misfitting precipitate having elastic constants different from the ma-
A

trix and formed in an “external” elastic field, 0.., is given bylJ

inc
+ w:

‘t = ‘t

where

inc VI’*
‘t = - Y ‘ij ‘ij
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and

a int inh
+W=-v(s

A ~T VA ~Th
‘t = ‘t t ij ij - I ‘ij ij

2.3.5 Extensions of the Theory and Some Applications

In this section, we list some applications of the above treat-

ment which have been given in the literature and give a brief review of

the further development of the theory from the time of Eshelby’s (lo)

publication.

Barnett et al
(15)

have calculated w~nc for a coherent precipi-

tate for various ratios of P* to p as a function of precipitate shapes

ranging from discs to needles. To simplify the problem, they assumed

that the stress-free strains are purely dilatational. It turns out that

when the precipitate is softer in shear than the matrix, the disc has

the lowest strain energy while when the precipitate is harder, the

sphere has the lowest energy*. These results are in direct contrast to

the case of an incoherent precipitate
(16)

, for which the lowest energy

configuration is a disc, regardless of the differences in elastic con–

stants between matrix and precipitate. Physically, the reason for this

is that for a sample containing a coherent disc-shaped precipitate,

virtually all of the total strain energy resides in the precipitate,

while for a

the matrix.

disc–shaped

sample containing an incoherent precipitate, it resides in

Now the energy in the matrix vanishes for an incoherent

precipitate, whereas the energy inside a coherent precipi-
A*

tate does not . In fact, inside a coherent

having elastic constants which are identical

following stresses and strains
.~

Note that, as stated earlier, the strain

disc–shaped precipitate,

to the matrix, we have the

energy is independent of

shape when the elastic constants of matrix and precipitate are equal.
**

In fact,
(16)

as already pointed out by Nabarro , changes in shape

alter the strain energy of a sample containing a coherent precipi-
tate by only a small amount. However, dramatic changes in strain

energy can be achieved if the precipitate becomes incoherent.



-19-

I c
‘here ’33 and ’33

refer to the

to the short axis of the disc,
T T

= ’22 = ’33 = ‘“
On the other

only be in a state of hydrostatic stress, these stresses are necessarily

small for an incoherent disc.

stress and strain, respectively, parallel

i.e.,
T

acting on the broad faces and e
11

hand, since an incoherent precipitate can

The results summarized so far have been restricted to iso-

tropic solids. Eshelby(lO) has shown that his methods can also be

straightforwardly extended to the case where the precipitate is aniso-

tropic, but the matrix is not.

replace equation (22) by

A(e~ - e~)d + 2p(e!.
ij lj

where the
*

c are the elastic
ijmn

For the inhomogeneity

For the inclusion problem, we merely

- e~j) = C~jmn(e~j - e~~) (29)

constants of the precipitate.

problem, equations (27) - (28) become

A(s T T
mmkl ‘kl - ‘mm

-t-e~)d
ij

(30)

T T
+ 2P(S ‘.) = c~jpq(spqmn e& + e~q)

ijkl ‘kl - ‘ij + ‘lj

The case of an anisotropic ellipsoid in an anisotropic matrix can be

similarly solved if a solution to the anisotropic Green’s function

(which determines the anisotropic Sijmn) can be obtained. The energy

expressions will retain their original simple form since, as already
(lo)

suggested by Eshelby , for a uniform transformation strain, the

stress inside a transformed anisotropic ellipsoid constrained by an

anisotropic matrix is also uniform. This result was later confirmed and
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(17)
extended by Asaro and Barnett who proved that there is a similar

correspondence between stress-free strain and the constrained strain

the inclusion (in the fully anisotropic case) when the stress-free

strain is a polynomial of degree M in the position coordinates. The

solution to the anisotropic Green’s function is however, by no means

in

a

trivial problem. Thus , an extensive collection of values for the strain

energy for various precipitate shapes and orientations in the fully

anisotropic case has been obtained only very recently by Lee, Barnett

and Aaronson(18) . These authors consider the case of a coherent ellip–

soidal precipitate (inhomogeneous inclusion) which has undergone a pure

dilatational stress–free transformation strain. Their calculations

that for an anisotropic precipitate which is either much softer or

harder than the anisotropic matrix, the strain energy has the same

dependence on shape as for the isotropic case. Also , as in

tropic case, the strain energy of a disc-shaped precipitate

pendent of the matrix elastic constants. However, when the

the iso

show

is inde-

difference

in the elastic constants is small, there is a strong dependence on a)

orientation relationship between precipitate and matrix, and b) on the

precipitate morphology. The foregoing applies when both matrix and pre-

cipitate have a cubic crystal structure. For a precipitate with a non–

cubic structure in a cubic matrix, the situation is more complicated.

Thus, in direct contrast to the fully cubic case, the strain energy has

a maximum or minimum at shapes which are neither thin discs nor spheres.

3. APPLICATIONS

In the present section, we give some specific applications of

the foregoing general treatment. The two main cases we consider deal

with, a) the effect of stresses on hydrogen in solution in an unsatu-

rated matrix, i.e. , no hydrides present, and b) the effect of applied

and self stresses on the volubility of hydrides.
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3.1 HYDROGEN VOLUBILITY IN A HOMOGENEOUSLY STRESSED SOLID

We wish to calculate the volubility of hydrogen in a sample

under stress, relative to the volubility in an unstressed solid. To do

this, we assume that the stressed solid is in equilibrium with another

part of the solid not under stress. We assume that the concentration of

hydrogen in the solid prior to the application of the stress is well

below that of the terminal solid volubility limit. Thus no hydride is

present in the sample. In the stress-free part of the crystal the
;!<

chemical potential is given by

while in the stressed region

In equilibrium, the two chemical potentials are equal. Thus

CH = c;‘xp(~- ‘O’RT

(31)

(32)

(33)

Equation (33) expresses the change in hydrogen volubility of a sample

under stress compared to that of a stress-free sample where we have used

the approach due to Li et al(’) to derive this result. This approach

has found wide acceptance in the metallurgical literature, since it is

conceptually simple and straightforward. However, it is evident from

the foregoing section that we may equally well employ the methods of

Eshelby to evaluate CH. We can do this by assuming that the hydrogen

atoms entering the zirconium matrix act as spherical, inhomogeneous

inclusions. We have made a comparison between the methods of Li et al

(11)
and those of Eshelby . This comparison shows that, for our case, the

differences between the two methods are negligible.
—.
>’;

For the sake of simplicity, we consider only situations where
dilute solution thermodynamics apply.
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According to Li et al, if k is a mobile component, < and ;A
k

can be evaluated using

_A

and

u
mn

-A .

