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ABSTRACT

The decision concerning the location of sites for nuclear waste repositories in the subsurface depends

upon the long-term containment capabilities of hydrogeological environments. The numerical simulation

of the multiphase flow and contaminant transport that take place in this problem is an important tool

to help engineers and scientists in selecting appropriate sites. In this paper, we employ a hybrid strategy

that combines an Eulerian approximation scheme for the underlying two-phase flow problem with a

locally conservative Lagrangian method to approximate the transport of radionuclide. This Lagrangian

scheme is computationally efficient and virtually free of numerical diffusion. In order to face unsaturated

and heterogeneous problems, four extensions in the Lagrangian scheme are implemented. To show the

effectiveness of the improved version we perform a grid refinement study.

1. INTRODUCTION

The decision concerning the location of sites for nuclear waste repositories in the sub-
surface depends upon the long-term containment capabilities of hydrogeological environ-
ments. The numerical simulation of the multiphase flow and radionuclide contaminant
transport that take place in this problem is an important tool to help engineers and sci-
entists in selecting appropriate sites. A realistic simulation of such contaminant problem
must be performed on the field scale. The field scale is that of practical interest, since the
radionuclide migration can reach regions of several square kilometers. As a consequence,
a fluid mixing can arise as an effective dispersion process in the radionuclide migration.

Recently [1] presented a new locally conservative Lagrangian scheme, so-called Forward
Integral Tracking (FIT ), for simulating the problem of contaminant plume transport in
unsaturated porous media. This new Lagrangian scheme is computationally efficient and
virtually free of numerical diffusion. The method is based on the construction of long



space-time integral curves as solution of particle trajectory equations. The FIT scheme
was successfully employed by [2] in the numerical study of the growth of fluid mixing
region in tracer flow problems. The FIT scheme was able to reproduce correctly the
theoretical prediction for mixing length curves, even at short travel distances.

In the present paper, we employ a hybrid strategy to solve the governing system of partial
differential equations that describes water-air flow and radionuclide transport within the
water phase. This strategy combines an Eulerian approximation scheme for the underlying
two-phase flow problem with the new Lagrangian method to approximate the transport
of radionuclide. The radionuclide transport in porous media is described by a linear
advection-dispersion equation that is dominated by its hyperbolic behavior. Here we
do not consider the effect of dispersion (which could be naturally incorporated in the
splitting strategy), and the resulting advective problem is approximated by the FIT
scheme. Four implementing strategies are presented as extensions of the original FIT
scheme in order to address accurate and efficiently linear transport problems for the
radionuclide contaminant. Two-dimensional experiments with radionuclide plumes are
performed to show that the improved version of the FIT is an advance regarding to
simulations in multiscale heterogeneous formations.

This paper proceeds as follows. In Section 2 we present the equations that govern the two-
phase flow and radionuclide transport in the unsaturated porous medium. In Section 3
we present the hybrid strategy for solving the derived equations and the description of the
FIT scheme. Extensions of the FIT are presented in Section 4. In Section 5 we discuss
the results of unsaturated experiments. Finally, in Section 6, we present the concluding
remarks from the simulations.

2. FORMULATION OF THE CONTAMINANT PROBLEM

We consider a model that describes water-air flow with radionuclide contaminant trans-
port in heterogeneous, unsaturated porous media. In this section the governing partial
differential equations are presented. We assume that the fluids are immiscible and in-
compressible, the radionuclide contaminant is present only in the water phase, and the
water-air flow is independent of the radionuclide concentration.

2.1. Water-air Flow System

The governing system of equations that describes the two-phase water-air flow in unsat-
urated porous media consists of the pressure-velocity and saturation equations.

The saturation equation for the water phase can be written as [3]

φ
∂sw

∂t
+ ∇ · uw = ∇ · [(d(x, sw)K)∇sw] , (1)

where uw = λw[u + Kλλa(ρw − ρa)g∇Y ] and d(x, sw) = λλwλa

dpc

dsw

, φ is the porosity, sw

is the water saturation, and pc is the capillary pressure. We consider a constant porosity
and assume that the medium is saturated by water and air, sa + sw = 1.
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The (global) pressure equation is written as [4]

∇ · u = 0 , (2)

in which the velocity is given by

u = −Kλ [∇p − (λaρa + λwρw) g∇Y ] , (3)

where K is the absolute permeability, g is the gravitational constant, p is the global
pressure, and Y is the depth. The total mobility is defined as λ = (kra/µa) + (krw/µw),
where krα is the relative permeability, µα is the viscosity, phases mobilities are λα =
krα/µαλ, and ρα is the density, with α = w (water) or a (air) .

