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ABSTRACT 
 
In this work, the Monte Carlo method is applied to the energy dependent three- dimensional neutron transport 

equation, in order to analyze the change in the spectrum energy depending on the Monte Carlo step. The present 

work is a first step into a new direction where spectral influence on criticality may be analyzed. The method is 

based on the monitoring of a large number of individual realizations of neutron histories (i.e. microscopic 

interaction sequence) where the average behavior of neutrons yields an approximate solution for the neutron 

transport equation. The Monte Carlo is implemented using continuous functions, with respect to energy, for the 

cross sections of materials, functions which are obtained by parametrizations of the cross sections. The type of 

interaction that the neutron will suffer and the characteristics of their displacement in the element are estimated 

randomly following the relevant probability distributions.  

 

 

 

1. INTRODUCTION 

 

Since the derivation of the particle transport equation by Boltzmann in 1872, techniques are 

developed to resolve it. Among these techniques we mention the approximate solutions that 

were obtained by probabilistic approaches, as the Monte Carlo method [7,9], and 

deterministic approaches based on approximations like PN (expansion in spherical harmonics) 

[1] and SN (method of the discrete ordinates) [3]. 

 

The Monte Carlo method is efficient, accurate and straight forward to work with, making 

problems that have complex geometries, mixing of materials, boundary and interface 

conditions easier to solve and therefore, is our choice for the type of problem discussed in 

this work. There are programs for simulation of the particles transport available, as the 

MCNP code, but such programs are at least partially closed codes (i.e. the interaction library) 

that difficult a validation and limit flexibility. 

 

The treatment given to the cross section spectrum is one of the aspects that differentiate the 

present work from others known from the literature (for comparison see refs. [4,6,8]. In the 
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further the cross sections are continuous functions dependent on the energy. We establish 

comparison with approaches that start with groups of specific energies, as in the multi-group 

model, but instead of working from the beginning with effective quantities characteristic for a 

specific energy group, we use explicit energy dependence and only in the end integrate out 

energy for a specific group. Each energy range has a continuous function for the cross 

sections that are obtained by parametrization of the spectrum. The energy spectrum is plotted 

for a selection of Monte Carlo steps (number of transport steps) that shows the analogy to the 

model of multi-groups. 

 

 

2. BOLTZMANN TRANSPORT EQUATION 

 
The focus is put on the central problem of nuclear reactor theory, the determination of the 

neutron distribution in the reactor. It is the distribution of neutrons which determines the rate 

at which various reactions occur in the nuclear reactor core. Furthermore, studying the 

behavior of the neutron population will indicate the stability of the fission chain reaction 

cycle. In order to determine the neutron distribution in the reactor one has to investigate the 

process of neutron transport, i.e., the neutrons behavior in the reactor core, frequently 

scattered by the atomic nucleus and eventually absorbed or escaped from the reactor. 

 

The transport theory is relatively simple, in principle, and an exact equation that governs the 

transport phenomena can be easily obtained. This equation is called the Boltzmann transport 

equation [3] which can be written as 

 

∫∫ Ω+ΩΩΦΩ→Ω=ΩΦΣ+ΩΦ∇Ω ),,(),,(),,(),,(),,(. '
'

'
'

'
'

ErSdEdErEEfErEr t σ  (1) 

 

Unfortunately, it is much easier to derive the Boltzmann transport equation than to solve it. 

 

 

3. THE MONTE CARLO IN THE PARTICLES TRANSPORT 

 
Transport equations shall consider a variety of processes, which makes the solution of the 

equations a challenge. However, there is a method that allows to implement elementary 

processes in a stochastic form, that can be added up over the whole ensemble to characterize 

the full process -- the Monte Carlo method. 

 

Transport problems are commonly found in practical applications too complex to allow direct 

numerical solutions of the transport equation (e.g., three-dimensional geometries, transport 

phenomena dependent on time). In these situations, conveniently the Monte Carlo method 

[2,3,5] is used or method of statistical sampling to simulate the transport process, i.e., 

generally one develops a statistical description in the computer similar to the life story of the 

particles, using methods of random sampling. 