J[

~A
‘k

is + (I-xk)v
ij k ijmn

o ‘)1
asi.m

daA (34)
k X’

mn

ij(~)n “’-Q(Q)

< = VGA
se. .

.. axk x, (35)

A A
where u and e are the applied stresses and strains, respectively,

ij ij
and the s the elastic compliance. ~k is the partial molal volume

ijmn
of component k, ~ the molal volume of the solid solution, Xk the mole

fraction of component k and n’ or x’ denotes the fact that differenti–

ation with respect to n
k

or x
k

is carried out at constant ratio of all

other mole fractions.

We now apply equations (33-35) to the case of hydrogen volu-

bility in a zirconium sample triaxially stressed in tension. We assume

all shear stresses are zero. Thus

7X
Zr dE_— —

2E2 dxH
[ (

(0:1)2 + ((s;2)2+ (0:3)2 - 2V U:1U;2 + u:lu:3 + 0;30;2)1
(36)

and

(37)

.
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*
where E is the Young’s modulus of the zirconium matrix . The term

involving dE/dx~ in equation (36) expresses the possibility that the

material added will not have the same elastic constants as the matrix.

Without this term ~H merely represents the strain energy contained

within the defect volume, assuming it to have the same elastic constants

as the matrix. In the present case, we do not have a value for dE/d
%;

nevertheless, in the examples below, we assume that the term involving

dE/dxH is negligible compared to the others. In addition, it turns out

that even for very high applied stresses (such as are present in the

plastic zone near a crack tip) the entire ~~–term is practically negli–

gible compared to $. Thus equation (33) attains the very simple form

CH = [1% (38)C; exp p ~/RT

A
where p = (U:1+U;2 +UA33)/3 is the hydrostatic stress. It is evident

from equation (38), that a tensile stress increases the volubility of

hydrogen. Table 1 gives the increase in CH over C: at various tempera–

tures for a number of applied stresses ranging from a uniaxial applied

stress of 100 MPa to the case of triaxial stresses elevated above the

yield point, as found in the plane strain plastic zone near a crack in

Zr–2.5 % Nb. It is clear that only in the latter case is there a sig-

nificant increase in volubility due to stress. Note that this effect

decreases

3.2

3.2.1

with increasing temperature.

HYDROGEN TERMINAL SOLID VOLUBILITY

The Constrained Solvus in an Externally Unstressed Sample———

In this section, we calculate the terminal solid volubility of

hydrogen in zirconium in equilibrium with hydrides self-stressed elas-

tically due to the misfit between the hydrides and the transformed
constrained

zirconium matrix. We call this the constrained SOIVUS, CH .

T
Both wer5’6) and others(l’’20) have previously given incomplete ex-

pressions for w~A.

.—
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TABLE 1

INCREASE, CH/C;, IN HYDROGEN VOLUBILITY WITH STRESS’: IN ZIRCONIUM WHEN THE

STRESS–FREE VOLUBILITY IS BELOW THE TERMINAL SOLID VOLUBILITY LIMIT

STRESS TEMPERATURE

300 K 400 K 500 K 600 K

UIA = 100 MPa 1.009 1.007 1.006 1.005

~2A = ~qA = O

olA = U2A = 400 ma 1.10 1.08 1.06 1.05

CT3A= 240 MPa

01A . 3~y

02A = 1.8(sY 1.65 1.40 1.27 1.18

03A = 2.40Y

}
;:

Calculated using equation (38) with ~H = 0.7 x 10-5 m3/mole,
E = 9.5 x 10” ?fPa,Oy = 767 - 0.79 T(°C) llTa.

The constrained SOIVUS is calculated in terms of the unconstrained

SOIVUS by combining equation (7) and any one of (17), (21) or (23). To

carry out this calculation, the requisite experimental data pertaining

to the volubility, type, morphology, habit plane and distribution of

zirconium-hydrides is first reviewed. This information is then used to

-inc
calculate a theoretical w

t
and hence the constrained SOIVUS. Finally,

we close this section by analyzing, in the light of the above infor–

mation, the volubility data for hydrogen in pure zirconium due to

Kearn.s(2’)
(22)

and Erickson and Hardie .
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i) Hydride TYPe, Habit Plane, Morphology and Distribution

E11S(23) has given a comprehensive review of the available

information on the type and morphology of hydrides found in zirconium

and its alloys , with particular emphasis on the orientation relationship

between hydride and the ct-Zrmatrix. After a critical review of the

often confusing multiplicity of habit planes reported, Ells proposed

that in slowly cooled pure a-Zr, the (1010) planes are the most common

hydride habit planes , while in the alloys, the habit planes are more

often within ~ 20° of the basal plane (the (1017) planes). Unfortu-

nately, the usefulness of this conclusion is diminished somewhat due to

the fact that, in most of the work reviewed, the hydride type is rarely

identified. More recently, using both optical and electron metallo-

graphy and concentrating on hydrides in pure zirconium and Zircaloy–2,

Bradbrook, Lorimer and Ridley
(24) (25)

and Nath, Lorimer and Ridley ,

carried out more detailed examinations of hydride precipitates. These

authors concluded the following:

(a) In general the size and distribution of hydrides in polycrystalline

zirconium is a complex function of the heat treatment. However,

some general trends are discernible. Thus, fast cooling produces

y-hydrides whereas slow cooling produces d-hydrides. Within each

cooling range, the faster cooling rates tend to promote the forma-

tion of intragranular hydrides, while the slower cooling rates

promote the precipitation of grain boundary hydrides (in the form

of allotriomorphs or side-plates).

(b) Cooling from temperatures at which all hydrogen is in solution,

mostly d-hydrides form at cooling rates of 10°C/min or less. This

result is, however, a function of the initial hydrogen concentra-

tion. Thus, for instance, at the lower hydrogen concentration,

e.g., 50 vg/g, and at the highest coding rate given above, a

mixture of both y- and 6-hydride precipitates is found. An alter-
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native and more general way of expressing this is that high hy-

drogen supersaturations and/or low solution temperatures tend to

favour the formation of y-precipitates.

(c) Intragranular fct y-hydrides are usually needles parallel to

<1120> ~; grain boundary y-hydrides form either small needle-shaped

arrays, or are large and irregularly shaped. The orientation

relationship between the intragranular y-hydride and the matrix is

(d) Intragranular fcc d-hydrides appear large and cigar-shaped in the

electron micrographs and exhibit a complex internal structure

(twinning)*. They have the following orientation relationships

with the matrix

(111)~ I I (1010)
a ; 111016 II [1120]a

(111)6 nearly II (OOOl)a ; [11016 II [11201U

(111)6 nearly II (llZ2)a ; [17016 II II1OO1a

(e) Grain-boundary d-hydrides appear large and cigar-shaped, but are

free of internal structure. They have the same orientation rela-

tionships with the a-grain into which they appear to grow as those

given above for the intragranular hydrides.