The governing equations are defined on a two-dimensional rectangular domain Ω =
(0, Lx)× (0, Ly), with boundary conditions p = 0 on y = Ly and u ·n|∂Ω = 0 on x = 0, Lx,
where n is a unit vector normal to the domain boundary. The value of u · n|∂Ω on y = 0
has to be specified. The initial condition is given by sw(x, 0) = sw0(x) in Ω.

2.2. Radionuclide Transport Equation

We assume that a non-volatile radionuclide contaminant is transported by the water
phase. Thus, the governing equation of the radionuclide transport depends on the mass
balance statement for the water phase.

Let cw be the concentration of the radionuclide in the water phase and let cs be the
concentration in the solid matrix. Assuming that cw and cs concentrations are always in
equilibrium, it implies that cs = kdcw where kd is a distribution coefficient and then the
radionuclide transport equation can be written as [5]

∂

∂t
[R(θw)cw] + ∇ · (uwcw) −∇ · (θwD∇cw) + R(θw) γ cw = 0 , (4)

where R(θw) = θw + θsρskd is defined as the retardation factor, θw is the volumetric water
content (θw = φsw), uw is the water-phase velocity, D is the dispersion tensor and γ is a
radionuclide decay constant.

As our numerical study aims at pure-advection transport, we assume that the diffusion
and radionuclide decay are negligibles. Thus the Equation (4) is rewritten as

∂

∂t
[R(θw)cw] + ∇ · (uwcw) = 0 . (5)

The initial condition is given by cw(x, 0) = cw0(x) in Ω.

3. THE HYBRID STRATEGY

We employ a two-stage operator-splitting technique for the numerical simulation of water-
air flow and radionuclide transport problems. Operator-splitting techniques aim at com-
putational efficiency. Distinct Eurelian-Lagrangian numerical methods are combined
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within the splitting procedure. In this hybrid strategy we solve the governing equations
sequentially, using accurate and appropriate numerical methods; our splitting procedure
was motivated by the work described in [4, 6].

In the first level of the procedure we split the system of equations into:

• pressure-velocity equations (an elliptic problem) (Equations (2)-(3)) and the ra-
dionuclide transport equation (5) (a hyperbolic problem);

• a saturation equation (1) (a parabolic problem).

In the second level the saturation equation is splitted into:

• a hyperbolic conservation law (associated with advective transport);

• a parabolic equation (associated with diffusive transport).

The computational efficiency is achieved by solving less elliptic and diffusion problems
than hyperbolic ones for the water-air flow problem, and using the Lagrangian method
for the linear transport equation in which large time steps can be allowed. Aquino et
al. [7] carried out simulations of contaminant problems, and showed that the splitting
procedure may lead to considerable reduction in computational time.

In the splitting procedure we set four time steps: ∆tp for the solution of the elliptic
problem associated with the pressure-velocity equation, ∆td for the diffusive calculation,
∆ta for the advective calculation, and ∆tc for the contaminant transport simulation (see
the Figure 1). These time steps obey the following relationships:

∆tp = ∆tc = i1∆td = i1i2∆ta (i1, i2 ∈ Z
∗

+). (6)

Remark: For accuracy, in practice the time step ∆tc is further subdivided in micro-
steps. The details about the computational implementation of the FIT scheme can be
seen in [7].

3.1. Numerical Solution for the Water-air Flow

The pressure-velocity Equations (2)-(3) are discretized by mixed finite elements that are
suitable to compute accurately the relevant fluxes in heterogeneous permeability fields [3].

The hyperbolic part of the water saturation Equation (1) is solved by a second-order,
conservative, non-oscillatory central finite difference scheme. This scheme is able to solve
appropriately problems that show sharp fronts in their solution, without solving Riemann
problems [3, 8].
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Figure 1. The time steps in the operator splitting.

Finally, the parabolic water saturation Equation (1) is also discretize by mixed finite
elements, and an iterative domain decomposition procedure [6] is applied towards the
solution of the resulting algebraic problem associate with the diffusive calculation [3].