 

The application of Monte Carlo methods for a direct simulation of particle transport 

phenomena is conceptually simple, one needs only to model the relevance physics of each 

event of the interaction of the particle, allowing the particles to propagate freely between the 

interactions. The implementation does not use the transport equation directly, because the 

particle balance between various events and the escape is simulated numerically, and all that 
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is needed are the mathematical expressions of the probability relations for the different 

possible events, defined previously by the model, which then simulates the particle trajectory 

length until the interaction point where the event will occur. The transport equation results 

then as the average behavior of the whole particle population. 

 

The essentially idea linked to the use of the Monte Carlo method is to simulate particle 

transport by monitoring a series of neutron stories, using random numbers to determine 

whether and what type of interactions occur along the path of the neutron. 

 

 

4. PROGRAM FOR THE CALCULATION OF THE FLUX OF NEUTRONS 

 
The program developed in this work will principally analyze the change that occurs in the 

neutron energy spectrum after a given number of Monte Carlo steps. The Monte Carlo steps 

in the present form do not provide yet a real time dependence, but we understand our work as 

a first step into a new direction which permits to study the neutron life cycle manifest in the 

spectral multiplication coefficient 
E

keff

∂

∂
. 

 

The program considers vacuum as outer boundary condition on all borders of the medium, 

this implies that only escape is considered and there is no neutron back scattering from the 

external environment which contains the problem. 

 

 

 

 
 

Figure 1. Medium composed of two regions of 

different materials. 
 

 

 

The spectrum of the cross sections of the materials that constitute the medium are 

parametrized. Dividing the spectrum in energy ranges, for each energy range a 

parametrization of the cross section is determined in form of a continuous function. Fig. 1 

shows the fission cross section of uranium-235 from original data and our parametrization, 

the blue curve shows the real of the fission cross section spectrum of uranium and the black 

curve is the approximation obtained by the parametrization, where the parameters have been 

determined by inference with the real fission cross section data. Then, each energy range has 

a specific function. In principal the parametrization may be improved once a new set of data 
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or better data are available. When using the method of multi-groups one considers a limited 

number of energy groups, due to this fact the energy distribution in a specific group is not 

controlled due to the fact that a variety of distributions may result in the same integral 

average over the energy interval and thus opening doorways for mathematically possible but 

non-realistic solutions. The inclusion of the continuous energy dependence in the solutions 

improves the results and will indicate, among others, how the spectral distribution influences 

the nuclear criticality. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Parameterization of the fission cross 

section of the uranium-235. 
 

 

 

Interfaces and geometric boundaries with its changes in the properties of the matter are 

critical points in the study of particle transport. In this work we give a different treatment to 

neutrons when they propagate from one medium to another. In conventional Monte Carlo 

method the problem is cast into conditional probabilities at the interfaces and edges, resulting 

from the use of a chain like procedure, where the probability of a given event will occur 

depending on the preceding probabilities, which makes the computational implementation 

more tedious. In this work, when the neutron goes from one medium to another an 

importance is determined which modifies the way to choose the medium where the 

interaction occurs, which does not necessarily occur in the medium where the particle 

trajectory end, but which is established by the balance relation, avoiding thus the conditional 

probability problem. This relation is implemented using the atomic density of the material's 

medium and lengths of the corresponding part of the trajectory travelled in each of these 
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media. The interaction type that the neutron will suffer and the characteristics of the 

displacement in the medium are randomly estimated according with a relevant probability 

distributions. 

 

In this study, the first region of the medium is composed by 
235

U. This element is 

characterized by microscopic cross sections spectrum shown in the Fig. 3 and 4. The second 

region is composed of water (H2O) with cross section spectra of hydrogen and of oxygen 

shown in the Fig. 5 and 6. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. Fission cross section and scattering cross  

section of the U-235, respectively. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.  Absorption cross section and scattering 

cross section of the U-235. 
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Figure 5. Scattering cross section and absorption 

cross section of the hydrogen, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6. Scattering cross section and absorption 

cross section of the oxygen, respectively. 

 

 
All cross section spectra used in this work were obtained from the library Evaluated Nuclear 

Data File, ENDF/BROND-2.2, of Nuclear Data Services of the International Atomic Energy 

Agency (www-nds.ipen.br), . 

 

The program is developed in the C++ language. 

 

The neutron can move in all directions. During its life story the neutron may suffer three 

types of interactions with the medium, absorption (radioactive capture ), elastic scattering or 

fission, but can also escape from the medium.  