(f) y-hydride is a metastable transition phase whereas d-hydride repre-

sents the equilibrium phase. One bit of evidence supporting this

is that y-hydrides formed during a quench will dissolve and repre-

cipitate as d-hydrides when the sample is subsequently annealed at

a higher temperature.

*
The same is true for the y-hydrides which form in the presence of the

&hydrides (at the slower cooling rates).
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ii) Volubility

The most extensive study of the hydrogen SOIVUS in zirconium

and its alloys has been carried out by Kearns (21) ● Kearns has also made

a compilation of all other terminal volubility data and calculated a

best-fit curve to the data for zirconium, Zircaloy-2 and Zircaloy-4. He

concludes that alloy composition, grain size and cold work have negli-

gible effects on the hydrogen SOIVUS. The SOIVUS for zirconium deter-

mined by Kearns is plotted in Figure 1. Kearns’ experiments involved

slow cooling rates and long equilibration times. Further on, we will

present arguments to demonstrate that, as a consequence of this, the

SOIVUS determined by him probably represents the stress-free SOIVUS,
(22) (26)

c; “
Erickson and Hardie , and also Slattery , have used a dila-

tometric method to determine the hydrogen SOIVUS in the temperature

range 500-300°C, where the pressure-concentration isotherm method, which

they used at the higher temperatures, loses its accuracy. Erickson and

Hardie’s results for pure zirconium obtained on heating and cooling the

sample at 8°C/min (a rate which is faster than Kearns’) are plotted in

Figure 1. Two things are worth noting about the dilatometric results;

first, that there is a large hysteresis between heating and cooling and

second, that Erickson and Hardie’s heating curve lies below, but very

close to, Kearns’ stress-free SOIVUS. Further on we attempt an expla-

nation of these results based, in part, on a theoretical calculation of

the constrained SOIVUS.

.
iii) Calculation of ii~c

To calculate ~~c (and, consequently C~nstrained) we need to
*

know, a) hydride shape, b) orientation with respect to matrix, c)

stress-free or transformation strains, and d) elastic constants of

matrix and precipitate. Item c) can be determined from a knowledge of

the crystal structures and lattice parameters of matrix and precipitate
*

The calculations summarized in the following all assume that the pre-

cipitates are coherent with the matrix.
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FIGURE 1: Terminal solid volubility of hydrogen in pure a-Zr. Curve 1:

Kearns’ stress-free SOIVUS, denoted Cs in text; curve 2:

theoretical, ?constrained ?i-hydride so vus (plates lying on

basal planes); curve 3: heating SOIVUS, Erickson and Hardie;

curve 4: cooling SOIVUS, Erickson and Hardie.
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phases. In general, items b) and c) are not independent of each other.

In the following, we calculate ~~c separately for 6– and y-hydrides.

These results have been summarized in Tables 2 and 3. Table 2 gives the

theoretical expressions derived for w‘~nc for various hydride shapes and

types, while Table 3 lists their corresponding numerical values.

(a) 8-hydrides

For the A–hydrides, we assume that the most frequently observed

plate-like shape can be approximated by an oblate ellipsoid with

the short axis, c+O. The stress-free strains have been evaluated

by Carpenter
(27)

based on the orientation relationships determined
(24)

by Bradbrock et al . These are given in Table 3, with the axes

defined with respect to the hcp a-Zr matrix, as shown in Figure 2.

Since fcc d-hydride is crystallographically isotropic, the aniso–

tropic expansion derives entirely from the crystallographic aniso-

tropy of the u-Zr matrix. The two most commonly observed orien–

tations of the d-hydride plate with respect to the matrix are shown

in Figures 3a and 3b. Thus, with the plate lying on (0001) planes,

the extra expansion is perpendicular to the broad faces of the

plate, while with the plate lying on the (liOO) prism planes, the

extra expansion is outward from one of the plate edges. Since

little information is available on the elastic constants of the

hydrides, we assume that the elastic constants of hydride and

matrix are the same. Thus , with the above, we can use equation

(21) to derive expressions for w~nc for the shapes and orientations

shown in Figures 3a and 3b. These are summarized in Table 2. We

have used the tabulation

numerical values for the

(b) y-hydrides

Intragranular y-hydrides

of Brown and Clark
(13)

for the S The
ijkt “

strain energies are summarized in Table 3.

are usually observed as needles parallel

to do>a. The stress-free strains for these orientations~ have

*
y–hydride is not crystallographically isotropic, hen~~n~hese values

would have to be re-evaluated in order to calculate w for another
t

orientation.



TABLE 2

EXPRESSIONSFOR THE SELF-STRAINENERGIESOF HYDRIDEPRECIPITATESOF

VARIOUSSHAPESMODELLEDAS MISFITTINGINCLUSIONS

TRANsFoRmT1oN (STRESS-FREE)STR.AINS HYDRIDEMORPHOLOGYAND
-inc
‘t

: TOTALMOLAL SELF-STRAINENERGY(INAN INFINITE
ORIENTATION MATRIX)OF MATRIXAND INCLUS1ON*

T T
’11 ‘e22=A
T
’33

=A+~

Plate:lyingon (0001) cja cc 1
basal plane (seeFig.
3a)

‘,,, ~{A2+~ ~k”’+*E2
T T .E
’23 = ’32 2

+1 (2-v)~2
8 (l+v) 1}

T
’11

=A+~

T T
’22 = ’33

=A

T T
’13 = ’31 = ;

Plate: lyingon (lioo)
prism plane (seeFig.
3b)

cla ~~ 1

Ei—
hyd ~-V

{

A2+A”~ +&-L
64(1+v)

[
n: 16(1+-))’”5

1 (2-v) S2
+13c2+– —

8 (l+V) 1}

I
u
o
I

T T
’22 = ’33 =A

To
’11 =
T T
’23 = ’32

= S12

Needle: axis parallel C+w
to <lljO> (seeFig. 3c)

E

1“

‘2i—— +Q (5-4V)S2
hyd 1-v 2(1+V) 64 (l+v)

}

*
Assumingequalelasticconstantsfor matrixand inclusion.