3.2. Numerical Solution for the Radionuclide Transport

Here, we describe the FIT scheme, a Lagrangian method for solving pure-advection equa-
tions which is locally mass conservative and virtually free of numerical diffusion. Moreover,
this method is efficient from a computational point-of-view .

In the FIT scheme, the advection Equation (5) has to be written in divergence form as
follows:

∇t,x ·

(

R(θw)cw

uwcw

)

= 0 . (7)

Consider the space-time slice Ω × [tm, tm+1]. Let K be a reasonably shaped, simply-
connected subdomain in Ω at time level t = tm. (In the first time level, K corresponds to
an element of the computational grid.) For each x ∈ ∂K, construct the integral curves as
solution y(xm; t) = (x, y) of the initial value problem

dy

dt
=

uw

R(θw)
, tm < t < tm+1 , (8)

y(xm; tm) = xm , (9)

and set
xm+1(xm) = y(xm; tm+1) . (10)
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Figure 2. The integral tracking scheme in first time steps.

Let K be the tracked subdomain in Ω at time level t = tm+1, with boundary given
by {xm+1(xm) : xm ∈ ∂K}. Let R be the integral tube determined by K, K, and
the integral curves (8). In the numerical solution, for ∆tc sufficiently small, the map
xm

k → xm+1
k is one-to-one, so that this construction can be carried out. In the numerical

solution of Equations (8) and (9) we restrict the time step such that integral curves do
not cross each other.

Now, denote the outward vector normal to R by σ(x, t) and note that it is orthogonal to
the vector (R(θw)cw,uwcw)T on the lateral surface of R. Then, integrating Equation (7)
over R:

∫

R

∇t,x ·

(

R(θw)cw

uwcw

)

dx dt =

∫

∂R

(

R(θw)cw

uwcw

)

· σ dA

=

∫

K

R(θm
w )cw(x, tm) dx −

∫

K

R(θm+1
w )cw(x, tm+1) dx = 0 . (11)

Thus, the locally mass conservation is given by

∫

K

R(θm
w )cw(x, tm) dx =

∫

K

R(θm+1
w )cw(x, tm+1) dx . (12)

In the numerical solution of Equation (7) from tm to tm+1 space-time integral tubes are
constructed; and Equation (12) is used only once, at the end of the numerical simulation.
The integral tracking evolution is illustrated in Figure 2.
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4. EXTENSIONS FOR THE FIT SCHEME

In order to face the challenges of a simulation in multiscale unsaturated, heterogeneous
formations, numerical results must be as accurate and efficient as possible. A new version
of the FIT scheme was developed by implementing four extensions that in fact are its
improvements.The numerical experiments to test such extensions are presented in detail
by [9].

• Boundary refinement

In the spatial discretization of radionuclide plumes of the FIT scheme, the subdo-
main K coincides with an element of the computational grid at initial times. The
boundary refinement consist in considering a family of points xm

k , k = 1, ..., n on
∂K, that corresponds to radionuclide particles.

• Runge-Kutta tracking procedure

In the construction of the integral tube R, the points xm
k , k = 1, ..., n on ∂K must

be forward tracked into the space-time domain. In such construction, the fourth-
order Runge-Kutta method is used to approximate the solution of the initial value
problem given by Equations (8)-(9).

• Bilinear interpolation

The FIT scheme uses an algorithm to evaluate velocities uw = (u, v) at any point
over the computational domain, based on the bilinear interpolation of element-
center values obtained by the Raviart-Thomas approximation [4]. This bilinear
interpolation (BL) is divergence-free in grid elements, and, therefore, it does not
induce excessive error in numerical solutions for the contaminant transport problem.

• Inclusion/removal technique

We have also introduced a conservative technique to include and remove radionuclide
particles on the boundary ∂K of the grid elements in distorted plumes. In this
technique a new particle is inserted in the middle point between two consecutive
particles if the distance between them is greater than a prescribed value. And
particles will be removed if its distance from the other two particles is less than a
minimum distance between two particles. This technique does not modify the shape
and/or the radionuclide plume area.