 

Program step by step: 
The first step is defining the geometry of the problem and the lengths of the edges that 

contain the medium. Then one chooses the material and the proportion of the chemical 

composition in the medium. Here we provide only the densities of materials. Then one enters 
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with the initial neutron number, which is not equal to the total neutron number generated by 

fission. 

 

In the second step is selected randomly the  neutron initial energy and then estimated the 

values of the cross sections, which are dependent of the energy. This step also defines the 

place where the neutron is generated. 

 

In the third step the location of the interaction is chosen, also randomly, and if the neutron 

travels from one material to another by means of ponderation, mentioned previously. Here is 

also determined whether the neutron escapes from the medium or not. In the fourth step, after 

selecting the medium the nature of the interaction is randomly obtained, following criteria of 

the model. If the interaction selected is absorption, then the story finishes and another neutron 

is generated and will have his life story. Furthermore, if the interaction is elastic scattering, 

then the new interaction point is defined by random sampling and also the neutron new 

energy after the scattering. The process described above is repeated until the neutron is 

absorbed or escapes the medium. If the interaction selected is fission, the neutron history of 

the neutron that produced the fission finishes and new neutrons are generated, two or three 

neutrons, which will also have their life stories tallied. 

 

A neutron can suffer n scattering before being absorbed, produce fission or escape from the 

medium. The total number of neutrons generated is arbitrary and will depend on the physical 

probability that a given event occurs, i.e., the neutron number generated is not fixed and turns 

more difficult an analysis between repeated runs of the program. More specifically, for a 

general purpose, one may not use a simple normalization by the total numbers of neutrons in 

order to establish comparison, which would be valid only in the infinity limit, where 

fluctuations by particle multiplication average out. The program is terminated when a desired 

convergence is reached. 

 

The following figures 7, 8 and 9 show some instances for energy spectra after one, 70, 100 

and 200 Monte Carlo steps, which were normalized by the total integral in order to show the 

spectral changes for a common scale. 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

Figure 7. Histogram of the neutrons initial 

energies and of their energy after the first Monte 

Carlo step, respectively. 
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Figure 8. Histogram of the neutrons energies after 

ten Monte Carlo step and after the seventy Monte 

Carlo step, respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

Figure 9. Histogram of the neutrons energies after 

one hundred Monte Carlo step and after two 

hundred Monte Carlo step, respectively. 

 

 

 

The initial spectrum used is homogeneous spectrum and as expected the higher energies are 

depopulated due to energy loss in scattering. One also observes an decrease in the number of 

neutrons until 70 Monte Carlo steps, for a larger step number one notices an increase in the 

higher energy bins due to fission neutrons (see Figs. 9). We are completely aware of the fact 

that the spectrum used is not realistic yet, however, one clearly sees the effects in the change 

of the spectral shape so that in principle it should be possible to investigate what shapes lead 

to a cyclic stable energy spectrum which is expected if the reactor is in a steady state. 
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5. CONCLUSIONS  
 

In this work, the Monte Carlo is applied to the neutron transport equation to obtain an 

approximate solution  through the average behavior of neutrons. The solution is used to 

analyze various aspects involved in the transport of particles, for example, to study spectral 

behavior of criticality which is possible because we considered the continuous energy 

spectrum. The treatment of the cross section spectrum, considering them as continuous, is one 

of the aspect that differentiates this work in comparison to others known in the literature. The 

parametrizations of the cross sections allow to calibrate the generator of random numbers of 

MC to simulate the processes in microscopic form. Further we analyze the role of the energy 

influence on solution properties, i.e. the change in the spectrum with the steps of the 

simulation. In multi-group theory the changes that occur within a specific group may not 

affect integral properties in a significant way and thus remain hidden. We are aware of the 

fact that at the present stage of the work we did not show whether this problem really occurs, 

however we prepared the prerequisites that together with a realistic initial spectrum may 

show whether there are effects which might invalidate multi-group calculations especially 

those common approaches with low group number (~2,3). Through the present study we can 

investigate the stability of the energy dependent solutions and verify how energy dependence 

interferes in the final solution. This work is a step into a new direction of studying the 

temporal dependence in the neutron transport equation, opening a pathway to analyze the 

neutron life cycle. 
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