TABLE 3

VALUES FOR THE SELF-STRAIN ENERGIES OF HYDRIDE PRECIPITATES OF

VARIOUS SHAPES AND ORIENTATIONS WITH RESPECT TO THE MATRIX

**
Hydride

*
Morphology Orientation Transformation Strains

-inc
‘t

J/mol (cal/mol)

6 Plate Plate normal
‘<0001> = 0.072 4912 (1173)

parallel to <0001>
‘<1110> = 0.0458

Plate normal
‘<liOO> = 0.0458 7737 (1848)

parallel to <1100>

Y Needle Needle axis
‘<0001>” = 0.057 2662 (636)

parallel to <1120>
‘<1120> = 0.00551

‘<lioo> = 0.0564

* Direction refer to a–Zr matrix; see Fig. 2.

I

** Using E = 9.5 x 104 MPa,
— -6 3 -6

v = 0“3’ ‘&hyd = 16”3 x 10
m /mol, V = 15.7 x 10

y-hyd
m3/mol and c/a = 0.05 (for the plates).
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X3lj300iJ

t

xl

FIGURE 2: Orientation of coordinate axes with respect to
hexagonal m-Zr crystal. This orientation was

used in the calculations summarized in Table 3.
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FIGURE 3: Shapes and a–Zr habit

plane; (b) 6-hydride
direction.

planes of some zirconium hydrides: (a) 6-hydride plate on basal
plate on prism plane; (c) y-hydride needle lying along [11~0]
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been evaluated by Carpenter (27)
, and they are summarized in Table 3.

Assuming equal elastic constants, we have again used equation (21)

to derive an expression for w‘~nc for y–hydride for the shape and

orientation shown in Figure 3c. This expression is summarized in

Table 2. Finally, the value for the strain energy for the y-hy-

dride is given in Table 3.

The results summarized in Table 3 show that for the d–hydride,

the strain energy is considerably lower for the basal plane orientation.

Note, however, that since we have assumed equal elastic constants be–

tween matrix and precipitate, the difference in strain energy for the

two ~-hydride plate orientations is purely a consequence of the aniso–

tropy of the lattice misfit. Thus , the above calculation can not really

explain why the habit planes for 6-hydride plates differ between pure

zirconium and the alloys. Evidently a more detailed treatment, which

includes the effects of elastic anisotropy and unequal elastic con–

stants, is required to shed light on this observation. Compared to the

&hydride, the y–hydride has an even lower energy, about half that for

the basal plane hydride. This may partly explain why, at high hydrogen

supersaturations, it forms in preference to the &hydride.

iv) Theoretical Estimate of the Constrained Solvus

A plot of log CH against IIT with w‘~nc given for the basal

plane orientation of d-hydrides is shown in Figure 1 (using equation (7)

with C: given by Kearns’ curve for a-Zr). It is evident from Figure 1

that if hydrides precipitate as coherent, elastically constrained pre-

cipitates, they will do so at temperatures which are significantly lower

than those for the unconstrained case. This shift in temperature in-

creases with hydrogen concentration. For instance, at a total hydrogen

concentration of 100 ug/g, T(constrained) is N 11O K below T(uncon-

strained), whereas at 10 pg/g, it is only w 60 K below T(unconstrained).

Alternatively, given hydrogen concentrations and temperatures such that

—
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we are inside the two-phase region, there will be an increased concen-

tration of hydrogen in solution if the hydrides are in a constrained

rather than in an unconstrained state. For example, at 350 K (77”C),

according to equation (7), there is a 5.4 times increase in the con-

strained volubility compared to the unconstrained one.

v) General Discussion on Precipitate Interface Coherency and
Elastic Misfit Strains

The foregoing theoretical calculation of the constrained

SOIVUS was based, in part, on the important assumption that the precipi-

tated hydrides form fully coherent, elastically constrained particles.

In the following, we wish to examine this assumption in more detail. We

will look at the question, first, in a general sense and then as it

relates to the experimental volubility curves of Kearns
(21)

and Erickson

and Hardie(22) .

The shift in the unconstrained to the constrained SOIVUS is

proportional to the total elastic strain energy stored in precipitate

and matrix. Two factors can substantially alter the magnitude of this

strain energy and hence the corresponding shift in the SOIVUS. One is

the state of coherency between matrix and precipitate. The other is the

amount of accommodation that can be achieved by diffusion or plastic

deformation to relieve the lattice misfit. On energetic grounds, one

would expect that all large precipitates have incoherent boundaries,

(Christian). However, unless the precipitate forms in the shape of
*

a disc , even the creation of an incoherent boundary does not neces-

sarily mean that there will be no strain energy. In general, this could

only happen if the excess volume occupied by the transformed matrix is

accommodated by the removal, through diffusion or plastic flow, of just

that amount of matrix material required to make room for the excess

volume. Dislocations can thus play the dual role of changing a coherent

*
As noted in Section 2.3.5, an incoherent disc-shaped precipitate
generates practically zero elastic strain energy.
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boundary to an incoherent or partially coherent one and/or of relieving

some or all of the misfit stresses. Although the energetic may favour

an incoherent precipitate, when the phase transformation occurs at

sufficiently low temperatures, the diffusion flow rates in the matrix

may be insufficient to carry out the conversion from a coherent to a

completely incoherent interface. This may, in fact, be the case for

hydrides precipitated at low temperature, the precipitation and growth

of which is determined by the relatively fast diffusion of hydrogen.

Changes in the structure of the interface to generate an incoherent

phase boundary, as well as dislocation loop punching to relieve misfit

stresses, must, on the other hand, necessarily be governed by the dif-

fusional and/or plastic flow of the zirconium matrix. In particular, at

200”C or less, the diffusion coefficient for zirconium is probably too

small to make lattice diffusion an effective stress relieving mechanism.

Nevertheless, if the misfit is sufficiently large, it seems possible in

view of the large stresses generated in matrix and precipitate, that

even at low temperatures, some of the elastic strain will be relieved by
(29-31)

plastic deformation. A number of theoretical models have been

devised to calculate the maximum amount of stress-free strain permis-

sible before dislocations will be nucleated in the matrix to relieve the

strain at the interface of a coherent nucleus. The most complete and
(31)

realistic model seems to be that due to Ashby and Johnson . It turns

out that there are really two limits to the stress-free strain; an upper

limit independent of the specimen size and a lower limit dependent on

the specimen size such that as the precipitate size increases, disloca-

tions can be punched out for decreasingly smaller stress-free strains.