5. NUMERICAL RESULTS

We present the results of numerical experiments for a domain having 32 m × 128 m dis-
cretized by a 32 × 128 computational grid. Water from rainfall penetrates uniformly into
the domain at a constant rate of 1.035 10−8 m/s from the top. The following data are
held fixed in our experiments: air viscosity µa=1.78 10−5 Pa.s, water viscosity µw=1.14
10−3 Pa.s, air density ρa=1.23 kg/m3, water density ρw=1.0 103 kg/m3, porosity φ=0.37,
initial water saturation sw=0.20, air residual saturation sra=0.156, water residual satu-
ration srw=0.0716, and the gravitational constant g = 9, 8 m/s2. The expressions for the
relative permeability functions for air and water can be found in [10].
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Figure 3. The radionuclide plume at the initial condition.

The radionuclide plume has an initial concentration of 1.0 kg/m2 in a 8 m × 8 m region
in the physical domain which is located 13 m from the top (see Figure 3). The effect of
sorption is neglected in the simulations.

We simulated the transport of the radionuclide plume for three strengths of heterogeneous
permeability field. This heterogeneity is characterized by a coefficient of variation (CV )
defined as the ratio of the standard deviation σ to the mean K of the permeability field
[4]. In our simulations we consider CV =0.5, 1.0, and 2.0.

An important question concerning two-phase flows and radionuclide transport is the inves-
tigation of the growth of the mixing region in heterogeneous formations. Figure 4 shows
the respective water-air fronts computed after 3000 days of simulation. Sharp water-air
fronts are accurate and efficiently captured by our hybrid strategy. Note the mixing re-
gions resulting from the heterogeneity of the porous medium. In spite of large fluctuations
in the geology formation, the mixing region does not grow with time, indicating a very
stable front; such stability is induced by the effect of gravity (see Reference [11]).

Since the water velocity field have been defined, we simulated the transport of the ra-
dionuclide plumes using the above presented extensions of the FIT scheme. To show the
effectiveness of the improved version we perform a grid refinement study. This was done
considering the 32 × 128 (M1) and 64 × 256 (M2) computational grids.

Figures 5, 6, and 7 show respectively radionuclide concentration contours at 3000 days
of simulation with CV =0.5, 1.0, and 2.0, for both M1 and M2 grids. We note that
the radionuclide plumes display asymmetric contours as an effect of the spatial variations
in the water velocity and in the water saturation due to the heterogeneity of the porous
medium. A slight increase in radionuclide concentrations is observed as the plumes is
displaced by the water-air fronts. Refining the M1 grid to the M2 grid leads to a very
small change in radionuclide concentrations, which the relative error (in the l2 norm) is
of the order of magnitude equal to 10−4.
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Figure 4. The water-air fronts in heterogeneous unsaturated media at 3000
days and for CV =0.5, 1.0, and 2.0 respectively.

Figure 5. The radionuclide plume contour in an heterogeneous unsaturated
medium at 3000 days and for CV = 0.5. Left: M1 grid. Right: M2 grid.
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Figure 6. The radionuclide plume contour in an heterogeneous unsaturated
medium at 3000 days and for CV = 1.0. Left: M1 grid. Right: M2 grid.

Figure 7. The radionuclide plume contour in an heterogeneous, unsaturated
medium at 3000 days and for CV = 2.0. Left: M1 grid. Right: M2 grid.
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6. CONCLUSIONS

The hybrid strategy has been applied successfully to solve appropriately the linear and
nonlinear problems that models the multiphase flow and radionuclide transport in hetero-
geneous, unsaturated porous media. The sequential solution for the flow and the transport
problems produces a scheme which is very efficient from the computational point-of-view.

Our numerical scheme to solve the water-air flow problem is computationally efficient and
is able to capture accurately sharp fronts in the solutions. Thus we can simulate sharp
water-air fronts to investigate the behavior of radionuclide plumes. Under transient water
infiltration the FIT scheme is a very competitive option for numerical investigations of
radionuclide transport problems, mainly whether low concentrations are involved, and
numerical diffusion has to be avoided.

Therefore, the hybrid strategy reveals to be a good effort in predicting radionuclide mi-
gration around nuclear waste repositories in large-scale media, which in general require a
considerable number of simulations to take into account the incertainties.

The authors are currently considering the following aspects of the problem at hand:

• Inclusion of the effect of physical diffusion and radiactive decay of a finite chain of
nuclear contaminants in the numerical scheme;

• Implementation of a three-dimensional version of the FIT scheme for the contami-
nant transport problem;

• The impact on the radionuclide plume of the stability-instability problem associated
with water-air fronts subject to infiltration and evaporation.
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