The upper limit is essentially determined by the condition that the

state of stress in the matrix exceed the critical shear stress for

dislocation nucleation. Since, according to Eshelby’s theory, the state

of stress in the matrix just outside the precipitate is independent of

precipitate size, this upper limit is independent of inclusion size. A

simplified version of this case was originally developed by Weather-

~y(29)
. Ignored in Weatherly’s treatment, but explicitly considered in
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the treatment of Ashby and Johnson (31)
, is the energy of the dislocation

loop which is formed at the interface. This energy depends on the

precipitate size. When this energy is included in the model, it gener-

ates an additional (lower limit) criterion for dislocation loop forma-

tion. The criterion is based on the result that, for a given precipi-

tate size, the loop can achieve a diameter large enough to lower the

total energy of the system. To achieve this diameter, however, the loop

must pass through states which raise the energy of the system. Thus the

process must be activated by energy obtained from other sources .
*

The calculations of Ashby and Johnson
(31)

show that for spher-

ical coherent particles the upper misfit is ~ 0.05. The lower misfit is

about the same for small inclusions (particle diameters of 15 nm) but

rapidly drops from 0.001 to 0.0001 for inclusions having diameters

ranging from

In

experimental

two types of

0.1 pm to 1.5 pm, respectively.

comparing their theoretical predictions with available

results, Ashby and Johnson concluded that there seem to be

misfitting particles; coherent particles which become

partially coherent only at the upper (large) misfit and incoherent or

semi-coherent particles (this category included precipitates which were

induced to lose their coherency by, for instance, deformation). These

latter particles were able to emit dislocations also at the lower

(smaller) misfit. It is conjectured that the reason for this difference

is that the incoherent or semi-coherent interfaces contain dislocations

which can more easily nucleate other dislocations (by dissociation, for

instance). These are then able to move away from the interface, The

configurations for the spreading of such dislocation loops will be

different from those for the nucleation case assumed in the model and

the energy barrier may be considerably reduced. In addition, other

factors not considered in the model, such as internal stresses, quench–

>’$
The barrier is too large for thermal activation to be effective, even
at very high temperature.
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ing, deviations of particle shape from a sphere,

tion damage may each contribute energy to and/or

energy for dislocation generation.

deformation and radia-

lower the activation

A general conclusion from the foregoing thus is that initially

incoherent or semi-coherent misfitting precipitates can relieve their

strain fields by dislocation generation at much lower values of the

misfit than can misfitting coherent particles. Since the total amount

of relief possible by means of this mechanism increases with precipitate

size, semi-coherent or incoherent particles can reduce their total

retained strain energy to negligible levels as they become larger.

vi) Experimental Observations of Zirconium-Hydride Interface

Coherency and Elastic Misfit Strains

Unfortunately, it is not easy to apply these concepts to the

case of hydride precipitates, since there exists only a very small body

of experimental evidence relating to the precipitate’s interface coher–

ency and the total amount of stored elastic strain energy. The only

detailed work done so far has been the electron micrographical examina–
(32)

tions of small y–hydride needles due to Carpenter , Carpenter, Watters
(33) (24)

and Gilbert and Bradbrook et al . Larger precipitates, whether y

or 6, have not been studied in detail because of difficulties in sample

preparation.

The y-hydride precipitates investigated by Carpenter
(32)

were

found to be in the form of sword-shaped needles surrounded by a number

of dislocation loops, many of which appeared to be still attached to one

or two points along the interface (generally at the ends of the needles).

In a preliminary investigation, Carpenter et al
(33)

found that only dis-

locations with Burgers vectors along <1070> had been emitted from the

hydride (this finding was corroborated in the more recent study
(32))0

Nonetheless, the misfit in both the [0001] and <1010> directions, as

(27)
calculated by Carpenter , is large enough to correspond to the upper

. ,.
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misfit criterion of Ashby and Johnson. The lack of observed disloca-

tions with Burgers vectors along [1000] is explained by Carpenter et al

on the basis that the self energy of these dislocations is too large.

Carpenter et al also compared the number of loops observed near the

needles to the number required to completely remove the strain field.

They concluded that only a small proportion of the misfit could be

relieved by the observed dislocations. This is consistent with the

large observed strain field around the hydride needles. It was thought

at that time that the strain field was principally due to the dilata-

tional strain misfit between matrix and precipitate. However, in his

more recent study, a careful analysis of the strain field showed that

the dominant visible strain component was, in fact, due to a shear

misfit. A mechanism for the low temperature formation of y-hydride was

proposed by Carpenter which could account for the presence of this shear

strain field. This mechanism assumed that hydrides are formed by the

diffusional formation of a metastable cluster of hydrogen atoms followed

by the subsequent shearing of the zirconium lattice to transform the hcp

ct-Zrlattice to the fct y-hydride structure. The shearing of the lat-

tice is thought to occur by the formation of 1/3 <1010> Shockley partial

dislocations on alternate zirconium basal planes. Although this may

occur homogeneously, the large nucleation barrier involved makes it more

likely that intragranular hydrides form heterogeneously on existing 1/3

<1120> dislocations. These may dissociate to the required Shockley

partials by means of a ratchet mechanism. Based on this model, and the

observed shape and orientation of the hydrides, the hydride-matrix

interface will thus consist largely of embedded dislocations, making the

interface semi-coherent. Unfortunately, attempts by Carpenter at ob-

serving these interracial dislocations proved unsuccessful. The shear

dislocation loops observed in the matrix around the hydrides, on the

other hand, are thought by Carpenter to be created primarily to relieve

the misfit, but may also be emissary dislocations, formed to reduce the

interracial energy. Finally, Carpenter arrived at the general conclu-

sion that his analysis and experimental findings suggest that a similar
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phase transformation mechanism should apply to small 6-hydrides (if

formed at low enough temperatures). However, as the precipitates grow

to larger size, the mechanism by which the lattice is sheared evidently

becomes more complex. For instance, electron micrographs show numerous

cases of considerable dislocation structure and twinning for both y– and

6-hydrides (24). On the other hand, at high enough temperatures, nuclea-

tion and growth probably proceed almost entirely by lattice diffusion,

resulting in incoherent, strain-free precipitates. Unfortunately,

experimental proof for this conjecture is presently not available.

To summarize, Carpenter’s
(32)

work shows that a shear trans-

formation strain, which has only partially been relieved by misfit

dislocations, is an important feature of low temperature hydride forma-

tion. This strain is more likely to play a role in the nucleation and

growth of y- rather than ~-hydrides, because of their tendency to form

at lower temperatures. Nevertheless, there is also some experimental

evidence to show that &-hydrides may form in the same manner. Note that

the effect of a shear transformation strain has formally been included

in our theoretical treatment summarized in Tables 2 and 3. It can be

seen, however, that even a relatively large transformation shear will

make a fairly small contribution to the total self-strain energy, since

the hydrides can, and probably always will, assume shapes which minimize

this contribution. This is not the case for the interaction with an

applied stress, a topic which is discussed further on.

vii) The Volubility Data of Kearns and Erickson and Hardie—

We now present a detailed appraisal of the volubility data of

Kearns and Erickson and Hardie. We are principally concerned with an–

swering two main questions: how do we interpret Kearns’ data (Is it the

stress-free SOIVUS?), and what is the cause of the hysteresis between

the heating and cooling solvi of Erickson and Hardie? Unfortunately,

neither Kearns nor Erickson and Hardie combined their volubility deter–
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minations with an optical or electron micrographical examination of

their specimens. This is needed to determine the type, size and loca-

tion of the hydrides. Except for the work of Cann et al (34), this has

also been a failing with all of the other extant volubility determi–

nations. Thus, to assist us in determining the probable type, size and

location of the hydrides pertinent to the data of Kearns
(21)

and Erick-

son and Hardie(22) , we make use of the metallographic observations of

Lorimer and co–workers, reviewed in another section of this report. For

cooling conditions which are relevant to Kearns’ experiments, Lorimer et

al conclude that large, mainly intergranular 6-hydride agglomerates are

formed. We note, however, that these findings are somewhat in disagree-
(34) who

ment with the recent results of Cann et al , under similar con-

ditions, obtain mainly large y-hydride agglomerates. One reason for the

differences in these two results may be slight differences in sample

purity. Nonetheless, in both cases, the sizes and irregular shapes of

these precipitates suggest that they have developed fairly incoherent

interfaces. This means that the lower misfit criterion of Ashby and

Johnson should apply and consequently the hydrides will have been able

to relieve almost all of their misfit by plastic deformation. This

strongly suggests that the volubility data determined by Kearns repre–

sents the stress–free SOIVUS. The additional assumption that Kearns’

data represent the 6–hydride stress–free SOIVUS, is made somewhat un–
(34)

certain by the results of Cann et al . Yet these authors find close

agreement between their metallographically determined y-hydride SOIVUS

and that of Kearns. Comparison between the results of Cann et al
(34)

and of Kearns, thus, leads us to two possible conclusions: 1) that

Kearns’ SOIVUS is, in fact, the y-hydride SOIVUS, or 2) that the y- and

d–hydride solvi differ by less than the errors involved in their deter-

minations. The latter possibility seems more likely, in view of the

fact that Kearns finds little difference between solvi determined for

pure zirconium and an alloy such as cold-worked Zr-2.5 % Nb where 6–

hydrides seem to be the dominant precipitates in this material under

(35),
slow cooling conditions (Northwood . Thus we conclude that the
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solubility determined by Kearns represents the stress–free d-hydride

SOIVUS and that this differs little from the stress-free y-hydride

Solvus.

In contrast to the volubility determined by Kearns, the heat-

ing and cooling solvi of Erickson and Hardie, reproduced in Figure 1,

monitor the volubility of hydrides formed at moderate rather than slow

cooling rates. At these cooling rates of 2-10°C/min, according to

Lorimer, Ridley and co-workers
(24-25)

9 a rather complex mixture of

inter- and intragranular y- and d-hydrides is formed, although the 6-

phase seems to dominate. Moreover, the large intragranular 6-hydrides

formed, exhibited complex internal structures indicative of twinning.

This suggests that the solvi of Erickson and Hardie are largely governed

by 6-hydrides , which are likely to be under some degree of elastic

constraint.

Now if we suppose that the hydrides precipitate as coherent

elastically constrained 6-hydride plates and that little or no under-

cooking to aid nucleation is necessary, then hydride precipitation would

be determined by the theoretical constrained SOIVUS, shown as curve 2 in

Figure 1. Supposing further that the hydrides remain constrained this

way while at the lower temperature, then during heat-up, the system

could recover this stored energy and the dissolution would be similarly

determined by the fully constrained SOIVUS. Thus there would be little

or no hysteresis, contradicting the experimental findings. To explain

the results, then, we assume, instead, that the following could happen:

To partially relieve the misfit during cooling as the hydrides precipi-

tate, some plastic deformation occurs. This causes the shift of the

experimental cooling curve from the constrained SOIVUS (curve 4 in

Figure 1). This shift reflects the amount of work done to punch out

dislocations and partly the amount of undercooking necessary to provide

the driving force for hydride nucleation. This work is lost to the

system in a subsequent heat-up. Thus when the hydrides re-dissolve on
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heating, the reverse amount of plastic deformation that was formed on

cooling must be supplied to eliminate the (now negative) misfit not

stored elastically. This accounts for the shift of the heating curve

(curve 3 in Figure 1) to higher temperature compared to the cooling

curve.

Given the curves shown in Figure 1 and the above physical

interpretation of these results, it is now possible to make a quanti-

tative assessment of the amount of energy retained elastically and the

amount lost to plastic deformation as a result of the precipitation

process. In addition, an estimate can be obtained of the amount of

undercooking required to initiate nucleation. This will be useful for a

subsequent report dealing with the effect of stress on nucleation,

growth and coarsening of hydride precipitates.

The procedure for doing this is as follows. With reference to

the log hydrogen concentration versus l/T plot, the curves shown in

Figure 1 are given by the following equations:

a)

b)

with

Erickson and Hardie

Cooling:
CH =

9.7x104 exp(-32 458/RTc) (39)

Heating:
CH =

4.4x105 exp(-36 474/RTh) (40)

Kearns

Stress-free:
CH =

1.3x105 exp(-36 474/RTeq) (41)

Constrained (theoretical):

CH
= 1.3x105 exp(-36 474/RT~on)-exp(~~c(theor) /RT~on) (42)

~~c(theor) = 4912 J/mol

where R is in J/mol, the T’s are in degrees K and CH in pg/g, Written

in this way, with CH as the independent variable, the above equations
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define a locus of T at which the phase transformations corresponding to

the appropriate cooling rates occur. These temperatures, in relation to

the assumed stress-free volubility temperatures, can be used to deter–

mine the relative contributions of the elastic and plastic work to the

total measured activation energy of solution. Thus the position of the

heating SOIVUS is shifted in relation to the theoretical constrained

SOIVUS by an activation energy representing twice the total amount of

energy lost into plastic deformation on the initial cool-down. The

heating SOIVUS can consequently also be expressed in terms of the theo-

retical constrained SOIVUS by subtracting 2AH from its activation
P

energy, where AH represents the energy of plastic deformation.
P

Thus

CH(heating) = 1.3x105 exp (-36 474 + =~c(theor) - 2AHp)/RTh (43)

Equating this to equation (40), giving the experimentally determined

heating SOIVUS, yields the desired value for AH . The result is
P

AH = 6541 - 0.61 RTh J/mol (44)
P

Thus we obtain, at 100 pg/g: AHP = 3300 J/mol

whereas, at 400 pg/g: AH = 2668 J/mol
P

where these concentrations represent the limits of the data of Erickson

and Hardie.

Note that, as a consequence of the difference between the pre-

exponentials for these two curves, AHP depends linearly on temperature.

There is now a difficulty in deciding whether this temperature depen-

dence is a true physical effect or simply due to the uncertainty of the

data and the fitting procedure. It is tempting to conclude that it is

the latter, in view of the fact that AHP increases with decreasing

temperature, a result which is contrary to expectations.
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The amount of elastically stored energy remaining, ~~nc(expt),

is given by

~~nc(expt) = ~~c(theor) - AHP

which yields, at 100 yg/g: ;~nc(expt) = 1612 J/mol

whereas, at 400 pg/g: ;~nc(expt) = 2245 J/mol

These results show, as one might expect from the discussion earlier on,

that a large part of the elastic strain has been relieved by plastic

deformation.

Finally, the expression for the cooling SOIVUS (assuming no

undercooking) can be written

CH(cooling) = 1.3x105 exp (-36 474 +~~nc(expt))/RT’
c

Comparison with the actual cooling SOIVUS (which must also contain a

shift due to the undercooking) yields an estimate of the observed under-

cooking to initiate nucleation, AT At 100 uglg, this calculated
nuc1”

undercooking is 17.4 K, while at 400 pg/g, it is only 1 K. This latter

figure appears a little lower than one might expect.

A general comment of the above results is that they appear to

be roughly in accord with our overall expectations, keeping in mind the

uncertainty and scatter in the data and the assumptions made in calcula-

ting the theoretical constrained SOIVUS. A crucial feature making the

above analysis possible is that we have available an equation for the

stress–free SOIVUS. Without it, we would not have been able to calcu-

late the theoretical constrained SOIVUS which, combined with the heating

and cooling solvi, provided us with AH and ATnucl. This aspect of the
P

calculation was, however, not properly appreciated by Birnbaum, Gross-

beck and Amano
(36)

, who obtained heating and cooling volubility curves
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by monitoring electrical resistivity changes in the NbH system. These

authors analyzed their results using an approach similar to ours. How-

ever, they tried to estimate AHP by assuming that the difference in the

activation energies for the heating and cooling solubilities is given by

2AH This procedure, in addition to containing the implicit assumption
P“

that undercooking is negligible (which may or may not be correct in

their system), cannot be correct since the actual observed cooling

SOIVUS does not explicitly contain a contribution due to AH . Conse-
P

quently, neglecting undercooking, the difference in the activation

energies between heating and cooling yields at most AH not 2AH In
P’ — P“

fact, unless one can be sure that undercooking is really negligible, it

is impossible to obtain a reliable estimate for AH without having both
P

the stress-free volubility curve and data for calculating the maximum

possible elastic strain energy. Note that the stress-free volubility

curve cannot easily be calculated and must, instead, generally be mea-

sured. The differences in the solvi obtained by Kearns and Erickson and

Hardie plus the foregoing discussion and analysis clearly point out that

great care must be exercised in interpreting volubility data as repre-

senting the stress-free SOIVUS. These considerations are especially

important when analysing hydrogen-induced delayed cracking under thermal

cycling conditions.

3.2.2 The Effect of External Stress on the Constrained and
Unconstrained Solvi

In this section, we calculate the effect of external stress on

the solid volubility of hydrogen in zirconium which is in equilibrium

with hydride under external stress. We assume that the external stress

is uniform over the hydride. We can calculate the shift in the stressed

SOIVUS both for the case when the hydride is elastically constrained (as

a result of its misfit with the matrix) and for the case when these

constraints have been removed by plastic deformation (as discussed in

the previous section). In both cases, the interaction energy is given
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by equation (25)*. This means that no matter how much of the misfit

strain has been relieved by plastic deformation, the interaction energy

remains the same; that is, this energy is proportional to the total

initial misfit, not the misfit remaining in

~he expression for the externally

-i :’
so Vus, u is given by equation (14). We

the elastic strain field.

stressed, constrained

have calculated ~~nt and

c;for various orientations of the &hydride plates with respect to the

stress and a–Zr crystal axes (texture effect) and for the same range of

applied stresses as were used to generate the Cu given in Table 1. The
-int

results for w
t

are summarized in Table

Note that the magnitude of the

represent fairly typical values for some

the experimental literature. Thus row I

..
4.

stresses given in Table 4

common test conditions found in

gives a stress which is typical

of a uniaxial tensile test, while rows II and III give typical stresses

occurring at, respectively, the hydride source and the hydride sink

(plastic zone)

test. Figures

plane, texture

in a plane strain hydrogen-induced, delayed cracking

4-5 define the coordinate axes in relation to crack

and hydride geometry applicable to Table 4.

The results summarized in the Table reveal that the interac-

tion energies show a small texture dependence and only achieve values of

the order of the maximum possible self-strain energy when the hydride is

in the plastic zone of the crack. It is interesting to note that if the

texture is such that both basal pole directions shown in Figures 4a and

4b are present near the crack tip, then d-hydrides having the orienta-

tion marked L in Figure 4a have a slightly lower energy than hydrides

with the corresponding orientation shown in Figure 4b. This is consis-

tent with the reorientation of hydrides observed in compact tension

* -int
‘t

is zero since we are assuming equal elastic constants between
-int

matrix and precipitate. Thus in equation (25), ~~ t .‘w
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TABLE 4

VALUES FOR THE INTERACTION ENERGIES OF HYDRIDES HAVING VARIOUS ORIENTATIONS—

WITH RESPECT TO THE MATRIX AND APPLIED STRESS AXES

Applied Stress

Magnitude

A

1“ ’11
= 100 MFa

A A

~zz ‘a33=0

A A
11” ’11 = ~22

= 400 Mla

A

’33
= 24o MIa

A

111” ’11 = MY

A

’22
= I.Soy

A

’33
= 2.40Y

Direction

o~lalong [0001]

a~lalong 117001
or [1150]

u~l along [0001]

01 (liool

@ :::: y:; IFig. 4a$

22

or vice versa } Fig. 4c*

u~3 along [1120]

u~l along [11001
A

022
along [11~0] Fig. 4b*

o~3alcmg [0001]

I
CJflalong [0001]

Fig. 5a

0$2 along [liool
or vice versa (Fig. SC)

U:3along [1120]

all other combinations

(see Figs. 5 a-c)
—.

O;l along [0001] )

/1$2 along [liOO] Fig. 4a

o~3along [llZO] )

or vice versa

a~l along lliool~
.4

~22 I
along [11~0] Fig. 4b,

or vice versa
)

cI~3 along [0001]

a~l along [Iioo]

A

“33

or vice versa

~A
22 along [0001]

Type

6

Y

6

Y

—

Hydride

Morphology a“d Orientaticm

plate lying on basal

or prism planes

needle along [11~0]

plate lying on basal or

prism planes

needle lying along [11~0]

plate lying on basal or

prism planes

-int

W*

J/mOl

-117

-75

-93

-947

-879

-743

-595

-4966 **

-4774**

.4583**

Note that each of the three hydride orientations indicated in the
figure has the same interaction energy, but not necessarily the same
self-strain energy. The hydride marked L has the lowest self–strain

energy.

** Using ay (25°C) = 747 MPa. Note that Uy decreases with temperature
as given in Table 1.
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FIGURE 4: 6-hydride plate orientation with respect to crack plane and o.-Zrcrystallite

orientation: (a) basal pole parallel to crack plane; (b) and (c) basal pole
perpendicular to crack plane. The hydride orientation marked L has the lowest
self-strain energy.
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specimens cut so that the crack is running in the longitudinal direction

of the pressure tube and the stress is applied in the circumferential

direction.

The shifts in volubility from the stress-free and constrained

solvi for a number of the applied stress conditions treated in Table 4

are shown in Figure 6. For the sake of consistency, the reference

volubility for these calculations is the stress–free ct-Zr SOIVUS de-

termined by Kearns, although, of course, it would not be possible to

apply these high stresses to pure zirconium without substantially
*

exceeding its yield stress . Figure 6 shows that, at constant hydrogen

concentration, applied tensile stresses shift the terminal solid solu–

bility curve towards higher temperatures. Contrast this to the effect

of self stresses produced as a result of misfit strains. These stresses

shift the SOIVUS to lower temperatures. In addition, we can see that

only at very high applied stresses are significant shifts produced in

the terminal solid volubility limit. Thus the SOIVUS shift due to a

uniaxial applied stress of 100 MPa is imperceptible on the scale of

Figure 6 (curve 4 compared to curve 2). On the other hand, the stresses

found in the plastic zone of a plane strain crack in Zr-2.5 Z Nb pro-

duce a substantial shift (curves 5 and 3). Note, in particular, that

the applied stresses have shifted the constrained SOIVUS back almost to

the stress-free SOIVUS.

4. CONCLUSIONS

4.1 The foregoing analysis discusses the factors influencing

hydrogen volubility in a stressed zirconium lattice. Two general cases

are considered. In the first case, the total amount of hydrogen con-

=
At any rate, as stated by Kearns, the differences in the solubili-

ties between pure zirconium and the various alloys is not significant.
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FIGURE 6: Effect of external stress on terminal solid volubility of hy–
drogen in pure a-Zr. Curves 1 and 2 are the reference concen-

trations for an externally unstressed zirconium sample. These

are reproduced from Figure 1. Curves 3-5 show the effects of

external stress on these two curves. Curve 1: Kearns’ stress-

free SOIVUS; curve 2: Theoretical, constrained 6-hydride sol-

vus (plates lying on basal planes); curve 3: effect on theo-

retical, constrained 6-hydride SOIVUS of external stresses

equivalent to stresses in plastic zone of a plane strain crack

(for values of stresses see column 1, row III in Table 4);
curve 4: effect on theoretical, constrained d-hydride solvus

of 100 MPa uniaxial stress; curve 5: effect on Kearns’ stress-

free SOIVUS of external stresses equivalent to stresses in plas-
tic zone of a plane strain crack (for values of stresses see
column 1, row 111 in Table 4).



-53-

tained in the lattice is below the terminal solid volubility limit,

i.e., it is completely in solution, while in the second, it is above the

terminal solid volubility limit, i.e., hydrides are present.

In case 1, the volubility depends exponentially on the product

of the hydrostatic stress and the molar volume of hydrogen dissolved in

the zirconium lattice. Tensile stresses raise the volubility over the

stress-free case. However, except for triaxial stresses approaching or

exceeding the uniaxial yield stress, the amplification of the volubility

due to these tensile stresses is less than 10%.

In case 2, the amount of hydrogen in solution which is in

equilibrium with hydrides is a function of the state of stress of the

entire sample, i.e., the state of stress of both the matrix ylus pre-

cipitate. When external stresses are absent, the average volubility is

proportional to the total elastic strain energy contained in matrix and

precipitate. This strain energy is a function of precipitate shape. It

is a consequence of the misfit strain between the volume of the precipi–

tate and the original matrix volume from which the precipitate was

formed. For zirconium hydride, this misfit is anisotropic and positive,

i.e., the hydride occupies more volume than the matrix from which it

transformed and its expansion is different in the three orthogonal

directions of the precipitate. Regardless of the sign of this misfit,

the strain energy arising from it is always positive. Thus , at a given

temperature, the amount of hydrogen in solution in equilibrium with an

elastically constrained hydride is increased over the amount in equi-

librium with a stress-free hydride. The increase depends on the total

amount of misfit strain energy which is retained elastically. It can be

quite large, resulting, typically, in an approximately five-fold in–

crease compared to the stress-free solid volubility.

External stresses produce an additional shift of the hydrogen

volubility. This shift is mainly governed by the interaction energy of
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the elastic field of the precipitate with the applied field. For ten-

sile applied stresses and a positive misfit strain, this interaction

energy is negative, causing the amount of hydrogen in solution in equi-

librium with externally stressed hydrides to decrease. Except for the

triaxially stressed state elevated above the yield point in the plastic

zone of a plane strain crack, the magnitude of this effect is not as

large as that due to the misfit strain energy. In addition, as long as

external stresses are maintained on the sample, the interaction energy

term will prevail regardless of the state of the precipitate. That is,

unlike the case of misfit self-stresses, this energy is independent of

whether the volume expansion due to hydride formation is stored elas-

tically or relieved by plastic deformation.

4.2 We analyze the volubility of hydrogen in pure zirconium ob–

tained experimentally by Kearns and Erickson and Hardie. The analysis

combines the above theory with metallographic evidence (presented in the

literature) of the state of strain and interface coherency of hydride

precipitates observed under various rates of cooling. We conclude that

the volubility data presented by Kearns most likely represents the

stress-free solvus. We judge that the substantial shift of the cooling

SOIVUS of Erickson and Hardie with respect to Kearns’ stress-free curve

can be attributed to the retained elastic misfit strain energy. The

shift between the cooling and heating solvi, on the other hand, reflects

the amount of plastic work which was created during cooldown to relieve

a significant fraction of the total elastic misfit strain. From the

data, we estimate the amount of retained elastic misfit strain energy to

range from 1612 to 2245 J/mol.
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